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ON FACTORIZATION AND VECTOR BUNDLES
OF CONFORMAL BLOCKS
FROM VERTEX ALGEBRAS

by Chiara DAMIOLINI, Angela GIBNEY
and Nicola TARASCA

Abstract. – Representations of vertex operator algebras define sheaves of coinvariants and
conformal blocks on moduli of stable pointed curves. Assuming certain finiteness and semisimplicity
conditions, we prove that such sheaves satisfy the factorization conjecture and consequently are vector
bundles. Factorization is essential to a recursive formulation of invariants, like ranks and Chern classes,
and to produce new constructions of rational conformal field theories and cohomological field theories.

Résumé. – Les représentations des algèbres d’opèrateurs vertex définissent des faisceaux de coin-
variants et de blocs conformes sur des modules de courbes pointées stables. En supposant certaines
conditions de finitude et de semi-simplicité, nous prouvons que de tels faisceaux satisfont la conjec-
ture de factorisation et sont par conséquent des fibrés vectoriels. La factorisation est essentielle à une
formulation récursive des invariants, comme les rangs et les classes de Chern, et à produire de nou-
velles constructions de théories conformes rationnelles des champs et de théories cohomologiques des
champs.

By assigning a module over a vertex operator algebra to each marked point on a stable
pointed curve, one can construct dual vector spaces of coinvariants and conformal blocks,
giving rise to sheaves on moduli spaces of stable pointed curves. The main result of this paper
is that these sheaves satisfy the factorization property (Theorem 7.0.1), as conjectured in
[76, 38]. Namely, if certain finiteness and semisimplicity conditions hold, vector spaces of
coinvariants and conformal blocks at a nodal curve decompose as products of analogous
spaces at each component of its normalization.

We also show that sheaves of coinvariants satisfy the sewing property (Theorem 8.5.1), a
refined version of factorization at infinitesimal smoothings of nodal curves. From this and
their projectively flat connection on families of smooth curves [21], we deduce they are vector
bundles (VB corollary).

Our findings generalize a number of results known in special cases and for low genus.
A historical account with references is given in §§0.2 and 0.3.

Factorization leads to recursive formulas for ranks and is used to show that the Chern
characters define semisimple cohomological field theories, hence the Chern classes lie in the
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242 C. DAMIOLINI, A. GIBNEY AND N. TARASCA

tautological ring ([22], building on results for affine Lie algebras from [62, 63]). A study of
these tautological classes may lead to progress on open questions: As proposed by Pandhari-
pande [69], a computation of such Chern classes independently of the projective flatness of
the connection [21] would yield relations in the tautological ring, and could be used to test
Pixton’s conjecture [70, 52].

For sheaves defined by integrable modules over affine Lie algebras, vector spaces of
conformal blocks are canonically isomorphic to generalized theta functions (see [55] and
references therein). When in addition the genus is zero, vector bundles of such coinvariants
are globally generated [36], hence their Chern classes have positivity properties. For instance,
first Chern classes are base-point-free and thus give rise to morphisms, some with images
having modular interpretations [45, 46]. It is natural to expect that the more general vector
bundles of coinvariants and conformal blocks studied here can be shown to have analo-
gous properties under appropriate assumptions. This has been supported by a preliminary
investigation [20].

To outline our results, we set some notation. We refer to a stable pointed coordinatized
curve as a triple .C; P�; t�/ where .C; P�/ is a stable n-pointed curve, P� D .P1; : : : ; Pn/, and
t� D .t1; : : : ; tn/ with ti a formal coordinate at the point Pi . Let M � D .M 1; : : : ;M n/ be an
n-tuple of finitely generated admissible modules over a vertex operator algebra V (see §§1.1-
1.2). WhenC nP� is affine, the vector space of coinvariantsV.V IM �/.C;P�;t�/ is defined as the
largest quotient of the tensor product

Nn
iD1M

i by the action of a Lie algebra determined
by V and .C; P�; t�/, see §4.2. In general, by adding more marked points, one can reduce to
the case whenC n P� is affine, see (30). Before now, two Lie algebras have been used to define
coinvariants: Zhu’s Lie algebra gCnP�.V / and the (former) chiral Lie algebra LCnP�.V /.
Here, we introduce a new chiral Lie algebra LCnP�.V /.

Zhu’s Lie algebra (§A.1) is defined when the vertex algebra V is quasi-primary generated
and Z�0-graded with lowest degree space of dimension one, for either fixed smooth curves
[76, 3], or for rational stable pointed curves with coordinates [67]. To show that gCnP�.V / is
a Lie algebra, Zhu uses that any fixed smooth algebraic curve admits an atlas such that
all transition functions are Möbius transformations. Transition functions between charts
on families of curves of arbitrary genus are more complicated, and for an arbitrary vertex
operator algebra, gCnP�.V / is not well-defined.

The chiral Lie algebra LCnP�.V / is available for curves of arbitrary genus and for more
general vertex operator algebras V , not necessarily quasi-primary generated. Defined for
smooth pointed curves by Frenkel and Ben-Zvi [38, §19.4.14] and shown in [38] to coincide
with that studied by Beilinson and Drinfeld [14], the chiral Lie algebra was extended to nodal
curves in [21], enabling the construction of coinvariants on such curves.

In §3, we introduce and study a new chiral Lie algebra LCnP�.V /, whose coinvariants
are projectively flat over Mg;n, and additionally satisfy factorization under some natural
hypotheses. See §3.3 for a description of LCnP�.V / on nodal curves.

In [67], Nagatomo and Tsuchiya remark that the coinvariants on rational curves with
coordinates using Zhu’s Lie algebra are equivalent to those considered by Beilinson and
Drinfeld. In Proposition A.2.1, we verify their genus zero statement, and further show that
coinvariants from the chiral Lie algebra are isomorphic to those given by gCnP�.V /whenever
Zhu’s Lie algebra is defined. For instance, when V is quasi-primary generated and one
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ON FACTORIZATION OF CONFORMAL BLOCKS FROM VERTEX ALGEBRAS 243

works over a family of curves admitting an atlas where all transition functions are Möbius
transformations, both perspectives are equivalent.

To state our main result, let .C; P�; t�/ be a stable pointed coordinatized curve, as above,
with one nodeQ. Let eC ! C be the normalization,Q� WD .QC;Q�/ the pair of preimages
of Q in eC , and s� WD .sC; s�/ with s˙ a formal coordinate at Q˙. Let W be a set of
representatives of isomorphism classes of simple V -modules, and for W 2 W , let W 0 be its
contragredient module (§1.8).

Factorization theorem (Theorem 7.0.1). – Let V be a rational, C2-cofinite vertex
operator algebra with one-dimensional weight zero space, and let M � be an n-tuple of finitely-
generated admissible V -modules. One has:

(1) V
�
V IM �

�
.C;P�;t�/

Š

M
W 2W

V
�
V IM � ˝W ˝W 0

�
.eC;P�tQ�;t�ts�/ :

If eC D CC t C� is disconnected, with Q˙ 2 C˙, then (1) is isomorphic toM
W 2W

V
�
V IM �C ˝W

�
XC
˝ V

�
V IM �� ˝W

0
�
X�
;

whereX˙ WD .C˙; P�jC˙
tQ˙; t�jC˙

ts˙/, andM �
˙

are the modules at those points P� that

are in C˙.

The isomorphism giving the factorization theorem is constructed in §7.

Propositions 3.3.1, 5.1.1, and 6.2.1 are at the heart of this work, and arise from the
construction in §2 of the sheaf VC globalizing a vertex algebra V over a nodal curve C ,
integral to the definition of the chiral Lie algebra. The sheaf VC is a slight variant on the
sheaf VC that we defined in [21]. The two sheaves coincide for smooth curves, and as we
explain here, we recover the results of [21] using VC in place of VC . So while the projectively
flat connection can be obtained in both constructions (see Proposition 2.7.3 for VC ), to have
factorization, we have usedVC (see §2.5, and §2.6). In Proposition 3.3.1, we explicitly describe
the chiral Lie algebra on a nodal curve in terms of elements of the chiral Lie algebra on its
normalization. This involves stable k-differentials that satisfy an infinite number of identities.

In Proposition 5.1.1, we show that vector spaces of coinvariants defined from the chiral
Lie algebra and smooth curves of arbitrary genus are finite-dimensional. Known to be true
in special cases, this result is a natural generalization of work of Abe and Nagatomo [3] for
coinvariants defined from Zhu’s Lie algebra and smooth curves with formal coordinates (see
§0.3 for the history of the problem). As in [3], we assume here that V is C2-cofinite, which
implies Ck-cofiniteness for k � 1 [17, 54].

Proposition 6.2.1 reinterprets coinvariants at a nodal curve as coinvariants on the normal-
ization by the action of a Lie subalgebra of the chiral Lie algebra. The proof of this result, for
which we assume V is C1-cofinite, uses that lowest weight V -modules admit spanning sets of
PBW-type, following [54, Cor. 3.12].

In §8.7, following Tsuchimoto [72] in the case of simple affine vertex algebras, we show the
sheaf of coinvariants V .V IM �/ is coordinate-free and descends to the moduli spaceMg;n of
stable n-pointed curves of genus g. As an application of the factorization theorem, we show:
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244 C. DAMIOLINI, A. GIBNEY AND N. TARASCA

VB corollary. – Let V be a rational, C2-cofinite vertex operator algebra with one-
dimensional weight zero space, and M � be an n-tuple of finitely-generated admissible
V -modules. Then V .V IM �/ is a vector bundle of finite rank on Mg;n.

The proof of the VB corollary is presented in §8.8. The result on the interior of Mg;n,
the moduli space Mg;n of smooth pointed curves, follows from finite-dimensionality of
coinvariants (Proposition 5.1.1) and the existence of a projectively flat connection [21].
Two ingredients are needed to give VB corollary on the whole space Mg;n: Theorem 8.4.2,
a more general result on finite-dimensionality of coinvariants, and the sewing property
(Theorem 8.5.1). Each of these involve evaluation of the sheaf of coinvariants on a family
formed by infinitesimally smoothing a nodal curve (§8.1). The proof of the sewing theorem
(§8) relies on the factorization theorem and a sewing procedure originally found in [74, §6.2].

0.1. Results on sheaves of coinvariants from [21]

As stated, the vertex algebra sheaf VC defined in §2 is a slight variant on the sheaf VC
defined in [21]. These give rise to sheaves of chiral Lie algebras LCnP�.V / and LCnP�.V /,
respectively, which in turn define two sheaves of coinvariants on the moduli space of curves,
potentially different on the boundary. As these sheaves agree on the interior Mg;n, i.e., the
moduli space of smooth pointed curves, the results of [21] on Mg;n hold for the sheaves
of coinvariants defined here. In particular, the identification of the Atiyah algebra acting
on sheaves of coinvariants on Mg;n [21, Theorem], and consequently, the computation of
their Chern character on Mg;n [21, Corollary] hold here. Combining these results with the
factorization theorem, we show in [22] that the sheaves of coinvariants defined here in the
case of self-contragredient simple vertex algebras give rise to semisimple cohomological field
theories, thus allowing one to determine their Chern character onMg;n in terms of the fusion
rules.

A natural question is whether the two sheaves of coinvariants coincide on the whole
of Mg;n. In particular, it is natural to ask whether sheaves of coinvariants defined by LCnP�.V /

satisfy factorization.

0.2. History of factorization and sewing

Tsuchiya and Kanie used integrable modules at a fixed level over affine Lie algebras to
form spaces of coinvariants on smooth pointed rational curves with coordinates [73]. Gener-
alized by Tsuchiya, Ueno, and Yamada to moduli of stable pointed coordinatized curves of
arbitrary genus, these sheaves were shown to satisfy a number of good properties including
factorization and sewing [74]. Tsuchimoto [72] proved the bundles are independent of coor-
dinates and descend to Mg;n. Beilinson, Feigin, and Mazur [15] showed that factorization
holds for coinvariants defined by modules over Virasoro algebras. Our arguments follow [67]
in the genus zero case after our study of the chiral Lie algebra allows one to replace Zhu’s Lie
algebra in the general case.

Sewing was proved for g 2 f0; 1g by Huang [47, 48, 50, 51]. His approach was to prove
the operator product expansion and the modular invariance of intertwining operators, both
conjectured by Moore and Seiberg [66]. Huang assumes that (i) V D

L
i�0 Vi with V0 Š C;

(ii) Every N-gradable weak V -module is completely reducible; and (iii) V is C2-cofinite.
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ON FACTORIZATION OF CONFORMAL BLOCKS FROM VERTEX ALGEBRAS 245

Our assumptions are (i); (ii0) V is rational; and (iii). Conditions (ii) and (iii) of Huang are
equivalent to our conditions (ii0) and (iii) (see §1.7 for more details). Huang shows that if
one assumes in addition (iv) V Š V 0, then the modular tensor categories he constructs
for g 2 f0; 1g are rigid and nondegenerate. In case (i)-(iv) hold, V is sometimes called strongly
rational.

Codogni in [19] proves factorization in case our hypotheses hold, with the additional
assumptions (iv0) V Š V 0 and (v) V has no nontrivial modules. Like Nagatomo and
Tsuchiya, Codogni works with coinvariants defined on the moduli space of curves with
formal coordinates. We note that the additional assumption (iv0) gives that V is quasi-
primary generated and in particular, coinvariants defined from Zhu’s Lie algebra and the
chiral Lie algebra are both well-defined and agree (see §).

Here we do not assume condition (iv) nor condition (v). There are examples satis-
fying (1–3) but not (v), see §9. Furthermore, through private communications with Sven
Möller, we have learned the existence of a vertex operator algebra that satisfies our condi-
tions (1–3) but not condition (iv). Therefore, while establishing factorization for all g � 0,
our work also covers new examples of factorization for g 2 f0; 1g.

0.3. History of coherence

In [38, page 3 and §5.5.4] the authors single out rational vertex algebras as good candi-
dates for defining finite-dimensional coinvariants (and hence leading to finite-rank vector
bundles). At that time, rationality and C2-cofiniteness were conjectured to be equivalent
conditions [27, 2]. This has been disproved, as Abe has given a C2-cofinite, non-rational
vertex operator algebra [1].

Coherence of sheaves of coinvariants was shown previously in special cases: for (1)
integrable modules at positive integral levels over affine Lie algebras [74]; (2) modules
over C2-cofinite Virasoro vertex algebras [15]; (3) curves of genus zero and modules
over C2-cofinite vertex operator algebras V D

L
i2N Vi such that V0 Š C [67]; (4) fixed

smooth curves of positive genus and modules over a quasi-primary generated, C2-cofinite
vertex operator algebras V D

L
i2N Vi such that V0 Š C [3]. After the first draft of this

paper, [35] showed finite-dimensionality of spaces of coinvariants associated with trivial
modules over elliptic curves under a weaker assumption than C2-cofiniteness. In [20] it is
shown that if V is generated in degree 1 and g D 0, then coinvariants are finite-dimensional.

1. Background

1.1. Vertex operator algebras

We work with a non-negatively graded vertex operator algebra, that is, a 4-tuple�
V; 1V ; !; Y.�; z/

�
, throughout simply denoted V for short, such that:

1. V D
L
i2Z�0 Vi is a vector space over C with dimVi <1;

2. 1V 2 V0 (the vacuum vector), and ! 2 V2 (the conformal vector);

3. Y.�; z/WV ! End.V /ŒŒz; z�1�� is a linear function assigning to every element A 2 V the
vertex operator Y.A; z/ WD

P
i2ZA.i/z

�i�1.
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246 C. DAMIOLINI, A. GIBNEY AND N. TARASCA

The datum
�
V; 1V ; !; Y.�; z/

�
must satisfy the following axioms:

1. (vertex operators are fields) for all A;B 2 V , A.i/B D 0, for i � 0;

2. (vertex operators of the vacuum) Y.1V ; z/ D idV :

1V.�1/ D idV and 1V.i/ D 0; for i ¤ �1,

and for all A 2 V , Y.A; z/1V 2 AC zV ŒŒz��:

A.�1/1
V
D A and A.i/1

V
D 0; for i � 0I

3. (weak commutativity) for all A;B 2 V , there exists an N 2 Z�0 such that

.z � w/N ŒY.A; z/; Y.B;w/� D 0 in End.V /ŒŒz˙1; w˙1��I

4. (conformal structure) for Y.!; z/ D
P
i2Z !.i/z

�i�1,�
!.pC1/; !.qC1/

�
D .p � q/ !.pCqC1/ C

c

12
ıpCq;0 .p

3
� p/ idV :

Here c 2 C is the central charge of V . Moreover:

!.1/jVi
D i � idV ; for all i; and Y

�
!.0/A; z

�
D @zY.A; z/:

1.1.1. Action of Virasoro. – As we next explain, the conformal structure encodes an action
of the Virasoro (Lie) algebra Vir on V . The Witt (Lie) algebra DerK represents the functor
assigning to a C-algebra R the Lie algebra DerK.R/ WD R..z//@z generated over R by the
derivationsLp WD �zpC1@z , for p 2 Z, with relations ŒLp; Lq� D .p�q/LpCq . The Virasoro
(Lie) algebra Vir represents the functor assigning to R the Lie algebra generated over R by
a formal vector K and the elements Lp, for p 2 Z, with Lie bracket given by

ŒK;Lp� D 0; ŒLp; Lq� D .p � q/LpCq C
K

12
.p3 � p/ıpCq;0:

SettingLp D !.pC1/ 2 End.V /, Axiom (4) gives an action of Vir on V with central charge
c 2 C, that is, K 2 Vir acts as c � idV .

