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RESUMES DES ARTICLES

An Example of Blowup at Infinity for a Quasilinear Wave Equation
SERGE ALINHAC ...ttt ittt ettt e et e 1

Nous considérons un exemple d’équation d’ondes quasi-linéaire qui se situe
entre les exemples vraiment non-linéaires (pour lesquels I’explosion en temps
fini est connue) et les exemples vérifiant la condition nulle (pour lesquels la
solution existe globalement et est asymptotiquement libre). Nous montrons
I’existence globale, bien que des arguments d’optique géométrique non-linéaire
indiquent un comportement non libre de la solution a l’infini. La méthode de
la preuve fait intervenir la commutation avec des champs dépendant de u, et
utilise des idées proches de celles du calcul paradifférentiel.

Microlocal analysis, bilinear estimates and cubic quasilinear wave equation
HAJER BAHOURI & JEAN-YVES CHEMIN .. ..ottt 93

Dans cet article, nous étudions 'existence et 1'unicité locale de solutions
pour une équation d’onde quasilinéaire cubique. Les classiques estimations de
Strichartz ne sont pas adaptées dans ce cas. Nous démontrons des estimations
bilinéaires pour des solutions d’équations d’ondes a coefficients variables. Les
deux outils principaux sont le calcul paradifférentiel de Bony et la microlocali-
sation au sens du calcul pseudodifférentiel de Weyl-Hérmander.

Microlocal study of ind-sheaves I : micro-support and regularity
MASAKI KASHIWARA & PIERRE SCHAPIRA .....tntintitntintiiaineeaennenn. 143

Nous introduisons les notions de micro-support et régularité pour les ind-
faisceaux et prouvons leur invariance par transformations de contact quanti-
fiées. Nous appliquons ces résultats aux ind-faisceaux des solutions holomorphes
tempérées des D-modules. Nous prouvons que le micro-support d’un tel ind-
faisceau est la variété caractéristique du D-module correspondant et que le
ind-faisceau est régulier si le D-module est holonome régulier. Nous calculons
enfin un exemple du ind-faisceau des solutions tempérées d’'un D-module irré-
gulier en dimension un.



x RESUMES DES ARTICLES

Regularity of D-modules associated to a symmetric pair
YVES LAURENT ...ttt e e e e 165

Sur une algebre de Lie réductive, les distributions invariantes qui sont vec-
teurs propres des opérateurs différentiels bi-invariants sont les solutions d’un
systeme holonome. Il a été démontré par Kashiwara-Hotta que ce module est
régulier. Nous résolvons ici une conjecture de Sekiguchi en montrant que ce
résultat est encore vrai dans le cas plus général des paires symétriques.

Bohr-Sommerfeld quantization condition for non-selfadjoint operators in dimen-
sion 2
ANDERS MELIN & JOHANNES SJOSTRAND .. .ttutittitint ettt ineeneanns 181

Pour une classe d’opérateurs h-pseudodifférentiels non-autoadjoints, nous
déterminons toutes les valeurs propres dans un domaine complexe indépendant
de h et nous montrons que ces valeurs propres sont données par une condition de
quantification de Bohr-Sommerfeld. Aucune condition d’integrabilité complete
est supposée, et une étape géométrique de la démonstration est donnée par un
théoreme du type KAM dans le complexe (sans petits dénominateurs).

Logarithmic Sobolev inequality and semi-linear Dirichlet problems for infinitely de-
generate elliptic operators
Y OSHINORI MORIMOTO & CHAO-JIANG XU . tnttntititii i 245

Soit X = (X1,...,X,,) un systéme de champs de vecteurs infiniment dégé-
nérés. On montre d’abord I'inégalité de Sobolev logarithmique pour ce systéme
de champs de vecteurs sur les espaces de fonctions associés, puis on étudie le
probleme de Dirichlet semi-linéaire pour des opérateurs somme de carrés de
champs de vecteurs X.

Group velocity at smooth points of hyperbolic characteristic varieties
JEFFREY RAUCH ... .o e 265

En un point lisse d’'une variété caractéristique définie par un polynome
homogene hyperbolique, le plan tangent détermine la vitesse de groupe. Dans
cet article, on en déduit un algorithme algébrique de calcul de ce plan tangent
en un point donné. Il n’est intéressant que la ou la différentielle du polynome
s’annule.

Discrimination analytique des difféomorphismes résonnants de (C,0) et réflexion
de Schwarz
JEAN-MARIE TREPREAU ...\ttt 271

Nous montrons que des arguments géométriques tres simples, basés sur la
réflexion de Schwarz, permettent souvent de décider si deux paires d’arcs ana-
lytiques tangents en 0 € C sont analytiquement équivalentes au voisinage de 0.
Nous en déduisons la construction de familles nombreuses de germes, formel-
lement mais non analytiquement conjugués, de difféomorphismes analytiques
résonnants de (C, 0).
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ABSTRACTS

An Example of Blowup at Infinity for a Quasilinear Wave Equation
SERGE ALINHAC .ttt ittt ettt et e et e e et e e 1

We consider an example of a Quasilinear Wave Equation which lies between
the genuinely nonlinear examples (for which finite time blowup is known) and
the null condition examples (for which global existence and free asymptotic
behavior is known). We show global existence, though geometrical optics tech-
niques show that the solution does not behave like a free solution at infinity.
The method of proof involves commuting with fields depending on u, and uses
ideas close to that of the paradifferential calculus.

Microlocal analysis, bilinear estimates and cubic quasilinear wave equation
HAJER BAHOURI & JEAN-YVES CHEMIN ...ttt e 93

In this paper, we study the local wellposedness of a cubic quasilinear wave
equation. The Strichartz estimate used for the solutions of linear variable co-
efficients wave equations are not relevant here. We prove bilinear estimates for
solutions of linear wave equations with variable coefficients. The main tools
are Bony’s paradifferential calculus and the microlocalization in the sense of
Weyl-Hérmander calculus.

Microlocal study of ind-sheaves I : micro-support and regularity
MASAKI KASHIWARA & PIERRE SCHAPIRA .....viititititnininaieennnans 143

We introduce the notions of micro-support and regularity for ind-sheaves,
and prove their invariance by quantized contact transformations. We ap-
ply these results to the ind-sheaves of temperate holomorphic solutions of
D-modules. We prove that the micro-support of such an ind-sheaf is the
characteristic variety of the corresponding D-module and that the ind-sheaf is
regular if the D-module is regular holonomic. We finally calculate an example
of the ind-sheaf of temperate solutions of an irregular D-module in dimension
one.



xii ABSTRACTS

Regularity of D-modules associated to a symmetric pair
YVES LAURENT ...ttt e e e e 165

The invariant eigendistributions on a reductive Lie algebra are solutions
of a holonomic D-module which has been proved to be regular by Kashiwara-
Hotta. We solve here a conjecture of Sekiguchi saying that in the more general
case of symmetric pairs, the corresponding module is still regular.

Bohr-Sommerfeld quantization condition for non-selfadjoint operators in dimen-
sion 2
ANDERS MELIN & JOHANNES SJOSTRAND ...ttt 181

For a class of non-selfadjoint h-pseudodifferential operators in dimension 2,
we determine all eigenvalues in an h-independent domain in the complex plane
and show that they are given by a Bohr—Sommerfeld quantization condition.
No complete integrability is assumed, and as a geometrical step in our proof,
we get a KAM-type theorem (without small divisors) in the complex domain.

Logarithmic Sobolev inequality and semi-linear Dirichlet problems for infinitely de-
generate elliptic operators
Y OSHINORI MORIMOTO & CHAO-JIANG XU ..ottt 245

Let X = (X1, ..., X,,) be an infinitely degenerate system of vector fields, we
prove firstly the logarithmic Sobolev inequality for this system on the associated
Sobolev function spaces. Then we study the Dirichlet problem for the semilinear
problem of the sum of square of vector fields X.

Group velocity at smooth points of hyperbolic characteristic varieties
JEFFREY RAUCH ... e 265

At a smooth point of the characteristic variety defined by a homogeneous
hyperbolic polynomial, the tangent plane determines the group velocity. In this
note an algebraic algorithm is derived for computing this tangent plane at a
given point. This is interesting only where the differential of the polynomial
vanishes.

Discrimination analytique des difféomorphismes résonnants de (C,0) et réflexion
de Schwarz
JEAN-MARIE TREPREAU ...\ttt et 271

We show that simple geometric arguments, based on the Schwarz reflection,
allow in many cases to decide whether two pairs of tangent analytic arcs at 0 €
C are conformally equivalent in a small neighborhood of 0. As an application,
we exhibit big families of germs of analytic resonant diffeomorphisms of (C, 0),
which are formally, but not analytically conjugate.
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PREFACE

L’Analyse Microlocale s’est développée dans le dernier tiers du vingtieéme siecle & la
suite des travaux fondateurs de M. Sato et de son école en Analyse Algébrique. Jean-
Michel Bony est un des principaux artisans de l'extraordinaire fécondité de cette
« analyse dans l'espace de phase », dont les concepts et méthodes vont tant faire
progresser notre compréhension des équations aux dérivées partielles.

A l'occasion de son soixantieme anniversaire, ses éleves, collaborateurs et amis ont
donc souhaité offrir & Jean-Michel Bony ce recueil d’articles de recherche.

On y trouvera deux articles en Analyse Algébrique, un d’Analyse Complexe,
trois en Analyse Microlocale linéaire et deux en Analyse Microlocale non-linéaire.
M. Kashiwara et P. Schapira introduisent et développent leur théorie du micro-support
des Ind-faisceaux. Y.Laurent prouve une conjecture de Sekiguchi sur la régularité
des D-modules associés a une paire symétrique. J.-M. Trépreau expose une approche
géométrique de la classification holomorphe des paires d’arcs tangents. A.Melin et
J.Sjostrand élucident la théorie spectrale des opérateurs non autoadjoints en dimen-
sion 2. Y. Morimoto et C.-J. Xu étudient les sommes de carrés de champs de vecteurs
inifiniment dégénérés. J.Rauch introduit un algorithme de calcul de la vitesse de
groupe d’'une équation hyperbolique. Enfin, larticle de S.Alinhac sur le compor-
tement asymptotique des équations d’ondes non-linéaires et celui de H.Bahouri et
J.-Y.Chemin sur le probleme de Cauchy local pour les équations d’ondes quasi-
linéaires illustrent ’efficacité des techniques d’analyse microlocale non-linéaire, dont
Jean-Michel Bony, en inventant le paraproduit, fut le pionnier.

Gilles Lebeau
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AN EXAMPLE OF BLOWUP AT INFINITY
FOR A QUASILINEAR WAVE EQUATION

by

Serge Alinhac

Dédié a J-M. Bony a l'occasion de son soixantiéme anniversaire

Abstract. — We consider an example of a Quasilinear Wave Equation which lies
between the genuinely nonlinear examples (for which finite time blowup is known) and
the null condition examples (for which global existence and free asymptotic behavior
is known). We show global existence, though geometrical optics techniques show
that the solution does not behave like a free solution at infinity. The method of proof
involves commuting with fields depending on u, and uses ideas close to that of the
paradifferential calculus.

Résumé (Explosion al’infini pour un exemple d’équation d’ondes quasi-linéaire)

Nous considérons un exemple d’équation d’ondes quasi-linéaire qui se situe entre
les exemples vraiment non-linéaires (pour lesquels l’explosion en temps fini est
connue) et les exemples vérifiant la condition nulle (pour lesquels la solution existe
globalement et est asymptotiquement libre). Nous montrons ’existence globale, bien
que des arguments d’optique géométrique non-linéaire indiquent un comportement
non libre de la solution & 'infini. La méthode de la preuve fait intervenir la com-
mutation avec des champs dépendant de wu, et utilise des idées proches de celles du
calcul paradifférentiel.

In this text, Theorems, Propositions etc. are numbered according to the section
where they appear, without any mention of the Chapter. When quoted in a different
chapter, they appear with the additional mention of the Chapter. For instance, in
Chapter III, section 2, there is Lemma 2. In Chapter IV, section 4, the same Lemma
is quoted as Lemma ITI.2.

2000 Mathematics Subject Classification. — 35L40.
Key words and phrases. — Quasilinear Wave Equation, Energy inequality, decay, blowup, geometrical
optics, Poincaré inequality, paradifferential calculus, weighted norm.
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2 S. ALINHAC

Introduction

We prove in this paper the global existence (for € small enough) of smooth solutions

to the equation in sz x Ry
O2u — 2 (u)Apu = 0,c(u) = 1+ u,
with smooth and compactly supported initial data of size e.

This result has been proved before only in the radially symmetric case by Lindblad
[13], who also pointed out to some evidence that the nonradial solutions should have
a very large lifespan. It turns out that the solutions do not behave at t = +oo like
solutions of the free wave equation (that is, u ~ /(1 + t)); most derivatives of u
have, apart from the factor /(1 +t), an exponential growth exp C7 at infinity, where
7 =¢elog(1 + t) is the slow time. This explains the title of this paper.

The method of proof is that of Klainerman [11], combining energy inequalities
and commutations with appropriate “Z” fields. Because of the blowup at infinity, the
fields we use have to be adapted to the geometry of the problem (as in Christodoulou-
Klainerman [7]), and their coefficients smoothed out. This is very close to the parad-
ifferential calculus of Bony [6], or, equivalently, to a Nash-Moser process.

I. Main result and ideas of the proof

We consider in R3 x R; the equation
(1.1), F(u) = 0%u — (u)Azu = 0,
where we will take for simplicity ¢ = ¢(u) = 1 + u, since higher powers of u produce
only easily handled terms. The coordinates will be
€r = ($1;$2;$3)7 t:x07
and
Ou = (O1u, Dau, D3u, Opu).

The initial data are

(1.1)y  u(z,0) = Eu(l)(x) + €2ug(x) ooy (Opu)(,0) = euy(x) + 2uz(x) + -,

for real C™ functions u!, supported in the ball |z| < M.
We will use the usual polar coordinates r = |z|, z = rw, and define the rotation
fields

Ry = 2903 — 1302, Ro = 12301 —x103, R3z=x102— 120;.
By Zy we will denote one of the standard Klainerman’s fields
(1.2) 0i,Rj, S=1t0,+710., hi=ux;0,+10;.
For the Laplace operator, we have then

A, =02+ (2/r)o. + (1/rH) AL,
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 3

where the Laplace operator on the sphere A, is A, = R? + R3 + R2.
We define two linear operators

(1.3) P=c10? —cA, P =c10?—c(0?+r2A),

such that, setting u = ¢/rU, we have Pu =0, P,U = 0. We also set
L=c1Y29, + 01/2&, Ly =c 29, — 01/28“

for which we have

(1.4) [L,L1] = (Lyu/2¢)Ly — (Lu/2¢)L, Py = LLy —cr A, + (Lu/2c)L.

Remark that, since ¢ = c(u), iterated use of the fields L, L1, 0}, R;, S will generate a
considerable number of terms depending again on u. To master this phenomenon, we
will have to construct an appropriate “Calculus”. Finally, we set

(1.5) or=M+1—-1r+1,

which is positive and roughly equivalent to the distance to the boundary of the light
cone.
Our main result is the following Theorem.

Theorem. — Let so € N. For e small enough, the Cauchy problem (1.1) has a global
smooth solution u. Moreover, we have the estimates

|25 0ulrz < Ce(1+6)7°,  |al < so,
0u| < Ce(1+1)7Y, | Z80u| < Ce(1+t) 1% 2 o] < so— 2.

In the case of radially symmetric data, the solution u is a smooth function of (r2,t).
For this case, Lindblad [13] has proved global existence. We explain now the main
ideas of the proof. In the whole paper, all constants will be denoted by C, unless
otherwise specified.

I.1. A first insight using nonlinear geometrical optics

a. If w denotes the solution of the linearized problem on zero
(@2 = Dw=0, wl@,0)=u), (w)(,0)=ul(),
we know (see [10]) that, for some smooth Fyp,
w o~ 1/rFy(w,r—1t), r— 4oo.

Taking ew as a rough approximation of u, we observe as in [10], [1] that the quadratic
nonlinearity uAwu produces a slow time effect, for the slow time 7 = elog(1 +t). This
means that, for large time, we expect formally u to be better approximated by

e/rVir—t,w, ),

SOCIETE MATHEMATIQUE DE FRANCE 2003



4 S. ALINHAC

for a smooth V satisfying V(r — t,w,0) = Fy(w,r —t). Substituting the above expres-
sion of u in (1.1), we obtain

(1.6) Vor +VVse =0, V(o,w,0)=Fy(w,0), oc=r—t.

As pointed out already in [13], this is in sharp contrast with what happens, for
instance, for the equation 9?u — (1 + u;)Au = 0. In this case, a similar approach
yields for V' the equation 2V, —V,V,, = 0, which is essentially Burgers’equation and
blows up in finite time. Here, one easily sees that (1.6) has global solutions: this gives
a hint that the lifespan of v could be very large (though not necessarily +o0, see for
instance the case of the null condition in two space dimensions [1]); the consequences
of this fact are precisely stated in Theorem II.1.
b. Looking more closely, we see that the solution V of (1.6) satisfies

Vo] <C, |02, V]| <Ce“m.

o,wW,T

Since we are willing to use Klainerman’s method [11], we have to apply products Z§
to (1.1),, and use an energy inequality for P to control |0Z§u|r2. On the one hand,
the boundedness of V,, yields

|Ou| < Ce/(1+1t).

In the standard energy inequality for P (see [10] Prop. 6.3.2), this will cause an
amplification factor of the initial energy of the form

t
expCs/ ds/(1+s) = (1+1)°°.
0
Thus the best one can expect, using the energy method and Klainerman’s inequality, is
|Z§0u] < Ce(1+1) 710012,

which is the result we obtain. On the other hand, if we believe that u and its deriva-
tives actually behave like € /rV, we see that derivatives like R;u or 9%u, etc. do behave
like £ /7(1+1)¢, which matches with what we just obtained from the energy method.
This is why we say that we have blowup at infinity: the solution u exists globally, but
does not behave like a solution of the linear equation. This phenomenon has been
observed already, for instance in the study by Delort [8] of the Klein-Gordon equation.

1.2. Commuting Klainerman’s fields

a. If we apply for instance a rotation field R; to (1.1),, we obtain
PRju — 2(R;u)(Au) = 0.

Writing the energy inequality for P, it is not possible to reasonably absorb the term
(R;u)(Au) using Gronwall’s lemma since

t
exp/ |Riu|p~ ~ exp[C~1(1 +1)°]
0
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 5

is far too big. On the other hand, applying Z§ to (1.1), produces a term (Z§u)(Au)
in the equation for PZ§u, which is a zero order term: to handle this term will require
some type of Poincaré lemma, controlling Z§u by 0Z§u. Note that even in a finite
strip |r — ¢| < C close to the boundary of the light cone, such a term cannot be
reasonably controlled since again Au behaves exponentially in 7 at infinity.

b. Hence we have to modify the standard fields Zy to get better commutation
properties. Following the geometric approach of Christodoulou-Klainerman [7], we
define an optic function (in fact, only an approzimate optic function) ¢ = ¢ (r,w,t) by

Ly =0, ¥(0,w,t)=—-M—1—t

This is a substitute for the standard optic function r — ¢t + C, whose level surfaces are
the light cones r = ¢t + C. To write down the modified fields Z,,, we first adapt Zy to
the geometry of the operator by defining Hy = ¢td, + r/cO;. For some a(R;), a(S),
a(Hy) to be defined, we set now

R =Ri+a(Ri)Li, S™=S+a(S)L1, HJ" = Hy+ a(Ho)L1.

Let us pause to explain how this compares with the approach of [7]. In [7], the
authors introduce an exact optic function, whose level surfaces give a foliation of
outgoing cones. The rotation fields and L are defined to be tangent to these cones.
This way of taking into account the exact geometry of the symbol has the advantage
of producing in the computations relatively easily understandable geometric objects.
On the other hand, it leads to rather tedious computations: may be, one is demanding
too much. Here, since Lu and (R;/r)u are expected to behave much better than other
derivatives of u, we consider that the effect of taking more complicated perturbations
(of the standard fields) involving L or R;/r would be negligible. The choice of the
perturbation coefficients a is dictated only by commutation properties with L. Ideally,
taking

(1.7), La(R;) + a(R;)(Liu/(2¢)) = —Ru/(2¢),
(1.7)s La(S) + a(S)(Lu/(2¢)) = =Su/(2¢),a(Ho) = —a(5),
would give

[R*,L] ==L, [S™ Ll=xL, [Hy,L]==xL.
To avoid singularities at r = 0, we introduce in fact a cutoff ¥ = x(r/(1 + 1)) in (1.7)
(see III.1 and the commutation relations of Lemma II1.3.1).
I.3. Induction on time. — The proof is by “induction on time” (see [10] for
instance). We first make the induction hypothesis
(IH)  |Z§0u| < Ce(1+1)" 072 o <s0, n=1072 50> 10.

This is a pointwise estimate, which is supposed to be valid up to some time 7. The
strategy of the proof is the following:
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Step 1. — From (IH), we deduce (still for ¢ < T') the better behavior in L* norm
of a small number of derivatives of u (see Proposition III.7)

|Z80u| < Ce(1+ )" 1HCak1 o] < 59 — 4.
Here, = 1/2+ 1071,

Step 2. — Using the energy method of Klainerman, we bound in L? norm (still for
t < T) alarge number of derivatives of u (see VII.3)

|Z8&0u|2 < Ce(14+1)9%,  |al < 2(so —4).
Step 3. — Using Klainerman’s inequality, we obtain
|Z§0u| < Ce(1 + t)_H'CEafl/Q, la| < sp < 250 — 10.

If Ce < n/2 and t is large, this is much better than (IH) and Theorem IL.1 allows us
to prove that for small enough ¢, (IH) never stops being true and u exists globally.
To prove the L estimates of Step 1, we write the equation in the form

LL,U = ¢/r*A,U — (Lu/2¢) LU,

and apply products Z% to the left. In particular, we get |[L1U| < C, which eventually
gives |Ou| < Ce/(1 +t).

To prove L? estimates without loosing derivatives, we have to commute Z,,, with P,
which causes new problems we analyze now.

I1.4. Smoothing

a. In the expression of [Z,,, Plu necessarily appears the term (Pa)Lqu, containing
(r=2A,a)Liu and (LLia)Lyu. Since, from (1.7), we expect to control R¥a in terms
of R¥Z,,u only, we see that we are missing two derivatives if we want to keep the full
r~2 decay, or missing one if we rather write

r2A, =7t S (R;/7r)R;.

In both cases, we have to put a smoothing operator Sy in front of a. Here, 6 is a
big parameter, and Sgv is roughly the smooth truncation of v(¢) for || < 8. This is
very close to the paradifferential approach introduced by Bony [6], where symbols say
a(x)¢ correspond to operators T, D, and not to aD,. A typical application of these
ideas is given in Alinhac [4], where instead of using true vectors fields Y a;0; tangent
to some (non smooth) surface, we use > Tg,0;. In other words, we have to commute
to the equation vector fields (here, the Z,,) tangent to characteristic surfaces of the
operator (here, essentially the modified cones 1) = const), but these vector fields have
to be smoothed first. Alternatively, one can say that we use a Nash-Moser procedure
(see for instance [5]). As shown by Hérmander [9], the two approaches are essentially
equivalent.
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 7

Since La is already known, we hope to neglect the term LL;a and concentrate on
Ay a. If we take Sp to be smoothing in the w variables only, we have (with another
Sp on the right)

RiSG’U ~ 9591).

Choosing 6 = 6(t), we hope for the decay factor 1/r to compensate for the growth
0(t) in the term such as 1/rR;Sgv. Unfortunately, since L and L; have variable
coefficients, commutators arise in LL1Sgpa which display second order derivatives of a
with respect to 0, and 0; also. We are thus forced to introduce Sy as a smoothing
operator both in the variables w and r, say

So = Sy, Sy,

where the two parameters 6 (t) and 62(¢) have to be determined.
b. According to the analysis of a., we use now the smoothed modified fields

R" =R, +a(R)Ly, S™=S+a(S)L,, H™=H,;+a(H;)L,
where H; = ct0; + x;/c0; and
a(R;) = Spa(R:), a(S) = SpalS), a(H;) = —wa(S) — (w Aa(R));.

These fields are denoted by Zm Of course, we have to develop a calculus for these
fields and their commutators with Sy, etc., which is very similar to the calculus of
paradifferential operators. Needless to say, this part of the paper, corresponding to
sections IV.3, IV.4, IV.5, is quite tedious, and should be skipped by the reader.

c. On the one hand, we have the formula (cf. Lemma IV.5.1)

[0t, 59] = 9’1/9189 + 9’2/9289.

On the other hand, we need in our estimates to have 6./6; = O(e(1 +t)~!). Hence
we are forced to take

0; = 00(1 + )%

It turns out that the two speeds 3; will have to be chosen different: 3; and (32 — (31 have
to be big enough. This reflects the dissymmetry between the first order derivatives
of u: e~ (1 + t)u, is bounded while e~1(1 + t) R;u may grow like (1 + ¢)°°.

L.5. Structure of [Z,,, Plu. — This is the heart of the matter. Since the Zg
fields have been modified so as to improve the commutation with L (see 2.b), we
expect good formulas for [Zm, LIL4] also. In contrast, computing the term [Zm, AL
and taking the smoothing operator Sy into account is rather tedious. The result is
described in Proposition VI.1. It turns out that the most delicate terms to control
are the ones containing a, especially

(1.8) r2LiaA,u, LaLiu, LiLadu, (1+t)"'Ladu.
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8 S. ALINHAC

These terms are handled in part C of the proof of Proposition VII.1. Formulas for the
higher order commutators [Z%,, P| are also established, and require the full calculus
for the fields Z,,.

1.6. Energy inequalities. — Writing PZmu = f[Zm, Plu, v = Zmu and using an
energy inequality for P, we have to check that the various terms of [Zm, PJu can be
absorbed from right to left in the inequality. To handle the first term in (1.8), we
need an inequality displaying a better control of the special derivatives (R;/r)v. Such
inequalities have been already discussed and used in [2], [3]: the idea is to establish
an energy inequality with a “ghost weight” e?("=%) where b is bounded. Here, we use
1 instead of r — ¢, and take a weight

exp(T + 1)b(¢), b(s)=B(-s)™", v>0, B>0,

where v and B~! have to be chosen small enough (see Proposition V.3.1). This weight
does not disappear, but is bounded below and above by C(1 4 )“¢, which is allowed
in our context.

1.7. Poincaré Lemma. — As explained in 2.a, we need a Poincaré Lemma to
control the zero order term (Auw)v in the linearized operator acting on v. In the
context of the weighted L? norms explained in §6, we obtained roughly the formula
(see Proposition V.2)

/ eP(Au)?vide < Ce*(1 + t)*Q/ ePvide, p= (T +1)b().
r>t/2 r>t/2

The miracle here is that we only know
|Au| < Ce(1 4 )~ 1+Cegh=2

and still get the estimate we would obtain if we had C; = 0. This is due to the special
structure of L2U displayed in Lemmas 11.3.3 and 11.3.5.1, which say roughly

L?U ~h(),  |h(s)] < C(1+ |s|)73/2+477'

To prove the inequality, we make the change of variable s = ¢)(r, w, t) in the integrals,
and proceed as usual in the s variables.

1.8. Calculus for systems of modified Z, fields. — In the course of this paper,
we use in fact several systems of modified fields, each of which giving birth to a special
calculus. For instance, besides the two main systems of the Z,, of Chapter III.1 and
the Zm of Chapter IV.1 mentioned above, we have

i) The enlarged calculus for Z,, and the system Z, in the proof of Proposition
I11.7,

ii) The new system Z,, and the system Zg in the proof of Proposition IV.1,

iii) The system Z,, in the proof of Proposition VII.2.
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 9

We deliberately made the following choice: rather than building before the proofs
of these results a tight wall of Lemmas that no reader can cross, we chose to rather
write “Scheherazade type” of proofs, where the needed Lemmas are displayed and
proved exactly when one needs them. This allows the reader to view Proposition
II1.7, Proposition IV.1, Proposition VII.2 as black boxes which need not be opened
in a first approach, and avoids confusion between the different systems of fields.

The plan of the paper is as follows: in part II, we prove the large time existence
theorem (needed to start the induction) and discuss the first consequences of the
induction hypothesis, in particular the boundedness of e~1(1 + ¢)Ou and the special
structure of L2U. Chapter III is devoted to obtain the improved L> estimates on .
In part IV, the smooth modified fields Zm are defined and many lemmas display the
calculus for these fields. The weighted energy norms, the energy inequality and the
Poincaré Lemma are proved in Chapter V. The structure of the commutators [Zm, P]
and [Z?L, P] are discussed in VI. Finally, using V and VI, simultaneous weighted L?
estimates of Z’;Hau and Z’;E)a are obtained in VII, allowing us to finish the proof of
the main result in VIL.3.

II. Large time existence, induction hypothesis and first consequences

I1.1. Large time existence. — We consider the Cauchy problem I.1.1. Our first
result displays a very large lifespan of the solution.

Theorem 1. — Let 7 > 0 and sg € N. Then, if € is small enough, the solution u to
the Cauchy problem (1.1) exists and is C*° for 7 = elog(1 +t) < 7. Moreover, we
have for some C' the estimates

(1.1) |Zgou| < Ce(1+t) Loy /2, o] < so.
Proof. — We only sketch the proof, since it is very close to the proof of Theorem

6.5.3 in [10], using “induction on time”. There are two main differences:

i) The approximate solution u, can be constructed without time limitation.
i) The structure of the equation on the difference @ = u — u,, is slightly different.

Let us review this more closely.
i) Construction of an approzimate solution
a. Let w satisfy

wy — Aw =0,  w(z,0) :u?(x), wy(z,0) :u}(z)

Then w can be written

w=1/rF(w,1/r,r—1t),
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10 S. ALINHAC

where F' is defined in [10], (6.2.5). Note that here F' is supported, like w, in —M <
r—t< M. When t — +o0,

w~1/rFy(w,r—t), Fy(w,0)=F(w,0,0).
We consider now, for w € 2, 7> 0, 0 = r — t < M, the Cauchy problem
R VHVIE V=0 V(iow0)=Fw,o).

We claim that this problem has a smooth solution for 0 < 7 < 7, supported for
o < M. In fact, set

o=¢(s,w,7), W(s,w,7)=V(p,w,T).
We have
Ws = ¢sVo,Wsr = 957 Vo + b5 (Vor + 07 Vo0),
0r(W/62) = (Vor + 6:Vi).
We choose now ¢ defined by
ps = exp(10,Fy), d(M,w,7) =M,

and set W = ¢,. Note that ¢(s,w,0) = s, and W is zero for |s| > M. Since
Ws/¢s = agFO(W,O'), we have

0= 8T(Wa/¢s) = (Vm— + VVUU)(¢7W77)-
Moreover, for 7 = 0, Wy = 0,Fy, W(M,w,0) = Fy(w, M) = 0, hence
W(S,w,O):Fo(W,S), V(U,W,O):Fo(W,O').

Finally, for 0 < ¢(—M,w, ), V is a smooth function of (w, 7). In particular, |V| < C.
b. We introduce now two smooth real cutoff functions

x1=x1(et),  x2=x2(r/(1+1)),

where x1(s) is zero for s > 2 and one for s < 1, while xa(s) is zero for s < 1/2 and
one for s > 2/3. We define the approximate solution by

ug =exiw +e/r(l — x1)x2V(r —t,w, 7).

As in [10], we have for all « the estimates |Z§uq| < Ce/(1 +t). We set also J, =
02uq — (1 +u4)?Aug. To prove the analogue to Lemma 6.5.5 of [10], we have to note
that

97 (x2V) = X207V +2(8ix2) (—Vo +¢/(L+ 0)V2) + (97 x2)V,
9 (x2V) = X202V +2(0rx2) (Vo) + (97 x2) V-
In these expressions, note that
Oxa =0(1/(1+1), x2=0(1/1+1)?), x4V, =0.
For t > 2/e, we obtain

Jo = =262 1*(Vor + VV,s) + O(e/(1 + 1)?).
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 11

Thanks to the equation on V', we finally obtain in this region, for all o,
|Z8Ja| < Ce(1+1)73.

In the first period et < 1 or in the transition region 1 < et < 2, the discussion is the
same as in [10], and we obtain

|Z8 J.| < Ce?|loge|(1+1) 2.
The main difference here with [10] is that V' is no longer zero for 0 < —M. Hence
the support of J, is only contained in the region (1 +¢)/2 <r < M + ¢, and
128 Jalir < C2logel(1+6)772, 1< 2/e,
|Z8 Jalrz < Ce(1+)7%2 t> 2/
We obtain finally
/< 128 Julpadt < C=3/2|log ).

it) The induction argument. — We write the equation on u = u, + @ in the form
(cP)i = 0t — (1 + ug + 0)* At = —Ju + (Aug) (2(1 + uy) + ).
We make the induction hypothesis
2500 <eoy V2)(1+1), ol < so.

This means that this pointwise estimate is supposed to hold for ¢ < T, for some T.
We will eventually prove that T satisfies elog(1 4+ T') > 7. First, since |0u, + 0u| <
Ce(1+t)~1, we can use the standard energy inequality for the operator cP to evaluate
|0%|r2. We wish to apply Z§ to the left to the equation on u, with |a| < 2s9. Since
we have, for constants C,g3,

(25,07 = A)] = D CapZg(dF = D),
181<la|
we write the equation in the form
(02 — A)i = (1 +u)? = 1)AU — Jo + (Aug)(2(1 4 ug) +a)i = G.
Applying Z§, we obtain (92 — A)Z84i = Z3G — Y. CapZiG. In ZgG, we distinguish
the term ((1+u)%—1)AZ§1 which we take back to the left-hand side to get (cP)(Z§).
a. We ignore the factor (2(1 + u,) + @) accompanying (Aug)u in G. For terms
(23 Aua)(Z510), 1l + 6] < e,

we use the inequality |0} 'v|z2 < C|0v|2. Since 01|Z) Aua| < Ce/(1+1), such terms
are absorbed using Gronwall’s inequality.

b. We ignore the factor 2(1 + (uq + @)/2) accompanying (uq + @)A% in G. We
have to deal with terms

1) (ua + )| 25", Ali,

SOCIETE MATHEMATIQUE DE FRANCE 2003



12 S. ALINHAC

2) (23 (ua +i))(ZgAd), 18] <lal, |yl +16] < |-
We use (the stars denoting irrelevant coefficients)

[Z§, Al = Z *62206,0 =o' %2,

1BI< el -1
Hence
128, Al =o' > x0Z].
[vI<]o]
On the other hand,
oy Hug + 14 < Ce/(1+1),

thus the term 1) will be controlled using Gronwall’s inequality.

For 2), we remark first that the part (Zgu,)(Z3Aw) is easily handled. For the other
part, we distinguish which factor we are going to evaluate in L? norm. If || < so, we
write as before

|ZguzZi il e < Y Cloy ' Zg i |02] il 2
EINEY
and use Gronwall’s inequality. If |y| > so + 1, we write
(o7 20 0) (01 Z)ANi) |12 < Y ClOZG | Lo |02 1 12
|B]<s0
and use once again Gronwall’s inequality.
Finally, we obtain

| 25002 < Ce%/?|logel|, |al < 2so.
Using Klainerman’s inequality, we obtain for |a| < 259 — 2

|Z80u| < Ce¥?|logeloy /2 (1 +1)~ 1.

If 259 — 2 > s, that is sg > 2 and ¢ is small enough, we obtain the statement by the
usual induction argument. O

I1.2. The optic function. — We assume in what follows that u is defined and C'*°
for t < T'; u is also defined in any finite strip —C' < ¢ < 0 for small enough . We
extend the integral curve r =t + M of L for negative time until it reaches the t-axis.
All objects and estimates related to u will implicitly be considered as defined in the
corresponding region. We define the optic function ¢ = ¥(r,w,t) by

Ly =0, (0w, t)=—-M—1—¢t

Then ¢ < C < 0 in the region of interest. As in [12], the function ¥ is a substitute for
the usual phase r—t— M — 1. The cones 9 = const will be considered as deformations
of the standard cones o1 = const, and later on, the geometry of the fields Z; will be
adapted to these new cones.

Lemma2. — For m < T, we have for C' big enough
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 13

i) ] < Clon +72),
ii) for o1 = C72, C|¢| > 01.

Proof. — From a given point My = (rg,wo,tp) we draw backward, for some big
enough C| the integral curve I' of L, along with the curves I'y and I'y respectively
defined by

oy =—-Ce(1+ t)*laim, oy =Ce(l+ t)*loi/Q.
According to the bound of u deduced from (1.1), the first curve is above, the second
below I'. The three curves meet r = 0 at ¢1,60,to, with t; > —M — 1 —1 > t5. By
integration,

201/%(t) + Celog(1 + to) = 207/%(12) + Ce log(1+ 1),

hence
] < o1(t1) < Clon + (elog(1 +1))%).
From the second differential equation, we get, if o1 > (Celog(1l +1))?, 4|¢)| > 01. O

I1.3. Induction hypothesis and its consequences. — We already know that u
exists as a C function for ¢ < T”, elog(1 + T’) > 7. For some sy € N and some
small n > 0 to be fixed later independently of € (we will take in fact so > 10 and, say,
n = 10"2), we assume now

(IH) |Zgou| < Ce(l+t) 72 t<T LT, |o| < so.

From now on, all estimates will take place for ¢ < T, and will use the induction
hypothesis (IH). We will eventually prove that T'= T”, thus getting global existence.
11.3.1. Estimates on the optic function
Lemma3.1l. — For C big enough, we have

i) W] < Clon +2(1+1)*).

ii) For o1 > C2(1+1)?", C|y| = o.

iii) Everywhere for T > T, we have

o1 < CE2(1+ )2,  |¢] < C*(1 +t)*0y.

The proof is exactly the same as the proof of Lemma 2.

I1.3.2. Structure of L1U. — Since, from (IH), du is much smaller than (1 +¢)~! as
soon as o1 > y(1 +t) (for any v > 0), most of the estimates we need will take place
in the “exterior” region R, defined by

r>M+t/2, T<LT.

The part of the boundary of R, which is the union of r = M +¢/2 and 7 = T will be
denoted by ~. First of all, to establish later an energy inequality, we need to prove
that |OU]| is bounded.
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Lemma3.2. — In R., we have
LlU - VT(waw) + P1,
with
Ve (s,w)] < C(L+[s)) 72427, |pr| < CelgpV/2(1 +8) 7120,
Proof. — First, we obtain from (I H) the estimates
|Z&oU| < C(1+t)oy /2.
Set now
f=cr?A,U — (Lu/2¢) LU,

for which LL,U = f. Noting that (r 4+ ¢)(0; + 9;) = >_w;h; + S, we get

|Lu| < C|(8; + 8-)u| + Clul|du] < (1 + £)~2+215/,

ILU| < C|(8; + 8,)U| + Clul|oU| < (1 + 1)~ +2151/2,
hence

FI< 07201/ < Ce(1 1))y /2.

If we draw from a point M in R, the integral curve I" of L, meeting v at M’', we

denote by I'_ and I'y respectively the backward and forward parts of I' in R.. We
set then

Vi) = (WO + [ == [ 1
r T,
Here, the integrals are taken along I'. From the estimates on f, we get (uniformly
inT)
+oo
Ipal < Cefu]! 2 / (1+5)~2+20ds < Cefp|/2(1 + 1) 7142,
t
To estimate Vi, we compare both sides on -y, using Lemma 2. O

In the rest of the paper, to simplify notations, we drop the dependence of V on
(T,w).
11.8.3. The quantities a1, by. — Let us define and fix in the sequence a cutoff function
X by

X =X(r/(C+1)),
where 0 <Y < 1 is smooth, zero for s < 1/2 and one for s > 2/3 and C = 2(M + 1).
We define now aj,b; by
Lby = —xLiu/2¢, b1(0,t) =0, a1 =expbs.

The following Lemma indicates the precise structure of b;.

Lemma3.3. — We have

i) by = —(1/2)V () + p2, |p2| < C,
ii) a1y, = 1+ ps3, |ps3| < Ce.
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Proof
a. By definition, using Lemma 3.2,

g =L+ (1/2) V(1)) = —(e/2rc)p1 — (eX/2¢*r*)U + (e(1 — X)/2r¢) L U
+ Ltv(cﬂ/z/Q —1/2¢) + e(V/2) (1 + 1)L — ),

1+
hence
lg| < Ce(1+1)"2H57/% 4 Ce2(1 + )~ 2H21|4p| /2
+ O (1 + )72 0y 2| T2 4 Ceoy(1+ ) 2|71/ 2H2
< 052(1 + t)—2+27]|,¢|1/2+27].
Thus,
by +7/2V(¥) = py(¥) + p3,
with

03] < Ce>(L+ ) 120|122,

Since by + 7/2V is bounded on 7, p} is bounded, which proves i).
b. We have L, + c_l/2uT1/)T = 0. Hence

Llog(ayt,) = —(Liu/2¢ + ¢ ?u,) + (1 — X) Liu/2c.
Now Liu + 201/2ur = Lu,
|Liu 4 2¢%u,| < Ce(1+1)72421512 | Llog(arb,)| < Ce(1+ ) 2+2101/2,
Since a19,(0,t) = 1/c =1+ O(e), we obtain ii). O
11.8.4. Improved estimates on the optic function

Lemma3.4. — For C big enough,we have the estimates

i) [¢] < Cor + C(1+)%,
i) If o1 = C(1+1)°¢, then C|b| > a1. In all cases, we have

o1 SCRIL+), |9 < Cor(1+1)°".

Proof
a. From Lemma 3.2, we obtain |L;U| < C|y|~/2+27 since 1| < C(1+t). Hence,
using (I H),

0,U] < C(L+ )7 a1/ 4 Clop| 772427 < [y 12027,
Using the estimates a1 < C(1 +t)° and a;¢, > 1/2 from Lemma 3.3, we have
0:U] < C(L+ )| 7124204,

and by integration
UL Co(1+ )08y /2421,
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b. Just as in Lemma 2, let us consider the integral curve I' of L through a point
My, and denote by I'y and I'y respectively the curves

o = — £ Ce/(1+ )1+ ) A>T,

where Ag = [1)(My)| and C' is big enough. Let us call respectively o1, 71, 0% the
values of o; at the points where I'1, T', 'y intersect . Since o7 is decreasing along ~,
and I" is above I's and below I'y, we have

0% <01 < 0%.
Integrating the equation for I'1, we thus get
Ay < C7y < Col < Coy(My) + CAYZT21(1 + 10)°%,

which gives 1).
c. Using I'y, we get

o1(Mo) < 0F + C(1+ )P Ay * " < oF + C(1 + 1) (01 (M) /2427,
hence o1 (M) < 0? + C(1 +t)°c. If
o1(Mo) = 2C(1 +10)“",
we obtain o1(Mp) < 20%. Since || > 1/201 on 7, we have finally
Ao = (1/2)71 > (1/2)0F > (1/4)01(Mo),

which is ii). O

We conclude from this Lemma that [¢] is not quite equivalent to o7: there exists
a blind zone

g1 < C(]. + t)Ce

in which we cannot ensure that || is big even is oy is. This is due to a possible drift
of the integral curves of L toward the cone r =t + M. Inside this blind zone, we can
only prove |Liu| < Ce(1+t)~1, while |Liu| < Ce(1 + t),101—1/2+0 outside.

I1.3.5. Structure of L3U. — To prove later the Poincaré Lemma, we need to elucidate
the special structure of L3U.

Lemma3.5.1. — In R, we have a1 L3U = hr(¢,w) + pa, with
B (s,0)| < C(LA+[s)72/2H47, Jpa| < C(1+1) 73240,
Proof. — We have first
[L,a1L1]) = —(a1/2¢)Lul + (1 — x)a1(L1u/2¢)Lq,
hence

g = L(a1L3U) = —(a1/2¢) LuL.L U 4 a1 L1 (LL,U) + (1 — x)ay1 (Lyu/2c) L3U.
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 17

But
Li(LLU) = —Lyu/r? AU — 2632 /rP AU — ¢/r*(L1ALU) 4+ Ly Lu/2¢LU
— LuLyu/2c¢?LU + (Lu)?/4c*LU — LuLyu/4c¢* 1 U + Lu/2cLL U,
thus |g| < C(1 +1)~5/2+41, By integrating L, we get the structure of a; L2U with the
estimate on p4; comparing then both sides on v yields the estimate on h. O

Finally, we have to evaluate the smallness of ;...

Lemma3.5.2. — We have, for r > M +t/2, the estimate
[$rrl /07 < OT(L 4 []) 7>/2H47 4 Ce(1 4 |g]) >34,
Proof. — First ¢y = 2y + (cur — ug)thy, (0 + 0y )t + ugth, = 0,
(O + €O )thet = —untr — 2uithry.

Hence

(0 + 0p) (Wua /7)) = e/ (ctbr) — 2ui [ (Paby).
For » < M + t/2, the right hand side is less than Ce(1 + t)~%/2*27; since
i /12 (0,t) = 0, we obtain by integration

[YEIARS CE|¢|_3/2+2T’-

Now, for r > M +t/2,

uge = ce/(4r)LIU + O(e|y|V/2) (1 + 1) 72+,
hence

luee/ (ce) = 27 [(P97F)] < Ce(1+ 1)~ h(9)] + O(elep| 72 (1 + 1) 72H47),

which gives by integration from r = M + ¢/2 the desired estimate. O

ITI. Improved L*> estimates on u

In this chapter, we will prove that the L> estimates (IH) on w imply in fact the
much better estimates of Proposition 7.

IT1.1. Modified vector fields. — In order to control u and its derivatives in the
spirit of Klainerman [11], we will need modified vectors fields Z,, (“m” for modified),
which are perturbations of the standard vectors fields Zy defined in (11.1.2). First, we
set
T x;
Hy = t0, + —0y, H; = 10; + ——~0;, 1<i<3,

o = c(u)to, + w? c(u)td; + w? )

thus defining hyperbolic rotations adapted to the operator P. Note that
H() = ZwiHi, Hz = wiH() + Ct(al — wic?r).
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18 S. ALINHAC

For each of the fields R;, S, Hy we define now a(R;), a(S),a(Hp) by

(1.1), La(R;) + xa(R;)(L1u/(2¢)) = —xRiu/(2c),
(1.1) La(S) + xa(S)(L1u/(2¢)) = =xSu/(2¢), a(Hy) = —a(S),

(1'1)5 a(Rl)(Ovt) =0, a(Rl)(ma 0) =0, a(S)(Oat) =0, a(S)(Za 0) =0.

Remember that ¥ is a standard cutoff defined in I1.3.3. Thus the coefficients a are
smooth functions (as long as u exists), vanishing for » >t + M or r < t/2+ M + 1.
The set of the coeflicients

a(Ri)aa(S)7a1
will be denoted by (Coeff’). We then define the modified fields R, S™, HJ* and K
by
(12) R;m = R1+G(RZ)L1, S = S+G(S)L1, H(r)n = H0+G(H0)L1, K = alLl.

We will write these equalities simply as Z,, = Z + alL1, where Z will be one of the
adapted vector fields R;, S, Hy or 0, and a will stand for the corresponding coefficient
as in (1.2). Remark that

(r+ct)L = \c(Ho+ S) = Ve(H +S™).

We finally define the family ®’ as the collection of the fields Z,,, = R*, S™, Hj*, K.
As usual, Z* will simply denote a product of k fields taken among ®'. It is always
understood here that some of the fields in " are singular at » = 0, and they will be
considered only for r > (1 +t) (v > 0).

In what follows, we will simply write f to denote a real C*° function of the (finitely
many) variables

g,u,w, o1 (T4+8)75 (L4707, v > 0.
Remark that Y = f. Finally, we denote by Nj one of the quantities

e A+t ZFu, et +0)ZF Lu, e '(1+1)ZF Liu,

m

o' ZF1 e, ZF'La, ZF'Lia, a€ (Coeff’).

We add the convention that 1 is also a Ng. We need now develop a calculus for these
modified fields. To simplify the notation, we dispense in general with writing sums of
terms of the same kind. For instance, we will write Nj for a sum of various Ny, Z,,
for a sum of Z,,, etc.
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 19

II1.2. Some calculus Lemma
Lemma2. — We have the following identities:

i) Zﬁf:Zkal"'Nkj,k1+"'+kj<k,

ii) ZENp =3 fNi, -+ Ny, kv +---+kj <k+p, k; >p for some i,
i) Z8t=¢> fNi, -+ Ni,, kv + -+ k;j <k,

iv) Zﬁ@alzalszkl---Nkj, ki +---k <k

Proof. — In view of the structure of the formulas, it is enough to prove them for

k=1 and any p.
We have

Rw=f Rijo1=0, Rit=0,
Sw=0, Sor=—-M—1+o0y, St=t,8(c1/1+t)=f, SQA+t)"" =f, So;" =1,
How =0, Hyo1 = fo1Ny, Hot= ft, Ho(o1/1+t)= fNo.
On the other hand,
Liw=0, Lioi=f, Lit=f, Li(o1/14+t)=f/1+1,
Li(l+t)""=f/1+¢t, Li(oy") = f/o1

Hence
Zmu = fNo+ fNoN1, Zy(01/1+t) = fNo + fN1,

Zm(1+1t)"" = fNo+ fN1,Zmoy " = fNo + N1,
and Z,,f = f + fNo + fN1. Thus, i), iii) and iv) are proved. Now
Li((1+t)/o1) = o7 L f(L+ 1) /on),  Z((1+1)/a1) = ((1+t)/o1) f No,
hence
Zm((L+1)/o1) = (1 +1)/o1)(fNo + fN1).

Thus, with A =L or A = L,
Zyle" (A +8)/01)Zhu] = (fNo + fN1)Np + Ny,
Zm[5_1(1 + t)Z%Au] = (fNO + le)Np + Np+17

Zm[ale%a] = (fNo + fN1)Npt1 + Npt2,

which proves ii). O

IT1.3. Commutation Lemmas. — For fields X;,Y, we will note
(@dX)Y =[X,Y], (adX*)Y =[X1,[Xo,...Y]...].

The following Lemmas justify the introduction of the modified fields Z,,: they just
commute better with L than the standard fields Zj.
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20 S. ALINHAC

Lemma3.1l. — We have
i) [Zm, L] = fdLi + fNoN1 L,
ii) [Zm, L1] = fNoN1L + fNoN1L,

iti) (adZp)L =3 fNy, -~ N, L+ 3 f(Z5d)Ny, - Ny, L,
k’1+"'+k’j<k, q+l1+"'+li<k71,

) (adZf)Ly =3 fNi, -+ Ny, L+ fNi, -+ Ny, L,
kit -4k <k L+ +1 <k
Here, d denotes one of the quantities d = (1 —X)Zmu = € fNy.

Proof. — Since d = ¢ f N7, thanks to Lemma 2, it is enough to prove the formulas for
k=1. We have
[Ri, L] = —Rju/(2c) L1, [Ri, L1] = —R;u/(2¢c)L,
[S,L]=—-L— Su/(2c)L1, [S,L1]) = —L1 — Su/(2¢)L,

[Ho L) = (— 1+ f )u(”jfLu—Hou/( &)L,

[Ho, L] = Lyu— Hou/(2¢) )L+( iy )L

(e e

Remark here that
(r = ct)Ly = Ve(Ho — ), (r+ct)L = Ve(Hy + ),

hence the above formulas simplify to

(Ho, L] = (~ 1+ gc_\/chu)L+ Su/(2¢) L1,
[Hy, L] = ~Su/2e)L + (1+ g:\/c_tLlu)Ll

Since
[aLy, L] = —(La)Ly — aLiu/(2¢)L1 + aLu/(2¢)L, [aLy,L1] = —(Lia)Lq,
we obtain, thanks to the choices of the a for each Z,
" L] = —(1 - ORMu/(20) L + aLu/(20) L,
[S™, L] = —(1—=%)S"u/(2¢)L1 + (aLu/(2c - 1)L,
[, 1] = (L= 8™/ (o)L + (5,7
[K,L] =aLu/(2¢)L — (1 —X)Ku/(2c)L;.

Lu +alLu/(2c) — 1)L
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AN EXAMPLE OF BLOWUP AT INFINITY FOR A QUASILINEAR WAVE EQUATION 21

Similarly,
[R:n, Ll] —1/(20)(R;”u — aLlu)L — (Lla)Ll,
[S™, L1] = —1/(2¢)(S™u — aLiu)L — (1 + Lia) L4,

[H, Ly] = —1/(2¢)(S™u — aLiu)L + (1 + %Llu - Lla)Ll.
If we remark that
aLu = oy 'agoy /(1 +t)e (1 4+t)Lu = fNoNy,
(r—ct)Lu=r —ct/(r + ct)yVe(H'u + S™u) = f Ny,

we can write

[Zm, L] = f(1 = X)(Zmu)L1 + fNoN1L = fdL1 + fNoN1 L,

[Zm, L1] = fNoN1L + fNoN1L;. O
Lemma3.2. — We have
i) [Z0s L] = X fNiy -+ Niy Z5 L+ 3 fZ5,d N, - Ni 23, L,
p<k—-1, p+ki+--+k<k r<k—1, q+r+h+--+L<k-1

11) [meLl] :ZkalNk]Z7p7LL+ZlelNlIZ7T7LL17
pgkfl, p+k1++k]<k’, Tgk’*l, 7’+l1++11<k

i) (28, L= > [Nk NgZBL+ Y [Ny N ZEP LaZhie L
pSk—1 (X 1<k-1)
P+ ki<k
+ > fNg Ny ZB L+ > FNy, - N, Z8,dZ0 L.
(p+>" ki<k—1) (X li+g+r<k—1)
Proof. — For k = 1, the formulas i) and ii) follow from Lemma 3.1. For iii) we write

[eru Ll] = fNoNlL + (fNQ - Lla)Ll.

Since
[Zﬁjla A] = Zﬁ@[zﬂw A] + [me A]ZWM
we obtain easily the Lemma by induction, using Lemma 2. O

For technical reasons, we will need the following variant of Lemma 3.2.
Lemma3.3. — If Lw = g, we have
LZFw =3 fNy - N, Zir g+ fZ8d- - ZEdNy, - Ny, L ZF w
+3 (1 +t) fZ8d- - Z%dNy, - Ny, ZFw
= 21 + 22 + 23

SOCIETE MATHEMATIQUE DE FRANCE 2003



22 S. ALINHAC

Iny (. > L<k.In) o, i>21,i+) g +> ki <kkjp1 <k—1 In} ,,
i>1, i+>.q+Yy ki<k+1l, 1<kj1<k-—-1L1
Proof. — For k=1,
LZyw=Zng —[Zm, Llw= Z,g+ fNoN1g + fNodLqw.
Hence the formula is correct, with >, = 0. Now
ZmLZEw = fNoN\LZFw + fNodLy ZEw + LZ5 w,
LZy " w = Zin 3oy +Zm Yoo +Zm 3o +FNoN1 (32 + 325 +323) + [ Nod L1 Zpw.

The last term belongs to ), for k + 1. The terms involving )", again belong to >,
for k 4+ 1. The terms involving ), again belong to ), for £+ 1, and fNoNi D,
belongs to >, for k+ 1. In Z,, >",, the only nontrivial term is the one containing

ZmIn ZFi+ 1w = fNgN\LZFi+1w + fNgN Ly ZFi+ 1w + Ly ZF+ Tl
The last two terms give terms belonging to >, for k + 1. For the first, we write
LZFiw = f(14+1)71 3 ZF Ty,
and the corresponding terms belong to >, for k + 1. O

II1.4. A computation of Z¥
Lemmad. — We have, Zy denoting the standard fields defined in 1.1.2
ZFE =S FNONP Ny, - N 25, 1<p<hkk; =2, p+X(ki—1) <k
Proof. — We use the formula 9; = o;'> fZo. We get by inspection Z,, =
> fNoN1Zy, which implies the Lemma for ¥ = 1, and the Lemma follows in general
by induction, using Lemma 2. O
ITI1.5. Estimates of the N
Proposition 5. — We have, for k < so—3
|Ni|pe < C(1+1)°°.
Proof
a. We have La = —Y/(2¢)Znu = Fy = ef N;. Hence
L(oya) = —x/(2¢)o7 ' Zimu + fuoy?a = (1 +t) " fNoN, = Fi,
LLia=[L,L1la+ LiLa = Lyu/(2¢)L1ia — Lu/(2¢)Fy + L1 Fy = Fo.

Also LL1U = ¢/r?A,U — Lu/(2¢)LU = G.
b. From Lemma 2, we get

ZE R =e(14+6) 7 Y fNg o Ny, Sk <141,
where here and later >’ means that not all Ny, are one. We now evaluate Fj:

FQ = f{:‘(]. +t)71N0N1 + LlF(),
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LiFy = fLywuZpu+ f(1+8)" ' Zpu+ fNoNiLu + fNoN1Liw + f Zp L1u
= fe(1+t)"'NZN;.
We thus obtain
ZEFy =c(l+t) 'Y Nk Ny, ki+-+kj <k+1.
c. We have in fact
Zmr = fr+ fa,eZ,U = fru+ fau+ rZ,u,
hence

k+1 _ k+1
eZEPU =rZl P utr Y fNe N Zhu+r > Ny, - Ny, Zhu
1<p<k ptki+-+k;<k

ko oo-ky+p<ht 1

+> NN ZEaZbu,

ptag+li+--+1li <k
Thus
e tor (L + )25 u = foy 125U + fNooy  Zya+ 3 Nk, - Nig,
k/’l—l—'-'—l—k?jgk-i-l, k; < k.
Similarly, we obtain, with A =L or A = L,
cAU = +c?u + rAu, eZn,AU = fNoZn,u+ frAu+ faAu+ rZ,, Au.
The last three terms are handled as before. For the first term, we write
Zy(fNoZmu) = fNoZy u+ 3 Nk, -~ Ny, Zhu,
p+k1+~'~+kj<k+17 I<p<k

(5.1) e 1+ 0)ZEM Au = fZFTVAU + fNoe ' ZE u + fNooy ' ZE a

m

+ZIka1"'Nkja
i+ 4k <k+1, ki <k
d. Using Lemma 3.3 for w = al_la and g = F} or w = Lja et g = F», we obtain
LZF(o7'a) = FF, LZFLia=Fy, F’=F,.

To estimate the right hand sides, we need the following Lemma.

Lemma5.1. — In any region r < y(1+t),vy < 1, we have

(1 +t)|Lw| < CY | Znw|.
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Proof. — We have the identity
r—ct
Ve

On the other hand, a rough estimate of a shows that

o tal < 060'1_1/2(1 +1)Ftn,

L1 = Hém — S + 2aL1.

Hence, in the region we consider, 01_1|a| is as small as we want, and the Lemma
follows. O

We have, with the notations of Lemma 3.3, applied for the index k with w = aoy,

g = F17
Flk = Z1+Z2+23'
From the structure of F}, we get
Y=+t Ny Ny Yl <k AL
Using Lemma 3.3 and the structure of d = ¢ f Ny, we have
|01 < ClI(1 + )7 N | + Ce(l+ ) SN - [Ny |, i < I

Note that |d| < Ce(1 +¢)~". We have a similar estimate for ) ;. The computations
are completely similar for F¥.

e. We have now to control the values of ZF (o7 'a), ZF Lia, Z¥H' LU on the
boundary r = M + t/2.
Lemmab5.2. — On the boundary r =t/2+ M, for k < so — 1,

i) 2 Lia =0, |2 (o7 )| < C.,

i) |ZFH LUl < C.
Proof. — Close to this boundary, a is either identically one or zero: the value of

ZF Lia is zero. For the U term, we remark that we can replace Z,, # K by the
corresponding Z, K by L. For such fields Z (including L;), we have

Z = Zy+ ftu/o1Zy = fNoZp.
Denoting only here by Ny the terms
etlor A+t 2%, YA+t 2Ly, (1 +t)ZFLyu,
we get as before
ZF =SENL - NLZGT, Sl <k, Ly > 1.
Hence, with A =1, L, Ly,
ZFAu = fNy, - Ny, Z5 Au.

By induction, starting from |Np| < C by the induction hypothesis, we get |[Ny| < C
for k < sp. Finally
ZFLU = Y fNy, - Ny, Zg Ly U,
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hence the conclusion. The proof is similar for Z¥ o . O

f. We now set
1= |Ni|re,
and assume by induction ¢; < C(1+1)°%,1 < k (we have already shown and used that
|No| < C). Because of the structure of Lemma 4, we need first control ¢; without
using Lemma 4. Let
G =c/r*A,U — Lu/(2¢)LU,
G1 = LZynI0U = Z,,G + fdL?U + fNoN1G = fNoN1G + fNoN1ZoG + fdL3U.
It is clear that
Zh(er2ALU)| < C(1+ 1) 251/,
On the other hand,
L=cY20,48,)+ (" —c 28, = fA+1)"'S Zo + fud,
and as usual
fud = fuoy 'S Zo =e(1+t)" fNo S Zo.
Finally L = (1 +t)"1 > fNoZy. Hence
Lu/(2¢)LU = (1 +t)"2fNE ZouZoU,
1Z(Lu/(20)LU)| < C(1 + £)72427,
Adding, we get
|ZLG| < C(1 +t)3/%Hn,
We also have
[dLIU| < C(1+t) 72211+ ¢y),
hence
IGi| < C(A+8)73/2 g + C(1+ )71,

From this estimate, we get by integrating
t
|Zm LU < C(1+1)°° + c/ prds/ (14 s)'*7.
0

Integrating the equations on o lq and Lya, we get, using the estimates on F? estab-
lished in d.,

t t
oyt al + |Lia] < C(1 + )¢ + C’s/ prds/(1+ s) + C’/ prds/(1+ )t
0 0
Now,
|(1+t)(eo1)  Zmu| < C(1+ t)e ™ |0r Zmu| L=
< C(1+t)e Y LZpu|po +C( +t)e L1 Zmu|po.

At this point we need the refinement iii) in Lemma 3.2:

(14 t)e Y[ Zm, L1]u| < C(1 + t)e (| Lu|p1 + |Liu|(1 + |Lial)).
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Since (1 +t)e~!|Lu| < C(1 +t)~", we have
|(1 4+ t)(o18)  Zpu| < C(A + t)e YL Zpu| + C(1 +t)e ™| Z, Lyl
+C(L+1t)""¢y + C(1 + )¢ 4+ C|Lyal.
We use Lemma 3.1 to evaluate the first term:
(1 +t)e N LZpu| < (1 +t)e HZmLu| + C|d|(1 + t)e | Liu| + C|Ny|(1 + t)e ™t Lul.

But
| ZmLu| < C¢1|ZoLu| + C(1 +t)9¢| Zo Lul.

Since
(1 +t)e ZiLu| < C(1+1)7",
we get
(1+t)e HZpLu| < C+ C(1 +1t) "¢,
and finally

(L4 t)e MLZpul < C(L+ 1)+ C(A +1t)"¢1 + Cegpy.
From (5.1) we get now
(1+t)e Y ZmLiu| < C|Z I U| + e Y Zpu| + Cloy tal + C(1 4 t)°°.

Since
e M Zmu| <C+C(L+1) "¢y,
and, from the very definition of a, |La| < Ce¢y, we get finally

t t
P1 < C(1+t)C€+C(1+t)7n¢)1+C€¢)1+C/ ¢1€d8/(1+5)+0/ ¢1d8/(1+8)1+n.
0 0

The conclusion follows by Gronwall’s Lemma, since |¢;| < C for finite ¢.

g. To control ¢y, k > 2, we essentially have to repeat the argument of f., using
Lemma 4 when necessary. Setting LZ*¥M1 L U = Gj11, we estimate first Gy using
Lemma 3.3, which requires controlling Z!, G,l < k + 1. Thanks to Lemma 4,

ZnG = X NNy N, -+ Ni, Z5 G,
and we already know |Z}G| < C(1 +t)~3/2*1. Hence
1ZLGl < C+t)7 1<k,
1ZEP G < C(L+6) 7 g + C(L+1) 1,

We obtain from Lemma 3.3, applied for the index k + 1 with w = L1U,g = G, and
the induction hypothesis on ¢;

|Gra1| SCA+1) T4+ CA+t) " gy
+ Ce(1+ 1)1 4 Ce(1 + 1)~ 2 LU,
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From this estimate, we get by integration down to the boundary r =t/2 + M

t t
|ZF L U| < C(1+t)cf+c/ |Z7’§1+1L1U|ds/(1+s)1+’7+0/ brr1ds/(1+s)HH,
0 0

hence .
|ZEFL LU < O(1+ 1)5F + c/ Grsrds/(1+s)H.
0

Integrating the equations on ijl(ol_la) and Z¥ Lia we get, using the estimates on
FF established in d.,

\ZF (07 a)|+ |25 Lra| < 0(1+t)cf+cg/t ¢k+1ds/(1+s)+0/t Grirds/(14s) 7,

Now, ’ ’
|(1+t)(eo1) " ZE M u| < C(L+t)e 0, 25 ul o

< Cl(1+t)e ' LZE e + Cl(1 + t)e ' L1 ZE u| e

At this point we need the refinement iii) in Lemma 3.2:
(148 ZH LaJul < [(1+ )™ Lulgpgn + C(1+ )
+C|ZE Lial||(1+ t)e ™ Lyu| + C(1L+ )7 + C Y (1 + )| Z%d).
gk

We have |(1 +t)e 'Lu| < C(1 +t)~". Using Lemma 2 and Lemma 4, we get
Zid= " N, Ny ZE& ",

e
Zhu=3 fNON{ Ny, - - Ny, Z8u.
Since |Z{u| < Ce(1 +t)=2" we obtain
1+ 0)1Z5d S C+C(A+8) o1, q<k.

Finally
|(1+t)(o1e) 1 ZF ) < C|(1 4+ t)e P LZF u| 4+ C|(1 + t)e 1 Z8H Ly
+C(L+t) "1 +C(L+1)° +C|Z% Lyal.
We use Lemma 3.3 to evaluate the first term:
(L +8)e L2 | <2+ 300+ 305
We obtain
Yo+ 35 SCA+1) + Cedpy,

Yy < O|(1+ 8 Lul [Ny |+ CL+ 6% Y~ (1+)e (25, L.
p<k+1
Using again Lemma 4, we obtain for p < k + 1,

|28, Lu| < C|Nia || Z8Lu| + C(1 + )| Z¢ L.
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Since (1 + t)e 1 Z{Lu| < C(1 +¢)~" by the induction hypothesis, we get
S, <O+ O+ o,
and finally
|(1+t)e ' LZM | < C(1+ 1) + C(1 + 1) " ¢pi1 + Cedppa.
From (5.1) we get now
(1 +)e 1 ZF L] < C|1ZEP LU+ Ce Y ZE | + Clogt ZF a + O (1 + )",
From Lemma 4 we have
e ZnH ] < C+ CL+ ) "¢p41, | Zn Lal < C+ C(1+ ) g1
From Lemma 2 we have
o7 Z5al < €125 (07 )| + C(1 + 1),
thus finally
bri1 < |07 Z8a] + |28 La| + |25 Lia] + (1 + t)(eon) 25 |
+ (1 +)e 1 Z8H Lyl + |(1 + t)e 1 ZEF Lyu
SC(1+1) +C(1+ 1) "¢p11 + Cedppa
+C|ZF (o7 a)| + C|Z% Lia| + C|ZE LU
<O+ + C(1+ 1) "¢ 11Cedria

t t
+c/ ¢k+15ds/(1+s)+0/ Grsrds/(1+ ),
0 0

The conclusion follows by Gronwall’s Lemma. o

II1.6. Improved estimates of the Ny. — We will need later to know that the
Nj have a better behavior inside the light cone.

Proposition 6. — Let u > 1/2. For n > 0 small enough, we have for k < so — 3, with
the exception of No = 1, the estimates

Ny < C(1+t)%5at
Proof. — We follow here the proof of Proposition 5 and use the notations there.
a. We have
L(oy "LU) = 0y "G+ fNoe(1 +t) Yoy " LU), oy *G| < CA+1t)~1m,
Since |0} “LiU| < Conr =t/2+ M, we get by integrating the equation
|LU| < C(1+t)Cat

On the other hand, we know |LU| < 001/2(1 +t)71 001—1/24-71' Hence |0,U] <
C(1 4 t)Cot !, which implies

U < C(L+0)00,  (1+8)(oe)  ful < C(+H)%ah
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Finally, with A =L or A= L,
Au = ¢e/rAU — (Ar/r)u, (1+t)e Au| < CJAU|+C(1+t)"HU| < C(1 +t)caaf_1.

This proves the estimate for Nj.
b. We assume now
IN| < C(A+t)°at 1 1<k,
and set ¥ = ) |0%7“Nk|Loo. We follow the proof of Proposition 5, g, just looking
more closely to the powers of o1. Set Vi1 = Ui_”ZﬁL‘HLl U. We have

LVig1 = 0y “Gipr + FNoe(1+ ) Vi

We see that
o1 " ZG| < C(1+ )71 721,

hence
o1 Mzl G

1—
0y M|Z7]$L+IG

CA+t)~'" 1<k,
CL+)71 (1 + [ Nigal)-
Using Lemma 3.3 with w = L1U, g = G, we get
Grrr =21+ 0+
We have from the above estimates
o1 M I S CA+ )T L+ [N ]) + O+ 6) 7 Ny |+ C(L 4 8) 717
<C(14t)~ /2

| <
| <

Since we get easily
o\ M2, U S C(L+ 1), 1<k,
Ce(1+t)~" and the estimate on |Z!, d| already established,
dl(1 4+ 6)7H Vi | + ClZpdl 1+ )7+ C+ )77
(1471711 + Vi)
and a similar estimate for ) ,. Finally
o1 |Gt ] < C(L+ 1) 721+ Vi),

We already know that |Vj;41| < C on the boundary r = ¢/2+ M, hence by integration
we obtain

we have, using |d|

<

1—

o "2, 1<C
<C

[Vie1| < O(1+1)°°.
c. We have, still with the notations of Proposition 5,
L(oy"a) = o1 " Fy + fNoe(1 +t) " (0; "a),
L(oy "Lia) = o1 "Fy + fNoe(1 +t)" Yoy “Lya).

Set now
LZ" (o7"a) = Fy, LZ" (o) "Lia) = Fy.
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. —k .
To estimate F';, we use Lemma 3.3 with

w=o;"a, g=07 "Fi+ fNoe(1+1t)"" (o7 a).

We find
—k
F1 = 21+22+23
We have
Zlg=o0y" Z fNky - N ZEF +e(1+6)7 Z fNiy - Ny, 222 (07" a).
bl l1+12=1
S ki<l Skl
Since
oy M| ZE R < Ce(141) oy "Ny |+ Ce(1 4 1)1,
or MZp | < Ce(L+6)7 b <k -1,

the first sum is less than
Ce(1+1)79 + Ce(1+ ) oy ™" Neyal.
The second sum is less than
Ce(1+t)7YZE (o7"a)| + Ce(1 + t)1FCe,
and finally
|30 < Ce(l+ )71 + Ce(L + )7 |0y Nigga| + |27, (07 *a)]).
Just as before, we also get
|30 |+ 1325 | S CAU+ )71+ |Zy (01 a)]),
hence
Fy| < Ce(1+ )0 1 C(1+ )1 + Ce(1 + ) s
+(Ce(L+t) L +CA+t)"1M)ZE (07 "a)|
and a similar estimate for F’; Integration along L, we get
Zh o7 ) + 1250} ) € OO+ 0% 4.0 [ vnzds/(1+9),
0
d. We have
|(14+-t)e Loy ZE ) < C(14+t)e Yoy P LZE | poe +C (A +1)e oy MLy ZF | .
Just as before, using point iii) in Lemma 3.2, we obtain

(1+t)e oy [Zi LJul < (14 )e ™! Lulthury + O(L+ )
+ C(1+t)e Y Lyul|loy " ZF Lya| + C,
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hence
(L+8)e o " 25 ul S C(L+ )7 + C(L+t)e oy M LZN ul + C(1+ 1) i
+ Cloy " ZF Lial + C(1 4+ t)e oy ZFF Ly,
Exactly as before, we get
(14 t)e Yoy “LZF | < CA+ ) + C(L + ) MPpyr.
From (5.1) we get now
(14 t)e Yoy HZF Liu| < Cloy M ZEH LU 4 Ce™ Yoy ZF |
+ Cloy " ZF a| + C(1 +1)°°
Using Lemma 4, we obtain
loy M ZM | < ¢, oy M ZE La| < ©

We also have from Lemma 2

o1 " Zhal < |23, (o7 "a)| + C(1+ )7,
oy " Zy Lnal < | Zy, (07" Lua)| + C(1 +1)°
Finally,
t
Y1 < C(l + t)CE + C(l + t)_nwk+1 + C/ ’lbk_HEdS/(l + S),
0
which yields the result by Gronwall Lemma. O

IT1.7. Back to the standard fields. — In this section, we will transform the
estimates on u given in terms of the fields Z,, into estimates given in terms of the
standard fields Zp. Remember that we have fixed u > 1/2 (u as close as we want to
1/2).
Proposition 7. — We have, for k < so — 4, the estimates
|ZEu| < Ce(1 +t)~1HCak,
|ZEou| < Ce(1 + )10t
Proof

1. First, we need control b;.

Lemma7.l. — We have, for a < sg — 3,
|Z2b1| < O(1+t)°°
Proof. — We use Lemma 3.3 with w = b1, g = —X/2cLiu = fe/(1+t)Ny. We obtain
LZEb1 =Y+ ,+Y -

Since

Zl:5/(1+t)Zlel"'NliNki"'Nkja Zl]+zkl<k

SOCIETE MATHEMATIQUE DE FRANCE 2003



32 S. ALINHAC

we obtain | Y, | < Ce(1 +¢)71+Ce,
Exactly as before, using Lemma 5.1, we have
|20l SCA+HTMZEb| + Ce(L+ )71 Y7 | Z), b
I<k—1
For Y., we get simply | Y .| < Ce(1 + )71+ Zlgkq |ZL by ).
We already know that |b| < C(1 +¢)“c. By induction, assuming already

> 12| < C(L+ )"

I<k—1
we obtain
|LZEb)| < Ce(1+ )79 1 C(1 + )71 Z8 by ).
Integrating yields the desired estimate. O

2. We have Z,, = Z + aL1, but we have only a good control of a/o1, not of a.
This forces us to display the fact that Ly is a better field than the Z,,. To motivate
some technical definitions which will be given in 3., we present the following attempt
to express o1 L1 in terms of the Z,,. We first write

r—ct
Ve
We introduce now a cutoff in the blind zone. For this, set ¢ = goo; Lexp Cy7, and
define x1 = x1(q), where x1(s) is zero for s < 1 and one for s > 2. We write then

Ly =Hy— S = HJ" — 5™ + 2a(S) L.

r—1 tu
\/E L1 = H(;n - Sm + 2X1&(S)L1 + %Ll + 203(5)(1 - XI)LI;

o1DLy = (C1 — 2a(S)vVex1) Ly — Ve(HY — S™),
D = (1— o7 "tu—2vc(1 — x1)oqy a(S)).
Since
la/or| < C(1+ 1) ot ™,
we have
(1= x1)a(S)/o1| < Cgp™ (1 + 1)< s,
If we choose o and Cy large enough, we obtain
|(1 = x1)o1a(S)| < 1/4.
Hence, for £ small enough, D~! will be a smooth function of
u, tufor, (1—x1)o; a(S).
We fix now this choice of qg, Cp.

3. We have now to develop a calculus analogous to that of Chapter III, and enlarged
so as to contain the cutoff in ¢ we have just introduced. We denote by Ny as before
one of the quantities

1, e'(1+to;tu, e '(A+t)Lu, e '(1+t)Liu.
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When we want to emphasize the fact that Ny is not 1 but actually involves u, we
write N}. We denote now by N, for k > 1, one of the quantities

e A+t Zhu, e+ 1) ZF Lu, e '(1+1)ZF Ly,
o' Z8 e, go(q)ZF e, ZET'La, ZFT'Lia, a € (Coeff).
Here, g is any smooth function, vanishing for ¢ < 1/2, whose derivative belongs to
Cg°. This is of course a slight abuse of notation, since the gg actually used in the

whole computation are generated by x; and finitely many derivatives of x1. Hence,
for these enlarged Nj, we still have

IN| <CA+1)°, 1<s—3.
In fact,
190(0) Z1, " al < Cla™"go(a)|(1 + )07 "al

and ¢ > 1/2 on the support of go.

In view of 2., we enlarge a little the definition of f. We will denote by f a smooth
function of

g, uy w, o (14+8)71 (1+8)7%, o7, g(q), No.

Here, g is any smooth function whose derivative belongs to C§°(R?.). Finally, we need

to introduce nonlinear analogues to Ni, denoted by v1. We define v; as any smooth
function of

g, u,w,01(L+8) 71 (L+ 67,07, g(q), No, (1 = x1(q))oy 'a.
In some sense, we see that v; is a generalization of f to order one derivatives. Of

course, the quantity D! from 2 is a v;.

4. Some calculus Lemmas
We have to prove that the analogue to Lemma III.2 for the enlarged quantities is
correct.

Lemma2 . — We have the following identities:
i) Zﬁqf:Zkal"'Nkj, ki+---+k; <k,
ii) ZE N, =3 fNp, -+ Ni,, kv + -+ kj <k +p, and, for some i, k; > p,
i) Z¥t =t fNi, -+ Ni,, kv + -+ kj <k,
iv) Zﬁqal =04 Zkal "'Nkj; ki+--+k; <k.
V) Zﬁﬂ/l = Zl/lN{Nll Ny, U 22, S —1)<k.
Proof
a. We try first i) for k = 1. With ¢ = goo; ' exp CoT,
Ri(q) =0, S(q)=fq. Holq)=faNo, Li(g) = feoy', L(q)= fqoi",
hence
Zw(q) = Z(q) + aL1(q) = fqNo + fqN1,
Zn(9(a)) = a9'(q)(f + fN1) = f + fNi.
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Finally, Z,,Ng = f + fDN1.
b. From a., we have Z,,90(¢) = go(q) f N1, hence

ZmNy = fNIN, + N,y

and ii) is proved for k = 1 and any p.
c. iii) and iv) are clear for k = 1. Thus, by induction, i)-iv) are proved.
d. To prove v) for k = 1, we just have to check the factor (1 — x;)o; *a:

Zn[(1 = x1)oy "a] = fN} + fNo.
Now, by induction,
ZEP = S (NI + NINo)Ny, - Ny, + S N (fNo + fNE)N, -+ N,
+ Z VleNll"'(Zkal"'NkT)"'Nlj-

(X ki<li+1)
For a term NaNj, --- Ni;, the sum of indexes is less than or equal to k +j + 2 =
k+1+j+1, as desired. For a term in the last sum, we note that Z,, N, contains at
least one factor Ny, ¢ > pif p > 2. Let v’ be the number of k; greater than or equal to
two: 1 < r’ < 7. The sum of indexes corresponding to these terms is less than the sum
of all indexes, which is less than or equal to (> 0;)+1 < k+j+1<k+14+5-1+7+
as desired. 0
We define, for k > 1,
My =viNiN, N, 120, ;=2 S(;-1)<k-1
This definition is justified by Lemma 2’, v). Remark that
My=wnNi, MMy= M, MM =M,
and
> N - Nig =My, ZpMy =Y Mgy, Z5My =Y My,
(X ki<k)
5. We are now ready to prove Proposition 7. Denote by Z the fields
R;,, S, ho=to,+1rd, 0.
Lemma7.5. — We have
Zo =Y. Myay (Z33b1) - (Zyb0) 25,
with
Proof

a. Consider first £k = 1. We write, according to 2.,

o1Ly = vi((f + FNV)Ly + fZim) = My Zy, + Myay " Zp.
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Then
R; = R — oy 'a(R)) (M1 Zp, + Myay ' Z,),
and similarly for S and Hy. Then
Hy = ctd, +1/cdy = ho + ftul + ftulq,
ho = Ho + f(H" 4+ S™) 4+ My Z,, + Mya; ' Z,,,.
Finally,
O =2Ve(L+ L) = fZm + fa] Zy,.

b. Now

—k4+1 _ —k
Zo = (My + Mia7 ) Zn(Zs),

and the formula follows at once by induction, since
MMy =My, ZnM; =M1, Zmay' = —la7 Z,b. O

From this Lemma, we get, for [ < sg — 3,

e (1 + oy  Zou| + e~ (1 + ) ZoLu| + [~ (1 + ) Z Lyu| < C(1 + )=t
For | < sy — 4, we can in fact enlarge this estimate to have also

e (1 + ) Zhdu| < C(1 + )t 1.
To prove this, we write
Oy =2v/c(L+Ly), 0;=(wi/2vec)(L—Ly)—1/r(wAR);, R;=Z.
From the weak control
[Zyul < C(1+6)°
already proved, we get
Zof (w, )| + [rZg(w/r)] < C(1+1)°.

6. Finally, we want to replace, in the above formula, the fields Zy by Zy. But all
fields Zy can be expressed in terms of Zgy. In fact, R;, S and 0; are already Zg, and

h; = t0; + 2;0t = w;hg — t/r(w A\ R)Z,
0 = wi(=0; + (r +t) Y (ho + 8)) — 1/r(w A R);.
Thus
Zo=> flw,(1+t)" L r(1 +t)"HZ,.