1.1.2. Degree of A.i/. – As a consequence of the axioms, one has A.i/Vk � VkCd�i�1 for
homogeneous A 2 Vd (see e.g., [77]). Thus, we have

(2) degA.i/ WD deg.A/ � i � 1; for homogeneous A in V .

Axiom (4) implies that L0 acts as a degree operator on V , and L�1, called the translation
operator, is determined by L�1A D A.�2/1V , for A 2 V .

1.2. Modules of vertex operator algebras

Let
�
V; 1V ; !; Y.�; z/

�
be a vertex operator algebra. A weak V -module is a pair

�
M;YM .�; z/

�
,

where:

1. M is a vector space over C;

2. YM .�; z/WV ! End.M/ŒŒz; z�1�� is a linear function that assigns to A 2 V an
End.M/-valued vertex operator YM .A; z/ WD

P
i2ZA

M
.i/
z�i�1.

The pair
�
M;YM .�; z/

�
must satisfy the following axioms:

1. for all A 2 V and v 2M , one has AM
.i/
v D 0, for i � 0;
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ON FACTORIZATION OF CONFORMAL BLOCKS FROM VERTEX ALGEBRAS 247

2. YM
�
1V ; z

�
D idM ;

3. for all A;B 2 V , there exists N 2 Z�0 such that for all v 2M one has

.z � w/N
�
YM .A; z/; YM .B;w/

�
v D 0I

4. for all A 2 V and v 2M , there exists N 2 Z�0, such that for all B 2 V one has

.w C z/N
�
YM .Y.A;w/B; z/ � YM .A;w C z/YM .B; z/

�
v D 0I

5. for YM .!; z/ D
P
i2Z !

M
.i/
z�i�1, one hash

!M.pC1/; !
M
.qC1/

i
D .p � q/ !M.pCqC1/ C

c

12
ıpCq;0 .p

3
� p/ idM ;

where c 2 C is the central charge of V . We identify !.pC1/ 2 End.M/ with an action
of Lp 2 Vir on M . Moreover YM .L�1A; z/ D @zY

M .a; z/.

In the literature, axiom (3) is referred to as weak commutativity, and axiom (4) as weak
associativity. Weak associativity and weak commutativity are known to be equivalent to
the Jacobi identity (see e.g., [25, 41, 56, 57]). Moreover, by [27, Lemma 2.2], axiom (5) is
redundant.

Throughout, by V -modules we mean admissible V -modules. These are weak V -modules
such that

1. M D
L
i2N Mi is N-graded and AM

.i/
Mk � MkCdeg.A/�i�1 for every homogeneous

A 2 V .

Note that V is a module over itself (see [56, Thm 3.5.4] or [38, §3.2.1]). We give a description
of V -modules in §1.5.

1.3. The Lie algebra ancillary to V

Given a formal variable t , we call

Lt .V / WD
�
V ˝ C..t//

�ı
Im @

the Lie algebra L.V / D Lt .V / ancillary to V . Here

(3) @ WD L�1 ˝ idC..t// C idV ˝ @t :

The space L.V / is spanned by series of type
P
i�i0

ci AŒi�, for A 2 V , ci 2 C, and i0 2 Z,
where AŒi� denotes the projection in L.V / of A˝ t i 2 V ˝C..t//. The Lie bracket of L.V / is
induced by

(4)
�
AŒi�; BŒj �

�
WD

X
k�0

 
i

k

! �
A.k/ � B

�
ŒiCj�k�

:

The axiom on the vacuum vector 1V implies that 1V
Œ�1�

is central. The Lie algebra L.V / is
isomorphic to the current Lie algebra in [67]. For t we will use a formal coordinate at a
point P on a curve, and we will denote LP .V / D Lt .V /. A coordinate-free description
of Lt .V / is discussed in §2.8.
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248 C. DAMIOLINI, A. GIBNEY AND N. TARASCA

1.4. The universal enveloping algebra

For a vertex algebra V , there is a complete topological associative algebra U.V /, defined
originally by Frenkel and Zhu [43]. We review it here following the presentation in [38].
Consider the universal enveloping algebra U.L.V // of L.V /, and its completioneU.L.V // WD lim

 �
N

U.L.V //=IN ;

where IN is the left ideal generated by AŒi�, for homogeneous A 2 V and i � N C deg.A/.
The universal enveloping algebra U.V / of V is defined as the quotient of eU.L.V // by the two-
sided ideal generated by the Fourier coefficients of the series

Y
�
A.�1/B; z

�
� WY ŒA; z� Y ŒB; z� W; for all A; B 2 V;

where Y ŒA; z� D
P
i2ZAŒi�z

�i�1 and “W W” is the normal ordering (see [40]).

For an affine vertex algebra V D V`.g/, one has U.V / is isomorphic to a completion eU`.bg/
of U`.bg/, for all ` 2 C. Here, U`.bg/ is the quotient of U.bg/ by the two-sided ideal generated
by K � `, where K 2bg=g˝ C..t//, andeU`.bg/ WD lim

 �
N

U`.bg/=U`.bg/ � g˝ tNCŒŒt ��:
For more detail and other examples see [38, §4.3.2, §5.1.8].

1.5. Action on V -modules

Both L.V / and U.V / act on any V -module M via the Lie algebra homomorphism
L.V / ! End.M/ obtained by mapping AŒi� to the Fourier coefficient A.i/ of the vertex
operator YM .A; z/ D

P
i A.i/z

�i�1. Thus, the series
P
i�i0

ci AŒi� acts on a V -module M
via

ReszD0 YM .A; z/
X
i�i0

ciz
idz:

An L.V /-module need not be a V -module. On the other hand, there is an equivalence
between the categories of weak V -modules and smooth U.V /-modules (see [38, §5.1.6]).
A U.V /-module M is smooth if for any w 2M and A 2 V , one has AŒi�w D 0 for i � 0.

A V -module is finitely generated if it is finitely generated as a U .V /-module. The modules
in [67] are also finitely generated and admissible.

1.6. Correspondence between V -modules and A.V /-modules

A V -module W is irreducible, or simple, if it is non zero and it has no sub-representation
other than the trivial representation 0 and W itself. We review here Zhu’s associative
algebra A.V /, and the one-to-one correspondence between isomorphism classes of finite-
dimensional simple A.V /-modules and isomorphism classes of simple V -modules [77].

Zhu’s algebra is the quotient A.V / WD V=O.V /, whereO.V / is the subspace of V linearly
spanned by elements of the form

ReszD0
.1C z/degA

z2
Y.A; z/B;
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where A is homogeneous in V . The image of an element A 2 V in A.V / is denoted by o.A/.
The product in A.V / is defined by

o.A/ � o.B/ D ReszD0
.1C z/degA

z
Y.A; z/B;

for homogeneousA inV . Nagatomo and Tsuchiya [67] consider an isomorphic copy ofA.V /,
which they refer to as the zero-mode algebra.

Given a V -module W D
L
i�0 Wi , one has that W0 is an A.V /-module [77, Thm 2.2.2].

The action of A.V / on W0 is defined as follows: an element o.A/ 2 A.V /, image of a
homogeneous element A 2 V , acts on W0 as the endomorphism A.degA �1/, a Fourier
coefficient of Y W .A; z/.

For the other direction, recall the triangular decomposition:

(5) L.V / D L.V /<0 ˚ L.V /0 ˚ L.V />0;

determined by the degree deg.AŒi�/ WD deg.A/ � i � 1, for homogeneous A 2 V . From the
Lie bracket (4) of L.V /, one checks that each summand above is a Lie subalgebra of L.V /.
This induces a subalgebra U.V /�0 of U.V /.

Given a finite-dimensional A.V /-module E, the generalized Verma U.V /-module is

M.E/ WD U.V /˝U.V /�0 E:

To makeE into an U.V /�0-module, one letsL.V /<0 act trivially onE, andL.V /0 act by the
homomorphism of Lie algebras L.V /0 ↠ A.V /Lie induced by the identity endomorphism
of V [58, Lemma 3.2.1]. For homogeneousA 2 Vk , the image of the elementAŒk�1� 2 L.V /0
in A.V / is o.A/. By construction, M.E/ is automatically a V -module.

Given an irreducible V -module W D
L
i�0 Wi , the space W0 is a finite-dimensional

irreducible A.V /-module; conversely, given a finite-dimensional irreducible A.V /-module
E, there is a unique maximal proper V -submodule N.E/ of the V -module M.E/ with
N.E/ \E D 0 such that L.E/ DM.E/=N.E/ is an irreducible V -module [77].

1.7. Rational vertex algebras

A vertex algebra V is rational if every finitely generated V -module is a direct sum of
irreducible V -modules. A rational vertex algebra has only finitely many isomorphism classes
of irreducible modules, and an irreducible module M D

L
i�0Mi over a rational vertex

algebra satisfies dimMi <1 [28].
An ordinary V -module is a weak V -module which carries a C-grading M D

L
�2CM�

such that: L0jM�
D � idM� ; dimM� < 1; and for fixed �, one has M�Cn D 0, for inte-

gers n� 0. Ordinary V -modules are admissible, and when V is rational, every simple admis-
sible V -module is ordinary [28], [27, Rmk 2.4]. It follows that for rational V , finitely gener-
ated V -modules are direct sums of simple ordinary V -modules. In particular, a finitely gener-
ated admissible moduleM D

L
i�0 Mi over a rational vertex algebra satisfies dimMi <1,

for all i , and L0 acts semisimply on such M .
When V is rational, the associative algebra A.V / is semisimple [77]. For a rational vertex

algebra V , given a simple module E over Zhu’s algebra A.V /, the Verma module M.E/
remains simple. In general, Verma modules are not necessarily simple, but they are inde-
composable. Hence complete reducibility implies that simple and indecomposable coincide.
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1.8. Dual modules

Isomorphism classes of simple V -modules and simple A.V /-modules are in correspon-
dence (§1.5). Here we describe the V -module (and corresponding A.V /-module) structures
on their duals.

1.8.1. Duality for V -modules. – Let V be a vertex algebra. Following [41, §5.2], given a

V -module
�
M D

L
i�0Mi ; Y

M .�; z/
�
, its contragredient module is

�
M 0; YM

0

.�; z/
�

, where

M 0 is the graded dual of M , that is, M 0 WD
L
i�0M

_
i , with M

W
i WD HomC.Mi ;C/, and

YM
0

.�; z/WV ! End
�
M 0
�
ŒŒz; z�1��

is the unique linear map determined by

(6)
D
YM

0

.A; z/ ;m
E
D
˝
 ; YM

�
ezL1.�z�2/L0A; z�1

�
m
˛

for A 2 V ,  2 M 0, and m 2 M . Here and throughout, h�; �i is the natural pairing between
a vector space and its graded dual.

1.8.2. Duality forA.V /-modules. – For a V -moduleM , theA.V /-module structure onM
W
0

requires the involution # WL.V /f ! L.V /f induced from

(7) #
�
AŒj �

�
WD .�1/a�1

X
i�0

1

iŠ

�
Li1A

�
Œ2a�j�i�2�

for a homogeneous element A 2 V of degree a. Here L.V /f � L.V / denotes the quotient
of V ˝C CŒt; t�1� by Im @. Observe that since the operator L1 has negative degree, the above
sum is finite, and that # is a Lie algebra homomorphism [67, Prop 4.1.1] (note the sign
difference between # used here and the one in [67]). This involution appeared in [16], and
it naturally arises from the action of the vertex operators on the contragredient module V 0.
Since # restricts to an involution of L.V /0 leaving O.V / invariant, it induces an involution
on Zhu’s algebra A.V /. The following statement is a direct consequence of the definition of
contragredient modules.

Lemma 1.8.3. – (i) The image of  2 M_0 under the action of � 2 L.V /0 is the linear
functional

� �  D � ı #.�/:

(ii) The image of  2M_0 under the action of o.A/ 2 A.V / is

o.A/ �  D � ı #.o.A//:

For homogeneous A 2 V of degree a and for m 2M0, this is

ho.A/ �  ;mi D .�1/a

*
 ;
X
i�0

1

iŠ

�
Li1A

�
.a�i�1/

m

+
:

See [38, §10.4.8] for a geometric realization of the involution # . In §3, we use # to describe
chiral Lie algebras on nodal curves.
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1.9. Stable k-differentials

Let .C; P�/ be a stable n-pointed curve with at least one node, and let !C be the dualizing
sheaf on C . We review here (stable) k-differentials on C , that is, sections of !˝kC , for an
integer k. When k � 1, by !˝�kC we mean .!_C /

˝k .
Let eC ! C be the partial normalization of C at a node Q, let QC;Q� 2 eC be the two

preimages of Q, and set Q� D .QC;Q�/. Note that the curve eC may not be connected.
Let sC and s� be formal coordinates at the pointsQC andQ�, respectively. We writeQ˙ to
denote either point, and similarly use s˙ to denote either formal coordinate. For a section

� 2 H0
�eC n P� tQ�; !˝keC �

DW e�;
let �Q˙ 2 C..s˙//.ds˙/k be the Laurent series expansion of � atQ˙, that is, the image of �
under the restriction morphism

H0
�eC n P� tQ�; !˝keC �

! H0
�
D�Q˙

; !˝keC
�
's˙ C..s˙//.ds˙/k :

Here D�Q˙ is the punctured formal disk about Q˙, that is, the spectrum of the field of

fractions of the completed local ring bOQ˙ , and's˙ denotes the isomorphism given by fixing
the formal coordinate s˙ at Q˙.

For a k-differential �, define the order ordQ˙ .�/ of � at the point Q˙ as the highest
integerm such that�Q˙ 2 s

m
˙
CŒŒs˙��.ds˙/k . For a k-differential�with ordQ˙ .�/ � �k, the

k-residue ReskQ˙ .�/ of � at the point Q˙ is defined as the coefficient of s�k
˙
.ds˙/

k in �Q˙ .
The order and the k-residue at Q˙ are independent of the formal coordinate s˙ at Q˙.

Here we only require the case ordQ˙ .�/ � �k. For the definition of the k-residue without
the assumption ordQ˙ .�/ � �k, see e.g., [12].

Lemma 1.9.1. – Assume that C n P� is affine. For all integers k, one has

��H0
�
C n P�; !

˝k
C

�
D

8<:� 2 e�
ˇ̌̌̌
ˇ ordQ˙ .�/ � �k;

ReskQC .�/ D .�1/
k ReskQ� .�/

9=; :
Proof. – It is enough to prove the statement for k 2 f�1; 0; 1g: indeed, for negative

integers k, sections of !˝kC on the affine C n P� are tensor products of sections of !�1C , and
the Laurent series expansions of sections of !˝keC at QC and Q� are obtained as tensors of
the Laurent series expansions of sections of !�1eC at QC and Q�, respectively. An analogous
argument may be made in case k is a positive integer.

When k D 1, the statement is about sections of !C , and by definition sections of !C are
sections of!eC with at most simple poles atQC andQ� such that ResQC.�/CResQ�.�/ D 0.
When k D 0, the statement is about sections of OC , and indeed a regular function on C is a
regular function � on eC such that �.QC/ D �.Q�/. When k D �1, by definition we have
!�1C D HomOC .!C ;OC /, and the statement follows from a direct computation using the
cases k 2 f0; 1g.

We have used the notation �� to denote that the identification of elements of H0.C n P�; !
˝k
C /

with elements of e� is naturally induced by the map �. We will use the same notation in the
statement of Proposition 3.3.1.
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1.10. A consequence of Riemann-Roch

We will frequently use the following corollary of the Riemann-Roch theorem. Let
C be a smooth curve, possibly disconnected, with two non-empty sets of distinct marked
points P� D .P1; : : : ; Pn/ and Q� D .Q1; : : : ;Qm/. Assume that each irreducible compo-
nent of C contains at least one of the marked points P�, so that C n P� is affine. Let si be
a formal coordinate at the point Qi , for each i . Fix an integer k. For all integers d and

N , there exists � 2 H0
�
C n P� tQ�; !