This implies that we have the desired estimates of Proposition 7. O
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IV. A calculus of modified Klainerman’s vector fields

IV.1. Definitions and L°° estimates of the perturbation coefficients. — In
the previous chapter III, we have already used modified fields

Zm =2 +aly

where the a have been defined by III.1.1. Our final result in Chapter III was the
estimates, for k < sg — 4,

|Zgul
| Z5 0l

Cie(1 4 t)~1HGegh,
Cre(1 + )"ttt

NN

For aesthetic as well as technical reasons, we will start again from scratch and define
new, and better supported coefficients a, by the formula

La(R;) + x(q)a(R;)(L1u/2¢) = —x(q)Riu/2¢,
La(5) + x(q)a(S)(Liu/2c) = —x(q)Su/2c,
a(Ho) = —a(5), a(R:)(0,t) =0, a(R;)(x,0) =0,

a(5)(0,) = 0, a(S)(z,0) = 0.

Here g = qoafl exp Cy7, where qq is taken to be

go = 1/2 exp(—Copelog 2)

(1.1)

in such a way that the boundary of the support of x(¢) intersects r =t + M at t = 1.
The big constant Cj is still to be determined. The function x(s) is a real C* function
being zero for s < 1/2 and one for s > 1. The aesthetic reason is to perturb as little
as possible the standard (adapted) fields Z. It turns out that it is enough to take
perturbation coefficients a supported in a logarithmic zone o1 < C(1 + t)CE. The
technical reason will appear in the proof of Proposition VII.1, where powers of o1 on
support of a have to be bounded by factors (1 + ¢)7¢ for appropriate ;.

Proposition 1. — The coefficients a(R;) and a(S) defined by (1.1) are zero fort small,
forr =M+t or q <1/2. Moreover, we can choose Cy such that, for k < so — 5, we

have
o7 Zhal + | Z50al < C(1L +1)°°

Proof
a. To prove the claim about the supports, we have to check that the domain left
to the curve
o1 —2qoexpCor =0
is an influence domain of the ¢-axis (where a is zero) for L. But, on this curve,
L(o1 —2qoexp Co7) = Loy — (qo/ve)(exp Com)Coc/ (1 + 1)
= —o1e/(Ve(L + 1)) ((1 + t)u/(eo1) + Co).

If Cy is big enough, this is negative, proving the claim.
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b. To estimate a and its derivatives, we will use the same method as in Chapter
III, except that we already know estimates on u. Exactly as in III.1, we define

R =Ri+a(Ri)Ly, S™=S+a(S)L1, HJ" = Hy+ a(Ho)L1.

We forget about K now, and take the family ®' of the fields Z,, as the collection of
the fields
R, S™, H{, L.
We will write f to denote a real C'°° function of the variables
g, u, w, oy (L4+8)7H (147", o7, g(q), No,
where
No=1, e " +t)oy  u, e *(1+t)Lu, e (1 +t)Lyu,
and g is any smooth function whose derivative belongs to Cg°(R’). We denote by
Ni, k > 1 one of the quantities
e YA+ t)o ZFu, e YA +t) 28 Lu, e (1 4+ t)ZF Ly,
o' Zk e, ZE La, ZF 7 L.
This machinery is the same as in III, except that we have enlarged f with g(¢) and
Ny. As we can see from the proof of Lemma 2’ in section III.7, all the calculus and
commutation Lemmas of IIT (that is, Lemma 2, Lemma 3.1, 3.2, 3.3 and Lemma 4)
remain valid with these new definitions. We will refer to these calculus lemmas just
as Lemma 2, Lemma 3.1, etc. The only difference in the commutation relations is
that
[Ly,L) = —Liu/(2¢) L1 + Lu/(2¢)L,

which means that, in Lemma 3.1, 3.2 or 3.3, we have either d = (1 — x(q))Znu or
d= Llu.

c. We will need the following correspondence between the fields Z,, and the stan-
dard fields Zj.

Lemmall — We have

ZFE =Y fNi, N, ZE+ S [Ny - Ny Zt (afoy) -+ - Zha(a)o1) ZD.
In the first sum, p > 1, Y k; +p < k. In the second sum, p > 1, ¢ < k and
le—l—Zm—i—pék:.
Proof. — We have 0 = fo1Zy. For k =1, we write

Ly = f0i + fOr = fo12o,
R =R, +aly =Zy+ faJo1Zy, S™ =S+ fa/o1Zp.

Then

Hy = t0, + 10 + f(1 4+ t)ud = S w;(td; + x;0;) + ftu/o1Zy = fZy,

Hy" = fZy + fa/o1Z,
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which proves the claim. For k > 2, we write Z%H = Z,,,Z% | and the Lemma follows
by induction, since a term

ZmZ8 = fZ2T + fa)o, 2B
adds one term in each sum. O

d. The following Lemma will be crucial in the whole construction.

Lemmal2. — Assume 1/2 < u < 2/3. Then we have
|acl + lar| + la/of| < Cs(1+1)7,

where Cs depends only on C1 and u and not on Cy. Moreover, if Cy is big enough,
we have, on the support of 1 — x, the estimates

la/o1| < C, |Znu| < C\Zou|, |Zmnou| < C|1Zodul,
|Zou/o1|(1 4 |0a| + e (1 + ) (| ZoOu| + | Zou/a1|) < Ce(1 + )71 7¢.

Proof

a. In fact, with b = a/o¥’,

Lb = —ub(Loy/o1) — xbLiu/(2¢) — x/(2¢)oy " Zou, Loy = —u/+/c,
hence
|Lb| < Coe(1+1)71b + Coe(1 +t) 1T,
By integration, we get
b] < (Co/Ch)(1 + t)(CrtCale,

We have now

LiLa = —Ly(x/(2¢))(aliu + Zou) — x/(2¢)(Lialiu + fOZou + f(a/o1)ZoL1iu).
But, since L1q = fqal_l7

Lai(x/(2¢)) = 1/(2e)X'(q) fao1 " = x/(2¢) Lau = f /o,
LiLa = f(a/oy)Lyu+ fZoujoy + fe(1+t) " Lia + f0Zou + f(a)o1)ZoLyu.

LLia = fe(1+t) ' Lia+ f(ZoLiu)(a/or) + fe/(1 +t)(a/or)
+ fZou/or + fOZou+ f(Zou/o1)(a/o1) = g1
We deduce that
|LLyia| < Ce/(1+t)|Lia| + Ce/(1 +t)(1 +1)°F,

where again C' does not depend on Cy. Since La is bounded independently of Cy, we
get by integration the first part of the Lemma.
b. From a., we get |a/o1| < C as soon as Cy(1 — ) = Cs. Then, for any v,

|Zmv| < C|Zogv| + Clafo1|| Zov] < C|Zyv.
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Since
| Zou(a/o1)?| < Ce(1 + t)_1+cla+2c3eaf“_2,
we obtain on the support of 1 — x
| Zou/o1| + | Zou(a/o1)?| < Ce(l+ )71 He(1 4 ¢)~ (B3,
where Cy does not depend on Cjy. This completes the proof. O

e. From now on we assume that C has been fixed big enough for the estimates of
Lemma 1.2 to hold. We now assume by induction

N < C(1+1)°¢, 1<k,
which is true for k£ = 0. In particular, in view of Lemma 2,
|Z! (a)or)| < CA+1)°, 1<k—1.
Using Lemma 1.1 for the index k, we obtain
| ZE ou| + o7 ZE Zou| < Ce(1 4 )71 HCE,
We write now
L(a/o1) = =x/(2¢)(a/o1) Lau — x/(2¢)(Zou/or) + fe/(1 +t)(a/o1) = g.

Applying Lemma 3.3 for the index k with w = a/o1, we get

LZﬁa(a/Ul) =31t 0t 2s-

Since
9= fe(L+t)"(a/or) + f(Zou/ov),
we have
1ZL gl < Ce(1+8) 4%, 1<k—1,
|ZF gl < Ce(1+ )% + Ce(1+ 1) | ZF (a)or)]-
Hence

|30 1 S Ce(L+ )71 4+ Ce(L+ )2 (afo)].
In ", all terms are controlled by induction, and |> ;| < Ce(1 +¢)~1t. In Y,
if kjy1 < k — 2, we just write L ZF w = ZE+ ™ and the term in controlled by
induction. If k;4; = k — 1, the corresponding term is just fdLZF Yw. If d = Lyu,
we remember L; = Z,, and keep the term as it is. If d = (1 — x) Z,u, we need to use
that Ly is a better field than the Z,,. We write as in 2, Proposition IIL.7,

r— t/\/ELl = Hgn — S + 2aL1 + tu/\/ELl,
0'1L1 = me + faL1 —|— fL1
Iterating this, we obtain

O'1L1 = me + f(a/ol)Zm + fa2/01L1.
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Using the corresponding inequality to estimate the term at hand, we get
|fdLy Zy w| < Cld| /o1 [(C + Cla/oi|)|Z},w| + Ca® [o1| L Zyy ).
From Lemma 1.2, we obtain finally in all cases,
1305 | < Ce(L+6)" 1 + Ce(L+1) 1 2y, (a)ou.
Integrating the equation on Z¥ (a/cy), we obtain
|ZE (a)o1)] < C(1+1)°%, o7 |ZFal < C(1+1)°5.
f. Since
|ZopLu| + | ZELiu| < Ce(1 + )79 p< k41,
we obtain, using now Lemma 1.1 with the index k + 1, applied to u, Lu or Lyu,
loy ' ZE | + | ZEH Lu| 4+ | ZE Lyu| < Ce(1 + )7 1HC=,
Similarly, since La = fZou + f(a/o1)Zou, we obtain directly |Z¥ La| < C.
g. Remember that
LLia = fe(1+t)"'Lia+ f(ZoLiu)(a/o1) + fe/(1 +t)(a/or)
+ fZou/or + fOZou+ f(Zou/o1)(a/o1) = g1
Applying Lemma 3.3 for the index k and w = Lja, we obtain
LZpLia =343+
As before, we get first
|Z1ng

| <Ce(1+t)71H% 1<k -1,
1Z01] <

1
1| < Ce(l+1)71C 4+ Ce(1 + )71 Zy; Lral,
which gives
I3, 1< Ce(U+ )19 1 Ce(1 + 1) ZF Lyal.
The analysis of ), and ), are strictly identical to the ones we have done for con-
trolling Z* (a/o1). Finally
|LZE Lia| < Ce(1 +t)717C 4 Ce(1 +t) 7|25 11 al,

which gives by integration the desired estimate, and proves that [Ny 1| < C(1+)°¢.

h. It remains now to translate this result using the standard fields Zy. As in 5,
Proposition II1.7, we denote by Z the fields

Ri, S, ho =710 + 10y, 0.
Lemmal.3. — We have
Zo =5 fNu -+ N (Zia) -+ (Z3a) 28,
with
p=1l, i<k, Yki+> ri+p<k
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Proof. — The argument is not the same as in Lemma 7.5, since we have defined no v
here. We have

Ri=R"™—aZy,, S=S8™-aZn, Ho=HDI+aZn,

Hy=ho+ fZm + f(1 4+ t)uL;.
Remembering that
o1l = fZy + fL1+ faly,
we get
fA+tuly = f(L+t)u/o)(fZm + fL1 + falr) = fZm + faZp,.

This proves the Lemma for k = 1, and the general case follows by induction. O

Now, since support « is contained in g > 1/2,
|Zyal <oy Zj,alor < O(L+1)°F,
hence this Lemma, applied to a, La or Lia, yields
o1 Zoal + [ZoLal + [ZoLral < C(1+ ).

The transition from Zy to Zy is now identical with 7.5 ¢, and this completes the
proof. O

IV.2. Smoothing operators

1V.2.1. Smoothing operators on the sphere. — We will need, in the spirit of the
paradifferential calculus of J.M. Bony [6], smoothing operators S acting on functions
on the unit sphere S2. To define these S2, we will fix

¢2 € C*(R?), 0<¢o <1, /¢2:17

and a partition of unity on 52
X+ +x- =1,

where x4 is one for +x3 > 0 and vanishes near the pole (0,0,— 4 1). For w defined
on the sphere, we set

Sjw="_ (¢20* [(xxw)(p=L)) (p-2),

(+17)

where p1 are the stereographic projections from the poles (0,0,+1), and

P2,0(y) = 2 (0y).
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The operators Sg enjoy the usual properties

(2.1.1)q 15wl < Cllwll,
(2.1.1)y 185w —wl| <675 [|Rw]],
1<k
(2.1.1), IRES2ul| < COM|fu].
Here, ||.|| stands for the L? or L* norm on the sphere, and
RF=R; - Ry,

When computing with the Sy, we think of them as if they were only the convolution
with ¢3¢, omitting for simplicity the cutoff functions etc. Note that if we abandon
the property [ ¢o =1, properties (2.1.1), and (2.1.1), remain.

1V.2.2. Smoothing operators. — We choose now

d)l GC(()X)(R)v 0<¢1 <]—a /¢1:1a Supp(bl C{T’gO},
and set
Sgw(r,w,t) = /9(]51 O(r —r"))w(r',w,t)dr'.

This is the standard smoothing operator in the r-variable. We will use it only in a
fixed domain on the form

rzy(l+t), >0,
acting on functions supported in » < M + t. With to different (big) parameters 6,
and 03 to be chosen later, and 6 = (61, 603), we define finally

Spw(r,w,t) = Sg, S5 w
It is clear that, for some C (independent of ¢) we have the inequality
|59’LU(.7 t)|L3: < C|w(, t)|LE

This inequality holds also if the integrals of the ¢; are not normalized to be one, in
which case, to avoid confusion, we denote the corresponding operators by sg.
Computing commutators of Sy with various fields, we will also need operators

syl lpsqlw = selpsglw, p=(p1,.. - pk), 4= (q1,--- 1)
defined by

solp glw = { [0 on(0nr = )6 6202t — )

[p1(r, 2t (y), ) — p1 (7, 03 (W), )] -+ e (r, 3 (), ) — P (v, p3 (), )]
[ (7' (), ) — (7 p (), O] - (' 3 (), ) — (P oy (), 1)

t
x@W ) w(r'y' t)dr’ dy'} P+)s
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or similar integral involving p_. Here, ¢1 and ¢2 need not have integral one, and x
is an arbitrary function in C§°(R?). Note that sg[p; q] is automatically normalized to
take into account the effects of the factors

pi(r) = pi(r'),  a;(y) — ¢;(¥).
The continuity of these operators is given in the following Lemma.

Lemma2.2. — We have (uniformly in t)
i) [so[p; glw|p= < Clw|pecH[0rpi| LIl Rgi| L,
i) [so[p; qlw|r2 < Clw|p2110mp;i|LTT| Rgi| Lo,
iii) [so[p; qlw|r2 < Clw|pee|0rpr|r21liz2|0rpi| Lo | Res| Lo,
iv) [so[p; qlw|r2 < Clw|ree |Rq1|p211]0rpi|Loc izo| Rgi| oo

Proof. — The first two points are obvious. To prove iii) or iv), it is enough to consider,
for instance, an integral

/m@w@fymmwfm@wwﬂ
Since [b1(y) — bi(y)| < ly — ¥'| [ 10b1|(y + s(y — /))ds,

| [ a6 - 1)i0) - by

L2
1
< C’/ ds/921/)(92)|8b1|2(y'+sz)dy'dz < C|oby |3,
0
which gives the result. O

IV.3. Modified Klainerman’s fields

a. We define now fields Zm, analogous to the fields Z,, used in chapter III, but
with two important differences:

i) Zm has to have smooth coefficients everywhere and not only outside r = 0.

ii) The perturbation coefficients a from Z,, = Z + aL; have to be smoothed by
Sp, so as to bear extra derivatives (as occurs typically in a Nash-Moser scheme, see
[5] for instance).

From now on, we fix, for some
B1>0, B2>0, Ba=p1, 092600 >1, efr <1
to be chosen later,
0; = 0,(t) = 69(1 +t)7=.
The coefficients a(R;), a(S) have already been defined in IV. 1. We define a = a(H;)
by
a(H;) = —w;a(S) — (w A a(R));.
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We set now (recalling H; = ct0; + x;/cO})

(3.1)a R™ = R; + a(R;) L,
(3.1)s S™ =S +a(S)Li,
(3.1), H" = H; +a(H;)L,
(3.1)4 K =L+ L= (2//c)d,.
Here

a(R;) = Spa(Ry), a(S) = Spa(S),

and, for technical reasons,

(3.2) a(H;) = —w;a(S) — (w A a(R));.

We do not use Hy since it does not satisfy i). Remark also that
(3.3) Swia(H;) = —a(S), Y wia(H;) = —a(S).
Thanks to these choices, we get

r+ct

\/E
The set of the coefficients
a(Ri), a($), a(H;)
will be denoted by (Coeff), while the set of
a(R;), a(S), a(H;)
will be denoted by (Egéﬁ). We will denote by @ the collection of the fields
R™, S™ H, K,
and call Zm any of them. Except for K , we will write simply
Zm =27 +alLy,
where Z means one 0~f R;, S, H;.
b. We denote by Ny one of the quantities
1, e YA +t)oy tu, e 11 +t)0u.
Remark that [No| < C. When we want to emphasize the fact that Ny is not 1 but
actually involves u, we write Nj. We denote by Ny, for k > 1, one of the quantities
e Y14+ t)o7 ZFu, e (1 +1)ZF o,

oT1Z41G, Z1G ZE1ga, d e (Coeff).

As before, we enlarge a little the definition of f. We will denote by f a smooth
function of

e, u, w, oy(14+8)7Y (L+8)7", o7, g(q), No, vi > 0.
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Here, g is any smooth function whose derivative belongs to Cg°(RY).
c. We can now express L; in terms of the Z,,.

Lemma3.1l. — We have the relations

i) Z=fZn+ fN1Z,,

111) O'1L1 = me + leZm,

iv) 010t = fZm + fN1Zy, 0105 = [Zm + fN1Zy,.
Proof

a. From the definition of K, Ly = K — L. But L = fZ,,, hence i). Writing
7Z = Zy — alq and using i), we get ii).

b. Once again

r—ct
Ve

As before, we deduce from this o1 L = me + fﬁlzn, which is iii).

Finally,

0= f/(A+ )R+ fL+ fLi = 07" f(Zm —aL1) + f/(1+ ) Zpn + for (o1 11),

which gives iv). O

L1 = HQ - S = Zwlﬁ:n - vam +26(S)L1

IV.4. Some calculus Lemmas for the modified fields. — We have to prove
the analogue to Lemma III.2.
Lemmad.l. — We have the following identities:

ii) Zk N, = > fNi - Ny, k1 +---+kj <k +p, and, for some i, k; > p,

iii) Zﬁqt:thNklu'Nkj, ki+---+k; <k,

iV) Zﬁ,LUl =01 Zkal "'Nkj; kl ++k] < k’
Proof

a. We try first i) for £ = 1. For the variables

g, u, w, o1/(L+1), (1+¢t)7", o
in f, we only have to check the action of H; and L. But, analogously to Hy,
Hw=f, Hit=ft, Hoi=o01fNo, H(o1/(1+1))=fNo

and the action of L is at least as good as that of L.

Now, with ¢ = qoal_1 exp CoT,

Ri(g) =0, S(q) = fq, Hi(q) = fqNo, L1(q) = fgoy ", L(q) = fqor ",

hence

Zm(q) = Z(q) + aL1(q) = fqNo + fgN,
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Zm(9(q)) = a9'(a)f N1 = [Ny,
Finally, Z,,No = f + fNi.

b. We have

ZmN, = fNIN, + Nyiy

and ii) is proved for k¥ = 1 and any p. c. iii) and iv) are clear for k = 1. Thus, by
induction, i)-iv) are proved. O

We define, for k£ > 1,

My = fNIN, -~ Ny, 120, ;=22 Y(Li—-1)<k-1
Remark that
My = fN{, MMy =My, MM =M1,

and

Z fj\vfkl---j\vfkj = M.
(X ki<k)
As in 4 of Proposition II1.7, we get easily

ZmMy, = 3" M1, Z02 My, = S Myt .

We will state here for further reference the following commutation Lemmas.

Lemma4.2. — We have the formula
1) [§7€L78]:Zfﬁk1]’\7k7§7€7,6’

In both sums, we have p <k —1, % kj+p < k.
i) (Z5.0] = X f N, - N ZB0+ X Ny, - N (Z3 A) -+ (Z33 A)Z1,0.

Here, A= 0a or A = 0{15. In the first sum, we have > k;+p < k—1. In the second
sum, we have ¢ =1, Y k; + > (r; +1)+p < k.

Proof
a. Consider first k = 1. While [R;, d], [S, J] are just 0 multiplied by constants, we
have
[H;,9;] = —0;(ct)d; — 9;(x:/c)dy = f0,[K,8] = fo.
Now
[L1,0] = foud + f(L+t)"'0 = f(1 +t)"'0.
Hence
[@Lq,0] = f(1+1t)"'ad + foad = fAS.
This proves the Lemma for k£ = 1.

b. We write now
[Zrljjla a] = Z’m[Zrliw a] + [va a]me
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and consider formula i). We see that the first term yields obviously terms of the
desired form, while the second is

(f + I8N0, Z3] + Z3,0).
This proves i). To prove ii), we write instead
ZmOZP, = [Zm, 0| ZP, + OZPTL

To prove iii), we see that Z,, ([ZF, 8]) yields automatically good terms. For [Z,,,0]Zk |
we write this term as

(f + 1A (0. 23] + Z3,0),
which yields only terms of the desired form. O

Lemma4.3. — We have

i) Zins Ry /1) = M1 /(1 + ) Zn + Mioy /(1 + )0 + f /(1 + t)(R;a)0,

ii) [Z5 R;/r] = (14) "M ZE ooy (148) " MO ZE +05(1+t) My (ZP2 59a) D ZE2.

In all terms of formula i), we have | — 1+ > p; <k — 1.

Proof
a. We have
[Ri, Rj] = —¢€iju R, [S, Rj] = 0, [hi, Rj] = —¢ijih.
Now
Hi = hz + tu&i — xiu/cﬁt, [Hi, RJ] = —Eijkhk + ftu@ + ftRua
But
hy = Hy — tudy + zpu/cdy = fR + wiHo + ftud, Hy = f010 + [ Zm,

hence

[Hi, Rj/?“] = fR/’I“ + Mlal/(l + t)é) + f/(l + t)Zm
and the same is true for the other Z as well. Finally,
[6L1, Rj/”l’] = 7Rj’d/7’L1 +6[L1, Rj/”l’],
(L1, R;/r] = fR/r? + feo1/(1 4+ t)2N,0,

which gives i), which is also ii) for k£ = 1, since Rja = f6asqa.
b. Since [Z,,,0] = M, 0, ii) follows by induction from the properties of the M. O
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IV.5. Some commutation Lemmas for the modified fields

Lemmab5.1l. — We have the formula
0} o4
i) [0r, Solw = “Lsgw + —Zsqw,
01 0
/ 9/
ii) [Or, Splw 92 898 w + 92 (Se'w + sgfRw),
iii) [b, Selw = 67 “sg[b; Jw + 05 *sg[; blw,

iv)  01[0;, Solw = fsofow + fsol; h(w)]fOow + fsel; h(w)] fw(l +1)~!
+ fsol; h(w)w(1 + )11,

V) [Zumy Selw = £07 Ysolf N 1My Zogw + 05 sg[; FNLMy Ziyw + fN167 L sg fOw
+ [N105 Y sow + fN105  sg My Zow + f05 sg]; fuw]l.

Proof
a. We have
[0r, Sg]w /9 ré1)r(0(r —r"))w(r')dr’
75/@, (ré1) (O(r — 1'))]ew(r” )dr’
0’ !/ !/ /
— 5 [ 80ren60 — ro.uar
Similarly,

[0, Sglw = 9'/9{/ 0% 1262 + yOd2](0(y — ') (x+w) (p=" (v))dy' }p-) +
= 0'/6( [ 05 0)1(3,02) (60 — D)0~ (0 )y} p-) +
= 00252 [ 02(502)(600 — 1 )OOk 0) 7 0Dl Y o) +

This gives the formula i) and ii). b. Let p’ R; =Y af 0y, . We have

5‘/(/529’1 " dy/=/¢29 (0;h)(y")dy',
a/mh dy' f/m ()01 )dy' +/¢29aah)( Ny,
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hence, with h(y) = (x4 w)(p~*(¥)),
(R, S3lw = 91{ [ 062000100) -2 <y’>>6jh<y'>dy'}<p_>

—9—1{/9¢2,a[(sz-(x+))(p1(y)) - (sz-(x+))(pl(y'))]dy'}(P—) teo
+wR;i (x4 +Xx-),

the dots meaning a similar term with p; and the last term being zero since we have
a partition of unity. Since R commutes with Sj, we obtain

02[R;, Selw = sg[; hlw + se[; h] f Rw + se[; hw]1,

where h = h(w) stands for various smooth functions of w.
c. Now remark that, for any function b,

b(r.) / 016001 (r — ))0362(0a(y — V(' i dy’

= / (b y) =00, y) + (b, y) = b(r, y)) + b(r', y )w(r’, ¥ )dr'dy’,
which gives iii).
d. Since
8,L- = wiaT — 1/T(W A R)IL,
we have
[0, so]w = [wi, solwr + f/(1 + )[R, solw + f/(1 +t)[w, so]Rw + [1/7, s¢] f Rw.
Since
Vr—1/r" =~ —2")/rr', [1/r,selw = (017)  se(w/r),
we obtain iv). e. With the above formula, we also obtain, using Lemma 2,

[6L1, Sg]w = 6/\/5[8t, Se]w + [6/\/5, Se]atw — [6\/2, Sg]arw.

Now, since
(b(r,y) —b(r',y)) /o1 (") = b(r,y) /o1 (r) = b(r',y) /o1 (') + (" —1)b(r,y) /o1 ()0 (1),

solpiql(w/o1) = so[p1,. ... pi—1,pi/01,Pit1, - Prs glw
+pifoiselprs .- Dis- -5 Pr; ql(w/ o),
solp;al(w/o1) = solpian, - ... qi/o,. .., qllw.
Here, p; means as usual that p; is omitted. We may write sometimes
sol...,pi/o1,-. ;4]
instead of the correct

SG[pl;"'7pi/017~"7pk;Q]a
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the ... meaning that the non-written terms are unchanged. We thus obtain for
instance

[b, Sp]Ow = 67 sg[b;]0w + 05 ' s4]; b]Ow
=07 s9[b/01;]010w + b/o1890w + 05 P sg[; b/ 0] Ow.
To summarize, using ii), we get
[@L1, Solw = f/0150[f N1; |M1 Zw + f/0250[; f N1 | M1 Zpyyw
+ fN1/OrsofOw + f/Oa59My Zw.
f. We also have
[S, Selw = [0y, Solw + [r, Se]Orw.
Since [r, Splw = 0] 'spw,
[S, Selw = f /0150 fOw + f/02(sow + s9 M1 Zpw).
Similarly
[Ho, Splw = [c, S|tO,w + [¢™F, Splrdyw + r/c[0r, Sglw + 1/c[r, Sp]Ow
= [/6rsoltus o7 for0w + [ [Basols 1M1 Zw + [ G150 fOw
+ f/02(sow + so f Rw).
Since, using the formula of d.,
soltu;Jv/or = solf;]v+ fso(v/o1),
we obtain again
[Ho, Solw = f/6150[f; 1M1 Zmw + f /0150 fOw + f /62505 1M1 Zyw
+ f/02(sow + so f Rw).

Since H; = w;Hy — ct/r(w A R);, we get the same formula for [H;, Sp|, with the
additional term f/6as¢[; fw]l. This completes the proof. O

Lemmab5.2. — We have the formula
D) [Zmssolp; allw = Mis[p; qlw + My/01[p; q) fOw + /6150 [p; a] My Zimw
+> Mysplp,- - ,Mlgmpj, coo Pk qlw+ > Myso[py iy - - - ,Mlimqj, o qw
+1 /0150 [p, My; q)M: Zyyw + f/025[p; ¢, My My Zyw
+ 2 Misolpy, - - Dj, - - - pr; ) f (Opj)w
+ > Mi/biselp;qrs- -, O, - qlw+ > M1/62selp1,- - -, Djs - - - PE; G, fODjw.
ii) stgw = Mlnglz’:nw,r <1,

i) Zpsolp; Jw = Z Mysg[My Z p; | My Z22w + Myso(fOp)w + Mysg[; fOplw,

ri+ra<1
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V) Zmseliqw = Z 59[;M12;1q]M12;fw+Mlsg(fé)q)erMlsg[;fé)q]w.

ri+re<1

v) ZF sol; qlw = sql; Mloggﬂ'plq]MllZ;f"’p?w + MlOSQMl12$+p1qZ£§+p2w.
In formula v), we have for both terms
rm+re<l, >(L—1)+p+p<k—1.

Proof. — We prove only the delicate formula i), and v), the other formula ii), iii)
and iv) being proved more easily along the same lines. We need only to get terms
involving Zmp, qu or terms in Z,w with a small factor in front. a. We have easily
the formula

[0, sop; ql]lw = /(1 +t)se[p; glw + > sa[p1, - - -, Opiy - - -, Prs glw
+ > selpiqr, -5 Oty @lw,
[0y, s0[p; gllw =" solp1, -, Orpis -, PR Qw4 - so[p; 1,y - oo, OrGis -, qi]w.
Also
[b, so[p; qlJw = 07 ' sp[b, p; qlw + 05 ' s0[p; b, glw.
b. Since

By, 02020y — v (@1 (y) — a1 () - (a(y) — a(y)h(y)dy' =
S0P o0y —y N @) —a @) 05a(y) = a() - (@) —al)h(y)dy’

+ [6162060 - D) ~ @) (@) - )b

we need only push coefficients af through the last integral. We thus obtain as in b,
Lemma 5.1,

[Ri, solp; qllw = fsolp;qlw+ ) fselp1, ..., fRpi,...pr; qlw

+> fsolpiaqr, ..., R .. q)w + 05 ' sg[p; h(w), q] f Rw.

This is of the desired form.
c. Similarly, since

r(p(r,y) —p(r',y)) = rp(r,y) — r'p(r’,y) + (" =) (p(r' y) — (', y") + (', y"),
we obtain
rso[p; qlw = sg[p1,. .., TP, ., Pr; qlw
+ 92_159[171, s 7ﬁia <oy PR Q7pz]w + Se[pla ce. 7@7 <oy DES Q]pzwa
and trivially

rso[p; qJw = 07 'selp; dJw + so[p; g, - TG, - - QW
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Hence

[S, solp; gllw = fsolp; glw + 07 solp; glw, + 3 {89[171, ooy Spis - Prs qlw
+ Se[p;(ha . '7SQj7 cee 7ql]w + SG[pla s 7ﬁia ce 7pkaQ](an’L)w
+ eglsa[pla o 7l/)\ia o 7pk;q;8rpi]w}-

This is of the desired form.
d. We have now

Hosep; qlw = cso[p; q]tdrw + v/ csep; q]0vw + fso[p; qlw
+> {cse[. S tOrps .. qw +Tr/esel. . Oy .. qlw

+cslp; ... tOrg; ... Jw+T/cselp; . .. Ovgj ]w}

Since it is technically awkward to commute 1/¢ with sg, we proceed slightly differently.
We write for instance

(r/c)sel-..Owj .. .;qw =rcsgl...Opj .. s qlw + f(L+t)use[...0p; ... ; qlw.
Using the formula
o1sa[p; qlv = sgl. .., 01pjs -3 qlv + Sel. .., Dy, - - -3 qlpjv + 1/028¢]. ... Dy, - - -3 ¢, Pj]v,
o1sep;qlv = se[p;...,01q;,...]v+ 1/601s0[p; qlv,
we obtain for the same typical term, remembering that (1 +¢)u/oq is an f,
PO+ Dusol. .03 qlw = F30l..., 01053 gl
+ fsol---,Pjs -3 q)(Opj)w + f/b2s06]. .., Dj, - -3¢, Orpjlw.
Similarly, we have
FA+tusgp;..., 05, .. lw= fsalp;...,010eq;,...Jw+ f/0150[p; ..., 0qj,...]Jw.
Using the formula of c. to move r to one of the factors p or ¢, we get
Hosolp; glw = so[p; ) How + 3 fsol- -, M1 Zmpy, - qlw
+ 3 fsolps s MiZingy, . Jw + Fsolps alw + f/0150[p; q)Osw
+Z{fse["'7ﬁja"';Q](atpj)w+f/0159[p;"'aatQja"']w

+ f/02s0]....Djs-- -3 4, 8tpj]w}
+ f/0isolu, p; gl f(1+ )0w + f/8a50[p; g, u] f (1 + 1) 0w,
To see (1 + t)u/oy instead of w in the last two terms, we use the formula
sol...,01Dj, .3 qlv = pjsal. .., Dj, ... ;qlv + se[p; qlorv,
solp; ..., 0145, ... ]v = sa[p; qlorv.

We thus obtain the desired form for [Hy, s¢[p; q]].
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e. Finally, we write
aLusolp; glw = fNisolp; glw + @/ V/esolp; q)orw — Gv/eso[p; q)0yw
+Z{5/\/559[...,8tpj,...;q]w75 csgl. .., Orpjy .. s qlw
+a/vVesglp; ..., 04, .. Jw—avesglp;. .., 0nq;, - ]w}
To see the term aL,w, we will consider for instance
[a/ Ve, solp; al]oew = 1/0150[a/ /e, p; qlOyw + 1/0280[ps q, @/ \/c]Opw.

In order to see a/o1 = N 1 instead of a, we have to move around o7 using the formula
of d. We get

N1 /01 56[p; q)0nw + 1/0156[ My, p; )M Zymw + 1/0256[p; g, My My Zw.
The computation is analogous with the term containing 0,w. To handle a term like
a/vesol. .., 0pj, .. 5 qlw,

we again have to move around o;: this term is equal to

fﬁlolsg[. Oy, qlw = fﬁlsg[. 010D, - - 5 qlw
+ fNsolo - By -3 @) (Bipy)w + FN1 /0250l .. B - - -3 @, Orpy]w,

and a similar expression for the terms involving 0,p;, 0:q;, 0rq;.
To complete the proof, we note that H; = w; Hy + f R, hence

[Hi, s6[p; q]] = wi[Ho, se[p: q]] + [wi, selp; a]lHo + f[R, se[p: q]] + [f, se[p: d]] B,
which yields only terms of the desired form. Finally,
I?se[p; qlw = 2/v/c{so[p; q)Ocw + sq[. .., 0epj, ... ;qlw + sa[p; - .., Oegj, - .. W}

We could write dyw = f Kw and this would be enough for what we have in mind, but
since we want a commutator, we proceed differently. We write

2/Vesolp; q)0w = sqlp; q) Kw + (2/+/c — 2)s0[p; 90w + sap; q](2 — 2/ /)y,

and again move around o7 in the first term to see u/o1 and o10w. We obtain terms
of the desired form with a gain of 1/(1 + t) instead of 6; ', and this is enough to
complete the proof of i).

f. To prove v), we note that it is true for k£ = 1, since f0 = lem. Applying Zm
to v) and using ii) and iv), we get the formula by induction. O

Lemmab5.3. — For all k, we have the formula
2}, Solw = 9f1{ > Migso[Mi,3 | My, Z8,w + Migsol; My, | My, Z5 " w

—+ MlOSQMhanJrTU} + MlOSQ[; MIIanw]MlQ }
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In all terms, we have
r<l, Y(l-1)+p<k—1.

Proof
a. We will prove by induction that Z’:;l[Zm, Sglw is equal to the right hand side
with the same conditions

r<l, Y(li-1)+p<k-1

For k£ = 1, by inspection of the formula for [Zm, Sp] in Lemma 5.1, we see that this is
true, since 07 < 6s.

Assuming that this is true for k, we write an = Znifn_l and examine the various
terms. We have, using formula iii) of Lemma 5.2,

Zmso[ My, 1My, ZPE"w = My sg[My ZP (My,); | My 222 (M, ZEH w)

+ My5g(My Zy (M;,) My, ZPT"w) + My sgl; My Z (M, )] My, ZE w.

Since Z‘%Mp = My, We get
= Mysg[ M, 4, | (Mg py Z24 w + My, Z2HP2FT0p)
+ M189(le+1225n+rw) + My sgl; Ml1+1]MzQZ§1+Tw.

Taking into account that

Zpn(M671) = 07 My,
we see that the action of Zm on the first term of the right-hand side yields terms of
the desired form. The issue is completely similar with the second term, and easy for
the third. For the last term, we write

st@[; Mllzfnw]Mlz - Mlse[; M11+P1 Zﬁlw + Mllzfn-i_pl w]Ml2
+ Myso(Mi 1, Z0w + My, 1,1 Z5 w) + Mysol; My, 11 Z8,w + My, ZBH w] M,

and see that all terms are of the desired form.
b. Since
2}, Solw =" ZF [ Zm, S| 2 w,
1<k
we see that this term is a sum of terms of the desired form with

Yli—D+p+h<k—Il+l-1=k-1
This completes the proof. O
Later on, we will need the following pseudo-commutator formula.
Lemma5.4. — We have the formula
ZF sgw = fsof ZEw + 6101 Myys9 My, ZE,w + 03 My, sol; My, )My, Z2 w
+ H;IMlOSQMhZIij’“w + 051 My, s0]; Mlléng]MlT
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In these sums,
r<l, ;-1 +p<k—1

Proo
a.fWe consider first k = 1, and set dyw + cO,w = g. As in the proof of Lemma 5.1,
we have
[S, selw = t[0y, splw + 07 Lsqw, = fsow + sew,
since, by integration by parts, spw, = 61spw. Next,
[Ho, so]w = [c, sg]tw, + [c™1, sp]rw;s + r/(ct)spw + ¢ 107 spwy.
First,
uspw, = ubyspw, spuw, = sg(uw), — Spu,w = O18puwW — Spu,w,
[e, solw, = [u, sglw, = 01[u, sglw + spu,w.
Second,
[1/¢,80]h = —1/clu, sp](h/c),
[u, so]rw/c = [u, spl(rg/c = (rw)r +w) = f(1+8)[u, so]fg + 01 f (1 + 1) [u, s0] fr.
Finally,
07 sowy = 07 s0(g — (cw), + upw) = 07 ' spg + so.fw + 07 P seu,w.
Collecting the terms, we obtain
[Ho, solw = fsofw + fsofg + [Or1(1+1)[u, so] fw + f(1 + )[u, 0] fg.
On the other hand,
aLisgw = fa[dy, solw + fase(g — (cw), + urw) + fab;spw
= 01 Mysofw + fNisog,
so(aLiw) = so(fN1g) + fOrs9(f Niw).
Finally,
H;sgw = f[Hy, so]lw + fseHow + f[R, sp]w + fsgRw.
Collecting the terms, we obtain
Zmsgw = fsof Zmw + 01 MyseMyw + 01 My (1 + t)[u, sg] Myw
+ fNisog + so(FNTg) + f(1+1)[u, 5] fg
+ 105" (sol; SIM1 Zjw + so; full).
Opening the commutator term on w, we find
01 M7 (1 + t)[u, so) Miw = 6101 Mysg Miw.

Remember now that
g= \/EL’LU = f(l + t)*lme.
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Hence

f(]- + t)[ua Se]fg = fSOmewa
and we replace also g by this value in the two other terms containing g. We thus
obtain

ZmSoW = fsefznw +(1+ t)_lfﬁflsgfﬁfézmw
+ 0101 MysgMiw + f92_1(89[; f]Mlg,:;Iw + 89[; fw]l)

Thus the result is true for £ = 1, the second term in the right-hand side being of the
form

05 My so My Zw

since (1+1)~! = fo; "

b. Let us assume now the formula for ansmu, | < k. We obtain

Zlﬁflsew = Zm(ans.gw) = Mlsglef@w + f(fs‘ngm(fZ]f@w)

+ 0101 Mysg My (f ZEw)) + f05 " (Mysel; My My Z, (f 2, w)
+ Mlnglef;w + Mlsg[; Mlzﬁ@w]Ml) + 6101 (MlMl[) + Ml0+1)59Ml12£1w
+ 0100 My (MysgMy Z5, (My, ZEw)) + Zon (- 4 -4 ---).

The last three terms are identical to the corresponding terms in the proof of Lemma
5.3, we need not redo the computation. All other terms are easily seen to be of the
desired form. O
IV.6. L estimates of the quantities ]\7;€

Proposition 6. — Fiz 1 > 1/2. For n small enough, 69 and 31 big enough, we have
the estimates (except of course for No = 1)

i) INe| S CA+ )56t k< sp—4

ii) \ZF=Ya| + |25 0a] < C(L+6)C*°, k< so— 4.

Here, Cy does not depend on the 6;.

Proof. — From Proposition II1.7 and Proposition IV.1, we know that, for k < s¢ — 4,
e L+ toy Zgul, e A+ 1) Z50ul, oyt Z5  al, |25 Oal

are bounded by C(1 +t)““¢!' ™", for a = a(R;),a(S). These estimates extend easily
also to a = a(H;) = —w;a(S) — (w A a(R));. Remark that, since a are supported in

o1 < C(1 + )%,

we can ignore the powers of o7 in estimates involving a.
a. First we estimate N;. From the properties of Sy and Lemma 5.1, we get

@] <C1+1)%, |0al < Clalp= + C|da|p~ < C(1+1t)°°.
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Now
Zm = fNoZo + foy o
gives the control of the terms of Kfl involving u. Remark also

| Zma| < C(1 + )¢ Zoa| L < C(1+ 1),

b. We need to establish an analogue to Lemma 1.1, including some refinement
using the fact that v and a do not play the same role in the process of estimating
the Nk

Lemma6.l. — We have the formula
1) Zﬁn:ZfN{NklﬁkJZga
i) ZF = > fNe, N Z5+ Y [Nk o Ny Zp(ajoy) - Zys(ajon) Z5.

p=1 =1
S ki+p<k
In the sum of z) we have p 2 1, k; =22, > (ki — 1)+ p < k. In the second sum of ii),
we have p > <k Y ki+Y rm+p<k

c. We assume 1 < k < sg— b and
N,

|<CA+t)% o™, 1<k,
|ZL,a| +|Z!,0a)

CA+t)%, 1<k—1.

//\ //\

Using first Lemma 6.1 i) for the index k, applied to a or da, we get
ZE a| + |2k 0a) < C(1+t)°°

Using Lemma 5.3 for the index k and w = a, we see that the only terms which are
not already controlled (using the induction hypothesis), are the terms

Mlsg[Mk;]Mlgfna, M sgl; Mk]legqa, M sg[; Mya] M.

It is important to check the way 6; enters the constants (that is, f) in Lemma 5.3: 3;
and 69 enter the computation only through formula i) or ii) of Lemma 4.1. In these
formula, 69 do not appear, and 3; appear only through f3;¢; replacing 6, L by fo7 L
or ;' by f, gives f containing 69/69 < 1 or (#)~' < 1 as constants, and negative
powers of (1 + t) expressed with 3;e. Hence, thanks to the constraints e3; < 1, all f
entering the computation are bounded independently of the choices of the quantities
09, B3;. We thus obtain

1ZE G < C(1+ )% + Co(1 4 1) %250, | Njya |,
where here and later numbered constants Co and C3 do not depend on 6;. We obtain
similarly
0112}, 30]0a < C(1+ )% + Co(1+ )| Ny |.
We have
ZFoa = 2" 10, Spla + (2, Ss)0a + Sy Z* da.
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To evaluate the first term in the right-hand side, we use Lemma 5.1 ii) or iv) and
Lemma 5.2. With the same reasoning as before, we obtain

01123,10, Solal < C(1 + )7 + Co(1+ )| Ny |.
Finally, N N
|Z3,0a] < C(1+ 1) + Co(1+ )07 [ Niya .

Using now Lemma 6.1 ii) for the index k + 1, applied to u or du, we get

o (L4 0 Z ] < O(L+ )% + Ca(1+6)°| Z)al,
and a similar formula for du. Finally,

|01 Nipr| < C(1+ 1) + Co(1 + )90, o} " Ny
where as before the constants Cg and C; are independent of 6;. We choose then

Bi=Cr 69 >2Cs

to obtain the desired estimate. O

V. Weighted L? norms, Poincaré Lemma and Energy Inequalities

V.1. Weighted norms. — For small v > 0 and big B > 0 to be chosen later, we
set

b(s) =B(—s)™", s<C<0, p=(T+1)b).
Remark that p, > 0, since &’ > 0 and v, > 0. For fixed ¢, we define the L? weighted
norm by

wf = [ (e p)uPds
We first have to clarify the control of oy Lw by dw in this norm.
Lemmal.l — We have, for any smooth w supported in |x| < M +t,
o7 wlo < Clwro.
Proof. — For fixed w, t, omitting these variables for simplicity, we write

wir) == [ T (s,

M+t
w(r)? < C’(Ul(r))l_“/ (o1(s))Fw?(s)ds, 0<p<1.

r

Hence, since p is increasing,

M+t M+t s
e?) (o1 (1) 2w (r)?ridr < e?) (o1 (s)) w? (s)ds r2 (o1 (r)) " Hdr.
/0 (01(r) () d<c/0 (01(5)) ,<>d/0 (o1(r) 1 d

We split the right-hand side integral in

(M+t)/2 M+t
T
0 (M+t)/2
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In the first integral,
o1(r) =2 1+ (M +1)/2,

hence it is less than
(M+t)/2
C/ ") $Pwl(s) (o (s)(1 + (M +1)/2) ") (s(1 + (M +t)/2)"")ds
0

(M+t)/2
< C/ PO w?(s)sds.
In the second integral, we write ’
/“’ (o1 (r) T e < C(M +1)*(o1(s)) 7,
and obtain that it is lizss than

M+t M+t
/ P w?(s)(M +t)%ds < C P2 (s)s2ds.
(M+t)/2 (M+t)/2

Collecting the two bounds and integrating in w finishes the proof. O
We now have to make sure that the smoothing operators behave properly.

Lemmal.2. — If By is big enough, we have the formula

i) Ise[p; q]blo < C|b|oIL|0ypi| L TI|Rq;| L,
ii) Iso[p; qlblo < C|0rp1lo|blLoeTLi>2|0rpi| LI Rg;| Lo,
iii) |s[p; q]blo < C|Rq1|o|b|<T1|0rpi| o< j<2| Rqj| Lo

Proof. — We prove only iii), which is the more difficult. With

a(r'y) —a('y) = (/Ol(ayql)(sy +(1- S)y')d5> (y—y"),

we can rewrite sg[p; ¢]b (assuming k factors p; and I factors ¢;) as sums of

/ods / O1RO2 11 1 (01 (r—1")) b (02 (y—y')) (01 (r, 9)—p1 (', 1)) - - - (i (ry 9) =P (', )

Oy, a1) (', sy+(1=s)y' N a2 (', y) —q2(r',y") - (@ (', y) —a (', y') (xd) (v, y ) dr' dy'.
To introduce €? into this integral, we write

eP(ry) — oP(ry) _ op(r'sy) o op(ry) _ op(r'ssy+(1=8)y")) | op(rssy+(1=s)y’)

For the integral corresponding to the last term, the previously proved L? estimate
works, yielding the quantity |Rqi]o. The first two terms are bounded by

[P Lo (|r = 7'l|pr|zee + [y — ¥/ lIpyl Lo ),
and
leP| < C(1+1)°%,  |p| < C(1+1)°5.
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From the equation 9, + cip, = 0, we get
(0 + Oy ) (o "Riyp) = —oy " Riuth, + pujoq (o7 ¥ Rivb),
and we already know that
loy* Riuap,| < Ce(1 4 1) 710,
Hence, while 0% is bounded for r < t/2, we get for r > t/2 and thus everywhere
oy "Rt < O(1+ 1)
This shows
|Rpl < O(r + )| 17| Ry| < O(L+1)°".

Thus the integrals corresponding to the first two terms we have just bounded are
bounded by

COT (1 +1)9%10yq1| p2[b| Lo T1|0rpi| Lo TTj52]0y 45 oo -

Putting the weight e? inside |0yqi|L2 costs only an extra factor C(1 + t)¢¢, hence if
(1 is big enough, the claim is proved. O

V.2. The Poincaré Lemma. — The Poincaré Lemma is what we need to control
the zero order term (Awu)v in the linearized operator on u acting on v.

Proposition 2. — Fiz v, 0 < v < 1/4, and let b(s) = B(—s)™", B > 0. Then we
can choose B such that, for any smooth v supported for r < M + t, we have, with
p=(T+1)b¥),

/ (exp p)(Liu)*v?dxr < C*(1 + t)_2/ (exp p)vide
r>t/2 r>t/2

+Ce? / (expp)(1 + )" 207 Lo?du.
r>t/2
The point of this Lemma is this: the factor L?u is well localized near the boundary

of the light cone, but behaves only like Ce(1 +t)~1+¢1€ there. In this Lemma, we get
the inequality we would easily get if Cy were zero.

Proof. — Using Lemma 11.3.5.1, we get first, with I = f@t/Q(expp)(LfU)Qde:c

I< C/ (expp)(1 +t) %207 02 da + 2/ (expp)ay 2h(y)*vida.
r>t/2

r>t/2

We perform a change of variables in the last integral, setting
s=v(r,w,t), r=ao(s,w,t), VY(o,w,t)=s.
The domain ¢t/2 < r < t+ M is sent on the domain

P(t/2,w,t) <5 <Y(t+ M, w,t) = Clw),
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since v is constant along any ray r = ¢ + M. Hence, with w(s,w,t) = v(¢,w,t),
/ (expp)ay 2h(y)2vidr = / eTb(S)al_Q(qS)hQ(s)ngbsds.
r>t/2 P(t/2)<s<C(w)

We also have, from Lemma I1.3.3

¢s/a3(¢) < 2/0s,
hence
ar *($)h*(s)9s < Ch*(5)/¢s.
Now, with b(s) = e(TTDb(s) (,)~1
b(s)'/b(s) = (7 + 1)V (5) = bss/ .
But
Gstrr () = —Pss/(05)%,
and Lemma I1.3.5.2 implies
|bss /05| < [0l /(90)°(8) < OT(L+[s]) >/ 2H47 4 Ce(1 + |s])~3/2+ 4.

Since 0 < v € 1/2 — 45, we can choose B big enough to ensure V> 0.
Proceeding as usual we write now

wo) = [ wlsas

C(w)

w(s)|? < ( / o wf(s’)Z(s’)ds')( / C(w);(l—j:)),

S

and, since b is increasing, the last integral is less than (C(w) — s)/b(s). Hence

/ “ Bls)h(s)*w? (s)ds < ( / o b5 yw?(s")ds' ) ( / - h(5)*(Cw) = 9)ds),

P(t/2) ¥(t/2) P(t/2)
and the last integral is bounded by

C(w)
/ (1+|s])~2"®7ds < C.
Noting that ws = ¢sv,(¢) and ¢sg(s) = €7") we obtain by changing back the
variables
C(w) _ t+M

/ b(s)w?(s)ds g/ (exp Tb(v)))v2dr.

w(t/2) +/2
Finally, we obtain easily

|L2u— e /rL2U| < Ce(1 +t) "2t 215 /2,

which completes the proof. O
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V.3. The energy inequalities. — We present here one of the many possible vari-
ations on the ideas of [3].

Proposition 3.1. — Let P = ¢ 102 — cA, and p = (7 + 1)b(v)) as in Proposition 2,
Tiv = 0;v + (wi/c)Orv. Assuming that u satisfies the induction hypothesis (IH) on
[0,T], we have, fort < T,

Ov) (1) +C / / PP Y () YT
<ClO)COR+C [ [ (expp)|Pofuldzdr

t
+ C’e/ dt' /(1 +t)|(0v)(., )3
0
Proof. — We have
(expp) Pvvy = 8,(1/2(expp) (v /e + clvz|*)) = 32 di(exp p)evivy) + (expp)Q,
with
Q = 1/(2¢)(us/c — pe)vE + 3 (i + cpi)vive — 1/2(us + cps)|va]?.
Writing explicitly the derivatives of p we get
Q = (1 +1)/ Qo) () [~ Xo(vi = (i /vhe)ve)* — 0} [ (7 — EJea]?)]
—e(1+1) 7 0()/2(c 0F 4 clvg]?) 4 /2620 + S uivive — ug/2|va]?.

Integrating this identity in the strip [0,] x R?, we obtain as usual the control of the
energy

E(t) = 1/2/R3(expp)(v,52/c—i—c|vl.|2)7

and the terms of the last line in ) are bounded by

Ce /OtE(t’)dt’/(l +t).
Now, 1 is not an exact phase function for P. For r < ¢/2, 9 is bounded, hence the
terms of the first line of ) are bounded by
C(r+ DY (@)]|0v]* < C(1+7)(1 + )77 [9w],
which are negligible terms. For r > t/2, we write
Ui = el = =2 /12 (Ri)*.
From the equation 9, 4 cy,, = 0, we get
(0 + Oy ) (o "Riyp) = —oy " Riuth, + pujoq (o7 ¥ Ritb),
and we already know that

loy* Riuap,| < Ce(1 4 1)~ 1HCe,
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Hence

loy " Rip] < C(1 + t)CE.
The error term

(T + D)0 e (Riw)
is then bounded by

Cv2(1 4 elog(1 +1))(1 + |1Z)|)717”03“(1 +1)7HC <O 4 1),
which is negligible. Finally,
v — (Yi/Pe)ve = vi + (wi/)ve — (vt /1he) (Vi + (wi/ )r),

Vi + (wi/e)hr = Pi — withy.
Replacing v; — ¥; /¢yvy by Tiv in Q gives an error term bounded by

(7 + Db (@) el (Rip)? /12,
which we have already seen to be negligible. o
In contrast with what could seem obvious, the energy inequality for L is non trivial.
Proposition 3.2. — Let p = (7 + 1)b(¢)) as in Proposition 2, and v > 0. Then, for
smooth functions v supported in y(1+1t) < r < M +t, we have the inequalities

t
i) (1+6)"HeP?u(., )| 2 < c/ (1 + ") eP 2 (Lo) (., )| 2dt’
0

t
+ cg/ (1+ ) 2|o(., ) odt, v(x,0) = 0,
0

i) (1+6)7(0v)(.,1)|o gC/O (1+ )" H(OLv)(.,t")|odt’

+ cg/o (1+ )2)(90) (., ) odt, v(x, 0) = vy(x,0) = 0.

Proof
a. We write

ePy/eLvv = 1/20;(ePv?) + 1/20,(cePv?) — (1/2)ePv?(ps + cpy) — (1/2)ePu,v?,
and remark that

pr+cpr = (T 4+ DV () (e + cby) + (1 +1) " b(y).

Hence, integrating in r and ¢ on [0, +00[x [0, t], we get

/ep\/Evadrdt' =1/2 /epUQ(r,w,t)dr—(1/2)/e”v2(1+t')_1[(1+t')u,«+5b(w)]d7°dt',
which gives the bound

(1/2)/ep02(r,w,t)dr < Cs/ep02(1+t')_1drdt'+C’/e”|Lv||v|drdt'.
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Integrating now also in w and using again the support condition on v, we obtain

982 = (1 +8)1eP (., )|12)? < cg/o (14 )1 g2(t")dt

+/ (1 + ") eP 2 (Lo) (., )| L2g(t)dt,
0

which gives i).
b. With Lv = h, we have

ht = Lvg — (u¢/2¢)Lyv, hy = Lv,. — (uy/2¢)L1v, Rih = LR;v — (R;u/2¢)Lqv.

Using the inequality of a. for v¢, v, yields the desired terms. For R;v, we obtain
t
pi(t) = (1 + )7 eP2Rw(., )| 2 < Cs/ (L +t) " pi(t")dt’
0

t
+ C/ (14 ")"Y|e?/2Rih| L2 4 | Riu|p |eP/?(Ov)|p2]dt’ .
0

Dividing both sides by (1 +t), using the support condition and the fact that ¢’ < ¢ in
the integrals, we get

t
(14 t)7 eP2(R; /r)v(., )| 12 < c/ (14t~ eP/2(Ri/r)h|2dt’
0

t
+cg/ (14 1) 2P/ (90)| p2dt'.
0

Since 9; = w;0r — (w A (R/7));, this gives ii). O

VI. Commutations with the operator P
VI.1. Computation of [Zn,P] and consequences. — Recall that
P=c19? - cA.

To establish formula describing [Em, P], we compute separately the two terms [Z, P],
which involves only w, and [aL4, P].

Lemmall — We have the formula (1.2)4, (1.2)p, (1.2)¢, (1.2)q. Away from r =0,
we also have the formula

. . 1 1
(1.1), [K,P]= Ku/cP — g(Lu +3Lyu)L3 — §(3Lu + Lyu)L? — ¢ 320, Ly L
1
— —=—RjuR;0; — (1/2¢)[3/2c%u? — 1/4ctupu, + 1/4cu? + 3(u?/c* — |u|?)]La

Var?
— (1/20) [Luu/2e(v/e/ 2ur = 00/ + 3(u /¢ = fus )L,
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(1.1)p  [Rs, P] = (Riu/c)P — (Rju/2c)L? — (Ryu/2¢)L? — (Ryu/c)LL,
— RyuLu/4c*Ly — Ryu/2¢*(Lu + Liu/2)L,

(1.1). [S,P] = (Su/c—2)P — (Su/2¢c)L3 — (Su/2¢)L? — (Su/c)LLy
— SuLu/4c*Ly — Su/2c*(Lu + Liu/2)L,

r + ct)

(1.1)a [Hi, P] = (Hiu/c)P + (=Hyu/2c+ wi(Qc\ﬁ

Lyu)L? + (—Hu/c + :ciut/CQ — twiuy ) L1y

Lu)L3

w;(r — ct)
2¢4/c

— (tLyuLl + tLulq)(0; — widy) + 2ct/7’2RjuRj8i — 2xi/cr2RjuRj8t — 2uy/co;

wi(r —ct)

— (HiuLu/2c® + Lyu/4c*(Hyu — w;Su) + O;u//c + w;i /ev/e(ctu? — r|ug|?))L.

+ (—H;u/2c+

— (HiuLu/4c® — LuLqu + x;/cv/e(u? /e — |ug|?) + Oiu/v/c) Ly

Proof
a. We have

(1.2), (K, P] :I?u/cP—f(u/cQQ?—c_1/22uj8]2-t,

(1.2)y [Ri, P] = [Ri, ¢ 10?] — [Ri, cA] = —Ryu/c*0? — RijuA = Ryu/cP —2R;u/c?0?.
Similarly, since [S,02] = —202, [S, A] = —2A,

(1.2), [S,P] =[S, ¢ 192 — [S,cA] = —Su/c?0? — Sul —2/cd? + 2cA
= (Su/c —2)P — 2Su/c*d?.

b. We have
(07, Hi) = 2((c + twe)OF, — 2iue/P}) + (2 + tuse)d; + w1/ (2uf [ — un)y,
A, H;| = 2(tuj8i2j - xi/CQUJjaJQ’t +1/cdy,)

+ tAud; — 2/ + x; ) (2Jun|? /e — Au)d;.

Hence

[H;, P| = Hiu/cP — 2H;u/c*07 — 2uy/c(t0}, — x:/c*07) + 2u;(ctd}; — x;/co?,)
— 2uy /O — 2/ (cu; + xi(u? ) — |ug|*)0;.
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We can write
ctaft = 0:H; — :Ei/caf — (c+tug)o; + xiut/028t,
ctc?fj =0;H; — xi/caft — tu;0; + (xiuj/CQ — 0;5/¢)0%,
Ctafj = 8JH1 - (:ci/c2t)8tHj + (xi:cj/c3t)8t2
+ (/) (¢ + tug)0; — tu;0; — (84 + (ziwy /Pt uy — iu;/c)0;.

Using these identities to express all second order derivatives as 92 modulo dHy,, we get

(1.2)q [Hi, P = Hiu/cP — 2Hu/c*0} — 2uy /20 H; — A(wiu;/c*t)0, H,
+ 2u;0; Hy + 4(2: /1) Sud}f + 2t(uf /c® — |ug]®)0i + d(ziuj/c*t)(c + tuy)O;
—dx; /AUl — |ug|®)Or — 4/ c(u; + zizjujug/c3t)0;.
If we are away from r = 0, we can handle differently, using the identity
S 0;0; = 0.0, + 1/12 3 RjvR;.

We write then

[H;, P] = Hyu/cP — 2H;u/c?0? + 2xius ) 20?
— 2tus /c0¢(0; — wiOr + w;0r) + 2¢t(ur0,0; + 1/7“2RjuRj8i)
— 2z /c(u 0% + 1)1 RjuR;0;) — 2us/cO; — 2x;/c*(u? /¢? — |ug|*)0p — 2ui/coy
= Hyu/cP — 2Hu/c?0? — 2(tus/cdy — ctu,.0,)(0; — w;0y)
+2/r%(ctRjuR;0;—x;/cRjuR;0p) —2us [ cO;—2x: ) (u? | —|us|?)Or —2ui ) cO+2 Y,
where > means here the sum of the following four terms
S = zius /POF — twiug/cd?, — xiu, /O + ctupw;02.
Using the identities
2/c0? =1/2L* + 1/2L3 + LLy + Lu/4cLy + (Lyu + 2Lu) /4cL,
2¢0? = 1/2L* +1/2L3 — LLy + Lu/4cLy + (Liu — 2Lu) /4cL,
40% = L* — L3 + Lu/2cLy — Lyu/2cL,

we obtain from a. the desired forms for [K, P], [R;, P] and [S, P]. In the present
computation of [H;, P], we get

w;(r — ct) w;(r + ct)
2¢q/c 2¢v/c
+ (zu? ) 3Ve — twiu? /e + wiLiuSu/4c®) L +

2> = Liul?+ LuL? + (:L'i’u,t/CQ — tw;u)LLq

wi(r —ct)
4c2\/c

After some algebraic manipulations, we get the result for [H;, P]. O

LulLjulL.
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Lemmal2. — We have
[aL1, P] = (—Lia +aLiu/c)P — (La + aLiju/2c) L} +a/c(Lu/2 — Lyu) L, L
+r?R;aR; Ly —ar ?RjuR;L — cr~2(Lia + 2a\/c/r) A,
+[~L1La — Lyu/2cLia + er2A,a + v/c/rLa
—a(—c/r* + (—L1u)?/2¢* + LuLyu/4c® — 1/4c(u?/c® — |ug|*))] L1
+ [Lya(Lu/2c — v/e/r) — a(c/r? + Liuug /e + 1/2¢(u? /c* — [ug|?))]L.
Proof. — We have
[Lq, 8?] = u/cOL + up/2¢L — 1/4075/2uf8t — 3/4073/21&8“
(L1, A] = u;/cd; L+ 2y/c /3 Ay — 1/4¢75|u, |20,
— 3/4¢732|u, |20, + Au/2cL 4 24/c/r2d,,
hence, writing here b = a,
[bL1, P] = bLyu/cP — 2b/c*Liud? — (Pb)Ly — 2b;/cOrLy + 2¢b,0, Ly
+2¢/m?R;jbR; Ly + buy /2Oy L — bu,0,.L — b/r? RjuR; L — 2be\/c /T3 A,
— 2bey/e/r20, — b/Ac(u?/c® — |ug|*)(2L — Ly).

The strategy is the following: after some algebraic arrangements, we express L1,
using P only in the term (L1b)LL4, and take a careful look at the first order terms.
We have first

—2b;/c0; L1 + 2cb 0, Ly = —(Lb)L? — (L b)LLy,
ue/?0 L — up0, L = (Lu/2c) Ly L + (Lyu/2c)L?.
Next
—2b/c2L1ud? = —b/cLyu(LLy + 1/2L2 +1/2L3 + Lu/4cLy + us/cy/cL).
Now we replace, in the term (L1b)L L,
LLy = P +c¢/r*A, +2¢/rd, — Lu/2cL,
which gives
[bL1, P] = (bLyu/c — L1b)P — (Lb+ bLyu/2¢) L3 + b(Lu/2c — Liu/c)Li L
+2¢/m?RjbR; L1 — b/r*RjuR;L — cr—2(2by/c/r + L1b)A, + Q1,

where the first order terms ()1 are

Q1 =2¢c/r(byL1 — (L10)0r) + (1 L1 + ¢2L,

q = —b/202(L1u)2 — b/4c2LuL1u + bc/r2 — Lyu/2cL1b

— LiLb+c/r? Aub — 1/4c(u?/c? — |ug|?),
g2 = —b/c*\/eLiuug — be/r? 4+ LuLyb/2c + 1/2¢(u? /¢ — |uz|?).
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It is important to remark that
byL1 — L1b0, = b.(L — 2y/cd,) — (Lb — 2/cb,)0, = b, L — LbO,
=b,L — (Lb)/2\/c(L — Ly) = 1/2\/c(—L1bL + LbLy).

Collecting the terms gives the result. O
Putting together the two above Lemmas yields the desired expression.
Lemma1l.3. — We have the formula

i) [R",P]=(Riu/c— Lia+aLiu/c)P — A(R;)L? — Ryu/2cL?

+(7Riu/c+%(Lu/2fL1u))L1L+r’2Rj'deL1far’QRjuRijcr’Q(L16+26\/E/7’)Aw
+ [~ Riu/2¢*(Liu + Lu/2) — L1 La — Lyu/2cLia + cr 2Aua + v/c/rLa
—a(—c/r* + (—L1u)?/2¢* + LuLyu/4c® — 1/4c(u?/c® — |ug|*))] L
+[=Ryu/Ac? LyutLya(Lu/2c—/c/r)—a(c/r*+ Liuug /A \/e4+1/2¢(u? | —|u. |*))] L,

i) [S™, P]=(Su/c—2— Lia+ aLiu/c)P — A(S)L? — (Su/2c)L?
—l—(—Su/c—I—%(Lu/2—L1u)))L1L+7°_2RjZiRjL1—Er_2RjuRjL—c7“_2(L15+2E\/E/T)Aw
+ [=Su/2¢*(Lyu + Lu/2) — LiLa — Liu/2cLia + cr 2Aya + /c/rLa
—a(—c/r* 4+ (—=L1u)?/2c® + LuLju/4c* — 1/4c(u?/c* — |u|*))] L1

+[=Su/4c? LyutLia(Lu/2c—/c/r)—a(c/r* + Liuus /2 /e+1/2¢(u? ) —|ug|?))]L,

r—ct

iii) [H™, P]=(Hu/c— Lia+ aLyu/c)P — A(H;)L? — —(wA Ru); L}

w;(r — ct)
2¢4/c
- (tLluL + tLuLl)(ai — wié),«) + 2ct/r2RjuRj8i - QIi/CTQRjuRjat

+r?R;aR;Ly — ar *RjuR;L — cr~2(Lya + 2av/c/r) Ay, — 2us/c0;
Liu(—2cy/ctu, + (r — ct)Lu) — O;u/+/c

+ (—=Hju/c+ xius /¢ — twiu, + g(Lu/2 — Lyu))L1 L+ (—H;u/2c+ Liu)L?
c

Wi
4c2,/c
+ 2 /2¢2(us Liu — 2v/c(u? /¢* — |ug|?)) — LiLa — Lyu/2cLia + cr 2Aa + v/c/rLa
—a(—c/r* 4+ (—=L1u)?/2c® + LuLju/4c* — 1/4c(u?/c* — |u.|*))] L1
+ [+ L1u/4c? (wiSu— Hyu) — 0w/ /e +wi/ev/e(rug|? — ctu?) + Lu/2c(twi, — xius/c?)

+ Lya(Lu/2c — /c/r) — a(c/r* + Liuug/c2v/e +1/2c(u? /¢® — |ug]?))]L.

+ [~ Hyu/2¢*(Lyu + Lu/2) +
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Here,
A(R;) = La(R;) + Lyu/2ca(R;) + Ru/2c = La(R;) + R™u/(2¢),
A(S) = La(S) + Liu/2¢a(S) + Su/2c = La(S) + S™u/(2¢),
A(H;) = —w;A(S) — (w A A(R));.

Proof. — The formula are obtained by just adding the formula of Lemma 1.1 and
1.2, and using [L, L1] = Lyu/2cLy — Lu/2cL to replace LLy by Ly L. The expressions

of A(R;) and A(S) are clear. We get

~ w;(r +ct - - r—ct

A(H;) = Hyu/2c — (207\/E)Lu + La(H;) + Liu/2ca(H;) — 7or (w A Ru);.
Since

; t
H; =w;Hy—ct/r(wAR);,w;Hy = ML — w; S,
Ve
we obtain
A(H;) = La(H;) + Lyu/2ca(H;) — w;iSu/2¢ — 1/2¢(w A Ruy).

Using the definition of a(H;), we get the result. O

We will dispatch the terms in Lemma 1.3 into three categories:

i) A term which can be written in the form
Mloéaém, Mlaol_lzn,Mla(‘f)

will be called “standard”(st.); otherwise, it will be called “special” (sp.).
i) A standard term for which, for some v > 0,

o <CL+1)7177
will be called integrable (int.). Otherwise, it will be called “just”.

Rewriting appropriately the terms in Lemma 1.3, we obtain the following Propo-
sition.

Proposition 1. — We have
(Zyn, Pl = 6P + 31+ 35+ s,
§ = fZmu+ fOa+ foua,
i) >°, is a sum of standard integrable terms with
a=01/(1+)2E 11+ 1)du), o=oc1/(1+1)>N;.
ii) >, is the sum of the just standard terms

Sy = fOUDZ + [OZmud + fOUD,
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iii) Y is the sum of the special terms

Sy = —AL? + r2R;aR; Ly + fr 2Lial, + er 2Aualy
+ f(1+t)""OuR;a0 + fL1Lad + foulqad + f(1 +t)~ ' Lad.

Proof. — We proceed by inspecting the terms in Lemma 1.3, after an appropriate
rewriting. We discuss only the terms in [ﬁi, P], which are the most difficult, examining
the terms in the order they appear in the Lemma. The terms of the other [Em, P]
have the same forms. The special terms will be discussed in the next Proposition.
1. The term f/TL% is special.
2. We have
r—ct=f+o1f=for,

hence
r—ct

2cr
and using Lemma IV.3.1,

o1/(1+t)RjuL? = My /(1 + t) Zyu([Zom, L1] + fOZy).
Since [Zm, Ly] = M;0, the term is
Mieoy /(14 ) N1 (0 + 0Zy,).

It is st. int. with a = oy /(1 + ¢)2N;.
3. Recalling that
\/E

L= zﬁz ~7
o willi +5)

(wA Ru); = fo1/(1+t)R;u,

we note first

Ve r—ct NN 1
Ll( ) Llu; L(T+Ct) - 2\/E(T+Ct)2 ((T*Ct)LU*ZLC\/E).

r+ct’ 2/c(r + ct)?
Hence
(1.3) LiL— (1fflt)28u2m /(4 )07,
(1.4) L2 = /(04 1) Zm + [/ (1 + )0 Zy,.
We write

My ZpuLy L = Myeoy /(14 t)Ny (o1 /(1 4 £)2(0u) Zy + 1/(1 4 )0 Zy,,
hence both terms are st. int., with
a=c203/(14+1)* N1, a=cor/(1+1t)>N;.

We write
ftouL L = f(0u)?o1 /(1 + 1) Zy, + fOUOZm,

the second term is (just) while the first is st. int. with

a=e20?/(1+1)3((1 + t)ou/e).
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We write
faouL L = (07 'a)(fo2(0u)? /(1 4 )2 Zp + for /(1 + 1)OudZ,,),

showing that both terms are st. int. with

a=e203(1+ )Ny, a=co1/(1+1)°Ny.
We write _ N _

FHuL? = My Zu(f /(L + ) Zm + f/(1 + )0 Zpm),

hence both terms are st. int., with

a=co?/(1+1)°Ny, a=eoy/(1+1)N;.
4. To handle the term
tLyuL(0;—widy) = fL1uZm(wiR;/T) = My(8u)/(14+t) Rj+ fOU[Zp, R; 7]+ fOUD Zy,
we need Lemma IV.4.3. The term

My((1+ t)0ue)e /(1 + )2 Zp,
is st. int. with
a=-cor/(1+t)*((1 +t)du/e).
According to Lemma IV.4.3, he middle-term is equal to
My0u/(1+t)Zp + Myoy /(1 + £)0ud + fOu)(1 + t)R;ad.
The last term is sp., the first two are st. int. with
a=-cor/(14+t)%((1 +t)du/e).
5. We write the term tLuLq(0; — w;0,) as
fZmuLy(R/r) = f/(1+ t)*ZyuR + /(1 + ) Zpu([L1, R] + RLy).
Since
[L1,R] = fRuL,RLy = fN!ZpLy, [Zm, L1] = fN10,
the term is
My /(1 + )2 ZmuZ + My /(1 + ) Zpu( ZpuL 4 0 + 0 Zy,).

All three terms are st. int. with

a=¢eo?/(1+1)°Ny, a=ceoy/(1+1t)2N;.

6. We write
F/(+ ) RjuR;0; = My /(1 + 1) Zut([Zim, 03] + 0 Zy).

In view of Lemma IV.4.2, both terms are st. int. with a = eo1/(1 +¢)>Ny. 7. The
term r_QRjZiRle is sp.
We write
ar?RjuR;L = Mya/(1 + 1)* Zyu([Zom, L) + LZy),
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showing that both terms are st. int. with a = e0?/(1 + t)3N1. The next term is sp.,
then we write

far—*R} = fa/r*Ry(R;/r) = Mio1 /(L + )*Ni([Z, 0] + 0 + 0Zm),

which gives three st. int. terms with o = o1 /(1 4 )2Ny.
8. We reach now the first order terms. While

(1+¢)0u

foud,  f(1+1)(0u)20 = fe Oud = foud,

are just, we write
F(0u) Zud = My Zpyudud,

which is a st. int. term with o = 20y /(1 4 £)2Ny.
9. The next four terms containing a are special.
10. We write then

F/A+0%0 = for /(1+)°N10,  fa(ou)?d = fe2o1 /(14 t)2((1 + t)due)d,
hence the two terms are st. int. with
a=o01/(1+1)°N1, a=o01/(1+1)>*(1+t)ou/e).
Finally, the terms in L have exactly the same structure, with the exception of
F 4+t LyaL = fLya(o /(1 + ) (07 Zym)
which is st. int. with a =o1/(1 4+ t)QKH. O

The following Lemma displays the structure of the most delicate terms in ) .

Lemmal4. — We have
Vela = —Sg(x/(Q\/E)(Zmu + (@ —a)Lyu)) +e(1 +t) " tsga + [u, Selay,

0 (VeLa) = =0,Sp(x/(2Ve)(Zmu + (a — @) Lyu))
+e(14t) " tsga, + urSpar + 01 [u, selar,
0 (VeLa) = —0,Sp(x/(2v/e)(Zmu + (a — @) Lyu))
+e/(141)2spa + /(1 + t)spas + us Spay
+u/(1+t)spa, + (14 t) " tsqua, — Spusa, + Souras + 01[u, sela,
r 2 RiaR; Ly = My (1 + 1) 205(59a)0Zpm + My (1 + ) 205(s9a)d,
fro20yan, = My(1+t)~40a)(R/7) Zm
+ My (9a) (01 /(1 +)°) (07 " Zm) + Mi(1 + ) 7(9a) (010 + 0(s90))9),
er2A,a0 = f(1+1)7203(s9a)0, f(1 +t) " 0uRad = f(1 +t) 202(sea)0.
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Moreover, we have

(1 + |04a| + |0ral + a2 /o1 + e 21 + 1) (| Zodu| + | Zou/o1|))oy LAl Lo

<Ce(1+t)7 1.

Proof

a. We have

VeLa = (0 + cdy)a = e/(1 + t)spa + [¢, Spla, — Se(v/cLa),
which gives the first formula. The second formula follows, since
OrSpa = Sgay, 0.Spb = 0159b.

The third is also clear, using the formula of Lemma IV.5.1, since Spb,. = 015¢b.
b. From the definition of sy, we have

Risgb = h(w)fasgb, A,Seb= fO2s4b.
Hence
r2RjaR; Ly = h(w)r~20spaR; L1 = My (1 + t) " 20389a(M10 + L1 Zp,),
er?Ayaly = f(1+t) 2025000,
f(L+ )" rouR;a0 = f(1+t) 20259a0.
c. We have
fro’LyaR; = fro'LyaR;(R;/r) = My(1+ )" 0a([Zm, Ry /v + Ry [1Z).

Using Lemma IV.4.3, we get the result.
d. Using Lemma IV.5.1 to evaluate [0, Sp] and Lemma IV.3.1 to express R, we
can write

VA = (1 + )07  spar + e(1 4+ 1) 105 sg M1 Z!, a + [u, Splay

— So(x/(2v/@) Lyu(a — @) + 12‘72%14 X V0 Zots — 8o/ (2V/) Zot).

Using the already established formula sg(o1b) = o159b + Hflsgb, we can bound the
first three terms of o; ' A by

Ce(1+ )70 dal + Ce(1 + ) 7105 M| (o7 Z0,a] + |ar]).
Next, since
|b— Spb| < COT b, + CO  (|b] + |Rb]),
la —@| < C6;*|0al + CO;  (|a] + | My]| Zmal),
X/ (2V0) Zmu/or — So(x/ (2v/€) Zmu/o1)| < Ce(1 + 1)~ (07 [Ma] + 05 [ Ms)).

Note that the error term produced when introducing oy 1in Sy is bounded by

Ce(L+6)76, M.
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Finally, observing that
| Zmu| < C|Zoul,05a| + |0,a| < Clal/(1+t) + Clas| + Clay |,

we see that we can use Lemma IV.1.2 to control the terms containing (1 — X)al_lfmu.
Taking (1 big enough with respect to |Ma| yields the desired estimate. O

VI.2. Higher order commutators. — Taking a standard cutoff ¥ = X (r/(1+1))
(that is X(s) is zero for s < 1/2 and one for s > 2/3), we write

[ETMP] :Y[vap] + (1 _Y)[vap]a

and use the formula of Lemma 1.3 for the first term, the formula (1.2) of Lemma 1.1
for the second.
We need now a Lemma describing the structure of [Z%, P].

Lemma2.l. — Writing in short
[EmaP] =40P+Q,
we have
i) (ZF, P =S Zh6... ZLsze P+ S 286 256 29.Q 7P,

By an abuse of notation, we do not put indexes for the 6 and Q, though there is one
for each Z,,. In the first sum,

i=z1, p+X.(L+1) <k
In the second sum,
qg+p+2 (ki+1)<k-—1
ii) 28 Zm, P\ZE, =S 2106 -+ Z16Z0 P + S ZR S - 256 281 Q272
In the first sum,
izl pm+Y(+1)<p+tqg+l
In the second sum,
prtp2t+X(kit1l)<p+q
Proof. — For k =1, i) is clear. We write now
(ZEF P) = Z,|ZF, P) + | Zn, P) 2L,
We see that Zm acting on both sums yields only correct terms. On the other hand,
[Zym, P\ZF = 6[P, ZF) + 628 P+ QZF

and all three terms are of the desired form. This proves i). The proof of ii) is
completely similar. O
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VII. L? estimates of u and a

Using the structure of PZ’fflu displayed in VI, and the energy inequality for P,
we want to estimate now |0Z%uly. Similarly, we will estimate |0ZF alo. To this
aim, we introduce some notations. We set, with @ = a(R;) or a = a(S),

Ap = (L) (loy 23 alo + 1237 0alo), k> 1, ér = 3 [Nklo, k>0,

0
O = L+ )(1Zh0ulo + oy Ziulo) + |23 0o + oy Zy Vo, k> 1.

The point of these notations is that the “bad” Ny is Z’;Zi, that we were forced to
introduce to have Lemma IV.3.1. The quantity ¢} is just ¢ deprived of this bad
term. Note that, since @ is supported for o1 < C(1 + ¢)“°¢, we have

O < C(L+ )%y,

but this “small” amplification factor is very important in all this paper. According to
Lemma V.1.1, we have

&, ~ e (L +1)| ZE dulo + | 251 Do
Since the energy inequality will control 82,’;‘“% we introduce also
"= e Y1+ 1)[0ZE ulo + | ZFa),.
Thanks to Lemma IV.4.2, we see that, assuming
& <CA 4+t 1<k,

we obtain
[ZFFY Olulo < Ce(1 4 1)9% + Ce(1 +t) 1| 2k dalo.
It follows that

Plpr SCA+OTOE 4+ Coly, Pl SCA+DTE + Ol

VIIL.1. L? estimates of u

Proposition 1. — We can choose 31 and (32 — (1 big enough to ensure the following
implication: Assume that, for 0 <1 <k < 2(sg —4) — 1, we have

INiJo < C(L+8)'FC 4 < C(1+1)°.
Then, for some v > 0,
|PZE o < Ce(1+ )17 + C2(1 + 1) 710 4 Ce(1 4 1) 2V dpyn
+ Ce®(L+ 1) 2@} + Ce(L+t) 1 T Ay + Ce*(L+t) Ay

1/2
+o(+ t)—1+05(/

ep(Tifolu)de)
01 <C(1+t)Co=

Remark that the statement of the Proposition does not change if we replace ¢;
by @1
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Proof. — Before proceeding, let us explain how we classify the various terms of
PZ’jflu. We call SC (for subcritical) the terms which can be estimated by already
known quantities, that is, using the induction hypothesis. We wish these SC terms
to be bounded in weighted norm either by (1 +#)~1=7, or by £2(1 +¢)1+¢ (y will
denote here various strictly positive numbers). In both cases,

t
/ ISC term|odt’ < Ce(1 +1)°F.
0

The other terms are called C (critical) terms, and are more delicate to handle, since we
want them to be bounded by quantities we control directly through energy inequalities,
in such a way that application of Gronwall’s Lemma will be possible without damage.
More precisely, the quantities we expect to control are

025 ulo,  |0Z},alo,
using the inequalities for P and for L respectively. The C terms for which we have an
easy control will be bounded by (1 +4#) 72 V¢ 41 or e(1+¢) 7177 Apy1. The limiting
case will be C terms bounded by e (14t)~2¢}.,; or e?(1+t) "' Ap41. Finally, one term
involves the special derivatives T;, and is expected to be handled using the control of
these special derivatives given in Proposition V.3.1.