˝k
C

�
such that its Laurent series expansions at the

points Q� satisfy:

�Qi � s
d
i .dsi /

k
2 C..si //.dsi /k=sNi CŒŒsi ��.dsi /k ; for a fixed i;

�Qj � 0 2 C..sj //.dsj /k=sNj CŒŒsj ��.dsj /k ; for all j 6D i:

This statement has appeared for instance in [76].

2. Sheaves of vertex algebras on curves

We describe the sheaf of vertex algebras VC on a curve C with (at worst) simple nodal
singularities in §2.5, and its flat connection in §2.7. This yields a coordinate-free description
of the Lie algebra ancillary to V in §2.8.

2.1. The group scheme AutO

Consider the functor which assigns to a C-algebra R the group:

AutO.R/ D
˚
z 7! �.z/ D a1z C a2z

2
C � � � j ai 2 R; a1 a unit

	
of continuous automorphisms of the algebraRŒŒz�� preserving the ideal zRŒŒz��. The group law
is given by composition of series: �1 � �2 WD �2 ı �1. This functor is represented by a group
scheme, denoted AutO.

To construct the sheaf of vertex algebras VC on a stable curve C , we describe below the
principal .AutO/-bundle AutC ! C , and actions of AutO on the vertex operator algebra V
and on AutC � V .

2.2. Coordinatized curves

Given a flat family C ! S of stable curves of genus g, we construct an .AutO/-torsor
AutC=S ! C=S in §2.2.2. This torsor is pulled back from a universal .AutO/-torsor
Mg;1 !Mg;1. To define these objects, we begin in §2.2.1 with S D Spec.C/.
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2.2.1. The principal .AutO/-bundle AutC at a fixed curve C . – Assume first that C is a
smooth curve. Let AutC be the infinite-dimensional smooth variety whose points consist of
pairs .P; t/, where P is a point in C , and t is a formal coordinate at P (see [11]). A formal
coordinate t at P is an element of the completed local ring bOP such that t 2 mP nm2P , where
mP is the maximal ideal of bOP . There is a natural forgetful map AutC ! C , with fiber at a
point P 2 C equal to the set of formal coordinates at P :

AutP D
n
t 2 bOP j t 2 mP nm2P o :

The group scheme AutO acts on fibers of AutC ! C by change of coordinates:

AutC �AutO!AutC ; ..P; t/; �/ 7! .P; t � � WD �.t// :

This action is simply transitive, thus AutC is a principal .AutO/-bundle on C . The choice of
a formal coordinate t at P gives rise to the trivialization

AutO
't
��!AutP ; � 7! �.t/:

For a nodal curve C , let eC ! C denote the normalization of C . Assume for simplicity
that C has only one node Q, and let QC and Q� be the two preimages in eC of Q. A choice
of formal coordinates sC and s� at QC and Q�, respectively, determines a smoothing of
the nodal curve C over Spec.CŒŒq��/ such that, locally around the point Q in C , the family is
defined by sCs� D q (see §8.1 for more details). A principal .AutO/-bundle on a nodal curve
is equivalent to the datum of a principal .AutO/-bundle on its normalization together with
a gluing isomorphism between the fibers over the two preimages of each node. In particular,
one constructs the principal .AutO/-bundle AutC on C from the principal .AutO/-bundle
AuteC on eC by identifying the fibers at the two preimagesQC andQ� of the nodeQ in C by
the following gluing isomorphism:

(8) AutQC 'sC AutO Š
�! AutO 's� AutQ� ; �.sC/ 7! � ı 
.s�/;

where 
 2 AutO is defined as

(9) 
.z/ WD
1

1C z
� 1 D �z C z2 � z3 C � � � :

Note that .
 ı
/.z/ D z, hence (8) determines an involution of AutO. The isomorphism (8)
is induced from the identification sC D 
.s�/.

2.2.2. AutC=S on a family C ! S and the moduli space Mg;1. – The above construction
of AutC can be carried out in families, and for a flat family C ! S of stable curves,
one thus obtains a principal .AutO/-bundle AutC=S ! C=S . This determines a principal
.AutO/-bundle Cg ! Cg , where Cg !Mg is the universal curve over the moduli space of
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stable curves of genus g. One has the following diagram made of fiber product squares:

AutC=S Cg

C Cg

S Mg :

AutO

It can be convenient to identify the universal curve Cg with the moduli space of stable
pointed curves Mg;1. This leads us to consider a principal .AutO/-bundle Mg;1 ! Mg;1

identified with Cg ! Cg . Namely:

Definition 2.2.3. – LetMg;1 be the moduli space of coordinatized stable pointed curves.
An object over a scheme S consists of a semistable curve C ! S with a section P WS ! C

mapping to the smooth locus of C , together with a formally unramified thickening
S � Spf.CŒŒt ��/! C of the section P , such that every genus one component has at least
one special point and every rational component has at least three special points.

Here a special point is either a marked point or a node, counted with multiplicity. More-
over, Spf.CŒŒt ��/ is the formal spectrum of the complete topological ring CŒŒt �� [38, §A.1.1].

The action of AutO via change of coordinates identifies Mg;1 as a principal
.AutO/-bundle over Mg;1. One has the diagram of Cartesian squares:

AutP=S AutC=S Mg;1

S C Mg;1

S Mg :

AutO

P

In particular, for a flat family C ! S of stable curves of genus g, the space AutC=S is the
pull-back of Mg;1 via the moduli map S !Mg .

For a nodal curveC , the fiber of AutC over a node can be described as follows. Assume for
simplicity thatC has only one nodeQ. Over the singular pointQ 2 C , the fiber AutQ can be
identified with the space of formal coordinates at the pointQ0 inC 0, where .C 0;Q0/ is formed
by stabilization of the unstable pointed curve .C;Q/. Stabilization is carried out by blowing-
up. As a result, C 0 consists of the partial normalization eC of C atQ together with a rational
exceptional component meeting eC transversally at the two preimages QC and Q� 2 eC
of the node Q. Such a rational component contains three special points: the two attaching
points and a point labeledQ0. Up to isomorphism, one can identify this rational component
with P1, with the points attached to QC and Q� identified with 0 and1 2 P1, respectively,
and the point Q0 identified with 1 2 P1. The fiber AutQ of AutC over the node Q in C is
identified with the space of formal coordinates at the point 1 in P1 � C 0.
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Here are more details: Choose formal coordinates sC and s� atQC andQ�, respectively.
As mentioned in the previous section, a choice of such coordinates determines a smoothing
of C over Spec.CŒŒq��/ such that, locally around the point Q in C , the family is defined
by sCs� D q. After blowing-up such a family at the pointQ, locally around the two resulting
nodes incident to the exceptional component P1, the curve C 0 at q D 0 is given by equations
sCs0 D 0 and s1s� D 0, where s0; s1 are formal coordinates at 0;1 2 P1, respectively. The
formal coordinates s0 and s1 satisfy s0s1 D 1. A pair of such coordinates s0; s1 induce
formal coordinates s0 � 1 and s1 � 1 at 1 2 P1, with change of coordinates given precisely
by s0 � 1 D 
.s1 � 1/, where 
 is as in (9). It follows that for the nodal curve C 0, one has
the identifications sC D 
.s0/, s� D 
.s1/, and s0 � 1 D 
.s1 � 1/. These identifications
determine the identification of the space AutC with the fiber of the projectionMg;1 !Mg

over the moduli point ŒC � 2Mg .

More generally, one definesMg;n as the moduli space of objects of type .C; P�; t�/, where
.C; P� D .P1; : : : ; Pn// is a stable n-pointed genus g curve, and t� D .t1; : : : ; tn/ with ti
a formal coordinate at Pi , for each i . The action of .AutO/˚n by change of coordinates
endowsMg;n with the structure of an .AutO/˚n-torsor overMg;n. For further information
about Mg;n over the locus of smooth curves, see [11] and [38, §6.5]; over stable curves with
singularities, see [21, §3.2].

2.3. Action of AutO on V

Let Der0O be the Lie algebra functor attached to the group functor AutO in the sense of
[23, Exp. II §3,4]. This is

Der0O.R/ D RŒŒz��z@z :

The Lie algebra Der0O.R/ is generated over R by the Virasoro elements Lp, for p � 0,
hence Der0O is a Lie subalgebra of the Virasoro Lie algebra. The action of the Virasoro
Lie algebra on a vertex operator algebra V restricts to an action of Der0 on V . One can
integrate this to obtain a left action of AutO on V defined as the inductive limit of the finite-
dimensional submodules V�k WD

L
i�k Vi . This follows from the fact that L0 acts semi-

simply with integral eigenvalues, and Lp acts locally nilpotently for p > 0 [38, §6.3].

Explicitly, to compute the action on V of an element � 2 AutO, one proceeds as follows.
The element �.z/ can be expressed as

�.z/ D exp

0@X
i�0

aiz
iC1@z

1A .z/
for some ai 2 C (see e.g., [38, §6.3.1]). Assuming 0 � Im.a0/ < 2� , the coefficients ai are
uniquely determined. Hence, � acts on V as exp

�P
i�0�aiLi

�
.

As an example and for later use, the element 
 2 AutO from (9) can be expressed as

(10) 
.z/ D e�z
2@z .�1/�z@z .z/:

Thus, 
 acts on V as eL1.�1/L0 . This is a special case of the computation in [38, (10.4.3)]
and is essential to the gluing isomorphism for VC below.
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2.4. Action of AutO on AutC � V

The group AutO has a right equivariant action on the trivial bundle AutC � V !AutC
defined by

.P; t; A/ � � D
�
P; �.t/; ��1 � A

�
;

for � 2 AutO and .P; t; A/ 2AutC � V .

2.5. The sheaf of vertex algebras

As we next describe, the sheaf VC of vertex algebras on a smooth curve C is constructed
by faithfully flat descent of an .AutO/-equivariant sheaf along an .AutO/-torsor, in order to
remove coordinate dependence. The description of the sheaf VC over a nodal curve is more
complex. See §8.7 for the extension to families of stable curves.

Assume first that the curve C is smooth. The quotient of AutC �V by the action of AutO
descends along the map � WAutC ! C to the vertex algebra bundle VC on C :

AutC � V AutC �AutO V DW VC

AutC C:
AutO
�

In VC , one has identities

(11) .P; t; A/ D
�
P; �.t/; ��1 � A

�
;

for � 2 AutO and .P; t; A/ 2AutC � V .

The sheaf of sections of VC is the sheaf of vertex algebras:

VC WD
�
V ˝ ��OAutC

�AutO
:

This is a locally-free sheaf of OC -modules on C . The fiber of VC at a point P 2 C is
isomorphic to AutP �AutO V . Given a formal coordinate t at P , one has the trivialization

AutP �AutO V 't V:

For a nodal curve C , the description of VC is more involved. Assume for simplicity
that C has only one node Q. Let �W eC ! C be the normalization of C , and let QC and
Q� in eC be the two preimages of Q. Choose formal coordinates sC and s� at QC and
Q�, respectively. Denote by e� WAuteC ! eC the natural projection. The action of AutO
on V ˝e��OAuteC restricts to an action of AutO onM

k�0

Vk ˝ OeC .�kQC � kQ�/˝e��OAuteC :

Consider the sheaf

(12) eV WD 0@M
k�0

Vk ˝ OeC .�kQC � kQ�/˝e��OAuteC
1AAutO

:
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The sheaf VC is realized as a subsheaf of ��.eV/ which coincides with ��.eV/ on C n Q.
To describe its fiber over Q, we use the involution 
 2 AutO from (9) and (10), hence for
homogeneous A 2 V of degree a, one has


.A/ D eL1.�1/L0A D .�1/a
X
i�0

1

iŠ
Li1.A/:

The fiber of VC overQ is obtained by identifying the fibers ofeV atQC andQ� via the gluing
isomorphism induced by 
 as in the diagram below:

V V

L
k�0

Vk ˝C s
k
C

L
k�0

Vk ˝C s
k
�

AutQC �AutO V AutQ� �AutO V:




ŠŠ

's�

Š

'sC

Equivalently, after trivializing with respect to s˙, the gluing isomorphism isM
k�0

Vk ˝C s
k
C !

M
k�0

Vk ˝C s
k
�; A˝C s

k
C 7! .�1/k

X
i�0

1

iŠ
Li1.A/˝C s

k�i
� :

We next describe spaces of sections of VC for the nodal curve C . Over an open set U � C
with Q … U , one has VC jU WD ��

�
VeC j ��1.U /�. Since � is an isomorphism away from Q,

sections of VC overU are defined as in the case of smooth curves. To define spaces of sections
of VC over an open set containing Q, it is sufficient to do so on the formal neighborhood

(13) DQ D Spec bOQ D Spec.CŒŒsC; s���=.sCs�//:

The space of sections VC .DQ/ is defined as the subspace of

��eV.DQ/ DM
k�0

Vk ˝
�
skCCŒŒsC��˚ s

k
�CŒŒs���

�
consisting of elements in the kernel of the mapM

k�0

Vk ˝
�
skCCŒŒsC��˚ s

k
�CŒŒs���

�
�! V

induced by �
A˝ saCf .sC/; B ˝ s

b
�g.s�/

�
7! f .0/ 
.A/ � g.0/B

for homogeneous A;B 2 V with deg.A/ D a and deg.B/ D b, and for all f .sC/ 2 CŒŒsC��
and g.s�/ 2 CŒŒs���. Hence, VC .DQ/ is spanned by elements�

A˝ saC; .�1/
a
X
i�0

1

iŠ
Li1.A/˝ s

a�i
�

�
and

�
B ˝ sbC1C f .sC/;D ˝ s

dC1
� g.s�/

�
for homogeneous A 2 Va, B 2 Vb , and D 2 Vd , with f .sC/ 2 CŒŒsC�� and g.s�/ 2 CŒŒs���.
The sheaf VC jDQ is naturally an bOQ-module.
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To summarize, the sheaf VC on the nodal curve C can be described as follows. Consider
the exact sequence of OeC -modules

0 OeC .�QC �Q�/˝ eV eV VQC ˚ VQ� 0;

where VQ˙ is the skyscraper sheaf supported at Q˙ with space of sections isomorphic to V
via the choice of the coordinate s˙. Pushing forward this sequence along �, we obtain an
exact sequence which fits in the diagram

(14)

0 ��
�
OeC .�QC �Q�/˝ eV� ��eV V ˚2Q 0

VQ:

q


 ı�1��2

Here, �i WV ˚2Q ! VQ is the natural projection, for i D 1; 2. The sheaf VC is then defined
as ker ..
 ı �1 � �2/ ı q/.

2.6. The structure of the sheaf VC

We describe here some properties of VC . For a smooth curve C , the sheaf VC is
filtered by the sheaves V�k defined as the sheaves of sections of the vector bundles of
finite rank AutC �AutO V�k . While the action of AutO on V�k is well-defined, the action
of AutO on Vk is so only modulo V�k�1, for each k. In particular, V�k is well-defined, but
AutC �AutO Vk only makes sense as a quotient of AutC �AutO V�k modulo AutC �AutO V�k�1.

Assuming for simplicity that the curve C has only one node Q, the sheaves 
kM
iD0

Vi ˝ OeC .�i QC � i Q�/˝e��OAuteC
!AutO

provide an increasing filtration of the sheafeV on the normalization eC from (12). The restric-
tion of the gluing isomorphism in §2.5 gives a gluing isomorphism between the fibers of such
sheaves at the two preimages QC and Q� of the node Q, and hence induces an increasing
filtration of VC . We denote the subsheaves of such a filtration as V�k , as in the smooth case.

Consider the associated graded sheaf

gr�VC WD
M
k�0

grkVC ; where grkVC WD V�k=V�k�1:

Lemma 2.6.1. – One has

gr�VC Š
M
k�0

�
!˝�kC

�˚dimVk
:

This was proved in [38, §6.5.9] for smooth curves. The argument made there extends to
stable curves if one replaces the sheaf of differentials �1C with the dualizing sheaf !C . We
sketch the proof for the reader’s convenience.
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Proof. – Consider Vk as the quotient .AutO/-representation V�k=V�k�1, and letA 2 Vk
be nonzero. One has L0 � A D kA and Lp � A D 0 in Vk D V�k=V�k�1 for p > 0. Assume
first that C is smooth. Then it follows that

A WD
�
CA˝ ��OAutC

�AutO

is a line sub-bundle of grkVC . From [38, §6.5.9], the transition functions of A and !˝�kC

match, hence one concludes that A Š !˝�kC , and this implies the statement.