A. 1. According to Lemma 2.1, ignoring ¥ here, we have
PZut =S 2306+ 262021 + X + ) (Zinu),
with
g+r+>(ki+1)< k.

We are going to write down operators like Z%Q, and estimate the corresponding
terms. With the notations of Proposition 1.1,

ZhQ =235 + 25 + 255
A.2. We have
Z8S = Y. ZUMZEA|ZE0Zm + 28 (07 Zm) + Z50).
a1 +a2+393=q
Now Z& My = M4,
ZE /(1487 1+ 00u) = o1 /L + > T [Ny - Ny Tl < g,
7801 /(1 +10°N) = 01 /(1L + 0 X fNi, - Niy, ki <1+
Using Lemma IV.4.2, we also have
Z80 =025+ fNi, - N,0ZE, S li+p<gs p<g—1,
2807 Zn) = o7 S fNG - NLZD, 4D <gst 1
We will often use the following standard remark: we have

M, =fNIN, Ny, ;=2 S(i—1)<r—1.
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Either all [; are < sg — 4, or one of them at least is > sg — 3; in the latter case, noting
S'(I; — 1) the sum corresponding to the other indexes, we have

SVl —1) +89—4<r— 1.

If r < 2(sg — 4), this implies that for all other indexes, I; < sg — 4.
Hence

C(14 )% |Njso + C(1 + t)'+¢=,
C(1+t)1*%, r<k.

| Mii1]o

<
|MT|0 <

If g1 = q¢ = k, the corresponding term in Z‘% > Zﬁ@u is bounded in weighted L? norm
by
|Mii1lolag(l+8) 2ot poo < Ce(1+)727Y(1 +t + | Nis1lo)-
If go = q = k, the corresponding term has the same bound, and also if g3 = ¢ = k
or r = k. In all other cases, the term is bounded by Ce(1 +¢)~1=7. Since § = FN,
Z’j{'é = M4k, 1+ k; <k, the term involving ), in PZ’fflu is bounded in weighted
L? norm by
Ce(1+1t)"7 + Ce(1+t)"27|Nig1lo.
A.3. We turn now to the terms involving > ,. We have
Z85, Zhu= Y ZU(fou)ZBOZ5u+ Z2,(f0Zmud Zu).
q1+q2=9
For the first term, we have as before,
Zi(fou) =L+ My, @121,
Zﬁj@gfnu = 827‘1,5"'7@ + Zfﬁll . -Nliaiﬁ’“u, SlLi+p<q p<gr—1.
If go + 7 = k, necessarily g1 = 0 and no § terms are present, hence the corresponding
term is bounded by
Ce(1+ 1)~ ZE ).
If go+7 < k—1, the weighted L? norm is bounded by Ce?(1+t)~*+¢¢. For the second
term, either ¢ = k and all derivatives fall on the middle term to give f@Zﬁj‘luau,
or the powers of Zm acting on u are all at most k. In the first case, the L? norm is
bounded by
Ce/(1+1)|e?/20ZF .
In the second case, it is bounded by Ce?(1 + t)~1T¢¢. To summarize, the term
involving Y7, in PZ%u is bounded in weighted L? norm by
Ce2(1+ )10 4 Ce(1 + ) HeP 2025 ul 2.

B. We turn now to the special terms Zﬁn s Z’%u We claim that, if p+q¢ < k—1,
all these terms are SC. In particular, any term in PZ%lu containing at least one &
factor will be SC, since then

ptq<k—1, k<k-1L.
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It is also important to remark that, for SC terms supported for o7 < C(1 + )02,
powers of o) are not crucial, since extra factors (1+4¢)“® are admitted in the estimate
of the Proposition. In what follows, the index r is always r =0 or r = 1.

B.1. We have

Z3 (r2RjaR; Ly ZPu) = My, (1 + t)"205(ZP 59a) D ZE2 Py,

with i =14+ p; +p2 <q Ifp+q < k—1, the term is SC, and also for p 4+ q = k,
except for the C terms

My (148)205(s60)0 25w, Myyy (14+) 205 (s9a)0Z7 u, My(14t)"205(ZE 59a)0 2] .

Considering the last term, using Lemma IV.5.3, we see that all terms in [ZF | sg]a are
SC, except
07 (M sg[My; 1My ZF a + Mysg[My; |My Z7,a + Mysg[; My My ZF a
+ Mysgl; MMy Z7 a4+ MysgMy ZF a + Mysgl; Mya + My ZF " a)My).
These terms are bounded in weighted L2 norm by K; x |Z¥ alo, Ko X |Mj1]o. Here,
Ky =07 Moo=, Kz =07 (2 al + |Mi|=).

Let us explain here once for all the meaning of such expressions. The notation My, Mo
etc. is a commodity not to write explicitly the exact powers of ]Vl involved. The point
is that these powers, in the finite computation we are doing here (once sy has been
chosen), never exceed some number depending on sg. The important fact is that,
according to Proposition IV.6, ]\71,1 < 59 — 4 is bounded in L> norm by C(1 +#)“1¢,
where C; does not depend on 6. Hence, here and in what follows, we can choose (31
big enough to have

|Ki| < C(1+1)"9",

with C’ as big as we want.
Returning to our term, we see that its norm does not exceed

Ce(14+t) 77+ Ce(1+1) 2 Vpar + Ce(1+1) 717 Apyy.
The same analysis applies to the terms coming from
er2A,a0,  f(1+t)"rouRad,

with the same result.
B.2. We have

Z3 (fr2Lyal, ZPu) = Z9 (My (1 + t)~2(0a)(R/r) ZP )
+ Z8, (M1(0a) (o1 /(1 + t)%) (o7 Z81 ) + Z8,(M1(9a) (o1 /(1 + t)*)0 28 u)
+ Z9 (My(1 4 t)~205(8a) (s9a)0ZP,u) = (1) + (2) + (3) + (4).
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The term (4) is handled just as in B.1. The term (3) is analogous to (2), with one
less derivative. We have

(2) = My, (01 /(1 + t)*) (28 0a)o; ' 282,
with [y — 14+ p1 + p2 < p+ ¢q. The only C terms here are
Mi(o1/(1+)*)(@a)or  Z5u,  Mi(o1/(1+1)*)(Z},00) (07 Zmu),

Myy1 (o1 /(1 +)%)(0a) (07 Zmu).

They are bounded by Ce(14+t)~27 V¢ 1. The SC terms are bounded by Ce(1+¢)~177.
Using Lemma IV.4.3, we can write

W= S M0 (ZRa)R/r) 2
li—14+p1+p2<gq

+ Y M, (148228 oa) Zr
li—14p1+p2<q

+ b My, (o1/(1 + £)2)(ZPr 0a)o Zr> TPy,
l1—14+p1+p2<g—1
+ Z M, 02/ (1 + t))(ZP10a) (272 s9a) 0 ZP3 TP+,

l1—1+4+p1+p2+ps<g—1

The last three terms come from the commutator of R/r with some power of Zm, and
the last two are SC and bounded by Ce(1+t)~1=7. The second term is easily handled
and bounded by

Ce(1+t) "7+ Ce(1+1) "2 Vg1

If po + p+ 1 < k, the first term can be rewritten as
My, (14 t)"2(ZP18a) 22 P2y,

The C terms are then

My (1+8)72(0a)Z2u, My(1+1t)"%(ZF0a)Z2 u,

My, (o1/(1+t)*)(Z819a) (o7 P Z5 ), 1+ pr < 2.
All others are SC terms. The sum of all terms is bounded by

Ce(14+t)" 77+ Ce(14+) > Vg1
If po+p+1=Ek+1, we keep the first term as
My (1+t)"Y(8a)R/rZF  u.

If we think of R/r as f0, we cannot control this term. We have to keep in mind that
R/r = fT; and keep the term as such for later treatment.
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B.3. We have
Z3 (fOuL a0 ZPu) = Z% (fe(1+ )" 0adZP u)

= > fe(l+t)"NZnoa)dzhu
p1+p2<p+q
+ > My, e(1+ )" (2P 8a)0 ZP>u.
l1—1+4p1+p2<pt+g—1

All terms in the second sum are SC. The only C term in the first sum is
fe(1+ 1)1 Z" dadu,

which is bounded by Ce?(1+t)~2¢),,. All SC terms from both sums are bounded
by Ce2(1 +¢)~1+C=,

C. To understand the behavior of the last three special terms
—AL?, fLiLad, f(1+4t)"'Lad,

we cannot consider La as an N;. We need make explicit its closeness to La, and, in
particular, show that a factor € is present in its estimates.

C.1 We prove the following estimates:
| ZL (VeLa) L~ < Ce(1+1)714% 1< s9—5,
|ZL (eLa)|o < Ce(1+6)°°, 1<k —1,
|ZF (VeLa)|o < Ce(1+ )% + Ce(1+ )% ¢pqr + Ce(1 + )% Apyr.
From Lemma 1.4, we have with a self-defined F

VeLa = —SpE + (1 +t) " tsga + [u, Sela,.

a. We have
ZLE = (x/ Vo) (Z u+ (Zha - Zha)Liu+ > (2" a — 21,13 ZL, Lyw))
>1
+ 3 M (Zh P+ (2L a - Zh @) Zh T L),

r<i—1
If il <k-—1, all terms in
Z%,, S| E + Sy 2. E
are SC, and are easily seen to be bounded as indicated. If [ = k, the only C terms in
ZFE are
F(ZE - (ZEa — ZF @) Liw).
These terms, and also all other SC terms, are bounded as desired. Since we do not

care about factors (1 4 ¢)©¢ here, we see that the same bounds are true also for all
terms in [ZF, Sy|E.
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b. We have
ZL(e(1+ ) s00) = o1+ )7 (2L, sola+ so(Zhya) + S My, Z2sga).
Li+12<I
The terms in the last sum are all SC, and bounded as desired. For [ < k—1, all other
terms are also SC and appropriately bounded. For [ = k,
1ZF alo < C(1+ )07 Ay,
12}, solalo < C(1+ )T Ay + C(1+ 1) Gppa.
c. We write
Zln([u, Solar) = Z Zl}luiﬁ‘;&gar - [Zﬁn, Selua, — Sngn(uar).
Li+la=l
We do not use here the bracket structure, estimating each term separately.
C.2. We prove the following estimates, where A = 0,. or A = 0;:
1Z! ALa|p~ < Ce(1+1)714C 1 < 59— 5,
|ZL ALalo < Ce(1+1)°%, 1<k—1,
|ZE ALdlo < Ce(1+ )% + Ce(1 + 1)Ly y + CeApia.
We handle only A = 0, the other case being similar and easier.

a. We have first
0:SoFE = SoE; + 659(1 + t)_lE,

By = 0/ (2v/)) Zontu + (0 — @) Lyu)
+ (X (2VE)) (0 Zmu + (ar — @) Liu + (a — @)d; Lyu).
We note first that

a(x/(2ve)) = for .
We observe now, using Lemma 1.4, that all terms in 9;(y/cLa) are either

i) linear in 07 Zpu (r < 1),

i) bilinear in 8 u (r < 1) and 8" a (' < 1) or 8”@ (' < 1), with the exception of
(a —a)d¢Lyu,

iii) linear in 9"a (r < 1) with a coefficient at least as good as e(1 +¢)~ 1.

Since we do not care about factors (1+¢)°¢ in the estimation of SC terms, we obtain
that all SC terms in ZlnALE have the desired bound. We concentrate therefore on
C terms, which can occur only for [ = k. If we ignore at first the bracket terms in
Z’;@tS{;E, we can consider only SQZZZE“ since the other term involving (1 +¢)~'E

is similar and simpler. The C terms in Z’jLEt are
fortZE Y, for Y (ZFa — ZFa) Ly,

m

ZF 0 Zpu, (ZFay — ZF0ia)Lu, (ZFa— ZF@)d,Lyu, (a — @) ZF 0, L u.
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Except for the last two terms, they are respectively bounded in weighted L? norm by
Ce(L+ 1) Gy1,  Cedppr + Ce(l+1)" ¢y,

Ce(L+ )% + Ce(1+)71¢) 1, CeApr +Ce(l+1) " hyq.

We now write
|8; L1u| < C|LLyu| + C|L?u| < Ceat ™ (1 + )27 4 C|L3u|.
Thus, using the Poincaré Lemma, and Lemma IV.4.2, we obtain
(ZEa — ZE@)d, Lyuly < Ce(1+ 1) )y + CeAyprr + Ce(1 +)°.

For the last term, we write

|ZF 0y Lyulo < C|ZEH 0ulo + Ce(1+ )%, |a —a| < CO7 M.

Choosing (1 big enough in the sense we have already explained will give |a —a| < C,
which finishes the estimate of |SyZX E|o. Now, as explained before, if 31 has been
chosen big enough, the bracket terms

2, SolEw,(Zf, sol(L+0)7'E

generate terms having the same bound, except the terms involving Mj.;. This terms
will be bounded by

COT e(L+t) Ty < OO (1 + 1)1 gL,
which have the desired bound if 3; is big enough.

b. The term /(1 + t)%spa is much better than /(1 + t)sga;, and similarly the
terms u/(1+t)sga,, (1+t)"1sgua, are much better than u;Spa,, Spusa,. Considering
only

Zln(&/(l + t)sgpar + usSpa, — Spura, + Spuraz),
we see that all terms are SC, except when [ = k. In this latter case, the C terms may
come only from
e/(1+ t)ijlseat + uth;SgaT — Zﬁngutar + Z’%Sgwat.
Ignoring first the bracket terms, we obtain the desired bound Ce A1 for the C terms,
and the bound Ce(1 + )¢ for the SC terms. For the bracket terms, we proceed as
before, getting the same bound plus Ce(1+¢)"'¢} ;.

c. The term 64[u, sglas, being already amplified by 61, is the most delicate to

handle. We write
Z! ([u, sglar) = Z ZhuZ2sgay +uZl sear — Z° squay.
li+la=1,01>1
If I < k—1, all terms are SC and bounded as desired. If [ = k, we use Lemma IV.5.4
to express Z’;se. This Lemma displays terms of three types:
i) A term fsefon, critical with no amplification,
ii) Subcritical terms,
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iii) Possibly critical terms accompanied by a factor 65 L
We obtain

017" [u, solay = 01 f[u, so] fZF as + 61 x SC terms + 0165 (. ..).
The first term is bounded in weighted L? norm by
C(|ur| o + 01/02|Ru| )| Z5 arlo.

Having chosen 0, we can choose (2 big enough with respect to 31 to obtain (on the
support of a)

91/92|RU|L00 < 06(1 + t)il.
The SC terms are bilinear in v and a and bounded by Ce(1 + t)°c. The terms
containing 6,05 L are either SC, or involve Z’f@at or Myy1. We handle them as usual,
choosing (32 — 31 big enough if necessary, and get the bound

Ce(1+ )% + Cedpyr + Ce(1+1t) 1.

C.3. Consider now the term Z4 (f(1 +t)"*LadZ?,u). All terms are SC, except if
p =0, g =k the only term
f 4+t~ Zk Laou.
According to the estimates of C.1, the weighted L? norm of these terms is bounded
by
Ce(14+t) 7+ Ce(1+1) 2 Vpyr + Ce(1+1) 7 Apyy.
C.4. We use the estimates of C.2 to handle the term ZZ,(f ALGOZE,u). We obtain
right away the bound
Ce2(1+ )10 4 C2(1 + ) 2 q + C* (L +t) Apya.
C.5. We consider finally
ZL(ALYZbu) = Y (ZLA)ZELIZDu.
q1+q2=q
a. For 1 < ¢; <k —1, all terms are SC. Remembering that L, = me, we write
(Z9La) 292 f Z fOZP, 0.
Using the estimates of C.1, we see that these SC terms are bounded as desired. For
the other part of A, we write, since L? = f9% + f/(1 + )0,
ZOTWZLL2ZP 0 = My(1 4 t) " (284 ) 235, 0u + My(Z9+ )0 Z2, 0u,

where in both sums [ — 14 s < p+ g2. Using 9 = Mlol_lzn in the last term, we see
that all these SC terms are bounded by Ce?(1 + ¢)~1+Ce.

b. If ¢ = k, we have the term Z’ZZL%U, which gives (apart from trivial SC terms)
Z’;LEL%U, Z’;HuL%u. Using Poincaré Lemma, we see that the last term is bounded
by

Ce/(1+ )02} ulo,
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which is the desired bound. Similarly, the first term is bounded by
Ce/(1+t)|0.ZF Lal,.

Here arises a slight technical difficulty: the commutation of 9, with Z’% yields non
radial derivatives, and our C.2 estimates are only for A = 9, or A = 0,,. We have
easily, in the spirit of Lemma 4.2,

2,0, = Y My.Z.,0.
I<k—1
Hence
0,2k La = ZF o, La+ >, My, Z! dLa.

If, in the last term, 9 = J;, we use C.2. If not, we write

0;i =wiOr + f/(1+t)R= fO, + M1 /(1 + 1) Zp,

and anE)LE yields either SC terms involving Zl,/LaTLﬁ that we have already handled
(in C.4), or terms

> @+t Mz La
U<i<k—1
that we have already handled in C.3.
c. Finally, if ¢g; = 0, apart from already discussed terms, we are left with

We proceed now exactly as in the proof of Proposition IV.1, e), writing
01L1 = fZy + [(@/01) Zm + f@% /o1 L,
so our term is
(AJo))(f ZmLn ZEu + f(@)01) ZmLn ZEu + f(@%)01) Zim 1 Z8 ).
Using the estimate of Lemma 1.4, we obtain the bound
C2(1+1) 19 4 Ce®(1+1) 2 @),y
D. Taking ¥ into account now, using Lemma 2.1, we obtain
[Z4H Pl = 3. 23,2, P2,
as the sum of the main term
X 24 (Zm, P\Z8,
and terms supported on the support of 1 —¥. The main term has been analyzed in

A, B, C using the expression of [Zm, P] given in Proposition 1.1. The other terms
are easily analyzed using formula (1.2) of Lemma 1.1, and yield terms bounded by

Ce(1+1)"2 Yy O
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VIIL.2. L? estimates of a. — We estimate now the perturbation coefficients.
Proposition 2. — We have the estimate

(1+ )Y ZEdalo < C(1+ )% + C(1 + )10 25wl
t

¢ ¢
+C/ 5Ak+1ds/(1+s)+0/ Ak+1(1+s)*1*7d5+0/ edhi1(s)ds/(1+ s)2.
0 0 0

Proof. — The new difficulty here is that the fields H; do not commute very well
with L: we have to use H instead.

1. We construct a calculus just as in IV.3. We define f as before, and keep the
fields
RTZR1+E(R1)L1, Sm:S+a(S)L1, K=L+ L.
We replace H™ = H; + a(H;)Ly by H,, = Ho — a(S)L;. We denote by Z,, any one
of the fields

R™, S™ K, Hy—a(S)L,

and by N any of the quantities

k—1. —k—1,_
a, Z, Oa,

m ) m

A+ e o7 Z0 u, 1+ )20 du, 07 20 16, Z

where @ = a(R;) or @ = a(S). We have for these fields the usual calculus Lemmas:
Lemma 4.1 is straightforward. Note also

r4ct/veL=Hy+S=Hp+S"=Zm, L1=K-—L=fZn.
The analogue to Lemma 3.1 is also true:
R=fZm+ fN1Zpm, o01L1=fZm~+ fN1Zm.
We define as before quantities

My =5 fN\Np, - Nay by 22, Sk —1) <k — 1.

The following Lemma gives the relations between the fields Zm and Z,,.

Lemmal — We have the formula

1) 7Z:Zfﬁklﬁklzsm p)lazkz‘i’pgka

if) Zk =S [N\ Ny, - N, 200

Here, k;j 22, (k; —1)+p<k—1.

iii) Ni= Y fNi--Ne, My=DM;,

(X k;i<k)

. = - — —ptl

iv) Zh = (f+ for A+ 00 Zy + Y. My pZy
0<p<hk—2

Note that |o1/(1 +t)a| < C.
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Proof
a. We have

H,=Ho—a(S)Ly = S wilH" — (X wia(H;) + a(S) Ly = 3 wi Zom,
which proves i) for k£ = 1. Conversely,
ﬁzm =H;+a(H;)L1 = w;Hy —ct/r(w A R); + a(H;) L1
= wi(Hy — a(S)Ly) — ct/r(w A R); — (r — ct) /r(w Ad(R))s Ly
= [Zm + for /(1 + t)aZm,

which proves ii), iii) and iv) for k = 1.
b. Formula i) is immediate by induction. Formula ii) can be written
ZE = 3" My 2o
p<k—1

Hence the calculus on M proves ii) for all k, and the same reasoning applies to prove
iv). Finally, iii) follows from i) and ii) by the very definitions of the quantities, since

M, =DM,, Np=DM;, Ny=DMy. O

2. We have the following commutation Lemma.

Lemma2. — We have
i) (Zm, L1) = (f + [ND)L+ (f + fN1) L1,
ii) [Zm, L] = fdL1+ (f + fN1)L.

Here, d means one of the three quantities
d = La(R;) + R™u/2¢c, d= La(S)+ S™u/2¢c, d= Lyu.
Thus the critical quantity d is just A (or Liu). We have, with Lw = g, the formula
i) (L, ZoJw=YfNy, N, Zw g+ S fZ00.. 28 ANy, - Ny, I 2w
g — —qi——— — =k
+ XA+ Zpd. ZydNyy o Ni Zy w =30+ s+ 2

InZI,legk, li+1<k71. ITLZQ,Z>1,Z+ZQ]+Z]€Z<]€, kj+1§k71.
Iny . i>21,i+> ¢+ ki<k+1, 1<k <k-—1

Proof. — Since i) is clear, we need only prove ii), the proof of iii) following then
exactly as in Lemma II1.3.3. We have

(R, L] = (f + fN1)L — (La(R,) + R}*u/2c) Ly,
[S™ L] = (f + fN1)L — (La(S) + S™u/2¢) Ly,
[H,n, L) = f + fN1)L + (La(S) + S™u/2¢) Ly,
[K,L] = Lu/2cL — Lyu/2cL,. O
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3. We write now

La = —x/(2¢)(Zu+ aLiu) = —x/(2¢)(Zpmu + (@ — @) Liu),
LLia = g1 + Liu/(2¢)Lia = G1, LR/ra= gs —/cRa/r* = Gy,

with
gi = f/o1Zmu+ fOZmu+ fou(ajor) + fOuda+ fou(a/oy) + fouda+ f(a—a)dL,u.

Using the structure of the g;, we see that all terms in 7ingi are SC (in the sense of
Proposition 1) for [ < k — 1 and

—l —l
|Z, gilo < Ce(1+1)°%, [Z, gilp~ < Ce(1+t)"1FCe,

For G, we have the same estimates as for g;. If [ = k, we can replace the fields Z,,
= —k

by Z,, in the critical terms of Z,, g;, this substitution generating only SC terms with

the already seen estimate. Hence

|ngz|0 + |Z Gilo < Ce(1+ 1) 4+ Ce(1+ 1) ¢y + CeApya.
The delicate part is the estimation of 7;(\/51:{(1/ r?) in 7inG2. We write

w(VeRa/1?) = \/e[rZ,, (Rafr)+ > (1+1)"'M,Z,," (Ra/r).

ll1

1<hi<!
Now Ra = M1Za
—l—1 1= —l—1— 12+1
Zp ' (My(L+ ) Zpa) = > (141t 'Miy1, 2, a,
0l <=1
Z,,(VeRa/r?) = \e/rZ,,(Ra/r) + Y (140 2Myy, 7, "
(121,11 +12<1)
If | = k, we keep the first term as it is, the second sum being bounded by
Cl4+t) "7 +CA+t) 7 Agy1.
If ] = k — 1, we compute the first term as before, and obtain for the whole of

Z]:n_l(\/ERa/rQ) the above bound. If [ < k — 2, the bound is the same as before,
without the critical part containing Ay4.
4. With w = Lyja or w = Ra/r and Lw = G, we write the result of Lemma 2 in
the form
L?l:nw = Zl:nG + Z Mk—l7inG + fElel:lw
I<k—1
ot S MZLdZy, twtort Y MiyoZmdZiw.

1<q<k—1 p=1l,g21
pHq<k—1
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All terms of the second line are SC terms, and we see using the C.1 estimates of
Proposition 1 that they are bounded by Ce(1+4t)“c. We also have, using the estimates
of 3.,

> M iZ0,Glo < Ce(1+ 1)+ C(1+)7 + C(1+ 1) 7 Aps1.
I<k—1

We handle the critical term 8L17:;1w exactly as we have done with the term ZL%anu

in C.5 of the proof of Proposition 1. Using the energy inequality for L, we finally get

1+ )" (Z" Lyalo + |Z5, (Ra/r)]o) < C(1 + t)Ce

+ C/Olt epryp1ds/(1+ s)* + Ce /Ot Agp1ds/(148) + C/Ot App1(1+8)" 1 7ds.
From the very definition of a, we obtain
Z% Laly < Ce(1 +)°° + Ce(1 + ) App1 + C(1 + £)C5|0ZEH .
Adding this to the preceding estimate, we get

(1+8)7YZ" daly < O+ )¢ + C(1 + t) 71|92k
t

t t
+C’/ 5¢§€+1ds/(1+s)2+05/ Ak+1ds/(1+s)+0/ A1 (1+s)"17ds.
0 0 0

Now, using Lemma 1, we can replace the fields Z,, by Zm in the above estimate,
obtaining the desired result. O

VII.3. End of the proof of the main result

a. We first use the energy inequality and Proposition 1. In doing so, we have to
take care of the special quantity

t
E:/ (1 + )~ 925 o | T2 ZEH ot
0

arising from

// e?|PZF |0, 28 u|dadt .

It is understood here, in accordance with Proposition 1, that the integral of TZ-Zﬁjlu
is taken only on
o1 < CO(1 +t)C0e,

Using Cauchy-Schwarz inequality, we obtain, with a > 0,3 > 0 to be chosen,
t t
E < a/ (1 + ") 7P|z 2dt + 1/(4a)/ (14 t)72H20tBe 19 701y 241
0 0

Since the energy inequality gives us a control of

t
// P (1 + DV () STy 2y ) deedt
0 Jr>t)2
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and V' (v)) = Br|yp| 7V, we have, by Lemma I11.3.4, a control of

t
/ / eP(141) =2 ST 28 )2 dasdt’.
0 Jo1<C(1+t)Cos

Taking 8 = C5 and « small enough, we see that the first term of F is absorbed in the
left-hand side of the inequality, while the second is smaller than terms already there.
b. We have now

t t
075 Lulo < Ce + cg/ dt' (1 +)|0Z5+ )y + c/ \PZE ot
0 0
t t
< Ce(14+1)° + Cs/ G dt' /(L +1)*7 + 052/ Ghopadt' /(1 +1)?
0 0

+ Ce /Ot Aprdt’ ) (1447 4 Ce? /Ot Apadt' /(14 1).
We set here for convenience

Epyr = Y0ZF  ulo + Agyr.
We use now the formula

\ZF 8o < C(1+ )10 + C|ZE dalo + Ce™ (1 + t)[0Z5 ulo.
To prove it, we go back to the formula
ZFoa = 2" 10, Spla + (2, Ss)0a + Sy Z* da.

As before, the first two terms in the right-hand side involve

i) Terms already bounded by the induction hypothesis,

ii) Terms bounded by |Z* da|o with a coefficient of the form 67 *Cy(1+¢)%¢, where
C5 and C3 do not depend on 6.

iii) Terms involving Nk;Jrl, with a coefficient of the same form as in ii).

The part of Nk-‘,—l involving @ will be absorbed in the left-hand side by choosing
B1 and 69 big enough. Keeping the part involving derivatives of u, we obtain the
formula. Using it, we obtain

1+t P <CA+1) + CEpya.

With these notations, the control of 827’%*% given by the energy inequality for P and
the control of Ax11 given by the energy inequality for L, added together, give

t t
B <C(141)% + C’/ Eppidt’ /(1 + )7 + Cs/ Epadt' /(1 + 1),
0 0

which yields by Gronwall Lemma Epy; < C(1 + t)c. This proves the induction
hypothesis for | = k + 1

|Nisilo < O+ 670 Ay <O +1)C5.
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c. It remains now to obtain, for the standard fields Zy = R;, S, h;, 0,
|ZEOu| 2 < Ce(1+1)°%, k< 2(s0 — 4).

First, we obtain o

Zo=fN{Zy, 7<1.
Next, exactly as in Lemma 2, we get

Z§ =S fN{Ng, -+ Ny, Z2F
with
k=2, S(kj—1)+p<k—L1

Applying this identity to du, we obtain finally

|ZKou|o < Ce(1 +t)°°.
Since we have the inequality

wlo < C(1+ )|,

this gives the result.
d. From Klainerman’s inequality, we obtain now

|ZEou| < Ceoy V(1 +1)7140 k< 2(so — 4) — 2.

Assuming that
2(50 — 4) -2 > S50,
for instance, sy = 10, we obtain the same control as the induction hypothesis, with n
replaced by Ce.
Fix now 7 > 0: we know from Theorem II.1 that, for £ small enough, there exists
a smooth solution for 7 < 7 = elog(1 + t) with

|ZEou| < CWVea (1417, k< so.

In particular, u exists as a smooth function for ¢ < 7" (with 7" > %), and satisfies for
t <T < T (with T > %) the inequality (say n = 1072)

| ZEou| < CWeay (1 + )11
If T < T’, we obtain from this hypothesis, as we have seen, for ¢t < T,
| ZEou| < CPeay V(1 + )10,
If € is small enough to verify Ce < 1/2, we deduce from this
|ZEou| < CD (1 +1) 20, 2 (1 +4)" 1, I<t<T.

If € is such that

0(2)(1 +g)—n/2 < C(l)/Q,
we see that the supremum of such T' cannot be strictly less than 7", hence T = +o0
and our estimates are true for all ¢, which finishes the proof. O
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MICROLOCAL ANALYSIS, BILINEAR ESTIMATES AND
CUBIC QUASILINEAR WAVE EQUATION

by

Hajer Bahouri & Jean-Yves Chemin

Abstract. — In this paper, we study the local wellposedness of a cubic quasilinear
wave equation. The Strichartz estimate used for the solutions of linear variable
coefficients wave equations are not relevant here. We prove bilinear estimates for
solutions of linear wave equations with variable coefficients. The main tools are Bony’s
paradifferential calculus and the microlocalization in the sense of Weyl-Hérmander
calculus.

Résumé (Analyse microlocale et équation d’onde quasilinéaire cubique). — Dans cet
article, nous étudions 'existence et 'unicité locale de solutions pour une équation
d’onde quasilinéaire cubique. Les classiques estimations de Strichartz ne sont pas
adaptées dans ce cas. Nous démontrons des estimations bilinéaires pour des solutions
d’équations d’ondes a coefficients variables. Les deux outils principaux sont le calcul
paradifférentiel de Bony et la microlocalisation au sens du calcul pseudodifférentiel
de Weyl-Hérmander.

Introduction

In this paper, our interest is to prove local solvability for equations of the type

Ofu — Au — Z g7k 0;05u =0
1<5,k<d
(EC) Aghk = Q; 1 (Ou, Ou)

(Uaatu)\tzo = (uo, u1).
where Q) are quadratic forms on R In all this work, we shall state, for a real
valued function u on [0,7] x R?,
def def 2, def j.ke
Vu = (O, -+ ,0qu), Ou = (Qwu,u, -+ ,0qu) and g¢-Vu = Z 97" 0; 0k
1<j,k<d

2000 Mathematics Subject Classification. — 35L70, 35A07.

Key words and phrases. — Equations d’onde quasilinéaire, estimation bilinéaire, analyse microlocale,
calcul paradifférentiel, calcul pseudodifférentiel de Weyl-Hoérmander.
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94 H. BAHOURI & J.-Y. CHEMIN

When no confusion is possible, we shall also state

def
v = (Vug, ur).
This problem of course is a model one. The general problem consists in considering
equations of the type

8t2u — Au — Z gj’kajaku = Z @j,k(agj’ka Ou)
1<j,k<d ' 1<j,k<d
Aght = Qjx(0u, 0u)

(u, 3tu)\t=0 = (ug,u1).

where @ .k are quadratic form on R*! and where all the quadratic forms are supposed
to be smooth functions of u. This simply complicates a little the estimates without
any relevant new phenomenon. In the frame work of equation (EC'), it makes sense
to work with small data and this simplifies the proofs.

Energy methods allow to prove local wellposedness for initial data (ug,u1)
in H5+% x H:~%. More precisely, we have the following theorem.

1

Theorem0.1. — If d > 3, let (ug,u1) be in H2T2 x H2™2 such that H’yHH%,l is
small enough. Then, a positive time T exists such that a unique solution u of (EC)
exists in C([0,T]; H2T2) N CY([0,T); H2~%). Moreover, a constant C exists (which
of course does not depend on the initial data) such that

T> 0,
Let us recall that H?® is the usual Sobolev space on R? and that H*® is the homo-
geneous one and we shall state

def 1o
1912 [ IR,
R4
This is an Hilbert space when s < d/2.

The goal of this paper is to go below the regularity H%2*/2 for the initial data.

Let us have a look to the scaling properties of equation (EC). If w is a solution

of (EC), then ux(t,x) def u(At, A\x) is also a solution of (EC). The space which is

invariant under this scaling is H%/2. So the above theorem appears to require 1/2
derivative more than the scaling. The goal of this work is to try to go as closed as
possible to the scaling invariant regularity.

Some results in that direction have been proved by the authors (see [4] and [5]) and
also by D. Tataru (see [27] and [28]) for quasilinear wave equations of the following
type

(B) {afu — Au— G(u) - V*u = F(u)Q(du, Ou)
(u, at“)\t:o = (uo, u1)
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where G is a smooth function vanishing at 0 and with value in K such that Id +K is
a convex compact subset of the set of positive symmetric matrices. Let us recall this
results. Let us notice that the scaling of the two equations (F) and (EC) is the same.

d 1 1
Theorem0.2. — Ifd > 3, let (ug,u1) be in H® x H*~1 for s > s4 with sq = §+§+6 .
Then, a positive time T exists such that a unique solution u exists such that

ou € C([0,T); HY)Y N L*([0,T]; L™).
Moreover, a constant C exists such that

T+ > Oyt

This theorem has been proved with 1/4 instead than 1/6 in [4] and then improved
a little bit in [5] and proved with 1/6 by D. Tataru in [28]. Strichartz estimates for
quasilinear equations are the key point of the proofs. Recently, S. Klainerman and
S. Rodnianski have announced a better index. Their proof is based on very different
methods. In this case, the energy methods give the classical index s > d/2 + 1 and

T = Cllyll s

The goal of this work is to do the analogous in the case of Equation (EC). The
result will be the following.

d 1
Theorem0.3. — If d > 5, let (ug,u1) be in H® x H*™1 with s > 5+ 6 such
that ||7||H%,1 is small enough. Then, a positive time T exists such that a unique

solution u of (EC) ewists such that
Ld_1
due C([0,T); H 1) N L3 (B, *)
Ld_1
where Bj, * denotes the Besov space defined in Definition 1.1. Moreover, for any
positive o, a constant Cy, exists such that
1 _
Ts7 > Collvl| -1g,§+a~
H?2 6

The case of dimension 4 is a little bit different. The theorem is the following.

1
Theorem 0.4. — Ifd = 4, let (ug,u1) be in H* x H*~1 with s > 2+6 such that ||v]| g

is small enough. Then, a positive time T exists such that a unique solution u of (EC)
exists such that

du e C((0,T); H* )N L2(Bgly) and dg € LH(L™)

Ld_1
where B¢, * denotes the Besov space defined in Definition 1.1. Moreover, for any
positive o, a constant C,, exists such that

PR -1
o7 2 Calll g4 g va-

Remarks
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96 H. BAHOURI & J.-Y. CHEMIN

— If we think in term of small data (i.e. of initial data of the type e(uo,u1)),
then energy methods give a life span in e=2. The above theorem gives a life span of
order £ =%+ for any positive a.

— As we shall see, the case when d > 5 can be treated only with Strichartz estimates
simply because laws of product in Besov spaces imply that if Ou belongs to LQT(B 4% 5 %)
then dg is in LL(L>).

— The case when d = 4 requires bilinear estimates. This fact appears in the
statement of Theorem 0.4 through the following phenomenon: the fact that du is
in LQT(B(I;(;) does not imply that the time derivative of g belongs to LL(L*). Of
course this condition is crucial in particular to get the basic energy estimate. But we
have been unable to exibit a Banach space B which contains the solution u and such
that if a function a is contained in B, then JA~!(a?) belongs to LL.(L%°).

— In all that follows, the dimension d will supposed to be greater or equal than 4.

Acknowledgments. — We want to thank S. Klainerman for introducing us to this
problem and also for fruitful discussions. We thank J.-M. Bony for very important
discussions about the concept of microlocalized functions.

1. Method of the proof and structure of the paper

As we shall use Littlewood-Paley theory all along this work, let us begin by recalling
some basic facts and definitions related to it.

1.1. Some basic facts in Littlewood-Paley theory. — Let us denote by C the
ring of center 0, of small radius 3/4 and of big radius 8/3. Let us choose two non
negative radial functions x and ¢ belonging respectively to D(B(0,4/3)) and D(C)
such that

(1) X+ 0(27%) =) p(27%) =1,

geEN qEZ
(2) [P =4l = 2= Suppp(277) NSuppp(277:) = 2,
(3) ¢ = 1= Supp x NSuppp(2~9) = 2,
and if C = B(0,2/3) 4 C, then C is a ring and we have
(4) lp—q| >5=2°CN2IC = .

Notations _
h=F1l¢ and h=F 1y,

Aw:w@ﬂDm:aW/%@wmu—ym%

Squ= Y Ayu=x(2 9D)u = 2" / h(27y)u(z — y)dy.

p<g—1
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MICROLOCAL ANALYSIS AND CUBIC QUASILINEAR WAVE EQUATION 97

We shall often denote Ayu by ug. Let us recall the definition of Besov spaces.
Definition 1.1. — Let s be a real number, and (p,r) in [1, 00]?. Let us state

lullg, = ([ 1AGullLr)

qeZltm(Z)"

If s < d/p then the closure of the compactly smooth functions with respect to this
norm is a Banach space and we have that H® = B3 5 and the norm ||-|| 53 , 18 equivalent
o |- Il |

Notation. — We shall also state

def

def def
llalls = HaHB;Y?v Hb”L’I’(E) = ”b”LP(I;E)a ||b||L§(E) = ”b”LP([O,T];E)

def
and [bllz. 2 6] s

Here we want to explain the problems we have to solve in order to prove Theo-
rem 0.4. As in the case of Equation (E), the basic fact is energy estimates. This
implies the control of

T
/ 10g(t, )| .
0

In the case of Equation (F), it is obtained by Strichartz estimates. This will be the
case here when d > 5 but this will not be the case when d = 4. Let us have a look
on a model problem to understand this difficulty. Here we essentially follow ideas of
S. Klainerman and D. Tataru (see [22]).

Let us assume that u is the solution of the constant coefficient wave equation and
let us estimate

T
/OHE)A’I(@ju(t,-)8ku(t,-))||Loodt.

oATL (Ojult,)Okult,-)) = AL (0:0;udul(t, ) + AL (0;uddnul(t,-)),

we have to control expression of the type

T
/ ||A_1(0t0ju8ku(t, ))HLoedt

0
When d > 3, we have (see Lemma 2.1) that

1A (3:0udutt, )| gz < CllOult, )

So we get that

2

T
/O | A= @ryudiu(t, ) |~ dt < T|0ul g .
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Then the proof of Theorem 0.1 is routine. If we want to go below this H 5+ regu-
larity of the initial data, we shall use Strichartz estimates. Let us introduce Bony’s
decomposition which consists in writing

ab=Y S, 1algb+ Y S, 1bAga+ > Agalg b
q q

—1<j<1
q
When d > 4, we have
d_1ip
10% g 3. zoe) < C2UEETRD) 2,

Then it is not difficult to prove that
HA‘1 (3" 54 10%u0u,) ‘
q

The symmetric term can be treated exactly along the same lines. The so called

remainder term
A (Y Pugdug)

~1<j<1
q

<Olv2 .
ey SO,

is much more difficult to treat particulary in dimension 4. The reason why is the
following. When d is greater or equal to 5, the Strichartz estimates tells us that

d_1 g
10"l ey < 208351 o o
So thanks to Bernstein inequality, we infer that

|aa= (Y APun,ou)| | <ot ST 2m2 g s

- LL.(L>) _
—1<j<1 —1<j<1
g2p—No g2p—No
<C Y 2@ #2900 oy o
—1<j<1
qz2p—No

Convolution and Cauchy-Schwarz inequalities implies that
—1/92 2
A= (o uau)HLlT(Loe) < CHVH%—r

The case of dimension 4 is much more delicate. In dimension 4, the Strichartz estimate
is
k 4 1l4k-1
105 1qll 3 1oy < 273K oy 2.
So the series 9*u,0u,—; does not converge in L1.(L3) because the only estimate we
have is

||62uq6“q—j||L1T(L3) < 02q8/3|"7q||%2
< C27Bdy|y|)F with Y dy =1.
q

To overcome this difficulty, we follow an idea of S. Klainerman and D. Tataru: the
precised Strichartz estimate which will allow to prove bilinear estimates.
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1.2. Bilinear estimates and precised Strichartz estimates. — To explain the
basic ideas of bilinear estimates, let us consider the case of constant coefficient case.
In this paragraph, we essentially follow the ideas of [22]. What a bilinear estimates
lookes like is described by the following proposition.

Proposition 1.1. — Let uy and ug two solutions of
{ 8152’&] — Au]‘ =0
(0Uj)|t:0 = Y-
Then, if d > 4, we have
1087 Q(Our0u2) 13 (1) < Corr g1 pellvellaore

Remark. — We find a gain of half a derivative about the regularity of the initial data
compared with purely Strichartz methods.

The precised Strichartz estimates is described by the following proposition proved
n [22].

Proposition 1.2. — A constant C exists such that for any T and any h < 1, if Suppu;
and Supp F(Owu(t,-)) are included in a ball of radius h and in the ring C, we have

_ 1/2
[ull L2 (L) < (R log(e +T)) " (lu(0) |2 + [9pu(0)]l L2 + D ufl L1 (z2)-
To prove Proposition 1.1, let us recall that we want to estimate the

HAPA* ( ;ﬂ 0%l j0u)
;210\31\\70

Lh(L>)

With a rescaling of the equation, we can assume that ¢ = 1 and let us state h = 2P79.
Let us define (¢,)1<v<n, a partition of unity of the ring C such that

Supp ¢v C B(€V7 h)'

Then, using the fact that the support of the Fourier transform of the product of two
functions is included in the sum of the supports of their Fourier transform, a family
of function (¢, )1<u<n, exists such that Supp ¢, C B(—£,,2h) and

Nh

(5) x(h™tD)(0*vdv) = ZX h~'D) 82(;51,( )00y, (D)v).
Applying Proposition 1.2 gives
N}L -
IX(A~"D)(8%000) || Ly (1) < Ch*2log(e +T) Y || 6w (D)y]l L2 (|6 (D) 2-
v=1

SOCIETE MATHEMATIQUE DE FRANCE 2003



100 H. BAHOURI & J.-Y. CHEMIN

The Cauchy Schwarz inequality implies that

IX (A~ D)(8%000)]| 1, (1)

Ny, 1/2 Ny 1/2
< Ch*?log(e +T) (Z ||¢V(D)7|%2> (Z |¢V(D)vlliz> -
v=1

v=1
The almost orthogonality of ((EV (D)m1)1<v<n, and (¢ (D)7y2)1<v<n, implies that
(6) Ix(h™ ' D)(0*000)| L1 (L) < Ch*?log(e + T) V]| 27l L2-
So after rescaling, we get that
|aat (30 ApPun,ou)

-1<j<1
g=2p—No

Ly (L)

<@ ST log(e + 29T)2% gl e llvg—s | -
—1<j<1
qzp—No

If v € H% '+ then we have
|2 ( > Aanqu,jau)‘ <@ Y p-len-ite

~X
: L.(1) :
-1t -1t
g=2p—No qzp—No

x 200571 (29T)° |15, || 220D (5 1) (29T |y | 2

So the series convergences in LL(L>) for large p. The case when p is small (low
frequencies) is nothing but Sobolev embeddings.

The real problem we have to solve in this work is to prove this bilinear estimate in
the context of quasilinear wave equation. To do this, we follow the lines of [4] and [5].

As we shall use geometrical optics technics, we need to deal with smooth functions
in time also. This leads to the following iterative scheme introduced in [5]. Let us
define the sequence (u(™),en by the first term u(®) satisfying

2u® — Au®) =0
{ (u®, 0u®),—o = (Souo, Sour),
and by the following induction
(R)) {afu<n+1> — Au D — G, - V2D = 0
(u™ ), 9pu ) g = (Sny1to, Sni1ua)
with
Gor oG, with GIF % A=1Q; L (9u™, du™).

where 6 is a function of D(] — 1,1]) whose value is 1 near 0. Let us point out that
the sequence (u(”))neN does depend on T'. We introduce some notations which will

o def
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be used all along this work. If « is a (small) positive number, let us define

defd 1 def

sa € 5+ g ta and Ni(y) € T8 )lo, 1.
Let us introduce the assertions we are going to prove by induction.
—Ifd > 5,
du™ a1 S CoNE(y
o [ 12 itomstihy S ONFO) o
n
j0u oy <l forany s € [sa—1.5+ 3]
— if d = 4,
19 (n) 1 < CyN#
P i IR
(Pn) {8 N10GnrLr(0,1750) < 2 ; o
[ulrs < s forany se [S4ade 1]

All what follows in this paper consists in proving that if

7N g0 + N7 ()
H

is small enough, (Py) is true and (P,,) implies (P, +1). Then the proof of Theorems 0.3
and 0.4 is pure routine of non linear partial differential equations.

To do this, we shall localize in frequency and transform equation R,, into an equa-
tion where the space-time frequencies of the metric which defines the d’Alembertian
are very small with respect to the level frequencies we work with. This is the purpose
of the second section.

In the third section, we show how the proof can be reduced to “microlocal”
Strichartz and bilinear estimates. By microlocal estimates, we mean estimates that
are valid only a time interval whose length depends on the size of the frequencies
we work with. To prove the complete estimates (with a loose of course), we use D.
Tataru’s version of the method we introduced in [4] which consists in a decomposition
of the interval [0, T] on intervals where microlocal estimates are true.

In the forth section, we recall the method of approximation of solutions of (vari-
able coefficients) wave equation by the method of geometrical optics. This is the
opportunity to study precisely the link between the solutions of the Hamilton-Jacobi
equation

{8,@(7,3/,7}) = F(T,y,ayq)(ﬂyaﬂ))
®(0,y,m) = (yln)

and the flow of Hr and also properties of this flow which will be useful in the seventh
section.
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The fifth section is devoted to the following problem: in the proof of the equivalent
of Inequality (6), we use the fact that the support of the Fourier transform is preserved
by the flow of the constant coefficient wave equation; this is no longer true in the
variable coefficient case. So this information is not relevant because it is not preserved
by the flow of the equation. The purpose of this fifth section is to define the concept
of microlocalized function near a point X = (z,&) of the cotangent space T* R? (the
cotangent space of R?). This notion is due to J.-M. Bony ([7]) and means that the
function is concentrated in space near the point x and in frequency near the point £
with of course the limit on the uncertainty principle. The good framework of this is a
simplified version of Weyl-Hérmander calculus which is also presented in this section.
Properties of the product of microlocalized functions is also studied.

In the sixth section, we prove that for solutions of a variable coefficients wave
equation, microlocalization properties propagates nicely along the Hamiltonian flows
related to the wave operator.

In the seventh section, we apply the three previous sections to prove the microlocal
bilinear estimates. This proof consists in a second microlocalization, which means
that we have to decompose again the interval on which we work. The reason why is
that interaction in the product and propagation of microlocalization are badly related.

2. Littlewood-Paley theory and Paralinearization of the equation

All along this work, we shall need to study the quadratic operator A=1((Du)?).
Let us summarize now some basic properties of this operator in the following lemma.

Lemma2.1l. — A constant C exists such that
HAfl(aaab) < C|Oall ,a_,||0b| ..a_, and
H2 H?2

vl

72
VA (0adb)] 500 < Cll0al]

d _ d_1.
1 173
4,2 4,2

Moreover, for any o greater than 3/2, a constant C exists such that

1A (@a0b)|| oy < C(10all 172100 gro—1 + 10l 101 [0D]| ¢1-12) -

3 d
And, for any o greater than 5T a constant C exists such that

184@a00)] oy, < Ol g4 19b] o + 19l o |OB] 3.
H B, By,

From this lemma, we give the following corollary.
Corollary2.1. — A constant C exists such that, if (Py) holds, then

IGnrllLe < ClE_,-
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Moreover, if d = 5, then

0G| L1 (L) < CNE(7)*.

The proof of this lemma and its corollary is an exercice on Littlewood-Paley theory
and we omit it.

Theorem2.1. — For any s > 3/2, a constant C' exists which satisfies the following
properties. Let us consider two functions u and v whose partial derivatives belong to
the space L (H*~)NL2(C~Y?) and a function F in LL.(H*~'). Let us assume that
it o)A Qy(0v,00) € Ly (L)
and that
8,52u —Au—Gyr- V2u=F.
Then we have
Ofug — Aug — Sy—1Gy 7V?uy = Ry(Vu, 0v) + F,
with

1Rg(Vu(t), 0u(t))ll 2 < Ceg(t)2~ 4D (IV G,z (8)]| o | Vult) |51
ool s-1l0v @)l 172 Vet | g-1/2) -
with as in all that follows Z cg(t) =1

q

To prove this theorem, we use paradifferential calculus. More precisely, we apply
Bony’s decomposition which consists in writing
Gor(t)V?u(t) = Ri(t) + Ra(t) with
(7) Ri(t) €Y S, 1GorViuy  and
q/

def
Ra(t) =) Sy 42Viuly Gy r.
q/

The first term R4 (¢) is easy to estimate. As the support of the Fourier transform of
the function qu,le,TVQUQ/ is included in a ring of type quC, we have

AgRa(t) = Z Ag(Sy-1GorViug)
lg—q'|<N1
(8) =S 1GurVug+ > [Ag, Sy 1Gur] Viuy
lg—q'|<N1

+ Y (Sy-1Guor =S4 1Gur) VP Aguy .
lg—q'|<N1
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As for instance in [4], we have
H [Ag, Sy-1Gur | Vug
[|(Sqr=1Gor = Sq-1Go.10)Vuy

¢2 D[V ()|~ [ Vu®)]| 1 and
¢2 V[V G (O] [V (®) 1.

2 SC
2SO

So it turns out that
9 [[AR1 () = Sg-1Go Vg 12 < Ceg2 9 V|V Gy 2 (8)l| e | Vu(t) |s—1-

The second term is a little bit more delicate to estimate. Because the support of the
Fourier transform of Sq/HVQqu/GMT is included in a ball of center 0 and radius C’2‘1',
we have that

AgRo(t) = Y Ag(Sy2V2ulyGyr)

q'2q—N1
By definition of C''/2 and using Bernstein inequalities, it is obvious that
1Sg+1V2u oo < 23772 Vu(t)[|¢ o).
Using Lemma 2.1, we get that
180 Gurllze < Ce (277 D000 ¢sra |90 s
when s is greater than 3/2. So the theorem is proved.

Now we are going to state two corollaries of this theorem.

Corollary 2.2. — If (Py.) is satisfied, then for any s € 13/2, 4], a constant C exists
such that

19+l ar < il (1 + CONEE O 12 5 1n)).

To prove it, let us first deduce by standard energy estimates from Theorem 2.1
above applied with u = ("™ and v = u(™ that

d n - S— n
Ellauc(z )72 < Ce(t)272 1)(”8Gn,T(t)”L°°”au( O3
+ Ol lls=1[10u™ ()| 172 V"D ()| 512 ||<9u("+1)(t)llsf1)~
By multiplication by 22¢(*=1) and summation we have that
d n n
Ellau( O3 < C(IIf?Gn,T(t)IILwIIau( O3
+ Cllls=1[10u™ ()| g1/ Vul" D ()| -2 ||<9u("“)(t)llsf1)~

Using Gronwall lemma, it turns out that

t
9™ 0]y exp(~C / 0Go (¢ |~
0

t
<lls—1 + CII’VIIH/0 106 ()| =12 [ Vul" D ()| ¢ 2t
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Using Cauchy-Schwarz inequality, we get

t
Jou V@) exp(~C [ 196 (¢) =t
0

< ot + Ut 1O™ 2 51y IV | 1y 1
Using (P,,), we get that

t
Jou V@) exp(~C [ 196 (€)=t
0

< lls=1 + CCONEM 5= VeV 2 -1/29.
The fact that ) ,
t
Oy G r(t') = T@' (T) Grn + 00y Gy
together with induction hypothesis and corollary 2.1 implies the result.

The second corollary treats the case of low frequencies.

Corollary 2.3. — A constant C exists such that under the hypothesis (Py), we have,

for any r > 2,
joSu™ )
L2(B]

2

< CEIT)ENE () (1 + CONEWOU V]| s mvrs))-

1
%)
Using Bernstein inequalities and Corollary 2.2, we get that
d_1 _
92p(4 2)||a“;(>n+1)||i§(m) < oT2rt 1)||8u1()”+1)||%5.9@2)
< O@PT)F2rit2gu Vg
2_ 2
< O TR NG ()2 (1 + CONEW V] 13 ¢1/2))

Thus as
[0Squ™ D12,

op(d—-1 n+1))2
L2(B) 2)<C Z 2t 2)||8u1(’+)||L2T(L")’
T 2

p<g—1
we have proved the corollary.

Let us now do a precised paralinearization in the spirit of [4].

Theorem 2.2. — A constant C exists which satisfies the following properties. Let us
consider two functions u and v whose partial derivatives belong to L%O(I-'Isa’l) N
L2(C~Y?) and a function F in LL(H*™'). Let us assume that G, belongs
to LL(L*®) and that

Otu — Au— Gy - V?u=F.
Then for any § € [0, 1], we have

Ofug — Augy — SS(GE,T) Vi, = Rg(Vu, ov) + F,
with

g6—(1-9) log, Tngb and
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HRZ(Vw V)|l L1 L2y < Cc2797 (1 4 (2qT)176)(||8G717T||L1T(L°°)”quL;?(HS*l)
100 e 1001 13 e IVl 3 1))

The proof of this theorem is based essentially on Theorem 2.1 and Corollary 2.2.
Using Theorem 2.1, it is obvious that

RS(VU, 0v) = Rq(Vu, 0v) + (Sg — Sy—1)(Go.1) - VZuy.
As we have
158 — S4m1)Gurllis ) < C279Q7T) 110G, ]l 1y 1),
we get the theorem applying Theorem 2.1.

As a corollary, we have

Corollary 2.4. — A constant C exists such that under the hypothesis (Py,) we have for
any § in the interval [0, 1],

(ECPy.) 8t2u<(1"+1) — Aué"H) — Sf;(Gn,T) . v2u§”+” = Rf;(n)
T,q 8u(n+1) _ (n+1)
q |t=0 q

with

oy 2 gli+a) b and

q6—(1—-0) log, T'—No
—g(4d_— _1_ _
IR (m)l 3,2y < C279E"D(29T) 757 (14 (297)'°) N3 ()

x (14 CCNE (0w g o1y ).

3. Reduction to microlocalized estimates

By microlocalization of the estimates, we mean that we shall prove estimates that
are valid on time intervals whose length depend on the frequency parameter. These
techniques have been introduced in [4] and used in [5] and improved by D. Tataru
n [28]. For technical reasons, we prefer to work at frequencies of size 1.

3.1. The statement of the microlocal estimates. — In all that follows, we shall
consider a family of smooth functions G = (Gp)asa, defined on Iy x R? such that
G is small enough and such that, for any k > 0, the following quantities

def

(10) IGllo = sup IVGAllzy () + Hal IV2Gallzy (1) and
=10
def
(11) Id= sup |IA|A’“HV’“+2GAHL}A(LOQ) for k>1.
=10

are finite. Let us denote by PA the operator

Pro 920 — Ao = 3" Gh opop.
k.0
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Theorem3.1. — Let C be a ring of R% and o a positive real number. Let us consider
two families of smooth metrics G\ i) (GE{))A>A0 such that for any k, ||GY|s is

finite and such that ||GY)||o is small enough. For any positive real number ¢ < e,
a constant C. exists which satisfies the following properties. Let fi1 and fo be two
functions in L}A (L?) and v, and 72 two functions of L?; let us assume that the
Fourier transform of those functions have their support included in C. Let us assume
that

|IA| < A%E,
Then if vi p and va o are solutions of
(Ep) P/(x])UjJ\ =fj
ijvAh’:O =
we shall have the following properties:
—if d > 5, we have
H’ULAHLfA(L‘l) < C(lvillzz + ||fj||L}A(L2))-
—ifd =4,
||Uj,A||L2;A(L6) < C(lvillzz + ||fj||L}A(L2))-

—if d > 4, then we have, for any h < 1 and any € > 0,

IX(h™ D) (w1 av2.0) 1y (p) < Ch'™* % log(e + |4 ])

< (Imllzz + 1fllzy o)) (lv2llee + 1f2lley @w2)-

Let us point out at this step that when h is small enough, this estimate is nothing
but the Sobolev embedding. Using Bernstein inequality, we can write

IX(h™ D) (vrav2 )y (p) < A loravanliey (oo
< WAl ol @ llva allzs w2)

< WAL (Imllze + 11l o) (ellee + 1f2llzy z2)-

So when hd|IA| < h4=2=¢ the inequality of above Theorem 3.1 is proved. In all that
follows, we shall assume that

(12) [In] = h™27".

The proof of this theorem will be the purpose of sections 4 to 7 and this is in fact
the core of this work.
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3.2. The local estimates. — From this microlocal statement, let us deduce now
the following local result.

Theorem3.2. — Let (GY))1¢j<2 be two metrics such that |0GY) | 1y 1oy < Co. For
any €, a constant C. exists (which of course depends on d) such that if uj, are
functions whose Fourier transform is supported in a ring 29C and are solutions of

(En) 0,52u((1j) — Auéj) — GO -VQuéj) = fiq
N .
Vuc(z])u:o = Yia

where GU) % Sg/SG(j) and where ;4 and f;, have Fourier transform supported in
a ring 29C, then we have

—ifd =5,
d_1_ :
200510 R ud g 0
d_ 14, ; _1/s
<062q(2 1)(2qT)6+ (||8U((;j)||L%°(L2)+(2qT) 1/3||fj,q||1;1T(1:2));
—ifd=4,
1_ : 140 : _ 1/
203 |07 FuD | 13 o) < C2929T) 8+ (104 | e 2y + 27T) 3 fall s 2y
—ifd >4, for any p < g,
—p 1+k, (1) (2)
[x(277D) (0" ug” Ouy )HLlT(LOO)
< Cegp(d—2)2q(1+k) (2qT)%+€(||8u((11)||L;s(L2) + (QqT)71/3||f1,q||L1T(L2))
x (106P 1012 + 9T) Y3 faqllr (12))-

To start with, let us observe that after a rescaling of the above Theorem 3.1, we
get that, for any subinterval I = (¢, ¢*) of [0,T)] such that

(13) [ <TET) and |[VGY |11z + V2GS |1y 1) < <0,

we have
—ifd > 5,
; d_1 N
(14) 10" | 2 10y < C21E 48 (100D (¢7) 2 + 1 fqll 2 12)) -
—ifd =4,
(15) 10" 4D 12 1oy < C29EH) (0uD ()12 + | frnqll 1 ()

—if d > 3, for any p < ¢ and any € > 0,

(@77 D) (0 g - ou®) |y gy < C2PTD(2IT) 2D

(16) < (0wl ()12 + I f1allzizy) (loulP ()12 + I f2,qll L3 (z2))-
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Let us observe that in the case when 2PT < 1, the above inequality (16) is obtained
by Bernstein inequality.

Then the method consists in a decomposition of the interval [0, T] in subintervals I
on which the above microlocalized estimates are true. The key point is a careful
counting of the number of such intervals. This method has been introduced by the
authors in [4] and improved by D. Tataru in [28].

Let us state G((;j) def SgG(j). Using the fact that

. 1 i
V26§ Iy n) < F@IDIVE Ny o),

Condition (13) becomes
I .
(1) 1 <T@ and D@y |96y ) < 0

But as seen in Corollary 2.4, there is a loose on the remainder. The decomposition is
the opportunity to compensate this loose. To do so, let us consider a parameter \ in
the interval [0, 1] which will be determined later on. We impose on the interval I that

| fiallzaczzy < Allfiallsczy-

This constraint joint to the condition (17) can be sum up by

= ) ST
——— [ dt+ ————— [ ||| L2dt
T2T) =2 )i Mfialloyee Msa @l
I .
(18) + %(2‘@)5 / IVGY ()| L= dt < eo.
I

We shall prove that such a finite decomposition exists (and also control the number
of intervals) by induction. Let us assume that an increasing sequence (t;)og <k of
points of [0,T] such that ¢, < T and, for any j < n — 1,

( WIS SR oy PRI
tiy1 —t;) + / iq()|lp2dt
1) S s

T(QQT)l_Qé_a T(L2) tj

bt =t ogms [0 ()
JriT (297) HVG5 (t)||Le=dt = €g
t

J

As the function

def 1 1

t
Fi(t) = W(t*tk) | £.q(t")| L2dt’

+ -
Ml fiallzrz2y Ju,

t—t K ;
+ Ty [ VG (@) |t
123

is a increasing function on the interval [tg, T, either the interval [ty, T satisfies Con-
dition (18), or a unique tx11 exists in the interval |tr, T'[ sucht that Fj(txt1) = €o.
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Now let us estimate the number of intervals. At least one of the three terms of the
left inside of the above inequality is greater or equal to £9/3. So either

)
(ty41 —t5) > 3

T(2qT)1—26—6 3
or
1 tit1 €0
—_— iqlt dt > —
A”fj,qHL;(L?) /tj Hf]#]( )HL2 3
or

tiiq —ts i1 .
by [ 96 ) i > 3

tj
In the third case, we get that for any positive real number A,

3 q\o 1 e (7)) (47 /
g(thrl —t;)A+ (27T AT VG5 (t')||Ledt’ > 1.

J

It turns out that in any case,

L ) 1 BTN
mo e (Li+1 — ¢ +7/ fig(®)|| L2dt
Ty e bn —W s [ M

ti+1 )
tig —t)A+ (29T “E—O/ GO (4[| e dt > 22
+ (i — ) A+ (27T)° 5 IVGs” ()]l 3

So by summation we infer that the number N of intervals is finite and that

C 261+ 1 3AT s 1 )
N < —(2qT) f+— 4 Eg + (2qT) ﬁHVG(; ||L%P(Loc).

€0 Ao
As usual, the best choice in the above inequality is the one that ensures that all the
terms are (almost) equivalent. So here, we choose
2
AT = (297)%/2 ) X = (297)7%/? and 6= 3

So the number of intervals N is less than C(QQT)%H. So let us denote by (I ¢)1<e<n
the partition of the interval [0, 7] and state Iy ¢ = (tq.¢,tq,e+1)- Using (18) and (14),
we can write

N
d_1_pL ; d_1_p ;
T D Wl Al PR
(=1 a,

d_ : _1/5 2
< G22I N (J0uf | Lo 12y + 29T) 3N frall s (r2y)

As N is less than C’(2‘ZT)%+€, we have, when d > 5,
d_1_ ;
R A

d_ 1. ; _1ye
< 2408 1)(2qT)6+ (HaU((JJ)HL;O(m) + (27) US”qu”LlT(L?))'
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The case when d = 4 can be treated exactly along the same lines and is thus omitted.
In order to prove the bilinear estimate, let us write, using (16) and (18),

(@7 D)@ FuMu) | s ) Z @7 D)@ P uPuPly (o)
=1 '

< C.2r(d=2)9a(1Fk) (2qT)EN(H8u(])HL°°(L2) +(21T) 3 £, allzy, (L2)>
x (10u§ ez an) + @)1 frally 2

< C.2P1d=2)a(1+k) (2qT)%+25(||3Ugj)||L%°(L2) + (2qT)71/3||fj,q”L1T(L2))
% (106§ a2) + @) fialy ).

So Theorem 3.2 is proved. Let us state the following corollary.

Corollary 3.1. — If N2(7) is small enough and Cy large enough, then assertion (Pp)
implies assertion (Ppi1).

Let us first investigate the case when d > 5. Assertion (P, ) and Theorem 3.2 imply
that

20 2) | 9ul || o 10y < C29(E7) (20T 8+
X (||3U¢(1n+1)||L§S(L2) + (2‘1T)‘1/3IIRS(n)IILlT<L2>)-
Corollaries 2.2 and 2.4 imply that, if 297 > C1,
d_1 n E—Q (0% (a7 n
290178 9u{ | L2 Loy < C(2IT)* N (7) (1 + CCoNE N 0u™ | 3 6-1/29)-
When 297 < (', we use Corollary 2.3 to write that

lout™ V|, 4y SCNFH)(1+ CCNFMIOu™ ] 1 (oar2):

7B ?)

—1/2

Ld_1 .
As the space Bj, * is continuously embedded in C' , we have, if N&(v) is small

enough and Cj large enough,

1out 1) ( < CoNE(v)

Ld_1
L3(Bis ?)
and so using Corollary 2.3 we get (Pp41) for d > 5.

In the case d = 4, following exactly the same lines we obtain that

(19) 10 s sy < CoNg ().

(Bg')
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We have to control [|0Gn1,7([11 (). Let us use Bony’s decomposition as in the
introduction. We get

A 0G, 11 = AATHAOVU T vy D)
3
= ZAI(,j) with
j=1

def — n n
A Z AN S 1 0Vu T
q

AI(;Q) def APA*I Z Sq,1Vu("+1)8Vug”+1) and
q

NGRS DA G )

q
—1<e<1

To estimate the norm || - |1 (po) of A,(;l), let us observe that we have, for k € {0, 1},

19010Vl I oy < D0 27F A VU 1z (1)

q'<q—2

Npa 2
g Z 24 (k+3)||Aqlvu(n+1)”Lf~}(L6).

q¢'sq—2
So by convolution inequality on the series, we get that

2=k 2) 5,1 0FVu Y| ) € (Z).

As the support of the Fourier transform of Sq,lé)Vu(”“)Vué"H) is included in a ring
of the type 27C, we get that

> AWM Ly zy < CCONE)*.
p

The term A](f) can be estimated exactly in the same way. As seen in the introduction,
the remainder term will required the use of bilinear estimates. Using the fact that
the support of the Fourier transform of GVuénH)VuéTél) is included in ball of the
type 298, we have that

||A§,3)||L§“(L°°) < CE(QPT)_2(‘X_E)N%(7)2 Z (2q—;0T)—2(a—a).
g2p—No

So choosing for instance ¢ = /2, we have that

Z ||A1(03)||L;(Loe) < CaNg(7)?.
p/20T>C
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But, for low frequencies in p, we simply observe that, by Bernstein inequality and
Corollary 2.2, we have

n+1
IAP Iy ) < CT2% 3" [0Vul Dl e IVl Nz e
qzp—No
SOTP?|3, - 3 27o(rie)
qzp—No

< C2PT)F 7 Ng(v)*.

So we have
10G 11,7 Ly (L) < CONF(7)?

and Corollary 3.1 is proved.

Now the proof of Theorem 0.3 (i.e. the case of dimension greater or equal to 5) is
pure routine of non linear hyperbolic partial differential equations.

3.3. The existence and uniqueness when d = 4. — The case of dimension 4
requires some attention. Let us first assume that v belongs to H 5=, So it is
clear that on an interval [—T,T] the length of which depends only on H’yHH% .
and H’yHH%,H%M, the sequence (Au(™),cn is bounded in LP(H%~%). So energy
methods (because the initial data is more regular) allow to claim that a solution u
exists on [—T,T] such that

Oue LF(H2 2).

Moreover, we have on this interval the following estimates:

kel a3 < CoNp(v)

L2([0,T];B§, 2

N

190G ull L1 (jo,17;) < 2

3 1
|0ul|7,s—1 < €*||y]ls—1 forany s€ |=+a,2+ = +al.

2 6
This solution is unique because of the result based on energy methods. Now let us

consider intial data (ug,uq) which satisfy the hypothesis of Theorem 0.4. So if we
consider initial data (S,ug, S,u1), a solution (™) associated to (S,ug, Spu1), exists
on an interval [T, T] such that

20 ou™ y < CoNp
@) 10T, ey < CNE)
(1) 19GGm lLromyL=) < 2
_ 3 1
(22) 107 251 < Pl forany s€ [S+a,24 2 +a].

In order to prove that (ﬂ("))neN is a Cauchy sequence and thus the uniqueness part
of Theorem 0.4, we shall prove the following lemma which clearly concludes the proof.
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Lemma3.l. — Let ul) be two solutions of (EC) on the interval [—Ty, Ty] such that
du) € C([~To, Tol; H*> V) N L3, (Bgly) and g, € L, (L).
Then if T is small enough, we have that

||6“(1) - 6“(2)||L§$’(Bﬁu*2) < 2”7(1) - ’7(2)”1'{5&72-

As in the iterative scheme, let us introduce a time cut-off. Let 6 be a smooth
function such that Supp @ C] — 2,2[ and € has value 1 near [—1,1]. So on the inter-
val [=T,T], the function ) is the solution of

Ofu? — AuD — N G 00D =0

(EC) 1<k, <d
(ua 8tu)|t:0 = (UO, Ul)-
with
t : , ,
Gﬁ’é)j = H(T)gigi) with Ags’(f) = Qk’e(au@),@u(])).

From now on in this section, we shall always work in the interval [T, T'] with 2T < Tp.
Let us define w = u() — 4. Then on the interval [T, T], w is the solution of

OPw — Aw — Z Gi’ﬁ) 7Ok0w = Fi 2
1<k, £<d ’
(w,atw)\t:o _ (u(()n . u(()2)7u(11) . u(12))
with
FLQ = (Gu(2) — Guu)) . V2u(2).
We shall use the fact all the time in this paragraph that the two solutions u?) satisfies

Hé)u(j)HL%(C-,l/Q) < C|ou <NE(HW)  and 10G o rllLy (=) < Co.

7)
5 6
Iz s2re)
Moreover, we state

def def o o def
L E Ot + 7P saz1, Tr E NE(YD) + NE(v®) and 7 = D — 4@,

Let us use computations done during the proof of the paralinearization theorem 2.1.
Thanks to Formulas (7) and (8), we get that the function w, = Ajw is solution of

c‘)qu — Awq — Sq,lGuu),TVqu = Rq(t)
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with
4 .
R, = AjFio(t) + ZREZJ) where
j=1

def
RV = Z [Ag, Sy—1Gy 1] Vg
lg—q'|<N1

def
RPE N (Sy Gy r — Sq1Guom 1)V Aguy
lg—q'|<N1
def 9
RPN, Y VwyAyGuor
q'>q—N1
(e{-1,0,1}

def
Rz(14) = Aq Z SQ’*1V2wq’AQ’Gu<”,T'

la’—al<N1
It is obvious that, if s, — 2 > 1, we have for any j € {1, 2, 3},
IR ()12 < eq()C27 42|V Gy p (D)1= 10w (D) s, 2.
Using Lemma 2.1, we have
18¢: Gy ()22 < Ceg (1277 = 20uM ()| g-1/2 [0 ()] oo -1
Thus
IR (D22 < Ceg(0)27 "D [w(t) o/l 0w ()] g1 /21106 (@) ], -1

Using the properties of u() on the interval [T, T] imply that

(23) [1Rg()lz2 < cq()C2 "2 (VG ) ()| L | 0w (D)5, -2
+ P llsa—1l0w®) |-z 100D @)l o172 + 1 Fr2(D) s —2).-

So using Gronwall lemma, we infer that for any ¢ in [T, T7,

||aw”L;s(HsW2) < (||Z||sa—2 + ”’7(1)Hsafl”aw“ng(C‘*L"/?)||au(1)||L§(C‘*1/2)
+ [ F1 2l L1 (roa—2)) exp(10Gum 1l Ly (o))
So the properties of the solution «*) imply that
(24) 0wl s (rea-2) < C(lllsa—2 + TTT[ 0wl 12 (-s/2) + |1 Fr2ll Lt (o0 -2))  and
(25) | Rqllzs. 2y < €279 72 (| allsa—2 + TTr 0w 12 (-3/2) + | P12l Ly (1150 -2))-
Because the L2 norm in time with value in C~3/2 of w appears in the right side of

the above inequality, we have to use the Strichartz estimates. Applying Theorem 2.2
with ¢ = 2/3, and (25), it turns out that w, is solution of

2wy — Awy — Gy V2w, = Ry(t)
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with éu(l)yT def S§/3Gu(1>7T and (dropping the case of low frequencies)

(26) [[Rqllzy(z2)
< 0279 IT) Y3 (|lg |y 2+ TTL00] 1 (mosm) + [ Frll g grree2y)-
Now thanks to Theorem 3.2 applied with e = /2, we infer that

27(15/6||3“’q||L’f‘F(1:6)

< @) (T 9o 2 + THIOWI 12 a2y + T Fi2 11 (700 2))-
As 2_q3/2||8wq||LzT(Loo) < 2_q5/6||8wq||LzT(Ls) it turns out that, if I'p is small enough,
(dropping the case of low frequencies),
1
(27) 10wl L2 ¢y < CTE (|7 lls0—2 + CllFr2ll 1y (1750 -2))
and thus with (24),
(28) 10l e o2y < CIlla2 + 1Fr2ll iy ).

The estimate of the term F} o is more delicate than the others. Using Bony’s decom-
position, we get that
4
Fip =Y F9 with
j=1
FO 7, o AT1Q (0w, u® + gu?),
FO ' R(v24®, A~1Q(0w, 0u® + ou®)

3) def
FO® < TAle(Taw,(aum+6u(2>)+Q(T8u(1)+8u(2),aw)VQU(Q) and

def
F® S Tao1 (g row,0u®) +QR(@w,0u@)) V2P

The terms FU) with j < 3 will require only Strichartz inequalities to be controled.
So law of product in Besov spaces implies that

< C(|wi(r)

lsa—

1Q(0w, ou™) + ou®) (1)l s ey ol
10uD@)l0,1) + 0002100V D) /0 + [OuD O] 53/0))
Using the properties of u(!), we get that
IED (@)]s0—2 < CT[[0w(t)]] 5-5/6110u ()] 5176
6,00 6,00
+ Cllaw(t)llsa—2(||3U(1)(t)||%;;/e + ||3U(2)(t)||%gzs)-
By integration, using the properties of the two solutions and (24), (27) and (28), we
get that, if T is small enough,

(29) IED 1y rea2) < O llsa—2 + T2l Frall g e —2y) -
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The term F®) is estimated exactly along the same lines. The term F®) is the
analog to the paraproduct term in the first section. Let us write that

[T + )52, < ClOw 2 (100D g ago + 106 1)
< Clwl o (106 s + 10w gy).

As the same estimate is true for Ty, 1) g, Ow, using the estimate (27), it turns out
after times integration, and if 7" is small enough, that

(30) 1FO s girrazy < Cllallsu—2 + TrllEr 2l s reas)-

The estimate of the term F*) requires the use of the bilinear estimate stated in
Theorem 3.2. The key point is obviously to estimate

def _
Ap g = [ApA 1(8wq8uq,j)||L1T(Lm).
Theorem 3.2 applied with e = « and f = Eq implies that
By < Ca2(@UD)FH 0wy 0y + 1) | Rylly o))

a . o 2_ ¢ .
x (@B 5 00| ooy + IT) B ENRTF WD) 1422 )-
1
As s =2+ 5 + a, Theorem 2.2 and properties of the solution u(!) imply that

@) #|0u g o) + )R F @)1y 12y < Ca21(29T) T
Theorem 2.2 and estimation (28) imply that
(217)5 % 2 |0yl g (22) + (29T) 2| Ryl 11 (22)
<ORT)2(ylls0—2 + 1F1 2l L3 (frea—2))-
So it turns out that
Apg < C27T) T T8 (|5 llsu2 + | Fi2l 11 (720 2))-

So dropping the case of low frequencies (treated exactly along the same lines as in the
proof of Corollary 2.3), we get that

(31)  [ATIR(0w, 0u)l| s (zey < CTTTSF ([lls0—2 + 112l Ly (rea—2))-

Using the properties of the solution u(® and the properties of the action of the para-
product, we deduce from the above inequality that

IFDN 11 (o -2) < CT([2llsa—2 + P12l L2 groa2))-
Together with the inequalities (29) and (30), we get that

1P 2l a2y < Cldllsa2 + CT2lFrall g gireas.
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So if I'r is small enough, we have
12l i) < Cllaloa 2
Plugging this estimate into (28) implies that
19l 5 -2y < Cllla2:

So uniqueness (and in fact stability) is proved.

4. Approximation of the solution and geometrical optics

4.1. The Hamilton-Jacobi equation. — The following proposition (and its
proof) is a small modification of Proposition 6.1 of [4].

Proposition 4.1. — Let F be a real valued smooth function on R% x RY bounded as
all its derivatives such that

F(C,G)=+(C2+G(¢ ) forall ceC.

For any positive real number €, a positive real number « exists such that, if ||G|lo < «
and A > a1, for any n, a solution ®, of the equation

(E/]A) { 87(1)/\(7-) Y, 77) = FA(T, Y, 6y<I>A(7-7 Y, 77))

: def
®A(0,9,m) = (yln) with FA(7,2,¢) = F((, Ga(,2)).

exists and is smooth on Iy x R? x R?. Moreover, the family defined by ® def (PA)A>A,
satisfies the following properties: for any couple of integer (k,£), a constant Cy.e
(independent of €) exists such that

(32) SU[I\) [[(OyOn®a — Id)HLOC(IAxR?d) < Ce,
=10
(33) sup |IA|Ak||65V2+kq)A||Lm(IAxR2d) < ij{:‘ and
=40
(34) sup (|0 2@ || poo (1, xr2ey < C|Ial.
=10

In section 6, we shall use the link between the solution of the above Hamilton-
Jacobi equation and the Hamiltonian flow of the function —F) on T* R%. This link
is classical but here we need precise estimates with respect to the metric G5. It is
described by the two following lemmas.

Lemmad4d.l. — Let @5 be the solution of the above Hamilton-Jacobi equation (E[/]A)
and W, the Hamiltonian flow of —Fa(7,Y) i.e. the solution of

dv
d—TA T,yﬂ?) = _HFA(Ta ‘IIA(Y))

VA(0,y,m) = (y,m)-
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Then we have

(an(I)A)(T, \II?\ (Ta Y, 7’)7 77) =Y G/Ild

To prove this, we have simply to remember that by construction of the solution of
Hamilton-Jacobi equations (see for instance [3]), we have

{(Ta \II?\(Ta Y, 7’)7 \IIX(Ta Y, 77)) , TE IA} = {(Ta g’ (aﬂq)A)(Tﬂ ga 77)) , TE IA}
So we deduce immediately that

(35) (Oy @A) (T, UL (7 y,m),m) = VL(T, y,n).
Now let us compute

A, % (0, @0) (W () m)).

The chain rule implies that

d\I,yk

d
Aj = (0-00, @) (7, W (7,5,1),1) + (D0, 0y, 24) (7, WR (7,9, m), 1)~ 2= (7,1 ).
k=1

By differentiation of (E[/]A) with respect to 7, we get that, for any J € R,

M&

87—677]' q)A(Tv ga 77) (aCk FA)(Ta ?77 8?7(1)/\ (T7 ga 77))0% aﬁj N (T, ga 77)'

k=1

=<

v

Applying this identity with (1,9,7m), we get

(8CkFA) (T7 W?\(Tv Y, 77)7 (8?7(1)1\)(7—7 \II?\(T) Y,n), "7))

M=

(aTanj (I)A)(Ta ‘II?/J\ (Ta Y, 77); 77) =

x>
Il
=

X (6§k 6771' (I)A)(Tv \II?\ (Ta Y, 77); 77)'

Using identity (35), we infer that

(O Fr) (7, 9% (1, y,m), U (7, v, 1))

M=

(aTanj (I)A)(Ta ‘II?/J\ (Ta Y, 77); 77) =

x>
Il
=

X (8§k 6771' (I)A)(Tv \II?\ (Ta Y, 77); 77)'
Then we deduce that

d
d\pyk
Aj =) (03,0, 24)(r, VR (7., nm)( A y.m) + (9, Fa) (7, WA (7w, n>).
k=1

As for 7 = 0, we have 9, @4 (0, X (0,y,7),n) = 9,24(0,y,7n) = 9,(y|n) =y, the first
lemma is proved.
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The second lemma is more technical and is related to properties of the hamiltonian
flow with respect to a large class of metrics (i.e. of positive quadratic forms) on T* RY.
It will be crucial in section 6.

Lemma4.2. — A constant Cy exists such that for any couple of positive numbers (r, h)
such that |In| > h=2 we have the following properties. If

def dy®  dn? ,
ga(dy®, dn) éf% Sr with K =Cllh

then, provided we choose C' large enough, we have:

— for any couple (Y, Z) and for any T € I, we have

(36) Cioga(Y —2) < ga(UA(T,Y) = UA(T,2)) < Cogo (Y — 2);

— for any couple of points (Yo, Z,) of T* R® such that
9a(Zr = WA(T,Y0))"? = Cor

if (z,m) € By, Yo,r) and if (y,C) € By, (Z-,r) then

1
ga(v'r]q)/\(Ta y777) -z, qu)A(Ta y777) - C) = Foga(ZT - ‘IIA(T7Yb))'

Remark. — The choice of the metric g, will become clearer in section 6. But anyway,
it is essentially the only choice of a metric such that the above inequalities are true.

Let us prove the first point of this lemma. By differentiation of the equation of the
Hamiltonian flow, we have

%(D\I/A(T, Y)—1d) = —=DHp, - (DWA(7,Y) —1d) — DHp,.

By Gronwall lemma, we get, for any 7 € I,
DA Y) =, oy < [ sup [DHR (1Y), e moydr
Ipn YET* R

X exp/ sup || DHp, (1,Y)l ¢, 0+ r2YdT
In YET* R4

where

def
HAH[lga(T*Rd) = sup ga(A'Z)l/Q-
ZeT* R?
ga(Z)gl
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By definition of the Hamiltonian of F, and of the metric g,, we infer that, if Z = (z, (),
C
9a(DHry (1Y) - 2) < 155 (IVGa(r, )2 + )

C
+ 35 (IV2GA(m )7 21” + [VGA(T, ) 1< ICP)

Clzf?
<
K2

K2
(19613 + Sz 176l )

CleP

h2
+ G (g + IVl )

h? 2 K s 2
<z TIVGAT )llze + 5 IVGA(T )L ) 9a(Z).
So it turns out that

h K
sup IDHE (1Y, sy < O + I9Ga(m e + 5 192Gl ).
YeT* R4

By integration and by definition (10) of ||G|lo, we get that

|Ia|h K
DH Y cgaydT < C Lt
/IA Yesil“l*de |DHp, (1.Y)lz,, (7 r)dT ( K +||g||0( + h|IA|)

If € is any positive real number, let us choose
4C 4Cc
(37) K = — Iyl and [|g]lo such that ||g||0(1 n ?) < %

Then, we have, for £ small enough,

sup [DUA(T,Y) —1d| ¢, (1+ra) <€
(1,Y)eIrxT* R4

Using Taylor formula, we write that

2
9a (a1, Y) =Y — (1, 2)+2)"
< sup  ||DUA(7,Y) =M |z, e reyga(Y — 2)'/?
YeT* R?
TEIN
<ega(Y — Z)I/Q'

Using the inequality of the triangle and choosing e = 1/2, we get that, for any 7 € Ix,
any couple (Y, Z) of points of T* R?, we have

1 3
59(Y = 2)'2 < gu(Wa(r,Y) = Ua(r.2))* < Sgu (v — 2)'V2.

To prove the second point of this lemma let us write, with of course the obvious
notation Yy = (yo,nm0) and Z; = (2,, (), that

1
E |V77¢’A(T, Y, 77) - v"]q)/\(Ta 27, 770)‘

1 1,y
< 7 IVaVa@alli=cly = 2o| + 21V @allz=<[n — 0]
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Estimates (33) and (34) imply that

Cly — 2| | |al
K + K 17— nol

Cr.

1
? ‘anI)A(T, Y, 7’) - Vn(I)A(Ta 2 7’0)‘

NN

Along the same lines, we have
1
E |vy(I)A(T7 Y, 7’) - qu)A(Tﬂ 21, 770)| < Cr.

So using the inequality of the triangle and the fact that (z,7) is in By, (Yp,7) and (y, ¢)
in By, (Z;,r), we infer that

1/2
(38) Ga (vnq)A(T7 Y, 77) - % qu)A(Ta Y, 77) - C) /
1/2
- ga(vnq)A(Ta 27y 770) — Yo, qu)A(T7 21y 770) - CT) / —4r.
Let us define Z def \I/XI(T, Z:) = (20, o) and let us assume that

ga(oa CO - 770) < ﬁ2ga(ZO - YO)

for some (3 in the interval ]0,1[ that will determine later on. Then, using esti-
mates (32)-(34) as above, we obtain that

1/2
YJa (v'r]q)/\(Ta Y, 77) -z, qu)A(Ta Y, 77) - C) /
1/2
= ga(vnq)A(Ta 2r,C0) — Yo, qu)A(T; 2r,Co) — CT) /2 Cr— Cﬁga(ZO - Yb)l/Q-
Using Lemma 4.1, we infer that
1/2
Ga (vn‘:I)A(T, Y, n)fzv qu)A(T, Y, 7’)7<) / 2= ga(Z()*yo, 0)1/2707’7069&(Z0 7Y0)1/2'
But, as ga (20 — %0,0) = (1 — 3%)g.(Zo — Yo), we get that
1/2
Ja (vn‘:I)A(T, Y, 7’) —Z qu)A(Ta Y, 77) - C) / > ((1 - 62)1/2 - Cﬂ)ga(ZO - Y0)1/2 —Cr.
Let us choose for instance 3 so small that
1
(- 0B L
Then, if g,(Zy — Yo)'/? > Cor with Cy large enough, we have that
12 _ 1
Ja (V,,@A(T,y, 7’) - % qu)A(Ta %77) - C) / > Zga(ZO - YO)I/Q'
Now let us assume that
9a(0,C0 —m0) = 62911(20 -Y).
Going back to Inequality (38) and using Lemma 4.1, we claim that
1/2
Ya (v'r]q)/\(Ta Y, 77) -z, qu)A(Ta Y, 77) - C) /

1/2
2 Ja (07 qu)A(T7 21, 770) - qu)A(T7 21y CO)) / -

Cr.

ASTERISQUE 284



MICROLOCAL ANALYSIS AND CUBIC QUASILINEAR WAVE EQUATION 123

Using estimate (32) and choosing e small enough in it, we have that

‘qu)A(Ta 277770) - Vy(I)A(Ta 21, C0)| z (1 - ||vyvnq)A —1d HLOC(IAXT* Rd))KO - 770|

1
> — — .
5 1Co — 7o
So by definition of the metric g, it turns out that
V,® — 2V, _)V 2 Bgze—vyr—c
ga( n A(Tayan) 2, Vy A(Tayan) C) 2 ( 0 0) T.

This concludes the proof of the lemma if Cy is large enough. To be able to handle
interactions between pair of points of type (z, {)—(x, —§), we shall need to control the
time variation of the Hamiltonian flow. This will be crucial in section 7. The following
lemma determines the subintervals of I, such that the flow does vary very few.

Lemma4.3. — Let J be any subinterval of In. Then, we have

1
sup ga(Wa(r,Y) — Un(r, Y)/2 < c( Lo e ).
(r,7)eJ? hl[ | h Ly =)
YeT* R4

To prove this, let us observe that by definition of the Hamiltonian flow, we have
\I/A(T/;Y) UA(T,Y) / Hp, (T \I/A( N,Y))d’r”.
So we immediately get that, for any (7,7') € J,

Ga(UA(T,Y) = U (1,Y))V/2 < / sup  go(Hr, (77, V) 2dr".
J YeT* R4

But by definition of the Hamiltonian vector field and the metric g,, we have
1
0u(Hiy (1, Y)) = 3 [OnFA(r, Y)P? + 2510, Fa (7, V)

By definition of F and of K, we infer that

o (R (V)2 < O (= I9GA( ).

So an immediat integration concludes the proof of the lemma.

4.2. The approximation of the solution. — Before stating the theorem, let us
recall the concept of symbols we introduced in [4].

Definition 4.1. — Let us denote by S~V the set of families of functions o = (OA)A>A,
such that

— the function op is smooth on Ix X R xC in C;
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— for any integer k, the quantity defined by

4dp (0) = sup A +JH83; V]UAHLOO(IAde xC)
j+i'<k
ASAp
is finite.
— An element of S~V is a symbol of order —N.

Now we are able to state the approximation theorem.

Theorem4.1. — Let us assume that ||G||o is small enough. Then, for any integer N,
two symbols o+ (with value in R2) belonging to S° and a constant C' exists such that
the following properties are satisfied.

Let (vA)asn, be the family of solutions of (Ex) with f = 0 and with initial data
v = (Y, 41); if we state

(39) T ¢ - XTI E () - A (),
then, if

(40) [Ia| < A*F

we have

(41) IV (on —ZE () — Iy (W)llegs 22y < CA Nyl

The proof of this is done in [4] and [5].

4.3. The precised Strichartz estimate. — The theorem is the following.

Theorem4.2. — Let C be a ring of R and let us assume that ||G|o is small enough.
For any positive real number €, a constant C. exists which satisfies the following
properties. Let f be a function in L}A (L?) and v a function of L?; let us assume that
those two functions have their support included in C and of diameter less than h. Let
us assume

|IA| < AE.

Then if va is the solution of

(EA){ Pyopy = f

av/\\'r:O =7-

we have

_ 1/2
I90allcs oy < CRED72(log(e + [Ia) /> (Ilzs + 112y (oo))-
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To prove this theorem, we shall use the classical TT* method. Following [5] and
using the fact that the support of the Fourier transform of 7 is included in the ball of
center & and radius h denoted by B(&p, h), let us write that, for any f € D(Ix x Rd),
we have

(ZIa(), ) = (3, Arf) with
AAf d:ef/ei¢A(T’x’§)0A(T,I,€)X(
where x is a function of D(Rd),

Za(): 1) < VM2l Axf Nl z2(B(go ) -
By definition of Ay we have

ALQ) = [ O m e I 0G (1 . (7 (5 ) dndy

§—%&
h

)f(T7 x)drdz.

where

oan(r 7., Y on(r.r, O (v Ox (5203 (5 2),

First, let us decompose A, as follows

|AAF(E)I? = Baf(§) + Caf(§) with

FATe) d:ef/| o O g 2, 1 (5,0 )y,
T—7'|h%221

The estimate about C f is very easy. As the support of Cy f is included in the
ball B(&p,h) we have

/ CAF©lde < O sup | f(€)

<ont [ e LGl

_ h?
<002 [ e ) s 5 sy o

< Chd_2||f||%§A(L1(Rd))-

Now we shall assume that |7 — 7/|h? > 1. Let us follow [5]. Using Taylor formula, we
write that

¢A(T7x7§) - ¢A(T/7ya€) = (I - y)GA(T7 T/a$7y7§) + (T - T/)@A(T7 T/a$7y7§) Wlth
1
(42) \I/A(T,T/,l',y,f) = / aéﬂ(’r/+t(7'*7'/)7y+t(1'*y),£)dt
0 T
L od,
0 al’

Stating the change of variables

On(T, T 3, y,€) = (7" +t(r — 7)),y +t(x —y),&)dt.

n= @A(Ta T/amayaf)a
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we get, denoting by Fj the inverse of the above diffeomorphism,
Ka(r, 7' 2,y) = /ei(“’*y)"ei(T*T/)‘I’A(T’T/’m’y’")UAJL(T, 'z, y,n)dn  with

UA,h(Ta Tla $7y777) d:ef a:/\,h(T7 Tl7x7y7FA(T7 Tl7x7y7n))JA(Ta Tl7x7y7FA(T7 7',7%9777)))
and

\IIA(Ta TI; z, %77) = \AI;A(Ta TI; z,Y, FA(Ta TI; z, %77))

where J) denotes the Jacobian of this change of variables.
Now let us change the variable

. def
77:770+hg with Tlo :e eA(TaTlax7y7§0)'
Then we have
IN(A(T, Try) = hdeih(m*y)"UKA(T, 7 zy)  with

Ka(r, 7', 2, y) d:ef/eih(i‘—y)éei(T—T’)‘I’A(T,T’,x,y,no+h4)0A w(r 7 2y, C)d¢

where all derivatives of o, j are bounded with respect to ¢. Let us study of the form
of the function ¥,. Using Taylor formula, we can write (dropping the fact that ¥y
depends on 7, 7/, x and y)

1
Ua(mo + <) = (o) + h(Vya(m0)[C) + h? / D*W (10 + sh¢)ds(C. ).
0
Using the inequalities (32) and (33) it turns out that, for any s, h and ¢, we have
VO e R, D>y (no + sh{)(0,0) — [Py rsne)- 07| < €l6)?.

As ( belongs to the unit ball of Rd, and h can be choosen small enough, we have that
the quadratic form

1
Qo) [ DPua(m + shods
0

is a non negative quadratic form of rank greater or equal to d—1. Then stating z—y =
(t — 7')z, we can write the phase

i(r = 7 )h(z + V¥A(10)¢) + (T — 7)R*Q(RC)(¢, €)-

Then we can choose coordinates such that the phase function is
d
i(r = 7)h(z + VUA(0))C1 +i(r = 7)Y a;(hOE
j=1

where for any j > 2, the functions a; are smooth with bounded derivatives and
1/2 < a; < 2 except possibily one of them. Then following the basic proof of the
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stationnary phase theorem we get that
hd
<
| = C(|T _ 7—/|h2)(d72)/2
h2
|7 — /|(d-2)/2 '

|I?A(Ta Tla I7y)

As d > 4, we have that

h2
B de < C S Ca— T M g g drdr’
/l Af(E)1dE /lT . |r—r'|<d—2>/2”f(T My llf (75 ) L1 (raydrdr
< Ch™log(e + [1a])I f1172 (LR

Thus Theorem 4.2 holds.

5. The concept of microlocalized functions

In this section, we present the concept of microlocalized functions introduced
by J.-M. Bony in [7]. This concept is related to the Weyl-Hormander calculus
(see [11], [9]). But the problem we investigate here allows us to use a simplified
version of it.

5.1. A simplified version of pseudo-differential calculus. — In this para-
graph, we shall consider a positive quadratic form g on 7* R? such that the symplectic
conjugate quadratic form ¢ defined by
el 0 w1

w+o g(W)

9°(T
satisfies the uncertainty principle
9° 29

Here [, ] denotes the basic symplectic form on T R defined by

[(z, Z gjyj 7’ IJ

Jj=1
In all this paper, we are going to be in the case when
:c2 de?

+

In this case, we have
¢° = N?g with \= Kh.

The uncertainty principle means that A > 1
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We shall mesure the length of derivatives of smooth functions on 7* R with respect
to this metric g. More precisely, let us define, for any smooth function ¢ on T* Rd,
def
jo = sup  sup [DPo(X)(Ty,-,Ty)|.

ki (Te)igegr
XeT* R g(Ty)<1

el

Now, to a function ¢ in D(T* Rd), we associate the operator ¢ defined by
(PPu)(o) = 2m) [ oty uly)dyd.
T+ R4
The choice of this quantization process makes the computation of section 6 simpler.
Let us remark that if the function ¢(z, €) is equal to ¢1(x)p2(§), then

ePu=F (g2 F(p1u)).
Moreover we have

F(pPu)(€) = /Rd e WO u(y, Ou(y)dy.

Later on in this paper we shall need to decompose L? functions whose Fourier trans-
form is supported in the ring C using these operators ¢”. Let us state the following
lemma which will be useful.

Lemma5.1. — A sequence (X,),cz exists such that two sequencies (v, )vez
and (Y, )vez exist which satisfy the following properties.

— the support of v, is included in a ball B, def By(X,,r),
— A sequence (Cj)jen exists (which depends only on r and not in the parameters K
and h) such that

VveZ, [lelljg < Cj

— the functions v, are not supported in B, but confined, which means that a sequen-
ce (Cn)NeN exists such that

d
Vv e Z, |[¢ylngx 5 sup (14N29(X—=B,)N sup | DRy, (X)(T1, - Ti)| < Ch,
E<N (Te)1<e<k
XeT* RY 9(Te)<1

— For any function u of L? whose Fourier transform has a support included in C,

Yoelvlu="Y plu=u

veZ veEZ

we have

Such partitions of unity are “compatible” with L? in the following sense.
Lemmab5.2. — A constant C' exists such that
C M ullfe <D lelullie < Clullfe and Y[l ullfe < Cllule.
1% 1%

Those two lemmas are proved in [8].
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Lemmab5.3. — For any N, a constant C'y and an integer ky exist which satisfy the
following properties. Let ¢ and ¢ be two functions on S(T* Rd) and Y and'Y two
points of T* R, Then a function 0 exists in S(T* RY) such that

07 = ¢P¢" and |0ngy + 101y, 5 < Onldlngyldly, v

This lemma is proved in [9].
Of course, the operators ¢ does not completely fit with any LP space when p # 2.
Nevertheless we have the following lemma.

Lemmab5.4. — Let ¢ be a function of S(T* Rd). The operator P maps LP into LP
for any p in [1,00]. More precisely, a constant C and an integer N exists such that

VXo € T*RY, [l9Palle < Cllelln.g,xo lallze-

This lemma can be seen as a corollary of Lemma 4.3 of [10]. For the convenience
of the reader, we give here a self contained proof based of course on integrations by
part. We have

¢Pa(z) :/ TV oy, €)aly)dyde
T* Rd

i(x— —d
:/T LTI e — ) (R A oy, aly)dude.

So it turns out that

—d
ePale) < Cliellaagoxo( [ (e = o)l
{(.) / 5550l <ry

+ / (1+h2|xy|2>d(1+K2|sso|2>d|a<y>|dyds>.
T* Rd

So the lemma is proved, as thanks to the uncertainty principle, Kh is greater or equal
to 1.

Remark. — The points X, are exactly the points of the lattice
(43) z & (carK Z%) x (cqrh Z9NC).
Now we can defined the concept of microlocalized function.

Definition 5.1. — Let X be a point of T7*R® and (Cy,r) a couple of positive real
numbers. A function u in L?(R%) is said to be (Cp,7)-microlocalized in X, if a
sequence of integers (ky)nen exists such that, for any integer N, the quantities
C def
M () = sup MNg(X = Xo)¥  sup  [[@Pull 2
g(X—X0)1/2>Cor @eD(By(X,r))
”‘;OHICN,ggl
are finite. Here, By (X, r) denotes as in all that follows the set of points of T R such

that g(Y — X)¥/2 < r.
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A basic example of microlocalized functions is given by the following proposition.

Proposition 5.1. — A sequence of integers (kn)nen and a sequence of positive real
numbers (Cn)nen exist such that the following properties are satisfied. Let X, be a
point of T*R%, vy a function in D(By(Xo,7)) and u a function of L*(R%). Then the
function P u is (3,r)-microlocalized in Xo and, for any N, we have

3, D
Mg (#0 1) < Cnllpollk gllull 2

This proposition can be seen as an immediat corollary of the general theory of
Weyl-Hérmander calculus, for instance as a corollary of Theorem 2.2.1. of [9]. But
as a warm up for the next section, we are going to give a proof of it in our particular
situation.

By definition of ¢f, we have, for any function ¢ belonging to D(B,(X, 7)),

F(eP et u)(€) = (QW)’d/ e~ WM TEM oy, € (2, m)u(z)dzdydy.
R3d
Let us do some integrations by part with respect to some derivatives of g-length less
than 1. It is obvious that
(K2A, + hQAn)(e*i(ylﬁfn)*i(Z\n)) = —N2g(y — z,& — n)e WEmm=ilzIm)

Using the fact that derivatives in (y,7n) of g-length less than 1 of g(y — z,£ — ) is less
than g(y — 2,& —n)"/?

F(oPpfu)(€) = (2ﬂ)’d/ eI WIEEM =G (y, 2, € )u(z)dzdydy  with
R3d

—N
K(y, 2, &,m)| < Coon (1+ X2g(X — X0)) " llellznv+n llvoll2n+no
1

X o
(r2 + W2y — 22 + K| —n|?)
Using the fact that A = Kh > 1 and convolution inequalities, we get that

it turns out that

-N
[F (P o5 u)llrz < Crn (L +X29(X = Xo)) " lllan+no |00 ll2nv+no [l 2.
This concludes the proof of the proposition.

In all that follows, the concept of uniformly microlocalized families of functions
will be a basic tool.

Definition 5.2. — Let g def (ga)aca be a family of metrics, X def (Xa)aca a family of

points of T* R? and (Co, ) a pair of positive real numbers. A family of functions U def

(ta)aca in L2(RY) is said to be uniformly (Cp,r)-microlocalized in X with respect
to g if, for any integer N,
def

MR4(U) = sup MRy g, (1) < 0.
a
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5.2. A lemma about the product. — We want here to study the interaction
between two (typical examples of) microlocalized functions. More precisely we are
going to prove the following lemma.

Lemmab5.5. — A constant Cy exists such that, for any integer N, a constant Cy and
an integer kn exist which satisfy the following properties.

If uy and us are two L? functions on R%, if x is a function of D(Rd) supported in
an euclidian ball of radius r, if Y1 and w2 are two functions of D(T™ Rd) respectively
supported in By(Y1,r) and in By(Ya,r), then if

g(Y1 = Y2)'/? > Cyr,

for any N, we have

[x(h™"D) (P w105 us)||
- _N
< CNlerllin.gll@2llin g (1 +A2g(Y1 = Y2)) " Jluall 2 luz| 22

where Y d:ef (ya 77’) ZfY = (ya 7’)
Let us suppose first that

[+ n2| [P 1/2
Bl Zg(Vy — Ya)V2.
A 29( 1 2)
By definition of the operator cp?, the support of the Fourier transform of cpf u; is

included in the (euclidian) ball of center 7; and radius rh. So, it is clear that, if Cy
is large enough,

Supp F (¢ urpd’uz) C {n € R? / ] > 2rh}.
So it turns out that
X(h™'D) (¢ u1p5 uz) = 0.

Now we have to study the case when

— 1 .
|y1Ky2| > (i - ¥5)!/2.

By definition of the operator gajD , we have
@) (Puefu)e) = @0 [ iyl +itz—=10)
Bg(Yl,T)XBg(YQ,T)

X @1(Y)p2(Z)ur (y)us(2)dY dZ.

The fact that
(Id —h2A,)et @M = (1 4 b2z — y|?)el@—vim
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So by repeated integration by parts, we get

N

| (P 1 us) ()| (L4 h2le = yI?) "N (1 + B2 — 27N

/Bg(YhT)XBg(Y%T)
[(Id =h*Ay) Vo1 (V)] [(Id =h*A) N 02(2)| [ua (y)ua(2)|dY dZ.
The inequality of the triangle implies that

|z =yl + |z — g2l > ly1 —w2| and |z —y[+ ]z —2[ > |y — 2| — 2rK.
So, if Cy is greater than 12, we have that

1
|z —y|+ |z — 2| > §|y1 —yo| +rK.
So we infer that, for any NV,
[(ePurod uz) ()| < Cn(1+hPyr — y2l) " Nlle1llan+2allpzllan 24 Z(x)  with
f _ _
2(a) & Cat [ (14 2o = y) 0+ 12— 2) (s o)

By Cauchy-Schwarz inequality, we have that
2
|Z(z)]* < Cqh™ H /(1 + A2z —y*) 741+ R — 22) "y (2)) 2 dydz
j=1

So using again Cauchy-Schwarz inequality, we get that
121 1 (mey < Callua L2 [|uz| 22

So the lemma is proved.

6. The propagation theorem

One of the important point of this study is that the (approximate) flow of the
operator Pp preserves the microlocalization of functions. The aim of this section is
to state and prove a theorem of propagation of microlocalization.

Theorem 6.1. — A constant Cy exists which satisfies the following property.

Let us consider a point Yo = (yo,n0) of T* R? such that 1o belongs to C, a smooth
function ¢ supported in By, (Yo,r) and a function v of L?. Then I/j\[(qufy)(T,~)
is (Co,1)-microlocalized near \PX(T, Yy). Moreover, for any integer N, a constant C
and an integer k exist (which depend only on N ) such that

Co,r
MG e ZE PN ) < Ol Il o

In the following proof of this theorem, we shall drop the exponant * for sake of
simplicity of the notations. By definition of the microlocalized functions, we have to
estimate the following quantity

T F (2 Ta(P) (7, )
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where Z. is a point of T* R? such that 9a(Zr — U (7, YO))I/2 > Cyr. By definition,
we have

J) = K(¢,2)v(2)dz with

R?

K¢, 2) & / e IWIOTIRAT Y =iGINGg (4 oy (7, y,7)(2, 1) dydn.
R2d

The proof consists in integrations by parts in the above integral. Let us define the
vector © by

6 = (6%,07) © (|1a|"/2(Vy®@a(ry,m) — 2), [1al"2(V, @a(r,y,m) = O))

and the vector field £ by

def 1

Lr< T|®|2<fz‘IIAI‘l/Q@yanfiIIAl”Q@nayf)'

It is obvious that
£(e—i(y|<)+i‘1>A(T,ym)—i(ZIn)) = ¢~ HWIO+i®a(Ty:m)—i(z[n)

So as usual, we have, for any integer IV,

K(¢,2) =/RM e tWIOF@Amym =i (LN (0 (y, Ooa(T,y,1)B(2, 1)) dydn.

Let us state the following technical lemma which will allow us to estimate the repeated
action of the differential operator *£.

Lemma6.l. — For any integer N, a family of functions (Lo N)ja<n €Tists such
that Lo n(Y,Y) is a smooth function from T* R® x(T* RY)MN and such that

(45) 109 Lo, (Y, Ml oo (e maysany < O,y (14 [V [2)~NHAD/2,
Moreover, they satisty
o)V f= Z La,N(ea(aBG)IBKN)gaf

lo|<N
where & denotes differentiation of length 1 for the metric g, defined by
~ d _
Guldy? . dn?) 10~ dy? + I ldn® = Aga(dy?, dif).

The metric g, is the interpolation between g, and g7 = A%g,. To prove this lemma,
let us notice that the two vectors

[I|7Y20, and |In]Y?%9,

are of g,-length 1. Proposition 4.1 and the fact that |I5| < A%~¢ implies that, for any
positive integer k, a constant ¢ (which depends only on constants of Proposition 4.1)
such that

(46) Hak@”LO"(I,\XT* R) S Ck-
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Now, we write that {Lf = Lf + Lof with

O,
Lo d:efz<|l I~ 1/22077]( |®|2>+|IA|1 QZé)y,(1+|@|2>)

So thanks to (46), we have

c
L
I£0(©. Mz~ < 77 1gE

But, by definition of £, it is obvious that £ is of the form
> Laa(©)0°f
lal<1
where L1 satisfy (45) for N = 1. So the lemma is proved for N = 1. The lemma

follows by an omitted (and straightforward) induction.

Now, let us go back to the proof of the propagation theorem. The point is to prove
that derivatives of g,-length 1 of
Yz, (ya C)O—A (Ta Y, 77)(725(2; 7’)

are bounded uniformly to the involved parameters. Thanks to Leibnitz formula, we
have

0308 (2, (y, Qoa(r,9,m)(2,m))
_ Z Cilﬁ,ﬁl 53*011 0z, (y, (:)5;‘1 5510'1\ (7’7 Y, 77)55761(?(2; 77)-

a1 <o

B1<B

The metric g, is choosen such that it is greater than the metric g, and the metric gp
defined by

def dy
gn(dy?,dn?) = <5 + dip”.
Then, it is obvious that, for any integer k, we have
sup 10202 (02, (v, Qo (r,y,m)é(z,m)| < Ci.

lat+BI<k
(1,Y,Z)elnx (T* R%)?

So thanks to Lemma 6.1, it turns out that, for any N, a constant Cy exists such that

. C
‘ (‘L)Y (ez, (v, Qon(r,y,mo(z,n)) H< W '

So by definition of ©, we infer that, for any integer IV, a constant C exists such that

dyd
|’C(C,Z)| <Cn /y—zr\grl( ~ : v
[n—nol<Th (1 + Ga (an)A(T, y,m) — z, qu)A(T’ v = C))

with of course
|z—yo| <rK and |(—( | <rh
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But, as K = C|Ix|h and A = Kh, we have
Ga(dy?,dn®) = cAga(dy?, dn®).
So we have that

dyd
K¢, 2)| < C e

N N
ly—z-|<rK
[n—mno|<Th (1 + )\ga (v'r]q)/\ (Ta Y, 77) -z, qu)/\ (Ta Y, 77) - C))

1/2

Now let us apply Lemma 4.2. As g,(Z;, Ua(7,Y)))Y# is greater than Cor, as (z,7)

belongs to By, (Yo, r) and (y,() to By, (Z;,r) then

1
ga(vnq)A(Ta Y, 77) 2 Vy(I)A(Ta Y, 7’) - C) = C_Oga(ZTa \IIA(Tv YO))
So we have, if g,(Z,, WA (T,Y))Y/? is greater than Cyr,
Cn
|IC((:,Z)| < N
(14 Aga(Zr — ¥A (T, Y0)))
dydn

ly—2,|<rK N
[n—nol<rh (1 + A (Vy®a(T,y,m) — 2, Vy®a (T, y,m) — C))

As (y, ¢) belongs to By, (Z-,r), we have that
ga(ZT - \PA(Ta YO))1/2 2 ga((ya C) - \IIA(Ta YO))1/2 -T

€ = VR, Yo)| _
h

Stating Zj def U (7, Z,), we have, thanks to the assertion (36) of Lemma 4.2 and
as (z,n) belongs to By, (Yy,r),

9a(Zz = UA(1,Y0))V? > Cga(Zo — Yo)'/2
|z — 2o

>

=>C —Cr.

So it turns out that

_N —N
K < On (14200 (Zr = 0 (1. %)) (14 Aga((2,0) = (20, ¥4 (,Y0)) )

/ dydn

X .
ly—zr|<rK N
|77_770‘<7'h (]— + )\ga (Vn(I)A (Ta Y, 77) 2 Vy(I)A (Ta Y, 7’) - C))
Let us state the change of variables

{y’ = [I|7Y2(V,@a(7,y,m) — 2)
n = 1|2 (V,@4(r,y,m) — ).

Using estimates (32), we infer that the jacobian of this change of variables is closed
to 1. Then it turns out that

-N —
K¢ 2) < On (14 Aga(Zr = Wa(7,Y0))) (14 Agal(2,0) = (20, W3 (7, Y0)) )

N
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But Schur’s lemma implies that

19132 < (sup [ etz (sup [ 102 )

Immediate integrations imply that

G 2= < (14 Agu(Ze = Wafr o) MUY and

K2l < Covl1+ 2ga(Z = walr, Yo) V-2
So, for any N, we have
171122 < Cnv (14 Aga(Zr = a(7, %)) " 17l
As go(Z; — UA(T,Y0))/? is greater that Cor, then
Aga(Zr — UA(T,Y0)) = CorAga(Z- — UA(T, Yo)) /2.
So Theorem 6.1 is proved.

In the next section, the following corollary will be useful.

Corollary 6.1. — A constant Cy exists which satisfies the following property.

Let us consider a point Yy = (yo,n0) of T* R such that no belongs to C, a smooth
function ¢ supported in By, (Yo,r) and a function v of LZ.

For any integer N, a constant C and an integer k exist (which depend only on N)
such that, for any a, if ga(Ua(7,Ye) —=Y) = Cor, for any function ¢ in S(T* R?), we
have

192 (Zx (PN ) e < AN (14 ga(Wa (7, Yo) = Y)) ™ [llkgy [16]ga 171122

The proof of this corollary is a simple combination of Theorem 6.1 and Lemmas 5.3
and 5.4.

7. The conclusion of the proof

This section is the conclusion of the proof of theorem 3.1. The strategy is the
following. First, we apply Lemma 5.5 about the product and the propagation theo-
rem 6.1 to concentrate on real interaction (see the proof in the constant coefficient
case). Because of the fact that variable coefficents do not respect the localization in
frequency space, we need at this step of the proof to decompose the interval I, .

In this section, we shall state

Ty X D) (28 (1) () T2 (1) (7, 9) -

The equivalent of Identity (5) that appears in the constant coefficient case is the
following lemma.
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Lemma7.l. — Let J = (7;,7}) be a subinterval of In such that
[ <hlLa| and VG |1y 1) <RIVGE Iy (z=)-
Then two families (¢,) and (0,) of confined symbols exist such that, for any integer N,
Virs 10l g, w0 vy T 10l g 60 ) vy S ON
and, for any N, a constant Cn exists such that

1T = Tl (poey < OnRATN(IIalB) A2 [l 2 12| 2.

with
def B2V (P T (oL P 3 x 627 (LD P ) d
1(7—) - Z X( ) ¢p, A (‘Puwu 71)(7—7 )X wA (@u’wu”yQ)(Ta ) an
wea,
A € L/ 9a(8D (75, Vi) = 8075, ¥)) P < ).

Let us admit this lemma for a while. Let us simply notice that the number of
elements of A, is finite and bounded indepently on x4 and J.

Now we shall decompose the interval Iy on subintervals J such that the above
lemma can be applied. To do this let us introduce the following function on the
interval Ip

1
Hr def (Z ||I(1) ‘Puwu% (r, )||Loo) (Z|I(2) @,t?ﬁ ¥2) (T, )||Loo)

Using precised Strichartz estimates, we get that

j 1/2
17 (R lz () < C(logle + [TaD) /*AI=D72 |42 2.

So, using Cauchy-Schwartz inequality, we get that

1/2
H(r)dr < C(log(e + |Ia]) h“<2|w,m||L2> (anﬁm%z)
m

Lemma 5.2 implies that

1/2

1/2

Ia

! H(r)dr < C(log(e + 1)) =2 [mll72 2l
A

As in section 3, we decompose I, in intervals J such that
I < AL, IVGD | (1) < hHVGﬁ\j)HL}A(Lx) and /H(T)dT <h [ H(r)dr.
J In

Let us estimate ||| 11 (r~). Lemma 5.4 implies that

MOIEEDY 1782 (202 7) (7 )| e 12 (20 Br2) (7 )| e

pop
/J‘/GA#
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By Cauchy-Schwarz inequality, we infer that
IT(T)l|Le < H(7).
So by construction of J, we get that
TNy < Ch(log(e + [Ia) A2 ml| 2 lly2 | -

Exactly along the same lines as in section 3, the number of intervals J is less
than Ch~!. As |Ip| = h™2T¢ and A\ = |I|h?, the theorem is proved if we apply
Lemma 7.1 with N large enough.

But we have to prove Lemma 7.1. First, let us write

= Y g/(r) with
2NN
v, def — 1 2
TV (r) < x(h ID)(wwaIX (@R Py1)(r, )BT (BB (r, -))-
Propagation theorem 6.1 and its corollary 6.1 imply that, if
; 1/2
9a (Y =007, v, )2 = Cor,
then
- j —d—1
leDwl T (00 1) (e < OnA N (ga(Ye = UF (7, Y,)) ™ 102 vl
So using Bernstein inequality and integrating on the interval J, if
; 1/2
9a (Y =007, v, )2 = Cor,
we get that
v, — — i —d—1
A7) 1Tz oy < On(IalR?)RI2A™N (14 ga(Y, — v (7, Y,)))
< YRy 2wzl e
Lemma 5.5 implies that if ga(YV — Yl,/)l/2 > Cyr, then for any N we have
_ - —d—1
1725 (Ol ey < ONAN (14 ga(Vy = Yor)) ™ [Pl 2 9272 22
Using Bernstein inequality, we get by integration that
v — > —d—1
48) T (Dl < ONA N1+ ga(Ye = Vo)) " Ml vl 210l e
Let us define

def [ 14 go(X) if ga(X)1/2 = Cr
Bg, (X) = { 1 ifga(x)2 <o M

A lef (Va I/a %M/)/ ga(Yu - \I’S)(T,], Yﬂ))1/2 < Cr and

9o (Y — ‘115\2)(TJ,YH/))1/2 <Or and g.(Y, —Y,)Y2 < Cr}.

Thanks to Inequality (36) of Lemma 4.2, and thanks to the fact that the point (X,)
are the points of the lattice Z defined in (43), the number of indices v such that

9a Yy =0V (v )2 < Or
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is finite and independent of the interval J. So plugging the estimates (47) and (48)
together, we get, if (v, v/, u, u') & A,
1T il ey < Kn( s g N (AR A2 |l 07| 2l el e with

def A _d_
£ OnAy, (Y, — 00 (7, ,)) 1A, (Ve — 0 (75, Y,0)) 41

X Aga (YV — Yyl)_d_l.

KN(Va V/7M7/J'/)
But we have that
sg{p;Aga (X -Y,) 4! < o0

Applying Schur’s lemma and then Lemma 5.2, it turns out that
v, v,
H Z T i L1 (L) S Z ”ju,u’ ”LlJ(LOO)
( J

v )EA (vov! pp! )EA

1/2
< cNANh<|IA|h2>h“(Z w,%n;) (Z Iwa?wI%z)
I b

< ONAVR(IA IR )R 1 2 [z e

1/2

Now let us state
def
l - Z J, o
(vv' s p,p’)EA
and check that it satisfies the conclusions of the lemma. Let us define

BY Lty ) gu(v, - 99 (70, Y,)) < O},
C, def {I//EIV € Bf}) /9a(Yy, — Y,/)l/2 < C’r} ,
A, 3 € ¢, nBY).
Let us notice that, thanks to Inequality (36) of Lemma 4.2, we have
Ay (i ) 9a (W (7, Y) = B (75, Y,)) 2 < O,

Now let us state

p def D D p def D . D
W = Z Pv wu and H;L = Z ‘waw .
VEB}(E) v'eCy

We apply Lemma 5.3 to conclude the proof.
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MICROLOCAL STUDY OF IND-SHEAVES I:
MICRO-SUPPORT AND REGULARITY

by

Masaki Kashiwara & Pierre Schapira

Abstract. — We introduce the notions of micro-support and regularity for ind-sheaves,
and prove their invariance by quantized contact transformations. We apply these
results to the ind-sheaves of temperate holomorphic solutions of D-modules. We
prove that the micro-support of such an ind-sheaf is the characteristic variety of the
corresponding D-module and that the ind-sheaf is regular if the D-module is regular
holonomic. We finally calculate an example of the ind-sheaf of temperate solutions
of an irregular D-module in dimension one.

Résumé (Etude microlocale des I nd-faisceaux | : micro-support et régularité)

Nous introduisons les notions de micro-support et régularité pour les ind-faisceaux
et prouvons leur invariance par transformations de contact quantifiées. Nous appli-
quons ces résultats aux ind-faisceaux des solutions holomorphes tempérées des D-
modules. Nous prouvons que le micro-support d’un tel ind-faisceau est la variété
caractéristique du D-module correspondant et que le ind-faisceau est régulier si le
D-module est holonome régulier. Nous calculons enfin un exemple du ind-faisceau
des solutions tempérées d’un D-module irrégulier en dimension un.

1. Introduction

Recall that a system of linear partial differential equations on a complex mani-
fold X is the data of a coherent module M over the sheaf of rings Dx of holomorphic
differential operators. Let F' be a complex of sheaves on X with R-constructible coho-
mologies (one says an R-constructible sheaf, for short). The complex of “generalized
functions” associated with F' is described by the complex RHom (F,Ox), and the
complex of solutions of M with values in this complex is described by the complex

RHomp, (M, RHom (F,Ox)).

2000 Mathematics Subject Classification. — 35A27, 32C38.
Key words and phrases. — Sheaves, micro-support, D-modules, ind-objects.
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One may also microlocalize the problem by replacing RHom (F,Ox) with
phom(F,Ox). In [4] one shows that most of the properties of this complex, espe-
cially those related to propagation or Cauchy problem, are encoded in two geometric
objects, both living in the cotangent bundle T* X, the characteristic variety of the
system M, denoted by char(M), and the micro-support of F', denoted by SS(F).

The complex RHom (F,Ox) allows us to treat various situations. For example
if M is a real analytic manifold and X is a complexification of M, by taking as F'
the dual D'(Cys) of the constant sheaf on M, one obtains the sheaf By of Sato’s
hyperfunctions. If Z is a complex analytic hypersurface of X and F = Cz[—1] is
the (shifted) constant sheaf on Z, one obtains the sheaf of holomorphic functions
with singularities on Z. However, the complex RHom (F,Ox) does not allow us to
treat sheaves associated with holomorphic functions with growth conditions. So far
this difficulty was overcome in two cases, the temperate case including Schwartz’s
distributions and meromorphic functions with poles on Z and the dual case includ-
ing C*°-functions and the formal completion of Ox along Z. The method was two
construct specific functors, the functor THom of [2] and the functor ® of [5].

There is a more radical method, which consists in replacing the too narrow frame-
work of sheaves by that of ind-sheaves, as explained in [6]. For example, the presheaf
of holomorphic temperate functions on a complex manifold X (which, to a subana-
lytic open subset of X, associates the space of holomorphic functions with temperate
growth at the boundary) is clearly not a sheaf. However it makes sense as an object
(denoted by O%) of the derived category of ind-sheaves on X. Then it is natural
to ask if the microlocal theory of sheaves, in particular the theory of micro-support,
applies in this general setting.

In this paper we give the definition and the elementary properties of the micro-
support of ind-sheaves as well as the notion of regularity.

We prove in particular that the micro-support SS(+) and the regular micro-support
SSreg(-) of ind-sheaves behave naturally with respect to distinguished triangles and
that these micro-supports are invariant by “quantized contact transformations” (in
the framework of sheaf theory, as explained in [4]).

When X is a complex manifold and M is a coherent Dx-module, we study the
ind-sheaf Sol*(M) := RHom , (M, O%). We prove that

(i) SS(Sol*(M)) = char(M),
(ii) if M is regular holonomic, then Sol*(M) is regular.

Finally, we treat an example: we calculate the ind-sheaf of the temperate holomorphic
solutions of an irregular differential equation.

This paper is the first one of a series. In Part II, we shall introduce the microlocal-
ization functor for ind-sheaves, and in Part III we shall study the functorial behavior
of micro-supports.
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2. Notations and review

We will mainly follow the notations in [4] and [6].

Geometry. — In this paper, all manifolds will be real analytic (sometimes, complex
analytic). Let X be a manifold. One denotes by 7: TX — X the tangent bundle
to X and by 7: T*X — X the cotangent bundle.

For a smooth submanifold Y of X, Ty X denotes the normal bundle to Y and Ty X
the conormal bundle. In particular, T% X is identified with X, the zero-section. For
a submanifold Y of X and a subset S of X, we denote by Cy (S) the Whitney normal
cone to S along Y, a conic subset of Ty X.

One denotes by a: T*X — T*X the antipodal map. If S C T*X, one denotes by
S the set S ~ T% X, and one denotes by S* the image of S by the antipodal map.
In particular, T*X = T*X ~ X, the set T*X with the zero-section removed. One
denotes by 7: T*X — X the projection.

If S is a locally closed subset of T* X, we say that S is RT-conic (or simply “conic”,
for short) if it is locally invariant under the action of R*. If S is smooth, this is
equivalent to saying that the Euler vector field on T* X is tangent to S.

Let f: X — Y be a morphism of real manifolds. One has two natural maps

(2.1) TX — Xy TY =T
d k.

(In [4], fq is denoted by f’.) We denote by ¢; and g2 the first and second projections
defined on X x Y.

Sheaves. — Let k be a field. We denote by Mod(kx ) the abelian category of sheaves
of k-vector spaces and by D®(kx) its bounded derived category.

We denote by R-C(kx) the abelian category of R-constructible sheaves of k-vector
spaces on X, and by Db __(kx) (resp. D% 5 .(kx)) the full triangulated subcategory
of D?(kx) consisting of objects with R-constructible (resp. weakly R-constructible)
cohomology. On a complex manifold, one defines similarly the categories D% __(kx)
and ngicic(k x ) of C-constructible and weakly C-constructible sheaves.

If Z is a locally closed subset of X and if F' is a sheaf on X, recall that F is a
sheaf on X such that Fz|z ~ F|z and Fz|x-z ~ 0. One writes kx z instead of (kx)z
and one sometimes writes kz instead of kx .

If f: X — Y is a morphism of manifolds, one denotes by wx/y the relative dualizing

complex on X and if Y = {pt} one simply denotes it by wx. Recall that
wx ~ orx[dimg X]

where orx is the orientation sheaf and dimg X is the dimension of X as a real mani-
fold. We denote by D and Dx the duality functors on D®(ky), defined by

D'x(F) = RHom (F,kx), Dx(F) = RHom (F,wx).
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If F is an object of D’(kx), SS(F) denotes its micro-support, a closed conic
involutive subset of T*X. For an open subset U of T* X, one denotes by D®(kx;U)
the localization of the category DP(kx) with respect to the triangulated subcategory
consisting of sheaves F' such that SS(F)NU = @.

We shall also use the functor phom as well as the operation + and refer to loc. cit.
for details.

O-modules and D-modules. — On a complex manifold X we consider the struc-
tural sheaf Ox of holomorphic functions and the sheaf Dx of linear holomorphic
differential operators of finite order.

We denote by Modcon(Dx) the abelian category of coherent Dx-modules. We de-
note by D¥(Dx) the bounded derived category of left Dx-modules and by D%, (Dx)

(resp. D (Dx)), D% (Dx)) its full triangulated category consisting of objects with
coherent cohomologies (resp. holonomic cohomologies, regular holonomic cohomolo-

gies).

Categories. — In this paper, we shall work in a given universe U, and a category
means a U-category. If C is a category, C” denotes the category of functors from
C° to Set. The category C" admits inductive limits, however, in case C also admits
inductive limits, the Yoneda functor h": C — C” does not commute with such limits.
Hence, one denotes by hi)n the inductive limit in C and by “h_n)l” the inductive limit
in CM.

One denotes by Ind(C) the category of ind-objects of C, that is the full subcategory
of C" consisting of objects F' such that there exist a small filtrant category I and a
functor a: I — C, with

F~lim” o, ie., F'~ “lm” F;, with F; € C.
iel
The category C is considered as a full subcategory of Ind(C).

If : C — C'is a functor, it defines a functor I¢: Ind(C) — Ind(C’) which commutes
with “lim”.

If C is an additive category, we denote by C(C) the category of complexes in C
and by K (C) the associated homotopy category. If C is abelian, one denotes by D(C)
its derived category. One defines as usual the full subcategories C*(C), K*(C), D*(C),
with x« = 4, —,b. One denotes by @ the localization functor:

Q: K*(C) — D*(C).

We keep the same notation @ to denote the composition C*(C) — K*(C) — D*(C).
Let a,b € Z with a < b. One denotes by Cl*(C) the full subcategory of C(C)
consisting of objects F'® satisfying F* = 0 for i ¢ [a,b]. There is a natural equivalence

Ind(Cl¥(C)) = Clet(Ind(C)).
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Ind-sheaves. — Here, X is a Hausdorff locally compact space with a countable
base of open sets and k is a field. One denotes by I(kx) the abelian category of
ind-sheaves of k-vector spaces on X, that is, I(kx) = Ind(Mod®(kx)), the category
of ind-objects of the category Mod®(kx) of sheaves with compact support on X. We
denote by D*(I(kx)) the bounded derived category of I(kx).

There is a natural fully faithful exact functor

Lx MOd(kx) — I(kx),
Fr— “lim” Fy (U open).
uccx
Most of the time, we shall not write this functor and identify Mod(kx) with a full
abelian subcategory of I(kx) and D®(kx) with a full triangulated subcategory of
DP(I(kx)).
The category I(kx) admits an internal hom denoted by Zhom and this functor
admits a left adjoint, denoted by ®. If F' ~ “lim” F; and G ~ “lim” G}, then
s s
i J

Zhom (G, F) ~ lim “lim” Hom (G}, F;)

i 4
G @ F ~ “lim” “lim” (G, @ F;).
- =
i J

The functor ¢x admits a left adjoint
ax: I(kx) — Mod(kx),
To F = “lim” F;, this functor associates ax (F') = lim F;. This functor also admits a
left adjoint
ﬂxi MOd(kx) —_— I(kx),

and both functors ax and [Bx are exact. The functor Bx is not so easy to describe.
For example, for an open subset U and a closed subset Z, one has;

Bx (kxu) ~ “lim” kxv (V open),

vccu
Bx (kxz) ~ “lim” kyy (V open).
zZcv
One sets
Hom (G, F) = axZThom (G, F) € Mod(kx).
One has

Homl(kx)(G7 F) =T(X;Hom (G, F)).

The functors Zhom and Hom are left exact and admit right derived functors RZhom
and RHom .
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Let f: X — Y be a morphism of topological spaces (Y satisfies the same assump-
tions as X). There are natural functors

7 Iky ) — I(kx)
for kx) — I(ky)
fu: I(kx) — I(ky).
The proper direct image functor is denoted by fi instead of f, because it does not
commute with ¢, that is vy fi # fiitx in general..
These functors induce derived functors, and moreover the functor Rfy admits a
right adjoint denoted by f':
7V DI(ky)) — D (I(kx)),
Rf,: D"(I(kx)) — D*(I(ky)),
Rfu: D*(I(kx)) — D°(I(ky)),
F's DY (U(ky ) — DM (I(kx)).
Let ax: X — {pt} denote the canonical map. We also introduce a notation. We set
IN(X50) = ax.(),
RIT'(X;+) = Rax.(:).

Ind-sheaves on real manifolds. — Let X be a real analytic manifold. Among all
ind-sheaves, there are those which are ind-objects of the category of R-constructible
sheaves, and we shall encounter them in our applications.

We denote by R-C°(kx) the full abelian subcategory of R-C(kx) consisting of
R-constructible sheaves with compact support. We set

IR—c(kx) = Ind(R-C®(kx))

and denote by D?; _(I(kx)) the full subcategory of D’(I(kx)) consisting of ob-
jects with cohomology in IR—c(kx). (Note that in [6], IR—c(kx) was denoted by

Ir—c(kx).)

Theorem2.1. — The natural functor D*(IR—c(kx)) — D% _.(I(kx)) is an equiva-
lence.

There is an alternative construction of IR—c(kx ), using Grothendieck topologies.
Denote by Opy the category of open subsets of X (the morphisms U — V are
the inclusions), and by by Opyx_ its full subcategory consisting of open subanalytic
subsets of X. One endows this category with a Grothendieck topology by deciding
that a family {U;}; in Opy_, is a covering of U € Opy_, if for any compact subset K
of X, there exists a finite subfamily which covers U N K. In other words, we consider
families which are locally finite in X. One denotes by X, the site defined by this
topology.
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Sheaves on X, are easy to construct. Indeed, consider a presheaf F' of k-vector
spaces defined on the subcategory Op%_  of relatively compact open subanalytic sub-
sets of X and assume that the sequence

0— F{UUV)— F(U)& F(V) — F(UNV)

is exact for any U and V in Opf_ . Then there exists a unique sheaf Fon X sa such
that F'(U) ~ F(U) for all U € Op%_ . Sheaves on X, define naturally ind-sheaves
on X. Indeed:

Theorem 2.2. — There is a natural equivalence of abelian categories
IR—c(kx) = Mod(kx.,),

given by
IR—c(kx) > F — (Op%,, 25U — HomIR_C(kX)(kXU,F)).

As usual, we denote by C¥ the sheaf of complex-valued functions of class C*°, by
Dbx (resp. Bx) the sheaf of Schwartz’s distributions (resp. Sato’s hyperfunctions),
and by Dx the sheaf of analytic finite-order differential operators.

Let U be an open subset of X. One sets C¥(U) =T(U;C¥).

Definition 2.3. — Let f € C¥(U). One says that f has polynomial growthat p € X if it
satisfies the following condition. For a local coordinate system (1, ..., z,) around p,
there exist a sufficiently small compact neighborhood K of p and a positive integer
N such that

(2.2) SUP,e o (dist(z, K~ U))N|f(x)| < 00.

It is obvious that f has polynomial growth at any point of U. We say that f is
tempered at p if all its derivatives have polynomial growth at p. We say that f is
tempered if it is tempered at any point.

For an open subanalytic set U in X, denote by Cx(U) the subspace of C5(U) con-
sisting of tempered functions. Denote by Db’ (U) the space of tempered distributions
on U, defined by the exact sequence

0 — 'y v(X;Dbx) — I'(X;Dbx) — Dbl (U) — 0.
It follows from the results of Lojasiewicz [8] that U +— C¥(U) and U +— Db (U) are

sheaves on the subanalytic site Xg,, hence define ind-sheaves.

Definition 2.4. — We call C3"" (resp. Db%;) the ind-sheaf of tempered C>°-functions
(resp. tempered distributions).

One can also define the ind-sheaf of Whitney C°°-functions, but we shall not recall
here its construction. These ind-sheaves are well-defined in the category Mod(8xDx ).
Roughly speaking, it means that if P is a differential operator defined on the closure
U of an open subset U, then it acts on C3'(U) and Db (U).
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Let now X be a complex manifold. We denote by X the complex conjugate manifold
and by X the underlying real analytic manifold, identified with the diagonal of X x X .
We denote by Dx the sheaf of rings of finite-order holomorphic differential operators,
not to be confused with Dxr. We set

Ok = RIhomﬁDY(ﬂOy, Db'yz).
One can prove that the natural morphism
RIhommpy(ﬁOY7 C;Oét) — RIhomﬁpy(ﬁOy, Dbx)

is an isomorphism. One calls O% the ind-sheaf of tempered holomorphic functions.
One shall be aware that in fact, O% is not an ind-sheaf but an object of the derived
category D?(I(Cx)), or better, of D*(8xDx). It is not concentrated in degree 0 as
soon as dim X > 1.

Let G € D%_(Cx). It follows from the construction of O% that:

RHom (G, 0%) ~ THom (G, Ox),

where THom (-, Ox) denotes the functor of temperate cohomology of [2] (see also [5]
for a detailed construction and [1] for its microlocalization).

3. Complements of homological algebra

The results of this section are extracted from [7]. Let C denote an abelian category.
We shall study some links between the derived category D’(Ind(C)) and the category
Ind(D®(C)).

Definition 3.1. — Let C be an abelian category. A system of strict U-generators in C

is a U-small family {G;;i € I} of objects of C such that for all X € C and all ¢ € I,
. @ Hom (G;,X)

the object G; ¢

(4] Homc(Gi,X)

%

exists and for all X € C, there exists ¢ € I such that the

morphism G — X is an epimorphism.

In this section, we shall shall always make the hypothesis
(3.1) C has enough injectives and a system of strict generators.

This implies in particular that D®(C) is a U-category.

We define the functor J: D°(Ind(C)) — (D°(C))" by setting for F' € Db(Ind(C))
and G € D°(C)
(3.2) J(F)(G) = Home(Ind(C))(Ga F).

Theorem 3.2

(i) The functor J takes its values in Ind(D®(C)).
(ii) Consider a small and filtrant category I, integers a < b and a functor I —
Clebl(C), i — F;. If F € D"(Ind(C)), F ~ Q(“lim” F,) and G € D*(C), then:

?
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() J(F) = i’ Q(F),
(b) Hom po 1q(¢)) (G5 F) = @Home(C)(GaE)~
K]
(iii) For each k € Z, the diagram below commutes.

Db(Ind(C)) y Ind(D?(C))

%) TH*

Ind(C)

Lemma3.3. — Assume that C has finite homological dimension. Let ¢: X —Y be a
morphism in Ind(D®(C)) and assume that ¢ induces an isomorphism

ITH*(p): IH*(X) = TH(Y)
for every k € Z. Then ¢ is an isomorphism.

Theorem3.4. — Let v: D*(Ind(C)) — D®(Ind(C’)) be a triangulated functor which
satisfies: if F € D*(Ind(C)), F ~ Q(“lim” F;) with F; € Cl**(C), then H*(F) ~
“lim” H*)(Q(F})). Assume moreover that the homological dimension of C' is finite.

Then there exists a unique functor Ji: Ind(D®(C)) — Ind(D®(C’)) which commutes
with “lim” and such that the diagram below commutes:

D(Ind(C)) — D*(Ind(C"))

(G
b JQ/) b/
Ind(D(C)) —— Ind(D®(C")).

Remark 3.5. — The functor J: D*(Ind(C)) — Ind(D®(C)) is neither full nor faithful.
Indeed, let C = Mod“(kx) and let F € Mod(kx) considered as a full subcategory of
I(kx). Then
On the other hand,
Homlnd(Db(ModC(kX)))(J(kX)7 J(F[n])) ~ lim H"(U; F).
vccx

Let 7 be a full triangulated subcategory D®(C). One identifies Ind(7) with a full
subcategory of Ind(D?(C)).

Let F € D°(Ind(C)). Let us denote by 7p the category of arrows G — F in
D*(Ind(C)) with G € T. The category 7 is filtrant.

Lemma3.6. — For F € D(Ind(C)), the conditions below are equivalent.
(i) J(F) € Ind(7),

(ii) for each k € Z, one has H*(F) ~ “lim” H*(G).
G—FeTp
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Definition 3.7. — Let 7 be a full triangulated subcategory of D®(C). One denotes by
J~nd(7) the full subcategory of D°(Ind(C)) consisting of objects F' € D®(Ind(C))
such that J(F) € Ind(7).

Proposition 3.8. — The category J ~*Ind(T) is a triangulated subcategory of D®(Ind(C)).

We will apply these results to the category I(kx) = Ind(Mod(kx)). Hence J is
the functor:
J: D*(I(kx))—Ind(D°(Mod (kx))).
By the definition one has
J(F) = “lim” J(Fy) for any F € D (I(kx)).
vccx
As a corollary of Theorem 3.4, one gets:

Proposition 3.9. — For G € D%(kx) and F € D°(I(kx)), assume that J(F) =~
“lim” J(F;) with F; € DP(kx). Then there are natural isomorphisms:

(3.3) J(G® F) ~ “lim” J(G ® F),
(3.4) J(RZhom (G, F)) ~ “H__H)l” J(RZhom (G, F;)).

2

4. Micro-support and regularity

Let v be a closed convex proper cone in an affine space X. One denotes by v° its
polar cone,

7 ={¢€ X*(x,€) >0 for all x € 7}

Let W C X be an open subset. We introduce the functor @, w: D*(I(kx)) —
D*(I(kx)) as follows. Denote by q1,q2: X x X — X the first and second projections
and denote by s: X x X — X the map (z,y) — x — y. One sets

(I)v,w(F) = qu!!(ks,l,qu;1qu;1W ® q2*1F).

One writes ®, instead of ®, x. Define the functor @;’W by replacing the kernel

ks%’mq;anq;lW with the complex k's,l,quIIquEIW

situated in degree 0. We have a distinguished triangle in D°(I(kx))

— k's—l(o) in which k/’s—l(o) is

Oy (F) — F — & 1 (F) A,
Note that if F' € D°(kx), then
supp(®+,w (F)) € W,
®.,(F) — F is an isomorphism on X x Inty°,
SS((I)’Y(F)) - X x ,yo,
SS(@, w(F)NW x Inty® = 2.
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Lemma4.l. — Let F € D°(I(kx)) and let p € T*X. The conditions (1a)—(4b) below
are all equivalent. Moreover, if F € Dty (1(kx)), these conditions are equivalent to
(5a).

(1a) Assume that for a small and filtrant category I, integers a < b and a functor
I — CleY(Mod(ky)), i — F; one has F ~ Q(“lim” F;). Then there ezists a conic
open neighborhood U of p in T*X such that for Zgrlzy i € I there exists a morphism
i — j in I which induces the zero-morphism 0 : F; — F; in Db(kx;U).

(1b) There exist a conic open neighborhood U of p in T*X, a small and filtrant
category 1, integers a < b and a functor I — C!*"(Mod(kx)), i — Fj;, such that
SS(F)NU =@ and F =~ Q(“lim” F;) in a neighborhood of m(p).

(2a) Assume that for a small and filtrant category I, integers a < b and a functor
I — D®¥(kx), i+ F; one has J(F) ~ “lim” J(F;). Then there exists a conic open

icl
neighborhood U of p in T*X such that foreany 1 € I there exists a morphism i — j
in I which induces the zero-morphism 0 : F; — F; in D®(kx;U).

(2b) There exist a conic open neighborhood U of p in T*X, a small and filtrant
category I, integers a < b, a functor I — D°(kx), i — F; and F' isomorphic to F in
neighborhood of m(p) such that SS(F;) NU = @ and J(F') ~ “lim” J(F;).

K3
(3a) There exists a conic open neighborhood U of p in T*X such that for any
G € D*(kx) with supp(G) cC n(U), SS(G) C UUT% X, one has Hom py 141y (G F)
=0.
(3b) There exists a conic open neighborhood U of p in T*X such that for any G €
D*(kx) with supp(G) cC w(U), SS(G) C U UT%X, one has RIT'(X;G ® F) = 0.

Assume now that X is an affine space and let p = (x0;&p).

(4a) There exist a relatively compact open neighborhood W of xo and a closed
convez proper cone y with § € Inty° such that @ w (F) ~ 0.

(4b) There exist F' € D*(1(kx)) with F' ~ F in a neighborhood of xo and F' has
compact support, and o closed convex proper cone 7y as in (4a) such that ®,(F') ~ 0
in a neighborhood of x.

(5a) Same condition as (3a) with G € D _ (kx).

Proof. — The plan of the proof is as follows:

(2a) <= (3a) <= (2b)

(.

(la) (5a) (1b)

Il 1

(3b) == (4a) =—=> (4b)

SOCIETE MATHEMATIQUE DE FRANCE 2003



154 M. KASHIWARA & P. SCHAPIRA

(2a) = (1a) follows from F ~ Q(“lim” F;) = J(F) ~ “lim” J(Q(F;)).

(3 7

(la) = (3b). Let F ~ Q(“lim” F;) and let ¢ € I. There exists ¢ — j such that the
-

K]
morphism F; — Fj in D’(kx) is zero in D°(kx;U). Hence, there exists a morphism
Fj — F{; in D*(kx) which is an isomorphism on U and such that the composition
F; — Fj — FJ; is the zero-morphism in D°(kx). Consider the commutative diagram
in which the row on the bottom is a distinguished triangle in D®(ky) and SS(F;;) N
U=go:

+1

i Fj Fz"j

Since the arrow F; — Fz’] is zero, the dotted arrow may be completed, making the
diagram commutative. Hence, we may assume from the beginning that for any i € I
there exists ¢ — j such that the morphism F; — Fj factorizes as F; — Fj; — F}; with
SS(E]) NnNU =@.

We may assume X is affine and U = W x XA where W is open and relatively compact
and A is an open convex cone. Then SS(G ® F;;) N U = @, and the sheaf G ® Fj;
has compact support. Hence, RI'(X; G ® F;;) ~ 0 which implies H/RIT(X; G® F) ~
“lim” HIRT(X;G® F;) ~ 0 for all j. We conclude therefore RIT'(X;G ® F) ~ 0.
(3b) = (4a). Let F' = Q(“lim” F;), with F; € Cl**(Mod(kx)). Set

K]

He = {x;(x — 205 §0) > —¢}
and let K CC «(U) be a compact neighborhood of xzy. Then there exist an open
convex cone v and an open neighborhood W of z satisfying the following conditions:

W C H.NK,
(x+y)NH:. CW forall z € W,

W x~°CcUUTYX.
Set

GI - k(x+,ya)nH6, G - @ Gz
zeW
Since supp(G) CC 7(U) and SS(G) C W x 7°%, we get by the hypothesis:
“Um” H*RT'(X;G @ F;) ~ 0.
-
K3

Hence,

“liny” ( @D H*RT(X;G, & Fi)> ~ 0.
? zeW
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Hence one obtains:
for any i € I, there exists i — j such that H*RI'(X;G, ® F;) —
{H’“RI‘(X;Gz ® Fj) is zero for any € W and any k € Z.
On the other-hand,

H*(®, w(F,)). ~ H*RT(X;G, ® F}).
Therefore, for any ¢ € I there exists ¢ — j such that for any k& € Z, the morphism
HY(®., w(F;)) — H*(®, w(F};)) is the zero morphism, and this implies
HE (@ (F)) = “liny” H @ 0 () ~ 0.
This gives the desired result: ®, w (F) = 0.
(4a) = (4b) is obvious by taking Fy as F'.
(4b) = (1b). Let W be an open relatively compact neighborhood of zy such that
F|W ~ F/|W and q),y(F/)|W ~ 0.
Then one has a distinguished triangle:

_ 41
Rq“!(ksfl('y\{O})ﬂqflw ® 5] 1F/) I q)’Y(F/)W - F{/V e

and hence one obtains qun(ks,l(v\{o})mqflw[l] ® ¢ 'F) ~ Fj,. Let F/' =
Q(“lim” F;) with F; € Cleb(Mod(kx)), and take a finite injective resolution

K]
I of krl(y\{o})mq;lwm' Since I ® F; is a finite complex of soft sheaves,
qu!(ks—l(v\{o})mqflw[l] ® g, ' F;) is represented by F/ := q1,(I ® g, ' F;). Hence one
has
qu!!(ké’*l(’)’\{o})ﬂqflw X q2_1F/) ~ Q(“h—r.)nw FZLI)

Since SS(F}) N W x Inty° = &, we obtain the desired result.

K2

(1b) = (2b) is obvious.
(2b) = (3a). Let J(F) ~ “li_r_)n” J(F;). If G € Db(kx), we get the isomorphism:

Home(I(kx))(G’ F) ~ h;)nHOme(kX)(G’ E)

We may assume that X is affine and U = W x A where W is open and X is an open
convex cone. Then the micro-support of RHom (G, F;) is contained in SS(F;) + X"
and this set does not intersect X x A. Since RHom (G, F;) has compact support,
Hom (G, F;) is zero.

(3a) = (2a). We may assume that X is affine, p = (29;&p) and U = X’ x Inty°, with
& € Inty° for a neighborhood X’ of zy. Let V be an open neighborhood of zy and
let W = {x;{x — 20;&) > —e}. Then by taking V and e small enough, the sheaf
@, (Hw )v satisfies the condition in (3a) for any H € D°(kx). Let J(F) = “lm” J(F;).

%
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Then @Home(kX)(G’E) ~ 0 for any G = ®,(Hw)v. Let ¢ € I and choose H = F;.

There exists ¢ — j such that the composition (®~(Fw))v — F; — Fj is zero. The
morphism (@, ((Fiw))v — F; is an isomorphism on U’ := (VNW) xInty°. Therefore,
F, — Fj is zero in D®(kx;U").

(3a) = (Ha) is obvious.

(5a) = (3b). (Assuming F' € Dby (I(kx)).) Let (2a-rc) denote the condition (2a)
in which one asks moreover that F; € Dlggibg(kx). Define similarly (la-rc). Then the
same proof of (3a) = (2a) = (1a) = (3b) can be applied to show (5a) = (2a-rc) =
(la-rc) = (3b). g.e.d.

Definition 4.2. — Let F € D*(I(kx)). The micro-support of F', denoted by SS(F), is
the closed conic subset of T*X whose complementary is the set of points p € T*X
such that one of the equivalent conditions in Lemma, 4.1 is satisfied.

Proposition 4.3
(i) For F € D*(I(kx)), one has SS(F)NT%X = supp(F).
(ii) Let F € D*(kx). Then SS(txF) = SS(F).
(iii) Let F € D*(I(kx)). Then SS(axF) C SS(F).
(iv) Let i — F» — F3 XL be a distinguished triangle in D*(I(kx)). Then
SS(F;) C SS(F;)USS(Fy) if {i,5,k} = {1,2,3}.

Proof

(i) supp(F') C SS(F') follows for example from (1b) of Lemma 4.1. The other inclusion
is obvious.

(i) The inclusion SS(F) C SS(exF) follows from (2a) since J(F) is “lim” . The
converse inclusion follows from (1b).

(iii) is obvious, using condition (3b).

(iv) is obvious by (3b). q.e.d.

Remark 4.4. — Let F € D®(I(kx)). It is possible to define another micro-support
of F, denoted by SSy(F'), as follows. Let p € T*X. Then p ¢ SSo(F) if there exist
a small and filtrant category I, integers a < b and a functor I — Cl®?l (Mod(kx)),
i — Fj, such that p ¢ SS(F;) and F' ~ Q(“lim” F;) in a neighborhood of 7(p). Clearly,
SSo(F) C SS(F). This inclusion is strict in general. (As an example, consider the
ind-sheaf given in Proposition 7.3 below.) One checks easily that Proposition 4.3 (iv)
still holds when SS(F) is replaced with SSy(F).

Definition 4.5. — Let A;,i € I be a family of closed conic subsets of 7* X, indexed by
the objects of a small and filtrant category I. One sets

lim A; = ﬂ U Aj, where J ranges over the family of cofinal subcategories of I.
K3
Jci jed
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In other words, p € T*X does not belong to lim A; if there exists an open neighbor-
7
hood U of p and a cofinal subset J of I such that A; NU = @ for every j € J.

It follows immediately from the definition that if J(F) ~ “lim” J(F;), then

7

(4.1) SS(F) C lim SS(F;).

It follows from Proposition 3.9 that if G € D’(kx), one has the inclusions

SS(G@F) C lim (SS(G)FSS(Fy)),
2 SS(RIhom (G, F)) C lim (SS(G)*+SS(F))).

Example4.6. — Let X = R? endowed with coordinates (z,y) and denote by (, y; &, )
the associated coordinates on T*X. Let

U = {(z,y);2* <y},
Z. = {(z,y);2* <y <%}

Set F. =kz. and F=ky ® 6X(k{0}) ~ “h_r)n” F.. Then

SS(ky) =Ty X = {(z,y;&,m); y = § = 0},
SS(F.) = {(z,4;0,0); 2* < y < ?}

(@ y:6m) 5y =27 2| <e, €= —2an, n <0}
(@ y:6m); =€z <e, £=0, n <0}
Uf(e, % 6,m)5 0 < € < —2em, <0},
SS(F) ={(z,y;§,m)sz =y =6 =0, <0}
On the other-hand, one has
SS(F) = Zi;n SS(Fy),
RHom (ky, F') ~ ko [-2],
lim (Ty X+S5S(F.)) = T{p X,
Ty X+S8S(F) = {(z,y:€,m);x =y = € = 0}
S SS(RHom (ky, F)).
Note that SS(F') is not involutive.

Recall that subanalytic isotropic subsets of T*X are defined in [4]. Let us say for
short that a conic locally closed subset A of T*X is isotropic if A is contained in a
conic locally closed subanalytic isotropic subset.
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Definition 4.7
(i) We denote by D® (I(kx)) the full triangulated subcategory of D¥; (I(kx))

w—R—c
consisting of objects F' such that SS(F) is isotropic. We call an object of this category
a weakly R-constructible ind-sheaf.
(ii) We denote by D% __(I(kx)) the full triangulated subcategory of D® 5 (I(kx))

consisting of objects F' such that RHom (G, F) € D% __(kx) for any G € D% __(kx).
We call an object of this category an R-constructible ind-sheaf.

Note that the functor ax induces functors
ax: Doy_p_o(I(kx)) — Dy _z_o(kx),
ax: Di_o(I(kx)) — Dg_c(kx).
The last property follows from ax(F) = RHom (Cx, F).

Conjecture4.8. — Let F € D! (I(kx)) and let G € Db (kx). Then

w—R—c w—R—c

RZhom (G,F) and G ® F belong to D® (I(kx)).

w—R—c

Example 4.6 shows that the knowledge of SS(F') and SS(G) does not allow us to
estimate the micro-support of RHom (G, F') by the one for sheaves, and that is one
reason for the definition below.

Definition 4.9. — Let F € D*(I(kx)).

(i) Let S C T*X be a locally closed conic subset and let p € T*X. We say that F'
is regular along S at p if there exist F’ isomorphic to F' in a neighborhood of 7(p), an
open neighborhood U of p with SNU closed in U, a small and filtrant category I and
a functor I — DI*¥(ky),i +— F; such that J(F') ~ “lim” J(F;) and SS(F;)NU C S.

(ii) If U is an open subset of T*X and F is regularlalong S at each p € U, we say
that F' is regular along S on U.

(iii) Let p € T*X. We say that F is regular at p if F is regular along SS(F') at p.

If F is regular at each p € SS(F'), we say that F is regular.

(iv) We denote by SSyeq(F) the conic open subset of SS(F) consisting of points p
such that F'is regular at p, and we set

SSire(F) = SS(F) \ SSreg(F).
Note that 5SSy (F) = SS(F) for F in Example 4.6.

Proposition 4.10

(i) Let F € D°(I(kx)). Then F is regular along any locally closed set S at each
p ¢ SS(F).

(ii) Let Fy — Fy — F3 *L be a distinguished triangle in D*(I(kx)). If Fj and Fy
are regular along S, so is F; for {i,j, k} ={1,2,3}.

(iii) Let F € Db(kx). Then txF is regular.
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Proof. — (i) and (iii) are obvious and the proof of (ii) is similar to that of Proposi-
tion 4.3 (iv). q.e.d.

It is possible to localize the category D°(I(kx)) with respect to the micro-support,
exactly as for usual sheaves.

Let V be a subset of T*X and let = T*X \ V. We shall denote by D% (kx) the
full triangulated subcategory of D®(kx) consisting of objects F such that SS(F) C V,
and by D°(kx;Q) the localization of Db(kx) by D% (kx).

Similarly, we denote by D% (I(kx)) the full triangulated subcategory of D®(I(kx))
consisting of objects F' such that SS(F) C V.

Definition 4.11. — One sets
D" (I(kx;Q)) = D*(I(kx))/ Dy (1(kx)),
the localization of D*(I(kx)) by D% (I(kx)).

Let Fy and F» are two objects of D’(I(kx)) whose images in D’(I(kx;)) are
isomorphic. There exist a third object F3 € D?(I(kx;)) and distinguished triangles
in D*(I(kx)): F; — F3 — G, B (1 = 1,2) such that SS(G;) N Q = @. It follows
that SS(F,)NQ = SS(F3) N Q = SS(Fy) N Q.

Therefore if F € D*(I(kx;()), the subsets SS(F) and SSi.(F) of Q are well-
defined.

5. Invariance by contact transformations

It is possible to define contact transformations on ind-sheaves. We shall follow the
notations in [4] Chapter VII.

We denote by p; and ps the first and second projections defined on T*(X x Y') ~
T*X x T*Y, and we denote by p§ the composition of pp with the antipodal map on
Y.

We denote by r: X xY — Y x X the canonical map and we keep the same notation
to denote its inverse.

By a kernel K on X X Y we mean an object of Db(kXXy). To a kernel K one
associates the kernel on Y x X

K* :=r.RHom (K,wxxy/y)-
One defines the functor
(5.1) O D¥(ky) — D"(kx)
G Rq (K ®q;'G).

Consider another manifold Z and a kernel L on Y x Z. One defines the projection
q12 from X XY x Z to X x Y, and similarly with ¢23, ¢13.
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One sets
(5.2) K o L= Rq3(q15 K ® 43 L).

Choosing Z = {pt}, one has ®x(G) = K o G for G € D°(ky).

Let Qx and Qy be two conic open subsets of T*X and T*Y, respectively. One
denotes by N(Qx,Qy) the full subcategory of D’(kxyxy;Qx x T*Y) of objects K
satisfying;
(5 3) SS(K)Q(Q)(XT*Y)CQ)(XQ({/,

‘ p1: SS(K)N (Qx x T*Y) — Qx is proper.
Let us recall some results of loc. cit.

(i) Let K € N(Qx,Qy). Then the functor ®x induces a well-defined functor:
@'L;(Z Db(ky; Qy) — Db(kx; Qx)

(ii) Let L € N(Qy,Qz). Then K o L € N(Qx,8z). Moreover, the two functors
., and @4 o ®F from DP(kz;Qz) to Db(kx;Qx) are isomorphic.

We construct the functor analogous to the functor ® i for ind-sheaves by defining
(5.4) P : D'(I(ky)) — D (I(kx))
G — qu!!(K ® q;lG)
Applying Theorem 3.4, we get:

Lemma5.1. — Let G € D°(I(ky)) and assume that J(G) ~ “lim” J(G;), with I small

—

and filtrant and G; € D®(ky). Then J(®x(G)) ~ “Um” J (@ (Gi)).

K2

Now assume that dim X = dim Y and that there exists a smooth conic Lagrangian
submanifold A C Qx x Q¢ such that p;: A — Qx and p§: A — Qy are isomorphisms.
In other words, A is the graph of a homogeneous symplectic isomorphism x: Qy —
Qx.

Let K be a kernel satisfying the assumptions of Theorem 7.2.1 of loc. cit., that is:

K is cohomologically constructible,
(5.5) (1" (2x) Upg ™" () N SS(K) C A,
kn = phom(K,K) on Qx x Q%.
Theorem5.2. — Assume (5.5).
(i) The functor dr induces a well-defined functor:
B - DY (I(ky; Qy)) — D"(I(kx; Qx)).
Similarly, the functor @+ induces a well-defined functor:

®4 . D(I(kx; Qx)) — D'(I(ky; Qy)).
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(ii) The functor
. DY (I(ky; Qy)) — DP(I(kx; Qx))

and the functor
&, DY (I(kx; Qx)) — D (I(ky; Qy))

are equivalences of categories inverse one to each other.
(iii) If G € D*(I(ky)), then SS(®x(G)) N Qx = x(SS(G) N Qy).

(iv) If G is regular at p € Qy, then Oi(G) is regular at x(p) € Qx. In other
words, SSi(Px (G)) N Qx = x(SSi: (G) N Qy ).

Proof
(i) Let G € D’(I(ky)) and assume that SS(G) N Qy = @. Let us prove that
SS(Px(G)NQx = @. Let px € Qx and let py = x " !(px). There exist an open

neighborhood Uy of py in Qy and an inductive system such that J(G) ~ “lim” J(Gy),
icl

and for any ¢ € I there exists ¢ — j such that the morphism G; — G is zero in

D*(ky;Uy). Applying Lemma 5.1 we find that J(®x (G)) ~ “lim” J (@ (G;)). Since

the morphism ®x (G;) — ®x(G;) is zero in D®(kx;Ux), the result follows.
(ii) One has the isomorphism K o K* ~ ka, in N(Qx,{x) and the isomorphism
K*o K ~ ka, in N(Q2y,Qy). Hence, it is enough to remark that

(5.6) Do Pl ~ PH

which follows from the fact that the two functors E)K o &)K* and E)K()K*, from
DP(I(kx)) to D*(I(kx)) are isomorphic.

(iii) For an open subset Uy C Qy, set Ux = x(Uy). Then K € N(Ux,Uy) and
K satisfies (5.5) with Q replaced with U. Let G € D°(I(ky)) with SS(G) = @ in a
neighborhood of py € Qy. By the proof of (i), $S(®x(G)) = @ in a neighborhood

of x(py).
(iv) The proof is similar to that of (iii). q.e.d.

6. Ind-sheaves and D-modules

Let now X be a complex manifold and let M be a coherent Dx-module. We set
for short

Sol(M) = RHom , (M, Ox),
Sol'(M) = RZhom 4 5, (BxM,O%).

Theorem 6.1. — One has
SS(Sol*(M)) = char(M).
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Proof
(i) The inclusion char(M) C SS(Sol*(M)) follows from

SS(Sol(M)) = char(M), ax(Sol*(M)) =~ Sol(M).
and Proposition 4.3 (ii).

(ii) Let us prove the converse inclusion using condition (5a) of Lemma 4.1. Assume
that G € D§_(Cx) satisfy SS(G) N char(M) C T%X. One has the morphisms

RHom (G, RZhom 4 1, (Bx M, 0%)) ~ RHom p, (M, THom (G, Ox))
— RHomp (M, RHom (G,Ox)).

It follows from [1, Corollary 4.2.5] that the second morphism is an isomorphism.
Hence the result follows from SS(Sol(M)) = char(M) and Lemma 4.1 (5a). q.e.d.

The following conjecture is a consequence of Conjecture 4.8.

Conjecture6.2. — If M is a holonomic Dx-module, then Sol'(M) belongs to
Di_(I(Cx)).

Theorem 6.3. — If M is a regular holonomic D x-module, then Sol'(M) — Sol(M)
s an isomorphism.

Proof. — This is a reformulation of a result of [2] which asserts that for any G €
DD%_C((CX), the natural morphism

RHom p (M, THom (G,0x)) — RHomp (M, RHom (G, Ox))
is an isomorphism. q.e.d.

We conjecture the following statement in which “only if ” part is a consequence of
the theorem above.

Conjecture 6.4. — Let M be a holonomic Dx-module. Then M is reqular holonomic
if and only if Solt(M) is reqular.

7. An example

In this section X = C endowed with the holomorphic coordinate z, and we shall
study the ind-sheaf of temperate holomorphic solutions of the Dx-module M :=
Dx exp(1/z) = Dx/Dx (220, + 1). We set for short

Sti= HO(Sol'(M)) = Thom ,_p_(Bx M, O%),
S:= H%(Sol(M)) ~Homp (M,Ox).