Next, we consider the case when C is nodal. Assume for simplicity that C has only one
node Q. Consider the line bundle A constructed from the line bundle

A 0 WD
�
CA˝e��OAuteC

�AutO
˝ OeC .�kQC � kQ�/

on the normalization eC of C by identifying the fibers at the preimages QC and Q� of the
node. From the discussion of the smooth case, one has

A 0 Š !˝�keC .�kQC � kQ�/ :

It remains to determine the isomorphisms used to identify the fibers at QC and Q�. The
gluing isomorphism A 7! eL1.�1/L0A of V�k from §2.5 induces the gluing A 7! .�1/L0A

of grkVC . In particular, this is the gluing isomorphism of A , which coincides with the gluing
of sections for !˝�kC given by the condition on the residues in Lemma 1.9.1. Hence one has
A Š !˝�kC in this case as well. The assertion therefore follows.

Remark 2.6.2. – The reader will notice how both sheaves .!˝�kC /˚dimVk andV�k=V�k�1
are defined using diagrams similar to the one in (14). From this point of view, the above proof
can be seen as comparing the gluing data encoded by the vertical maps in the corresponding
diagrams.

As a consequence of [38, §6.5.9], which is Lemma 2.6.1 for smooth curves, one has the
following statement, which will be used throughout.

Lemma 2.6.3. – Let .C; P�/ be a smooth n-pointed curve. One has:

H0.C n P�;VC / Š H0.C n P�; gr�VC /:

Proof. – We claim that on the affine open set C n P�, one has

(15) V�k Š
M
i�k

V�i=V�i�1 D gr�kVC :

Assuming (15), then one has, for every k 2 Z�0, an injection

�k W gr�kVC ,! VC ;

altogether defining a map �W gr�VC �! VC : The map � gives the isomorphism we seek. To
see that � is injective, note that any element x in gr�VC is in fact a finite sum, and hence
x is in gr�kV for some k. So if x is mapped to zero by �, then x is mapped to zero by �k
for some k. Since all maps �k are injective, x is zero. Surjectivity of � follows from the fact
that VC is filtered by the V�k .

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



260 C. DAMIOLINI, A. GIBNEY AND N. TARASCA

We prove (15) by induction on k with base case k D 0. Lemma 2.6.1 implies that grkVC is
locally free. On affines, locally free sheaves are projective, and hence on the affine open
set C n P�, the following sequence splits:

0! V�k�1 ! V�k ! grkVC ! 0:

In particular, on C n P�

V�k Š V�k�1 ˚ grkVC Š gr�k�1VC ˚ grkVC ;

and (15) holds.

2.7. The logarithmic connection

In this section, we describe the logarithmic connection on VC . For smooth curves, this
was defined in [38, §6]. The adjective logarithmic is used here to emphasize that we work with
possibly nodal curves. For this purpose, we replace the sheaf �1C , used in [38, §6], with the
dualizing sheaf !C which arises from logarithmic differentials on the normalization of C .
Hence a logarithmic connection on VC is a C-linear map rWVC ! VC ˝ !C satisfying
r.f s/ D s ˝ df C f r.s/ for all local sections f of OC and s of VC . We will use that on
open sets U � C where !C is trivial, one can describe a connection as an endomorphism
of VC jU .

2.7.1. The connection on smooth curves. – Let C be a smooth curve. On an open subset U
of C admitting a global coordinate t (for instance, on an open U admitting an étale map
U ! A1), one has a trivialization VC jU 't V ˝ OU . On VC jU , the connection r is given
by the endomorphism L�1 ˝ idU C idV ˝ @t (compare with (3)). This canonically defines a
connection rWVC ! VC ˝!C independent of the choice of the coordinate t (as in [38, Thm
6.6.3]).

2.7.2. The connection on nodal curves. – Let C be a nodal curve, and let �W eC ! C be its
normalization.

Proposition 2.7.3. – The connection on VeC described in §2.7.1 naturally induces a loga-
rithmic connection rWVC ! VC ˝ !C .

Proof. – For simplicity, we assume that C has only one node Q. Recall that the
sheaf VC is defined as a subsheaf of ��.eV/, where eV is the sheaf in (12), and similarly,
!C is a subsheaf of �� !eC .QCCQ�/. Since eC is a smooth curve, restricting the prescription
given in §2.7.1 to eV � VeC defineserWeV �! eV ˝ OeC .QC CQ�/˝ !eC :
Pushing forward to C along � and restricting to VC � ��.eV/, we obtain

(16) rWVC �! ��
�eV ˝ !eC .QC CQ�/� :

We claim that this factors through VC ˝ !C , defining in this way the desired logarithmic
connection. That this holds away fromQ is clear. Therefore, it remains to check the assertion
over the formal neighborhood DQ from (13).
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The sheaf !C is locally free over C , and by an argument analogous to the proof of
Lemma 1.9.1, we obtain an explicit trivialization over DQ as

!C .DQ/ Š
CŒŒsC; s���
.sCs�/

�
dsC

sC
;�
ds�

s�

�
� CŒŒsC��

dsC

sC
˚ CŒŒs���

ds�

s�
:

Using this, the restriction of (16) to DQ can be explicitly written as

(17) rWVC .DQ/ �!
M
k�0

Vk ˝
�
sk�1C CŒŒsC�� dsC ˚ sk�1� CŒŒs��� ds�

�
:

To conclude, we show that this factors through VC .DQ/˝
�
dsC
sC
;�ds�

s�

�
. By definition, the

image via r of an element .A˝ f .sC/; B ˝ g.s�// 2 VC .DQ/, with A, B 2 V , is

.L�1.A/˝ f .sC/dsC C A ˝ f
0.sC/dsC; L�1.B/˝ g.s�/ds� C B ˝ g

0.s�/ds�/:

The coefficient of
�
dsC
sC
;�ds�

s�

�
is

(18) .L�1.A/˝ sCf .sC/C A˝ sCf
0.sC/;�L�1.B/˝ s�g.s�/ � B ˝ s�g

0.s�//:

We are then left to check that if .A ˝ f .sC/; B ˝ g.s�// 2 VC .DQ/, then (18) is also an
element of VC .DQ/. To do so, it is enough to check that this is true for the elements of type 

A˝ saC; .�1/
a
X
i�0

1

iŠ
Li1.A/˝ s

a�i
�

!
2 VC .DQ/

for homogeneous A 2 V of degree a. Checking this amounts to showing that

.�1/aC1
aC1X
jD0

1

j Š
L
j
1.L�1.A//˝ s

aC1�j
� C a .�1/a

aX
iD0

1

iŠ
Li1.A/˝ s

a�i
�

is equal to

.�1/aC1
aX
iD0

1

iŠ
L�1.L

i
1.A//˝ s

a�iC1
� C .�1/aC1

aX
iD0

a � i

i Š
Li1.A/˝ s

a�i
� :

Here the sums are truncated, since the terms with larger values of i and j vanish for degree
reasons. Comparing powers of s�, we need to verify for every k 2 f0; : : : ; ag that

(19)
.�1/aC1

.k C 1/Š
LkC11 L�1.A/C

a.�1/a

kŠ
Lk1.A/

is equal to

(20)
.�1/aC1

.k C 1/Š
L�1L

kC1
1 .A/C

.a � k/.�1/aC1

kŠ
Lk1.A/

in V . Repeatedly applying the commutator ŒL1; L�1� D 2L0, one has

LkC11 L�1.A/ D L�1L
kC1
1 .A/C .2a � k/.k C 1/Lk1.A/;

which indeed implies that (19) and (20) are equal in V . It follows that (17) factors through

VC .DQ/˝
�
dsC
sC
;�ds�

s�

�
, hence the statement.
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2.7.4. The connection: summary. – In conclusion, the connection is given by:

Definition 2.7.5. – Let C be a curve which has at worst simple nodal singularities. We
define the logarithmic connection rWVC ! VC ˝ !C as the map induced by the following
endomorphisms on formal neighborhoods of points of C : for a smooth point P 2 C with
formal coordinate t at P , the endomorphism of VC .DP / given by L�1 ˝ idCŒŒt�� C idV ˝ @t ,
and for a node Q 2 C locally given by sCs� D 0, the endomorphism of VC .DQ/ given by

(21)
�
L�1 ˝ sCidCŒŒsC�� C idV ˝ sC@sC ;�L�1 ˝ s�idCŒŒs��� � idV ˝ s�@s�

�
:

2.8. The coordinate-free Lie algebra ancillary to V

As a first application, one obtains a coordinate-free version of the Lie algebra ancillary
to V . For a punctured disk D�P about a smooth point P on C and a formal coordinate t
at P , one has

(22) H0
�
D�P ;VC ˝ !C =Imr

� 't
��! Lt .V /:

A section of VC ˝ !C on D�P with respect to the t -trivialization

B ˝
X
i�i0

ai t
idt 2 V ˝C C..t//˝C..t// C..t//dt 't H0

�
D�P ;VC ˝ !C

�
maps to

RestD0 Y ŒB; t �
X
i�i0

ai t
idt 2 Lt .V /;

where Y ŒB; t � WD
P
i2Z BŒi�t

�i�1. Sections in Imr � VC ˝ !C map to zero, and this
defines a linear map from sections of VC ˝ !C =Imr on D�P to Lt .V /. The vector
space H0

�
D�P ;VC ˝ !C =Imr

�
has the structure of a Lie algebra such that (22) is an

isomorphism of Lie algebras [38, §§19.4.14, 6.6.9].

3. The new chiral Lie algebra LCnP�.V /

3.1. Definition of the chiral Lie algebra

For .C; P�/ a stable n-pointed curve and V a vertex operator algebra, set

LCnP�.V / WD H0

�
C n P�;

VC ˝ !C
Imr

�
:

Here VC and its logarithmic connection r are as in §2.
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3.2. The chiral Lie algebra maps to the Lie algebra ancillary to V

For each i , let ti be a formal coordinate at Pi , let D�Pi be the punctured formal disk
about Pi on C , and Lti .V / be the Lie algebra ancillary to V (§1.3). Consider the linear map
obtained as the composition

(23) LCnP�.V /! H0
�
D�Pi ;VC ˝ !C =Imr

�
Š
�! Lti .V /:

The first map is canonical and obtained by restricting sections. The second map is the
isomorphism of Lie algebras (22) and depends on the formal coordinates ti . From (23), we
construct the linear map

(24) 'LWLCnP�.V /!
nM
iD1

H0
�
D�Pi ;VC ˝ !C =Imr

�
Š
�!

nM
iD1

Lti .V /:

After [38, §19.4.14], when C is smooth, the first map of (23) is a homomorphism of Lie alge-
bras, hence so is 'L, next denoted simply '. The map ' thus induces an action of LCnP�.V /
onL.V /˚n-modules. This will be used in §4. In Proposition 3.3.2 we show an analogous result
for nodal curves.

3.3. A close look at the chiral Lie algebra for nodal curves

Let .C; P�/ be a stable n-pointed curve such that C n P� is affine. Assume for simplicity
that C has exactly one simple node, which we denote by Q. Let �W eC ! C be the normal-
ization of C , let QC and Q� be the two preimages of Q, and set Q� D .QC;Q�/. Let sC
and s� be formal coordinates at QC and Q�, respectively, such that locally around Q, the
curve C is given by the equation sCs� D 0. The chiral Lie algebra for

�eC ;P� tQ�� is

LeCnP�tQ�.V / D H0
�eC n P� tQ�;VeC ˝ !eC =Imr

�
;

and consider the linear map given by restriction:

(25) LeCnP�tQ�.V /! H0
�
D�QC ;VeC ˝ !eC =Imr

� 'sC
���! LQC.V /:

Recall the triangular decomposition of LQ˙.V / from (5):

LQ˙.V / D LQ˙.V /<0 ˚ LQ˙.V /0 ˚ LQ˙.V />0:

Let �Q˙ 2 LQ˙.V / be the image of � 2 LeCnP�tQ�.V /, and let
�
�Q˙

�
0

be the image of �Q˙
under the projection LQ˙.V /! LQ˙.V /0.

Recall the involution # of L.V /f in (7). This restricts to an involution on L.V /0 given for
homogeneous A 2 V of degree a by

#
�
AŒa�1�

�
D .�1/a�1

X
i�0

1

iŠ

�
Li1A

�
Œa�i�1�

:

Proposition 3.3.1. – For C n P� affine, one has

��LCnP�.V / D

8<:� 2 LeCnP�tQ�.V /
ˇ̌̌̌
ˇ (i) �QC ; �Q� 2 L.V /�0

(ii)
�
�Q�

�
0
D #

��
�QC

�
0

�
9=; :

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



264 C. DAMIOLINI, A. GIBNEY AND N. TARASCA

Proof. – Since C n P� is affine, one has

LCnP�.V / D H0 .C n P�;VC ˝ !C / =rH0 .C n P�;VC /

and similarly, since eC n P� tQ� is also affine, one has

LeCnP�tQ�.V / D H0
�eC n P� tQ�;VeC ˝ !eC � =rH0

�eC n P� tQ�;VeC � :
To characterize elements in LCnP�.V /, we can first describe their lifts in the vector
space H0 .C n P�;VC ˝ !C /, and then show that the description descends to the quotient
by the image of r.

By definition of VC over nodal curves via the sheafeV in (12) and by Lemma 1.9.1, we have
the inclusion

(26) ��H0 .C n P�;VC ˝ !C / � H0
�eC n P�;eV ˝ !eC .QC CQ�/� :

To see that (26) implies (i), consider the composition of linear maps

(27)

H0
�eC n P�;eV ˝ !eC .QC CQ�/� L

k�0

Vk ˝C s
k�1
˙

CŒŒs˙��ds˙

H0
�
DQ˙ ;

eV ˝ !eC .QC CQ�/� ;'s˙
where the left vertical map is the restriction, followed by the s˙-trivialization. By §2.8, the
projection V ˝ C..s˙//ds˙ ! LQ˙.V / is given by

B ˝ � 7! Ress˙D0 Y ŒB; s˙� � 2 LQ˙.V /:

It follows that the image of

(28)
M
k�0

Vk ˝C s
k�1
˙ CŒŒs˙��ds˙ ! LQ˙.V /

lies in LQ˙.V /�0. Composing (27) with (28), we deduce that for � in (26), its image �Q˙
in LQ˙.V / lies in LQ˙.V /�0 Š L.V /�0, hence (i).

The assertion (ii) follows from the gluing isomorphisms that define VC and !C as
subsheaves of ��eV and �� !eC .QC C Q�/, respectively, using diagrams as in (14). Given �
in (26), denote by

�
�Q˙

�
0

its image via the composition of (27) with the projectionM
k�0

Vk ˝C s
k�1
˙ CŒŒs˙��ds˙ ↠

M
k�0

Vk ˝C s
k�1
˙ ds˙:

In view of a diagram as in (14),
�
�Q˙

�
0

is the restriction of � at the fibers at Q˙. For �
to correspond to a section of ��H0.C n P�;VC ˝ !C /, the elements

�
�QC

�
0

and
�
�Q�

�
0

need to satisfy an identity coming from the gluing isomorphism between the fibers ofeV ˝ !eC .QC CQ�/ at Q˙. For homogeneous A 2 V of degree a, the gluing isomorphism
on fibers of ��eV at Q˙ defining VC is given by

A˝ saC 7! .�1/a
X
i�0

1

iŠ
Li1.A/˝ s

a�i
� :
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The gluing on fibers of �� !eC .QCCQ�/ atQ˙ defining!C is given by s�1C dsC 7! �s
�1
� dsC.

Combining the two, the induced gluing on fibers of eV ˝ !eC .QC CQ�/ at Q˙ is given by

(29) A˝ sa�1C dsC 7! .�1/a�1
X
i�0

1

iŠ
Li1.A/˝ s

a�i�1
� ds�:

After mapping to LQ˙.V /0 via the restriction of (28), the gluing (29) implies that the images
of the elements

�
�Q˙

�
0

in LQ˙.V /0, still denoted
�
�Q˙

�
0
, satisfy (ii) by definition of # .

To show that the conditions are r-equivariant, it is enough to check on a neighborhood
of Q. Since r on VC is constructed from r on VeC , one verifies that

��rVC .DQ/ � rVeC .D�QC tD�Q�/;
hence the statement.

We combine §3.2 with Proposition 3.3.1 to show the following:

Proposition 3.3.2. – The normalization map �W eC ! C identifies LCnP�.V / with a Lie
subalgebra ofLeCnP�tQ�.V /. Moreover, this induces an action ofLCnP�.V / onL.V /˚n-modules.

Proof. – For simplicity, we may assume thatC has a single nodeQ. By Proposition 3.3.1,
��LCnP�.V / can be identified with the subspace of sections in LeCnP�tQ�.V / whose restric-
tion toQ˙ is given by the subspace ofLQC.V /˚LQ�.V / 's˙ L.V /

˚2 generated byL.V /˚2<0
and the elements of type .AŒa�1�; #.AŒa�1�// 2 L.V /

˚2
0 for homogeneous A 2 V of degree a.

Since L.V /<0 and L.V /0 are Lie subalgebras of L.V / and # is a Lie algebra morphism,
it follows that ��LCnP�.V / is a Lie subalgebra of LeCnP�tQ�.V /.

To conclude, the analogue of the morphism (24) for the nodal C n P� is the composition
of the Lie algebra morphisms:

LeCnP�tQ�.V /

LCnP�.V /
Ln
iD1 Lti .V /;

e'
��

'

where �� is described in Proposition 3.3.1 and e' is as in (24).

3.4. A consequence of Riemann-Roch for chiral Lie algebras

We give here a statement parallel to §1.10 for chiral Lie algebras. LetC be a smooth curve,
possibly disconnected, with two non-empty sets of distinct marked pointsP� D .P1; : : : ; Pn/
and Q� D .Q1; : : : ;Qm/. For i 2 f1; : : : ; mg, let si be a formal coordinate at Qi . For
� 2 LCnP�tQ�.V /, let �Qi be the image of � under the map given by restriction

LCnP�tQ�.V /! H0
�
D�Qi ;VC ˝ !C =Imr

� 'si
��! LQi .V /:

For an integer N , consider

LQi .V;NQi / D V ˝ s
N
i CŒŒsi ��=Im @:

This is a Lie subalgebra of LQi .V /.
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Proposition 3.4.1. – Assume C n P� is affine, fix E 2 V homogeneous, and integers d
and N . There exists � 2 LCnP�tQ�.V / such that:

�Qi � EŒd� 2 LQi .V /=LQi .V;NQi /; for a fixed i;

�Qj � 0 2 LQj .V /=LQj .V;NQj /; for all j 6D i:

Proof. – Since C n P� is affine, so is C n P� t Q�. As in Proof of Proposition 3.3.1,
elements of LCnP�tQ�.V / can be lifted to sections of VC ˝!C on C nP�tQ�, and thus, via
Lemma 2.6.3, described as sections of

L
k�0.!

˝1�k
C /˚dimVk on C nP�tQ�. The statement

thus follows from the analogous property of sections of tensor products of !C , discussed
in §1.10.

4. Spaces of coinvariants

Given a stable pointed curve .C; P�/ and a vertex operator algebra V , we define spaces of
coinvariants using representations of the chiral Lie algebra.

4.1. Representations of the chiral Lie algebra

The chiral Lie algebra LCnP�.V / acts on the tensor product M � WD M 1 ˝ � � � ˝ M n

of V -modulesM 1; : : : ;M n. For each i , let ti be a formal coordinate at Pi , and Lti .V / be the
Lie algebra ancillary to V (§1.3). Each Lti .V / acts on the V -module M i as in §1.3, and the
sum

Ln
iD1 Lti .V / acts diagonally onM �. The map (24) thus induces an action of LCnP�.V /

on M � as follows: for � 2 LCnP�.V / and Ai 2M i , one has

�
�
A1 ˝ � � � ˝ An

�
D
Pn
iD1A

1
˝ � � � ˝ �Pi

�
Ai
�
˝ � � � ˝ An;

where �Pi is the restriction of the section � to the punctured formal diskD�Pi about Pi on C .

4.2. Coinvariants

When C n P� is affine, the space of coinvariants at .C; P�; t�/ is

V
�
V IM �

�
.C;P�;t�/

WDM �LCnP� .V /
DM �

ı
LCnP�.V / �M

�:

This is the largest quotient ofM � on whichLCnP�.V / acts trivially. In general, whenC nP� is
not necessarily affine, the space of coinvariants at .C; P�; t�/ is defined as the direct limit

(30) V
�
V IM �

�
.C;P�;t�/

WD lim
�!

.Q�;s�/

V
�
V IM � t .V; : : : ; V /

�
.C;P�tQ�;t�ts�/

;

whereQ� D .Q1; : : : ;Qm/ ranges over the set of smooth points of C such that P�\Q� D ;
and C nP�tQ� is affine, and s� D .s1; : : : ; sm/, with si a formal coordinate atQi , for each i .
As in the case of affine Lie algebras [36, 61], the above direct limit is well defined thanks to
the propagation of vacua theorem, which is discussed in §4.3.

The construction of the chiral Lie algebra in §3 extends to families of smooth pointed
curves over an arbitrary smooth base, and one obtains sheaves of coinvariants as follows.
Let .C ! S;P�/ be a family of smooth n-pointed curves. In this case, C n P�.S/ is affine
over S . Let ti be formal coordinates at Pi .S/, for i D 1; : : : ; n. Equivalently, fix a formally
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unramified thickening S � Spf.CŒŒti ��/ ! C of the section Pi , for each i . One then obtains
sheaves of Lie algebras LCnP�.V / and of coinvariants

V.V IM �/.C=S;P�;t�/ WD
�
M � ˝ OS

�
LCnP� .V /

over S , for given V -modules M 1; : : : ;M n.

We will extend sheaves of coinvariants over families of stable pointed curves over an
arbitrary smooth base in §8.7.

4.3. Propagation of vacua

The propagation of vacua theorem, first proved by Tsuchiya, Ueno, and Yamada for
spaces of coinvariants constructed from representations of affine Lie algebras [74, Prop
2.2.3, Cor 2.2.4], says that spaces of coinvariants associated to a stable n-pointed curve with
coordinates remain invariant when adding a new marked point and the trivial module.

The result was established in the generality we need here by Codogni [19, Thm 3.6] (see
also [21, Thm 6.2]). Other special cases were previously treated in the literature, including
the case of coinvariants defined by quasi-primary generated vertex operator algebras V for
which V0 Š C either at a fixed smooth pointed curve with coordinates [76, 3], or on stable
pointed rational curves [67]. Moreover, propagation of vacua was proved for conformal
blocks defined at a fixed smooth curve in [38, §10.3.1].

To state the theorem, we need the following setup. Let .C ! S;P�; t�/ be a family of stable
n-pointed curves with coordinates. Let QWS ! C be a section such that Q.S/ is contained
in the smooth locus of C and is disjoint from Pi .S/, for each i 2 f1; : : : ; ng, and let r be a
formal coordinate at Q.S/.

Theorem 4.3.1 (Propagation of Vacua [19, Thm 3.6]). – Let V be a vertex operator
algebra with one-dimensional weight zero space. Assume that C n P�.S/ is affine over S . The
linear map

M � !M � ˝ V; u 7! u˝ 1V

induces a canonical OS -module isomorphism

V
�
V IM �

�
.C=S;P�;t�/

Š
�! V

�
V IM � ˝ V

�
.C=S;P�tQ;t�tr/

:

Varying .Q; r/, the induced isomorphisms are compatible. Moreover, as 1V is fixed by the action
of AutO, the isomorphism is equivariant with respect to change of coordinates.

The proof requires two main ingredients: (1) the axiom on the vacuum vector; and (2) the
existence of a PBW basis for V [44].
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5. Finite-dimensionality of coinvariants

Using coinvariants by the action of Zhu’s Lie algebra (§), Abe and Nagatomo show that
spaces of coinvariants at smooth pointed curves of arbitrary genus are finite-dimensional [3].

We show here that the result of [3] extends to coinvariants by the action of the chiral
Lie algebra. Moreover, we further extend the result in [3] by allowing the following twist
of the chiral Lie algebra: given a smooth n-pointed curve .C; P�/, and an effective divisor
D D

Pm
iD1 niQi on C not supported at P�, consider

(31) LCnP�.V;D/ WD H0 .C n P�;VC ˝ !C .�D/=Imr/ ;

where Imr denotes the intersection ofr.VC / andVC˝!C .�D/. This is the space of sections
in LCnP�.V / vanishing with order at least ni at Qi , for each i , and gives a Lie subalgebra
of LCnP�.V /.

5.1. C2-cofiniteness

For k � 2 and a V -module M (e.g., M D V ), set:

Ck.M/ WD spanC
˚
A.�k/m W A 2 V; m 2M

	
:

One says that M is Ck-cofinite if dimCM=Ck.M/ < 1. For a C2-cofinite vertex operator
algebra V with one-dimensional weight zero space, any finitely generated V -module is
Ck-cofinite, for k � 2 [17]. As explained in [5], the C2-cofiniteness has a natural geometric
interpretation which generalizes the concept of lisse modules introduced in [15] for the
Virasoro algebra.

Proposition 5.1.1. – Let V be aC2-cofinite vertex operator algebra with one-dimensional
weight zero space. Let C be a smooth curve with distinct points P1; : : : ; Pn, and D an effective
divisor on C not supported at P�. Fix formal coordinates ti at Pi , for each i . For finitely
generated V -modules M 1; : : : ;M n, the coinvariants M �LCnP� .V;D/ are finite-dimensional.

Proof. – Recall the map from (23) obtained by fixing the formal coordinates ti at Pi , for
each i : LCnP�.V;D/! LPi .V /, � 7! �Pi . For k 2 N, define

Fk LCnP�.V;D/ WD
˚
� 2 LCnP�.V;D/ j deg �Pi � k; for all i

	
;

which gives LCnP�.V;D/ the structure of a filtered Lie algebra. Let

FkM � D
M
0�d�k

M �d ; where M �d WD
X

d1C���CdnDd

M 1
d1
˝ � � � ˝M n

dn
:

Since Fk LCnP�.V;D/ � FlM � � FkClM �, the LCnP�.V;D/-module M � is a filtered
LCnP�.V;D/-module. One has an induced filtration on M �LCnP� .V;D/

:

Fk
�
M �LCnP� .V;D/

�
WD
�
FkM � C LCnP�.V;D/ �M

�
� ı
LCnP�.V;D/ �M

�:

Step 1. – Let U be a finite-dimensional subspace of V such that V D U ˚C2.V /. Contrary
to [3], elements of U are not required to be quasi-primary here. Let dU be the maximum of
the degree of the homogeneous elements in U . Similar to [3, Lemma 4.1], by an application
of the Riemann-Roch and the Weierstrass gap theorem, there exists an integer N such that

H0
�
C;!˝1�kC .lPi �D/

�
¤ 0; for all k � dU ; l � N; i 2 f1; : : : ; ng:
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Step 2. – For a V -module M and with N as in Step 1, define the subset

CN .U;M/ D spanC
˚
A.�l/m W A 2 U; m 2M; l � N

	
:

We claim that for each i the set M 1 ˝ � � � ˝ CN
�
U;M i

�
˝ � � � ˝M n is in the kernel of the

canonical surjective linear map

M �
�
↠ gr�

�
M �LCnP� .V;D/

�
WD ˚

k�0
Fk

�
M �LCnP� .V;D/

�ı
Fk�1

�
M �LCnP� .V;D/

�
:

For this, it is enough to show that �
�
m1 ˝ � � � ˝ A.�l/mi ˝ � � � ˝mn

�
D 0; for homogeneous

A 2 U of degree a, mi 2 M i
di

, and l � N . Note that C n Pi is affine for all i . As in the
proof of Proposition 3.3.1, elements of LCnPi .V;D/ � LCnP�.V / can be lifted to sections
of VC ˝ !C .�D/ on C n Pi . By Lemmas 2.6.3 and 2.6.1, the vector space of such sections
is isomorphic to the space of sections of

(32)
M
k�0

Vk ˝ !
˝1�k
C .�D/

on C nPi . Following Step 1, there exists a section � D A˝� of (32) on C nPi such that its
image via the map LCnPi .V;D/! LPi .V / from (23) is

�Pi D AŒ�l� C
X
j>�l

cjAŒj �; for some cj 2 C.

One has AŒ�l� � M i
di
� M i

diCaCl�1
and AŒj � � M i

di
� M i

diCaCl�2
for j > �l . Moreover,

since � is holomorphic at a point Pr ¤ Pi , one has �Pr D
P
s�0 asAŒs�, for some as 2 C. It

follows that �Pr �M
r
dr
�M r

drCa�1
. From the identity

� .m1 ˝ � � � ˝mn/ D
Pn
rD1m1 ˝ � � � ˝ �Pr .mr /˝ � � � ˝mn;

one has

m1 ˝ � � � ˝ A.�l/mi ˝ � � � ˝mn 2 FPr drCaCl�2M � C LCnP�.V;D/ �M �:
Since the element on the left-hand side is in FP

r drCaCl�1
M �, it follows that it maps to zero

via � . The claim follows.

Step 3. – After Step 2, the map � factors through

(33) M 1=CN
�
U;M 1

�
˝ � � � ˝M n=CN .U;M

n/
�
↠ gr�

�
M �LCnP� .V;D/

�
:

By [3, Prop. 4.5], there is a positive integer k such that Ck
�
M i

�
� CN

�
U;M i

�
for all i .

In particular, dimM i=CN
�
U;M i

�
< dimM i=Ck

�
M i

�
. These are finite as the M i are all

Ck-cofinite by [17]. It follows that the source in (33) is finite-dimensional, hence so is the
target. This implies that the coinvariants are finite-dimensional as well.

The proof of Proposition 5.1.1 extends over families of smooth curves C ! S with n
disjoint sections P1; : : : ; Pn, and for each i , a formal coordinate ti at Pi .S/. Hence, we
conclude:

Corollary 5.1.2. – Let V be a C2-cofinite vertex operator algebra with one-dimensional
weight zero space. For any collection of finitely generated V -modules M 1; : : : ;M n, the sheaf
of coinvariants V.V IM �/.C=S;P�;t�/ is a coherent OS -module.
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6. The modules Z and Z

In service of the proof of the factorization theorem, we consider the modules Z and Z in
§6.1, and coinvariants constructed from them in §6.2.

6.1. Definitions and properties

Let V be a vertex operator algebra. Recall the associative algebra U.V / from §1.4.
Consider the U.V /˝2-module

Z WD
�

IndU.V /
U.V /�0

A.V /
�˝2
D
�
U.V /˝U.V /�0 A.V /

�˝2
;

where U.V /<0 acts trivially on A.V /, and the action of U.V /0 on A.V / is induced from the
projection U.V /0 ! A.V /. With the notation from §1.6, one has that Z D M.A.V //˝2,
where M.A.V // is the generalized Verma U.V /-module induced from the natural represen-
tation A.V / of A.V /.

We will also consider a quotient Z of Z defined as follows. Let P be the subalgebra
of U.V /˝2 generated by U.V / ˝C U.V /<0, U.V /<0 ˝C U.V /, and U.V /0 ˝C U.V /0.
Consider the U.V /˝2-module

Z WD IndU.V /˝2

P A.V / D
�
U.V /˝2

�
˝P A.V /;

where U.V / ˝C U.V /<0 and U.V /<0 ˝C U.V / act trivially on A.V /, and the action
of U.V /0 ˝C U.V /0 on A.V / is induced via the natural surjection

U.V /0 ˝C U.V /0 ! A.V /˝C A.V /

from the action of A.V /˝C A.V / given by

.a˝ b/.c/ D a � c � .�#.b//; for a˝ b 2 A.V /˝ A.V /, c 2 A.V /.

Lemma 6.1.1. – Let V be a rational vertex operator algebra. One has U.V /˝2-module
isomorphisms

Z Š
M

W;Y2W

�
W ˝W _0

�
˝
�
Y ˝ Y _0

�
and Z Š

M
W 2W

W ˝W 0;

with W the set of representatives of isomorphism classes of simple V -modules.

Proof. – Since V is rational, the algebra A.V / is semisimple [77]. From Wedderburn’s
theorem, one has A.V / D

L
E2E E ˝ E_, where E is the finite set of representatives

of isomorphism classes of simple A.V /-modules. Using the one-to-one correspondence
between simple V -modules and simple A.V /-modules [77], and rationality of V which
implies that the V -module induced from any simple A.V /-module is simple, it follows that
each simple V -module is W D U.V / ˝U.V /�0 E, for some E 2 E . Moreover, there exists
a canonical V -module isomorphism U.V /˝U.V /�0 E

_ Š .U.V /˝U.V /�0 E/
0, for E 2 E

[67, Prop. 7.2.1]. The statement follows by linearity.
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6.2. Replacing coinvariants with Z

The main result of this section is Proposition 6.2.1, which generalizes [67, Prop. 7.2.2,
Cor. 8.6.2] to curves of arbitrary genus. The statement describes coinvariants of the action
of a Lie subalgebra LCnP� .V; fQC;Q�g/ of the chiral Lie algebra LCnP�.V /.