Notice first that Of% is concentrated in degree 0 (since dimX = 1), and it is a
sub-ind-sheaf of Ox. It follows that the morphism 8! — S is a monomorphism.
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Moreover,
S~ (CX,X\{O} . eXp(l/z)
Lemma7.l. — Let V C X be a connected open subset. Then T'(V;8") # 0 if and only
if V.C X {0} and exp(1/2)|v is tempered.

Proof. — The space I'(V;S8) has dimension one and is generated by the function
exp(1/z). Hence, the subspace I'(V;S?) ~ T'(V;S) N T'(V; O) is not zero if and only
if exp(1/2) € T'(V; O%), that is, if and only if exp(1/2)|y is tempered. q.e.d.

Let us set z = x + iy.

Lemma7.2. — Let W be an open subanalytic subset of P*(C) with oo ¢ W. Assume
that there exist positive constants C' and A such that

(7.1) exp(z) < C(1 + 22 +y*)N on W.
Then there exists a constant B such that x < B on W.
Proof. — We shall compactify C C P1(C) by (RU {cc})2. If z is not bounded on W,

then there exists a real analytic curve v: [0,e[— (R U {oo})? such that Re~(0) = oo
and y(t) € W for ¢ > 0. Writing v(¢) = (z(t), y(t)), one has

y(t) = cx(t)” + O(x (1))
for some g € Q, c € R and € > 0. Then (7.1) implies that exp(x) has a polynomial
growth when z — oo, which is a contradiction. q.e.d.

Let B, denote the closed ball with center (€,0) and radius € and set U. = X \ B..

Proposition 7.3. — One has the isomorphism

(7.2) “li_r)r;” Cxv. = TZhom, p (BxM,O%).
£>

Proof. — Tt follows from Lemma 7.2 that exp(1/z) is temperate (in a neighborhood
of 0) on an open subanalytic subset V' C X ~ {0} if and only if Re(1/z) is bounded
on V, that is, if and only if V' C U, for some € > 0.

Let V be a connected relatively compact subanalytic open subset of X ~\{0}. Then
a morphism Cy — Cx {0} - exp(1/z) factorizes through a morphism Cy — S* if and
only if it factorizes through Cy_. Hence we get the isomorphism (7.2) by Theorem
2.2. q.e.d.

Remark 7.4. — In fact one can show
HY(Solt(M)) = H(Sol(M)) =~ Cy,.
The isomorphism H*(Sol(M)) = Ox /(2%8. + 1)Ox — Cy is given by

(Ox)o 2 v(z) — ?{v(z)z_Q exp(—1/2) dz.
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Note that ¢(z):=2"2exp(—1/z) is a solution to the adjoint equation

(=9.2% +1)p(z) = 0.

The distinguished triangle

1

St — Solt (M) — H'(Sol'(M))[-1] =5

gives a non-zero element of Ext?(Coy,S*) = Ext?(Cy,Cx) ~ C.

(1]
2]

3]
[4]
[5]
(6]
[7]

8]
[9]

[10]
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REGULARITY OF D-MODULES ASSOCIATED TO
A SYMMETRIC PAIR

by

Yves Laurent

A Jean-Michel Bony, a l’occasion de son 60° anniversaire.

Abstract. — The invariant eigendistributions on a reductive Lie algebra are solutions
of a holonomic D-module which has been proved to be regular by Kashiwara-Hotta.
We solve here a conjecture of Sekiguchi saying that in the more general case of
symmetric pairs, the corresponding module is still regular.

Résumeé (Régularité des D-modules associés a une paire symétrique). —  Sur une algebre
de Lie réductive, les distributions invariantes qui sont vecteurs propres des opérateurs
différentiels bi-invariants sont les solutions d’un systéme holonome. Il a été démontré
par Kashiwara-Hotta que ce module est régulier. Nous résolvons ici une conjecture
de Sekiguchi en montrant que ce résultat est encore vrai dans le cas plus général des
paires symétriques.

Introduction

Let G be a semi-simple Lie group. An irreducible representation of G has a char-
acter which is an invariant eigendistribution, that is a distribution on G which is
invariant under the adjoint action of G and which is an eigenvalue of every biinvari-
ant differential operator on G. A celebrated theorem of Harish-Chandra [2] says that
all invariant eigendistributions are locally integrable functions on G.

After transfer to the Lie algebra g of G by the inverse of the exponential map, an in-
variant eigendistribution is a solution of a Dg-module M for some \ € g*. Kashiwara
and Hotta studied in [4] these Dg-modules Mf , in particular they proved that they
are holonomic and, using a modified version of the result of Harish-Chandra, proved
that they are regular holonomic. This shows in particular that any hyperfunction so-
lution of a module MY is a distribution, hence that any invariant eigenhyperfunction
is a distribution.

2000 Mathematics Subject Classification. — 35A27, 35D10, 17B15.
Key words and phrases. — D-module, Lie group, symmetric pair, regularity.
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166 Y. LAURENT

In [15], Sekiguchi extended the definition of the modules Mf to a symmetric pair.
A symmetric pair is a decomposition of a reductive Lie algebra into a direct sum of
an even and an odd part, and the group associated to the even part has an action
on the odd part (see section 2.1 for the details). In the diagonal case where even
and odd part are identical, it is the action of a group on its Lie algebra. Sekiguchi
defined a subclass of symmetric pairs (“nice pairs”), for which he proved a kind of
Harish-Chandra theorem, that is that there is no hyperfunction solution of a module
/\/lf supported by a hypersurface. He also conjectured that these modules are regular
holonomic.

In [11] and [12], Levasseur and Stafford give new proofs of the Harish-Chandra
theorem in the original case (the “diagonal” case) and in the Sekiguchi case (“nice
pairs”). In [1], we show that both theorems may be deduced from results on the roots
of the b-functions associated to M¥.

The aim of this paper is to prove Sekiguchi’s conjecture, that is the regularity of
/\/lf , in the general case of symmetric pairs. Our proof do not use Harish-Chandra’s
theorem or its generalization, so we do not need to ask here the pairs to be “nice”.

In the first section of the paper we study the regularity of holonomic D-modules.
In the definition of Kashiwara-Kawai [6], a holonomic D-module is regular if it is mi-
crolocally regular along each irreducible component of its characteristic variety. We
had proven in [9], that the microlocal regularity may be connected to some microchar-
acteristic variety. We show here that an analogous result is still true if homogeneity
is replaced by some quasi-homogeneity.

In the second section, we prove Sekiguchi’s conjecture in theorem 2.2.1. First by
standard arguments, we show that outside of the nilpotent cone, the result may be
proved by reduction to a Lie algebra of lower dimension. Then on the nilpotent cone
we use the results of the first section to show that the module is microlocally regular
along the conormals to the nilpotent orbits.

1. Bifiltrations of D-modules

1.1. V-filtration and microcharacteristic varieties. — In this section, we recall
briefly the definitions of the V-filtration and microcharacteristic varieties. Details may
be found in [10] (see also [5], [8], [13]).

Let X be a complex manifold, Ox be the sheaf of holomorphic functions on X
and Dx be the sheaf of differential operators with coefficients in Ox. Let Y be a
submanifold of X. The ideal Zy of holomorphic functions vanishing on Y defines a
filtration of the sheaf Ox|y of functions on X defined on a neighborhood of Y by
FEOx = T¥. The associate graduate, gryOx = @ZE/ZE is isomorphic to the
sheaf A\ O(r, x] where A : TyX — Y is the normal bundle to Y in X and O(p, x the
sheaf of holomorphic functions on Ty X which are polynomial in the fibers of A. For f
a function of Ox |y we will denote by oy (f) its image in gryOx.
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If 7 is the ideal of definition of an analytic subvariety Z of X, then oy (Z) =
{oy(f) | f € I} is an ideal of O|r,x) which defines the tangent cone to Z along Y
[17].

In local coordinates (z,t) such that Y = {t = 0}, ZE is, for k > 0, the sheaf of
functions

f(x,t) = Z fa(z, t)t*

lel=k

and if k is maximal with f € ZE, we have oy (f)(z,t) = 2 lal=k falT; 0)te.

Consider now the conormal bundle to Y denoted by A =Ty X as a submanifold of
T*X. If fis a function on T* X, oA (f) is a function on the normal bundle Th (T*X).
The hamiltonian isomorphism TT*X ~ T*T*X associated to the symplectic structure
of T*X identifies Th(T*X) with the the cotangent bundle T*A and thus o (f) may
be considered as a function on T*A.

The sheaf Dx is provided with the filtration by the usual order of operators denoted
by (Dx,m)m>0 and that we will call the “usual filtration”. The graduate associated to
this filtration is grDx ~ m.Ojp-x) where m : T*X — X is the cotangent bundle and
O|r+x] is the sheaf of holomorphic functions polynomial in the fibers of 7. We have
also gr'"Dx =~ m.Ojp-x)[m] where Ojp-xj[m] is the sheaf of holomorphic functions
polynomial homogeneous of degree m in the fibers of 7. If P is a differential operator
of Dx |y, its principal symbol is a function o(P) on T*X defined in a neighborhood of
A =T} X and oa(0(P)) is a function on T*A (denoted by oa{1}(P) in the notations
of [10]).

The sheaf Dx|Y of differential operators on a neighborhood of Y is also provided
with the the V-filtration of Kashiwara [5]:

ViDx ={P e Dx |VjeZ, PIT, cTi "},

where 7. = Ox if j < 0.

In local coordinates (z,t), the operators z; and D, := 9/0x; have order 0 for the
V-filtration while the operators ¢; have order —1 and Dy, := 9/0t; order +1.

Remark that the V-filtration induces a filtration on grDx =~ m.Ojr«x] which is
nothing but the filtration F associated the conormal bundle A = T3 X. In coor-
dinates, A = {(z,t,§,7) € T*X | t = 0, = 0}, a function of Ojp-x)[m] ﬂIX“k
is a function f(x,t,&, 7) which is polynomial homogeneous of degree m in (¢,7) and
vanishes at order at least m — k on {¢t =0, £ = 0}.

The two filtrations of Dx define a bifiltration Fj;Dx = Dx, ; N ViDx. The associ-

ated bigraduate is defined by grpDx = @gr’}jl)x with

gr’;:jDX = FjDx [(Fr-1,;Dx + Fr;—1Dx)
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and is isomorphic to grygrDx that is to the sheaf 7.O|p-,; of holomorphic functions
on T™*A polynomial in the fibers of 7 : T*A — Y. The image of a differential operator
P in this bigraduate will be denoted by o (c0,1)(P) and may be defined as follows:

If the order of P for the V-filtration is equal to the order of its principal symbol
o(P) for the induced V-filtration then o (co,1)(P) = oa(c(P)) and if the order of
o(P) is strictly lower then o (c0,1)(P) = 0.

Let M be a coherent Dx-module. A good filtration of M is a filtration which is
locally finitely generated that is locally of the form:

My, = Z DX,m+mjuj7
j=1,...,N
where u1,...,uy are (local) sections of M and my,...,my integers.

It is well known that if (M,,) is a good filtration of M, the associated graduate
grM is a coherent grDx-module and defines the characteristic variety of M which
is a subvariety of T*X. This subvariety is involutive for the canonical symplectic
structure of T* X and a Dx-module is said to be holonomic if its characteristic variety
is lagrangian that is of minimal dimension.

In the same way, a good bifiltration of M is a bifiltration which is locally finitely
generated. Then the associated bigraduate is a coherent gr D x-module which defines
a subvariety Chy (co,1)(M) of T*A. Tt is a homogeneous involutive subvariety of T*A
but it is not necessarily lagrangian even if M is holonomic.

If 7 is a coherent ideal of Dx then:

Ch(M) ={£ € T*X |VP € T, o(P)(£) = 0}
Cha(co1)(M) = {C € T*A |V P € T, op(c01)(P)(¢) = 0}

Regular holonomic Dx-modules have been defined by Kashiwara and Kawai in [6,
Definition 1.1.16.]. A holonomic Dx-module M is regular if it has regular singularities
along the smooth part of each irreducible component of its characteristic variety. It
is proved in [6] that the property of regular singularities is generic, that is it suffices
to prove it on a dense open subset of A, in particular we may assume that A is the
conormal bundle to a smooth subvariety of X. The definition of regular singularities
along a smooth lagrangian variety is given in [6, Definition 1.1.11.] but in this paper,
we will use the following characterization which we proved in [9, Theorem 3.1.7.]:

Proposition 1.1.1. — A coherent Dx-module has reqular singularities along a la-
grangian manifold A if and only if Chp(c0,1)(M) is contained in the zero section of
T*A.

1.2. Weighted V-filtration. — The V-filtration is associated to the Euler vector
field of the normal bundle Ty X which in coordinates is equal to > tiD;j . We want to
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define a new filtration associated to a vector field > mit~iDt~j . As this is not invariant
under coordinate transform, we have first to give an invariant definition.

Let us consider the fiber bundle p : Ty X — Y. The sheaf Dip,x,y) of relative
differential operators is the subsheaf of the sheaf Dp,.x of differential operators on
TyX commuting with all functions of p~1O0y. A differential operator P on Ty-X is
homogeneous of degree 0 if for any function f homogeneous of degree k in the fibers
of p, Pf is homogeneous of degree k.

In particular, a vector field 7 on TyX which is a relative differential operator
homogeneous of degree 0 defines a morphism from the set of homogeneous functions
of degree 1 into itself which commutes with the action of p~1Oy, that is a section of

Homlfloy (OTyX [1]7 Oryx [1]) .

Let (x,t) be coordinates of X such that Y = {(z,t) € X | t = 0}. Let (z,t) be the
corresponding coordinates of Ty X. Then 7] is written as:

=Y ai(z)t:Dy,
and the matrix A = (a;;(x)) is the matrix of the associated endomorphism of Oz x[1]
which is a locally free p~'Oy-module of rank d = codimx Y. Its conjugation class

is thus independent of the choice of coordinates (x,t). When the morphism is the
identity, 77 is by definition the Euler vector field of Ty-X.

Definition 1.2.1. — A vector field 77 on Ty X is definite positive if it is a relative dif-
ferential operator homogeneous of degree 0 whose eigenvalues are strictly positive
rational numbers and which is locally diagonalizable as an endomorphism of Op, x[1].

A structure of local fiber bundle of X over Y is an analytic isomorphism between
a neighborhood of Y in X and a neighborhood of Y in TyX. For example a local
system of coordinates defines such an isomorphism.

Definition 1.2.2. — A vector field  on X is definite positive with respect to Y if:

(i) n is of degree 0 for the V-filtration associated to Y and the image oy (n) of n
in grl, Dy is definite positive as a vector field on Ty-X.

(ii) There is a structure of local fiber bundle of X over Y which identifies n and

ay(n).

It is proved in [10, proposition 5.2.2] that if oy (1) is the Euler vector field of Ty X
the condition (ii) is always satisfied and the local fiber bundle structure of X over Y
is unique for a given 7, but this is not true in general.

We will now assume that X is provided with such a vector field . Let 8 = a/b the
rational number with minimum positive integers a and b such that the eigenvalues
of 371y are positive relatively prime integers. Let Dx[k] be the sheaf of differential
operators @Q satisfying the equation [@,n] = SkQ and let V,'Dx be the sheaf of
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differential operators Q which are equal to a series () = Zlgk Q; with Q; in Dx[] for
each [ € Z.

By definition of a definite positive vector field, we may find local coordinates (z,t)
such that n = Y m;t; D, and we may assume that the m,; are relatively prime integers
after multiplication of n by 7. In this situation, the operators z; and D, have
order 0 while the operators ¢; have order —m,; and D;, order +m,. This shows in
particular that any monomial 2*t°D)D? is in some Dx [k] and thus that Dy is the
union of all Vk"DX. This defines a filtration V7 of the sheaf of rings Dx.

The principal symbol of [@Q, 7] is the Poisson bracket {o(P), o(n)} which is equal to
H,(c(P)) where H, is a vector field on T* X, the Hamiltonian of . The V"-filtration
on Dy induces a filtration on the graduate of Dx that is on Op-x). A function f of
O[r-x) will be in V,Z’O[T*X] if it is a series of functions f; for [ > k with H,f = —If.
In this case we set o/ (f) = fx.

We are now in a situation analog to that of section 1.1 with two filtrations on
Dx, the usual filtration and the V"-filtration. The sheaf Dx is thus provided with
a bifiltration by F,?jDX = Dx,; NV,'Dx and this defines a symbol 0" (cc,1)(P) which
is a function on T*X. By definition, 6" (c0,1)(P) is equal to o} (o(P)) where k is the
order of P for the V-filtration. This symbol is thus equal to 0 if the order of o(P) is
strictly less than k.

If M is a coherent Dx-module, we define a good bifiltration and a microcharac-
teristic variety Ch”(c0,1)(M). If M = Dx /Z we will have:

Ch"(00,)(M) ={{ € T*X |V P € T, 0" (c0,1)(P)(¢) = 0}.

The difference with the previous situation is the local identification of TyX with X
which defines isomorphisms T*Ty X ~ T*TyX ~ T*X and make 0"(0(P)) a function
on T*X. Especially, if 77 is the Euler vector field of Ty X and 7 a vector field on X
with oy (n) = 7, the definitions of this section coincide with the definitions of the
previous one except for this identification.

1.3. Direct image of V-filtration. — Let ¢ : Y — X be a morphism of complex
analytic manifolds. A vector field u on Y is said to be tangent to the fibers of o if
u(foep)=0forall fin Ox. A differential operator P is said to be invariant under ¢
if there exists a C-endomorphism A of Ox such that P(f o) = A(f) o for all f in
Ox. If we assume from now that ¢ has a dense range in X, A is uniquely determined
by P and is a differential operator on X. We will denote by A = ¢, (P) the image of
P in Dx under this ring homomorphism.

Let Z be a submanifold of Y and T' a submanifold of X. Let n be a vector field on
Y invariant under . We assume that 7 is definite positive with respect to Z and that
7' = () is definite positive with respect to T'. We also multiply n by an integer so
that its eigenvalues and those of ' are integers.
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Example 1.3.1. — Let Y be a complex vector space and ¢ : Y — X = C? given by
© = (¢1,-..,94) where ¢1,...,¢q are holomorphic functions on ¥ homogeneous of
degree my,...,mq. Let Z = {0} and 7 be the Euler vector field of Y, so that the
V-filtration is the V-filtration along {0}. Then 1’ = ¢.(n) is equal to Y m;t; Dy, on
X and is definite positive with respect to {0}. Remark that we do not assume that ¢
is defined in a neighborhood of Z.

In the general case, we can choose local coordinates (y,t) on X so that n' =
>_m;t; Dy, then the map ¢ is given by y; = ;(x) and t; = 1);(x) where the functions
@i (x) is homogeneous of degee 0 for 1 while the function 1 (x) is homogeneous of degee
m; for 7.

The sheaf Dy . x = Oy ®,-10, ¢ Dy is a (Dy o~ 'Dx)-bimodule with a canon-
ical section 1 ® 1 denoted by 1y _.x. If we choose coordinates (z1,...,z,) of X and
coordinates (y1,...,yp) of Y and if ¢ = (¢1,...,¢p), then the sections of Dy _ x are
represented by finite sums Y f,(y) ® DS and the left action of Dy is given by

Dy (Y faw)@ D) = W)@ D2 + 3 far) 52 () @ D, DS

Jy; yi

If NV is a coherent Dx-module, its inverse image under ¢ is the Dy-module p* N =
Dy_.x Qp-1py ¢ *N. In general, o* is not coherent but if A is holonomic, ¢*A/
is holonomic (hence coherent).

Let Dy _, x[k] be the set of sections satisfying n - u — u - p.n = —B0'ku where 8
(resp. (') is the g.c.d. of the eigenvalues of n (resp. ¢.n). (We may assume that
B =1or # =1 but not both in general). We define V;,Dy_,x as the subsheaf of
Dy _, x of the sections which may be written as series Zl>k w; with u; in Dy _x[l].
Remark that 1y _, x satisfies -1y . x = 1ly_x - @«n hence is of order 0.

If A is a coherent Dx-module provided with a V" -filiration we define a filtration
on its inverse image by:

VIo*N = Z ViDy _x ®¢,1V0n/DX 4,071‘/]77 N.
k=00t B
The sheaf Dy _, x is also provided with a filtration (Dy_ x ), induced by the usual
filtration of Dx hence of a bifiltration F"Dy_ x. If N is bi-filtrated, we define in the
same way a bifiltration on ., N.

Proposition 1.3.2. — Let T be an ideal of Dy which is generated by all the vector fields
tangent to the fibers of ¢ and by a finite set (Pi,...,P;) of differential operators
invariant under ¢. Let J be the ideal of Dx generated by (p«(P1),...,0«(P)). Let
M =Dy /T and N =Dx /T and put on M and N the bifiltrations induced by F"Dy
and F”/DX.
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Then, there exists a canonical morphism of Dy -modules M — ©*N which is a
morphism of bi-filtrated F"Dy -modules and an isomorphism at the points where ¢ is
a submersion.

Proof. — There is a canonical morphism Dy — Dy _.x given by P+— P-1y_.x. The
vector fields tangent to the fibers cancel Dy _, x and a differential operator invariant
under @ satisfy P-1ly_,x = ly_x - ¢«(P) hence this morphism defines a morphism
M — o, N which is a morphism of left V7Dy-modules by the definitions.

In a neighborhood of a point where ¢ is a submersion, we may choose local
coordinates (z1,...,%p,Y1,...,Yn—p) such that o(z,y) = z. Then Dy_ x is the
sheaf of operators P(z,y, D,), the vector fields tangent to the fibers are generated
by Dy,,...,D,,_, and the differential operators invariant under ¢ are of the form
P(z,D,) modulo (D,,), so M — ¢, N is an isomorphism. O

Let S = ¢ 1(T) and = be a point of S where ¢ is a submersion. In a neighborhood
of z, Y is isomorphic to X x S and if we fix such an isomorphism, " which is a vector
field on X may be considered as a vector field on Y, definite positive relatively to S.
Remark that n’ differ from 7 by a vector field tangent to ¢. Then proposition 1.3.2
gives:

Corollary 1.3.3
The microcharacteristic variety Ch"(co,1)(M) is equal to Ch" (00,1)(M) in a neigh-
borhood of .

1.4. Weighted V-filtration and regularity

Definition 1.4.1. — Let Z be a submanifold of X and n be a vector field which is
definite positive with respect to Z. A coherent Dx-module has n-weighted reqular
singularities along the lagrangian manifold A = T X if there is a dense open subset
Q of A such that Ch"(ec,1)(M) C A in a neighborhood of Q.

If oz (n) is the Euler vector field of Tz X, proposition 1.1.1 shows that this definition
coincide with the definition of Kashiwara-Kawai.

Let X = C™ with coordinates (x1,...,Zpn—p,t1,...,tp) and Z = {t =0}, let ¥ =
C™ with coordinates (x1,...,Zn—p,Y1,---,Yp) and Z’ = {y = 0}. Let mq,...,m, be
strictly positive integers , we define the map ¢ : Y — X by ¢(2,y) = (z,47",...,yp ")
and the vector field n = Zi:l...p mt; Dy, .

Lemmal4.2. — Let M be a holonomic D x -module with n-weighted regular singulari-
ties along T7 X, then ¢* M is a holonomic Dy -module with regular singularities along
T5Y.
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Proof. — We may assume that M is equal to Dx /Z for some coherent ideal Z of M.
The inverse image of M by ¢ is, by definition:

©*M =Dy_x ®u-1py ¢ 'M=Dy_x/Dy_xI.

The sections of Dy _, x are represented by P(z,y, Dy, Di) = 3 aas(x, y)Dng and
we define the filtration V"Dy_ x in the same way than in the previous section. For
this filtration z7y? D2 DY is of order <m, 3>—8]. We also define the usual filtration on
Dy _ x, that is the filtration by the order in (D, D¢). In this way, Dy _, x is provided
with a bifiltration F"Dy . x which is compatible with the bifiltration F"Dx, that is
an operator P of F}}Dx sends F;JDy_ x into Fz?z',-k,j-i-lDYHX'

Let Dy, x[N] be the sub-Dy-module of Dy _ x generated by Df for | < N. If
M is holonomic, ¢* M is holonomic hence coherent. The images of the morphisms
Dy_x[N] — ¢©*M make an increasing sequence of coherent submodules of ¢* M
which is therefore stationary, so there exists some Ny such that Dy, x[N] — ¢*M
is surjective for all N > Ny. The bifiltration induced by F"Dy_,x on Dy_,x[N] is
a good F'Dy-filtration which induces a good filtration on ¢*M if N > Ny, we will
denote it by F[N]p* M.

The associate graduate is denoted by gr[N]o*M and, as F[N] is a good bifiltration,
the analytic cycle of T*Y associated to gr[N]¢*M is independent of N [10, Prop
3.2.3.]. For N > Ny, the canonical morphism gr[No]o*M — gr[N]p* M induces an
isomorphism on the associated cycles hence gr[No|p* M and gr[N]¢* M have the same
support and the kernel and cokernel of the morphism have a support of dimension
strictly lower.

An operator P of F}) Dy sends FZDY_,X [No] into F‘zzrk,jJrl,DY—’X[NO +1]. If P an-
nihilates a section u of F;;[Nolp*M, its class in gry; Dx that is the function 0" (cc,1)(P)
annihilates the image of w in gr[N + lJ¢* M. Let ¢ be a point of A = T, X such that
Ch"(s0,1)(M) C T4 X in a neighborhood of ¢. By the hypothesis, there is a dense open
subset 2 of such points in A. There is a differential operator P which annihilates u
and such that 0" (cc,1)(P) = tM i where i is a function invertible at (. Hence there
exists some [ such that the image of u in gr[N + []¢* M is annihilated by ¢}/ = y{wml
hence is supported by y1 = 0. As gr[No|p* M is finitely generated, there exists some
N7 > Ny such that the image of gr[No|p* M in gr[N1]e* M is contained in y; = 0.

We can do the same for the other equations of T, Y and show that there exists some
Ny > Ny such that the image of gr[Nolp*M in gr[Na]¢* M is contained in T%,Y. This
shows that gr[Np]e* M is supported by the union of 75, Y and of a set W of dimension
strictly lower than the dimension of 77, Y. But we know that this support is involutive
hence all its component have a dimension at least that dimension, so gr[No|p* M is
supported in T%,Y in a neighborhood of »~1(¢). By definition gr[No]p* M is equal
to Cthly(oo,l)((p*M), hence ¢*M has regular singularities along T3, Y. O
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Theorem 1.4.3. — Let X be a complex manifold, = : T*X — X the projection, Z a
submanifold of X and n a vector field on X which is definite positive with respect
to Z. Let M be a holonomic Dx-module. We assume that:

(1) M is a regular holonomic Dx -module on X — Z,
(2) M has n-weighted regular singularities along T3 X,
(3) The dimension of Ch(M)NTEX is equal to the dimension of X.

Then M is a reqular holonomic Dx-module.

Proof. — We fix local coordinates (x1,...,Zn—p,t1,...,tp) of X so that Z = {t = 0}
and n = Zi:l...p mgt; Dy,. We define amap ¢ : Y — X by o(z,y) = (x,y7", ...,y ")
where Y is a neighborhood of 0 in C™. If Z’ is the set {y = 0}, lemma 1.4.2 shows
that ¢*M has regular singularities along 77, .

The third condition means that the characteristic variety of M has no irreducible
component contained in 7~!(Z) except T5X. The same is true for ¢*M on Z'.
This may be proved as in lemma 1.4.2 but with the usual filtration replacing the
bifiltration. This may also be proved easily with the definition of the characteristic
variety in terms of microdifferential operators.

By hypothesis, M is regular on X ~ Z hence by [6, Cor 5.4.8.] ¢©*M is regu-
lar holonomic on Y \ Z’. So, ¢*M has regular singularities along each irreducible
component of its characteristic variety, hence by definition, it is a regular holonomic
Dy-module.

Then by [6, theorem 6.2.1.], the direct image p.p*M is a regular holonomic Dx-
module. By definition

P p*M =Ry (Dx—y ®p, Dy_x ®a—1py M)
and the morphism Dx — Dx .y ®p, Dy_ x is injective hence M is a submodule of

wx* M hence a regular holonomic Dx-module. O

The following corollary is the generalization of the definition of regular holonomic
D-modules and of proposition 1.1.1. It is proved from the previous theorem by de-
scending induction on the dimension of the strata.

Corollary 1.4.4. — Let M be a holonomic Dx-module. Assume that there is a strati-
fication X = |J Xq such that Ch(M) C |JTx X and for each « there is a vector field
Na positive definite along X, such that M has no-weighted reqular singularities along
T X.

Then M is a reqular holonomic Dx-module.

2. Symmetric pairs

2.1. Definitions. — Let us briefly recall what is a symmetric pair. For the details
we refer to [15] and [12]. Let G be a connected complex reductive algebraic group with

ASTERISQUE 284



REGULARITY OF D-MODULES ASSOCIATED TO A SYMMETRIC PAIR 175

Lie algebra g. Fix a non-degenerate, G-invariant symmetric bilinear form x on the
reductive Lie algebra g such that x is the Killing form on the semi-simple Lie algebra
[g,9]. Fix an involutive automorphism ¢ of g preserving x and set ¢ = Ker(d — I),
p = Ker(9 4+ I). Then g = ¢® p and the pair (g, ¢) or (g,9) is called a symmetric
pair. Recall that £ and p are orthogonal with respect to x and that € is a reductive
Lie subalgebra of g. Denote by K the connected reductive subgroup of G with Lie
algebra €. The group K acts on p via the adjoint action.

Let p* be the dual of p, O(p) = S(p*) the ring of regular functions on p (S(p*) is
the symmetric algebra), O(p*) = S(p) the ring of regular functions on p* and D(p) the
ring of differential operators on p with coefficients in O(p). The ring of functions O(p)
is naturally embedded in D(p) and we embed O(p*) = S(p) in D(p) as differential
operators with constant coefficients. That is we associate to an element u of the vector
space g the derivation in the direction of u

Du(f)() = S F(+ tu)limo

and we extend to the symmetric algebra S(p). Remark that this embedding is com-
patible with the filtration by the degree in S(p) and the filtration by the order in
D(p).

Notice that K has an induced action on S(p), S(p*) and D(p) and we have natural
embeddings of the invariant subrings S(p)% C D(p)¥ and S(p*)X C D(p)X. The ring
S(p)¥ is equal to the ring of polynomials C[pi,...,p,] for some pi,...,p, in S(p)&
and in the same way S(p*)¥ is equal to a ring of polynomials Clgi, ..., q¢.] [7].

The differential of the action of K on p induces a Lie algebra homomorphism
7 : € — Der S(p*) hence an embedding 7 : ¢ — D(p) defined by

(t(a) - fH(v) = %f(e*t“ < 0)|t=0, foract feO(p), venp.

As a section of the tangent bundle, 7(A) is the map p — Tp = p X p given by
H(A)(X) = (X, [X, 4)).

We denote by N(p) the nilpotent cone of p, that is the set of nilpotent elements
of g which lie in p, it is also the subvariety of p defined by the set of K-invariant
functions S(p*)¥. In the same way we consider the nilpotent cone N(p*) which is
the subvariety of p* defined by S(p)®. An important result is that the nilpotent cone
N(p) is a finite union of K-orbits [7, theorem 2.

The cotangent bundle T*p is equal to p x p*. The non-degenerate form x on g
defines a non-degenerate symmetric bilinear form on p and an isomorphism p ~ p*.
We identify T*p = p x p* ~ p x p. Let C(p) = {(x,y) € p X p | [x,y] = 0}, then the
dimension of (p x N(p)) NC(p) is equal to the dimension of p [12, lemma 2.2.].

The characteristic variety of D, /D,7(¢) is equal to C(p). Let F be an ideal of
finite codimension of S(p)¥, its graduate is a power of S(p)X hence the characteristic
variety of the Dy-module D, /D, F is p x N(p). Finally, if Z be the left ideal of D,

SOCIETE MATHEMATIQUE DE FRANCE 2003



176 Y. LAURENT

generated by F' and 7(), the characteristic variety of Mp = D,/Z is contained in
(p x N(p)) NC(p) hence M is a holonomic Dy-module.

As a special case, we have the diagonal case where G = G1 x Gy with ¥(z,y) = (y, )
for some reductive group G;. Thus (g,¢) = (g1 @ g1,01) and K = G; with its
adjoint action on p = g;. Let A € p* and F) = {P — P(\) | P € S(p)X}, then
the corresponding module M{ = D, /D,7(¢) + D,F) is the module of Kashiwara-
Hotta [4].

2.2. The conjecture of Sekiguchi

Theorem 2.2.1. — Let F be an ideal of finite codimension of S(p)¥ and Mp =D, /T
where T is the left ideal of Dy generated by F and ().
Then MF is a regular holonomic Dy-module.

The proof of this theorem will be made in several steps. First we will reduce to the
semi-simple case (lemma 2.2.3), then prove by induction on the dimension of the Lie
algebra, that the result is true outside of the nilpotent cone (lemma 2.2.4) and the
key point of the proof is the case of a nilpotent orbit (lemma 2.2.6).

Lemma2.22. — Let Y be a complex manifold and X =Y x C. Let P(t,Dy) be a
differential operator on C with principal symbol independent of t and I be a coherent
ideal of Dx which contains P.

Let My be the inverse image of M = Dx /T on'Y by the immersion Y — X, then
M is isomorphic to the inverse image of My by the projection q : X — Y, that is

M=Dx_y Qq-1Dy qil./\/ly = M)ﬂ@@@.
In particular, M is regular holonomic if and only if My is reqular holonomic.

Proof. — This lemma is a (very) special case of [14, theorem 5.3.1. ch II]. The first
step is to prove that D¢ /D¢ P is isomorphic to (Dc/DeD;)Y. The proof is the same
than that of [14, theorem 5.2.1. ch II], but as there is only one variable, the proof is
very simple and use only functions instead of differential operators of infinite order.
Then we can follow the proof of [14] but with finite order operators instead of infinite
order operators.

Remark that if P were a differential operator in several variables, for example,
P = D? + D,, this result would be true only with the sheaf D of differential
operators with infinite order.

As X =Y xC, the inverse image of My by ¢ is isomorphic to the external product
of D-modules My ®0¢. O

Assume that p = po @ p1, the action of K on po being trivial. Then S(p)¥ =
S(po) ® S(p1)¥, this defines a morphism & : S(p)¥ — S(p1)¥ by restriction and
Fy = §(F) is an ideal of finite codimension of S(p1)X. Let Mp, = Dy, /T1 where I;
is the ideal of D,, generated by 7, () and F.
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Lemma?2.2.3

(1) The module Mg is isomorphic to Op, @(MFp)p, where (Mg),, is the restric-
tion of Mg to pi.
(2) Mp)p, (hence Mrp) is regular if Mg, is regular.

Proof. — By induction on the dimension of py, we may assume that pg = C and
choose linear coordinates (z,t) of p such that po = {(z,t) € p | © = 0}. The action
of K is trivial on pg hence S(p)¥ contains S(pg) and as F is finite codimensional in
S(p)¥ it contains a polynomial in D;. Lemma 2.2.2 shows the first part of the lemma.

We assume now that Mp, is regular. Recall that (Mp)y, = Mp/tMp is a holo-
nomic Dy, -module generated by the classes of 1,. . ., Dln_l. Let M’ be the submodule
of (MF)p, generated by the class u of D{*"'. The vector fields of 7(£) are indepen-
dent of (¢, D;) hence u is annihilated by 7(¢). If P is an element of F', as an operator
of Dy, it is equal to 6(P) + AD; hence §(P) annihilates u. So u is annihilated by 7(#)
and by F; and M’ is a quotient of Mg, . So M’ is regular.

Consider now M" which is the submodule of M generated by the classes D,’fn_1
and D/""2. The quotient M”/M'’ is generated by the class v of D"~2 which is
annihilated by 7(¢) and by Fi, so it is regular. We have an exact sequence

0 N M/ N M// N MII/MI N 07

where two terms are regular hence M is regular. Continuing the same argument, we
get that (Mp),, is regular. O

Let b be a semisimple element of p. Then p = p® @ [€,b] and g° = € @ p® defines
a symmetric pair. Let § be the restriction map § : S(p)¥ — S(pb)Kb, this map is
injective and if F' is an ideal of finite codimension of S(p)® then §(F) is an ideal of
finite codimension of S(p®)% ’ (3, lemma 19]. Let Z; be the left ideal of D, generated
by §(F) and 7(£) and My, = Dy /T

Lemma2.2.4. — In a neighborhood of b, M is isomorphic to the external product of
the holomorphic functions on the orbit of b by a quotient of My. In particular, Mg
1s regular if My is regular.

Proof. — Let V be a linear subspace of £ such that ¢ = V€. Themap f: Vxp® —p
given by f(y,Z) = exp(y) - Z is a local isomorphism. If (z1,...,2,_,) are linear
coordinates of V and (¢1,...,t.) are linear coordinates of p®, the map f defines local
coordinates (21,...,Zn—r,t1,...,t,) of p in a neighborhood of b. Lemma 3.7 of [15]
shows that in these coordinates, the orbit Kb is {(z,t) | t = 0}, p® = {(z,t) | = = 0}
and the differential operators Dy, , ..., D,  _, belong to 7(¢). Hence M is the product
of Ok by a module N.

If Z is an element of €, 7,(Z) is by definition the vector field on p with value [Z, A]
at a point A of p. The value of 7,:(Z) at a point A of p? is the projection of [Z, A
on p®, hence 7, (€°) is equal to 7, (£) modulo D,,, ..., Dy, .. On the other hand, let
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P € F, as the coordinates (t1,...,t,) are linear coordinates of p®, the value of P on
a function of ¢ is the restriction of P to S(pb)Kb. Hence N is a quotient of M;,. O

Lemma2.25. — Let A be the conormal to 0 in p. The microcharacteristic variety
Cha(c0,1)(MFp) is contained in (p x N(p)) N C(p).

Proof. — Let E be the Euler vector field of the vector space p. It is clear on the
definition, that the vector fields of 7(&) preserve the homogeneity of functions hence
that they commute with E. So they are homogeneous of degree 0 for the V-filtration
at 0. On the other hand, they are homogeneous of degree 1 for the usual filtration as
any vector field. So if u € 7(£), o (co,1)(u) = o(u).

On differential operators with constant coefficients, the V-filtration at {0} and the
usual filtration coincide, hence we have also 0¥ (cc,1)(P) = o(P) for these operators.

So, Chp(ec,1)(Mp) is contained in the set of points where the symbols of the
operators of 7(£) and of F vanish that is in (p x N(p)) N C(p). O

Lemma2.2.6. — For each nilpotent orbit S of N(p), there is a vector field n which is
positive definite with respect to S and such that Mg has n-weighted reqular singular-
ities along TSp.

Proof. — Let S be one of these orbits, r the codimension of S and X € S. As
in [12, §3] (see also [16, Part I, §5.6]) we can choose a normal sly-triple (H, X,Y")
in p which generates a Lie algebra isomorphic to sly and acting on p by the adjoint
representation. Then p splits into a direct sum of irreducible submodules of dimensions
A\i +1fori=1...r. Moreover p = p¥ @& [X,¥], dimp¥ = r and we can select a basis
(Y1,...,Y,) of p¥ such that [H,Y;] = —\;Y;. Let V be a linear subspace of £ such
that €=V @ €X. If (b,...,b,_,) is a basis of V, the map F : C* — p given by

F(x1, . yTp_r,t1,...,tr) = exp(z1b1) ... exp(Tp_rbp_r) - (X + D t;Y7)

is a local isomorphism hence defines local coordinates (z,t) of p in a neighborhood
of X. In these coordinates, S = {(z,t) | t = 0}, p¥ = {(z,t) | = 0}, and the
differential operators Dy,,..., Dy, . are in the ideal generated by 7(¢) [15, lemma
3.7].

Let E be the Euler vector field of the vector space p. A standard calculation [16,
Part I, §5.6] shows that E(¢;)|z=0 = m;t; with m; = %)\i + 1. Moreover, if b,_, = H,
we proved in [1, lemma 3.4.1] that E is equal to 1 4+ w where n = Z;:1 myt; Dy, and
w = 1/2D,, . By definition, n is positive definite with respect to S.

Define a map ¢ : p — V = C" by ¢(z,t) = t. Let n’ = > m;t;D;; on V. The
functions #1, . .., t, satisfy E(t;) = /(¢;) = m;t; hence they are homogeneous and the
map ¢ is defined in a conic neighborhood of X. This also shows that F is invariant
under ¢ and that ' = @.(F).

The module M is equal to Dy, /Z where Z is a coherent ideal of D, which contains
the derivations Dy, ,..., Dy, . hence T is generated by D, ,..., D5, . and a finite
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set of differential operators Q1(t, Dy),...,Qn(t, D:) depending only of (¢, D;). (This
result is standard and also a special case of lemma 2.2.2).
The module M g satisfies the hypothesis of corollary 1.3.3 hence ChE(oo,l)(MF) is
equal to Ch"(c0,1)(Mp) and by lemma 2.2.5 it is contained in (p x N(p)) NC(p).
Assume now that T¢p is an irreducible component of the characteristic variety
Ch(Mp) and let =* be a generic point of T¢p, that is a point which does not belong
to other irreducible components of Ch(Mg). We have

Tsp C Ch(MF) C (p x N(p)) NC(p)

and as they have the same dimension, they are equal generically. So Ch”(c0,1)(MFp) =
TZp generically on Tép and we are done. o

Proof of theorem 2.2.1. — We will argue by induction on the dimension of g and first,
we reduce to the semi-simple case. Set g1 = [g, g], 81 = €Ngy1, p1 = pN g1, 3 the center
of g and pg = 3N p. We have p = pg d p; and by lemma 2.2.3, it suffices to prove the
theorem for p;. As 3N ¢ acts trivially we may assume that g is semisimple.

Let x be a non-nilpotent element of p. It decomposes as x = b + n where b is
non zero and semisimple, n is nilpotent and [b,n] = 0. As g is semisimple, p® is of
dimension strictly less than p, hence we may assume by the induction hypothesis that
the theorem is true for p®. Lemma 2.2.4 shows that My is regular in a neighborhood
of b. As My is constant on the orbits, it is regular on the orbits whose closure
contains b, in particular at x.

We proved that Mg is regular outside of the nilpotent cone. As the nilpotent
cone is a finite union of orbits, we will now argue by descending induction on the
dimension of these orbits. So let = be a nilpotent point of p, Kz its orbit and assume
that Mg is regular on p — Kz in a neighborhood of z. Lemma 2.2.6 shows that Mg
has n-weighted regular singularities along 7% p hence theorem 1.4.3 shows that Mg
is regular at z. O
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BOHR-SOMMERFELD QUANTIZATION CONDITION FOR
NON-SELFADJOINT OPERATORS IN DIMENSION 2

by

Anders Melin & Johannes Sjostrand

Abstract. — For a class of non-selfadjoint h-pseudodifferential operators in dimension
2, we determine all eigenvalues in an h-independent domain in the complex plane and
show that they are given by a Bohr-Sommerfeld quantization condition. No complete
integrability is assumed, and as a geometrical step in our proof, we get a KAM-type
theorem (without small divisors) in the complex domain.

Résumé (Condition de quantification de Bohr-Sommerfeld pour des opérateurs non-
autoadjoints en dimension 2)

Pour une classe d’opérateurs h-pseudodifférentiels non-autoadjoints, nous déter-
minons toutes les valeurs propres dans un domaine complexe indépendant de h et
nous montrons que ces valeurs propres sont données par une condition de quantifi-
cation de Bohr-Sommerfeld. Aucune condition d’integrabilité complete est supposée,
et une étape géométrique de la démonstration est donnée par un théoreme du type
KAM dans le complexe (sans petits dénominateurs).

0. Introduction

In [MeSj] we developed a variational approach for estimating determinants of
pseudodifferential operators in the semiclassical setting, and we obtained many results
and estimates of some aesthetical and philosophical value. The original purpose of
the present work was to continue the study in a somewhat more special situation
(see [MeSj], section 8) and show in that case, that our methods can lead to optimal
results. This attempt turned out to be successful, but at the same time the results
below are of independent interest, so the relation to the preceding work, will only be
hinted upon here and there.

Let p(z, £) be bounded and holomorphic in a tubular neighborhood of R'in C* =
C2 x C?. (The assumptions near co will be of importance only in the quantized case,

2000 Mathematics Subject Classification. — 31C10, 35P05, 37J40, 37K05, 47J20, 58J52.
Key words and phrases. — Bohr, Sommerfeld, eigenvalue, torus, Cauchy-Riemann equation.
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182 A. MELIN & J. SJOSTRAND

and can then be be varied in many ways.) Assume that
(0.1) R*Np 1(0) # @ is connected,

1

(0.2) on R* we have |p(z,&)| > rok for |(z,&)| = C,

for some C > 0,

(0.3) dRep(z,€), dImp(z, &) are linearly independent for all (x, &) € p~1(0) N R™.
It follows that p~1(0) N R* is a compact (2-dimensional) surface. Also assume that
(0.4) |{Re p, Im p}| is sufficiently small on p~*(0) N R*.

Here
2

da 0b da 0b
{a7 b} ; (86] (i‘)Ij 6$j 8€J) Ha(b)
is the Poisson bracket, and we adopt the following convention: We assume that p
varies in some set of functions that are uniformly bounded in some fixed tube as above
and satisfy (0.2), (0.3) uniformly. Then we require |[{Rep,Imp}| to be bounded on
p~1(0) N R* by some constant > 0 which only depends on the class.

If we strengthen (0.4) to requiring that {Rep,Imp} = 0 on p~1(0) N R*, then
the latter manifold becomes Lagrangian and will carry a complex elliptic vector field
H, = Hgep + iHimp. It is then a well-known topological fact (and reviewed from the
point of view of analysis in appendix B of section 1) that p~*(0)NR* is (diffeomorphic
to) a torus. If we only assume (0.1)-(0.4), then H, is close to being tangent to
p~1(0) N R* and the orthogonal projection of this vector field to p~1(0) N R* is still
elliptic. So in this case, we have still a torus, which in general is no more Lagrangian.

In section 1 we will establish the following result:

Theorem 0.1. — There exists a smooth 2-dimensional torus T C C*, close to p~1(0)N
R* such that o, = 0 and I;(T) € R, j = 1,2. Here I;(T) = f,yj & - dx are the actions

along the two fundamental cycles y1, v2 C I, and 0 = Zf dé; N dzx; is the complex
symplectic (2,0)-form.

If we form
L={exptH,(p); pel', t€C,[t| <1/C},

where t/th =tH), +E is the real vector field associated to tH,,, then, as we shall see,
L is a complex Lagrangian manifold C p~1(0) and L will be uniquely determined near
p~1(0) N R* contrary to I'. As a matter of fact, we will show that there is a smooth
family of 2-dimensional torii I', C p~1(0) with Op, = 0, depending on a complex
parameter a, such that the corresponding L, form a holomorphic foliation of p~1(0)
near p~1(0) NR*. The L, depend holomorphically on a and so do the corresponding
actions I;(I'y). We can even take one of the actions to be our complex parameter a.
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BOHR-SOMMERFELD QUANTIZATION CONDITION 183

It then turns out that Im g—ﬁ # 0, and this implies the existence of a unique value of
a for which I;(T'y) € R for j =1, 2.

Theorem 0.1 can be viewed as a complex version of the KAM theorem, in a case
where no small denominators are present. As pointed out to us by D. Bambusi and S.
Graffi, the absence of small divisors for certain dynamical systems in the complex has
been exploited by Moser [Mo], Bazzani—Turchetti [BaTu] and by Marmi—Yoccoz.

The proof we give in section 1 finally became rather simple. Using special real
symplectic coordinates, we reduce the construction of the I', to that of multivalued
functions with single-valued gradient (from now on grad-periodic functions) on a torus,
that satisfy a certain Hamilton-Jacobi equation. In suitable coordinates, this becomes
a Cauchy-Riemann equation with small non-linearity and can be solved in non-integer
C™-spaces by means of a straight-forward iteration.

The fact that I;(I') € R implies that there exists an IR-manifold A C C* (i.e. a
smooth manifold for which oy, is real and non-degenerate) which is close to R* and
contains I'. The reality of the actions I;(I') is an obvious necessary condition and the
sufficiency will be established in section 1. When p(z,£) — 1 sufficiently fast at oo,
A will be a critical point of the functional

(0.5) A I(A) = / log p(z, &) u(d(z, €)),

where p is the symplectic volume element on A. This was discussed in [MeSj] and
in section 8 of that paper we also discussed the linearized problem corresponding
to finding such a critical point. The reason for studying the functional (0.5) is
that I(A) enters in a general asymptotic upper bound on the determinant of an
h-pseudodifferential operator with symbol p. Our quantum result below implies that
this bound is essentially optimal.

Now let p(z, &, z) be a uniformly bounded family of functions as above, depending
holomorphically on a parameter z € neigh (0, C) (some neighborhood of 0 in C). Let
P(z) = p“(x,hD, z) be the corresponding h-Weyl quantization of p, given by

(0.6) p“(x,hD, z)u(x) = ﬁ //e%(x_y)'ep(x—;y,9,z>u(y)dyd9.

It is well known (see for instance [DiSj]) that P(z) is bounded: L?(R?) — L?(R?),
uniformly with respect to (z,h). Moreover, the ellipticity near infinity, imposed by
(0.2), implies that it is a Fredholm operator (of index 0 as will follow from the con-
tructions below). Let us say that z is an eigen-value if p*“(x, hD, z) is not bijective.
The main result of our work is that the eigen-values are given by a Bohr-Sommerfeld
quantization condition. We here state a shortened version (of Theorem 6.3). Let
I(2) = (Ii(2), I2(2)), where I;(2) = I;(T(z)) € R and I'(2) C p~(0,2) is given by
Theorem 0.1. I(z) depends smoothly on z, since I'(z) can be chosen with smooth
z-dependence.
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Theorem 0.2. — Under the above assumptions, there exists 0y € (3Z)? and 6(z; h) ~
Oo+61(2)h+02(2)h2+- - - in C*°(neigh (0, C); R?), such that for z in an h-independent
neighborhood of 0 and for h > 0 sufficiently small, we have
1) z is and eigen-value iff we have

I
(BS) % =k —0(z;h), for some k € Z*.
2) When I is a local diffeomorphism, then the eigen-values are simple (in a natural
sense) and form a distorted lattice.

Classically, the Bohr-Sommerfeld quantization condition describes the eigen-values
of self-adjoint operators in dimension 1. See for instance [HeRo|, [GrSj] exercise 12.3.
In higher dimension Bohr-Sommerfeld conditions can still be used in the (quantum)
completely integrable case for self-adjoint operators and can give all eigen-values in
some interval independent of h. See for instance [Vu] and further references given
there. This case is also intimately related to the development of Fourier integral
operator theory in the version of Maslov’s canonical operator theory, [Mas].

When dropping the integrability condition, one can still justify the BS condition
and get families of eigen-values for self-adjoint operators by using quantum and clas-
sical Birkhoff normal forms, sometimes in combination with the KAM theorem, but
to the authors’ knowledge, no result so far describes all the eigen-values in some
h-independent non-trivial interval in the self-adjoint case. See Lazutkin [La], Colin
de Verdiere [Co], [Sj4], Bambusi-Graffi-Paul [BaGrPa] Kaidi-Kerdelhué [KaKe],
Popov [Pol, Po2]. Tt therefore first seems that Theorem 0.2 (6.3) is remarkable in
that it describes all eigen-values in an h-independent domain and that the non-self-
adjoint case (for once!) is easier to handle than the self-adjoint one. The following
philosophical remark will perhaps make our result seem more natural: In dimension 1,
the BS-condition gives a sequence of eigen-values that are separated by a distance
~ h. In higher dimension n > 2, this cannot hold in the self-adjoint case, since an
h-independent interval will typically contain ~ h™" eigen-values by Weyl asymptotics,
so the average separation between eigen-values is ~ A™. In dimension 2 however, we
can get a separation of ~ h between neighboring eigen-values for non-self-adjoint oper-
ators, since the number of eigen-values in some bounded open h-independent complex
domain can be bounded from above by O(h~2) by general methods.

In section 7, we study resonances of a Schrodinger operator, generated by a saddle
point of the potential and apply Theorem 6.3 and its proof. In this case, the resonances
in a disc of radius Ch around the corresponding critical value of the potential were
determined in [Sj2] for every fixed C' > 0, and this result was extended by Kaidi—
Kerdelhué [KaKe] to a description of all resonances in a disc of radius h%, with § > 0
arbitrary but independent of h. We show that the description of [KaKe] extends to
give all resonances in some h-independent domain.
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To prove Theorem 6.3, we use the machinery of FBI (here Bargman-) transfor-
mations and the corresponding calculus of pseudodifferential operators and Fourier
integral operators on weighted L2-spaces of holomorphic functions (see [Sj1, Sj3],
[HeSj], [MeSj]). This allows us to define spaces H(A) when A is an IR-manifold
close to R?* in such a way that H(R*) becomes the usual L?(R?) with the usual
norm. Viewing p* as an operator: H(A) — H(A), the corresponding leading symbol
becomes p|,. We apply this to the IR-manifold A(z) which contains I'(z) and get a
reduction to the case when the characteristics of p (in A(2)) is a Lagrangian torus.

Contents of the paper
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1. Construction of complex Lagrangian torii in p~1(0) in dimension 2.

Appendix A: Reduction of elliptic vector fields on a torus.

Appendix B: 2-dimensional manifolds with elliptic vector fields.

2. Review of Fourier integral operators between Hg spaces.

3. Formulation of the problem in Hg and reduction to a neighborhood of £ =0
in T*Ty.

4. Spectrum of elliptic first order differential operators on I'y.

5. Grushin problem near £ = 0 in T*T.

6. The main result.

Appendix A: Remark on multiplicities.

Appendix B: Modified d-equation for (I1(z), I2(z))

7. Saddle point resonances.
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1. Construction of complex Lagrangian torii in p~!(0) in dimension 2

We shall work in R* = T*R? and its complexification C*, equipped with the stan-
dard symplectic form o = Z?Zl d¢j Adxj. Let T' C R?* be a smooth two-dimensional
manifold, and assume that there exist real-valued real-analytic functions p; and ps
defined in some tubular real neighborhood of T', which vanish on I' and have linearly
independent differentials at every point of I'. We shall assume that

(1.1) 0| is small,

in the sense that [(o,tAs)| < e forall p e I'and all t, s € T,(T") with |¢[,|s| < 1, where
e > 0 is sufficiently small. Here we use the standard norm on R*. It is tacitly assumed
that nothing else degenerates when ¢ tends to 0; the tubular neighborhood is inde-
pendent of €, and p; and all their derivatives satisfy uniform bounds there. Moreover
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|p1] + |p2| is bounded from below by a strictly positive constant near the boundary of
the tubular neighborhood and we have a fixed positive lower bound on |A;dp1 + Aadps|
uniformly in A1, Ay with [A1]2 +|X2|?> = 1. Under these additional uniformity assump-
tions, (1.1) is equivalent to saying that the Poisson bracket {p1, p2} = (0, Hp, A Hp,)
is small (O(e)) on I'. Indeed, if p € T', then the symplectic orthogonal space to T,I"
is the space spanned by H,, , Hp, and to say that the Poisson bracket is very small
is equivalent to saying that the tangent space and its symplectic orthogonal are close
to each other. (Alternatively, we may notice that there is a new symplectic form
o in a tubular neighborhood of I' with 0. — o = O(e), 0|, = 0.) In what follows
we extend p; and ps to holomorphic functions in a complex neighborhood of I and
complexify I' (the complexification is sometimes denoted I'c). Then Olpg = O(e) in
a full complex neighborhood of the original real manifold and with a new e that we
can take equal to the square root of the previous one. Since the complex vector field
H, = H, +iH,, is close to be tangent to I' and H,, , H, are linearly independent,
it can be projected to an elliptic vector field on I'. Tt is then a well-known fact (that
we recall in Appendix B) that T" is (diffeomorphic to) a torus.

We shall say that a multi-valued smooth function is grad-periodic if its differential
is single-valued. Let 1,22 be grad-periodic, real and real-analytic on I' such that
(w1, z2) induces an identification between the original torus and R?/L for some lattice
L = Ze, ®Zey. Extend ;1 to a real-analytic, grad-periodic (and real-valued) function
in a tubular neighborhood of I" in R* in such a way that dz; vanishes on the orthogonal
plane of T,I" (w.r.t. the standard scalar product on R*) at every point p € T'. (We
could even get a unique extension by requiring that x; be constant on the sets L,
of points in the (small) tubular neighborhood, which are closer to p € T' than to any
other point in I'.) If o). is sufficiently small, then |Hy, z1| + |Hp,z1| # 0, so Hy,
is transversal to I'. Let H C R* be a real-analytic closed hypersurface in a tubular
neighborhood of I' which contains I' and is everywhere transversal to H,,. Extend
xo real-analytically first to a grad periodic function on H, and then to a full tubular
neighborhood in R*, by requiring that

(1.2) {xl,mg} =0.

We further extend z; and xo to grad-periodic holomorphic functions in a complex
neighborhood of I'. This will allow us to identify I'c with a complex neighborhood
in C2/L of R%?/L. We notice that Olp, = f(@)dz1 A dxs, where f(z) = O(e) and f
is holomorphic in a full complex neighborhood of R?/L in C2?/L. Since o is exact
and O(e) when restricted to I', there are real-analytic functions v, and 2 on I', with
values in R (hence single-valued) such that

(13) U|F = d(’}/ldxl + '72dx2)7 V1,72 = O(E)a

in the C'*°-sense. Since the Hamilton fields H,, and H,, commute in view of (1.2)
and Jacobi’s identity and span a space transversal to I' at every point of I', we may
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find real-valued and real-analytic functions &; and & in a neighborhood of I in R*
such that

(1.4) §ijp = Vs Hay€k = —0jk-
Proposition 1.1. — (., &) are symplectic coordinates for R* in a neighborhood of T.

Proof. — Locally we may find (§~1,€~2) such that (ac,g) are symplectic coordinates.

Since szé; = —0jx = Hy &, it follows that & — & = g;(z) is a function of = only.
Then

2 2 2
(1.5) ng] ANdx; — ng] ANdx; = Z d(g](x)) Adx;.

1 1 1

Since the restriction to I' of the left-hand side vanishes in view of (1.3) and (1.4) it
follows that 327 d(g;(x)) A dz; = 0. Hence 3.7 dé; A dx; = 0. Since we know already
that (z1,x2) is a coordinate system for I" it follows that (x,&) is a coordinate system
in a tubular neighborhood. O

In the coordinates (x,&), I' takes the form
(1.6) £ =n~(x), vy=0(), r € R*/L,

where we view 7 also as an L-periodic function in R2. Considering p = p; + ips as a
function in the new coordinates we get

(17) p($,€)=p1($,€)+ip2(x,€)

= a;(@) (& — (@) + D> b k(@ )& — (@) (€ — (x))
7,k

=Y a0 + O =1 (@)F) = (@), r(2) =Y aj()y;(2) = Ofe)

in the sense of holomorphic functions in a fixed tubular complex neighborhood of
R2 x {¢ = 0}. With this point of view p is L-periodic in .

We look for torii I'y in a complex neighborhood of I' of the form
(18) y:6=¢(), «eR/L,

where ¢ is complex-valued and grad-periodic with V¢ € C™ for some 0 < m € R~ N.
We want 'y, C p~1(0), so ¢ has to satisfy the Hamilton-Jacobi equation

(1.9) Pl ¢/ (2)) = 0.

Using (1.7) we can write this as

(1.10) Z¢+ F(x,¢'(x) —y(x)) — r(x) =0,

where Z = 37 aj(x)% and F(z,£) = O(&%), r = O(g). Look for ¢ in the form
(1.11) p=FY, e<E<L
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Then 1 has to solve

(1.12) Z + %F(m, B — %)) - @ = 0.

We look for solutions ¢ with 1" = O(1), and we rewrite (1.12) as
(1.13) 20 + 8G(z, 0 — ;;af @ —0,
where

(1.14) G(z,&¢€) = E%F(m,é’{)

is holomorphic and uniformly bounded with respect to € when [Imz|, || = O(1).
Changing the z-coordinates and L conveniently, we may (by applying Theorem
B.6), assume that

9
oz’
where A is real-analytic and non-vanishing. (We now view L as a lattice in C.) After
division by A(z), (1.13) becomes

oY g r(@)

1.1 Y | T PSS €
(1.16) af+eG(x, g,a = =0

(1.15) Z = A(x) T =z + iz,

with new functions G = Gpew, ™ = Thew, Obtained from the earlier ones by division
by A(z) (and therefore satisfying the same estimates as before).
We look for solutions 1 of the form

(1.17) Y = Yper + ax + bT,

where 1pe, is periodic with respect to L and a,b € C. We shall apply an iteration
procedure and get a corresponding solution for each a in the unit disc D(0,1). So,
let w(z) = Yper + T belong to the space of grad-periodic functions on C/L with
antiholomorphic linear part. Then (1.16) becomes

(1.18) %Jrgaa(:c,u’—%;é')—T — 0,

where
Ga(z,&;6) = G(2,€ + adx;€),

and dx denotes the complex cotangent vector given by the differential of . Notice
that GG, depends holomorphically on a.

Fix m € Ry N, and solve (1.18) for «’ € C™ by the natural iteration procedure
Upg = 0,

Bujpr - .
(1.19) %HGG(:E,U;—%@—@:O, j>o0.

0T g
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Write uj(x) = ujper(x) + b;Z. If u; has already been determined, then considering
the Fourier series expansion of %41 per, We see that

(1.20) byr = ~FEGule; ~ 1) - "Dypo),

where Fuv(0) denotes the 0:th Fourier coefficient of the functlon v with respect to L.
We see that %41 per is uniquely determined modulo a constant through the equation

r(z)

9 r
M‘FEG( U *:,a*—+b]+1—0

T
For j = 0, we get by = O(¢ + £). Applying a basic result about the boundedness
in C™(R?/L) of Calderon—Zygmund operators (see [BeJoSc]) and considering also
Fourier expansions, we get the bound

(1.21)

[0} perllom < O(E+ = )
For j > 1, we write
(122)  bj1 = by + EF (Gale, ) — 1:8) = Galw,ujy — 22)(0) =0
and
(1.23)
%(%‘H,per—“j,per)+5(Ga(fU, 5) Golz,uj_y %;5))+(bj+1—bj)=0

From (1.22) we get

|bj+1 - b]| < O(g)(HU’;,per - ugfl,perHCm + |bJ - bj—1|)7
and using this in (1.23) together with (1.22), we get
(1.24)

||u;+1,per - u;’,per|

cm + |bj+1 - b]| < O(N)(Hu] per ug'fl,per|

So, if € (and €) is small enough, our procedure converges to a solution

cm =+ [bj = bj-1])-

(125) u = ’U/per + bf
of (1.18) with

~ &
(1.26) [tperllom + 16 = OE + ).

Summing up we have for a given m:

Proposition 1.2. — Let C' > 1 be large enough. For 0 < ¢ < € small enough and for

la| <1, the equation (1.18) has a solution u of the form (1.25) with |b] + [[upe|lcm <
1/C. This solution is unique modulo constants and satisfies (1.26).
Proof of the uniqueness. — Let Uper+bT and U = Uper —l—gf be two solutions of (1.18).
Then as above, we have

Hugmr - ﬂper| cm + |b - b| < O(g)(”u;er - ﬂper| cm + |b - b|)7
and the uniqueness follows. O
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This means that we have solved (1.9) with
(1.27) ¢ =E(Uper +ax +bT), 0<e<KexX,

where |a| < 1, and b, uper depend on the choice of a (and of €). In (1.27) it is further
assumed that x1,x2 are chosen so that (1.15) holds.

We next show that ¢’ depends holomorphically on a, and for that we again con-
sider (1.18), where we recall that G, depends holomorphically on a. This is actually
immediate because the preceding iteration argument trivially extends to the case of
functions of a: u = uper(,a) + b(a)T, with

(1.28) D(0,1) 3 a+— (upe,(-,a),bla)) € C™ x C
holomorphic. Hence (after imposing the extra condition that Fuper(0) = 0) we have
Proposition 1.3. — wuper, b and hence ¢ depend holomorphically on a.

Now let p = p. depend holomorphically on a spectral parameter z € D(0,1)
and assume that p, = O(1) uniformly in some fixed tubular neighborhoood of R*.
Assume that po fulfills the assumptions of p above. Choose coordinates (z,§) as above
for p = po. We now look for I'y C p;*(0) of the form (1.8), and (1.10) becomes:

(1.29) Z¢+ Fx,¢'(x) — y(x); 2) = r(x,2) =0,

where F(z,€; 2), r(z,z) depend holomorphically on z. If we restrict the attention to
|z] < O(&), then the previous considerations go through and we get a solution

(1.30) ¢ = bg = Pa,z(x) = E(Uuper(T, 2, a) + ax + b(z,a)T)
depending holomorphically on z,a with |z| < g, la] < &, and
(1.31) [tper (5 25 @)l[em + [b] = O(1).

We shall now extend ¢ to the complex domain in x. Let 5(:8) € C*r1(C?) denote
an almost holomorphic extension of ¢, where k is a positive integer and m has been
chosen larger than k. (Here we consider qg as a grad-periodic function in R*.) Then
p(z,@mg(z)) vanishes to the order k on R?, and the corresponding manifold Ag =
{(z, 8m$(x)), x € C?} is to that order a complex Lagrangian manifold at the points
of intersection with R2 x Cg. This intersection is nothing else but I'y in (1.8).

The complex Hamilton field H, is transversal to R2 x Cg at the points of I'y and
we form the flow out

(1.32) Ay = {exptH,(p); p €Ty, t € C, [t] <1/O(1)}.

Here t/H\p = tH, +tH, is the real vectorfield (in the complex domain) which has the
same action as tH,, as differential operators acting on holomorphic functions. Since
tHp is tangential to Az to the order k at I'y, we see that Ay is tangential to A there.

In particular T,A4 is a complex Lagrangian space for every p € I'y. Since expt/H\p
are complex canonical transformations, the same fact is true for the tangent spaces
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Toxp i1, (o)

a complex Lagrangian manifold. Restricting the size of |¢| in (1.32) we see also that

Ay = (exp t/H\p)*TpA¢ at an arbitrary point eXpt/H\p(p) € Ay. Hence Ay is

the projection Ay 3 (2,€) — =z is a holomorphic diffeomorphism, so Ay is of the form
{{ = ¢'(z); Imz| < ﬁ} for a function ¢ which is a holomorphic extension of the
previously constructed one.

Let A C p~1(0) be a relatively closed complex Lagrangian manifold in a neigh-
borhood of p~1(0) N R* and assume that A contains a torus I' which is Z-close to
p~1(0)NR* in C1, for e < €< 1. Let (x,€) be the coordinates constructed above. If
p € I', we know that T,I" is £-close to R2 x {£ = 0}, so T, A is &-close to C2 x {¢ = 0}.
Using that A is locally invariant under the (/H?p—ﬂow, we see that A is of the form
{(z,¢'(z)); Imz| < £} in a neighborhood of p~*(0)NR*, where ¢ is holomorphic and
grad-periodic with ¢/ = O(F), & = O(E!/?). Moreover, we have the eiconal equation
p(x,¢'(2)) = 0 and restricting it to R?, we get (1.9), and Proposition 1.2 shows that
® = ¢, for some a. Hence in a neighborhood of p~1(0) NR*, A coincides with Ay in
(1.32).

The parameter dependence of ¢ in (1.27) behaves as expected: Clearly the holo-
morphic extension ¢(z,a,2) depends in a C'-fashion of a (and possibly z), and we
know that it is holomorphic in @ and z when z is real. Then %, % are holomorphic
in x and vanish for real x. Consequently they vanish for all z. Summing up we have
shown:

Proposition 1.4. — The function ¢ in (1.27) depends holomorphically on (x,a, z) in a
domain
€

1 1
I < — < =, 7l € ——.
mal < gy ol < & 121 < 5
We shall next show (in the z-independent case) that the A4, form a complex
fibration of p~!(0) in a region where |¢| < %, Imz| < ﬁ Let first = be real.
From Propositions 1.2 and 1.3, we see that

J , 0 . €
%upera %b—O(E-F?),

and consequently for ¢ in (1.27), we get for the z-differential ¢, = d,¢:

x

(1.33)

a /=~ ~2
(1.34) aa% =é&dz+ O(e +&%).

In order to treat the case of complex x, we notice that the geometric arguments
leading to Proposition 1.4 together with the form - a;(x)&;+& ' F(x, £ —2;8)—r(x)/E
for the Hamiltonian for 1, show that uy,, = O(€ + €/€) also in the complex domain,

and hence by the Cauchy inequality (in a) that (1.34) holds also for [Imz| <
This shows that

(1.35) ar— ¢ € (p(z,))71(0)

1
o
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is a local diffeomorphism and hence that the A4, form a foliation of p=*(0) N {(x,¢) :
€] < %, Imz| < ﬁ} in the natural sense. (Recall that & can be close to a fixed
constant so we get a foliation in {(z,¢) : [¢] < ﬁ, [Imz| < ﬁ})

We next consider the actions associated to a torus. Let v;(a) be a closed curve
in I'y, (assuming & > 0 fixed) which corresponds to e; in the natural way, where we
recall that Z = A(m)%, x € C/L, and take L = Zey @ Zesy. If w is a (1, 0)-form with
holomorphic coefficients, such that dw = o near I'g_, then we define the actions

(1.36) LTy, w) = / w.
7;(a)

These only depend on the homotopy class of 7;(a) in T'y,, and we can even deform
v;(a) from this set into the complex, provided that we stay inside the complex La-
grangian manifold Ag,. Also notice that if @ is another (1,0)-form with the same

properties, then
/ - / ~

only depends on the homotopy class of v as a closed curve in the intersection of the
domains of definition of w and w. In particular,

(1.37) Ii(Ts,,w) — LTy, ,w) = C;j

is a constant which is independent of a (and of z if we let p depend holomorphically
on z). If w and @ are both real in the real domain then C; in (1.37) is real.

For the special z-coordinates above, we let & be the corresponding coordinates
constructed in the beginning of this section and we choose

2
(1.38) B=> &adj.
1

Then

Ii(Tg,,w) = ¢ale;) — ¢a(0)
depends holomorphically on a, and from (1.11), (1.17) and Proposition 1.2 we get
(1.39) I;(Ty,, ) = E(ae; + bej) = Eae; + O(e + &%).

For w we can choose the fundamental 1-form in the original coordinates on R*
(formally given by the right-hand side of (1.38) for these original coordinates (x, &)).
Thus

(1.40) I;(Ty,,w) = C;j + gaej + O + 2).

From this we see that we can use, say, I1(T'y,,w) € C; + D(0,£/O(1)) as a new
holomorphic parameter instead of a. In the z-dependent case, we can replace the
parameters (a, z) by (I1,2) = (I1(T,,w), z) and the correspondence (a,z) — (I1, 2)
is biholomorphic.
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The advantage of using I; instead of a as a parameter, is that the family Ay, is
now independent of the way we choose the coordinates (x, &) in the beginning of this
section, so we get an intrinsic parametrisation. From (1.40) it follows that

dIQ €9 ~
1.41 — ==
(1.41) = 2r0E+ e/,
so Im ‘Hz # 0, and we have a unique value a = O(€ + ¢/€) for which I; and Iy are

both real.

There are two related reasons why we want to select I'y,, with both I; and I real.
The first reason is geometric: I'y, is a small deformation of a real torus I' C R* and
we want to find an I-Lagrangian manifold A C C* which is a small deformation of
R* and which contains I'y,. If we have such a A, the cycles v;(Ty,), 7 = 1,2 become
boundaries of some 2-dimensional discs D; C A and we get

Li(Ty,,w) /wz/ ceR,
Vj D,

Conversely, let [ be a two-dimensional torus which is a small perturbation of T’
with

(1.42) oz =0, Im[;(T,w) =0, j =1,2.

since N is real.

We can construct an I-Lagrangian manifold A D [ as a small perturbation of R* in
the following way: After applying a complex linear canonical transformation, we may

replace R* by Ag,: € = %86‘1;" (r), z € C?, where ®q is a strictly plurisubharmonic

quadratic form (see [Sj1, Sj3]), so that I' becomes a small perturbation of a torus
I' € Ag,. The canonical 1-form w is now transformed into some other globally defined
1-form @ with holomorphic coefficients satisfying dw = o, but the actions I; ( w) do
not change if we replace w by & - dx, so

(1.43) / _&-dxeR, j=1,2
75 (1)

We can write this as

(1.44) / _(=Im (& -dx)) =0,
75 (1)

where —Im ¢ - dz is a primitive of —Imo, so —Im¢ - dz)x is closed. (1.44) then implies
that it is exact:

(1.45) —Im¢ - dojz = do,

where ¢ is a smooth real-valued function on [. We now view ¢ as a function on

the x-space prOJectlon 7T;C(~) of f, which is also a smooth torus and represent r by
€ = &(z), z € m,(T'). Then with the obvious identifications, (1.45) becomes

(1.46) ~Tm (§(x) - dx)|_ 5 = dé, on 7, (T).
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We can find real smooth extensions ® of ¢ to C2 with an arbitrary prescription of
the conormal part of the derivative, so we can choose ® satisfying

(1.47) —Im (¢{(x) - dx) = d®(z), VYo € m,(T).

This means that

1~ 1= — ~
—Eﬁ(x)da: + Z«f(x)dx =d®, z € m, (1),
or that
(1.48) &(z) = %g—i(x), z € 7, (T).

Since I is close to T, % (x) is close to % on ﬂx(f), and we may choose the extension
® so that % - % is small everywhere. The I-Lagrangian manifold A = Ag given by
£ = %% then has the desired properties when R* is replaced by Ag,, and applying
the inverse of the above mentioned complex linear canonical transformation, we get
the desired A in terms of the original problem.

The second reason, why we want I1(I'y,,w) and I3(T'y,,w) to be real comes from
the Bohr-Sommerfeld, Einstein, Keller, Maslov quantization condition. The actions
I;(T4,,w) coincide with the corresponding actions I;(Ag,,w), and if we want Ag, to
correspond to an eigenstate of some pseudodifferential operator with leading symbol
p and eigenvalue o(h), it is natural to impose a quantization condition of the type

(1.49) Ij(A%,w) = 27Tk'jh, kj ez,

where we choose to ignore the Maslov indices, and where h > 0 is the small semi-
classical parameter. Since Ay, are not real Lagrangian manifolds (even after intro-
ducing A as a new real phase space), the quantization condition (1.49) will need an
entirely new justification.

Consider the case when p depends on z and choose w = I1(Ay, _,w) so that we can
use the simplified notation A, ., for Ag, .. Also write v = (z,w). Recall that

dly
Man
when z is kept constant. It follows that there is a unique smooth function z — w(z) €
C such that I;(z,w(z)) are real for j = 1,2, where we write I;(z,w) = I; (A ), w).
We will be interested in the property

(1.50) I £0

(1.51) z+— I(z,w(2)) = (I1 (2, w(2)), I(z,w(2))) € R? is a local diffecomorphism.
This is equivalent to the property
(1.52) v (I1(A,), I3(A,)) € C? is locally biholomorphic.

In fact, if §, € C belongs to the kernel of the differential of the map (1.51) at some
point, then (4, d,,) with §,, = %—2’52 + %—%“E will belong to the kernel of the differential
of (1.52) at the corresponding point. Conversely if (d,,0d,,) is in the kernel of the
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differential of (1.52) at some point (z,w) with w real (so that w = w(z)), then
necessarily d,, = 8“’5 + 675 for some ¢, in the kernel of the differential of (1.51).

Example. — Let p = p1(x1,&1) + ip2(z2,£2), where p; is real with p; 1(0) being a
closed curve in R? on which dp; # 0. For E in a small complex neighborhood of 0,
we put
A (E) = / §dz;
p; (B)
and notice that these one dimensional actions are real for real F and that A’(E) # 0.
With z,w € C close to 0, we get the complex fibration

Asw = {(7,£) € CYpi(71,8) = w, ipa(72,&) = 2 — w}.
Then

z—w
L(Asw) = Ar(w), B(Asw) = Ao (),
and we see that (1.51) and (1.52) hold.

Appendix A: Reduction of elliptic vector fields on a torus

Let Z be a smooth complex elliptic vector field on T? = (R/Z)?. After left multi-
plication by a non-vanishing function and possibly reversal of one of the coordinates,
we may assume that with z = z1 + ixo:

0 0
Al 7 =— — oo < 1, C*.
(A1) 55 795, 9l <1, g€
Let
(A.2) H' ={u=az+v;a€C, vGHper, v(0) = 0},
where

per = {U € Hloc(R2) (:L' + 7) = v(x),V'y € Z2}
and v(k) is the kth Fourier coefficient and H? is the standard Sobolev space. Let
H° = HJ,,, and let || - || denote the L? norm on the torus (i.e. the HJ. norm) if
nothing else is specified. We choose the norm in H' with

(A.3) i3 = lal? + H%HQ - H H

for u = az +v € H'. Since Z(aZ +v) =a+ % (orthogonal sum), we see that

(A1) |52]., = e

Moreover : HY — HO is surjective, so in view of (A.4) it is unitary. It is also clear
that % : Hl — H° is of norm 1:

(A.5) H 2,0 < Nl
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Since HQ%HHI_,HO < 1, we see that Z : H' — HO is bijective with inverse Z~!

satisfying .
1Z 1”7—(0—»711 < m
Consider the function
(A.6) u=z2—-2"1g)€z+H"
It is clear that
(A7) Zu =0,

and u is the unique function in z 4+ H! which is annihilated by Z. It follows that the

kernel of Z, acting on {u = linear function+v; v € H!_, ©(0) = 0}, is of dimension 1.

per’
LemmaA.l. — Zu # 0 everywhere.
Proof. — Zu cannot be identically zero since otherwise we would have both Zu = 0
and Zu = 0, implying that u is constant; which is impossible.
We have
(A.8) (Z,Z) =aZ —aZ
for some a € CFg,. Then ZZu = —aZu, s0
(A.9) (Z +a)(Zu) = 0.

It is well known that if v is a null solution of a 1st order elliptic equation on a
connected domain and v is not identically zero, then v cannot vanish to infinite order
at any point, and (by looking at Taylor expansions) the zeros are all isolated. We
can apply this to v = Zu. We also see that the argument variation of Zu, along a
small positively oriented circle around a zero is equal to 2wk for some finite integer
k> 0. Let T' = 09, where Q = z + (]0,1[+4]0, 1[) and zq is chosen so that Zu
has no zeros on I'. If Zu has at least one zero in T2, then it has a zero in Q and
vararg (Zu) > 0. This is in contradiction with the fact that Zu is periodic and hence
that vararg(Zu) = 0. It follows that

(A.10) Zu #0.
O
If we view u as a map R? — R?2 it follows from (A.7,10), that the corresponding

Jacobian is everywhere # 0. It follows that u = uy + dus is a diffeomorphism from C
to C. Let

(A.11) u(z+1) —u(z) =:e1, u(z+1) —u(z) =: ea.

Then ey, e2 are R-linearly independent, and we let L = Ze;+Zes be the corresponding
lattice. Using that u : C — C is a diffeomorphism, we see that the induced map
[u] : T2 — C/L is bijective. (Only the injectivity needs to be checked: Let x,y € T?
with [u](x) = [u](y) := up. We can find corresponding points Z, y, up € C, such that
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uw(T) = uo, w(y) = o + kie1 + kaea, k; € Z. Then u(y — ki — kot) = g, so by the
injectivity of u, we have & = y — k1 — k2¢ and hence x = y.)
If f(w) is a C*! function on C, then

_of of iy _ i 0f
Z(f(u(z))) = awZqu amZ(u) = Z(u)am.
In other words, if we let lower * indicate push forward of vector fields, then
_. 0 .0
(A.12) u(Z) = 2(0) 5=, [1].(2) = Z(0) 5.

Conversely, if L is some lattice and [t]: T2 - C/ L a diffeomorphism corresponding
to a grad periodic function ¢ with

(A.13) t.(Z) = F%, F # 0 everywhere,

then

(A.14) Z(t) = 0.

Since t € Cz + H!, we know that 30 # o € C such that t = au. Consequently,
(A.15) L=aL.

Actually, we can see this more directly, by considering the biholomorphic map [u][t]~!.

It follows from our constructions that if Z depends smoothly (real-analytically) on
an additional parameter w, then so does w.

Appendix B: 2-dimensional manifolds with elliptic vector fields

Let M be a smooth compact connected 2-dimensional manifold with an elliptic
(complex) vector field Z. We shall see that M is diffeomorphic to a torus C/L in
such a way that Z maps to a multiple of 2. Clearly Z :H'(M) — H°(M) is a
Fredholm operator. Let ind Z = dim N (Z) — codimR(Z) = dim N (Z) — dim N (Z*)
be the index, where Z* denotes the adjoint of Z with respect to some positive density
on M. Recall that the kernels N'(Z), N(Z*) are contained in C*°(M), since Z and
Z* are elliptic.

LemmaB.l. — ind Z = 0.

Proof. — Clearly ind Z* = —indZ. On the other hand Z* = —Z + f for some
f € C*(M) and since the index is stable under changes of the lower order part:
ind Z* =ind (~Z) =ind Z = ind Z.

Here the last equality follows from the fact that N'(Z) = N (Z), R(Z) = R(Z). Then
ind Z = —ind Z* = —ind Z, and hence ind Z = 0. O

Because of the ellipticity, there is a unique a € C*°(M), such that
(B.1) [Z,Z) =aZ — aZ.
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LemmaB.2. — P:= —(Z +a)Z is a real differential operator.
Proof — P—P=(Z+a)Z - (Z+a)Z =[2,Z) - (@Z —aZ) = 0. O

Let us identify M with the zero section in T* M and let p = p1 +ip2 be the principal
symbol of Z. Then p; are linear in £ and dp,, dpy are independent at the points of
M C T*M. Let A(dx) be the Liouville measure on M induced by p1, p2, so that

(B.2) A(dx) A dpy A dpa = dxd€ at the points of M,

where dzd¢ denotes the symplectic volume. The principal symbol of Z is p(x, —¢) =

—p(x, &), so if we take the principal symbols of (B.1), we get
(B.3) {p,B} = iap — iap.

We use this to compute the Lie derivative L, (A(dx)): Since Lp, (dxdS) = 0, we get
from (B.2), (B.3) at £ = 0:

La,A)NdpNdp+ANdp A Ly,dp =0,
Lp,(A\) ANdpNdp+ ANdpAd{p,p} =0,
Ly, (A) ANdp ANdp —iaX Ndp A dp = 0.
Hence
(B.4) Lm,(A) =iaX on & = 0.
But the restriction of H, to { = 0, can be identified with iZ, so (B.4) gives
(B.5) Lz(A) =aX on M.

Let A* and A denote the adjoint and the transpose of A in L*(M,A(dz)). From
(B.5), we get

LemmaB.3. — Z* = —(Z +qa), 'Z = —(Z + a).
Proof. — We start with the general fact that

/ Lo (uA(dz)) = 0,

M

for all u € C*°(M). Using (B.5), we get
(B.6) / (Z + a)u(dz) = 0.

M
Replace u by uwv:
(B.7) / (Zu)v +u(Z 4 a)v)A(dz) = 0.

M

It follows that 'Z = —(Z +a), Z* =7 = —(Z +a). O
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We also have Z' = —(Z + a). Lemma B.2 gave us the real operator
(B.8) P=—-(Z+a)Z=—(Z+a)Z.
Lemma B.3 shows that the operator is self-adjoint and > 0:
(B.9) P=Z7"7=27Z.
Moreover it is an elliptic 2nd order operator. From (B.9) it is easy to see that
(B.10) N(P)=N(Z)=N(Z) = Cl.

The last equality follows from the other equalities since Zu = 0, Zu = 0 implies that
u is constant.
By a more direct argument, we have

Proposition B.4. — Let f € C°(M). If u £ 0, (Z + f)u =0, then u(x) # 0 for every
z € M. We have dimN (Z + f) < 1.

Proof. — Applying a classical result of Aronsjajn about the strong uniqueness of
nullsolutions of second order elliptic equations, we know that u cannot vanish to oo
order at any point. Let zg be a zero and choose local coordinates x;, x2 centered at
xo, such that

-0 v ol (5 )
2 8:51 7 8I2 6.%1, 6$2 '

Let m be the order of vanishing of u at z¢, so that u(z) = u;,(z) + O(Jz|™ 1), where
um(x) is a homogeneous polynomial of degree m. Then we get

au—_m =0, with z = z1 + 129,
0z
80 um (z) = C2™ for some C' # 0. Hence z is an isolated zero. Moreover, var arg, u =
27, if 7y is a simple closed loop around z( (contained in the coordinate neighborhood)
which is positively oriented with respect to the directions (Re Z,Im Z). We can now
triangulate M in such a way that every zero of u is in the interior of one of the
triangles. If A is one of the triangles, then vararggysu > 0 with strict inequality
precisely when D contains a zero of u. Since every boundary segment is common to

two different triangles, but with opposite orientations, we see that
Z var arggat = 0,
A

when we sum over all the triangles in the triangulation. It follows that u cannot have
any zeros.

The second statement is now clear: Let 0 # ug € N'(Z+ f), so that ug is everywhere
different from 0. Let u € N(Z + f) and let o € M. Then v(z) := u(z) — ;0((”;00)) uo ()
belongs to N (Z + f) and vanishes at one point (xg). The first part of the proposition
implies that v vanishes identically, and hence that u is a constant multiple of ug. This

shows that the dimension of N'(Z + f) is at most equal to 1. O
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Proposition B.5. — There exists a non-vanishing function b € C°(M) such that
[bZ,bZ] = 0.

Proof. — We develop the commutation relation to solve and get:
=bb[Z,Z] +b[Z ,b]Z+b[b A/
=bb(aZ — aZ) +bZ(b)Z —bZ(b)Z

= (bba — bZ(b))Z — (bba — bZ (b)) Z
= bab— Z(b))Z — b(ab — Z(b))Z,
so b should solve
(B.11) (Z —a)b=0.

Notice that if (B.11) holds for some non-vanishing b, then

1 1
Z-=—=7(b) = —a~
b b2 (b) a I
S0
1 . . 1
(B.12) (Z+a)g =0, ie. Z'c=0, c= 7

Conversely, (B.12) implies (B.11).

We have seen that Z has index 0 and has a 1-dimensional kernel. Then the same
holds for Z* and Proposition B.4 shows that N (Z*) is generated by a non-vanishing
function c. It suffices to take b = 1/e. (]

Theorem B.6. — There exists a diffeomorphism x : C/L — M such that bZ corre-
sponds to 8%. Here L = Zey ® Zes is a lattice (so that e1,ea € C are R-linearly
independent).

Proof. — Write bvZ = (1/1 +1ivs), where v1, 1o are real commuting vector fields which
are pointwise linearly 1ndependent. Fix a point 9 € M and consider the map

K:C~R?5 2+ exp(z111 + za10)(x9) € M.

Notice that exp(x1v1 + xava) = exp(z1v1) o exp(xara) = exp(xavs) o exp(x1v1) by
commutativity. Let

L={zeR*K(z) =10}

L is a discrete Abelian subgroup of R? and hence of the form 0, Ze with e # 0, or
a lattice Ze; ® Zes with e1, es R-linearly independent. K induces a diffeomorphism
: R?/L — M, so R?/ L must be compact and hence L is a lattice. Clearly the

inverse image of b7 is 5( -+ 61 )= 8—85 with 2 = 21 + i29. O
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2. Review of Fourier integral operators between Hg spaces

We shall not review all the aspects of Fourier integral operator calculus (see [MeSj]
for a similar discussion), and for simplicity, we restrict the attention to the Toeplitz (or
Bergman projection) point of view. Let ® be a smooth real-valued function defined
near some point xg € C". Assume that ® is strictly plurisubharmonic (s.pl.s.h.).
Then

(2.1) Ag = {(z,222(z)); = € neigh (zo, C")}

' 4 Oz
is I-Lagrangian and R-symplectic. Assume that ' C Ag is a smooth Lagrangian
submanifold (i.e. Lagrangian for the real symplectic form o e ). If we identify I" with
its projection m,I" in C™ then on I' the fundamental 1-form & - dx can be identified
with w = %8<I>‘F and hence this is a closed one-form in I". Here

(2.2) Imw = —d®,

so Imw is exact. We notice that 7, I" is totally real. In fact, if u € C™ and u,iu are
both tangential to 7,I" at a point x, then

Ur = (u, 3(®f,(x)u + iz(x)7)) and Uz = (iu, 3(P, (v)iu + z(w)iu))

are both tangential to I at (z, %645553) ). It follows that
(2.3) 0= O'(Ul, UQ) = O’(le7 Uy — ’LUl) = 4<q)g5($)ﬂ, u),

which implies that u = 0. Locally in 7,I' we may then find a primitive ¢ of w and
extend ¢(r) to an almost analytic function in C" so that d¢(z) = O(dist (x, 7, I')>).
Then at the points of 7, I', we have d¢ = %8@, so at those points, we get

dIm¢ = 5 (20® + 209) = —d?d.

i
After modifying ¢ by an imaginary constant (assuming I' connected) we have that
Im ¢ + ® vanishes to the second order on I'. Since this function is s.pl.s.h. it follows
that

(2.4) ®(z) + Im ¢(z) ~ dist (z, m,(T))? near 7, (T).

Let ®(y) be a second smooth s.pl.s.h function defined near yo € C™. Let & =

%%(.ﬁo), Ny = %62—;@’)@0), and let & : neigh ((yo,7m0),Az) — neigh ((xo,%0), As)

be a smooth canonical transformation (with Ag, Az considered as real symplectic
manifolds).

On Czng X C;fln, we choose the complex structure for which holomorphic functions
are holomorphic in (z,£;7,7) in the usual sense. A corresponding “holomorphic

symplectic form is then given by
(2.5) dé Ndx —dn N\ dy.

We notice that the form (2.5) and the more standard form d¢ A dz — dn A dy have

the same restriction to Ag X Ag, since dn A cly|A~ is real. The manifold Ag x Az is
P
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I-Lagrangian and R-symplectic for the form (2.5), and we can view it as a “Ap” for
our non-standard structure, with F' = ®(z) + ®(y), since it can be represented as

2 0% _ 209
§= ;5(30)7 -n= ;a—y(y)-

The earlier discussion for Lagrangian manifolds can then be applied with I" equal
to graph (k), and we conclude that there is a function ¥ (x,y) such that

(2.6) 0z.4% vanishes to infinite order on m, ,(T'),

200 2090
(27) 3x1/)(=’ﬂay) - Z%(x)v abl/f(ﬂ%y) - ;8_y7 for (Zay) € ’/Tx,y(]-—‘)a
(2.8) ®(z) + B(y) + Im o (x, y) ~ dist ((z, ), T2y (1))%

When & = ® and s = id is the identity, we can choose ¥ (z,y) to be the unique
function (up to O(|z—y|>)), which satisfies (2.6) and v/(z, z) = 2®(x). In the general
case, we deduce from (2.6), (2.7) that on 7, (I'):

200 20
2. _ 29 29
(2.9) dip = (x)dx + 7 dy
If we restrict ¢ to m, ,(I") and identify it with a function on I', we get

Since {dz and 7jdy are primitives of o Ao and o) Ag respectively, we can interpret (2.10)
as stating that ¢ is a generating function for . For the moment, we make a local
discussion and all our domains can be assumed to be simply connected. Later this will
no more be the case and we have to consider what happens when we follow the locally
defined function ¢ around a closed loop in T, of the form 7 = {(k(p),p); p € v},
where 7 is a closed loop in the domain of x in Az. We have

Im (éda)), = Im (30®) = —d®,

which is exact, since we will always require ® and ® to be single valued. Similarly
Im (7dy), , _ is exact. Hence
P

(2.11) /ﬁd¢ :/,{OVRe(gd:U) —ARe (ndy).

So the undeterminacy in 1 is real (as can also be seen from (2.8)) and following
around a closed loop as above, 1 changes by a real constant, which is the difference
of two real actions.

The implementation of Fourier integral operators is now fairly routine, and we will
not go into all the details. (See [Sj1].) Formally such an operator is of the form

(2.12) Aulz) = 17" [ E¥EDala,yibyut)e PO Lidy),
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where L(dy) is the Lebesgue measure and a is a symbol of order m in 1/h:

(2.13) Vi a=0k(1)h™™,

(2.14) Oza, Oya = O(h™"dist ((x,y), 7ey (T'))° + A™).
See also section 3 of [MeSj].

3. Formulation of the problem in Hs and reduction to a neighborhood of
E=01in T'Ty

Let @y be a s.pl.s.h. quadratic form on C™. Let P(x,&;h) be holomorphic and
bounded in a tubular neighborhood V' of Ag, and assume that

(3.1) P, &) > &

5 @OV @ >C.

Also assume (for simplicity) that
(o)

(3:2) P~y W pr(a, ),
0

in the space of bounded holomorphic functions on V. Then |po(z,§)| > 1/C, (x,&) €
V, |(z, 9] > C.
If we take the Weyl quantization, we know (see [Sj3], [MeSj]), that

(3.3) PY(x,hDy;h) = OQ1) : Hpy — Ha,,
where
(3.4) Hg, := Hol(C") N L?(C"; e 2%/ [(dx)),

and Hol(C"™) denotes the space of holomorphic (entire) functions on C".

Since Py is a quadratic form, we can infer (3.3) solely from the fact that P is a
symbol of class SY on Ag,, i.e. from the fact that Vk(P|A%) = O(1) for every k € N.
However the fact that P is bounded and holomorphic in a tubular neighborhood of

Ag, allows us to consider other weights as well. Let ® € C%1(C"; R) (the space of
_ 9%
ox

C! functions with Lipschitz gradient) with ® — ®; bounded and sup |42 | small

enough. Then,
(3.5) PY(x,hDy;h) = O(1) : Hp — Hg,
where Hg is defined as in (3.4). In fact, in the standard formula,

1 i Tty
w . - - - (z—y)¢ .
(36) P (xahD;mh)'U/ (27Th)n //(z;y7§)€A¢0 er P( 2 a€7h)u(y)dyd€7

we deform to the contour

2 [too i Ty B ou1/0
(3.7) ’5_?/0 Gt (=t 4 St (o) = (L o)
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In the following, we also assume for simplicity that ® € C*°, that V*® is bounded
for every k > 2, and that @ is uniformly s.pl.s.h. We also assume that n = 2 and that
there is a smooth Lagrangian torus I' C Ag, such that pe = Po| satisfies

P

(3.8) Py (0) =T,

(3.9) dpe, dpe are independent at every point of T'.

Let Ty = (R/27Z)? be the standard 2 torus and view 'y as a maximally totally
real submanifold of X := I'g+iR2. In X x C? (equipped with the standard symplectic
form) we consider

200, 1 )
2, Bu(a) = 5 (ma)

®; is s.pl.s.h. so Ag, is I-Lagrangian and R-symplectic. According to section 1 and

(3.10) Aq>1 . g—

the beginning of section 2, there is a smooth “real” canonical transformation:
(3.11) k : neigh(T'; Ag) — neigh(T'g x {0}, As,),

mapping I' onto 'y x {0}. Let ¢ (z,y) be a corresponding function defined as in
section 2 for (z,y) in a neighborhood of 7, ,(graph(k)). Strictly speaking, it is clear
how to define % locally up to a constant and up to a function which vanishes to
infinite order on 7, ,(graph (x)). To see that we can get a corresponding grad-periodic
function, we first define 1) on the projection of the graph of k with di single-valued,
then let a denote a single-valued almost holomorphic extension of this differential.
For (z,y) € neigh (7., (graph (k))), let 74, : [0,1] — C* be the shortest segment
from a point fyxy(O) in the projection of the graph to v, ,(1) = (z,y), and put
Y(z,y) = Y(v2,4(0) + f . Then v is grad-periodic and Im ) is single-valued.

Let v, 7 =1,2 be fundamental cycles in I', so that & o y; are fundamental cycles
in Ty x {0}. Define 4; = {(x(p), p); p € v;}. Then (2.11) is applicable and gives:

(3.12) [

J

d = | Re(ndy) = ~L,(r),
Vs
where the last equality defines the action I;(T"), which does not depend on the choice
of global primitive of o, A’ since Ag is diffeomorphic to R*. Here as in (2.11) we view
¢ as a function on graph(x). Since di) is single valued, this means that if we start
from a point (z,y) close to some point (zo,y0) € (I'o % my(I")) N 7, 4 (graph(x)), and
follow a closed curve [0,1] 3 t +— (x(t),y(t)) which remains close to 7 ,(graph(x))
and with z(t) close to a fundamental cycle v ; in I'g, then we get a new value of

Y(x,y): “P(x(1),y(1))” satisfying
(3.13) P(x(1),y(1)) = ¢(x(0),y(0)) — L;(T).
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We now implement x by a Fourier integral operator of the form (2.12) with a of
class S (neigh(7, , (graph(k)))):

(3.14) a(x,y; h) ~ Zaj(ac, y)h? in C*°(neigh(, , (graph(x)))),
0

with a; of class C°°, and
(3.15) Oza;, 9ya; = O(dist((z,y), me,y(graph(x)))>).

We also choose a elliptic, i.e. with ag non-vanishing. (Notice that unlike ¥, a is single
valued.)

Let U C Ag, V C Ag, be small neighborhoods of T and T’y x {0} respectively, with
k(U) = V. Then putting a suitable cutoff in (2.12) (equal to 1 near the projection of
the graph of x and replacing ® by @), we get an operator

A=0(1): L(a(U);e " L(dy)) — Lj,(x(V); e **/" L(d)),

where the subscript h indicates that we have a space of multi-valued Floquet periodic
functions v:

(3.16) o(@(1)) = e O P(a(0)),

if [0,1] 2 ¢t — «(¢) is a closed curve which is close to the jth fundamental cycle in Ty.
We also see that HgAUHL;i < O(h>°)|lu| L2-

The complex adjoint A* will be a Fourier integral operator associated to K~! by
the same general procedure, and it is a routine matter to see that a can be chosen so
that A*A, AA* are formally the orthogonal projections

L(m(U);e**" L(dy)) — H(x(U),®), Li(x(V);e>*/"L(dx)) — Hp(w(V)), $1),
where H(n(U),®) := Hol(n(U)) N L*(x(U); _2‘1>/hL) and Hj, is defined similarly.
(See [MeSj].) This implies that 1f w € H(m(U),®) and U cC w(U), then

| A" Au — UHLz((j,efz@/nL(dy) O(h )||u||L2(7r (U),e=2%/m L(dy))»

and similarly for AA*.
We also have Egorov’s theorem which permits us to find Q € SY(V) such that if
qo is the leading symbol, then

(3.17) qo © K = Do,
(3.18) Q¥ (x,hDy)A = APY, A*QY = PY A",
in the sense that
1Q¥A —~ AP*Yull 2 o2 () < Ol

when V ccC m(V), and similarly for the second relation. Here Q™ is defined as in
(3.6) after replacing Q by (XQ)(”y &: h), where y is suitable cut-off, and where we
identify Tp + iR? with C2/(2rZ2).
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Finally we shall take a unitary transform
(3.19) B: H(Ty +iR? &) — L*(Ty),

and similarly on the corresponding spaces of Floquet-periodic functions, that will be
the inverse of a Bargman transform. Since ®; only depends on Im z, we may view
this function also as a function on C?. We recall that the Bargman transform

320 Tush)=Cah ™ [ B ugdy = [ - )y,

(with the last equality defining the kernel k in the obvious way) is unitary: L?(R?) —
H(C?,®;) for a suitable Cy > 0. The inverse is given by T—! = T*, with

(3.21) T*v(z;h) = Coh™3/2 / e~ G =R 21()y (1) [(dz)

= /k(z - :c;h)e_%‘bl(z)v(z)L(dz).
If we identify L?(I'g) with the 6-Floquet periodic locally square integrable functions,
for @ = (I1(T')/27h, I(T')/27h) on R?, and view Hy(To + iR?, ®;) similarly, we see

that T generates an operator B* from L3 (I'o) to 6-Floquet periodic holomorphic
functions on C2, given by

(3:22) Bu(z) = [ k(z—y;h)u(y)dy = / > k(z—y+v)eu(y)dy,
R? yer ve(2nZ)?
where E C R? is a fundamental domain for (27Z)? (so u(z + v) = e “u(z),
v € (2nZ)?). Put
(3.23) Uz,y) = Z k(z —y+ v)e0v)
ve(2nZ)2
so that

Uz +vy) = e "U(z,0), Uzy +v) = Oz, y).

The adjoint B is given by
(3.24)

Bu(x) = e U(z, x)e 221GV hy(2) L(dz) = /kz(z —z)(2)e 201/ L (dz),
z€ E+iR?

so B coincides with T*. Recall that T*T = 1 on L?(R?). It is easy to see that this
relation extends to L? (T'g) and we get

(3.25) BB* =1.

To check that B*B is also the identity on Hj(I'g + iR?, ®1), we first recall that
TT* is the identity on H(C?, ®;) and when we compute TT* in a straight forward
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manner, we get the orthogonal projection: L?(C?, e 2*1/"L(dz)) — H(C?, ®,):
TT"( .//‘ 2 =y W R(w = g Wo(w)e 2" O/ L (dw)dy

where
(3.20) Yiew) = -3 - W)

is the unique function which is holomorphic in z, antiholomorphic in w and satisfies
¥1(z,2) = ®1(2). Recall that —®;(2) +2Re 1 (2, w) — @1 (w) ~ —|z —w|?, s0 TT* is a
bounded operator on Hy,(Tg+iR?, ®1). If u is a normalized element of this space, then
by solving a correcting d-bar problem for x(x/R)u(z), we see that there is a sequence
of functions up € H(C? @), R = 1,2,..., with |Jug| gcz,e,) = On(1)RY2, such
that
llu— URHL2(B(O,R/Q),e*ﬁ’l/hL(dx)) < Oh(l)efR/COha

for some Cy > 0. Using that TT*ur = ug, we see that TT*u = u. Hence B*B = 1.
We have then checked that B*B =1, BB* =1, so B is unitary.

We recall that B is associated to a canonical transformation from A, to T*(T).
This allows us to view the previously defined k also from a neighborhood of " in Ag to
a neighborhood of T'y x {0} in T*T"y. We therefore have a Egorov’s theorem and using
U := BA, we get an equivalence between classical h-pseudodifferential operators
acting in H(w(U),®) and h-pseudodifferential operators microlocally defined near
& =0in T*Ty, acting on Floquet periodic functions u(x), satisfying:

(3.27) u(x 4 e;) = e LM/ hy (),
where e; = (2,0), ea = (0, 27).

Let L3(To) be the subspace of L}
eku(z), k € (27Z)2, 0 € (R/Z)>.

(R?) of §-Floquet periodic functions: u(x—k) =

loc

Proposition 3.1. — Let P* = P*(x,hD,;h) : Hy — Hg be defined as in the beginning
of this section and assume that I' C Ag is a Lagrangian torus satisfying (3.8), (3.9).
Then there exists a smooth canonical diffeomorphism
& : neigh (I, Ag) — neigh (I'g x {0}, T7T)

with k(L) = T, where Ty = (R/27Z)? is the standard torus.

Moreover, there exists an operator U : Hp — Li/%h(l’o),l = (L(T), I(T")), with
the following properties:
1) ||U||£(H<P7L§/2ﬂh(r‘0)) = O(1), uniformly, when h — 0.

2) U is concentrated to graph (k) in the sense that if N € N and x1 € S(T*Ty,1),
X2 € C°(C?) are independent of h and

supp x1 X supp x2 N {x(y,n),); (y,n) € neigh (I', As)} = @,
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then
(hDYN XY (2, hD) o U 0Tlg 0 xa = O(h™) : L* (e **/" L(dz)) — L3 )5,(T0).

Here Tlg is the orthogonal projection L?(e=2®/"L(dx)) — Hg (see [MeSj]).

3) U is microlocally unitary: For every xa € C§°(neigh (7, (T), C?)), independent of h,
we have (U*U — 1)gx2 = O(h™®) : L?(e~2*/" L(dy)) — L*(e~?*/"L(dy)). For every
X1 € C§°(neigh (Tg x {0},T*Ty)), independent of h, we have (UU* — 1)xY(x,hD) =
O(h*>): L?/%h(FO) — L?/%h(FO)'

4) We have a Egorov’s theorem: 3Q(x,&; h) ~ qo(x, &) + hgi(x,&) + -+ € S(T*To, 1),
with go o k = po in neigh (T, Ag), such that QYU = UP"Y microlocally, i.e. (QWU —
UP"Ylgxa = O(h™>), x¥(QWU — UP™) = O(h™), for x1,X2 as in 3).

5) If P, ® depend smoothly on z € neigh(0,C), then we can find U,k depending
smoothly on z in a possibly smaller neighborhood of 0.

4. Spectrum of elliptic first order differential operators on I'y

Let P = Z + q be a first order elliptic differential operator on I'y with smooth
coefficients, Z denoting the vector field part. After applying a diffeomorphism, we
may assume that

0
4.1 P=A(x)—
(@.1) (@) 5 + alo),
on C/L, L = Zey @ Zes, where e1, e are R linearly independent and A € C*°(C/L)
is non-vanishing. Further, ¢ € C°°(C/L), and this function will later depend on a
spectral parameter. It will be convenient to introduce B(z) = 1/A(z). The equation
Pu = v becomes

0

(4.2) (% + Bq)u = Buw.
Let ¢ € C*°(C/L) and conjugate by e?:

0
ef‘ﬁ(—_ + Bq) e?e %y = Be %v,
0T

ie.

(4.3) (% + (% + Bq))(e u) = Be™%w.

Let ¢ be the periodic solution (unique up to a constant) of
¢ —

4.4 — + Bg = Bq(0

(4.4) a5z T Ba = Ba(0),

where B\q is the Fourier transform, defined on the dual lattice

(4.5) L* = Ze] @ Zes, (€}, ex)rz = 270; k-
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Then (4.3) becomes
0 —~
(4.6) (% + Bq(O)) (e=%u) = Be .
We want to solve (4.2) (< (4.6)) in the space of §-Floquet periodic functions, where
0 € C/L*, that is in the space of functions satisfying the condition

(4.7) u(x —0) = e"0r2y(z), V0 e L.

Writing 6 = 61e] + 02¢5 mod L*, we get

(4.8) u(x — e;) = ¥ (),

so the relation between 6 in (4.7) and the I;(I") in (3.27) is given by
L;(T)

(4.9) 6, = ;ﬂh mod Z.

Let HF(C/L) denote the space of §-Floquet periodic functions on C, which are of
class HF . (standard Sobolev spaces). The Fourier series representation of such a
function (with convergence at least in the sense of distributions) becomes

(4.10) f(:E): Z f(y)ei(l/,x)R2: Z f"\(y)e%(ﬁx+uf)’
veL*—6 veL*—0

where we used that (v,z)g2 = ReTx in the last step. The corresponding expression
for 9 f /0T becomes:

(4.11) % = 3 %yf(y)e%@“ﬁ).
veL*—0
We now consider (4.2), (4.6) for u € Hj, v € HJ, and identify Fourier coefficients,
(4.12) (2v + Bq(0))(e—%u)(v) = F(Be~®v)(v), v € L* — 0,

where we write Fu = u. We get,

Proposition 4.1

(a) If %B/Q(O) — 0 & L*, then P in (4.1) is bijective Hy — HJ.

(b) If 2Bq(0) — 0 € L*, then P in (4.1) is a Fredholm operator of index 0 with
one-dimensional kernel given by

Ker (P) = Cexp|(Bq(0)x — Bg(0)%) + ()],
where ¢ solves (4.4).

Before continuing, let us compute ej, e5. We have
= * *
€1 e1 e] e
_ 172 =4nl,
€9 €9 €1 €9
ej e 9 21 1/ e —e 27 1/ e —e
—x — =4 — — — = 5 _ - N — — .
€] 5 €13 —e1e3 1 \—€x €1 Im (81e2) i \—€2 €1
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Hence
_ 2T
~ iIm (¢1ez)

27
iIm (El 62)

*

(4.13) el e, €5 = er.

Next we introduce a complex spectral parameter z and let ¢ be of the form
(4.14) q(z,z) = qo(z) + zr(x).

The z dependence is chosen to be linear, since the situation we examine in this section
is the linearized case. Let us call the spectrum of P, the set of values z for which P
is not invertible (case (b) in the proposition). Then the spectrum of P is the set of
values z that satisfy

(4.15) %Ea)(o) + %é?«(o) —ger
or equivalently

(4.15") %Eg(o,z) €0+L",

and we get a non-degenerate (affine) lattice precisely when

(4.16) Br(0) # 0.

5. Grushin problem near £ =0 in 77T

In the original problem, we shall restrict the spectral parameter z to some small
disc. Performing the reduction of section 3, we are led to the operator

Q=0Q:=QY(x,hD) =Q"(x,hD,z)

on I'g = T? with semiclassical Weyl symbol:

(51) Q($557Z7h) ~ qo(xagaz) + hq1(x,§,2) + h2q2($,€,2) + - 5 |€| < 0(1)7
with
(52) QO(CEaOaz) = 07

and qo,q1,qo, ... depend smoothly on z. Further, we have the ellipticity property:

In the region |¢| €]h%, O(1)], for § > 0 close to 0, we shall invert Q¥ by ellipticity.
In the region |£| < h%, we shall use 2nd microlocalization, which here only amounts to
considering our operators in the “h = 1” quantization, after a cosmetic multiplication
by h~!. The corresponding symbol (for the h = 1 quantization) is then

(54) %Q(l’, h'§7za h) ~ QO(xafyz) + th(l‘,f,Z) + h2Q2(l‘,§,2) +eey
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where the RHS is obtained by Taylor expanding at & = 0 and regrouping terms
according to powers of h. We get

(5.5) Qo(x, &, 2) 28 (%,0,2)¢ + ¢1(x,0, 2),

while the higher @); will involve higher order Taylor expansions. ); is a polynomial
of degree at most 7 + 1 in £, and in particular,

(5.6) Qj € S5 (T To).

The expression (5.4) shall be considered only in the region |h¢| < h?, ie. for |¢] <
ho~1, so (5.4) is a well-defined asymptotic sum for b — 0 of symbols in S} ;. The
operator Qo(z, Dy, z) is precisely of the type studied in the preceding section, the
ellipticity follows from (5.3).

From section 4 and Appendix A of section 1 we recall that Qo(z, D,,z) can be
reduced by a change of variable to A(x,z)% + g(x,z) on C/L(z), where A, q,L
depend smoothly on z, and that this operator: Hal — Hg is invertible when 6 ¢
2F(B(,2)q(:,2))(0) + L*(z) (with B = 1/A) and otherwise it has one dimensional
kernel and cokernel. It will also be useful to recall that (g can be further simplified
by conjugation to

(5.7) Qular, Dr.2) = Qo = -+ 0o(),
where
(5.8) fo(=) = = B0, 2).

A simplified version of the discussion below shows that %Qz : Hj — HJ is invertible
(microlocally in |¢] < O(1)), when dist (6,00(z) + L*(z)) = 1/O(1). We concentrate
on the more interesting case when this distance is small. Since 0 is really defined only
modulo L*(2), we decide to think of 8 as a complex number close to 0y(z).

Let egp(z) = ce™® with - indicating that we take the R? scalar product, and
¢ = ¢(z) is chosen to normalize eg(z) in H)(C/L(z)). Then

5.9 Qu(8,2) = @) B0\ 1o g0y
Rig 0 0 0
+.,0
is bijective, where
(5.10) Ry ou = (uleg), R_pu_ = u_eg.

We denote the inverse by
E°(0,2) EY(0,2) )

(5.11) £o(0,2) = <E0(9,z) E° (0,2)

This depends smoothly on z and analytically on 6. By Beals’ lemma, we know that

(5.12) E” € Op,(S1,)-
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Moreover,

(513) Eg(ea Z)U-i- = U+69r(05 Z)a Eg (97 Z)U = (Uleg(97 Z))7
where ¢4 € Cg°, and EY | € C with

(5.14) |E2 (0, 2)] ~ 10 — 0o(2)],

and with 6y(z) defined in (5.8). More explictily, using (5.7), we have e?r =Y = ey,

E° (0,2)=%— é\q(O) Recall or notice that Qo(2) : Hy — HJ is invertible precisely
for 6 # 6 and that the inverse is given by E°(6, 2) — E9(0,2)E° (0,2) ' E_(0, 2).
Now put

1 .
(5.15) (0, 2) = <hQZ(;C%ffwh) Ra,a>
formally as an operator Hel x C — Hg x C, so that (in view of (5.4))
(5.16) Q(,z) ~ ithj(H,z),
with ’
(5.17) Q;(6,z) = (Qj(anDx;Z) g) i

For simplicity, we assume that the same conjugation that simplified Q)¢ to the form
(5.7) has been applied to h=1Q,. We invert Q formally by the asymptotic Neumann

(5.18) E=8E —&(Q— Q0+ E0(Q — Q0)En(Q— Qo)ép — - -
=D (“D)*&((Q — Qo))" = Y (—~1)*(&(Q — Qo)) &.
0 0

Write Qn = +Q.(z, hDy; h). Then

(5.19) (Q— Qu)& = <(Qh — Qo)E° (Qn - Qo)Ei) |

0 0
and for £ > 1:
(5.20)  ((Q— Qo)&o) = (((Qh - (C;Qo)EO)k ((Qn — QO)EO)kO_l(Qh - Qo)Ei) .
The general term in the series (5.18) becomes
(5.21) (—=1)"E((Q — Qo)&o)" =
((—1)@0((@;1 — Qo)E%)* (=1)M(E°(Qn — Qo))*EY )
(—1)"E° (Qn — Qo)E®)* (—1)FE° ((Qn — Qo) E°)" 1 (Qn — Qu)EY )
Here (Qn — Qo)E°, E°(Qn — Qo) are (h = 1) pseudodifferential operators with sym-

bols in hST o + h2Stg + -+ . ((Qn — Qo)E°)", (E°(Qn — Qo))" then have their
symbols in h*SF, + REFLSFEL 4+ ... | Tt follows that E((Qn — Qo)E°)F has its
symbol in h*SYg! + RFHLSE 4+ . . Moreover, (E%(Qn — Qo))*E%vy = viek,
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with e in hFCGe + RFH1CE + -+ and similarly for E° ((Qn — Qo)E°)*. Finally
E°((Qn — Qo)E®)*1(Qn — Qo)EY belongs to h*C + h*T1C + - ... Using all this in
the asymptotic series (5.18), we get

E(97z) E (9,2)
(5.22) &€= (E_(e,z) E_++(9,2)) ’

where

— E(0, 2) is a 1-pseudodifferential operator with symbol in S;é + hS?,O + -
~Ejvy =viey, E_u= (ule_), with ex € O + hC>® + h2C>® + - - -.
~E_,(0,2) € C+hC + h%C + - - -, more explicitly,

(5.23) E_y(0,2) ~E° (0,2) + hEL (0,2) + - .

Formally, the spectrum of PY (acting on #-Floquet functions) will be the set of values z
for which E_, (6, z) = 0.

We will now sum up the discussion of this section, and for that it will be convenient
to return to the case of the standard torus I'y. Then the dual lattice “L*(2)” is simply
Z? and Qo(2) in (5.5) will be invertible H}(I'g) — Hg(I'o) precisely when

(5.24) 0 & 0o(z) + Z2,

where 0y(z) € R? depends smoothly on 2.

Proposition 5.1. — Let C > 0 be a sufficiently large constant.

1. Fordist (6,600(2)+Z2%) > 1/C, z € neigh (0, C), there exists an operator F (6, z;h) =
O(1) : H) — H{) such that:

la) F is pseudolocal in the sense that (hD)™x1(x, hD)Fx2(x, hD)(hD)N = O(hV) :
HY — HY for every N € N and all x; € C{°(T*Ty), j = 1,2, independent of h with
(supp x1 X supp x2) N (diag (T*To)* U (To x {0})*) = 2.

1b) There is a neighborhood V.C T*T'y of Ty x {0} such that

(%QF - 1))(”, X“’(%QF* 1) = O(h™) : H) — Hy,

for every x € C§°(V), independent of h. The same holds with F%Q instead of %QF.
(Notice that these compositions are welldefined mod O(h*) : H) — HJ.)

2. For dist (6,00(z) + Z%) < 1/C, we may assume (by Z*-periodicity in 6) that
6 € R?, 10 — 0o(z)] < 1/C. Then we have rank one operators Ry gu = (uleg ),
R_pu_ = u_fg,, Rip: Hg — C, R_yg:C — Hg, with eq 2, fo,» € Hg N Cy°
depending smoothly on 0, z, independent of h, and a bounded operator

_ E(G,Z,h) E+(9,Z,h) o . 0 0
5<E(972,h)E+(972,h) —O(l).H9XC—>H9><C,

with the following properties:
2a) E is pseudolocal as in 1a.
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2b) If x € Cp°(T7Ty) is independent of h and I'g x {0} Nsupp x = &, then for every
N e N:

(hDYN\YE, = O(h*®°): C — HY, E_x“(hD)Y =0O(h*): H) — C.

2c) E_ has the asymptotic expansion (5.23) with |[E° | (0,z)| ~ |6 — 6o(z)|.
2d) & is an inverse of Q in (5.15) in the sense that

01 01

for all x € C§°(V), independent of h. Here V is as in 1b and we can replace QE by
EQ in the preceding estimates.

(Q€ — 1) (Xwo), (Xwo) (Q€ —1) = O(h™®) : HY x C —s H? x C,

6. The main result

Let ®¢ be a strictly plurisubharmonic quadratic form on C? and let P(z,£) =
P(z,&,z;h) be a bounded holomorphic function in a tubular neighborhood of Ag,,
which depends holomorphically on z € neigh (0, C), with the asymptotic expansion

(61) P(x,f,z;h)NZpk(m,f,z)hk,
k=0

in the space of such functions. Later, it will be convenient to assume that the sub-
principal symbol vanishes:

(62) pl(l’,f,Z) =0.
Also assume ellipticity near infinity:
(6.3) lp(z,€,2)] 2 1/C, (2,€) € Aay, |(2,€)] > C,

where p = pp. (The boundedness assumption above could easily be replaced by
some other symbol type condition, provided of course that we modify the ellipticity
assumption accordingly.)

Assume for z = 0, that ¥ = p=1(0) N Ag, is smooth, connected and that

(6.4) dpAs, » dﬁA% are linearly independent on X.
Further assume that

(6.5) {pA%,ﬁA%} is small on %,

where we adopt the convention of section 1, that we have uniformity in the other
assumptions. Recall also from section 1, that this implies that ¥ is a smooth torus.
Notice that the assumptions above will also be fulfilled for p = p(-, z) when z is close
enough to 0.

In section 1, we showed that p(-,2)7!(0) contains a smooth torus I'(z), which is
close to ¥ and such that

(6.6) 0,

%lrz) =
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(67) I](F(z),w) € Ra j=12,

where w = &1dx1 + odze and I;(T'(2),w) is the corresponding action along the jth
fundamental cycle in I'(z). (Any other global primitive of ¢ gives the same actions.)
I'(z) is not unique, but thanks to (6.7) its image in the quotient space M(z) of
p(+,2)71(0) by the action of Hy. .y, is unique. The full preimage of this image is a
complex Lagrangian manifold A(z) which is also uniquely determined and which can
be viewed as a complexification of the totally real manifold I'(z). This is Ay in (1.32).

It is easy to see that I'(z) can be chosen to depend smoothly on z. Also thanks to
(6.7), we have I'(z) C A, where A, = Ag. is an IR-manifold close to Ag, and we can
view I'(z) as a Lagrangian submanifold of this real symplectic manifold. A, can also
be chosen to depend smoothly on z, and we may assume that &, — &5 = O(1)

Let I;(2) = I;(T'(2),w), I(z) = (Ii(2),I2(2)) € R% Let P(z) = P¥(z) =
P¥(x,hD,, z; h) be the corresponding Weyl quantization which acts on Hg_. Let U =
U(z), @ = Q™(z) be as in Proposition 3.1, and depend smoothly on z € neigh (0, C).
Then Qo = Qo(x, Dy, z) : Hy(Do) — HY(Lg) (c.f. (5.4)) is invertible precisely when
0 & 00(z) + Z2, where 6y € R? depends smoothly on z (cf. (5.14)). We also recall
from section 3, that we will naturally have § = I(z)/(2mh). We first consider the case
when

. I(z) 9 1
. dist ( —=, 6 Z7) > —.
o SRR
Let x2 € C§°(neigh (7,(I'(0)), C?)) be equal to 1 in a neighborhood of 7,I'(0). As an
approximate right inverse to h=1P*(2), we take
(69) J = th>GHq>(1 7X2)+H¢U*FUH<I>X2,

where F' = F(z) is given by Proposition 5.1, with § = I(z)/(2wh), and G = G(z)
is an asymptotic inverse to P away from 7, (T") in the sense of T6plitz operators in
section 3 of [MeSj], and Il is the orthogonal projection L?(e=2®/"L(dz)) — Hs.
Then

Pqu>GHq>(]. — Xg) = Hq>(1 — Xg) -+ O(hoo) :He — Hp.

On the other hand, if we use local unitarity of U, the pseudolocality of F' and 4)
of Proposition 3.1, we get

%PMILPU*FUH@XQ = H¢U*%QwFUH¢X2
=T U UTlgx2 = lgx2 mod O(h™) : Hp — Hsg.
It follows that
(6.10) %Pw(z)J =1Ils =1 modO(h™): Hp — Hp.

(Most of our operators as well as ® depend on z, and this dependence is always
smooth.)

SOCIETE MATHEMATIQUE DE FRANCE 2003



216 A. MELIN & J. SJOSTRAND

In the same way we can show that

(611) K:H@(l*XQ)H@hG%‘H@XQHq)U*FU
satisfies

1
(6.12) KEP“) =1modO(h™): Hp — Hsp.

We conclude that under the assumption (6.8), the operator %Pw : Hy — Hg has an
inverse which is uniformly bounded, when i — 0.
We now consider the case when

. I 9 1
. — < =,
(6.13) dist (2ﬂ_h,90(z) V7 ) =
for some large fixed C' > 0. Let k be the point in Z? such that
I 1
B 5 = 00(2)] < =
‘ + 2mh 0(z) c

We apply the second part of Proposition 5.1 with § = k+ I/(27h). Let £, R+, R_ be
as there. Consider

N N

(6.14) Py = (PR o, <,
R+(Z) 0 * i

with

(6.15) R, =R.U, R_=U*R_.

As an approximate right inverse to P, we take (with F, EL, E_ as in (5.22))

5 <th>GH¢(1 — x2) + HeU*EUTg X2 H¢U*E+) B <E E, )

6.16 =
(6.16) E_U E_, E_E_,

We need to check that
617) LPE+TsR_E_=1, LPE, +TlsR_E_, =0,
. RyE=0, RyE, =1,
modulo terms that are O(h>) in operator norm:
1~ - 1
ZPE+TaR_E_ =Tly(1 - xa) + 3 PLsU" EUllyx2 + Iy U*R_E_U
1
= H(I)(l — Xg) + H@U*EQEUHq)XQ +eU*R_E_U

1
= H(I)(l — Xg) + H@U*EQEUHq)XQ + H@U*R_E_UHq)Xg

= H(I)(l — Xg) + H@U*UHq)Xg =Ils
=1,
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1~ ~ - 1
ZPEL +TaR_E_ = 3 PIlgU"Ey +TlaU"R_E_
1
=HoU" (3 QB4 + R_E_y) =TlaU"0 =0,

R.E = R Ullgx2(hMleGIlg(1 — x2) + MeU*EUTlg y2)
=0+ R+UU*EUH<I>X2 = R+EUH<I>X2 = 0,

R.E, =R . UllaU*E, = R.E, = 1.
So,
(6.18) PE, =14 O(h™).
Similarly, we check that
(6.19) EP =1+0(h™),
where
(6.20) g = <Hq>(1 - X2)H<I>hgiJ(r]Hq>X2H<I>U*EU H%U*JFEJr) '

We sum up the discussion so far:

Proposition 6.1. — Under the preceding assumption, there exists a smooth map
neigh (0, C) — 6o(2) € R?, such that if we fix C > 0 large enough:

1) For dist (I(2)/(2mh), 00(2) + Z%) > (2C)~ ', h1P¥(2) : He. — He. has a uni-
formly bounded inverse.

2) For

(6.21) dist(I(z)/(27h), 0o(2) + Z*) < 1/C,
the operator P(z) in (6.14) has a uniformly bounded inverse

F(z) Fi(2)

(6.22) .7:(2:) = (F_ (Z) F_+(Z)) : H@z x C — Hq,z x C.

Modulo terms that are O(h™) in operator norm, we have

(6.23) Fi(2)=U"(2)E4 (k + %, z; h),

F_(2)= E_(k: %,z;h)U(Z),
F_i(2)= E,+<k+ %,z;h),

where k € Z? is the point with |k —0o(2) +1(z)/(2mh)| < 1/C, and E4, E_, E_, are
giwen in Proposition 5.1.
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From (6.23) and (5.23) we get the following asymptotic expansion in case 2) of the
proposition:

I(z) I1(2)
1Y~ O 1 ...
(6.24) F_(2:h) E_+(k + %h,z) + hE_+(k + 27Th,z) TR
valid in the sense that
(6.25) |Rn(z;h)| < CyhNT,
where
= 1(2)
B — By i
(6.26) Ry(z:h) = F_y (2 h) onh E,+(k + 27Th,z>.

We shall next see that (6.24) can be differentiated with respect to z in the natural
sense. Indeed, it is clear that VIP(z) = O(h™7) in operator norm for j = 0,1,2,...,
so if we use that

(6.27) V.F(z) = =F(2)V,P(2)F(2)

and similar more elaborate expressions for VI F(z), we see that

(6.28) VIF(z) = O(h™7)

in operator norm for j = 0,1,2,.... In particular,

(6.29) VIF_(2:h) = O(h ™),

and the same estimate holds for each of the terms in (6.24). It follows that
(6.30) (V.Y Ry(z;h) = O(1).

Now combine (6.25,30) with elementary convexity estimates for the derivatives to
conclude that
(hvz)jRN(z; h) = O(hN—H_E)a

for every € > 0 (after an arbitrarily small increase of the constant C in (6.21)). Since

I1(z)

. _ p N+1pN+1 _ .

Ry(z3h) = WNIENT (k= 52 2) + B (2:h),

we get

(6.31) (hV.) Ry (z;h) = O(RNTY),

for every j = 0,1,2,.... So we have proved that (6.24) can be differentiated with

respect to z as many times as we want, in the natural way.

In this context, it may be of some interest to notice that F_ is holomorphic in z
after multiplication by a non-vanishing factor. Indeed, from (6.27) and the fact that
0zP"(z) =0, we get

O:F_ 4 + F_(0:lgR_(2))F_; + F_(0:R4)Fy =0.

Since F_ is scalar, this simplifies to

(632) (9 +v(2)F_i(2) = 0, v(z) = F_(0:IpR_(2)) + (3R (2))F.
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If 9:V (2) = v(z) (and this equation can always be solved after increasing C' in (6.21)),
we get

(6.33) dz(eVEF_ ) =0.

Since Viv = O(h=177), j > 0, we can restrict the attention to some disc of radius ch
(after fixing k after (6.23)) and get

(6.34) ViV =0(h"7), j=0.

(Make the change of variable: z = zy + hw.)

We recall a general fact about Grushin problems, namely that P"(z) is invertible
precisely when F_ 4 (z) is. We will say that z = 2z is an eigen-value of z — P*(z)
if P¥(zp) is non-invertible. For such an eigen-value, we define the corresponding
multiplicity m(zg) to be the order of zg as a zero of the holomorphic function eV F_, .
In the appendix A to this section we show that this multiplicity does not depend on
the way we construct the Grushin problem and also that it is the order of z; as a zero
of det P¥(z) in case P(z) — 1 is of trace class.

We shall next use the assumption (6.2) and show that we have y(z) = Const. €
(%Z)Q. We shall do this by studying Floquet periodic WKB solutions in a neighbor-
hood of 7, (3), and we start by reviewing some facts for such solutions when working
with the Weyl quantization for the corresponding pseudodifferential operators. (Cf.
Appendix a in [HeSj2].)

Recall that the Weyl quantization of a symbol p on R?" is given by:

(6.35)  p“(z, hDy)u( %h //em V-0 x“’ 9)u(y)dyd9.

Let ¢(z) be a smooth and real function. (The adaptation to the complex environment
will be quite immediate.) Then

(6.36) e~ #*@)p¥(x, hD, )eh‘f)(x) (x)

(@—y)-0—((2)—(v))), (LT Y
i I o s

Employ the Kuranishi trick: ¢(z) — ¢(y) = (v —y) - ®(z,y), with

O(z,y) = /0 %(ﬁx + (1 —t)y)dt,

and notice that
a(e.y) = 22 (V) L o((x - ).
’ ox\ 2
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Then,
(6.37) e #@pt(z hD,)er @y

1
= o //eh(x y)-(0—2(z, y))p(x;ry 9) (y)dydb

eh(T=)0p :chy .0+ O(x, y)) (y)dydb.

Here
638)  p(5L0+0y) =p(S L0+ ‘;i (55)) + ot - v,
and it follows easily (by double integration by parts with respect to € for the con-
tribution from the remainder) that the h-Weyl symbol of e~ % %@ p (2, hD,)e# ¢ is
equal to p(z, 0 + %(m)) + O(h?).

Suppose that ¢ solves the eikonal equation

(6.39) p(% %(I)) =

We look for a smooth function a(z), independent of h, such that
(6.40) e~ @ P (2 kD, et P a(z) = O(h?),
and get

(6.41) P2 (@, hD,)a(z) = O(h2),

where

(6.42) po,&) = p(w. €+ 20 (a).

Write

(6.43) Z 5 5] 0)&; + O(£%).

The remainder will give an O(h?) contribution to (6.41) and the Weyl quantization
of the sum is

(6.44) = Z (g@j (€,0) 0 hDy, + hD,, o %(x 0)) - %(1/(:0 a%) + %div (y)),

where v(z, 8;c) > 6—p‘ﬁ(:ﬂ 0)-2- Bz; can be identified with the restriction of H, to Ag:
&= ¢'(z). The equatlon (6.41) therefore boils down to the transport equation

0 1
(6.45) (V (ac, $) + Ediv (V))a = 0.
As in [DuHo] the last equation can also be written in terms of the Lie derivative of
v acting on a half density:

(6.46) L, (a(z)(dzy - - - dan)?) = 0.
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Recall that A(z) C p(-,z)71(0) is a complex Lagrangian manifold which can be
viewed as a complexification of I'(z). We can represent A(z) by

(6.47) 6= 2002, x € neigh (. (5),

where ¢ is grad periodic, smooth in both variables, holomorphic in z and (cf. (2.4))
satisfies

(6.48) ®O(z,2) + Im¢(x, 2) ~ dist (z, 7, T(2))?,
where ®(-,2) = ®,, A, = Ap,. If v1,72 C m:(I'(2)) are two fundamental cycles, we

also have
(6.49) vars, 6(,2) = 1(2), pla, 22 (2,2),2) =

with I;(z) = I;(T'(z),w). We look for a multivalued holomorphic symbol a(z) =
a(z, z) (being the leading term in an asymptotic expansion) such that

1 . bl
(6.50) P (2, hDs, 2z h)(3-a(x, 2)ei?@2/hy = O(p)ed®2)/h,
As reviewed above, (6.50) is equivalent to the transport equation
(6.51) L, (a(x)(dzy A dxg)/?) =0,

where v ~ leK(
maximally totally real, so we can restrict (6.51) to this torus by interpreting v ~ H,
as a complex vector field here. Once (6.51) is solved on the submanifold, we get it to
infinite order there, by taking almost holomorphic extensions.

Recall from section 1 that there is a diffeomorphism

)’ We only want to solve (6.51) to infinite order on 7, (I'(2)) which is

(6.52) Q:T(2) — C/L(2),
depending smoothly on z such that
0
(653) vV~ Hp = 14—_7
oQ

where A = A(Q, z) is smooth and non-vanishing,.
Write a(x)(dzy A dze)'/? = b(Q)(dQ1 A dQ2)'/?, Q = Q1 +iQ2. We notice that

(d:cl A d$2)1/2

(dQ1 A dQ2)'/?
is not necessarily single valued, but #;-Floquet periodic for some 6; € %L*. Then
(6.51) becomes

L o (b(dQ1 A dQ2)*?) =0,
and more explicitly
0 10
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since div A% = %A. (6.54) can also be written
0
(6.55) %(Al/%) =0,

where we notice that A'/2 is a-Floquet periodic for some a € %L*.
We restrict the attention to solutions u = h=/2ae?/" of (6.50) which are multi-

valued but w-Floquet periodic in the sense that
u(F;l(z),z) = 2™iy(x, 2), j=1,2, w= (w1,ws) € R?/Z?,

where I'; is the natural action of the fundamental cycle v; on the covering space of
neigh (7, (I'(z)), C?). Then,

a(I’j_l(x),z) — ei(27rhwj+1j(z))/ha(x’Z)7

so the restriction of a(-, z) to 7, (T'(2)) is w+1(2)/(27h) Floquet periodic if we identify

7 (L(z)) with the standard torus I'g. Then b(Q’zf))iS w+ égf,z + 01 Floquet periodic
27rZh -
02 € (3Z)?. We now require that a be non-vanishing. Then from (6.55), we see that

A2} is periodic and hence w + ésrziz — 6, =0, mod Z2:

I(z) . 2 /72
. =———480 R-°/Z*.
(6.56) w ol +62in R*/
Since U(z) is pseudolocal, we can define U (z)u mod O(h*°) as a #2-Floquet periodic
function on I'g which is microlocally concentrated to a small neighborhood of the zero-

section of T*T'g with the property that [|U(2)ul|m,, ~ 1. From (6.50), we get
QY (x,hDy, z; h)(U(2)u) = O(h?) in Hy,.

(as a function on T) and hence A'/2b is w + 02 Floquet periodic for some

This implies that we are not in the case 1) of Proposition 5.1 for any C > 0 and
consequently (since 62, 6(z) are independent of h), that 6 = 6(2) mod Z2. We have
proved under the assumptions above, in particular (6.2):

Proposition 6.2. — 6 in Proposition 6.1 is independent of z and belongs to (%Z)Q.

We have proved most of our main theorem below. The result will be most complete,
under the additional assumption (1.51):

(6.57) 2+ (I1(2), I2(2)) € R? is a local diffeomorphism.

Theorem6.3. — Let P"¥(z) : He, — Hs, satisfy (6.1-5), where ®q is a strictly

plurisubharmonic quadratic form on C2, and define 1(z) = (I1(2),12(2)) as after

(6.7). Let 0y € 122 be defined as above. There exists 0(z; h) ~ 0o+ 61(z)h+02(z)h> +
- in C*(neigh (0, C); R?), such that for z in an h-independent neighborhood of 0

and for h > 0 sufficiently small, we have:

1) z is an eigen-value (i.e. P™ is non-bijective) iff we have

I1(z)

(6.58) 3 =

0(z;h) — k, for some k € Z°.
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2) If I is a local diffeomorphism then the eigenvalues form a distorted lattice and they
are of the form z(k;h) = zo(k;h) + O(h?), k € Z2, where 29(k; h) is the solution of
the approximate BS-condition:

I(zo(k; h))
6.59 —— =0y — k.
( ) 21h 0
These eigen-values have multiplicity 1 as defined after (6.34).

Let

Zy, = {z € neigh (0, C); |£5TZ,3 +k—6 <1/3}, k€ Z?,

so that the Zy are mutually disjoint and all eigen-values have to belong to the union
of the Zy and so that every eigen-value in Zy has to be a solution of (6.58) with the
same value of k. Let Zk be a connected component of Z.

3) Assume (for a given sufficiently small h) that not every point of Zy is an eigen-
value. Then the set of eigen-values in Zy, is discrete and the multiplicity of such an
eigen-value z (solving (6.58)) is equal to vararg,y(% +k—6(w;h)) € {1,2,...},
where v is the oriented boundary of a sufficiently small disc centered at z. Here the
orientation in the I is obtained from identifying the 0-plane with C so that we have

the expression for E° (0, z) after (5.14).
Proof. — For k € Z2, let
Qi (h) = {z € neigh (0, C); |2& + k — 6| < 1/C},

for some fixed and sufficiently large C' > 0. Then according to Proposition 6.1, all
eigen-values of P¥(z) are contained in the union of the Q(h). Moreover the Q(h)
are mutually disjoint, and for k # ¢, we have that dist (2 (h), Qe(h)) > c|k — £|h, for
some constant ¢ > 0.

From (6.24) and the fact that this also holds in the C*°-sense, we see that there
exists a smooth function

E_4(0,z;h) ~E° (0,2) + hEL  (0,2) +-+, h— 0,
defined for 6 € neigh (6y, C), such that

(6.60) F_i(z;h)=E_4(k+ ;f}z , 23 h), z € Qi(h).

As remarked after (5.14), we may assume, with a suitable identification of the
I-plane and C, that

(6.61) E2,(6,2) = (6 )

where 6y = 6y(z) now denotes the complex number which is identified with the pre-
vious 6y. We equip the I-plane with the corresponding orientation.

Let 0(z; h) be the unique zero close to g, of the function § — E_, (6, z;h). Then 6
is smooth in z and has an asymptotic expansion as in the theorem. Clearly z € Q(h)
is an eigen-value iff k + % =0(z;h), i.e. iff (6.58) holds. This proves 1).
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The implicit function theorem gives everything in the statement 2) except perhaps
that the eigen-values are simple. From (6.60) it is clear however that the eigen-values
2(k; h) must be simple zeros of the holomorphic function eV ="M F_ (z;h) in (6.33),
so 2) holds.

We now make the assumptions of 3) and identify the I-plane with C as in (6.61).
In view of (6.60), and Taylor’s formula for § — E__ (0, z; h), we get for w € Ze 0 Qe

(6.62)  F_(wsh) = B (k+ 9 wih) — E_y (6(ws ), w; h)

= A(w; h)(k + 29— g(w; b)) + B(w; h)(k + 22 — g(w; h)),

where A, B are smooth in w with bounded derivatives to all orders. Moreover |A| ~ 1,
|B| < |A|. Let z € Z, be an eigen-value (necessarily in Q, and let v be as in 3). From
(6.62) and the fact that A dominates over B, it follows that F_ and k+ % —0(w; h)
have the same argument variation along v, and 3) follows. O

We next compute the differential and the Jacobian of the map z — (I1(z), I2(2))
and show that (6.57) ((1.51)) is equivalent to the property (4.16). We fix some value
of z, say z = 0. Choose grad-periodic coordinates @1, Q2 on I'(0), so that

(6.63) H, = A(Q)% on T'(0) ~ C/L, L = Zey & Zes,

where A(Q) # 0 V Q. Extend @1, Q2 to grad-periodic functions in a neighborhood of

F(O) in A‘I’z:m

so that (Q1, Q2; P1, P») are symplectic coordinates near I'(0).
Then

and let Py, P> be corresponding “dual” coordinates, vanishing on I'(0),

p= %A(@(Pl +iP) +27(Q) + O(P?) + O(z%),

where 7 = 22(-,0). T'(z) can be represented by

0z
P =Vq9(Q,z),
where g = O(z) is grad-periodic and

p(Qa Van Z) = 07
so that
dg 2
oQ
Let J;(z) be the actions in I'(z) with respect to P1dQ1 + PdQ2. By Stokes’ formula,
I; — J; is independent of z and since the difference is real for z = 0, we know that
J;(z) are real. From this and (6.64) we see that

where gper is periodic and
(6.66) b(z) = —zr/A(0),
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where the hat denotes Fourier transform on C/L(0): 7'//1\4 = F(r/A). It follows that
(6.67) J;i(2) = b(2)e; + b(2)Ej + O(z?).
The map in (6.57) has the same differential as that of the map z — (J1(2), J2(2)),
and we get for z = O:

dIy A dIy = (e1db +€1db) A (eadb + Eadb) = (€182 — E1e2)db A db,
so for z = 0:

(6.68) det ———=% = 2i(e182 — €1e2)| F(0.p/A)(0)|?.

The equivalence of (6.57) and (4.16) follows.
For z =0, let A\, o be the Liouville measure on I'(0) defined by

Apo AdRep Adlmp = p,

where p = %02 is the symplectic volume element on Ag__,. In our special coordinates,
we have

p= LAQP +iP) + O,

for z = 0, and the Liouville measure becomes A\, o = 4|A|7?L(dQ). The Hamilton
field of H, on I'(0) is H, = A(Q)— which has the adjoints
. 0 o 1
Hy = —5g o AQ) Hy = —14P55
with respect to the measures L(dQ) and \p, o(dQ) respectively. Using that the volume
of C/L = I'(0) with respect to L(dQ) is equal to |%(eje2 — €1e2)|, we see that the
1-dimensional kernel of Hg in L2(I'(0), Ap.0(dp)) is spanned by the normalized element

= |2i(€1€2 — 5162)|71/2A,

0Q A

—~ —

and a straight forward calculation from (6.68) gives for 2 =0

a(I1, I»)
|| [oniratan| = [ 10-Mo.pPx0(dp)

(6.69) det 512
Zl ) 22

where in the last expression we used the notation of (8.38) in [MeSj], so that 1 — II

is the orthogonal projection onto the kernel of HJ in L*(Ap0).

Assuming (6.57), the density of eigenvalues, given in 2) of the theorem, is

1 (’d LIIJQH )h—>0.

(27Th)2 0 Zl, 22
Assume that P(-,z) — 1 sufficiently fast at oo, so that det P* is well defined. Since
the eigenvalue z(k;h) is a simple zero of this determinant and 0.0;log|z| = F4,

z(k; h) will give the contribution £(z — z(k; h)) to 0.0z log|det P*(z)| and hence in
the sense of distributions (or even the weak measure sense), we have

(6.70)  0.0elog | det P(2)| = sz (5] /1( )(O)azpmxp,oup)f+o<1>),
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where we now let f vary with z in the obvious sense. This is in perfect agreement
with (8.38) of [MeSj], where we computed 0,9zI(z) for an (infinitesimal) majorant
(27h)~2(1(2) + o(1)) of log | det P™(z)|.

Appendix A: Remark on multiplicities

Let €2 C C be open and simply connected. Let H be a complex Hilbert space and
let

_(P() R(2)

Pe= (0"

depend smoothly on z € Q and be bijective for all z. Assume that

>:chN%chN

oP oP

is of trace class locally uniformly in z. Write

Pz) ' =E(2) = (E(Z) Ey(2) ) .

E_(z) E_4(2)
Recall that P(z) is invertible precisely when E_ (z) is and that we have
(A1) P(:)t = B() - By (2)B- (=) E-(2).

Proposition. — Let v C Q be a closed C*-curve along which P(z) (or equivalently
E_4(2)) is invertible. Then

(A.2) tr(ﬁlP(z)%P(z)) = tr (%AE_+(Z)1dE_+(Z)).

i
Proof. — From d€ = —EdPE, we get
(A.3) —dFE = FdPE+ E{dR.F+ EdR_E_,
—dEy = FdPEy + E,dR,E, + EdR_E_,
—dE_=F _dPE+FE_dR.E+ FE_dR_FE_,
—dF_=FE _ dPE;{+FE_dR{E{+FE_dR_FE_.
We get,
tr P'dP = tr (EdP) — tr (EL EZ} E_dP).
Here by the cyclicity of the trace and the last equation in (A.3):
—tr (B4 E-} E_dP) = —tr (E_} E_dPEy)
tr (EZLdE_.) +tr (BEZ1 F_4dR+Fy) +tr (EZ1 E_dR_FE_,)
=tr(E-LdE_}) +tr (dRyEy) + tr (B_dR_).
It follows that
(A.4) tr (P~'dP) = tr (E_[dE_}) + w,
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with

(A.5) w =tr (EdP) +tr (dRyE1) + tr (E_dR_).

If we assume that P is holomorphic, then £ will be holomorphic and w will be a
(1,0)-form with holomorphic coefficients, hence closed, and the Proposition follows,
since € is simply connected.

In the general case it suffices to verify that w is still closed, as we shall now do.
Using the obvious calculus of differential forms with operator coefficients, we get:

dw =tr (dE ANdP) —tr (dRy NdEL) +tr (dE_ ANdR_).
Use (A.3):
(A6) —dw =tr (BAPE A dP) + tr (E4dR,E A dP) + tr (BEdR_E_ A dP)
—tr (dRy. A EdPE.) — tr (dRs A ExdRyE.) — tr (dRs A EdR_E_.)
ttr (E_dPE AdR_) + tr (E_+dR,.E AdR_) + tr (E_dR_E_ A dR_).

The cyclicity of the trace implies that if p is an operator 1-form, with trace class
coefficients, then tr u A p = 0. It follows that the 1st, 5th and 9th terms of the right
hand side of (A.6) vanish:

tr (BdPE A dP) = tr (EdP A EdP) = 0,
tr (dR+ AN E+dR+E+) =tr (dR+E+ AN dR+E+) = 0,
tr (E_dR_E_ NdR_) = tr (E_dR_ A E_dR_) = 0.

The terms no 2 and 4, no 3 and 7 as well as no 6 and 8 cancel each other mutually,
becauce the cyclicity of the trace implies that tr (puy Apa) = —tr (u2 A py) for operator
1-forms with one factor of trace class, and hence

tr (EdR- N E_dP) = —tr (E_dP A EdR_),
tr (dR+ A EdeE,+) = tr (E,+dR+ AN EdR,)
Thus dw = 0 and we get the proposition in the general case. O
Now drop the assumption that dP(z) be of trace class, but assume that there exists

an invertible operator Q(z) which depends smoothly on z such that d(Q(z)P(z)) is
locally uniformly of trace class. Then we have the invertible Grushin operator:

(Qgii()z) AR- <z>)  with inverse ( i 5;) '

The equation (A.2) then holds, if we replace P by QP in the left hand side. Notice
that if we add the assumption that Q(z)P(z) — 1 be of trace class, then (A.2) (with
QP replacing P) gives

(A7) var arg, det(Q(z)P(z)) = var arg, (det(E_ (2)).
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Assume that P(z) is invertible for zp # z € neigh (29, C), but that P(z) is not
invertible. Then it is easy to see that there exists an operator K of finite rank such
that P(z) + K is invertible, and hence also that P(z) + K is invertible for z in a
small neighborhood of zo. Put Q(2) = (P(z)+ K)~!. Then Q(2)P(z) — 1= —-Q(2)K
is of finte rank and hence of trace class, so (A.7) applies. Let

(A.8) m(zp) = ﬁvar arg, (det Q(2)P(z)),

where + is the oriented boundary of a small disc centered at zg. (A.7) shows that this
integer is independent both of the choice of @ and of the Grushin problem, and by
the definition this will be the multiplicity of zp as an “eigen-value” of z — P(z). In
the main text, P(z) depends holomorphically on z and then have m(zy) > 1.

Appendix B: Modified d-equation for (I1(z), I2(2))

We recall from section 1, that we have a holomorphic map

(B.1) neigh ((0,0), C?) 3 (z,w) — I(z,w) = (I1(2,w), [1(z,w)) € C?,
with 1(0,0) € R? and with

(B.2) Im (0, 110, I2) # 0.

Let (fi(z,w), f2(z,w)) be holomorphic, non-vanishing such that

(B.3) f1(z,w)0 11 (2, w) + fa(z, w)OyI2(z,w) = 0.

This implies that

(B.4) fi(z,w)dlh + fa(z,w)dlz = g(z,w)dz,

where g(z,w) is holomorphic.
From (B.2) it follows (as we saw in section 1) that there is a unique smooth function:
neigh (0,C) 3 z — z(w) € neigh (0, C), such that

(B.5) I(z,w(z)) € R%

Indeed, this follows from the implicit function theorem, for if we formally make in-
finitesimal increments to z,w, we get

8sz 0, + é)wlj Ow,

Gzlj 0, + é)wlj Ow

(B 6) awjl 5w*aw115:*az11 5z+az11$;
' Ouwlz b1 — Dz by = —0.12 8. + 0.1 0,
and notice that

det <8w11 —Owl1

aw]_2 m) = —2ilm (8w118w12) 7& 0.
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Treating d,, 0, as independent variables, we see that (B.6) has a unique solution
(6w, 0y) € C? for a given 6, € C, and it is easy to see that d,, has to be the complex
conjugate of §,,. The existence of the smooth function w(z) in (B.5) therefore follows
from the implicit function theorem.

Let J;(2) = Ij(z,w(2)). (In the main text, we simply write I;(z) = I;(z,w(z)).)
Restricting (B.4) to the submanifold, given by w = w(z), we get

(B?) fldJl + fngg = gdZ,

with f; = f;(z,w(2)), g = g(z,w(z)). Taking the antilinear part of this relation, we
get

(B.8) f10J1 + f20J2 =0, 0 = 0.

This can also we written

(B.9)  O(fi(Js = JV) + fa(J2 = J3)) = ((Of1)(J1 = ) + (0f2)(J2 = J3)) = 0,
where J]Q are arbitrary real constants. Put

(B.10) u=fi(Ji = J0) + f2(Jo = J3).

Using (B.2) and (B.3), we see that the two real functions Ji, J2 can be recovered from
u by means of the formula,

J—JP = m(ﬁu — fou),
Jo— J9 =

B.12
( ) 1+ f1a).

1  (_
2i1m(f1f2)( /

(Notice that (f1, f2) = a(Owla, —0yI1) for some non-vanishing a, so that Im (f; f2) #
0.) Then (B.9) gives

(B.13) Ou + au + bu = 0,

for some smooth (and even real-analytic) functions a, b.

It follows from a classical result by Carleman [Ca] that if u solves (B.13) in a com-
plex domain and vanishes to infinite order at some point then u vanishes identically.
Since a and b are real-analytic we can show this differently: Treating u and u* =u
as independent functions, we get

(B.14) ¥%+a@m+b@m*=&
ou* 4+ b(z)u + a(z)u* =0,

which is an elliptic system with real-analytic coefficients. Hence w is real-analytic and
cannot vanish to infinite order at any point without vanishing identically.
If w is not identically 0, let zg be a zero of u and write the Taylor expansion as

u(z) = pm(z — 20) + O(|z — 20|,
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where p,, # 0 is a homogeneous polynomial of degree m. Substitution into (B.13)
shows that p,, is holomorphic, so

(B.15) u(z) = C(z — 20)™ + O(|z — 2o|™ ™), C #0.
This means that the map
(B.16) neigh (0, C) — J(2) = (J1(2), J2(2)) € R?

is either constant or takes any given value J? only at isolated points, and if z is such
a point, then

(B.17) |J(2) = J° ~ |z — zo|™.
Write (B.12) as

Reu
i 0 —
(B.18) J(z) —J° = F(2) (Imu) ,
where F' is a smooth invertible 2 x 2-matrix. Then from (B.15), we get
0J(z) d(Reu, Imu)
B.1 —— =F(z)) = ———— — zo|™
(B-19) O(Rez,Im z) (20) d(Re z,Im 2) +O(z = 2l™),

where the first term to the right is O(]z — z9/™™!) and has an inverse which is
O(|z — zo/*™™). From this, we see that the critical points of J are isolated if J is
not identically constant, and that
0J(z)
O(Re z,Im 2)

This means that we can introduce a natural orientation on the (Ji,J2)-plane such

(B.20) det is either >0, Vz, or <0, Vz.

that the differential of J becomes orientation preserving. We can then define the
multiplicity of a solution zy of J(z) = J° by
(B.21) m(zp) = %V&I‘ arg, (J(z) — JO),
where 7y is the positively oriented boundary of a small disc centered at z.

In the main text of section 6, we write I;(z) instead of J;(z). It is also clear from
our discussion, that the orientation of the J-plane is the same as the one we got in
the proof of Theorem 6.3 from (6.61).

7. Saddle point resonances

Consider the operator
h2
(7.1) P:73A+V(z), r € R?,
where V is a real-valued analytic potential, which extends holomorphically to a set
{z € C? [Imz| < & (Rex)}, with V(2) — 0, when 2 — oo in that set. The resonances
of P can be defined in an angle {z € C; —260y < argz < 0} for some fixed 6y > 0
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as the eigen-values of P| o ... In [HeSj], they were also defined as the eigen-values
of P : H(Ag,1) — H(Ag,1) with domain H(Ag, (£)?), and below we shall have
the occasion to recall some more about that approach. (Such a space consists of
the functions w such that a suitable FBI-transformation Tu belongs to a certain
exponentially weighted L? space.)

Let Ey > 0. Let p(z,&) = €2 + V(x). We assume that the union of trapped
Hp-trajectories in p~1(Ep) N R* (see [GeSj]) is reduced to a single point (zq, ).
Necessarily, o = 0 and after a translation, we may also assume that zy = 0. (Recall
for instance from [GeSj| that a trapped trajectory is a maximally extended trajectory
which is contained in a bounded set.) It follows that 0 is a critical point for V' and
that V(0) = Ey. Assume,

(7.2) 0 is a non-degenerate critical point of V| of signature (1,—1).

After a linear change of coordinates in x and a corresponding dual one in £, we may
assume that

(13)  pw&) ~ Bo= 1@ + D) + 2 ~ ) + O((,6°), (5,6 — 0.

Under the assumptions above, but without any restriction on the dimension and
without the assumption on the signature in (7.3), the second author ([Sj2]) deter-
mined all resonances in a disc D(Ey, Ch) for any fixed C' > 0, when h > 0 is small
enough. (See also [BrCoDu] for the barrier top case.) Under the same assumptions
plus a diophantine one on the eigen-values of V" (0), Kaidi and Kerdelhué [KaKe]
determined all resonances in a disc D(Ep, h?) for any fixed § > 0 and for h > 0 small
enough. In the two dimensional case, their diophantine condition follows from (7.2),
and we recall their result in that case.

Theorem 7.1 ([KaKe]). — Under the assumptions from (7.1) to (7.2), let A\; > 0 be
defined in (7.8). Fiz 6 > 0. Then for h > 0 small enough, the resonances in D(Eq, h®)
are all simple and coincide with the values in that disc, given by:

(7.4) 2= Ey+ f2rh(k — 6o); h), k € N2,

(7.5) F(O;h) ~ fo(8) + hfi(0) + h*f2(0) +---, h—0,
in the space of such functions. Further,

fo(0) = %(Alel — o) + O(6?).

The purpose of this section is to show that the description (7.4) extends to all
resonances in a fixed disc D(Fy,ro) with ro > 0 small but independent of h, provided
that we avoid arbitrarily small angular neighborhoods of ]0; +o00[ and —4]0, +o0c[. The
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main ingredient of the proof will be Theorem 6.3, that we will be able to apply after
some reductions, using [HeSj], [KaKe].

As in [KaKe], we choose an escape function (in the sense of [HeSj]) G which
is equal to z2€2 in a neighborhood of (z,£) = (0,0) and such that H,G > 0 on
p 1 (Eo) ~ {(0,0)}. Then for a small fixed ¢t > 0, we take an FBI-transformation as
in [HeSj| which is isometric:

(7.6) T H(Mg, 1) — L*(C% e /M L(dx)),
' | H(Asg, (€)2) — L2(C2, m2e2/M [(dx)).

Here m > 1 — O(h) is a weight which is independent of h to leading order and m ~ 1
in any fixed compact set. Moreover, ¢ is a smooth real-valued function. For possibly
only technical reasons, T has to take its values in L?(---)® C? rather than in L?(---),
but as noticed in [KaKe], we may modify the definition of 7" in such a way that the
last two components of Tu vanish identically in a neighborhood € of 0 € C2, the point
corresponding to (z,£) = (0,0), and so that the first component of Tu(x) is given
by a standard Bargman transformation in that neighborhood and is consequently a
holomorphic function of z. We can also arrange so that ¢ is a strictly plurisubharmonic
quadratic form in Q. Hence Tu € Hy(Q) := L3(Q2) N Hol (), where Hol () is the
space of holomorphic functions on Q and Li(Q) = L2(Q; e 2@/ [(dx)).
Kaidi and Kerdelhué showed that there exists a uniformly bounded operator

Vi Hy(Q) — Hy(Q),
which is a metaplectic operator, i.e. a Fourier integral operator as in [Sj1] with
quadratic phase and constant amplitude, with an almost inverse (the lack of exactness
being due to the fact that we do not work on all of C? and consequently get cutoff
errors) U = O(1) : Hy, Q) — H,(92) with the following properties:
(1) Qisa neighborhood of 0 and 1 is a strictly plurisubharmonic quadratic form.
(2) If p_ < ¢ < ¢4 are smooth, and ¢+ are sufficiently close to ¢ in C? and equal
to ¢ outside some neighborhood of 0, then there exist ¢ < 1 < ¥4 with analogous
properties, such that
(7.7)

1-UV =0(Q1): Hy, (Q) — Hy_(Q),
1-VU=0(1): Hy, (Q) — Hy ().

(3) If we choose ¢+ with ¢_(0) < ¢(0) < ¢+(0), then ¥_(0) < ¢(0) < 4 (0).
(4) There exists an analytic h-pseudodifferential operator
Q"(2,hDyih) = Hypy jy. — Hypp o
with symbol Q(z,&; h) ~ qo(x, &) + hqgi(x, &) + - - -, holomorphic in a neighborhood of
the closure of {(z, %%(z)); x € Q} such that

(7.8) QUVT — VTP =0(1): H(Ag,, (£)%) — Hy (Q).
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Here we extend ¢+ to be equal to ¢ outside 2 and define
H(Ag.,(€)°) = {u € H(Ag, (6)); Tu € L*(C*mPe %</ L(dx)).

The spaces H(Ag, , 1) are defined similarly. For simplicity, we have also introduced a
new G; Gpew = tGolg, so that ¢ = 1 from now on. Q" is realized by means of choices
of “good” integration contours as in [Sj1].

(5) We have
(7.9) Qo (7€) = ida1€1 + Aaaals + O((2,€)°).
Later on we shall also use that we have a local quasi-inverse S to T with
(7.10) S=0():Hyg, /6 () — H(Aga,ja_,(6)?),
(7.11) 1-TS=0(1):Hg, () — Hy_(Q).

(6) A last feature of the reduction in [KaKe] is that there exists a strictly plurisub-
harmonic smooth function ¢ on €2, equal to v outside any previously given fixed
neighborhood of 0, with

~ 1
(7.12) o(x) = §|gc|2 in some neighborhood of 0,

(7.13) qo(ac,%%) £ 0, :chNZ\{O}.

Moreover, qg can be chosen with 1 — % arbitrarily small in C'*-norm.
Notice that for x in a region, where (7.12) holds, we have

20¢ .
(7.14) qo(x,ga—j> = Aifa1[? = idofa|? + O(|z]?).

We shall next discuss the invertibility of Q" — z for |z| small, by applying Theorem
6.3. For that, it will be convenient to globalize the problem. We recall that 5 = =
¥4+ = 1_ = a quadratic form in Q~ neigh (0), and we extend these functions to all
of C2, so that they keep the same properties. Extend @ to a symbol in SO(A(E) =
Cye (Ag) with the asymptotic expansion

in that space, and so that
1

outside a small neighborhood of (0, 0).
Let x € C5°(C? x C?) with Looylcgh <X =<1 y<a, where we write f < g for
two functions f, g, if supp f Nsupp (1 — g) = @. Put

1 i
(117) QY hDuihu = gy [ FE (T s (o) uty)dyas,

SOCIETE MATHEMATIQUE DE FRANCE 2003



234 A. MELIN & J. SJOSTRAND

where we integrate over a contour of the form

Y T N —
=55 (F57) Hic@l ),

where C'(z) > 0 is a smooth function which is > 0 near x = 0 and with compact
support in €. Then,

QY=00):Hg,py 1y

oQY = O(h>): Hy, — L3, .

0

2y 72 2
(7.18) () L¢/¢/w+/w—(c ),

Let II, = (1— 5*(A$7))’15) : L}, (C?) — Hy_(C?) be the orthogonal projection

(see [MeSj], [Sj3]), and put

(7.19) QY =11, QY.

Then Q* = O) : Hy g = Hpypp, pp» @ = QX = Oh) : Hy, — Ly .
Consider the change of variables x = uz, h’ < u < 1, for 0 < 6 < % Formally, we

get

1 1 B
(7.20) — Q" (x,hDy;h) = Q" (w(x,hDz); h), h = —.
I I I
The corresponding new symbol is

(7.21) %Q(u(i, &):h) ~ %qow, 8) + hay (47, 0) + 12 P2 (u(F, &) + - .

Write ¢(z)/h = ¢,,(Z)/h, with

(7.22) Pu(T) = Ed)(z) = Ed)(uf)
It follows that,
(7.23) Az, = {1 (@0 (2.6) € Agh

The same change of variables in (7.17) gives (with & = u2)
(7.24) QY (x,hDy;h)u
1 P T4+7 ~ _ I
(z—79)-0 .
= en ,0);h T,9))u dydb,
2y // Q(u( 50 )x(u( y))u(py)dy

where the integration is now along the contour

= %%(” )+ icua)E - 7).

Recall from (7.9) that go vanishes to the 2nd order at (0,0) and let go(z,&) =
qo,2(z,&)+4qo,3(x, &)+ - - be the Taylor expansion at (0, 0), so that go ; is a homogenous
polynomial of degree j. Then for (Z, 3 ) in a p-independent neighborhood of (0,0), we
get

(7.25) ﬁqow, 8) = 102 (@ 8) + 03 (@ 6) + P04 (@ &) + .

ASTERISQUE 284



BOHR-SOMMERFELD QUANTIZATION CONDITION 235

This expansion actually holds in a p~!-neighborhood of (0,0), and outside such a
neighborhood, we know that p~2|qgo(u-)| is of the order of =2, while V¥ (u=2qo(p-)) =
O(~2t*%). The sum of the other terms in the right hand side of (7.21) is O(h) together
with all its derivatives.