We begin by defining LCnP� .V; fQC;Q�g/. For this, let C be a smooth curve, possibly
disconnected, with two nonempty, disjoint sets of distinct marked points P� D .P1; : : : ; Pn/
and Q� D .QC;Q�/. Assume that C n P� is affine. After Lemmas 2.6.3 and 2.6.1, one has

H0 .C n P�;VC / Š
M
k�0

H0
�
C n P�; Vk ˝C !

˝�k
C

�
:

Fixing an isomorphism, consider the following Lie subalgebra of the chiral Lie algebra
LCnP�.V /:

(34) LCnP� .V; fQC;Q�g/ WD

L
k�0 H0

�
C n P�; Vk ˝C !

˝1�k
C .�kQC � kQ�/

�
rH0.C n P�;VC /

:

As in (31), rH0.C n P�;VC / is the intersection of Imr with the subspaceM
k�0

H0
�
C n P�; Vk ˝C !

˝1�k
C .�kQC � kQ�/

�
of H0.C n P�;VC ˝ !C /.

Select formal coordinates ti at Pi and si at Qi . Let LP�.V / WD
Ln
iD1 LPi .V / and

LQ�.V / WD LQC.V /˚ LQ�.V /. There are Lie algebra injections

(35) LCnP� .V; fQC;Q�g/! LP�.V / and LCnP� .V; fQC;Q�g/! LQ�.V /:

The image of an element of (34) in LQ�.V / Š L.V /
˚2 via the restriction map in (35) isX

i�k

aiAŒi� ˚
X
j�k

bjAŒj � 2 L.V /˚2<0 � LQ�.V /

for homogeneous A 2 V of degree k � 0 and coefficients ai ; bj 2 C.
We use here the assumption that V isC1-cofinite, i.e., dimC V=C1.V / <1, whereC1.V / is

the subspace of V linearly spanned by A.�1/B for A;B 2 V>0 and by L�1V . If V is
C1-cofinite and V0 Š C1V , then lowest weight V -modules admit spanning sets of PBW-type
[54]. Also, C2-cofinitess implies C1-cofinitess [54], hence the assumption here is weaker.

Proposition 6.2.1. – Consider .C; P� t Q�; t� t s�/, i.e., a smooth coordinatized
.nC 2/-pointed curve, possibly disconnected, such that C n P� is affine. Let V be a C1-cofi-
nite vertex operator algebra with one-dimensional weight zero space, and let M 1; : : : ;M n be
V -modules. The map

M � !M � ˝C Z; w 7! w ˝ 1A.V / ˝ 1A.V /;

where 1A.V / 2 A.V / is the unit, induces an isomorphism of vector spaces

hWM �LCnP�.V;fQC;Q�g/
Š
�!

�
M � ˝C Z

�
LCnP�tQ� .V /

:

Proof. – We proceed in three steps.
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Step 1. – We first show that the map h is well-defined. Observe that Z is naturally
equipped with a left action of LCnP�tQ�.V / induced by the Lie algebra homomorphisms
LCnP�tQ�.V /! LQ�.V /! U.V /˝2.

Given an element � 2 LCnP� .V; fQC;Q�g/ � LCnP�tQ�.V /, let �P� be the image
of � in LP�.V / via the restriction map in (35), and similarly let �Qi be its image in LQi .V /,
for i D 1; 2. Since �Qi 2 L.V /<0, the elements �QC ˝ 1 and 1 ˝ �Q� act trivially
on A.V /˝ A.V / � Z. This implies

�P�.w/˝ 1
A.V /
˝ 1A.V / D �

�
w ˝ 1A.V / ˝ 1A.V /

�
(36)

� w ˝ �QC

�
1A.V /

�
˝ 1A.V / � w ˝ 1A.V / ˝ �Q�

�
1A.V /

�
D �

�
w ˝ 1A.V / ˝ 1A.V /

�
for w 2M �. It follows that the image of any element is independent of the equivalence class
representative in the quotient, hence the map h between the spaces of coinvariants is well-
defined.

Step 2. – Next, we show that the map h is surjective: Given w ˝ z1 ˝ z2 in M � ˝ Z, there
exists w0 2M � such that

w ˝ z1 ˝ z2 � w
0
˝ 1A.V / ˝ 1A.V / mod LCnP�tQ�.V / .M � ˝Z/.

By linearity, and reordering elements in U.V /, we can reduce to the case

z1 ˝ z2 D Dl � � �D11
A.V /
˝Em � � �E11

A.V /;

with eachDi andEj in L.V /�0. The surjectivity is clear when l D m D 0. By induction on l
(and similarly on m), it is then enough to show that

w ˝ z1 ˝ z2 � w
0
˝ z01 ˝ z2 mod LCnP�tQ�.V /.M � ˝Z/

for some w0 in M �, when z1 D DŒd�
�
z01
�

for some homogeneous D 2 V and DŒd�
in L.V /�0. Each component of the curve C has at least one of the marked points in P�. By
Proposition 3.4.1, there exists � 2 LCnP�tQ�.V / such that

�QC � DŒd� 2 LQC.V /=LQC.V;NQC/;

�Q� � 0 2 LQ�.V /=LQ�.V;NQ�/;

for N � 0. It is enough to take N such that

DŒi�.z
0
1/˝ z2 D z

0
1 ˝DŒi�.z2/ D 0 in Z for all i � N .

Such N exists because U.V / acts smoothly on each factor. This implies

�QC.z
0
1/˝ z2 C z

0
1 ˝ �Q�.z2/ D DŒd� � z

0
1 ˝ z2 D z1 ˝ z2:

It follows that
w ˝ z1 ˝ z2 D �.w ˝ z

0
1 ˝ z2/ � �P� .w/˝ z

0
1 ˝ z2;

hence
w ˝ z1 ˝ z2 � ��P� .w/˝ z

0
1 ˝ z2 mod LCnP�tQ�.V /.M � ˝Z/:

Repeating the same argument for z2, the surjectivity of h follows.

4 e SÉRIE – TOME 57 – 2024 – No 1



ON FACTORIZATION OF CONFORMAL BLOCKS FROM VERTEX ALGEBRAS 273

Step 3. – It remains to show that h is injective. Equivalently, we show the surjectivity of the
dual map

h_W
��
M � ˝C Z

�
LCnP�tQ� .V /

�_
!

�
M �LCnP�.V;fQC;Q�g/

�_
given by

h_.ˆ/.w/ D ˆ
�
w ˝ 1A.V / ˝ 1A.V /

�
; for w 2M �.

For this, select an element ˆ in the target of h_. We construct an element ˆ in the source
of h_ such that h_.ˆ/ D ˆ.

First, we define ˆ as a linear functional on M � ˝C Z. We use a spanning set for Z
obtained as follows. Since V is C1-cofinite and V0 Š C1V , lowest weight V -modules admit
spanning sets of PBW-type [54, Cor. 3.12]. Since Z is the tensor product of two lowest
weight V -modules, we conclude thatZ admits a spanning set of PBW-type. Select a spanning
set of PBW-type for Z, and consider a generating element

(37) z1 ˝ z2 D D
l
Œil �
� � �D1

Œi1�
1A.V / ˝EmŒjm� � � �E

1
Œj1�

1A.V / 2 Z

with D1; : : : ;Dl ; E1; : : : ; Em 2 V , and i1; : : : ; il ; j1; : : : ; jm 2 Z such that

Dl
Œil �
; : : : ;D2

Œi2�
; EmŒjm�; : : : ; E

2
Œj2�
2 L.V />0 and D1

Œi1�
; E1Œj1� 2 L.V /�0:

Looking more closely at [54], one can assume that all D1; : : : ;Dl ; E1; : : : ; Em are in the
complement of C1.V / in V . Note that the elements D1

Œi1�
; E1

Œj1�
2 L.V /0 generate the lowest

weight space from the vector 1A.V / ˝ 1A.V /. We proceed by induction on l and m. We start
by defining

ˆ
�
w ˝ 1A.V / ˝ 1A.V /

�
WD ˆ.w/:

Next, assume that ˆ has been defined on elements w ˝ z1 ˝ z2 for w 2 M � and z1 ˝ z2 as
in (37) for fixed l and m. Consider an element

w ˝DC
ŒiC�
z1 ˝ z2 2M

�
˝C Z

for some w ˝ z1 ˝ z2 2 M � ˝C Z, DC 2 V , and iC 2 Z. Choose an integer N � 0 such
that

DC
Œi�
z1 ˝ z2 D z1 ˝D

C

Œi�
z2 D 0 in Z for all i � N .

As in Step 2, such N exists because U.V / acts smoothly on each of the two factors of Z. By
Proposition 3.4.1, there exists � 2 LCnP�tQ�.V / such that

(38)
�QC � D

C

ŒiC�
2 LQC.V /=LQC.V;NQC/;

�Q� � 0 2 LQ�.V /=LQ�.V;NQ�/:

Define

ˆ
�
w ˝DC

ŒiC�
z1 ˝ z2

�
WD �

nX
iD1

ˆ
�
w1 ˝ � � � ˝ �Pi .wi /˝ � � � ˝ wn ˝ z1 ˝ z2

�
;

wherew D w1˝� � �˝wn 2M �. Note that since the generating elements forZ are expressed
in terms of D1; : : : ;Dl ; E1; : : : ; Em, which are not in C1.V /, then Phi automatically
respects the relations in Z, and hence defines a linear map on M � ˝C Z. Since ˆ vanishes
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on LCnP�.V; fQC;Q�g/, the definition ofˆ here is independent of the choice of � satisfying
(38). One proceeds in a similar way to define ˆ on elements of type

w ˝ z1 ˝E
C

ŒjC�
z2 2M

�
˝C Z

forw˝z1˝z2 2M �˝CZ,EC 2 V , and jC 2 Z. By induction, this definesˆ on a spanning
set of PBW-type for M � ˝C Z, hence by linearity, on M � ˝C Z. A direct calculation shows
that

ˆ
�
w ˝Da

Œia�
Db
Œib �
z1 ˝ z2

�
�ˆ

�
w ˝Db

Œib �
Da
Œia�
z1 ˝ z2

�
D ˆ

�
w ˝

h
Da
Œia�
;Db

Œib �

i
z1 ˝ z2

�
and similarly

ˆ
�
w ˝ z1 ˝E

a
Œja�
EbŒjb � z2

�
�ˆ

�
w ˝ z1 ˝E

b
Œjb �
EaŒja� z2

�
D ˆ

�
w ˝ z1 ˝

h
EaŒja�; E

b
Œjb �

i
z2

�
;

hence ˆ is independent of the choice of the spanning set.

Finally, we check that ˆ vanishes on LCnP�tQ�.V / .M � ˝C Z/. Fix � in LCnP�tQ�.V /.
By definition of ˆ, one has

ˆ
�
w ˝ �QC.z1/˝ z2

�
Cˆ

�
w ˝ z1 ˝ �Q�.z2/

�
D �ˆ.�P�.w/˝ z1 ˝ z2/

for any � 2 LCnP�tQ�.V / satisfying conditions analogous to (38), hence we can choose
� D � . It follows that ˆ vanishes on � .M � ˝C Z/ for all � 2 LCnP�tQ�.V /, hence ˆ is
in the source of h_. By construction, one has h_.ˆ/ D ˆ, hence h_ is surjective. This ends
the proof.

7. Proof of the factorization theorem

Here we prove our main result, which we state in complete detail below. For this let
us first set some notation. Let .C; P�/ be a stable n-pointed curve with exactly one simple
node, denoted Q. Let eC ! C be the normalization of C , let QC and Q� 2 eC be the
two preimages of Q, and set Q� D .QC;Q�/. The curve eC may not be connected. Fix
formal coordinates ti at Pi , for each i D 1; : : : ; n, and s˙ at Q˙. Suppose M 1; : : : ;M n are
V -modules, set M � D

Nn
iD1M

i , and let W be the set of representatives of isomorphism
classes of simple V -modules. Consider the map

M � !
M
W 2W

M � ˝C W ˝C W
0; u 7! ˚

W 2W
u˝ 1W0 ;(39)

where 1W0 D idW0 2 End.W0/ Š W0 ˝ W
W
0 : Here W0 is the degree zero space of the

module W D
L
i�0Wi . Recall that, by definition, the vector spaces W0 and W

W
0 are finite-

dimensional.

Theorem 7.0.1 (Factorization theorem). – Let V be a rational, C2-cofinite vertex oper-
ator algebra with one-dimensional weight zero space. The map (39) gives rise to a canonical
isomorphism of vector spaces

V.V IM �/.C;P�;t�/ Š
M
W 2W

V
�
V IM � ˝C W ˝C W

0
�
.eC;P�tQ�;t�ts�/ :

This isomorphism is equivariant with respect to change of the coordinates t�.
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The proof we give here roughly follows the outline of the proof in [67, §8.6], with the
generalizations to coinvariants defined using the chiral Lie algebra instead of Zhu’s Lie
algebra, and for curves of arbitrary genus, made possible by Propositions 3.3.1 and 6.2.1.

Proof. – By Definition (30), due to propagation of vacua (Theorem 4.3.1), we can reduce
to the case C n P� affine, after possibly adding more marked points Pi and corresponding
modules V . Using the formal coordinates ti at Pi , for i D 1; : : : ; n, and s˙ at Q˙, one has
Lie algebra homomorphisms

LCnP�.V /! LP�.V / and LeCnP�tQ�.V /! LP�.V /˚ LQ�.V /:
In the following, we show that (39) induces a canonical isomorphism

(40) M �LCnP� .V /
Š

M
W 2W

�
M � ˝C W ˝C W

0
�
LeCnP�tQ� .V / :

We will argue that there is a commutative diagram

M �
LeCnP�.V;fQC;Q�g/ .M � ˝C Z/LeCnP�tQ� .V /

M �LCnP� .V /
�
M � ˝C Z

�
LeCnP�tQ� .V / :

h

Š

f

Š

Then after Lemma 6.1.1, the isomorphism f gives (40).

Step 1. – The top horizontal isomorphism h is given by Proposition 6.2.1.

Step 2. – We argue that there is an inclusion

�WLeCnP� .V; fQC;Q�g/ ,! LCnP�.V /:

Indeed, by Proposition 3.3.1 an element of LCnP�.V / can be realized as � in LeCnP�tQ�.V /
such that �Q˙ 2 L.V /�0 and the restrictions

�
�Q˙

�
0

of �Q˙ to L.V /0 satisfy
�
�Q�

�
0
D

#
�
�QC

�
0
. In particular, LeCnP� .V; fQC;Q�g/ from (34) is identified as a Lie subalgebra

of LCnP�.V / by pullback along the normalization, since its elements satisfy �Q˙ 2 L.V /<0.

Step 3. – To show that the bottom horizontal map f is an isomorphism, it remains to verify
that the kernel of the left vertical map is identified with the kernel of the right vertical map
by the isomorphism h.

Step 3(a). – The kernel of the left vertical map is the space

K WD LCnP�.V /
�
M �LeCnP� .V;fQC;Q�g/

�
:

Note that for � in LCnP�.V /, the formula for the bracket (4) givesh
'.�/; '

�
LeCnP�.V; fQC;Q�g/

�i
� '

�
LeCnP�.V; fQC;Q�g/

�
;

where ' is as in (24). It follows that � acts on the source of h. The left vertical map is thus
the quotient by the action of LCnP�.V /=LeCnP�.V; fQC;Q�g/.
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Step 3(b). – We conclude the argument by showing that the right vertical map is the
quotient by h.K/. Recall that h.w/ D w ˝ 1A.V / ˝ 1A.V /, for w 2 M �. Hence, h.K/ is
linearly spanned by

(41) �P�.w/˝ 1
A.V /
˝ 1A.V / � �w ˝ �QC

�
1A.V /

�
˝ 1A.V / � w ˝ 1A.V / ˝ �Q�

�
1A.V /

�
modulo LeCnP�tQ�.V / .M � ˝Z/, for � 2 LCnP�.V / and w 2 M �. Since U.V /<0 acts
trivially on A.V /, (41) is congruent to

�w ˝
�
�QC

�
0

�
1A.V /

�
˝ 1A.V / � w ˝ 1A.V / ˝

�
�Q�

�
0

�
1A.V /

�
modulo LeCnP�tQ�.V / .M � ˝Z/. From Proposition 3.3.1, one has

�
�Q�

�
0
D #

��
�QC

�
0

�
.