From (7.22), we see that V2$M varies in a bounded set in C¢°, when ¢ — 0, and
in view of (7.12), we know that

(7.26) Bu(@) = %|5|27

for pz in a neighborhood of (0,0). Consider the restriction of gp2 to A&F‘L N
neigh ((0,0)). Let w € C with

1
(7.27) 3 < lw| < 2, —g +ep < argw < —eo,

for some small but fixed g9 > 0. Then if py = o2, Wesee from (7.14) that
=

(7.28) po(T,8) —w=0=

~ dRe pg, dIm pg are independent,
and {Repo,Impo} =0, at (Z,§).

Here the bracket is the Poisson bracket on the IR-manifold A(; and the linear inde-
pendence is uniform with respect to p.
Let p = ?qo(p(+))| . - Then from (7.25), (7.28), we get
m

(7.29) p(E,8) —w=0=

~ dRe p, dlm p are independent,
and {Rep,Imp} = O(u), at (z,£).

Again the independence is uniform with respect to pu.

This means that we can apply Theorem 6.3 to u=2Q"(x, hD,;h) — w, when p is
small and we use h as the new semi-classical parameter. Indeed, all the assumptions
are then fulfilled in a fixed neighborhood of (0,0). Outside such a neighborhood, the
symbol is only defined on A@’ but elliptic and of a sufficiently good class to guarantee
invertibility there. We also need to recall how Theorem 6.3 is connected to a Grushin

problem. (To have a better notational agreement with Theorem 7.1, we replaced 6, k
by —0, —k in (6.58).)

Proposition 7.2. — For w in the domain (7.27), p=2Q" (x,hDy; h) — w : H; — Hj
is non-invertible precisely when

(7.30) w = K (2rh(k — 60), ji; h),
for some k € Z2. Here 0, € (3Z)?* is fized.
(7.31) K (0, 5 h) ~ Ko(0, 12) + B2Ko(0, 12) + B3 Ks(0, 12) + -,

where Ko(-, p) is the inverse of the action map

(7.32) w — Io(w, )
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which is a diffeomorphism from a neighborhood of the closure of the domain (7.27)
onto a neighborhood of its image. K; depend smoothly on (0, ).

If

(7.33) dist (w, K (27h(Z> — 60), ju: h)) > CTel

then the inverse of 1~ 2Q™ —w is of norm < h1eOW/h More precisely, we can define
weights 1y, with ¥, — ¢, of uniformly compact support in C* \ {0}, and = O(u) in
C*, depending smoothly on p (and also on w), such that

(HQ —w) = 0(1/h): Hy — Hj

when (7.83) holds.
If

(7.34) lw— K (27h(k — 6o), 3 h)| < %, for some k € 7,

then there exist operators

(7.35) Ro(w,p:h): H; —C, R- (w, p;h) : C — Hy

depending smoothly on w, ju, such that the corresponding norms of VJ Ry are O(Tfj )
and such that

(7.36) ( (ngi ) i‘) THy xC— Hj o

has a uniformly bounded inverse

(7.37) £ = (}f EE++>.

U=

Here E_(w, p; h) has an asymptotic expansion as in (6.24) where 6 — E° (0, w, j1)
has a simple zero at 0.

We notice that the eigen-values w are even functions of p (if we make the change of
variables also for negative p) and to infinite order in h, they are smooth in . Hence

K(2mh(k — 00), u; h) = K(2mh(k — 6o), —p; h) + O(h™),

from which we deduce that K;(0,u) = K;(0,—u), j =0,1,2,....
Introduce the Taylor expansion in u:

(7.38) Kj(0.p) ~ Y Kje(0)p™.
=0

In (7.20) we put T = Ay, and obtain the isospectral operator

2 1 w ~ h
(7.39) A (MT)QQ (W\(%%Dg);h)-
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The eigen-values are given by
N2 K (2135 (k — 60), As; £5) + O(h),
so we get
(7.40) K (2rh(k — 00), i h) = A2 K (24 (k — 00), Ass 4 ) + O(h*),

p)
for A ~ 1, |u| <1, k € Z2, and w = K(2wh(k — 6g), 4; h) in the region (7.27).
Combining this with (7.31), we get successively for j =0,1,2,...:

B0, 1) = N2 (0/3%, ) (h/A2),
for 6 in a domain with Ky(0, 1) in the domain (7.27). Dividing by lNLj, we get
(7.41) K (0,1) = (02179 K0/ A%, M),
This relation can be used to extend the definition to a domain
(7.42) 0< 101 < 5o 161 £0,

with Ko(60,0) in the domain (7.27). Indeed, if (6, 1) satisfies (7.42), then we can take
A ~ |0]'/? and notice that |Au| < 1. Also notice that

(7.43) K5(0,1) = p20 K012, ).
Combining (7.38), (7.41), we get
(7.44) Kjo(0) = NI R; (0/X%),

so K ¢ is positively homogeneous of degree 1 — j + /.
The scaling argument above allows us to describe all eigen-values z of
Q" (x,hDy;h) in a domain

™
—— 49 < argz < —€g,

1
A4 ho —
(7.45) <|Z|<Cl’ 5

for 0 < d < 1/2, by
(7.46) 2= 2K (2ml (k — 00), s 15 ) + O(h>),

w2
where we choose p > 0 with |z|/u? ~ 1.
We now return to the operator P in (7.1). Let z be as in (7.45) and consider the
most interesting case when

~ ~1 _h
(7.47) % — K(27h(k — 6o), 143 h)‘ < Vol for some k € Z?,
W
where y is given as after (7.46) and h = h/u%. We shall need the Grushin problem

evocated in Proposition 7.2, but now for simplicity for the unscaled operator
1 1

(@ —2) h(%@”*w), w:%;
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#(QY—2) R\
(7.48) (h R+ 0>.HJXC*>HJXC.

This is the same as in (7.36) except that we work in the original unscaled variables
T = uZ, so 1/)( )= wu( Z). Then 1/) (;5+ O(p?) with 1/) (;5 outside a p- nelghborhood
of 0. Recall that 5 = 1) outside a fixed neighborhood of 0. Also recall that w is a
small perturbation of 1) and that 1; = 1) outside a small neighborhood of 0.

From the fact that (7.48) is globally bijective with a bounded inverse, we deduce
that if u € HJ(Q), u_,vq € C and

1 ~
(7.49) E(Q“’ —z)u+R_u_=wv, in Q, Ryu=uvg,

then
(1.50) [l + | < Ol + 05 + Ole™ ) (lul ) + -

Here we let
Qo CCQCcCcQyCcCc3CcCc

be neighborhoods of 0 and ﬁ be the corresponding neighborhoods of 0 in C? such
that Q = merv (7, Q N A¢) where kv is the canonical transformation associated
to V. We may assume that 1/) (;5 1) coincide outside Ql In (7.50) it is understood
that we realize Q" on Hy g, (see [Sj1]) and the last term in (7.50) takes into account
the corresponding boundary effects.

We let H(1) be the space H(Ag, 1) equipped with the norm

(7.51) lull gy = VTl @) + 1Tull 22 (02 0)-

We will see that this is a norm and that we get a uniformly equivalent norm if we
replace Q1 by Qg or Qy. We define H({£)?) analogously.
We shall study the global Grushin problem

{%(P—z)u—i—SUR_u_ =

(7.52)
RiyVTu=wvy,

for u_,vy € C, ue H((£)?), ve H(1).
Apply VT to the first equation,

(7.53) F(QV = 2)VTu+ R_u_=VTv+w,
' RiVTu =g,
where
1
(7.54) w = E(QMVT —VIP)u+(1—-VU)R_u_+V(1—-TS)UR_u_.

Here we notice that we may assume that

(7.55) ¥ — | < eo,
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for £g > 0 fixed and arbitrarily small, provided that we restrict the spectral parameter
to a sufficiently small h-independent disc. Combining (7.54) and the earlier estimates
on QUVT —-VTP,1-VU,1-TS,U, V, we see that

(7.56) 1wl iz, ) < O™V Tull iy (c2) + [u-]),

where C does not depend on g¢ in (7.55). Applying this and (7.50) (with u, v replaced
by VT'u, VTv) to (7.53), we get the “interior” estimate

(T57) VTl g, + i | S OMUVTly_ g, +losl + e/ Tul ).
On the other hand, if we restrict the the spectral parameter to a sufficiently small
(h-independent) disc, we get from [HeSj]:
(7.58) Hm2TUHL§)(C2\Ql)
<O IT0llm, 20y + e M us| + eV Tul i, 00))-

Indeed, we can apply the [HeSj] theory to the space H((£)? Ag, ), defined to be
H(Ag, (£)?) as a space, and with the norm ||m2Tu||L§) , where ¢ — ¢ > 0 is small
+

in C, strictly positive on €y and equal to 0 in a neighborhood of C? \. ;. We then
see that P — z is elliptic in this space away from a small neighborhood of (0,0), and
(7.58) follows.

If we use
Tu=UVTu+ (1 -UV)Tu,
we get
(7.59) ITull my0,) < 0(1)(660/h||VTU’HHd~)(S~2) +e VM Tul o)

Here the last term can be replaced by 6_1/0h||TU||H¢(Q\Q1) when h is small. More-
over, it is clear that

(760)  VTuly Gy = VTl @5esy) < ODITullimy @)
It follows that
(7.61) ||VTU||HJ(§2) + | Tull gy e0n) ~ HVTUHHJ)(@) + | Tull gy 2w1)s

and similarly with [|[Tul|g,o<q,) replaced by [[m*Tullg,owq,). Now add (7.57),
(7.58) and use (7.61):

(7:62)  [m*TullLz(c2on + VT ull g @) + u-]

<SOMIVToll @)+ ITvllzs (2o + loe] + €7 Tul L c2)-
Here we can absorb the contribution from ||TuHLg¢(Cz\Ql) to the last term, and get
(763) m*Tulliisan) + VTl + Ju-|

<OV Tl @) + ITollzcrany + sl + Y Tul o).
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Now use (7.59) to estimate the last term. We can assume that €9 < 1/2C and get
with a new constant C":

(164)  [mPTullizcran + VTl + o]
<OMIVT el + 1Tl 3 crm + [04]):
We have then proved:

Proposition 7.3. — Let z be in the region (7.47) and (7.45) with |z| < r and r > 0
small enough. Then the problem (7.52) has a unique solution (u,u_) € H({£)?) x C
for every (v,v4) € H x C, satisfying

(7.65) lull g(eyzy T lu—| < OQ) (vl g gy + [o4)-

Indeed, it is clear that (7.52) is Fredholm of index 0 and (7.64) implies injectivity.
(7.65) is just an equivalent form of (7.64).

Proposition 7.4. — Under the assumptions of Proposition 7.3, let

F F
7= <F F++)
be the inverse of
(%(P —2) SUR) '
RLVT 0
Then
(7.66) VEF_, —E_)=0O(h™) for every k € N.

Proof. — Tt is easy to see that VFF_ . VEE_, are O(h=N®)), for every k € N with
some N (k) > 0, so it suffices to verify (7.66) for k =0. Let u = E vy, u— = E_ v,
|vg] =1, so that

(7.67) (Q—2)u+R-u_=0, Ryu=vy.

S

Put v = SUw. Then
1 1
E(P— z)u+ SUR_u_ = E(PSU - SUQ)u.

Here in analogy with (7.8), we have

(7.68) PSU —SUQ = O(1) : Hy, (Q) — H(Ag_) — H(1),
and u is exponentially small in Hy,, ((~2), S0

1 _
(7.69) E(P —2)u+ SUR_u_ =, [[v] 7, =O(e e,
Similarly,
(770) R+VTU = V4 —+ R+(VTSU — 1)ﬂ =IU4 —+ W4
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and (VT'SU — 1)u is exponentially small in HJ(KNZ), s0 |wy| = O(e= /M), Tt follows
form this and Proposition 7.3 that

u_=F (v, +F_jw, +F v=0(e "),
and the proposition follows since u— = E_v,. O

It is now clear that (7.46) describes all eigen-values of P in the domain (7.45).
If we further restrict the attention to

(7.71) R < |z| < O, —g +ep < argz < —ey,

with 0 < §; < d2 < 1/2, then  in (7.46) is O(h?*/?) and we can apply the Taylor
expansion (7.38). Then (7.46) becomes

(7.72) z e QZZ( ) (k= 00)1?

1 ¢=0
Now use that K, is homogeneous of degree 1 — j+ ¢ to get the eigen-values in (7.71)
on the form

(7.73) 200 Y N K e(2mh(k — 60))h, k € Z2.
§=0 £=0
From Theorem 7.1 (of [KaKe]) we know on the other hand that the eigen-values
in (7.71) are given by
(7.74) 2~y b fi(2mh(k — 00)), k € Z2,
§=0
where f; € C°°(neigh (0, R?)) (with the same neighborhood for every j. Here k is not
necessarily equal to k for the same eigen-value but if we start with some fixed small
h and then let h — 0, we see tht k=Fk+ ko, where kg is constant. Approximating
f;(0) for 0 = 27h(k — 69) by the Taylor expansion at 6 = 2rh(k — fo), we get a
representation (7.74) with new f;s for j > 1, where we may assume that k= k.
If we introduce the Taylor expansion of each f; at 0, we see that (7.74) takes the
form

(7.75) 2~ Y N WK (2mh(k - 6o)),

where K ¢ is a homogeneous polynomial of degree 1 — j 4+ ¢ (which vanishes for
1-54+£<0).

Let Fj o = Kj ¢ — f(j,g, so that F; () is smooth and positively homogeneous of
degree 1 — j + £ in the angle V, defined by —% + o < arg F o(f) < —co. We then
know that

(7.76) iihﬂFje 2mh(k — b)) = O(h™),

7=04=0
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for 2wh(k — 0y) € V with h%2 < |27h(k — 6)| < h®*. We restrict the attention to the
domain [27h(k — 6p)| ~ h°, where we are free to choose ¢ in ]0, [, and let h — 0 for
each fixed §. We shall show that F; , = 0 by induction in alphabetical order in (j, £).
Assume that we already know that Fj, = 0 for j < jo and for j = jo, £ < £y. Here
(j0,%0) € N2. Then (7.76) gives

(7.77) Fjy.ty(21h(k — 6p)) = O(1) max(h®ZJo+bo) p1=ddoy,

for k € Z? with 6 := 2wh(k — 6p) in V and || ~ h°. In this region VF}
O(1)hd(=do+80) and (7.77) implies that

(7.78)  Fj,.0,(0) = O(1) max(hl""s(e“_j“), h25+5(€0—j0), hl—éjo) _ 0(1)h5(2+€o—j0),

0,0 —

if > 0 is small enough depending on (¢, jo), and for || ~ h?, 6 € V. Since F}, ¢,
is homogeneous of degree 1 + ¢y — jo, we see that F}, o, = 0 in V. Consequently, we
have

Proposition 7.5. — K ¢(0) is a homogeneous polynomial of degree 1+¢—j (equal to 0
for1+£—75<0).

Using this, we get

Proposition 7.6. — K(8,1) extends to a smooth function in a j-independent neigh-
borhood of 0.

Proof. — We study the asymptotics when V' 3 § — 0, using (7.38), (7.41) and get
with p? ~ |0):

E;(0,1) = IR0/ )~ Y P (0/ i)

£>max(0,j—1)
~ Y Kj0), 6—0.
£>max(0,j—1)

This expansion is also valid after differentiation and since K, are polynomials, we see
that (7.38) is the Taylor expansion of a smooth function in a neighborhood of 0. O

We now return to the description (7.46) of the resonances of P in (7.45) and use
(7.41):

S 2rh(k — 6 Mo & :
(7.79) 2~ S WK, (w u) =3 K (2mh(k — 6o), I
=0 H pE =
j= =
With f;(0) = K;(6,1), we get from this, Theorem 7.1 and the identification of the
different ks in (7.73), (7.74):

Theorem 7.7. — The description of the resonances in Theorem 7.1 extends to the set
of z in (7.45), provided that Cy there is sufficiently large as a function of €9 > 0 and
that h > 0 is small enough.
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LOGARITHMIC SOBOLEV INEQUALITY
AND SEMI-LINEAR DIRICHLET PROBLEMS
FOR INFINITELY DEGENERATE ELLIPTIC OPERATORS

by

Yoshinori Morimoto & Chao-Jiang Xu

Abstract. — Let X = (X71,..., Xm) be an infinitely degenerate system of vector fields,
we prove firstly the logarithmic Sobolev inequality for this system on the associated
Sobolev function spaces. Then we study the Dirichlet problem for the semilinear
problem of the sum of square of vector fields X.

Résumé (Inégalité de Sobolev logarithmique et problémes de Dirichlet semi-linéaires pour
des opérateurs elliptiques infiniment dégénér és)

Soit X = (X1,...,Xm) un systéme de champs de vecteurs infiniment dégénérés.
On montre d’abord I’inégalité de Sobolev logarithmique pour ce systéme de champs de
vecteurs sur les espaces de fonctions associés, puis on étudie le probleme de Dirichlet
semi-linéaire pour des opérateurs somme de carrés de champs de vecteurs X.

1. Introduction

In this work, we consider a system of vector fields X = (X7, ..., X,,) defined on an
open domain  C R?. We suppose that this system satisfies the following logarithmic
regularity estimate,

(1.1) I(log A)*ull72 < C 4 D I1Xjullze + [lullZz p o Yue C5(Q),

j=1
where A = (e + |D|?)'/?2 = (D). We shall give some sufficient conditions for this
estimates in the Appendix, see also [5, 10, 12, 14, 15, 21]. The typical example is
the system in R? such as X1 = 0,,, Xy = e"zl‘71/58x2 with s > 0. Remark that if
s > 1, the estimate (1.1) implies the hypoellipticity of the infinitely degenerate elliptic

operators of second order Ax = ", X* X, where X7 is the formal adjoint of X;.

j
If I' is a smooth surface of 2, we say that I" is non characteristic for the system

of vector fields X, if for any point x¢p € I', there exists at least one vector field of

2000 Mathematics Subject Classification. — 35 A, 35 H, 35 N.
Key words and phrases. — Logarithmic Sobolev inequality, Hérmander’s operators, hypoellipticity.
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246 Y. MORIMOTO & C.-J. XU

X1,..., Xy, which is transversal to I" at xg. Let now I' = Ujc sl be the union of
a family of smooth surface in Q. We say that I' is non characteristic for X, if for
any point zg € I', there exists at least one vector field of X7, ..., X, which traverses
I at zg for all j € Jy = {k € J;a9 € Iy}. For this second case, the typical
example is X; = 0;,, Xo = exp(—(x?sin®(/x1))"1/2%)0,,, we have I; = {z; = 1/j},
Jj € Z~ {0}, Iy = {z1 =0}, and X is transverse to all [},j € Z.

Associated with the system of vector fields X = (X1,...,X,,), we define the fol-
lowing function spaces:

HY(Q) = {u € L2(Q); Xju e L3Q),j = 1,... ,m}.

Take now Q CC ﬁ, we suppose that 0Q2 is C* and non characteristic for the system
of vector fields X. We define Hy () = {u € Hx(Q);ulaq = 0}, we shall prove in
the second section (see Lemma 2.1) that this is a Hilbert space.

Our first result is the following logarithmic Sobolev inequality.

Theorem 1.1. — Suppose that the system of vector fields X = (X1,...,Xn) verifies
the estimate (1.1) for some s > 1/2. Then there exists Co > 0 such that

(12) [ oot (TEL) < ol S xsuiza + ol
j=1

[[oll 22

Jor all v e Hy 4().

Comparing this inequality with that of finite degenerate case of Hérmander’s sys-
tem, for example, for the system X; = 0,,, Xo = 2¥0,, on R?, we have (see [4, 7, 24])
1/2
[vlle < C (1010]122 + [l27820]1 22 + [[0]|72)
for all v € C§°(2), with p = 2+ 4/k. Consequently, if k£ go to infinity, we can only
expect to gain the logarithmic estimates as (1.2). That means that we are not in the
elliptic case of [17].

Similarly to the elliptic and subelliptic case (see [3, 24]), by using the Sobolev’s
inequality, we study the following semi-linear Dirichlet problems

(13) Axu = aulog|u| + bu,
U|8Q = 07

where a,b € R. We have the following theorem.

Theorem 1.2. — We suppose that the system of vector fields X = (X1,...,Xm) sat-
isfies the following hypotheses:

H-1) 092 is C*° and non characteristic for the system of vector fields X ;

H-2) the system of vector fields X satisfies the finite type of Hormander’s condition
on Q except an union of smooth surfaces I' which are non characteristic for X.

H-3) the system of vector fields X wverifies the estimate (1.1) for s > 3/2.
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Suppose a # 0 in (1.3). Then the semi-linear Dirichlet problem (1.3) posses at
least one non trivial weak solution u € H}(,O(Q) N L*>®(Q). Moreover, if a > 0, we
have u € C*(Q~T)NCY QN T) and u(x) >0 for allz € QT

As in the elliptic case, we do not know the uniqueness of solutions (see [3]). The
regularity of this weak solution near to the infinitely degenerate point of I" is a more
complicated problem, which will be studied in our future works.

The structure of the paper is as follows: The second section consists of the proof of
Theorem 1.1. The third section is devoted to the proof for the existence of weak solu-
tion of Theorem 1.2, we introduce a variational problem and prove that the associated
Euler-Lagrange equation is (1.3). In the fourth section we study the boundedness of
weak solution of variational problems, which is a difficult step as in the classical case
for the critical semilinear elliptic equations (see [20]). In the appendix we give some
sufficient conditions for the logarithmic regularity estimates.

2. Logarithmic Sobolev inequality
We study now the function spaces Hx ((€2), see the similar results in [22].

Lemma2.1. — Suppose that ) is C*° and non characteristic for the system X, then
H}(’O(Q) is well-defined, and a Hilbert space. Moreover the extension of an element
of Hx ¢(Q) by 0 belongs to HL(Q).

Proof. — For the well-definedness, we need to prove the existence of trace for v €
H(Q). We know that the trace problem is a local problem, so after the localization
and straightened, we transfer the problem to the case: v € L?(R%),9,,v € L*(R%)
with support of v is a subset of {|(z’,24)| < ¢,zq > 0}, of course we can take the
smooth function approximate to v, then we have

Ta
(@' xg) —v(x',c) = / Oy v(2’, t)dt,
c
which prove that
(2.1) lv(-,za)ll72 < ellds,vll7e,

for all 0 < 24 < ¢. This shows that the trace v(z’,0) € L2(RI~1).

We shall prove now Hy ((£2) is a closed subspace of Hy (). Let {v;} be a Cauchy
sequence of Hy ((€). Since it is also a Cauchy sequence of H (), there exists a
limit vg € H% (), and so it suffices to show that v|sq = 0. Applying (2.1) to v; —vo,
we have

[0 (-,0) = vo (-, 0)[Z2 < €]l 0z, (v; — v0) 122,
which implies ||vo(-,0)| L2 = 0. We have proved that Hy () is a Hilbert space. The
extension problem is the same as classic case. This is also a local problem, if we extend
v by 0 to 24 < 0 and denote that function by o, then v,d,,v € L*(R%),v|y,—0 = 0
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implies that ©,0,,7 € L?(R%), and the tangential derivation has nothing to change.
So we have proved the Lemma.

Since Llog L is not a normed space, we need the following Lemma, see also [19]
for some detail of function space L log L.

Lemma22. — Let oy >0, B >0 and let {v;,j € N} be a sequence in L* satisfying

[ 105 tog o5 < B

Then {|vj|*|log |v;||°1} is uniformly integrable for any 0 < o1 < 1. Therefore there
exists a convergent sub-sequence {v;,} such that

lim /I’UJ';C|2|10g|vjk||"1 :/Ivo|2|10g|vo||‘”,
k—oo
and
/|UO|2|10g|UO||‘72 < B.

Proof. — We prove that, for any € > 0, there exists § > 0 such that if £ C ,
p(E) < §, then

/'“j|2|10glvjll”1 <e, Vi
E

But for any € > 0, there exists to > e such that
1

o2 —01 t

<e, Vit
log
Take now § = e(t2log” to) ™!, p(E) < 8, and
A; = En{lv;| <to}, Bj = En{jvj| > to}.
then

/ o 2 log [o]|7 < 10g” topu(A;) < .

Aj

[ wsPiioglusl < [ fusPliog ol < 2
B; B;

where M = sup; [, |v;]?|log |v;|72. The proof of the Lemma is complete.

Proof of Theorem 1.1. — We are following the idea of [4]. Take v € Hy (), we
use the same notation for the extension by 0, As in the classical case, there exists
a mollifier family {p.,e > 0} such that p. x v € C§°, lim._gp: * v = v in L? and
[ X (pexv)llz> < CLIX 0|2+ |v]lL2}, [[(log A)*(pexv) |2 < C{|(log A) vl L2 +[[v]l L2}
with C independent on €. By using (1.1) and Lemma 2.2, we need only to prove the
following estimate:

S— U S
(2.2) /Q [o]2 log? (l) < Coll(log A)* vl

[oll 22
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for all for v € C§°(£2).
By the homogenization, we prove (2.2) for v € C3°(2) and |jv||z2 = 1. Since
2s —1 > 0, we have

[ Ploglol*t < clf+ [ poPlog )
Q [v|>e
<Cot [ oPlog™ ),
Q

Since (2 is bounded, v € L>(Q2) and 2s — 1 > 0, we have by the definition of Lebesgue
integration

[ 1o ol = = [ N 1og o] > 3}

* s—1 )‘ s5—
= /0 (2)\log2 (A) + (25 — UW log? 2()\>) p(jv] > A)dA,

where p(+) is the Lebesgue measure. Since A3/(\)2 < A, log()\) > 1, we have that

(2.3) / v log [v]|**~" < Co + Cs/ Mog™~H A p(Jo] > A)d.
Q 0

So we need to estimate the second term of right hand side of (2.3). For A > 0 we set
UV ="71,A + V2, A with ,1717,4 = 6(5)1{‘§‘<6A} Then

uflol > A} < pfforal > A2} + puflva,al > A/2}.

For the first term we have

~ d
lon,allze <014l < vllz2ll1gg<eny e < Cae .

Choose now Ay = 2log (A\/4Cy), we have pf{|vi,a,| > A/2} = 0, hence

/ Mog®* M\ u(Jv] > A)dA < Co + C / Mog® ! Au(|v] > N)dA
0

/ Nog? ! Au([uz,a, | > A/2)dA

/
/

2s—1 A
[v2,4, 72X

[e%e] 1Og25 1 )\ N
/ 156 Pdedn.
{€ERL;|€|Ze N}

o0
< Oy +2C, Og

< Co + 2C5
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Now [£] > e4* implies that A < 4C,4(|¢])%/?. By using Fubini theorem we have

S ) 4Cq(g)?*? 10g28—1 A
| o (el > vix < o2 [ o [ P8 Ainde
0 Rd e

< Cy+20, [ 1o (Cale) ) fa(e) e

<G /Rd log™ (|£)[0(€) IPdg = Cs||(log A)* 0|72 -
Here we have used the fact
/ log™ (|£) [0(€) Pdg > / [0(¢)]?dé = 1.
R4 R4

Thus we have proved (2.2) by using (2.3).

In the proof of existence of weak solution for the variational problem of section 3, we
need also the first Poincaré’s inequality. We study the following Dirichlet eigenvalue
problems:

Axu= M\
(2.4) X = Al
u|aQ =0.

We have

Lemma2.3. — Under the hypotheses H-1), H-2) and H-3), the first eigenvalue A1 of
problems (2.4) is strictly positive. This is equivalent to

1 m
(2.5) lellZe < N Do IXelze, Ve € Hy ().
j=1

1/2
By using this lemma, in Hy (), we can use || X¢| > = (Z;nzl ||nga||%2) as
norm.

Proof. — We set

= inf Xol|2,}).
nm\Lz:weH;om){” 2}

Suppose that A; = 0, then there exists {¢;} C Hx ((Q) such that [[X ;|2 — 0
and |lg;]/2 = 1. By using (1.1), Hx () is compactly embedding into L*(2). The
variational calculus deduce that there exists po € Hx o(Q), [l¢ollz2 = 1,0 > 0 verifies
AX Yo = 0.
Since Ax is hypoelliptic on Q and 9 is non characteristic for X , we have g €
C>(Q), polaa = 0 (see [6, 9, 11, 16]). Under the hypothesis H-2), Bony’s maximum
principle (see [2]) implies that o has not the maximum point in © ~ I', and the
maximum of ¢y propagates along the integral curves of X1, ..., X,, in the interior of

€). Since I' is non characteristic for the system Xi, ..., X,,, for any point of I', there
exists at least one vector field of X1, -, X,, which is transversal to I'. Hence if the

ASTERISQUE 284



INFINITELY DEGENERATE ELLIPTIC OPERATORS 251

maximum of ¢q attains at a point of I" in the interior of €2, then the maximum of ¢q
propagates along the integral curve of that vector field which traverses I', that means
the maximum of ¢ attains at a point of Q \ I', so it is impossible. Now it is only
possible that the maximum of g attains at 9Q, but ¢glaq = 0, which implies that
o = 0 on . This is impossible because ||¢g||z2 = 1, so that we prove finally A; > 0.

3. Variational problems
For a € R, we study now the following variational problems

(3.1) I, = inf I, (v),
ol 2 =1, ve I o(2)

with
1(0) = | X0|22 0 — @ / (o2 log]o].

We have firstly the existence of minimizer of I, (v).

Proposition 3.1. — Under the hypotheses H-1), H-2) and H-3), I, is an attained min-
imum in Hy (€2).

Proof. — We prove firstly I,(v) is bounded below on {v € Hx (), [[v[z> = 1}.
Hypothesis H-3) and Theorem 1.1 give that

(32) [ w10 () < co (1ol + 1ol

for all v € Hyx (). Now if a = 0, we have Io(v) > A\ for all v € {v €
H;(,O(Q), ||v]|gz = 1}. If @ # 0, we have

C’0|a| CO Cola|2
o [ 1ol logloll < 57z [ 1o g il + 24 < SXela + ( G2+ - ).

for all v € {v € H ((Q), [|[v]lL> = 1}. We have that

Lo(v) = || Xv[Z> - Ial/le|2|10g|v||

1 Co Co|a|2
> 10l — 500l - (2 + 24

2 2

1 Co Co|a|2
2 _>\ - o 9
27! (2 T

for all v € {v € Hy ((Q), ||[v][z> = 1}.
Let now {v;} C {v € Hx 4(Q), [[v]|z2 = 1} be a minimizer sequence of I,, then

Co Co|a|2 1
(S + 95 ) + 1) > xuste
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It follows that {v;} is a bounded sequence in H ((£2). Then there exists a subsequence
(denote still by {v;}) such that v; — vo in H ((Q) and v; — v in L*(Q) which give
that

lim inf 1X 051220y = [ Xvoll 720 Jim, lvillzz(e) = llvollz2(0) = 1.

By using (3.2), { [, |v;]? log? v;} is bounded, the Lemma 2.2 implies that there exists
a subsequence of {v;} such that

.1im/|vj|210gvj:/ [vo|? log vo.
J—00 O Q

But we have also a direct proof of this convergence

| [P toge; = [ ool 1ogeo
Q Q

1
= ‘/(vj —UO)/ Ut(210gvt+1)dtda?‘
Q 0
1 1/2
<oy —wles [ ([ 10008 + 1)
0 Q

1 1 ) 9 1/2
<Clloy = wlle [ (loales + [ ([ 1orP og? sl az) )
0 0 Q

1
1/2
< Cllvj - vollm/ (leellze + (1Xvell22 + l[oell3a + ool Tog? eell32) ) dt,
0

where vy = v; + t(v; — vo), and we have used (3.2) for the function v; € Hk ((€).
Since {v;} is a bounded sequence in Hy (), and [[v; — w2 — 0, the right hand
side of above estimate go to 0 if j — co. We have proved finally Proposition 3.1.

We study now the Euler-Lagrange equation of variational problems (3.1).

Proposition 3.2. — The minimizer u of variational problem (3.1) is a non trivial weak
solution of the following semilinear Dirichlet problem

Axu = aulog|u| + I,u,

3.3
( ) u|39 =0.

Proof. — The minimizer u obtained in Proposition 3.1 isin {v € H}(’O(Q), [lv]|p2 =1}
and u > 0. u is a weak solution of (3.3) is equivalent to

(3.4) / inqucpa/ugalog|u|Ia/ug00,
j=1 Q Q
for all p € Hy (). For fixed ¢ € H ((Q) and ¢ € R with |¢[ small enough, we put
ue =u+tep, U= ue/||uecllre,
then @, € {v € H ((Q), [[v]l2 = 1}, so that
H(e) = 1,(ue) = I (u) = I,
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and

H(e) = ——5—1Ia(uc) + alog ||uc| 2.

e |-

By direct calculus,

2
H’(s):——4]a(u€)/u5<p+ /UESD
l[ue|| 72 e 17 2

+—< /XuaXap—2a/u5<p10g|u5|—a/ua<p>
[Jue 13 Q Q

We have to prove the continuity of H'(g) at € = 0, since u., Xu. € L*(Q2), we need

only to prove
lim/uegalog|u5|:/ugalog|u|.
e—0 Jo Q

this can be deduced by Lebesgue dominant theorem if we use the fact |tlogt| <
t2+e 1, Vt > 0 and ¢ can be approximated by bounded functions. So that we have,
for any € € R, with |e| small enough

(i) = H(e) = H(0) + H'(0) + 8(c)e > I (u) = H(0),

where §(¢) — 0 if ¢ — 0. We get finally H'(0) = 0, this is true for all o € Hx ,(Q),
we have proved Proposition 3.2.

Theorem3.1. — Let a,b € R,a # 0, under the hypotheses H-1), H-2) and H-3), the
Dirichlet problems (1.8) has at least one non trivial weak solution u € Hy (€2), u > 0,
||’LL||L2 > 0.

In fact, if @ is a weak solution of problem (3.3), for ¢ > 0 we set u = cu, then
ull> =¢>0,u>0,uec Hy () and in the weak sense

Axu = aulog|u| + (I — logc)u.
Choose ¢ = ela=% > 0, we get (1.3).

Following this direction, we can study the high order nonlinear eigenvalue problems.
Suppose that we have the logarithmic Sobolev inequality

o
[ rogt (TELY < o (1000 + 0lEao)-

For ai,...,a; € R, we study the variational problems
¥ = inf ¥ v),
A1,y...,Qk HU”LQ:LUEH%(’O(Q) al,...,ak( )
with

k
IQWMFWMWQfZ%AM%QM
=1
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As in the proof of Proposition 3.1, we need to prove that there exists a subsequence
of {v;} of minimizer sequence such that

lim / |vj|2logkvj:/ [uo|? log" vo,
i—ee Jq Q

which was already shown in the Lemma 2.2.

By similar calculus as in Proposition 3.2, we can prove that for any ay,...,a; € R,

there exists I ffl such that the following semilinear Dirichlet problems

y Ak

Axu = Z;?:l ajulog’ |u] + IF . Lu

car
’U;|BQ = 0)

has at least one non trivial solution in Hy ((§2), with u > 0 and [|lu[| > = 1. Moreover,

we have similar regularity results as Theorem 1.2.

4. Boundedness and regularity of weak solutions

By using the interpolation inequality, the condition H-3) and the Logarithmic
Sobolev inequality (1.2) give that, for any N > 1, there exists Cy such that

|v]

1
4.1 2log? [ —— ) < <[ Xv|? 2
(a.1) [ 108 (i) < ol + Clol

forall v € H)I(VO(Q).

Theorem4.1. — Let u € Hy o(Q),u > 0,lul[2 # 0 be a weak solutions of equation
(4.2) Axu = aulogu + bu.
Then u € L*>(Q).

It suffices to show that there exists A > 0 such that the estimate
(4.3) Jullr <A

holds for any p > 2. In fact, if Q. = {z € Q;|u(x)| = A+ ¢} for £ > 0 then it follows
< \P

from (4.3) that || < ( — 0 (p— o0) and hence we have ||u[z~ < A.

A
ZJrE

We prove this by the following three propositions. To get the estimate as (4.3), we
shall use u?~! or u??~1log®™(uP) as test function for the equation (4.2) for p > 1,
m € N, but we don’t know if u?~'log®™(uP) € H ((€), so we replace the func-
tion u by gy with ugy(z) = w(z) if 2 € {z € Qlu(z)] < k} and upy(z) = k if
x € {x € Q;lu(z)| =k} for k> 1, p > 1. Then it is easy to check (see [22] and The-
orem 7.8 of [8]) that u?lf)_l 10g2m(u€k)) S H)lc,o(Q) forallp>1,meN. Ifp=1, we
use u (log™ u)?k) € H)l(,o(Q) as test function. To simplify the notation, we shall drop

the subscript and use u2P~! log?™ (uP) as test function.
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Proposition 4.1. — Let u € Hx ((Q), u >0, [lullL> # 0 be a weak solution of equation
(4.2). Suppose that for some pg > 1, there exists Ay such that

[[u]| L2e0 < Ao
Then
ad) [ IX@PF+ [ @7 log (@) <200+ faf + 2p0l(b] + 1og o),
where the constant Cy is given in (4.1) and & = u/||ul| p2so -
Proof. — We have & € Hy (), ||l 2p0 = 1, and @ is a weak solution of equation
(4.5) Axt = aulogt + (b —log ||ul| L2v0 ).

Take u?P° ! as test function, we have
2pg — 1 ~ a - ~ ~
p02 / | XuPo)? = —/ u*P log P + (b — logHuHszo)/ u?Pe
Do Q Po Jo Q
which shows that

~ 1 [ ~ 1
(4.6) / | Xuro > < 3 /u2”° log? uP + (§|a|2 + polb| + po log Ao).
Q

On the other hand, the logarithmic Sobolev inequality (4.1) gives

P02 2 |up0| 1 Po) (|2 Po||2
[@)1og? ) < GIXEIEs + Callurel

Note that [[uP]| 2 = [Jull}%,, and & = u/||ul| 200, we have
1
(4.7) / a0 log? (W) < EHX(aPO)H%Q + Cs.
Q
Adding (4.6) and (4.7), we have the desired estimate (4.4).

Proposition 4.2. — We have for any m € N

@8) [ @RI R @)+ [ @ log @) < MEPlm, po) ()
Q Q

where P(m,po) = pg* if m < /po, P(m,po) = pa/pT’ if m > \/po, and
M, > (2|Q] 4+ 4C5 4 2C4 + 10 + 6|a|? + 8|b| 4 8log Ag)/2.

Proof. — For m = 1, this is (4.4). We prove now (4.8) by induction, suppose that
(4.8) is true for some m € N, then we prove it for m + 1. From now on we drop the
tilde of u and subscript of p to simplify the notation. Take u?*~!log®™ (uP) as test
function in (4.5), we have

2p—1

P2

2
/|Xup|210g2m(up)+—m/ | XuP|? log®™ ! (uP)
Q P Ja

= g/u2p10g2"“'1(u7”)Jr(bflogHuHsz)/u2p10g2m(1ﬂ’),
P Ja Q

SOCIETE MATHEMATIQUE DE FRANCE 2003



256 Y. MORIMOTO & C.-J. XU

which gives

1
/ XuP? log™™ (u?) < 5 / | XuP[2 1™ (uP) + 2m? / X2 Tog?™ 2 (uP)
Q Q Q

+ / U2 1og?™ 2 (uP) + ((af? + plb| + plog Ao) / u2P log?™ (uP)
Q Q

e~ =

so that

N | =

(4.9) / | XuP > log?™ (uP) < / u? log®™ 2 (uP)
Q )
+ (4m® +2(Jaf® + p|b| + plog Ag)) MP™ P(m, p)(m!)*.

We study now the term [;, u?” log>" "2 (u?), we cut Q = Q; UQJ UQ; with Q; =
{z € Q;u(z) <1} and

Q;‘ ={z € Qu(zr) > 1,|log™ (u(x)?)| < ||uPlog™ (uP)| L2},
Qy ={z € Qyu(x) > 1,[log™ (u(x)?)| > [[u”log™ (uP)]| L2}

Then

[ iog 2 ) < 80 (m + 11
(951

For the second term, (4.4) give

[ uiog 2 un) < urlog™ @) | log?(u?)
of Q

< (203 + |al? + 2p|b| + 2plog Ag) M{™ P(m, p)(m!)?,

and for the third term, we use the logarithmic Sobolev inequality (4.1) for N = 4,

/ u® log®" 2 (uP) < / (u? log™ u?)? log? (M)
oF Q; [[uP log™ (uP)|| 2

1
< 11X log™ u?) 3 + Callu log™ w2
1
<5 [P 1o )+ m? [ (@) Plog™ ) + Ci [ ulog™(u7)
Q Q Q
1
<5 [ IXQIR 1067 (w?) + (€1 + A" Pl p) )
Q

Adding those three terms, we get

@10) [ g2 wr) < 5 [ X108 () + 190 (m + 112

+ (2C5 + Cy +m? + |a|?* + 2p|b| + 2plog Ag) ME™ P(m, p)(m!)?.
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Adding (4.9) and (4.10), we get

(4.11) / u?P log?™ 2 (uP) —|—/ |X (uP)[* log®™ (uP) < (29 +4Cs + 20,
Q Q
+ 10 + 6|a|® + 8]b| + 8log Ag) MZ™ P(m + 1,p)((m + 1)!)2.
We have proved Proposition 4.2.

Proposition 4.3. — Let u € Hy ,(Q),u > 0, [|ul 12> # 0 be a weak solution of equation
(4.2). Suppose that for some po = 1 and Ay > e'? we have

[l L2ro < Ao
Then for
M, > (21| 4 4Cy + 2C4 + 10 + 6]al? + 8|b| + 8log Ag)*/2,
and 0 = 1/2M;, we have

1/3
2p0 (146) ( 14 (59
(4.12) /Qu2po(1+6) < A, © ( (0(1+6)) )

Proof. — For any ¢ > 0, the estimate (4.8) gives that

([ metopan)™ = ([ fmaompar) " = ([ fies s

2d:c) 1/2

~ ! po 1/2 i o (61 Do 1/2
= (e 3 B ) 3 (f e R )
S ZO ml (/Q @ log™™ (@) dx) Z:OWM’”P m, po) < po¥? Z:O((SMl)m.

For § = 1/2M;, we have finally

/ W2P00) gy < 42V g2 (140)
Q

Since for any pg > 1,

2 2p2/3
4p0‘/% — 4¢2VPologpo < (612) Do

We have proved (4.12) if Ay > e'?, and Proposition 4.3.

The same calculus give also

1/3
2po (1+9) 00T
(4.13) /|X (WP D) 2da < (1 4 8)2(AM7)2 A, (1 o) )

We put now for k € N,

1+pg /3 1 /3
pr=po(1+0)F A=Ay i=1 (o) ’
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then Proposition 4.3 implies that

1/3
2p (1+6)(1+ —A )
/u2p0(1+6)k+1a:/u2pk(1+5) <A k (Pk(1+5))
Q Q

k

A2po(1+6)’“+1(1+p*1/3 SR ia))j/g)
~ O ,

with § = 1/2M; and
(4.14) M,y > (209 + 4C + 2C4 + 10 + 6]al? + 8]b| + 8log Ay.) '
We have now for § = 1/2M; < 1/4,

logAk1+p—1/3Zk:< 1 >j/ 14p 1/SZ<
log Ao o=+ 0

So we can choose M; independent on k
(4.15) My = (2| 4+ 4C5 +2Cy + 10 + 6|a|® + 8|b| + 40log Ap) .
We have proved for any k € N,

/u2p0(1+5)k < (A8M1)2P0(1+6)k.
Q

For py = 1, we have Ay = e'2. So we have proved (4.3) with A = e
Now the proof of the Theorem 4.1 is complete.

60M: if ||y 12 = 1.

Theorem4.2. — Let u € Hy ;(Q),u > 0,]lul[z> # 0 be a weak solution of equation
(4.2), suppose that a > 0, I and 08 is non characteristic. Then v € C®(Q~T')N
COQNT) and u(x) >0 forallx € QN T.

Proof. — Suppose xg €  \ I', then there exists a neighborhood V) C Q \ I' of zy,
for ¢ € C5°(Vy) we shall prove that v = pu € C*(V}). It follows from equation (4.2)
that,

Axv = apulogu + bou + Zganjqu wou = fo+ ZXjfj,
j=1 j=1
with p; € C®(Vo), f; € L>®(V),5 = 0,...,m. Since the system of vector fields X
satisfies the finitely type Hormander’s condition on Vp, the regularity result of [23]
(see also [22, 24]) implies that u € C*(Vp) for some € > 0. If u(x) > a > 0 for z € V,
we have ulogu € C*(V}) since tlogt € C°(¢t > «). Then we prove by recurrence
that u € C>(Vp). For xg € 0Q ~\ I, we have also u € C¢(Vp N Q), but we know only
ulogu € C°(Vo N Q), so we can’t get the C™ regularity of u near to the boundary
0f). Now we finish the interior regularity of Theorem 4.2 by the following lemma.
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Lemma4.l. — Suppose that u € C°(Q),u > 0 is a non trivial weak solution of
equation (4.2) on an open set Q1 C Q, let a > 0, then u(x) > 0 for all x € Q4.

Proof. — Suppose that u(xg) = 0 for some zy € Q, then we have f = aulogu + bu
continuous on 4, and f(x¢) = 0, then for any € > 0, there exists a small neighborhood
Uy C Q4 of zg such that 0 < u(z) < e on Uy. Since a > 0, we have for € small enough,
f(z) <0 on Uy, so that Axu < 0 on Up, but xo is a minimum point of u, as in the
proof of Lemma 2.3, the maximum principle of Bony (]2]) implies that « = 0 on Uy,
so that u is a trivial solution by continuous of w in €2;.

5. Appendix: Logarithmic regularity estimate

In this section we shall give sufficient conditions in order that the sum of squares
of real vector fields

m
Ax =) X7X;,
j=1

satisfies the logarithmic regularity estimate (1.1). We start by the following simple
model operator in R?

Lo = Dil +D$2(g(x1)D1‘2)a

where C* 5 g(t) > 0if t # 0 and g(0) = 0. In what follows we do not require that
g(z) is written as g = ¢? for some ¢ € C°°, and we consider a little more general
logarithmic regularity estimate than (1.1). The following proposition is essentially
due to the device of Wakabayashi (see Example 5.1 of [21]).

Proposition 5.1. — Let f(t) and g(t) be non-negative continuous functions and satisfy
f(),g@) >0 ift #0. Assume that there exists an € > 0 such that
t 1/s
f(r)dr
(5.1) lim sup | =2

=0 | /(1)

|log g(t)] < e.

Then for any compact set K in R? there exist constants Cy > 0 independent of € and
C. > 0 such that

(5:2) 1/ f (1) (log A)*ul[* < Coe* (Lou, u) + Ccllul |
for all uw € C§°(K).

Remark. — The typical example satisfying (5.1) is g(t) = exp(—2[t|~'/*), stated in
Introduction with f = 1. It is known that (5.1) is also necessary for (5.2) with
neglecting constant factor of ¢ if f(t) and g(¢) are monotone in each half axis Ry.
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The necessity is shown by way of another sufficient condition for (5.1), given by Koike
[10], as follows:

lim sup p(f;¢)"/*[log g(t)| < ¢,
t—0

where u(f;t) = sup /f(7)|t — 7| if £¢ > 0. This condition is equivalent with
0<+7<+t

(5.1) except for constant factor of ¢ under the monotonous condition. We refer [14]
and references therein concerning details for the estimate (5.2).

Proof. — If F(t) = fg f(7)dr then it follows from (5.1) that there exists a to > 0
such that

(5.3) g(t) <1 and |F(t)|(—logg(t))® < 2e°\/f(t) if |t] < to.
Since g(t) > 0 for ¢t # 0, one can find a Ag > 0 such that
(5.4) if A= X then Qy := {t;9(t)A < 1} C {¢ ]| < to}.

Note that for v(t) € C5°(R') we have
IV f(t)(log )*v[|* = ([De, F(t))(log \)**v, v)
< 2/(Dyv, F(t) log )**0)|

1 X
— [ F(0)(10g 1)

by the Schwartz inequality. Choosing another sufficiently large Ao > 0 if necessary,

< 8% || Dywl|* +

we may assuime

@F(t)Q(log N <X < g(H)A? in Q5 Nsupp v if A > Ao.

If A > Ao then it follows from (5.3) and (5.4) that
F(t)2(log \)* < F(t)*(—log g(t))** (log \)** < 4* f(t)(log \)** in Q.

Above two estimates give
1 X 1 X X
s P00 X0l < 5 [ f(Oog N ot +<* [ (oot
€ Qy Q3

Therefore we have

IV f () (log \)*v||* < 16e*(|| Dev]|* + (9(t) N0, v))
if A > Ag. The estimate (5.2) is obvious if we consider the partial Fourier transform
v(x1, A) of u(xq, x2) with respect to zo variable.

In the rest of this section we shall give a sufficient condition for general operator
Ax, by using Sawyer’s lemma (see below), as in [15]. For the sake of simplicity,
we confirm ourself to the logarithmic regularity estimate (1.1). Let X; denote the
repeated commutator

[le’ [ijv [X]':w T [Xjk—l’Xj ] o m
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for J = (j1,..-,Jk),Ji € {1,...,m}, (and set |J| = k). For k > 1 put
G(I’,k) = géninl Z |X](CL',§)|2, g(t;j7k71’0) = G((exth])(lL'o),k),

where (exptX;)(xo) is the integral curve of X; starting from x¢ € I'. Here we recall
that T' = {z € Q; 3¢ € S?! satisfying X;(x,£) = 0,V J}. Let gl’k(xo) denote the
mean value ﬁ J; 9(t: 4, k,xo)dt on the interval I. Then we have the following:

Proposition 5.2. — If s > 0 and if there exists an € > 0 such that

(5.5) 6>(i)nkf€N (sup{|I|1/S|10gg}’k(mo)|; IC(—pp) and gh*(z0) < 5}) <e
H>0,1<j<m

for any xog € T, then there exist constants Cy > 0 independent of € and C.; > 0 such
that

(5.6) I(log A)*ull7> < Coe™ (Axu, u) + CellullZ-,
Jor any u € C5°(Q).

Remark. — The condition (5.5) admits the case where all integral curves of X; inter-
sect I' in any small neighborhood of xg, such as the following;:

X1 =0, Xo=exp(—( %sinQ(w/xl))_l/%)é)m.

In this example, I' is composed of hypersurfaces I'; = {z1 = 1/j} (j € Z ~ {0}) and
Iy = {z1 = 0}. Since |z sin7/z1| is approximated to mj|z1 —1/j| near I'; by Taylor’s
formula, (5.5) is satisfied for g € I';. Let zyp € I'g. If the interval I contains the
point 1/j and its length is larger than a half of 1/j, then g}’k(xo) is comparable to
that with X, replaced by exp(—|z1|~'/#)d,,. If the length of I is not larger than a
half of 1/4, we can use the preceding result in the case of zy € T';.

Proof of Proposition 5.2. — It follows from (5.5) that there exist some j € {1,...,m},
6 >0,k € Nand p > 0 such that

. 2s .
[log g7 (w0)| < (2)®11172 i 1< (~pu, ) and g} (wo) <.

Take the new local coordinates = (z1,2’) in a neighborhood of xy such that z¢p =
(0,0) and the line 2’ = constant vector in R?~1 is the integral curve of X; starting
from (0,2’). Since G(x; k) is continuous, we have

. 2s .
\loggﬂo,w’) < (@)™[1172 i IC(—p,p) 2’| < p and g}*(0,2") <o

by taking other small 1, § > 0 if necessary. For a moment we consider 7' as parameters.
Let A be a large parameter satisfying A > 1/§. If g}’k(O,x’))\ < 1 then we have
- 1oggl’k(07 2') > log A and hence

(5.7) (log \)* < (4)>* (11172 + g7 (0,2')\?) for V1 C (—p, ).
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When g}"k(O, ')A = 1, this is also true for A > Ao if Ao is chosen sufficiently large,
depending on e. By means of the following lemma of Sawyer, we see that (5.7) implies

(5.8) /(10g 2 o(t) 2dt < Coe® /(|Dtv(t)|2 Gt B2 () ),
for all v(t) € C3((—p, p)), where Cy > 0 is a constant independent of e.

Sawyer’slemma (see Remark 5in [18]). — Let Iy be an open interval in R and let
V(t), W(t) = 0 belong to L .(Io). Then we have the estimate

loc
(5.9) V)le(t) 2t < C / (WO + 1o/ (0)]) di
I I

for all v € C}(Iy) with a constant C > 0 if and only if
(5.10) Vi < A{3Wsp + 2|I| 72} for any interval I with 3I C Iy.

holds with a constant A > 0. Moreover, if C and A are the best constants (5.9) and
(5.10) then A < C < 100A. Here 3I denotes the interval with the same center as I
but with length three times.

In fact, if we set V() = (log A\)?* and W (t) = g(t;4,k, (0,2"))A\2 = G(t,2'; k)N%, it
is obvious that (5.8) follows from (5.7) if we replace 31 by I. It is well-known that

(5.11) D AT Xu? < C{(Axu,u) + [fu?}
|T1<k
for some 0 < 0 = o(k) < 1/2. If we set

q(z1,2',¢) = ( > |XJ(:E,§)|2|§|*2+20)

| TI<k

Y
£§1=0
in our local coordinates near g, then we have g(z1,2’,¢") — G(x;k) > 0 on ¢ € S4-2
and

[Deul|® + (q* (¢, 2", D"u,u) < C{(Axu,u) + [|ul?},
where ¢ denotes the pseudo-differential operator of Weyl symbol in Ri,‘l. If
q(t, 2, &) = q(t,2,€)|¢'|727, then in view of the Littlewood-Paley decomposition
in Rg,_l we may replace the second term by (g% (t,2’, D')A\?u,u), provided that the
support of the partial Fourier transform of u(¢,z’) with respect to &’ is contained
in {\/7 < |¢/| < 207}, Though G is not smooth enough in general, the Wick
approximation of g% gives

(@°(t, 2, D)Nu,u) > (G(t,2's k)A\*u, u) — Cllull?,

(see Proposition 2.1 of [13] and Proposition 1.1 of [1]). Hence (5.8) leads us to (5.6)
for u with supp u contained in a small neighborhood of xy. Finally, the usual covering
argument shows (5.6) for the general u.
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GROUP VELOCITY AT SMOOTH POINTS OF
HYPERBOLIC CHARACTERISTIC VARIETIES

by

Jeffrey Rauch
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and appreciation for what he has taught me of mathematics other things.

Abstract. — At a smooth point of the characteristic variety defined by a homogeneous
hyperbolic polynomial, the tangent plane determines the group velocity. In this note
an algebraic algorithm is derived for computing this tangent plane at a given point.
This is interesting only where the differential of the polynomial vanishes.

Résumé (Vitesse de groupe aux points lisses de variétés car actéristiques hyper boliques)

En un point lisse d’une variété caractéristique définie par un polynéme homogene
hyperbolique, le plan tangent détermine la vitesse de groupe. Dans cet article, on en
déduit un algorithme algébrique de calcul de ce plan tangent en un point donné. Il
n’est intéressant que la ou la différentielle du polynéme s’annule.

Suppose that P(D) is a homogeneous hyperbolic polynomial of degree m > 1
with time-like covector . Here D = 0/id0y with y € R™. The symbol P(n) is a
homogeneous polynomial on (R™)*. Hyperbolicity with respect to 8 € (R™)* means
that for any 7 € (R™)* the equation
(1) P(n+s0)=0

has only real roots s. In particular, P(6) # 0. Dividing P by P(6) we may suppose
that P has real coefficients ([H, Thm 8.7.3]).

The characteristic variety
Char P:= {n € R" \ 0 : P(n) =0}

is a conic real algebraic variety in (R™)*. Since the equation (1) has m complex roots
(counting multiplicity), and they all are real, it follows that every real line n + s6
intersects the variety in at least one point and no more than m points which shows
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Key words and phrases. — Group velocity, hyperbolic polynomial, hyperbolic operator, characteristic
variety.
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that the variety has codimension 1 in (R™)*. The fundamental stratification of real
algebraic geometry (see [BR]) asserts that except for a set of codimension at least 2,
the variety consists of smooth points, that is points where locally the variety is equal
to the zero set of a real analytic function with nonvanishing gradient.

Definitions. — If n # 0 is a point of the characteristic variety then Q,(n) is the
homogeneous polynomial of degree k > 1 which is the leading term in the expansion
of P(n+mn) about n,

P(n+mn) = Qy(n) + higher order terms in 7, Qy # 0.

At a smooth point 7, the annihilator of the tangent space T),(Char P) is a one dimen-

sional linear subspace L, € (TQ (Char P))* = R™. The lines in R" parallel to L, are
those moving with the group velocity (see [AR]).

This velocity describes the propagation of wave packets, pulses, and singularities
associated with the frequencies (R ~\ 0) 7.

For variable coefficient operators, the above computations are performed in the
tangent and cotangent spaces at a fixed point and P is the principal symbol at that
point. They are pertinent for example for symmetric hyperbolic systems and points
of the characteristic variety which are microlocally of constant multiplicity.

If n € Char P is a smooth point of multiplicity one, that is P(n) = 0 and dP (1) # 0,
then dP(n) is a basis for L, and one has a simple way of recovering the velocity from
the symbol. -

In an analogous way, at a smooth point one can write the variety locally as ¢ = 0
with dg # 0, then dg(n) is a basis for L,;. However, there is no algebraic algorithm to
find a function ¢ starti_ng from the deﬁni;lg function P when the roots have multiplicity
greater than one. The following two results provide a straightforward algorithm to
compute the group velocity for hyperbolic operators. In a subsequent article, [MR],
it is shown, by an independent calculation, that there are algebraic formulas yielding
the entire germ of Char P at 7.

Theorem. — If n is a smooth point of the characteristic variety and @y is as above,
then there is a real linear form £(n) so that the tangent plane at 1) to the characteristic

variety of P is equal to {£(n —n) = 0}, and, Qy(n) = sign(Q(0)) £(n)de Q.

Corollary. — If n is a smooth point of the characteristic variety and @y and Ly, are
as above, then for all n which are not in the characteristic variety of Qy (e.g. n=10),
dQn(n) is a basis for Ly.

These proofs rely on the fundamental theorems concerning Local Hyperbolicity
(see [G]). That theory is closely related to the ideas of microhyperbolicity introduced
by Bony and Shapira in [BS] (see [H, §8.7]).
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Examples. — Consider P(n1,m2) = (n? — n3)?, the square of the wave operator with
time-like 6 = (1,0). At the smooth point 1 = (1, 1), the conormal is easy to compute
directly by considering the reduced equation n? —n3 = 0. But, illustrating the above
results, compute

2 2
P(n+n) = ((1 +m)*—(1 +n2)2) = (n? +2m — 3 — 2772) = (2m — 212)* + h.o.t.

Thus ¢ = 2 — 212, Q, = ¢2, L, is generated by (2, —2), and the group velocity is
equal to —1. - -

The above example, the examples from [H] and [C], and the examples from math-
ematical physics that I know, all have the property that for any smooth point n there
is an explicit hyperbolic factor of the symbol vanishing at 7 and with nonval_lishing
gradient. For those examples an appeal to the above algorithm can be avoided.

The proof of the Theorem begins with the fact from [G] that @, (n) is hyperbolic
with time-like covector §. Then for every real n the equation

(2) Qu(n+s0) =0

has only real roots s.

Lemmal. — For every real n the equation (2) has exactly one root s.
Proof. — With k := the degree of @, one has as ¢ — 0,

(3) ska(QJrs(nJrsG)) = Qﬂ(ﬂ+59) + O(e).

If (2) had two roots s; and sz, then Rouché’s theorem would imply that the char-
acteristic variety of P would have points near 7 + (n + s;0) as ¢ — 0 violating the
smooth variety hypothesis. o

The next Lemma is then applied to R = Q5.

Lemma2. — If R(n) is a homogeneous real polynomial hyperbolic with respect to the
time-like covector 8 and for all real n the equation R(n+ sf) = 0 has exactly one real
root s, then there is a real linear form £(n) such that

R(n) = sign(R(0)) €()*es .

Proof. — Introduce coordinates (7,&1,...,&,—1) in (R™)* so that § = (1,0,...,0).
Then

R(r,¢) = R(1,0,..., 0)<Tk + al(«f)rk*l + o Fap—1(§T+ ak(«f))

with a;(§) homogeneous of degree j and k = deg R > 1.
By hypothesis, for each real £ the equation R(7,£) = 0 has a unique root 7 = r(§).
Therefore

R(r,€) = R(1,0,...,0)(r —r(€))".
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Equating coefficients of 7%~ shows that

—kr(§) = a1(§),

so r(€) is a homogeneous polynomial of degree 1. The Lemma follows with ¢(7,¢&) =
c(t — r(€)) provided that c is chosen as

¢:=|R(1,0,...,0)|"* so ¢ =sign(R(1,0,...,0)) R(1,0,...,0). O

Proof of Theorem. — Combining the above lemmas implies that

Qn(n) = sign(Q(0)) £(n)".

It remains to show that the tangent plane to the characteristic variety of P is given
by the equation £(n —n) = 0.

Use the local coordinates (7, ) from the proof of Lemma 2. Since 6 = (1,0,...,0)
is noncharacteristic for P, the variety of P is given by the roots 7 of P(7,£) = 0 with &
ranging over R™ ~\ 0.

The points near n = (z,£) are then given by the roots 7 of

(4) P(r +er,{+¢€f) =0,
with |¢] < 1. Equation (2) takes the form
(5) " P(r +eT,§+ef) = Qq(7, &) + O(e).

Since @y = ¢%, the equation Qy(7,§) = 0 is equivalent to the equation ¢(,§) = 0.
Since £(0)F = Qn(0) # 0, it follows that the solutions of £(7,§) = 0 are given by
T =z - £ for an appropriate z.

Rouché’s Theorem applied to (5) shows that for |£] < 1 the roots of (4) are given
by

T=z-£+0(e).
The corresponding points 1 = (z + 7, + ££) of the characteristic variety of P differ
from 1 by O(e) and satisfy

U(n —n) = O(e?).
This shows that the equation of the tangent plane is ¢(n — n) = 0. o

Proof of Corollary. — Since @, = +/* one has

dQn(n) = +k(n)" =" dl(n).

Since ¢ is a linear form on (R™)*, d¢(n) is a vector which does not depend on 7. The
Theorem implies that d is a basis for L,. Therefore, dQ,(n) is a basis whenever it is
nonvanishing. This holds exactly for n which satisfy 6(7})_7& 0 which are exactly those
n which are not in the characteristic variety of Q. O
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DISCRIMINATION ANALYTIQUE
DES DIFFEOMORPHISMES RESONNANTS DE (C,0)
ET REFLEXION DE SCHWARZ
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Résumé. — Nous montrons que des arguments géométriques tres simples, basés sur la
réflexion de Schwarz, permettent souvent de décider si deux paires d’arcs analytiques
tangents en 0 € C sont analytiquement équivalentes au voisinage de 0. Nous en
déduisons la construction de familles nombreuses de germes, formellement mais non
analytiquement conjugués, de difféomorphismes analytiques résonnants de (C, 0).

Abstract (Resonant diffeomorphisms of (C, 0) and the Schwarz reflection). — We show
that simple geometric arguments, based on the Schwarz reflection, allow in many
cases to decide whether two pairs of tangent analytic arcs at 0 € C are conformally
equivalent in a small neighborhood of 0. As an application, we exhibit big families
of germs of analytic resonant diffeomorphisms of (C, 0), which are formally, but not
analytically conjugate.

Introduction

Paires d’arcs analytiques tangents...— On s’intéresse a la classification ana-
lytique des paires (A, B), ou A et B sont deux germes, tangents en 0 € C, d’arcs
analytiques réguliers.

Deux telles paires, soit (A4, B) et (C, D), sont équivalentes s’il existe un germe en 0
de difféomorphisme holomorphe ¢ (on dira plutot un difféomorphisme analytique de
(C,0)), tel que :

¢p(A) =C, ¢(B)=D.
Elles sont formellement équivalentes si, pour tout n € N, il existe un difféomorphisme
analytique ¢, de (C,0), tel que ¢,(A) et ¢,(B) soient respectivement tangents a C
et a D, a des ordres > n.

Classification mathématique par sujets (2000). — 30 C 35, 30 D 05, 37 F 99.
Motsclefs. — Réflexion de Schwarz, transformations conformes, paires d’arcs analytiques.
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Notons S4 la réflexion de Schwarz par rapport & un arc analytique régulier A. A
la paire (A, B), on associe son indicateur :

f=8S4085.

C’est un difféomorphisme analytique de (C,0), tangent & I'identité. Il est évident que
les indicateurs de deux paires équivalentes sont (analytiquement) conjugués.

La classification formelle des paires a été faite par Kasner [15]. Il apparait que les
paires (A, B) dont I'indicateur appartient & une classe de conjugaison formelle donnée,
s’il en existe, se répartissent en une ou deux classes d’équivalence formelle, selon que
I'ordre de contact entre les deux arcs A et B est impair ou pair.

Nakai [19] a montré que les paires analytiques, dont I'indicateur appartient & une
classe de conjugaison analytique donnée, se répartissent en une, deux, ou quatre classes
d’équivalence analytique, selon les cas.

...et difféomorphismes tangents a ’identité. — Un difféomorphisme analytique
de (C,0), tangent a l'identité, possede deux invariants formels, I'ordre de tangence
et un nombre complexe, son résidu. Dans [6], publié en 1939, Birkhoff montre que
deux germes, formellement conjugués, ne sont pas (analytiquement) conjugués en
général. Mieux, il construit un systeme complet d’invariants analytiques, en associant
a tout difféfomorphisme analytique f de (C,0), tangent & I'identité, un couple (g, h) €
G x H de fonctions, qu’il appelle les « fonctions de connexion » du germe f; G et
‘H sont des espaces parfaitement définis de fonctions holomorphes. Birkhoff montre
que deux germes sont conjugués si et seulement s’ils ont les mémes fonctions de
connexion. Il pose aussi le probleme de la syntheése : est-ce que tout (g,h) € G x H
est le couple des fonctions de connexion d’un difféomorphisme analytique de (C,0),
tangent & lidentité ? Cet article a été oublié (1),

Ecalle [12], Malgrange [18] et Voronin [27] ont retrouvé les résultats de Birkhoff
et résolu le probleme de la synthese. L’usage aujourd’hui est de parler des invariants
d’Ecalle-Voronin.

La classification analytique des germes de difféomorphismes tangents a I'identité est
donc un probléme résolu. Compte tenu de la relation entre paires d’arcs analytiques
tangents et difféfomorphismes, la classification analytique de ces paires trouve aussi sa
solution.

Une construction géométrique d’invariants analytiques. — Notre point de
vue, dans cet article, est différent. Rappelons d’abord que les invariants d’Ecalle-
Voronin ne se laissent pas facilement calculer !

Nous pensons démontrer qu’on gagne, pour étudier une paire d’arcs tangents, a ne
pas se ramener a I’étude de son indicateur ; et méme, que pour trouver des invariants

(1) Jean-Pierre Ramis a retrouvé « par hasard » cet article fondamental en 1995. Je le remercie de
m’avoir donné des détails sur cette découverte.
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analytiques d’un difféomorphisme, qui soit un indicateur de paire, on a avantage a
étudier la paire. Mentionnons que les indicateurs de paires sont rares parmi les difféo-
morphismes tangents a 'identité : il y a des obstructions formelles (un indicateur de
paire a un résidu imaginaire pur), mais surtout des obstructions analytiques [19] qui
s’écrivent en terme des invariants d’Ecalle-Voronin.

Venons-en & la description de la méthode (la méthode de la réflexion) que nous
proposons. Soit (A4, B) une paire d’arcs tangents en 0 € C, soit f son indicateur. Il
s’agit de trouver des invariants analytiques de la paire (A, B) qui, éventuellement,
permettent de montrer qu’elle n’est pas équivalente a une autre paire donnée.

Concernant le diffomorphisme f de (C,0), tangent a l'identité, nous utilisons le
fait bien connu qu’il existe un voisinage épointé de 0 qui est recouvert par la réunion
des bassins d’attraction de 0, respectivement pour f et f~!. Soit A un domaine tel
que 0 € OA, que f soit définie et injective sur A et que f(A) C A.

Pour tout n > 0, on définit les arcs analytiques A,, et B, en prolongeant analy-
tiquement, autant qu’il est possible dans A U {0}, les germes d’arcs f(™(A4) @) et
f™(B). Alors, tout événement géométrique (une intersection, un point singulier...),
dont la définition fait intervenir la famille des courbes A,,, B,, n > 0, donne lieu a
un événement du méme type dans f(A), & la translation pres des indices. Tout évé-
nement de ce type est donc asymptotique; il concerne en fait les germes de A et B en
0. I peut permettre la discrimination analytique des paires.

Un exemple. — La Figure 1 devrait illustrer le caractere «évident » de la méthode
de la réflexion. Chaque sous-figure représente une ellipse A, une tangente B a cette
ellipse et le reflet By de B par A. Dans (a), A est un cercle; la figure obtenue est bien
classique. Dans (b)—(f), A n’est pas un cercle. Dans (b) et (f), le point de contact est
un des sommets de A. Les trois paires (a), (b) et (f) sont formellement équivalentes.
Les deux paires (c) et (e) le sont aussi. On montre facilement que, si l'ezcentricité de
Uellipse A est assez petite (par exemple, voir Lemme 5.8, si elle est inférieure a 0,55),
la figure de 'ellipse et de 'intersection de l’ellipse pleine avec By est asymptotique.

La différence entre (a), (b) et (f) est spectaculaire; celle entre (c) et (e) aussi. A
Ueeil, on obtient le fait que les trois paires (a), (b) et (f) appartiennent & des classes
analytiques distinctes.

Il y a mieux : ’angle au point double de B; dans (d)—(f), les angles aux intersections
de B avec A dans (b)—(f), sont aussi des invariants des germes (A, B). On peut ainsi
obtenir, a I’eil et au compas, la discrimination entre des paires de ce type, obtenues en
faisant varier ’excentricité, choisie assez petite, et le point de contact de la tangente.
La Figure 2 donne un exemple de cela.

(@ Dans cet article, f(™) désignera toujours I'itéré de f & l'ordre n; par exemple f(2 = fo f... On
notera souvent f~! au lieu de f(-1
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a) A est un cercle b) (A,B)=E[,7/2]

B

o
B
o By
A
A
¢) (A, B)=E[L3r/§ d) (A, B)=E[l,7/4]
B
o
Bl A
e) (A, B)=E[ln/8 f) (A, B) = E[1,0]
B
A
é
o
]
B A
By
FIGURE 1. Le reflet d’une tangente par une ellipse
Contenu et plan de I’article. — Le coeur de larticle est constitué des Chapitres

3, 4 et 5, dans lesquels la méthode de la réflexion est appliquée. Ils peuvent étre
parcourus, pour la plus grande part, indépendamment du Chapitre 2. Pour simplifier,
nous ne considérons dans ces chapitres que des paires d’arcs tangents a l'ordre 1,
appelées paires de type 2, mais la méthode s’applique & des ordres de contact plus
grands, avec quelques complications dues a la forme du bassin d’attraction du point
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a) (A,B)= E[1,758..., 0,5] b) (A, B)=E[1,044..., 0,1]

2\

0

FIGURE 2. Deux paires formellement équivalentes qu’on discrimine au compas

fixe de 'indicateur quand 'ordre de contact est plus grand que 2 (la fleur de Leau a
alors plus de pétales).

Dans le Chapitre 1, nous rappelons la définition de la réflexion de Schwarz et nous
posons le probleme des paires d’arcs. Nous introduisons 'indicateur d’une paire et la
suite des paires engendrées.

Dans le Chapitre 2, nous rappelons la relation entre la classification des paires
d’arcs et celle des difféfomorphismes, dans le cas plus simple des paires de type 2.

Dans le Chapitre 3, nous appliquons la méthode de la réflexion a des paires d’arcs
tangents qui sont des perturbations, en un sens qu’on précisera, d’'une paire de cercles
tangents. Dans le § 3.3, nous montrerons (avec les notations introduites plus haut)
que :

Si une paire (A, B) est équivalente & une paire de cercles tangents, il existe un
n € N tel que

— A, et B, sont des courbes analytiques compactes lisses ;
— un isomorphisme (de Riemann) du domaine de bord A,, sur le disque unité envoie
localement B,, sur un arc de cercle ou de droite.

Nous construirons aussi (voir le Théoréme 3.2 et le Corollaire 3.4) une famille
nombreuse de paires d’arcs, formellement équivalentes, deux a deux non équivalentes.
Cette famille est paramétrée par ’ensemble des fonctions holomorphes et injectives
sur le disque unité qui s’annulent a I’ordre 3 en 0. Birkhoff [6] et Elizarov [13] exhibent
des familles a un parametre de difféomorphismes non conjugués. Notre construction
est tout a fait différente et tres élémentaire.

Dans le Chapitre 4, nous esquissons une description des invariants géométriques
que la méthode de la réflexion permet, dans les cas favorables, d’obtenir. Je ne sais
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pas dans quelle mesure les cas favorables sont «le cas général ». Par exemple, peut-
on toujours associer, par réflexions, une « figure asymptotique » a une paire d’arcs
algébriques ¢ Je n’en sais rien.

Dans le Chapitre 5, nous énongons et nous commentons le théoreme suivant :

Soit B et B’ des droites tangentes aux ellipses A et A’ respectivement. Si les paires
(A, B) et (A, B’), considérées au voisinage des points de contact, sont équivalentes,
elles sont semblables, i.e. on peut passer de l'une a l'autre par une similitude. En
particulier, les deuz ellipses ont la méme excentricité.

Nous ne démontrons pas ce théoréeme, mais nous en présentons des cas particuliers.

Avec le souci d’étre complet, nous rappelons dans I’Appendice la classification
formelle des paires d’arcs analytiques dans le cas général, due & Kasner [15] et Pfeiffer
[22], et la relation entre leur classification analytique et celle des difféomorphismes,
étudiée par Nakai [19].

Les figures : légendes et notations. — Les figures de ce texte ont été obtenues
en utilisant le logiciel Maple, ainsi que le logiciel CorelDraw pour certaines insertions
de texte.

La plupart de ces figures concernent des paires (A, B), olt B est une tangente a
une conique A. On utilise les notations suivantes :

— Els,t] désigne (& une similitude pres) la paire (A, B), ol A est Pellipse de foyers
les points 1 qui passe par le point cosh(s + it), et ol B est sa tangente en ce point.
L’excentricité de ellipse A (rappelons que c’est le rapport entre la distance entre les
foyers et la longueur du grand axe) vaut 1/coshs. On peut montrer que le nombre
sin 2t/ sinh 2s caractérise la classe formelle de la paire E[s, t].

— P[t] désigne la paire (A, B), ou A est la parabole d’équation paramétrique z(t) =
(1 —2)/2 + it et B sa tangente au point z(t);

— on note A, et B, les germes (S4 0 S5)™(A) et (Sa o0 Sp)"™(B), ainsi que leurs
prolongements analytiques;

— les notations AF et BF sont introduites dans le §4.1.

Remerciements. — Quand j’ai voulu connaitre le reflet d’'une droite par une ellipse,
j’al été rebuté par le calcul a faire, pourtant facile! Je veux remercier Pierre-Vincent
Koseleff qui m’a aidé a en obtenir sur Maple la premiere représentation graphique. Je
tiens aussi a remercier Frank Loray, qui m’a appris ’existence de ’article de Nakai
[19]; sans cette information, cet article serait réduit & trés peu de chose. J’ai aussi
tiré profit de la lecture de ses notes de cours [17].

1. Paires d’arcs analytiques et réflexions

1.1. Notations. — Pour la discussion générale, il est commode de fixer un point
de base; on choisit 0 € C comme point de base.
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On note G le groupe des difféomorphismes analytiques de (C,0), c’est-a-dire des
séries convergentes de la forme :

+oo
(1) fE)=a1z+ Z anz™ (a1 #0).

Deux difféomorphismes f, g € G sont conjugués s’il existe h € G tel que :
foh=hog.
Le centralisateur C(f) de f € G est défini par :
C(f)=1{he G, foh=hof}.

On appellera réflexion toute involution antiholomorphe, considérée au voisinage
d’un point fixe. On note S l'ensemble des réflexions de (C,0), c’est-a-dire des séries
convergentes de la forme :

+oo
(2) S(z) =1z + Z Sz,
n=2
telles que S o .S = I, I'identité.
1.2. La réflexion de Schwarz. — La conjugaison complexe :
S]R(Z) =Z

est une réflexion dont R est I’ensemble des points fixes. C’est la seule transformation
antiholomorphe qui ait cette propriété, méme localement. En effet, si S est antiho-
lomorphe au voisinage d’un point de R et laisse fixe tout point de R, Sgr o S est
holomorphe et laisse fixe tout point de R, donc Sk o S est I'identité, donc S = Sg.

Soit maintenant C' une courbe analytique réguliere. Si 0 € C, en complexifiant une
paramétrisation analytique locale :

+oo
o(t) = art + Z ant™, (a1 #0),
n=2

de C, on obtient un élément de G,

—+oo
o(z) = a1z + Z anz",
n=2
qui envoie localement R sur C. Alors :
Sc=¢oSgo¢!

est la seule réflexion qui induit I'identité sur C au voisinage de 0. En faisant varier le
point de base, on obtient I’existence de la réflexion de Schwarz :

Définition 1.1. — Soit C' C C une courbe analytique réguliere. La réflexion de Schwarz
par rapport a la courbe C est la seule involution antiholomorphe, ou réflexion, définie
au voisinage de C, qui induit 'identité sur C. On la note S¢.
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1.3. Le cas d’une courbe définie implicitement. — Si la courbe C' est définie
implicitement pres de 0 € C par

+oo
(3) Z am,nzmgn =0, (am,n = Qn,m, Q0,0 = 0, a1,0 7& 0)7

m,n=0

I’équation :

+oo
(4) > ™z =0

m,n=0

peut étre résolue par rapport a w, et définit une fonction antiholomorphe
+oo
S(z) =1z + Z snz",  (s1#0),
n=2

au voisinage de 0. Comme (3) est une équation de la courbe C, on a S(z) = z pour
tout z € C, donc S est la réflexion de Schwarz par rapport a C.

Si C est une courbe algébrique, (4) montre que la réflexion S¢ est une fonction
algébrique de Z.

1.4. Covariance de la réflexion de Schwarz. — A tout germe C d’arc analy-
tique régulier en 0, on a associé une réflexion S¢ € S. La correspondance est biuni-
voque, par exemple parce que C' est I’ensemble des points fixes de S¢. Il résulte aussi
immédiatement de la définition qu’on a, pour tout ¢ € G et pour tout ¢ € S :

(5) S¢(C) = (;5 oS¢ o gf)71.

D’autre part, si la réflexion S € S est donnée par (2), de S(S(z)) = z, on tire
|s1] = 1. Soit u une racine carrée de s;. La rotation z — wuz conjugue S avec :

S =2
Si(z) == (iu) =Z+ ) b7
n=2

Si l’on pose ¢(z) = z + Sg o S1(z), on obtient :
Sro¢=¢oS.

On en déduit que S est holomorphiquement conjuguée a Sg. Si ¥ € G réalise cette
conjugaison, S = v o Sg 011, on voit que S est la réflexion de Schwarz par rapport
a Parc ¢(C). On a obtenu :

Lemmel.2. — La correspondance C' — Sc induit une bijection entre l’ensemble des
germes d’arcs analytiques réguliers de (C,0) et l'ensemble S des réflexions de (C,0).
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1.5. Difféomorphisme, arc, conjugaison... formels. — On note G le groupe
des difféomorphismes formels de (C, 0), c’est-a-dire des séries formelles de la forme (1).
De méme, une involution de la forme (2), sans condition de convergence, est appelée
réflexion formelle et I'ensemble des réfexions formelles de (C,0) est noté S.

Les notions de conjugaison, de centralisateur, de germe d’arc régulier... ont leurs
pendants dans le cadre formel. Les définitions sont évidentes. On note C (f) le cen-
tralisateur formel de f € G. Le Lemme 1.2 est vrai dans le cas formel, avec la méme
démonstration.

1.6. Le probléme des paires. — On appelle paire, respectivement paire formelle,
tout couple (4, B) de germes en 0 € C d’arcs analytiques, respectivement formels,
réguliers. Un difféomorphisme h agit sur les paires par :

et sur les réflexions par conjugaison :

S+——hoSoh™l.

Définition 1.3. — Deux paires (4, B) et (C, D) sont équivalentes, respectivement for-
mellement équivalentes, s’il existe h € G, respectivement h € G, tel que h(A, B) =
(C,D).

Compte tenu des propriétés de la réflexion de Schwarz, le probleme de la classifi-
cation (analytique, formelle) des paires est équivalent au probléme de la classification
des paires de réflexions pour la conjugaison (analytique, formelle).

Dans la suite, on confondra la notion de paire d’arcs réguliers de (C,0) avec celle
de paire de réflexions de (C,0).

1.7. L’indicateur d’une paire. — Ce qui est dit dans ce paragraphe vaut aussi
dans le cas formel.

Définition 1.4. — L’ndicateur d’une paire de réflexions (S,S5’') € S x S est le difféo-
morphisme So S’ € G.