By linearity, it follows that h.K/ is linearly spanned by

(42) �w ˝ BŒk�1�

�
1A.V /

�
˝ 1A.V / � w ˝ 1A.V / ˝ #

�
BŒk�1�

� �
1A.V /

�
modulo LeCnP�tQ�.V / .M � ˝Z/, for w 2 M � and homogeneous B 2 V of degree k. Here,
BŒk�1� and #

�
BŒk�1�

�
are in L.V /0, and recall that the action of L.V /0 on A.V / is induced

from the projection L.V /0 ! A.V /.
One has b

�
1A.V /

�
D
�
1A.V /

�
b for all b 2 L.V /0, where

�
1A.V /

�
b denotes the right action

of b 2 L.V /0 on 1A.V /. Using this in (42), we conclude that h.K/ is linearly spanned by

(43) �w ˝
�
1A.V /

�
BŒk�1� ˝ 1

A.V /
� w ˝ 1A.V / ˝

�
1A.V /

�
#
�
BŒk�1�

�
modulo LeCnP�tQ�.V / .M � ˝Z/, for w 2M � and homogeneous B 2 V of degree k.

From Lemma 6.1.1, the target of h is isomorphic to�
M � ˝Z

�
LeCnP�tQ� .V / Š

M
W;Y2W

�
M � ˝W ˝W _0 ˝ Y ˝ Y

_
0

�
LeCnP�tQ� .V /

Š

M
W;Y2W

�
M � ˝W ˝ Y

�
LeCnP�tQ� .V / ˝W

_
0 ˝ Y

_
0 :

(44)

The second isomorphism is due to the fact that LQC.V / acts on the left of W ˝ W _0 , and
similarly,LQ�.V / acts on the left of Y ˝Y _0 , so thatLeCnP�tQ�.V / only acts onM �˝W ˝Y .
Expressing (43) via the isomorphisms in (44), h.K/ is linearly spanned by

�
�
M � ˝W ˝ Y

�
LeCnP�tQ� .V / ˝ BŒk�1�

�
W _0

�
˝ Y _0

�
�
M � ˝W ˝ Y

�
LeCnP�tQ� .V / ˝W

_
0 ˝ #

�
BŒk�1�

� �
Y _0
�

for W;Y 2 W and homogeneous B 2 V of degree k. Here the right action of BŒk�1�
and #

�
BŒk�1�

�
in L.V /0 on W _0 and Y _0 is given by Lemma 1.8.3, and recall that # is an

involution. It follows that h.K/ in .M � ˝Z/LeCnP�tQ� .V / is isomorphic toM
W;Y2W

�
M � ˝W ˝ Y

�
LeCnP�tQ� .V / ˝I

�
W _0 ; Y

_
0

�
with I

�
W _0 ; Y

_
0

�
� W _0 ˝ Y

_
0 linearly spanned by

 W ı #
�
BŒk�1�

�
˝  Y C  W ˝  Y ı BŒk�1�;

where  W 2 W _0 ,  Y 2 Y _0 for W;Y 2 W , and B 2 Vk , for k � 0. One has

W _0 ˝ Y
_
0 =I

�
W _0 ; Y

_
0

�
D HomA.V /

�
W0; Y

_
0

�
;
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and by Schur’s Lemma, this is isomorphic to C when Y D W 0 and zero otherwise.
This and the description of Z from Lemma 6.1.1 imply that, after taking the quotient
of .M � ˝C Z/LeCnP�tQ� .V / by h.K/, one obtains

�
M � ˝C Z

�
LeCnP�tQ� .V /, hence the state-

ment.

8. Sewing and local freeness

In this section we prove VB corollary. For this, we start with the sewing theorem
(Theorem 8.5.1), a refined version of the factorization theorem. This requires the notion of
formal smoothings, reviewed below.

8.1. Formal smoothings

For a C-algebra R with smooth Spec.R/, let C0 ! S0 WD Spec.R/ be a flat family of
nodal curves with a single simple node defined by a section Q and with n distinct smooth
points given by sections P� D .P1; : : : ; Pn/. Assume that C0 nP�.S0/ is affine over S0. Up to
an étale base change of S0 of degree two, we can normalize C0 and obtain a smooth family
of .nC2/-pointed curves eC0 ! S0 with sectionsP�t.QC;Q�/, whereQ˙.S0/ � eC0 are the
preimages of the node in C0=S0. Fix formal coordinates sC and s� at QC.S0/ and Q�.S0/,
respectively. Such coordinates determine a smoothing of .C0; P�/ overS WD Spec.RŒŒq��/. That
is, a flat family C ! S D Spec.RŒŒq��/ with sections P� D .P1; : : : ; Pn/ such that the general
fiber is smooth and the special fiber is identified with C0 ! S0. The family eC0 ! S0 trivially
extends to a family of smooth curves eC ! S with nC 2 sections P�, QC, and Q�:eC C

S D Spec.RŒŒq��/: P�P�;QC;Q�

The formal coordinate atQ˙.S0/ extends to a formal coordinate, still denoted s˙, atQ˙.S/
— that is, s˙ is a generator of the ideal of the completed localRŒŒq��-algebra of eC atQ˙.R/—
such that locally around the node, the family C is defined by sCs� D q. For more details, see
[61, p. 457] and [10, pp. 184-5]. We emphasize that the existence of such families holds over the
formal base S D Spec.RŒŒq��/, or equivalently, over the complex open unit disk around S0 in
the analytic category, but fails over a more general base. Moreover, one still has that eC nP�.S/
and C n P�.S/ are affine over S .

8.2. The sheaf of vertex algebras over formal smoothings

We define here the sheaf of vertex algebras VC over a family C ! S as in §8.1. After
§2.5, it is enough to describe VC on the formal neighborhood DQ of the node Q. The
completed local ring bOQ consists of elements of the form

P
i;j�0 ˛i;j s

i
Cs

j
� for ˛i;j 2 R.

After identifying sC D .sC;
q
s�
/ and s� D . q

sC
; s�/, the ring bOQ is realized as the subring

of R..sC//ŒŒq��˚R..s�//ŒŒq�� consisting of elements of typeX
i;j�0

˛i;j

�
s
i�j
C qj ; sj�i� qi

�
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with ˛i;j 2 R. The space of sections of VC over DQ is generated by

(45)
X
i;j�0

˛i;j

�
A˝ s

aCi�j
C qj ; .�1/a

X
k�0

1

kŠ
Lk1.A/˝ s

a�kCj�i
� qi

�
for homogeneous A 2 V of degree a and ˛i;j 2 R. For q D 0, one recovers the description
given in §2.5 for nodal curves.

Similar to the case of a nodal curve, we can identify a logarithmic connection
rWVC ! VC ˝ !C=S . The description of r on a smooth open set follows from the descrip-
tion of the connectionr over a smooth curve. Specifically, for every smooth pointP 2 C nQ,
there is an open set S 0 � S and an open set U � C nQ over S 0 and containing P such that
there exists an étale map U ! A1S 0 . This implies that U has a global coordinate t , and thus
VjU 't V ˝ OU . On the open set U , the connection r is provided by the endomorphism
of VjU given by L�1 ˝ idU C idV ˝ @t , as in §2.7.1.

We are left to describe r over DQ. Recall that
�
dsC
sC
;�ds�

s�

�
is a generator of !C=S

over bOQ. Using this trivialization, the connection r is defined by the endomorphism (21)
extended over RŒŒq�� by linearity, that is:�

L�1 ˝ sCidR..sC//ŒŒq�� C idV ˝ sC@sC ;�L�1 ˝ s�idR..s�//ŒŒq�� � idV ˝ s�@s�
�
:

As in the proof of Proposition 2.7.3, one needs to show that the target of this map lies inside
VC .DQ/, and not merely in V ˝

�
R..sC//ŒŒq��˚R..s�//ŒŒq��

�
. This amounts to a verification as

in the proof of Proposition 2.7.3.

8.3. The chiral Lie algebra over formal smoothings

Next, we globalize the Lie algebra L.V / ancillary to V and the chiral Lie algebra.

Select a formal coordinate ti at Pi .S/. On the formal neighborhoodDPi D SpecRŒŒti ; q��,
one has VC jDPi

'ti .V ˝RŒŒti ��/ ŒŒq��. Since the restriction of r over DPi is given by

L�1 ˝ idRŒŒti ;q�� C idV ˝ @ti , we have an identification as in (22):

(46) H0
�
D�Pi ;VC ˝ !C=S=Imr

� 'ti
��! Lti .V /ŒŒq��:

We define the chiral Lie algebra assigned to V and .C ; P�/ as

LCnP�.V / WD H0

�
C n P�.S/;

VC ˝ !C=S

Imr

�
:

This extends §3.1. The map

LCnP�.V /!

nM
iD1

H0
�
D�Pi ;VC ˝ !C=S=Imr

�
Š
�!

nM
iD1

Lti .V /ŒŒq��

induced by the restriction of sections and (46) is a Lie algebra morphism.
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Remark 8.3.1. – As in Proposition 3.3.1, LCnP�.V / can be described as the subspace
ofL eCnP�tQ�.V / generated by those elements � whose restrictions �Q˙ toLQ˙.V /ŒŒq�� satisfy

�QC D
X
i;j�0

˛i;j AŒaCi�j�1� q
j ;

�Q� D .�1/
a�1

X
i;j�0

˛i;j
X
k�0

1

kŠ

�
Lk1A

�
Œa�kCj�i�1�

qi

D

X
i;j�0

˛i;j #
�
AŒaCi�j�1�

�
qi

for homogeneous A 2 V of degree a and integers i; j 2 Z�0. This uses that sections of VC

over DQ are generated by (45), sections of !C=S over DQ are generated by
�
dsC
sC
;�ds�

s�

�
over bOQ, and the definition of # from (7).

8.4. Sheaf of coinvariants over formal smoothings

Let .C =S; P�/ be as in §8.1. Fix formal coordinates ti at Pi .S/, for i D 1; : : : ; n.
Given V -modules M 1; : : : ;M n, let M � WD

Nn
iD1M

i . One defines the sheaf of coinvariants
V.V IM �/.C=S;P�;t�/ as in §4, that is:

V.V IM �/.C=S;P�;t�/ WD
�
M � ˝ OS

�
LCnP� .V /

;

The factorization theorem holds for the restriction of V.V IM �/.C=S;P�;t�/ to the special fiber
C0 ! S0:

Theorem 8.4.1. – Let V be a rational, C2-cofinite vertex operator algebra with one-
dimensional weight zero space. The map (39) induces a canonical OS0 -module isomorphism

V.V IM �/.C0=S0;P�;t�/ Š
M
W 2W

V
�
V IM � ˝W ˝W 0

�
. eC0=S0;P�tQ�;t�ts�/ :

As a consequence of Corollary 5.1.2 and Theorem 8.4.1 we obtain the following result on
coherence.

Theorem 8.4.2. – Let V be a rational, C2-cofinite vertex operator algebra with one-
dimensional weight zero space. For finitely generated V -modules M 1; : : : ;M n, the
sheaf V.V IM �/.C=S;P�;t�/ is a coherent OS -module.

Proof. – Corollary 5.1.2 implies that the restriction of V.V IM �/.C=S;P�;t�/ to S n S0 is
coherent. We are left to show that the restriction of V.V IM �/.C=S;P�;t�/ to S0, i.e.,
V.V IM �/.C0=S0;P�;t�/ is coherent. This follows from Theorem 8.4.1 and Corollary 5.1.2
applied to V .V IM � ˝W ˝W 0/. eC0=S0;P�tQ�;t�ts�/.
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8.5. Sewing

Given a simple V -module W D
L
i�0Wi , define

1W WD
X
i�0

1Wi qi 2 .W ˝W 0/ŒŒq��;

where 1Wi WD idWi 2 End.Wi / Š Wi ˝W _i : Consider the map

(47) M � �!
M
W 2W

M � ˝ .W ˝W 0/ŒŒq��; u 7!
M
W 2W

u˝ 1W :

The following result extends [67, Thm 8.4.6] to curves of arbitrary genus.

Theorem 8.5.1 (Sewing Theorem). – Let V be a rational, C2-cofinite vertex operator
algebra with one-dimensional weight zero space, and set M � D

Nn
iD1M

i for V -modules M i .
The map (47) induces a canonical OS0 ŒŒq��-module isomorphism ‰ such that the following
diagram commutes

V.V IM �/.C=S;P�;t�/
L
W 2W

V .V IM � ˝W ˝W 0/. eC0=S0;P�tQ�;t�ts�/ ˝OS0OS0 ŒŒq��

V.V IM �/.C0=S0;P�;t�/
L
W 2W

V .V IM � ˝W ˝W 0/. eC0=S0;P�tQ�;t�ts�/ :

‰

Š

This isomorphism is equivariant with respect to change of the coordinates t�.

Remark 8.5.2. – Theorems 8.4.1 and 8.5.1 give a canonical isomorphism

V.V IM �/.C=S;P�;t�/ Š V
�
V IM �

�
.C0=S0;P�;t�/

ŒŒq��:

In particular, this means that to the non-trivial deformation C of C0, there corresponds a
trivial deformation of the space of conformal blocks.

Proof of Theorem 8.5.1. – As in the proof of the factorization theorem, we can reduce
to the case C n P� affine over S , and show that (47) induces a canonical RŒŒq��-module
isomorphism, still denoted ‰, such that the following diagram commutes

.M � ˝ OS /LCnP� .V /

L
W 2W

�
M � ˝W ˝W 0 ˝ OS0

�
L eC0nP�tQ� .V / ˝OS0OS0 ŒŒq��

�
M � ˝ OS0

�
LC0nP�

.V /

L
W 2W

�
M � ˝W ˝W 0 ˝ OS0

�
L eC0nP�tQ� .V / :

‰

Š

Here, the vertical maps are obtained by specializing at q D 0.
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Step 1. – We show that (47) induces a well-defined map ‰ between spaces of coinvari-
ants. For this, it is enough to show that for each � 2 LCnP�.V / and W 2 W , one has
�P� .M

�/˝ 1W D �
�
M � ˝ 1W

�
, or equivalently

(48)
�
�QC ˝ 1C 1˝ �Q�

� �
1W
�
D 0:

From Remark 8.3.1 and by linearity, we can reduce to the case when

�QC D AŒaCi�j�1� q
j and �Q� D #

�
AŒaCi�j�1�

�
qi

for homogeneous A 2 V of degree a and integers i; j � 0. The vanishing of (48) follows
from the identity

(49)
�
AŒaCi�j�1� ˝ 1C 1˝ #

�
AŒaCi�j�1�

�
qi�j

� �
1W
�
D 0

established in [67, Lemma 8.7.1] (there is a sign difference between the involution # used here
and the involution used in [67]). Thus we conclude that the map‰ is well-defined and makes
the diagram above commute.

Step 2. – Since (i) the target of ‰ is a free OS0 ŒŒq��-module of finite rank, (ii) the source is
finitely generated (Theorem 8.4.2), and (iii)ˆ is an isomorphism modulo q (Theorem 8.4.1),
Nakayama’s lemma implies that ‰ is an isomorphism (this is as in [74, 61, 67]).

8.6. The sheaf of coinvariants on Mg;n

Let cMg;n be the restriction of Mg;n over the locus Mg;n of smooth pointed curves
(see §2.2.2 for definitions). The vertex algebra bundle and the chiral Lie algebra defined on
smooth curves in §§2 and 3, respectively, give the vertex algebra bundle and the sheaf of chiral
Lie algebras on cMg;n. In §§8.2 and 8.3, the vertex algebra bundle and the sheaf of chiral Lie
algebras are defined on formal smoothings of families of nodal curves. Gluing as in [13], one
obtains the vertex algebra bundle and the sheaf of chiral Lie algebras onMg;n. Similarly, the
sheaf of coinvariants defined on families of smooth curves in §4 gives the sheaf of coinvariants
V.V IM �/ on cMg;n. In §8.4, the sheaf of coinvariants is defined on formal smoothings of
families of nodal curves. By gluing as in [13], one obtains the sheaf of coinvariants V.V IM �/
on Mg;n.

8.7. The sheaf of coinvariants on Mg;n

Throughout this section, we require every V -module M to further satisfy the following
property: there exists a complex number cM called the conformal dimension (or conformal
weight) of M such that for every homogeneous v 2 M one has L0.v/ D .deg.v/ C cM /v.
This condition holds whenever M D V or, for instance, when M is a simple V -module.
Furthermore, if V is C2-cofinite, then cM is a rational number [64].

The sheaf of coinvariants onMg;n is obtained from a two-step process [21, §6.3], reviewed
next. Consider the group scheme AutCO which represents the functor assigning to a
C-algebra R the group:

AutCO.R/ D
˚
z 7! �.z/ D z C a2z

2
C � � � j ai 2 R

	
:
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This is a subgroup scheme of the group scheme AutO. In particular, one has
AutO D Gm ⋉ AutCO. The .AutO/˚n-torsor Mg;n ! Mg;n factors as the composi-
tion of an .AutCO/˚n-torsor and a G˚nm -torsor:

(50)

Mg;n

J �g;n

Mg;n:

.AutCO/˚n

.AutO/˚n

G˚nm

Here J �g;n is the space of tuples .C; P�; ��/, where �� D .�1; : : : ; �n/ with �i a non-zero 1-jet
of a formal coordinate at Pi for each i . As in [21, §6.3.1], .AutCO/˚n acts on V.V IM �/,
and descending along the .AutCO/˚n-torsor in (50), one obtains a sheaf of coinvariants
VJ .V IM �/ on J �g;n.

The idea for the descent of VJ .V IM �/ toMg;n is inspired by Tsuchimoto [72] (and used
to prove [21, Theorem 8.1]): first, one tensors VJ .V IM �/ with an appropriate line bundle to
obtain a new sheaf on which G˚nm acts; after descending the new sheaf, one then tensors back
with the dual of the line bundle. Next, we detail this argument using root stacks.

The case n > 1 can be treated by iterating the procedure used for n D 1, hence we
discuss only this latter case and set M 1 DW M . We will restrict to the case in which the
conformal dimension cM of M is a rational number, and we write cM D a

d
for a 2 Z and

d 2 N. We consider line bundles LM D .‰_/
˝a on M WD Mg;1, and LJ D ��LM

on J WD J �g;1, where � WJ ! M is the map forgetting the 1-jets and ‰ is the cotangent
line bundle corresponding to the marked point.

8.7.1. Root stacks. – We briefly review some properties of the root stacks d
p
LM=M and

d
p
LJ =J . Our primary reference is [59], and more information can be found in [60, §§3.3

and 4], [68, §10.3], and [4, App. B].

The root stack d
p
LM=M is the stack parametrizing d -th roots of the line bundle LM. In

other words, d
p
LM=M represents the functor which associates to every scheme �WY !M

the groupoid of pairs .N ; f / where N is a line bundle on Y and f WN˝d ! ��LM is an
isomorphism. An isomorphism between .N1; f1/ and .N2; f2/ is an isomorphism of line
bundles gWN1 ! N2 such that f2 ı g˝d D f1. One defines d

p
LJ =J similarly.

Since LJ is the pullback of LM along � , one has a Cartesian diagram

(51)

d
p
LJ =J d

p
LM=M

J M:

dp
�

pJ pM

�

In particular, d
p
LJ =J ! d

p
LM=M is a Gm-torsor. The stacks d

p
LM=M and d

p
LJ =J

have universal line bundles UM and UJ D
�
d
p
�
�� UM such that U˝dM D p�M LM and

U˝dJ D p�J LJ .
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The key property that we will use about d
p
LJ =J (and d

p
LM=M as well) is that its

category of quasi-coherent sheaves has an eigendecomposition with respect to the action of
the inertial group �d of d -th roots of unity, and the degree zero component on d

p
LJ =J

(resp., d
p
LM=M) consists of pullbacks of quasi-coherent sheaves on J (resp., M). By [59,

Lemma 3.1.1.7], the eigensheaves for the trivial character on the root stack are identified
with sheaves on the base stack M. This allows one to conclude that the pullback via pJ is
fully faithful, i.e., two quasi-coherent sheaves on J are isomorphic if and only if they are
isomorphic when pulled back to d

p
LJ =J .

8.7.2. The final descent. – Let VJ WD VJ .V IM/. The quasi-coherent sheaf p�JVJ ˝ UJ
on d

p
LJ =J has an action of Gm as in [21, §§4.2.1, 6.3.2] (1). Descending along the Gm-torsor

d
p
LJ =J ! d

p
LM=M, we obtain a sheaf F on d

p
LM=M for which

.
dp
�/�F Š p�JVJ ˝ UJ :

Tensoring the above with . d
p
�/�U_M D U_J , we have

(52) .
dp
�/�

�
F ˝ U_M

�
Š p�JV

J :

It follows that F ˝ U_M lives in the degree zero component, hence it descends to a sheaf
V.V IM/ on M such that p�MV.V IM/ Š F ˝ U_M. By its construction and the commu-
tativity of (51), one has

.� ı pJ /
� V.V IM/ D

�
pM ı

dp
�
��

V.V IM/ D p�JV
J :

Since the pullback of sheaves to a root stack is fully faithful, we deduce that VJ D �� V.V IM/.
In particular, VJ descends to a sheaf V.V IM/, which is therefore well-defined on Mg;1.

Remark 8.7.3. – Here we list some observations.

1. When V is C2-cofinite and rational, we can descend VJ .V IM/ to a sheaf V.V IM/

over Mg;n for every finitely-generated V -module M . Indeed, since the category
of V -modules is semisimple, we can decompose M D

L
`2I M

` with M ` a simple
V -module with rational conformal dimension and I a finite index set. This induces
the decomposition VJ .V IM/ D

L
`2I VJ .V IM `/, and we can apply the descent

argument of §8.7.2 to each component VJ .V IM `/.

2. For simplicity, we have given the details of the argument when the conformal dimen-
sions are rational. This is indeed the case for simple modules over a C2-cofinite V , and
allows for the use of a root stack defined by a line bundle. While not needed for this
paper, an analogous argument can be made for complex, irrational conformal dimen-
sions, using a gerbe that is a generalization of the root stack.

3. When M i D V for all i , the action of G˚nm on VJ .V IM �/ from [21, §§4.2.1, 6.3.2]
is compatible with the restriction of the action of .AutO/˚n. In this case, the above
construction simplifies, since the two descents along the .AutCO/˚n-torsor and
G˚nm -torsor in (50) are equivalent to the descent along the .AutO/˚n-torsor.

(1) For this action, one uses the filtration on VJ .V IM/ induced by the Z�0-grading of the moduleM .
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4. The method used to construct the sheaf V.V IM �/ onMg;n from VJ .V IM �/ guaran-
tees that, when V.V IM �/ is of finite rank on Mg;n, the Chern character of V.V IM �/
on Mg;n is given by [21, Cor 9.1].

8.8. Proof of the VB corollary

By means of Theorems 8.4.2 and 8.5.1, one concludes that the sheaf of coinvariants
V.V IM �/ is a vector bundle of finite rank onMg;n, and this gives rise to a vector bundle of
finite rank onMg;n, as in [74], [71, §2.7], [61], [67]. We sketch the argument for completeness.

First, we argue that V.V IM �/ is a vector bundle of finite rank on Mg;n. The sheaf
V.V IM �/ on cMg;n is coherent (Corollary 5.1.2) and is equipped with a projectively flat
connection [21]. As in [74], see also [71, §2.7], it follows that V.V IM �/ is locally free of
finite rank on cMg;n. After Theorem 8.4.2 and gluing the sheaf as in [13], it follows that the
sheaf V.V IM �/ is also coherent on Mg;n. It remains to show that V.V IM �/ is locally free
on Mg;n. For this, consider a stable family of n-pointed nodal curves .C0 ! Spec.R/; P�/,
and for simplicity, assume that it has only one simple node. Consider its formal smoothing
.C ! Spec.RŒŒq��/; P�/ as described in §8.1. For each i , fix a formal coordinate ti at Pi .S/.
The sewing theorem (Theorem 8.5.1) implies that V.V IM �/.C=S;P�;t�/ is locally free of finite
rank, hence we conclude the argument. For families of curves with more nodes, one proceeds
similarly. It follows that V.V IM �/ is a vector bundle of finite rank on Mg;n.

Finally, since V is rational, by §8.7 and Remark 8.7.3(i), we can descend V.V IM �/ to a
sheaf of coinvariants on Mg;n. As the descent of a vector bundle is a vector bundle, this
concludes the proof of the VB corollary.

9. Examples

Here we list examples of vertex operator algebras V satisfying the hypotheses of our
theorems, namely: (1) V D

L
i2Z�0 Vi with V0 Š C; (2) V is rational; and (3) V isC2-cofinite.

9.1. Virasoro VOAs

Given the Lie subalgebra Vir�0 WD CK˚ zCŒŒz��@z of the Virasoro Lie algebra Vir, and c,
h 2 C, let Mc;h WD U.Vir/˝U .Vir�0/ C1, where C1 inherits the structure of a Vir�0-module
by setting Lp>01 D 0, L01 D h1, and K1 D c1. There is a unique maximal proper
submodule Jc;h � Mc;h. For h D 0, Jc;0 contains a submodule generated by the singular
vector L�11 2Mc;0 [37]. Set

Lc;h WDMc;h=Jc;h; Mc WDMc;0=hL�11i; and Virc WD Lc;0:

If c ¤ cp;q WD 1 � 6.p�q/2

pq
, with relatively prime p; q 2 N such that 1 < p < q, then

Mc Š Virc , that is, Jc;0 D hL�11i, while for c D cp;q , the submodule Jc;0 is generated by
two singular vectors [37]. By [43, Thm 4.3], Mc and Virc are VOAs. Since A.Mc/ Š CŒx�
[43, Thm 4.6], Mc is not rational. However, Virc is rational if and only if c D cp;q [75, Thm
4.2] if and only if Virc is C2-cofinite [29, Lemma 12.3] (see also [5, Prop. 3.4.1]). In this case,
A.Virc/ is a quotient of CŒx�, and simple Virc-modules are theLc;h, for h D .np�mq/2�.p�q/2

4pq

with 0 < m < p and 0 < n < q.
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9.2. Simple affine VOAs

One may associate to a finite-dimensional complex simple Lie algebra g and ` 2 Z>0, a
simple vertex operator algebra L`.g/, described in [43, §2], [56, §6.2] (see also [67, §A.1.1]).
This is rational by [43, Thm 3.1.3] and C2-cofinite by [77] (see also [29, Prop. 12.6], [5,
Prop. 3.5.1]).

9.3. The moonshine module V \

A rational vertex operator algebra V with no nontrivial simple V -modules is called holo-
morphic, and if .1/ and .3/ also hold, then V must have central charge divisible by 8 [31]. One
example is given by the moonshine module V \ of central charge 24, whose automorphism
group is the monster group [42].

9.4. Even lattice vertex algebras

Vertex operator algebras VL given by positive-definite even latticesL of finite rank [16] are
rational [24] and C2-cofinite [29]. Zhu’s algebra is described in [26, Thm 3.4].

9.5. Exceptional W -algebras

Arakawa [7] has shown that a large class of simple W -algebras are C2-cofinite, including
the minimal series principal W -algebras [39] and the exceptional W -algebras of Kac-
Wakimoto [53]. Moreover, the minimal series principal W -algebras and a large subclass of
exceptional affine W -algebras are rational [6, 8, 9].

9.6. Orbifolds, commutants, and tensor products

More vertex operator algebras can be obtained from the examples discussed above
through standard constructions resulting in orbifold algebras, commutants, and tensor
products. These constructions often preserve our desired properties. For instance, for a finite
subgroup G of the automorphism group Aut.V /, the orbifold algebra V G is conjecturally
C2-cofinite and rational when so is V . This holds forG solvable and V simple [65, 18]. For a
subalgebraA � V , the commutant Com.A; V / [43] is conjecturally C2-cofinite and rational
if so are bothA and V . This holds for parafermions [34]. The VOAs V 1; : : : ; V m are rational
if and only if V D

Nm
iD1 V

i is rational [33]; in this case, if the V i are C2-cofinite, then so
is V [27].

Appendix

Zhu’s Lie algebra and isomorphic coinvariants

For a smooth curve C and a quasi-primary generated vertex algebra V with V0 Š C, in
addition to the chiral Lie algebra LCnP�.V / (§3.1), one also has Zhu’s Lie algebra gCnP�.V /,
reviewed in §A.1.

In Proposition A.2.1, we show that when defined, gCnP�.V / is isomorphic to the image
of LCnP�.V / under the Lie algebra homomorphism 'L (Proposition A.2.1). Nagatomo and
Tsuchiya extend the definition of gCnP�.V / to stable pointed rational curves [67], and they
indicate that their coinvariants are equivalent to those studied by Beilinson and Drinfeld in
[14], suggesting they knew that Proposition A.2.1 holds in that case.
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A quasi-primary vector is an element A 2 V such that L1A D 0, and V is quasi-primary
generated if and only if L1V1 D 0 [30]. A vertex algebra V D

L
i�0 Vi with V0 Š C satisfies

L1V1 D 0 if and only if V Š V 0 (see [41, §5.3] and [32, §2]). In particular, in the results of
Huang [49] and Codogni [19], the vertex algebras studied are quasi-primary generated.

A.1. The Lie algebra gCnP�.V /

In [77], given a smooth pointed curve .C; P�/ and a quasi-primary generated vertex oper-
ator algebra V for which V0 Š C, Zhu defines a Lie algebra gCnP�.V /, generalizing the
construction of Tsuchiya, Ueno, and Yamada for affine Lie algebras. Namely, consider

gCnP�.V / WD 'g

0@M
k�0

Vk ˝H0
�
C n P�; !

˝1�k
C

�1A ;
where

(53) 'gW
M
k�0

Vk ˝H0
�
C n P�; !

˝1�k
C

�
!

nM
iD1

Lti .V /

is the map induced by

B ˝ � 7!
�

RestiD0 Y ŒB; ti ��Pi .dti /
k
�
iD1;:::;n

:

Here ti is a formal coordinate at the point Pi , Y ŒB; ti � WD
P
k2Z BŒk�t

�k�1
i , and �Pi is the

Laurent series expansion of � at Pi , the image of � via

H0
�
C n P�; !

˝1�k
C

�
! H0

�
D�Pi ; !

˝1�k
C

�
'ti C..ti //.dti /

1�k :

When V is assumed to be quasi-primary generated with V0 Š C, Zhu shows that gCnP�.V / is
a Lie subalgebra ofL.V /˚n. The argument uses that any fixed smooth algebraic curve admits
an atlas such that all transition functions are Möbius transformations. Transition functions
between charts on families of curves of arbitrary genus are more general, hence the need to
consider the more involved construction for the chiral Lie algebra based on the .AutO/-twist
of V in §2.

A.2. Isomorphism of coinvariants

When gCnP�.V / is well-defined and C nP� is affine, one can define the space of coinvari-
ants M �

gCnP� .V /
as the quotient of the L.V /˚n-module M � by the action of the Lie subal-

gebra gCnP�.V / of L.V /˚n. These spaces were introduced in [76], and studied also in [3, 67].
Recall the homomorphisms 'L from (24) and 'g from (53).

Proposition A.2.1. – When gCnP�.V / is well-defined (§A.1), one has

Im.'L/ Š Im.'g/:

It follows that there exists an isomorphism of vector spaces

M �gCnP� .V /
Š M �LCnP� .V /

:
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Proof. – One has

M
k�0

Vk ˝H0
�
C n P�; !

˝1�k
C

�
Š H0

0@C n P�;M
k�0

Vk ˝ !
˝1�k
C

1A(54)

Š H0

0@C n P�;M
k�0

�
!˝1�kC

�˚dimVk

1A :
From Lemma 2.6.1, one has gr�VC Š

L
k�0

�
!˝�kC

�˚dimVk
. It follows that

H0

0@C n P�;M
k�0

�
!˝1�kC

�˚dimVk

1A Š H0
�
C n P�; gr�VC ˝ !C

�
:

Now by Lemma 2.6.3,

(55) H0 .C n P�; gr�VC ˝ !C / Š H0 .C n P�;VC ˝ !C / :

On the other hand, as C n P� is assumed to be affine, one has

LCnP�.V / Š H0 .C n P�;VC ˝ !C / =rH0 .C n P�;VC / :

The map 'L is induced from the composition

(56) H0 .C n P�;VC ˝ !C /!
nM
iD1

H0
�
D�Pi ;VC ˝ !C

�
!

nM
iD1

Lti .V /:

The first map is canonical and obtained by restricting sections; the second is (22). By [38,

§6.6.9], sections in rH0
�
D�Pi

;VC
�

act trivially. Hence (56) induces a map from the Lie

algebra LCnP�.V / to
Ln
iD1 Lti .V /. It follows that the image of 'L coincides with the image

of H0 .C n P�;VC ˝ !C / in
Ln
iD1 Lti .V / via (56). Composing (54) and (55), and by the

definition of 'g in (53), the image of the map in (56) coincides with the image of 'g.
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