Si f =505 est indicateur de la paire (S, 5’), on a :

S’ =Sof,
et :
(6) Sof=f1los.
Autrement dit, la réflexion S conjugue f & f~1.
Lemme1.5. — Un difféomorphisme f € G est l'indicateur d’une paire si et seulement
s’il existe une réflexion S € S vérifiant (6). Dans ce cas, Uapplication :
S — (5,50 f)
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induit une bijection entre ’ensemble des réflexions S € S qui vérifient (6) et 'ensemble
des paires d’indicateur f.

Démonstration. — On a déja vu que si f est U'indicateur de la paire (S, S’), S vérifie
(6). Réciproquement, si S € S vérifie (6), on a :

(Sof)o(Sof)=1,

donc S o f est une réflexion et f est 'indicateur de la paire (S, S o f). O

1.8. La suite des paires engendrées. — Ce qui est dit dans ce paragraphe vaut
aussi dans le cas formel.

Définition 1.6. — Soit (A, B) une paire d’indicateur f = S4 o Sp. On appelle suite
des paires engendrées par la paire (A4, B) la famille de paires :

(7) (An, Ba) = (f"(4), f"(B)),  (n€Z)
Compte tenu de la covariance de la réflexion de Schwarz, on a :

Lemmel.7. — Soit (u(A),w(B)) limage d’une paire (A, B) par un élément u de G.
Pour toutn € Z, on a :

Rappelons encore la formule (5). Comme l'indicateur f de la paire (A, B) « anti-
commute » avec S4 et avec Sp, on a Sa, o Sp, = f pour tout n € Z. On a aussi
SSA(B) =S54 0855084. On en déduit :

Lemme1.8. — L’indicateur de la paire (A,B) est aussi lindicateur de la paire
(Sa(B),A) et des paires (A, Byr), n € Z.

1.9. Paires d’indicateur donné. — Ce qui est dit dans ce paragraphe vaut aussi
dans le cas formel.

Soit (5,S o f) une paire d’indicateur f € G. Si h € G, la paire équivalente
(hoSoh ™t hoSo foh™!)a pour indicateur ho f o h=!. Elle a donc le méme indi-
cateur si et seulement si h € C(f).

D’autre part, si (57,50 f) est une autre paire d’indicateur f, SoS’ commute avec f,
donc il existe g € C(f) tel que S’ = S o g. De plus g doit vérifier Sog=g~t0S. La
réciproque est claire.

Ces remarques algébriques seront utilisées dans le Chapitre 2 et dans I’Appendice,
quand il s’agira de classer les paires d’indicateur donné.
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2. Classification des paires de type 2

Le but de ce chapitre est de mettre en perspective les résultats présentés dans les
chapitres suivants, mais sa lecture n’est pas nécessaire a leur compréhension.

Une paire (A, B), éventuellement formelle, est dite de type ¢ + 1 si les arcs A et B
sont tangents a 'ordre ¢ > 1. Son indicateur, qui est tangent a l'ordre ¢ a l'identité,
est aussi dit de type q + 1.

Nous allons rappeler quelques résultats classiques sur les difféomorphismes de
type 2, et comment ils s’appliquent aux paires de type 2. Des rappels, dans un cadre
plus général, seront faits dans I’Appendice.

2.1. La classification formelle. — En 1912, Kasner [15] a démontré le théoréme
suivant :

Théoréme 2.1 (Kasner). — Toute paire formelle de type 2 est formellement équivalente
a une et une seule des paires (A;, B), l € R, ot :

(8) A ={y =2 +12%}; B ={y=0}.

Un calcul formel donne facilement ce résultat. Plus bas, on le déduira, comme
Nakai [19], de la classification formelle des difféomorphismes de type 2, qui est mieux
connue, et d’intérét plus général.

Calculons le développement a l'ordre 3 de l'indicateur f; = Sa, o Sp de la paire
(8). D’apres le § 1.3, il est donné par f;(z) = w, avec :

w—z w—+z 2—|—l w—+z 3
2% 2 2 '

On en déduit w = z + 2i2% + O(2®), puis :

l
(9) fi(2) = 2+ 202 + (20)° (1~ ig)2" + -
2.2. Difféomorphismes formels de type 2. — Un élément f € é, de type 2,
s’écrit :
(10) f(2)=z+az2 +ad*(1 -7+ (a#0).

Le nombre r € C est invariant par conjugaison formelle et appelé le résidu(® de f;
on note :

(11) r = rés(f).

C’est le seul invariant formel :

Lemme2.2. — Deux éléments de type 2 de G sont formellement conjugués si et seule-
ment s’ils ont le méme résidu.

() Le résidu d’Ecalle est r — 1. Jappelle résidu le résidu normalisé de [19]. L’avantage est qu’on a
une formule simple pour rés(f(®)).
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On a:

rés(f)
t b

(12) rés(f®) = rés(S o foS) =rés(f),
pour tout ¢ € Z* (et méme ¢ € C*, voir ci-dessous) et pour tout S € S.

En particulier, si 5,5’ € Set f =S50S, onaSofoS = f1 et les formules
précédentes montrent que le résidu de f est imaginaire pur. Compte tenu du Lemme
précédent et de (9), on a :

Lemme2.3. — Un élément de type 2 de G est un indicateur de paire formelle si et
seulement si son résidu est imaginaire pur.

Si f(2) = z+az?+---, a # 0, un calcul formel simple montre que, pour tout t € C,
il existe un et un seul difféomorphisme formel de la forme

24 taz +---

qui commute avec f. Cest Iitéré d’ordre t de f; on le note f(). Il coincide avec I'itéré
au sens usuel quand ¢ est un entier.

En particulier, en choisissant ¢ = 0, on obtient que 'identité est le seul élément de
é, tangent a un ordre > 2 a 'identité, qui commute avec f. Comme le commutateur
de deux itérés de f a cette propriété, on obtient que Papplication ¢t — f*) est un
isomorphisme de C sur le groupe des itérés de f. Enfin, un calcul a 'ordre 3 montre
que tout g € a(f) est tangent a 'identité, donc est un itéré de f :

Lemme24. — Si f € G est de type 2, son centralisateur formel a(f) est le groupe
commutatif de ses itérés complezes f), t € C.

On a aussi les formules suivantes :
(13) hofWoh™ =(hofoh™)®; SoftoS=(Sofo8)®,

pour tout h € CA}, pour tout ¢t € C et pour tout S € S.

Démonstration du Théoréme de Kasner. — 1l suffit de montrer que deux paires for-
melles de méme indicateur f, soit (S,S o f) et (S, S’ o f), sont formellement équi-
valentes. Compte tenu des remarques du § 1.9, on peut écrire S' = S o f®), et (13)
donne So fM o So f® = ft=D donc ¢ est réel et S' = fF(-1/2) o §o f(t/2), O

La démonstration montre aussi qu’on a :

Lemme25. — Soit f € G Uindicateur d'une paire formelle de type 2. Si t est ima-
ginaire pur, f®) conserve cette paire. Le groupe des itérés d’ordre réel de f opére
transitivement et simplement sur l’ensemble des paires formelles d’indicateur f.
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Remarque 2.6. — En particulier, si f est I'indicateur de la paire formelle (A, B), on a :
A= f1/2(B).

Si la paire est analytique, cette égalité est bien str correcte, bien que f(1/2) soit en
général divergent.

2.3. Trois théorémes classiques. — On les énonce dans le cas général des dif-
féomorphismes tangents a l'identité, pour éviter des redites dans I’Appendice. On
trouvera dans cet appendice la définition du résidu et de l'itération d’ordre complexe,
dans ce cas général.

Théoréme 2.7 (Ecalle, Liverpool). — Si f € G est tangent a un ordre fini a ’identité,
le sous-groupe dest € C tels que f) € G converge est soit égal & C, soit de la forme
Z# pour un m € N*.

Dans le premier cas, on dit que f est pleinement itérable, dans le second que m est
Uordre mazimal d’une racine itérative de f. Le résultat suivant (je ne sais pas & qui
Pattribuer) est aussi classique :

Théoréme 2.8. — Si deux éléments de G, tangents a un ordre fini a lidentité, sont
pleinement itérables et formellement conjugués, ils sont conjugués.

Pour tout ¢ > 1 et tout r € C, il existe un élément pleinement itérable f,, € G,
de type ¢ + 1 et de résidu r. Il est unique a conjugaison pres d’apres le théoreme
précédent. Des modeles sont déja dans Birkhoff [6]. On peut prendre f,, = exp X,
o1 Xy, est le champ de vecteurs défini par :

d
(14) X, =iz 1+ m«q)—lE

On calcule facilement f, o(2) = 2(1 —igz9)~'/9. Si r # 0, (14) permet de trouver une
équation vérifiée par f, ., mais il n’y a pas de modele algébrique : le résultat suivant
est di & Baker [4] si ¢ = 1, & Ecalle [10] dans le cas général :

Théoréme 2.9 (Baker, Ecalle). — Soit f € G, tangent ¢ un ordre fini a Uidentité et de
résidu non nul. Si f est le germe d’une fonction algébrique, f n’est pas pleinement
itérable.

2.4. Applications aux paires de type 2. — On a :

Théoréme 2.10 (Nakai). — Soit (A, B) et (C,D) deux paires de type 2 et de méme
indicateur f. Si f est pleinement itérable, elles sont équivalentes. Sinon (C,D) est
équivalente & une et une seule des deuz paires (A,B) et fU/2™)(A, B), ot m est
l’ordre maximal d’une racine itérative de f.

Notez que, dans le second cas, f(1/2™) n’est pas analytique. Il n’empéche que
fO/2m) (A, B) Dest.
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Démonstration. — On reprend la démonstration du Théoreme de Kasner. On a S¢ =
Saof® avectréel et f() analytique. Si f est pleinement itérable, on conclut comme
dans cette démonstration.

Sinon, on écrit t = (2p +¢)/m, avec p € Z et e € {0,1}. L’itéré analytique f@/™)
conjugue (Sc, Sco f) & (Sao f&/™) S0 f&/™) o f). Les paires obtenues pour € = 0

et € = 1 ne sont pas conjuguées; elles sont formellement conjuguées par f1/2m) [

Compte tenu du Lemme 2.5, les Théoréemes de Baker-Ecalle et d’Ecalle—Liverpool
ont aussi la conséquence géométrique suivante :

Théoréme 2.11. — Soit (A, B) une paire de type 2. Si son indicateur n’est pas pleine-
ment itérable, le seul automorphisme de cette paire est l'identité. C’est en particulier
le cas si la paire est algébrique de résidu mon nul.

Pour finir, le Théoréeme de Nakai, compte tenu du Lemme 1.8, a la conséquence
suivante :

Théoréme 2.12. — Soit (A, B) une paire de type 2, d’indicateur f. Les paires (A, B)
et (Sa(B), A) sont équivalentes si et seulement si f est un carré itératif, i.e. f(/?)
converge. Si f n’est pas un carré itératif, toute paire dont l'indicateur est conjugué a
f est équivalente a une et une seule de ces deuz paires.

Dans les chapitres suivants, on verra que la méthode de la réflexion permet parfois
de discriminer les paires (4, B) et (Sa(B), A), donc de construire des difféomorphismes
qui ne sont pas des carrés itératifs. Baker et Bhattacharyya [5], et aussi Ahern et
Rosay [1], ont donné des exemples de difféomorphismes polynémiaux qui ne sont pas
des carrés itératifs, ou qui plus généralement ne sont pas des puissances itératives.
Notre construction est tres différente.

2.5. Résidu « tangentiel » et aberration. — Dans le cas particulier ou B est la
tangente & arc A en P € A (on suppose A strictement convexe, ainsi la paire est de
type 2), le résidu de la paire (A, B) est 1ié & l’aberration de la courbe A au point P,
notion dont j’ai appris 'existence dans un article de Schot [24].

Soit A un arc régulier et strictement convexe de classe C®. En un point P de A,
on définit :

(1) laze d’aberration de A : c’est la position limite de la droite qui passe par P et
le milieu d’une corde P’P” parallele a la tangente en P quand P’ tend vers P

(2) Uangle d’aberration de A : c’est ’angle orienté entre la normale et axe d’aber-
ration;

(3) Uaberration de A : c’est la tangente de cet angle.
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normale

. axe |
d’aberration

FIGURE 3. Le résidu de la paire (ellipse A, tangente B) est i tan ¢

Schot donne la formule suivante pour I'aberration tan § d’une courbe définie par y =
y(@) :
1 + (yl)2 "

3(y//)2 :

L’aberration de la courbe y = x? + [23 & P'origine vaut ainsi tan§ = —1/2.

(15) tand =y’ —

Comme 'aberration est invariante par similitude, compte tenu de la formule (9) et
de la définition (11) du résidu, on obtient :

tand = irés((A, B)),

si B est la tangente en P a A et tand 'aberration de A au point P.

Les courbes d’aberration constante sont les cercles et les spirales logarithmiques
[24].

Si de plus A est une conique, un théoreme classique dit que le milieu d’une corde
de direction donnée décrit un diametre de A (une demi-droite paralléle & son axe si A
est une parabole). On en déduit que 'axe d’aberration d’une conique & centre A en
P € A est la droite qui joint P au centre de A ; si A est une parabole, c’est la parallele
issue de P a laxe de A.

On a donc le Lemme suivant (une démonstration directe serait plus rapide!) :

Lemme2.13. — Soit B la tangente a une conique A en P € A. Le résidu de (A, B)
est itan ¢, ot ¢ est l'angle entre la droite qui passe par P et le centre de A (et est
paralléle & Uaxe de A si A est une parabole), et la normale en P a A.

3. Perturbations d’une paire de cercles tangents

3.1. Figures d’une paire de cercles tangents. — Commencgons par la paire la
plus simple : deux cercles (distincts) tangents, ou un cercle et une droite tangents.
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Toutes ces paires sont équivalentes par homographie. Le cercle A de centre a et qui
passe par 0 est donné par (z —a)(Z — @) = aa, donc :

az

S = .
AB) =535

On prend l'exemple de la paire (A, B), ou A est le cercle de diametre [0, 2i], et B = R.
Son indicateur est I’homographie :

f(2) = Sa0Sa(z) = —

11—z’

un difféomorphisme pleinement itérable, de type 2 et de résidu nul, d’itérés complexes :

z

fO) = (teC).

11—tz

On sait (ou on vérifie) que f®) conserve les cercles (et la droite) du faisceau défini
par A et B sit € iR, tandis que {f(t), t € R} agit transitivement sur ce faisceau.
En particulier, si @ > 0, 'image par f du cercle de diametre [0,¢/a] est le cercle de
diametre [0,4/(a + 1)].

On en déduit que, pout tout n > 1, A, et B, sont les (germes en 0 € C des)
cercles de diametres [0,i/(n+ 1/2)] et [0,i/n]. Ces cercles « décroissent » vers 0, avec
les relations d’emboitements :

(16) Gn+1 CH,1U {O}, H,4 C G, U {0},

entre les disques G,, et H,, de bords A, et B,.

Compte tenu de la convergence des itérés complexes de f, le lemme suivant est une
conséquence des résultats du Chapitre 2. On peut aussi le démontrer facilement par
un calcul formel.

Lemme3.1. — Les automorphismes d’une paire (de germes) de cercles tangents dis-
tincts sont les itérés de son indicateur, d’ordres imaginaires purs.

En voici une autre démonstration, tres différente. Il suffit de montrer qu’un auto-
morphisme d’une telle paire est une homographie :

3.2. Une démonstration géométrique du Lemme 3.1. — Soit A un voisinage
ouvert de 0, et g un isomorphisme A — g(A) qui conserve 0 et les germes des cercles
Aet Ben.

D’apres le Lemme 1.7, g conserve les germes de A, et B, pour tout n > 0. On
choisit n € N assez grand pour que le cercle A,, soit contenu dans A. Comme g envoie
un arc de A4,, dans A, par analyticité (réelle), g envoie le cercle A, dans, donc sur
lui-méme. On en déduit que g induit un biholomorphisme du disque de bord A,,. C’est
donc une homographie.
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Ay

@

o

A
=

A
B

FIGURE 4. A, C A sin est assez grand

3.3. Comment savoir si une paire est équivalente 4 une paire de cercles ?

L’argument précédent enfongait une porte largement ouverte. Il apporte pourtant
une réponse, que je crois nouvelle, a la question du titre.

Soit (C, D) une paire équivalente & une paire (A, B) de cercles tangents en 0 € C.
Soit A un voisinage ouvert de 0 et :

g:A—g(A), ¢(0)=0,

un isomorphisme tel que g(A, B) = (C, D). On note (Cy, Dy)n>0 la suite engendrée
par la paire (C, D). Pour tout n € N, on a :

au voisinage de 0. Si n est choisi assez grand, les cercles A,, et B;, sont contenus dans
A, et donc, en confondant les courbes avec leurs germes, C,, = g(4,) et D,, = g(By)
sont des courbes analytiques compactes. Elles bordent respectivement des domaines
K, et L, qui vérifient des relations analogues & (16), et g induit des isomorphismes
de G,, sur K,, et de H,, sur L,,. Compte tenu du théoréeme de Riemann, on a donc :

Si une paire (C,D) est équivalente & une paire de cercles tangents, il existe un
n € N tel que C,, et D,, sont (les germes de) deuz courbes analytiques compactes, et
qu’un isomorphisme du domaine de bord C,, sur le disque unité envoie D,, sur un arc
de cercle (ou de droite).

On sent bien que cet énoncé contient le fait que I’équivalence de deux paires formel-
lement équivalentes est exceptionnelle. Bien siir, c¢’est une conséquence de la théorie
des difféomorphismes tangents a 'identité. Je crois toutefois que la construction sui-
vante, qui précise I’énoncé précédent, en est la démonstration la plus simple.
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3.4. Une famille nombreuse de paires non équivalentes. — On note A =
D(0,1)® le disque unité et I =] — 1, +1[. Rappelons la définition de la classe S :

S ={u € O(A), injective, u(0)=0, u'(0)=1}.
On a:

Théoréme3.2. — Soit 0 < r < 1/40 et A le cercle de diamétre [0,2ir]. Quels que
soient u, v € S, les paires (A, u(I)) et (A,v(I)) sont équivalentes en 0 si et seulement
si elles sont équivalentes par homographie.

La démonstration n’utilise que la propriété suivante du cercle A :
(17) AN {0} est contenu dans une composante conneze de u(A) ~ u(I).

On montrera plus bas que cette propriété est vérifiée si r < 1/40.

Démonstration. — Soit u € S, et notons :
(A,B) = (A, u(l))

la paire associée. On note aussi Gy le disque de bord A. On a :

S =wuoSgoul.

Comme Sg est une involution de A, de lieu fixe I, Sp est une involution de u(A), qui
laisse fixe B et échange les deux composantes connexes de u(A) \ B.

La réflexion Sp est définie sur A, et envoie Gy \ {0} dans son complémentaire,
compte tenu de (17). Il en résulte que l'indicateur f = S4 o Sp est holomorphe et
injectif au voisinage du disque fermé Gy et vérifie :

f(G_O) C Gy U {0}

De plus, A; est une courbe analytique compacte, qui borde G1 = f(Gy).
En itérant, on obtient que, pour tout n > 0, A,, est une courbe analytique compacte,
qui borde un domaine G,,, avec :
(18) Gni1 C G, U{0},
et que f induit un isomorphisme :
f : Gn AN Gn+1 I Gn+1 AN Gn+2.

Siv € S, la méme construction peut étre appliquée & la la paire (C, D) = (A, v(1)),
et a son indicateur g. On trouve que C,, est une courbe analytique compacte, qui
borde un domaine K, avec des relations d’emboitement similaires & (18), et que g
induit des isomorphismes :

g: Ky ~Kpi1 — Kpp1 N Ko,

) Dans cet article, on note D(a,r) le disque de centre a et de rayon r > 0.
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Si les paires (A, B) et (C, D) sont équivalentes et si h € G réalise cette équivalence,
par le méme argument que dans le paragraphe précédent, on obtient que si n € N est
choisi assez grand, h induit un isomorphisme :

h:G, — K,.
Au voisinage de 0, on a la relation de conjugaison :
goh=hof.
Elle est vérifiée sur G,, par analyticité. Si n > 1, on prolonge h en un isomorphisme :
h:Gpo1 — Ky,

en posant, pour tout z € Gy,_1 \ Gy, h(z) = g !t oho f(z). De proche en proche, on
prolonge ainsi & en un automorphisme du disque Gy = Ky ; h est une homographie.
O

Lemme3.3. — Si 0 < r < 0,03, la propriété (17) est vérifiée.

Démonstration. — Soit v € S. 8Si 0 < R < 1, le domaine u(D(0, R)) contient le
disque D(0, R/4) d’apres le Théoréme de Koebe (voir par exemple [8]). On suppose
maintenant :

r < R/8.

Notons D = D(ir,r) le disque de bord A. On a donc D C u(A) et :
|z| > R = u(z) ¢ D.
Il reste & vérifier que u(I) ne coupe pas A\ {0} ; D’aprés ce qui précede, il suffit que :
te R, 4R~ {0} — [Imu(t) < %|u(t)|2.
On utilise les inégalités de distorsion suivantes (voir [8], page 3) :

|2] 2(2+ |2))
(19) u(z)] > : 7
(1+z)) (1 —1z)*

Comme Imu(0) = Im«/(0) = 0, la formule de Taylor donne :

2

t
Imu(t)] < — "(s)].
Tmu(t)] < @gﬁi@ﬂ

[u"(2)] < (z € A).

Compte tenu de (19), la condition (17) est donc vérifiée si r < R/8 et :
. __(-Rp
S22+ R)(1+ R
pour un R < 1. Tout r < R/8 convient si :
4 (1-R)?
(2+R)(1+R)*
On vérifie & la main que R = 1/5, a la machine que R = 0,24, vérifie cette inégalité.
O

R <
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Notons :
S ={ues, u'(0)=0}

Corollaire3.4. — Soit 0 < r < 1/40, et A = OD(ir,r). Les paires (A, u(I)), u € §*,
sont deuz a deux non équivalentes en 0.

Démonstration. — D’apres le théoreme, une équivalence h entre deux paires de cette
forme est un automorphisme de D(ir,r). Comme il conserve A et 0, il est tangent a
l'identité en 0. Comme il envoie u(I) sur v(I), avec u, v € §*, il est tangent a ordre 2
a l'identité. C’est donc 'identité. O

Corollaire 3.5. — Soit A le cercle de centre i et de rayon 1, B un arc analytique régu-
lier tangent a Uordre 2 a R en 0. Les paires (rA, B) sont deuzx d deux non équivalentes
en 0 st r > 0 est assez petit.

Démonstration. — Soit v € G, u(0) = 0, v/(0) = 1, v’(0) = 0, un difféomorphisme
qui envoie R sur B au voisinage de 0. L’homothétique B/r est paramétrée par t —
u(t)/r, mais aussi par ¢ — u,(t) = u(rt)/r, avec encore u,(0) = 0, u,.(0) = 1,

”(0) = 0. Si r est assez petit, u, appartient & la classe S*. O

U

Compte tenu du Théoreme 2.10, dans 'un des deux corollaires précédents, si I’'on
prend trois paires distinctes de la forme prescrite, deux au moins de leurs trois indi-
cateurs ne sont pas conjugués.

3.5. Les familles de Shcherbakov, Elizarov, Birkhoff. — L’article de Birkhoff
[6] n’était pas connu des spécialistes des difféomorphismes analytiques de (C,0) dans
les années 1960. A cette époque, les premiers exemples de difféomorphismes tangents a
I’identité, formellement mais non analytiquement conjugués, sont obtenus en relation
avec I’étude de la convergence de leurs itérés complexes. Nous avons cité des résultats
importants de Baker [2] [4], Ecalle [11], Liverpool [16], dans le Chapitre 2. Ces articles
contiennent d’autres résultats; citons aussi Szekeres [26], Baker [3].

La méthode de Birkhoff est réinventée dans les années 1970 (Kimura, Ecalle), com-
plétée vers 1980 (Ecalle, Voronin, Malgrange). Les invariants qu’elle décrit sont réputés
difficiles a calculer. Il y a une exception notable, celle des perturbations du modele
pleinement itérable f(z) = z(1 — 2)~!. Shcherbakov [25] a démontré le théoréme
suivant.

Il est commode de se placer au voisinage de 'infini (on pose z = 1/w). On considére
une fonction holomorphe au voisinage de I'infini, de la forme :

(20) F.(w) =w+1+4eG(w); G(w) = O(w™2).
On note :
(21) A(w) = 3 Glw+n).

nez

C’est une fonction holomorphe pour |Im w| assez grand. On a :
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Théoréme 3.6 (Shcherbakov). — Siy £ 0, et si e > 0 est assez petit, le difféomor-
phisme F. n’est pas conjugué a la translation T(w) = w + 1 au voisinage de linfini.

Elizarov [13] (voir aussi II’yashenko [14]), en reprenant la démonstration de Shcher-
bakov, a obtenu le résultat plus fort suivant :

Théoréme 3.7 (Elizarov). — Siy #0, et sie >’ > 0 sont assez petits, les difféomor-
phismes F. et F.r ne sont pas conjugués au voisinage de l’infini.

Les deux auteurs donnent I'exemple de G(w) = 1/w?, pour lequel :

1 w2
V(U}):Z(w_’_n)g = 2

ne sm- Tw

Le méme exemple se trouve en fait dans [6].

Il est probable que le Corollaire 3.5 soit aussi un cas particulier du théoreme pré-
cédent. D’autre part, la méthode de la démonstration de ce théoréme permet bien
stir (ce n’est pas forcément facile) de donner une estimation des & permis, en fonction
de la non petitesse de la fonction 7. Il n’est donc pas impossible que la famille de
paires considérée dans le Théoreme 3.2 rentre dans le cadre des théoremes précédents,
convenablement quantifiés. La question est de savoir si une paire est « voisine » du
modele qu’est une paire de cercles tangents.

Quoi qu’il en soit, je pense que certains des exemples qu’on va donner dans les
chapitres suivants sont tres loin du modele.

4. Invariants géométriques d’une paire

4.1. Introduction. — Les paires (A, B) considérées au Chapitre 3 avaient en com-
mun que, pour n assez grand, A,, était une courbe compacte réguliere, « décroissant »
vers le point de contact. Comme on a vu, cette propriété est invariante par équivalence.
C’est une propriété asymptotique, ou une figure asymptotique de la paire.

On va tenter, en en donnant d’autres exemples, de préciser ces deux notions.

Dans tout ce chapitre, (A, B) désigne une paire d’arcs tangents & l'ordre 1 (ou de
type 2) en 0 € C (bien sir, dans les exemples, le point de contact pourra étre un
autre point de C) d’indicateur f = S4 0S5 € G. On note (A, By,), n > 0, les paires
engendrées.

Le fait que 'ordre de contact entre A et B est impair permet d’orienter canonique-
ment A et B. L’arc A est situé d’un co6té de B au voisinage de 0. On oriente A et B, et
plus généralement A,, et B,, pour tout n € N, par un vecteur tangent u en 0, tel que
le vecteur normal iu pointe du c6té de C \ B qui contient A \ {0}. Cette orientation
est invariante par équivalence.

Par la suite, il sera utile de distinguer les deux brins des arcs A,, et B;, en 0. On
pose :
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FIGURE 5. Lunule de Leau

Notation 4.1. — Le vecteur directeur u de A en 0 étant choisi comme on vient de dire,
pour tout n > 0, on note A et B;" (respectivement A, et B, ) les demi-arcs (ou
brins) de A, et By, de vecteur directeur u en 0 (respectivement de vecteur directeur
—u en 0).

4.2. Domaine de Leau d’une paire de type 2. — On choisit la définition sui-
vante :

Définition 4.2. — Soit f € G, de type 2. On appelle domaine de Leau de f tout ouvert
connexe A C C tel que 0 € 0A et :

(1) il existe un voisinage ouvert U de 0 tel que A N U soit un ouvert connexe de
classe C? dans U ;
(2) f est holomorphe sur A, injective, et f(A) C A.

D’autres définitions sont possibles. En particulier, au voisinage de 0, un « pétale de
Leau » est plus grand que ce nous appelons un domaine de Leau, voir par exemple [8].
L’important pour nous (c’est assuré par le premiere condition) est que A contienne
un disque ouvert dont le bord passe par 0. Il en résulte en effet que les germes de A,
et B, sont contenus dans A U {0} pour n assez grand, si f est 'indicateur de (A, B).

L’existence d’'un domaine de Leau, aussi petit qu’on veut, est bien connue. On va
démontrer :

Proposition 4.3. — Soit f(z) = z — az® + -+ un élément de type 2 de G. Pour tout
r > 0 assez petit et pour tout 0 < ' < r, la lunule D(0,r")ND(ra,r|a|) est un domaine
de Leau de f. Si A et A’ sont deuzr domaines de Leau de f et si K C AU{0} est
compact, ) (K) est contenu dans A’ U {0} pour tout n assez grand.

C’est la conséquence des trois lemmes suivants. Une similitude permet de supposer :

fe)=z—22 4,
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donc :
10g@ = —z+0(%).
On fixe r > 0, tel que f(z)/z soit holomorphe sur D(0, 2r) et que :
1
M—1 =, 1og—f(z) +z] < — 2%
z 2 z 2r
On a donc, si z =z + iy € D(0,2r) :
f@)| _ =
22 — —
(22) arg —=| < &
et
1 1
(23) og 2O ol e Liop g 9 4y < L iep.
H 2r z 2r

On introduit les disques suivants, voir Figure 5 :
Dg = D(r,r), Dy = D(ir,r), Do = D(-r,r), Dg= D(—ir,r).

La premiere inégalité de (23) montre que |f(z)| < |z| si @ > |2]?/2r, autrement dit
si z € Dg. De méme, on obtient |f(z)| > |z| si z € Do, et |arg(f(2))] < |arg(z)] si
z € Dy UDg. On en déduit d’abord l'existence des domaines de Leau :

Lemme4.4. — Avec les notations précédentes, pour tout 0 < r' < r, la lunule
D(0,7")N D(r,r) est un domaine de Leau de f.

Démonstration. — On doit montrer que, si z appartient & D(0,7") N Dg, f(z) aussi.
Comme z € Dg, on a |f(z)| < |z] donc f(z) € D(0,7’). Si de plus z € Dy U Dg,
on a |arg(f(z)| < |arg(z)|, donc f(z) € Dg. Si au contraire z ¢ Dy U Dg, alors
|arg(z)| < 7/6, donc |arg(f(2))| < 7/3, et encore f(z) € Dg. O

Lemme4.5. — Awvec les notations précédentes, pour tout 0 < r’ < r, il eristen € N
tel que fT(D(0,p) ~ Do) C D(0,7') N Dy pour tout p > 0 assez petit.

Démonstration. — La premiere inégalité de (23) donne |log(|f(2)|/|z])| < 2|z|, si |#]
est assez petit, donc :
(24) F(D(0,p)) € D(0, p(1 = 3p)7")

pour tout p > 0 assez petit.
On fixe Ag > 0 tel que, si |z| <7 :

z¢EO:>:c>—Aoy2; z> Aw? = z€ Dg.
Soit —Ag < A < +Ag, et z =x + iy tel que :

lz| < p, Ay? < x < Agy?.
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Sif(z)=Z=X+iY,ona:
X = (A+1/2)Y? = (z —2? + ) = (A+1/2)(y — 22y)* + O(|2]*),
=a—(A-1/2)y* +0(y°)
ot |O(1®)] < Cly|® < Cpy? et C ne dépend que de f et Ag. On donc :
X > (A+1/2)Y?

)

~ ~

si p est assez petit. Si f(z) € Dg, comme D(0,r') N Dg est stable par le lemme

précédent, f(™(z) € D(0,7") N Dg pour tout n > 1. Sinon, on a :
1Z| < p(1-3p)7Y, (A+1/2)Y? < X < AY?.
On itere n > 44, fois, avec p < ' /(12n). O

Lemme4.6. — Awec les notations précédentes, si A et A’ sont deux domaines de Leau
de f, et si K C AU{0} est compact, f™)(K) est contenu dans A’ U {0} pour tout n
assez grand.

Démonstration. — Compte tenu de la définition des domaines de Leau, on peut sup-
poser A’ = D(0,7) N D(r,r). La suite (f™),>0 est une famille normale sur A, donc
£ converge vers 0, uniformément sur tout compact de A. Si ¢ > 0 et compte tenu
des lemmes précédents, on en déduit que si K € A U {0} est compact, f™(K) est
contenu dans D(0,¢) N (AU {0}) pour n assez grand. Si on choisit € > 0 assez petit,
le Lemme 4.5 montre que f(™*™)(K) c A’ U {0} pour m assez grand. O

4.3. Préliminaire : prolongement analytique d’arcs. — Un arc paramétré
(respectivement un arc paramétré analytique) est une fonction continue (respective-
ment analytique) non constante ¢ : I — C, o I C R est un intervalle non réduit
a un point. Deux arcs paramétrés ci : I, — C, k = 1,2, sont équivalents s’il existe
un homéomorphisme croissant ¢ : Io — I tel que co = ¢1 0 ¢. Un arc est une classe
d’équivalence d’arcs paramétrés. Il s’agit donc d’arcs orientés.

Ceci dit, la notation ¢ : I — C pourra désigner I’arc dont ¢ est une paramétrisation
et aussi une paramétrisation d’un arc c!

Définition 4.7. — Un arc ¢ : I — C est localement injectif (respectivement localement
analytique) si pour tout ¢ € I, il existe un intervalle J C I, voisinage de ¢t dans I, tel
que ¢|; soit injectif (respectivement soit équivalent & un arc paramétré analytique).

On veut éviter les arcs qui, comme c(t) = (cost)?, font des va-et-vient; on veut
aussi éviter la question de la paramétrisation analytique globale des arcs localement
analytiques, dont la solution n’est pas élémentaire.

Proposition 4.8. — Soit ¢ : [0,e] — C un arc paramétré analytique. Il existe un arc
localement injectif et analytique ¢ : [0,T[ — C, équivalent a ¢ dans les germes en
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0 € RT, tel que de plus : si d: [0,S[ — C a aussi ces propriétés, il existe T' € ]0,T]
tel que d soit équivalent a ¢jjo /(. Comme arc, C est unique.

On dira que l’arc € est ’extension mazimale de l’arc c. Si F' C C contient le germe
de cen 0 € RT et si I est le plus grand intervalle d’origine 0 tel que ¢(I) C F', on dit
que l'arc ¢|; est l’'extension mazimale de l'arc ¢ dans F'.

Démonstration. — Un arc localement analytique est (localement) rectifiable. On en
déduit facilement qu’il suffit de démontrer que si deux arcs ¢ : [0, 7] — C, k =1, 2,
paramétrés par la longueur d’arc, sont localement injectifs et analytiques et sont
équivalents dans les germes en 0 € RT, et si 0 < Ty < Ty < Tb, alors é; = ¢ sur
[0, To[ implique é&3 = ¢ au voisinage de Tp. Cela résulte du lemme suivant. O

Lemme4.9. — Soituy, ug : (R,0) — (C,0) deux germes analytiques injectifs. Siuy g+
el ug|r+ ont le méme germe d’image en 0, les germes uy et uz sont équivalents en 0.

Démonstration. — Nous noterons ui(R") et ui(R) pour les germes des images de
uy g+ et uy en 0... Si ug(t) = axt? + -+ (ax # 0), k = 1, 2, ay donne la direction
de la demi-tangente & ux(R1) en 0, donc a;/az > 0 et on se rameéne par rotation et
reparamétrisation au cas ou :

ug(t) =t  +---, (pp 21, k=1, 2).

Soit pr = dgk, k = 1, 2, avec q1, g2 € N* premiers entre eux; ui(RT) = ug(R™) est
aussi paramétré par

ul(t‘”) =t"4...= hl(t)m, ou UQ(tql) =t 4. = hg(t)m,

oum =dgiqge; hi(t) =t+--- et ho(t) = t+- - - sont deux arcs réguliers. Comme hq (R)
et ho(R) sont tangents en 0 et ont méme image par z — 2™, hi(R) = ha(R), donc
h1 et ho sont analytiquement équivalents : ho = hy o ¢, ou ¢ est un difféomorphisme
analytique de (R,0). En remontant & uy et ug, on obtient :

uz(t”) = ui((¢(t)*)
au voisinage de 0. On peut supposer g; impair. Si ¢o était pair, on aurait u;(R) C

uz(RT). Comme u; est injective, g2 est impair et u; (R) = ua(R). O

4.4. Propriétés asymptotiques; exemples. — On revient au probleme des
paires. Soit A un domaine de Leau de la paire (A, B) en 0 € C, f son indicateur et
n € N un entier assez grand pour que les germes de A et BF soient contenus dans

A U{0}.

Notation 4.10. — On note encore A et B les extensions maximales de ces germes
dans A U{0}.

Notation 4.11. — On adopte quelques conventions, a propos des arcs issus de 0 € C.
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— Un arc (orienté) A est un ensemble totalement ordonné, « directement » homéo-
morphe & un intervalle non trivial et muni d’une projection continue 74 : A — C.
Dans la suite, quand on parlera d’'un point a € A, il faudra ’entendre en ce sens. En
particulier, un point a € A est équipé du germe de A en a.

— Si a et b sont deux points de A, on appellera arc [a,b] de A I'arc des points de A
qui sont compris entre a et b au sens large. L’expression arc ]a, b[ de A est définie de
facon analogue. On notera o le point initial de A, au lieu de 04.

— Une intersection de deux arcs A et B (pris dans cet ordre) est un couple (a,b) €
A x B tel que ma(a) = wp(b).

Les propriétés suivantes sont des exemples de propriétés asymptotiques :

(1) A} est une variété analytique compacte;
(2) A+ a un point double;

(3) A} a un point stationnaire (singularité analytique locale) ;
(4) AF a un point d’arrét® dans A, i.e. A} a une paramétrisation u : [0,1[ —
AU{O} et u(t)ﬂaeAquandtﬂl

5) A +k, > 1 donné, coupe A" en dehors de (0,0);

(

(6) At .. k > 1 donné, coupe B, en dehors de (o, 0).

La notion de propriété asymptotique est précisée par 1’énoncé suivant, dans lequel,
pour fixer les idées, on traite la Propriété 5 avec k = 1.

Théoréme4.12. — Soit (A, B) et (C, D) deuz paires équivalentes de type 2 en 0 € C.
Soit A et A des domaines de Leau associés et n € N assez grand. On suppose que
Uextension mazimale de A}, | dans A U {0} coupe celle de A en dehors de (o,0).
Alors, pour tout entier k assez grand, l’extension maximale de Clj+1 dans A U {0}
coupe celle de C;" en dehors de (0,0).

Démonstration. — On utilise la Notation 4.10. Soit h € G un difféomorphisme tel
que h(A, B) = (C, D). On peut choisir des lunules de Leau L et M (voir Proposition
4.3) telles que h induise un isomorphisme de L sur h(L) C M.

Soit « et 8 deux sous-arcs compacts de An 41 et A, qui vont de l'origine & une
intersection autre que (0,0) (I'un des deux arcs peut étre constant). On remarque que
A7J;+k+1 et AL_k sont des prolongements de f*) (a) et ) (5).

Compte tenu de la Proposition 4.3, quitte & remplacer n par n + k, k assez grand,
on se ramene au cas ou « et 3 sont contenus dans L U {0}. Alors h(«a) et h(8) se
coupent dans M U{0} en dehors de (o,0), et ce sont des sous-arcs de C;, et C;f. O

Au fond, si on se donne un domaine de Leau A de la paire (A, B), N € N assez
grand, et qu'on ne considere que la famille Fn des arcs Aﬁ et B,f pour n < N, la
seule propriété de A} qui ne soit pas a priori asymptotique est la suivante :

() Compte tenu de la nature de la singularité d’un germe d’ensemble analytique dans R? (dévelop-
pements de Puiseux), il s’agit d’une « singularité essentielle ».
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Aj\', quitte A par un point # 0, sans singularité et sans rencontrer un autre membre
de la famille Fn en dehors de lorigine.

Cette propriété «inutile » pourrait-elle avoir lieu quel que soit N ?

4.5. Figures asymptotiques; exemples. — On se place encore dans la situa-
tion décrite au début du §4.4, dont on conserve les notations. Reprenons la liste des
propriétés asymptotiques qu’on y a donnée.

La Propriété 1 et la Propriété 4 méritent le nom de figures asymptotiques de la paire
(A, B). Si (C, D) est une paire équivalente & la paire (A, B) et si (A, B) ala Propriété 1
(respectivement la Propriété 4), pour tout entier k assez grand, A'k" et C’,j seront des
courbes fermées lisses (respectivement auront un point d’arrét). L’équivalence locale
entre les paires (A, Bi) et (Ck, Dy) (éventuellement pour k plus grand encore) est
alors nécessairement la restriction d’un isomorphisme global du domaine de bord Az
sur le domaine de bord C) (respectivement transformera la singularité essentielle
terminale de Ag en celle de C’,j)

Les autres propriétés ne définissent pas a priori des « figures » : les points doubles
de A, ses singularités analytiques, ses intersections avec A:{ 4} Ou avec B}, peuvent
croitre en nombre avec n. Il s’agit alors de dire quel point double... de C, correspond
a tel point double... de A} pour tout n assez grand, si les paires (4, B) et (C, D) sont
équivalentes, autrement dit de numéroter les points doubles ...

La Figure 6 est censée démontrer qu’il est impossible de numéroter les points
doubles de A,, de facon invariante (). C’est pour cette raison qu’on a introduit les
brins Aﬂf. Pour la méme raison, on ne peut pas construire une figure asymptotique a
partir de la Propriété 6.

Dans les trois définitions qui suivent, on se place dans la situation décrite au début
du §4.4. Le numérotage des points doubles de A} est évident :

Définition 4.13. — Si A} a un point double, le premier point double de A} est le
couple (a,b) de points distincts de A}, olt b est le premier point de A} de méme

image dans C qu’un point, soit a, de I'arc [o,b] de A;.

Le numérotage des points stationnaires est encore plus évident.

En ce qui concerne les intersections autres que (0,0) de A;’{ et A:{ Lk k > 0, on
utilise le fait que f*) induit un isomorphisme de A sur un sous-arc de A:{ 4 bour
les ordonner. On se contente de le faire pour £ = 1. Il y a lieu de distinguer deux
types d’intersection :

(6)sauf bien sir en utilisant une figure asymptotique déja construite comme repeére, comme dans la
Figure 2 de I'Introduction : le fait que A, est une courbe fermée lisse, bordant un domaine €y,
permet de définir ["unique point double du sous-arc maximal de B, 41 contenu dans €2y, ; voir aussi
le §4.7.
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(4,B) = E[1,7, 0,43]
B

By By

FIGURE 6. Quel est le premier point double de B3 ?

Définition 4.14. — Soit (a,b) € A} x A}, une intersection autre que (o,0). On dit
que (a,b) est une intersection de type Isi f(a) appartient a I'arc [0,b] de A}, |, que
c’est une intersection de type I1 dans le cas contraire.

Si (a,b) € A} x A;t+1 est une intersection de type I, autre que (o,0), (a/,V’) :=
(f(a), f(b)) € A}, , x A}, aussi. Elle vérifie de plus qu'il existe un point ¢ de A,
(a savoir b), tel que f(c) =b' € A}, coincide dans C avec un point (& savoir a’) de
Parc [0, c] de A ;.

On peut numéroter les intersections de type I. Contentons nous de définir la pre-
miere. Rappelons qu’on utilise la Notation 4.10.

Définition 4.15. — On suppose que A et At 1 ont une intersection de type I. Quitte
a remplacer n par n + 1, il existe un premier point ¢ € A < {0} tel que b := f(c) €
A:{H ait méme image dans C qu'un point, soit a, de I'arc [o,c| de A}. La premiere
intersection de type I de A} et A: 41 est le couple (a,b). C’est aussi la paire au point
image formée par les germes de A} en a et de A Ly enb.

Il est assez clair que la premiere intersection de type I se comporte bien vis-a-vis de
I’action de I'indicateur, et qu’une démonstration analogue a celle du Théoreme 4.12
donne le résultat suivant :

Théoréme4.16. — Soit (A, B) et (C, D) deux paires de type 2, équivalentes en 0 € C.
Soit A et A des domaines de Leau associés et n € N assez grand. On suppose que les
extensions mazimales de A} et A;t+1 dans AU {0} ont une premiére intersection de
type 1 (a,a’). Alors, quel que soit k assez grand, les extensions maximales de C;'_Fk
et C’:{+k+1 dans AU {0} ont une premiére intersection de type I (ck,c)). La paire des
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germes de C’;L_k en ci et de C:+k+1 en ¢}, (considérée au point image) est équivalente
a la paire des germes de A} en a et de A;'{H en a' (considérée au point image).

Le théoreéme associe & une paire (A, B), sous 'hypothése que A" a une intersection
de type I avec A} 41, une autre paire (A’, B'), définie a équivalence pres. D’autre
part, si I'on introduit (avec les notations de ’énoncé) la réunion €2,, des composantes
connexes bornées du complémentaire de 74+ ([o,a]) U AI_H([O’ a']), on obtient un
ouvert, défini & équivalence globale pres. Toute équivalence de paire de (A4, B) avec
(C, D) induit, pour n assez grand, un isomorphisme de €2, sur II,,, si II,, est défini de
fagon analogue avec la paire (C, D).

C’est un autre exemple de ce qu’on entend par « figure asymptotique » de la paire
(A, B).

4.6. Exemples. — Soit A la parabole d’équation paramétrique

12

(25) z(t)

et B sa tangente au point z(t). Le résidu de (A, B) est it.
Quel que soit t € R, le tracé sur ordinateur montre que B, a une intersection de

+it, (teR)

type I avec B, ,; pour n grand : n = 0 convient si ¢ > 1,732... (en fait ¢ > \/g),
n = 1 convient si 1,732--- >t > 0,07 environ, n = 2 convient si 0,07 > ¢ > 0. Si
t <0, on a des résultats analogues par symétrie (anti-holomorphe).

La Figure 7(7) montre quelques exemples de ce qu’on obtient. Dans chaque cas, avec
n € {0,1,2} le plus petit possible, on a représenté 1) en pointillé, des arcs arbitraires
de By ,...B,_;, qui n’interviennent pas dans la définition de la figure et 2) en trait
plein, l'arc [o,a] de B,,, et son image par S4 o Sp, ol a est le premier point autre
que o tel que f(a) soit sur 'arc [0, a[ de B;, .

On voit que la premiere intersection de type I peut étre précédée par une ou plu-
sieurs intersections de type II ou par une auto-intersection. Si l'on suit pas a pas la

figure de la premiere intersection de type I de B, avec B, ; quand ¢ décroit de +oo
a 0 on trouve :

— pour +00 > t > /3, une figure homéomorphe & a);sit= V3, B aun cusp;
— pour V3 >t > 1,2 environ, une figure homéomorphe & b);

(M Fin 1998, j’ai cherché a savoir si la paire (A, B) était équivalente & une paire de cercles quand
t = 0, par le calcul. On se raméne & étudier la convergence d’un champ de vecteurs formel en
0 € C, le générateur du groupe des itérés formels de f. Les coefficients sont donnés par une relation
de récurrence assez simple. Le calcul sur Maple (je remercie une nouvelle fois P.V. Koseleff) des
premiers coefficients montre une croissance Gevrey typique. Guidé par un calcul d’Oshima [20], j’ai
pu démontrer la divergence. La Figure 7—f donne le résultat et en fait beaucoup plus (sauf la classe
de Gevrey du générateur!); il est tres facile d’en déduire une « démonstration rigoureuse ».
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FIGURE 7. Premiere intersection de type [

— pour 1,2 > ¢ > 0,96 environ, ’évolution est tres rapide; des intersections de
type II naissent puis disparaissent ; l’auto-intersection migre vers le point de contact
(sit =1 elle est au point de contact) puis disparait;

— pour 0,96 > ¢ > 0,07 environ, on retrouve une figure homéomorphe a a) ; pour
t = 0,07 environ, un cusp apparait;

— pour 0,07 > ¢ > 0 on retrouve une figure homéomorphe a b).
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Vérifier, dans chaque cas, que la figure est asymptotique, se fait aussi graphique-
ment, en choisissant un demi-disque A qui la contienne, centré au point de contact et
limité d’un coté par un segment de la tangente, et en tracant 'image de son bord par
S40S5g.

4.7. Application : une démonstration par ordinateur

«Théoreme» 4.17. — Soit B une tangente a une parabole A. L’indicateur f = S0Sp
(considéré au point de contact) n'est pas un carré itératif, i.e. lunique difféomor-
phisme formel g tel que go g = f (voir § 2.8) diverge.

Esquisse d’une démonstration graphique. — On choisit encore la parabole paramé-
trée par (25) et on parametre les paires (A, B) par t € R, tel que le point de contact
soit z(t). Par symétrie, on peut encore se restreindre a ¢ € [0, +o00].

Compte tenu du Théoreme 2.12, il suffit de montrer que les paires (4, B) et
(C,D) = (Sa(B), A) ne sont pas équivalentes. Rappelons qu’elles ont le méme in-
dicateur f. L’égalité f = S4 o Sp donne les relations :

+ + + +
C, =B, D =A.

On a «montré » dans le paragraphe précédent que B, avait une intersection de
type L avec B, , | pour n assez grand, quelque soit ¢ € R. Une étude graphique analogue
«montre » qu’il en va de méme pour A, et A, ;.

On compare graphiquement la figure de la premiere intersection de type I de B,;
avec B\, acelle de D, = A avec D, = A, ;. On trouve que ces deux figures
permettent la discrimination entre les deux paires sauf quand (il s’agit de valeurs
approchées) :

(26) t€]0,07, 0,247[U]0,55, 0,96 [U] 1,732, 6,5].

Plus précisément, quand ¢ n’appartient pas a cette réunion d’intervalles, on observe
que l'intersection de type I est précédée par une auto-intersection ou une intersection
de type II dans un cas et pas dans l'autre.

Quand t vérifie (26), on observe dans les deux cas que la premiere intersection de
type I n’est précédée par aucune intersection de type II ni aucune auto-intersection.
On enrichit alors la figure de la premiere intersection de type I de la fagon suivante.
Dans le premier cas, les arcs de B,; et de B, , |, arrétés au premier point d’intersection
de type I, délimitent un domaine G,,. Le germe de A, a l'origine rentre dans G,,. On
regarde comment il en sort. On définit ainsi une figure asymptotique. Par le méme
procédé, on associe une figure asymptotique de méme construction a la paire (C, D).

On observe que A, sort de G, en coupant B, si 0,07 <t < 0,247 ousi 1,732 <
t < 6,5, et en coupant B, si 0,55 <t < 0,96.

Pour chacun des intervalles de (26), on observe pour la paire (C, D) tout le contraire
de ce qu’on a observé avec la paire (A, B). Un exemple est illustré par la Figure 8.
On obtient donc le résultat. O
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a) A~ sort du domaine défini par B~ et By b) Bj sort du domaine défini par A~ et Ay
en coupant By en coupant A~

FIGURE 8. t = 3; les paires (A, B) et (Sa(B), A) ne sont pas équivalentes

Exercice 4.18. — Soit A une parabole, C' = {22 — y? = 1} une hyperbole équilatere
et D une tangente a C.

(1) Quelle est I'image de (C, D) par z +— 22?

(2) En déduire qu’il n’existe pas de tangente B & A telle que (A, B) soit équivalente
a (C,D). (On a le droit d’utiliser le « Théoréme 4.17 ».)

5. Des exemples, avec une ellipse et une droite

5.1. Introduction. — Dans ce chapitre, les paires (A, B) qu’on considére sont de
la forme suivante :

(27) A est une ellipse et B est une droite tangente a A.

L’équivalence entre deux telles paires signifie toujours ’équivalence analytique dans
les germes, au voisinage des points de contact. Je sais démontrer le résultat suivant :

Théoréme5.1. — Deux paires (A, B) et (A’, B") de la forme (27) sont équivalentes si
et seulement si elles sont semblables. Si A n’est pas un cercle, le seul automorphisme
de la paire (A, B) est lidentité.

En particulier, si A est un cercle, A’ aussi, et les difféomorphismes qui réalisent
I’équivalence sont des homographies. Si A n’est pas un cercle, le théoreme permet de
supposer A’ = A; alors B’ est égal & B ou au symétrique de B par rapport au centre
de A. La deuxieme assertion de 1’énoncé est plus facile & obtenir que la premieére par
la méthode de la réflexion. Dans le cas ou le résidu de la paire n’est pas nul, c’est
aussi une conséquence d’un résultat général, le Théoreme 2.11.

La démonstration du Théoreme 5.1 est basée sur ’existence, pour chaque paire
de la forme (27), d’une figure asymptotique qui la discrimine des paires qui ne lui
sont pas semblables. Le calcul est pénible, mais possible parce qu’on arrive toujours a
construire une telle figure avec (A, B), (A1, B1) et (A2, B2). Si 'on prend pour A une
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hyperbole, une difficulté apparait quand I’angle entre ses asymptotes tend vers 7 : le
nombre d’itérations nécessaires pour obtenir une figure asymptotique tend alors vers
Iinfini.

D’autre part, il serait plus intéressant de classer les paires (A, B) formées d’une
conique A et d’un cercle (ou d’une droite) B, car il existe des paires de ce type qui
sont équivalentes et qui ne sont pas semblables.

Une paire de paires non équivalentes est une chose aussi merveilleuse qu'un trefle
a trois feuilles, méme si le comptage des feuilles est difficile. Je ne donnerai donc
pas la démonstration du Théoreme 5.1 ici. J’en présenterai un exemple intéressant, le
cas ol B est une tangente parallele au grand axe de A ; un argument voisin de celui
qu’on a utilisé dans le § 3.4 permet en effet la discrimination, sans calcul. A part cela,
je me contenterai de justifier les illustrations de I'Introduction, et de faire quelques
commentaires sur le cas plus facile des petites excentricités.

5.2. La réflexion par rapport a une ellipse. — La réflexion de Schwarz par
rapport a une ellipse échange les ellipses homofocales et conserve les hyperboles ho-
mofocales. C’est une propriété remarquable dont j’ai trouvé I’énoncé dans un article
de Webster [29].

On travaillera avec la famille F(s) des ellipses de foyers —1 et +1 :

22 y?
E(s): + =1.
(5) cosh’s  sinh?s

On a E(s) = E(—s) si s # 0, et on note aussi £(0) = [—1, +1]. En notation complexe,
E(s) a pour équation :

(28) 2(cosh 2s)2% — (2% 4+ 2%) — sinh? 25 = 0.

Bien sur, toute ellipse du plan, autre qu’un cercle, est semblable & une et une seule
de ces ellipses. L’excentricité de E(s) vaut 1/ coshs.

A partir de I’équation (28), on obtient 1'équation de la réflexion par rapport a
Pellipse E(s) comme on a dit au §1.3 :

(29) ¢? — 2(cosh 25) Z¢ + (2% 4 sinh? 2s) = 0.

Cette équation définit { comme fonction algébrique de Z, ramifiée autour des foyers

+1. En notant z — 21/2

obtient deux branches uniformes sur C \ [—1,+1] :

la racine holomorphe sur C\] — 00,0] qui vaut 1 en 1, on

Notation 5.2. — Pour tout s > 0, on note :
_ _ Lo
(30) Sk(s)(2) =Zcosh2s —Z(1 — =)/~ sinh 2s.
z

C’est une fonction antiholomorphe sur (CU{oo}) \ [—1, +1], qui coincide au voisinage
de E(s) avec la réflexion de Schwarz par rapport a E(s).
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Si on remplace s par —s dans le second membre de (30), on obtient ’autre solution
de (29). On a Sg(s)(00) = 00, et le comportement asymptotique :

Lnl;fs) + O(i)7 (z — 0).

;)
Z

En particulier, le reflet d’une tangente par une ellipse (autre qu’un cercle!) a une

branche infinie.

(31) SE(s) () = Ze % 4

5.3. Le reflet d’une tangente par une ellipse. — Fixons s > 0 et notons A =
E(s). Soit B une tangente a A et By = Sa(B), ot Sy = Sg(s) est donné par (30).
Soit z(t) = a+ bt , t € R, une paramétrisation de B. B; est une courbe analytique
paramétrée par z1(t) = Sa(a + bt). La paramétrisation est réguliere, sauf si B passe
par un des « cofoyers » + cosh(2s). Dans ce cas B; a une singularité de type cusp en
un des foyers.

En remplacant z par z(t) dans Péquation de la réflexion (29) et en éliminant ¢, on
obtient une équation du quatriéme degré en ¢ et ¢. Donc B; est contenu dans une
quartique B;. Selon les cas (on laisse la vérification au lecteur) la quartique a un point
double ou un point réel isolé.

La formule (31) montre que B; est asymptote aux deux bouts de la droite
e~ 25Sg(B). On suppose maintenant que B n’est paralléle ni & R ni & iR. L’asymptote
de Bj est alors transverse a B. On en déduit que By, qui est tangente & B au point
de base AN B, recoupe B au moins une fois, éventuellement encore au point de base.
Mais B coupe aussi I’autre branche de la quartique B; pour la méme raison : elle est
asymptote aux deux bouts de la droite e**Sg(B) qui est paralléle & 'asymptote de
B, mais distincte. On a obtenu quatre points intersections de la droite B avec By. Il
ne peut pas y en avoir d’autre. En résumé :

Lemme5.3. — Soit s > 0 et By = Sg(s)(B) le reflet d’une tangente B par rapport
a E(s). By est une courbe analytique fermée dans C, asymptote aux deux bouts de
la droite e=2°Sg(B). Elle est réguli¢re, sauf si B passe par un des points + cosh(2s).
Elle a au plus un point double. Enfin, si B n’est pas paralléle o un des azes de E(s),
elle recoupe B une et une seule fois.

Pour montrer que les illustrations de I'Introduction ont un caractere général, il
reste & déterminer la nature de lintersection de B; avec E(s); c’est le contenu du
Corollaire 5.7 ci-dessous.

5.4. La réflexion en coordonnées elliptiques. — Tout point z € C peut s’écrire
sous la forme :

z =cosh(s +it), seR, teR/2m.
On se réfere au couple [s,¢] comme aux coordonnées elliptiques de z. Un point z de
coordonnées elliptiques [s,t] a aussi les coordonnées elliptiques [—s, —t]. A ceci pres,
elles sont uniques.
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Si on fixe s # 0, t — cosh(s + it) est une paramétrisation de E(s) par R/2x. Si
on fixe t € )0, 5[, R > s + cosh(s + it) est une paramétrisation de la branche de
I’hyperbole :

1.2 y2

. A—
cos?2t  sin?t

)

H(t):

située dans le demi-plan x > 0. On obtient ’autre branche en remplagant ¢ par = — .

Soit s > 0. Le reflet d’'un point par rapport a lellipse E(s) est donné par une
formule remarquablement simple en coordonnées elliptiques. Comme h : w — coshw
envoie la droite L := {Rew = s} sur E(s), on obtient par conjugaison :

Sp(s)(coshw) = cosh(2s — W),

quand Rew est voisin de s. Si I'on prend en compte la définition (30) de Sg(s) qu’on
a choisie, on obtient :

Lemme5.4. — Soit s > 0. Pour tout t € [0, 7], on a :

Sg(s)(cosh(s’ +it)) = cosh(—s" 4+ 2s +it), si s >0,

= cosh(—s' —2s+it), si s <0.
Cette formule a l'interprétation géométrique suivante : Sg(,) envoie E(s’) sur
E(2s — §') pour tout s > 0 et I'image d’un point non réel d’une branche d’une

hyperbole homofocale H(t) est situé sur cette méme branche.

Notation 5.5. — Si s # 0, on note E(s) le domaine de bord E(s). On appelle parfois
E(s) une ellipse pleine.

Le Lemme 5.4 implique, voir la Figure 9 :

Lemme5.6. — Quel que soit s > 0, Sp(s) induit une involution de E(2s) ~[-1,41].
De plus :

~

(32) Sps(E(3s) ~ E(s)) C E(s).

Une tangente B & E(s) coupe ellipse E(3s) en deux points distincts, transversa-
lement. Le Lemme 5.6 a donc la conséquence suivante :

Corollaire5.7. — Quel que soit s > 0 et la tangente B a E(s), chacun des deuzx brins
Bf = SE(s) (BT) recoupe E(s) en un et un seul point, transversalement.
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FIGURE 9

5.5. Petites excentricités. — Les invariants qu’on utilise pour démontrer le Théo-
réme 5.1 proviennent des angles aux intersections de By = S4(B) avec A, avec B et
avec soi-méme. Ceci ne signifie pas que ces intersections soient toutes et toujours
contenues dans un domaine de Leau, mais que, dans tous les cas, on parvient a défi-
nir une figure asymptotique avec A, B, Ay, By, As, By, et qu’au moins un des angles
décrits ci-dessus peut étre réinterprété dans le cadre de cette figure, et fournir un
invariant numérique de la paire.
Le cas des petites excentricités est plus facile. On a en effet :

Lemmeb5.8. — Si s > 1,2 — si l'excentricité est < 0,55 — [ellipse pleine E(s) est
un domaine de Leau de la paire (E(s), B), quelle que soit la tangente B.

Ce n’est pas toujours le cas. La Figure 10—d montre un exemple ou ’ellipse pleine,
sans étre un domaine de Leau, est contenue dans un domaine de Leau. La Figure 10-b
montre un exemple ol A; a une singularité asymptotique ; I'ellipse pleine n’est donc
pas contenue dans un domaine de Leau. La Figure 10-c suggere (sans le démontrer)
qu’il est possible qu’aucun A,, ne soit contenu dans un domaine de Leau.

Démonstration. — Remarquons d’abord que :

D(0,sinh s) C E(s) C D(0,cosh s)

quel que soit s > 0. Comme Sp(,) envoie injectivement E(2s) \ E(s) dans E(s), il
suffit que Sp(E(s)) C E(2s) pour que E(s) soit un domaine de Leau. Puisque

Sp(E(s)) € Sp(D(0,coshs) C D(0,3coshs),
c’est vrai des que 3coshs < sinh2s; s > 1,2 convient. O

Si s, s’ > 1,2, toute équivalence (E(s),B) — (E(s"),B’) entre paires du type
(27) se prolonge en un isomorphisme E(s) — E(s’), par le méme argument qu’on a
employé dans le § 3.4. D’une certaine fagon, la méthode de la réflexion a rempli son
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a) (A,B)=E[13,0] b) (4, B)=E[0,9, 0]
A A
¢) (4,B)=E03,0] d) (A, B)=E[04, 1]

FIGURE 10

role. Il reste toutefois & montrer qu’un isomorphisme d’ellipses pleines, qui envoie une
tangente de la premiere ellipse sur une tangente de la deuxiéme, est une similitude.
Il peut exister des méthodes plus souples que celle de la réflexion pour traiter des
probléemes de ce type!

Quoi qu’il en soit, sous 'hypothese précédente, les intersections de Bli avec A et le
point double de B; définissent des figures asymptotiques, au sens du Chapitre 4. On
obtient donc une démonstration du Théoréme 5.1, restreint aux petites excentricités,
en montrant que I'application

J1,2,+00[x[0,7/2] 5 (s,) = (xés(s, 1), 67 (s,1), 87 (s,),7(s,1))

est injective, ou cosh(s + it) est le point de contact de B avec A = E(s). On a noté
rés(s,t) le résidu de la paire (le seul invariant formel, voir le Chapitre 2), %(s,t)
I’angle a l'intersection de ch avec A, et v(s,t) langle au point double de By s’il
existe, v = @ s'il n’existe pas. C’est vrai, mais la vérification est pénible.

5.6. Quand l’excentricité tend vers 0. — Le fait que le reflet de Schwarz d’une
droite par une ellipse soit si différent du reflet d’une droite par un cercle, aussi petite
soit I’excentricité de D’ellipse, a quelque chose de fascinant.
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Fixons t € [0,7/2]. Pour tout s > 0, notons (A(s), B(s)) la paire de la forme (27)
définie par :

(33) A(s)=e P E(s);  B(s)NA(s) =e™* cosh(s + it).

Quand s — 400, lellipse A(s) tend vers le cercle unité C' et la droite B(s) vers la
tangente 3 = (3(t) au cercle en e'. Notons g I'indicateur de la paire (C,3) et p la
rotation de centre 0 et d’angle —2t.

En utilisant la formule (31), on calcule facilement la limite :

B1 = lim Bi(s).
s§——+00
C’est la réunion du cercle g(3) et de la droite A\; 3 0 d’angle polaire —2¢.
En itérant, on voit que pour tout n € N :
Bn = lim B,(s)
s§——+00
est la réunion du bouquet (ou chapelet, ou grappe) de cercles g(3,—1) et de la droite
p()\n—l)-

La configuration dépend de t¢; par exemple, si t/m est rationnel, la droite A, est
périodique (en n).

La Figure 11 montre comment B, «approxime » une droite et un bouquet de n
cercles pour n = 1...4 quand s = 2 (I’excentricité vaut 0, 266...) et t = 0, 6. La Figure
12 montre mieux By. Il est peut-étre intéressant de préciser que, si ’on prend le grand
axe de l’ellipse comme unité, on a représenté 'image d’un segment de la tangente B,
de longueur 80 unités pour B, 5 000 pour Bz, 300 000 pour B3 et 12 millions pour
B4 !

5.7. Le cas d’une tangente paralléle au grand axe. — C’est un cas exception-
nel. Le lemme suivant n’est vrai que quand B est une tangente parallele au grand axe
de A :

Lemme5.9. — Soit s > 0, A = E(s) et B la tangente o A au point m = isinhs.
Le demi-plan A de bord B qui contient A~ {m} est un domaine de Leau de (A, B) ;
A~ {m} est contenu dans un domaine de Leau de (A, B).

Démonstration. — La formule du Lemme 5.4 montre que S4 est injective sur Sg(A),

et que I'image S4(z) d'un point z € Sp(A) est située strictement au-dessous de B,
sauf si z = m. Autrement dit Sa o Sp(A \ {m}) C A. O

On consideére A comme un disque de la spheére de Riemann C U {co}. L’indicateur

f = S84 0 Sp est holomorphe au voisinage du disque fermé A et a deux points fixes
€ 0A :
fm)=m;  f(c0) = co.

La démonstration précédente montre que f est injective sur A et que :

f(A) c Au{m,oco}.
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Bs

FIGURE 11. (A,B) = E[2, 0, 6]

FIGURE 12. Un détail de By
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a) (A,B)=E[15,7/2] b) idem, aprés une inversion

o

B, By, By et Bs

infini

FIGURE 13

Considérons maintenant I’extension maximale de B,,, n > 1, dans A. C’est une courbe
compacte lisse, contenue dans A, sauf pour les points m et oo, ou elle est tangente au
cercle OA. Notons GG,, C A le domaine de bord B,,. On a les relations d’emboitement :

Gnt+1 C G U{m, o},
et f induit un isomorphisme :
(34) f:Gu~Gui1 — Gruir ~ G
Si A’ = E(s') et si B’ est la tangente en i sinh s’ & A’, la méme construction s’applique :
on obtient des domaines emboités G, C A’, de bords B/, avec des propriétés analogues

de Uindicateur f'.

On a alors facilement le cas tres particulier suivant du Théoreme 5.1 :

Lemme5.10. — Soit B et B’ les tangentes ¢ A = E(s) et A’ = E(s'), en isinhs et
isinh s’ respectivement. Si ¢ est une équivalence (A, B) — (A’, B'), ¢ est lidentité.

Démonstration. — C’est une variante de la démonstration du § 3.4. On conserve les
notations qui précedent I’énoncé. En utilisant le fait que A est contenu dans le bassin
d’attraction du point fixe m = isinhs de f, la propriété analogue de A’ et le fait
qu'une équivalence ¢ de (A, B) sur (A’, B’) envoie, sur un voisinage fixé de m, les
courbes B,, sur les courbes B}, on montre que ¢ se prolonge en un isomorphisme

o A — A

Une derniere réflexion par rapport aux cercles A et A’ permet de prolonger ¢ en un
automorphisme de CU{oc}, qui conserve C : ¢ est une similitude, donc I'identité. O

Exercice 5.11. — Avec les notations du Lemme 5.10, montrer que 'indicateur de la
paire (A, B) n’est pas un carré itératif. En déduire que les indicateurs des paires (4, B)
et (A’, B') ne sont pas conjugués si A # A’
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Appendice : complément au Chapitre 2

A.1. Introduction. — Dans cet appendice, nous faisons un bilan des résultats
connus sur la classification des paires d’arcs analytiques. C’est peut-étre utile, car
la classification formelle donnée par Kasner [15] et Pfeiffer [22] comporte (je crois)
une (légere) erreur, et Nakai [19] ne traite qu’en quelques mots le cas des paires
transverses, résonnantes ou non. La présentation, qui consiste a se ramener a la clas-
sification bien établie des difféomorphismes, via les indicateurs, est empruntée [19] (8,
Antérieurement, Voronin [28] avait utilisé une méthode analogue pour classer les
paires d’involutions holomorphes de (C,0).

A.2. Classification formelle des difféomorphismes de (C,0). — On la rappelle
sans démonstration ; voir [6], [14], [17], [19].

Soit f € G. Le multiplicateur p(f) de f est le coefficient a; € C* dans le dévelop-
pement :

+oo
f(z)=a1z + Z anz™.
n=2

C’est un invariant formel. On a :

(35) u(fog)=p(fulg); wSofoS)=pu(f) siSeS.
On dit que f est résonnant si pu(f) est une racine de 1'unité, non résonnant sinon.
Sife G est résonnant et n’est pas d’ordre fini, son multiplicateur p(f) est une
racine primitive m-ieme de 'unité, m € N*, et f(™) est tangent & I’identité & un ordre
fini ¢ > 1. Le type 7(f) de f est défini par 7(f) = ¢ + 1; c’est un invariant formel.
On remarque que ¢ est un multiple de m, donc que p(f) est une racine g-ieme, pas
forcément primitive, de 'unité.
On montre que tout f € é, de type ¢ + 1 > 2, est formellement conjugué a un
difféomorphisme de la forme :

(36) f(2) :ei2”k/qz(1+z‘17mz2q+...)

Le nombre x € C est invariant par conjugaison formelle. J’appellerai résidu de f le
nombre :

(37) rés(f) = TE 4 s

C’est le résidu normalisé de [19]. On a :

(38) rés(So foS)=rés(f) siSeS.

ThéorémeA.l. — Deuz éléments de G sont formellement conjugués si et seulement

si 1) ils ont le méme multiplicateur et 2) dans le cas ou ils sont résonnants et d’ordre
infini, ils ont le méme type et le méme résidu.

()1’ exposé de [19] comporte plusieurs énoncés « évidemment faux ». D’autre part, je n’ai pas repris
sa notion de « relation associative » qui ne me semble pas simplifier les choses.
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A.3. Paires d’ordre fini. — C’est un cas qu'’il vaut mieux écarter d’emblée. Ce
qui est dit dans ce paragraphe vaut aussi dans le cas formel.

Proposition A.2. — Toute paire d’ordre fini est équivalente a une paire de droites.
Démonstration. — Soit (A, B) une paire d’ordre ¢, de multiplicateur v = e?27+/4,
k € {0,...,g — 1}. Soit u son indicateur. On peut supposer A = R. La méthode
classique pour linéariser u consiste & introduire :

142
h=- v O,

En effet, on a u(h) = 1 et h ou = vh. Compte tenu de Sg ou =u"' o Sk, on a :
142
SgpohoSgp = —Zvlu(_l) = h,
q
1=0

donc h est réelle et (h(A), h(B)) = (R, h(B)) a pour indicateur vI : h(B) est la droite
qui fait 'angle —7p/q modulo 7 avec R. O

Une paire d’ordre fini a un « gros » groupe d’automorphismes. Toutes les transfor-
mations réelles de la forme h(z) = 2(1+ 3, hi2z*%) conservent la paire de droites
(R,e""P/9R). C’est un cas exceptionnel.

A.4. Difféomorphismes modeéles. — Chaque classe formelle a des représentants
analytiques, mais certains sont distingués par le fait qu’ils ont le maximum de « sy-
métries » analytiques. On donne ci-dessous les modeles les plus couramment cités.

Un difféomorphisme formel non résonnant, ou résonnant et d’ordre fini, est formel-
lement conjugué a la similitude :

fu(z) == uz
de méme multiplicateur. Pour ¢ € N*, on notera :
Wq = feizn/a-
Pour tout g € N* et tout r € C, on introduit le champ de vecteurs :
Xyr =201+ i?“zq)_ldiz
On vérifie que :
(39) (fu)s Xgr = uinq,ru*‘l'

Un difféomorphisme formel, tangent a I'ordre ¢ > 1 a 'identité et de résidu r, est
formellement conjugué a :

fqr i=exp X,
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Compte tenu de (39), on a wék) o fqr = fqro wék) quel que soit k € Z. Un difféomor-

phisme formel de type ¢+ 1, de multiplicateur e??™*/4 et de résidu r, est formellement
conjugué a :
fq,k,r = Wék) o fq,r = fq,r o W((Ik)

Pour tout ¢ € C, on définit I'itéré d’ordre ¢ de f,, par :
féf,z = exp(tXq,r).

En posant ¢ = =% dans (39), on obtient féf)t = fuo fyro f; !, donc:

rés(fU)) = rés(for), (L €CY).

Sife G est tangent a l'identité, de type g + 1 et de résidu r, on peut écrire f =
o faroop™t, ¢ € G. Pour tout t € C, on définit l'itéré d’ordre t de f par

[W=¢o filoos™h
c’est indépendant du choix de ¢. L’avant-derniere formule donne :

vés(f)

(40) rés(fV) = —=,

(teCr).

Si f € G est tangent & l'identité, on dit que f est pleinement itérable si f() € G
converge pour tout ¢t € C. On a rappelé dans le § 2.3 trois théoréemes importants a ce
sujet.

Le lemme suivant complete le Théoreme A.1 :

LemmeA.3. — Si u n’est pas une racine de l'unité, a(fu) = C(fu); c’est le groupe
des similitudes. Pour tout ¢ > 1, tout k € {0,...,q — 1} et tout r € C, é(fq,kyr) =
C(fqkr); c’est le produit direct du groupe cyclique engendré par wq et du groupe des
itérés d’ordre complexe de fg .

A.5. Classification formelle des paires. — On utilise les notations du § A.4.
Remarquons que pour tout ¢ € N* tout r € C, tout t € C :

(Sr)«tXqr = —tXq 7.
On a donc les formules :

(41) Sk fuoSx=fa; Spow® o fhoSy=w™ ol

LemmeA.4. — Un élément f de G est un indicateur de paire formelle si et seulement
1) |p(f)l =1 et 2) le cas échéant rés(f) € iR.

Ce résultat est faux dans le cas analytique; voir [19] pour les paires tangentes, et
les remarques du § A.7.
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Démonstration. — Les formules (35), (38) et (40) montrent que les conditions sont
nécessaires.

Les formules (41) donnent la réciproque. En effet, si |u| = 1, si r est imaginaire pur
et pour t = 1, on obtient :

SgofuoSk=f,'; Sro fyrroSk= f717,«-

q,

Il en résulte que, pour f = f, ou f = forr f est I'indicateur de la paire
(Swr, Sk o f). O

Deux paires formelles formellement équivalentes ont des indicateurs formellement
conjugués. La réciproque est seulement presque vraie :

Théoreme A.5. — Les paires formelles dont les indicateurs appartiennent & une classe
de conjugaison formelle donnée forment une classe d’équivalence formelle, sauf si elles
sont résonnantes de type impair. Dans ce cas-ci, elles se répartissent en deux classes
d’équivalence formelle.

Démonstration. — On utilise les remarques du §1.9 et le Lemme A.3. On écarte
le cas des paires d’ordre fini, déja traité. Il suffit de classer formellement les paires
d’indicateur donné f, quand f est un des difféomorphismes modeles du § A .4.

Supposons d’abord f = feizre, t € R\ Q. Compte-tenu de (41), les paires for-
melles d’indicateur f sont les paires (S, S o f) avec S = Sg o fw, t' € R. Les paires
formellement équivalentes & (Sg, Sg o f) sont les paires (S, S o f) avec

S:quS]ROfJIZfH/u'

Autrement dit, les rotations opérent simplement et transitivement sur 1’ensemble des
paires d’indicateur f et les homothéties les conservent.
Soit maintenant ¢ € N*, k € {0,...,¢g— 1}, r €iR et :
f = fq,k,r = Wék) °g; g= fq,r~
Comme r est imaginaire pur, (41) donne, sil € {0,...,q—1} et t € C:
Seow o g™ oS = w(™ o g
Les paires formelles d’indicateur f sont donc les paires (S, .S o f) avec
S = Sy owfl” og®, (leZ, teR).

Les paires formellement équivalentes a cette paire sont les paires :

wém) 0g® oSgo wél) og®o wé*m) 0g™) =Spo wél*QM) o glt=(s+9)

ou m décrit Z et s décrit C.

Etant donnés I € Z et ¢’ € R, Péquation ¢ — (s +35) = t’ est résoluble en s € C.
L’équation | — 2m = I’ modulo ¢ est résoluble en m si ¢ est impair. Si g est pair, elle
n’est résoluble que si l — I’ est pair. O
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La démonstration montre de plus que le groupe des automorphismes formels d’une
paire formelle d’indicateur f est indépendant de cette paire. Il est engendré par les
itérés de g, d’ordres imaginaires purs, et dans le cas ot q est pair, 'unique involution
de C(f).

Les modeles de paires qu’on vient de décrire ne sont pas tous explicites, mais ils
ont le plus de symétries analytiques possibles. Les modeles plus simples suivants n’ont
pas cette propriété :

Théoréeme A.6 (Kasner, Pfeiffer). — Toute paire formelle est formellement équivalente
a une paire de droites ou a une et une seule des paires suivantes :
A= {y =ex®™ + 1227} B = {sin(kr/q) x — cos(kn/q)y = 0},
ot q e N* ke{0,...,q—1}, I €R et e =1 si q est impair, e = £1 si q est pair.
Je n’ai pas repéré dans [15] ni [22] l'invariant € € {£1} quand l’ordre de contact

est pair .

Démonstration. — Un calcul analogue a celui du § 2.1 montre que :

Sa(z) =% <1 + 2iez? + (2z‘g—:)2(i21 - ié)qu + - > .

On a Sp(z) = e~ 2imk/a 8y d’out lindicateur

f(z) = e 2mk/ay (1 + ez + (22‘5)2(% - ié)z% + - ) :
Si e = +£1 est fixé, on obtient bien tous les indicateurs de type fini possibles, a
conjugaison formelle pres, une et une seule fois.
Notons, g, k et [ étant fixés, (A4, B) la paire correspondant & ¢ = +1; elles ont des
indicateurs différents mais formellement conjugués. Si ¢ est impair, z — —z induit
une équivalence entre (A, B) et (A_, B). Supposons maintenant ¢ pair et soit

+oo
z= Z anZ"”
n=1
une substitution qui transforme (A4, B) en (A_, B). La conservation de B donne :
(42) Im(a,e! ™ D7mk/1) = (

pour tout n. En particulier, Ima; = Imag4+; = 0. On calcule maintenant I’équation
de I'image de A,. Modulo o(Y) et o(X?*!), on obtient :

q+1
aY + Z Im(a,) X" = a‘f'HX‘H'1 + e
n=2
On a donc Im(a,) = 0 puis, compte tenu de (42), a, = 0 pour n = 2...q. Comme
Im(ag+1) = 0, P'équation se réduit & Y = af X9 4 ... ; comme ¢ est pair, a{ > 0 et
la substitution cherchée n’existe pas. O
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A.6. Classification des paires de type fini. — Les Théoremes 2.7 et 2.8 ont la
conséquence suivante :

Théoréme A.7 (Nakai). — Soit f € G un indicateur de paire de type q+1 et N(f) > 1
le nombre des classes d’équivalence des paires d’indicateurs conjugués a f. Si f(9 est
pleinement itérable, N(f) = 1 si q est impair et N(f) = 2 si q est pair. Si f(O nlest
pas pleinement itérable, N(f) = 2 si q est impair; si q est pair N(f) =2 ou 4 selon
les cas.

Démonstration. — Si f(@ est pleinement itérable, f(? est conjugué & 'un des modeéles
du § A4 d’apres le Théoréme 2.8, donc aussi f. Alors C(f) = a(f) et le Théoreme
A.5 donne le résultat.

On suppose maintenant que f(? n’est pas pleinement itérable. D’apres le Théo-
réme d’Ecalle-Liverpool, le sous-groupe des éléments de C(f) tangents & l'identité est
engendré par un élément h de type ¢ + 1. L’ensemble M (f) = {u(é), ¢ € C(f)}
est un groupe cyclique d’ordre p, un diviseur de ¢. Soit ¥ € C(f) de multiplicateur
e??7/P. Le groupe C(f) est engendré par 1 et h.

Soit (5,5 o f) une paire d’indicateur f. Tout élément ¢ de type fini de C(f) a un
résidu € iR. On en déduit (la vérification est formelle, voir alors la démonstration du
Théoreme A.5) que So¢o S = ¢! pour tout ¢ € C(f), donc que

P(¢) = (So0¢,S0¢of)
est une paire, qu'on obtient ainsi toutes les paires d’indicateur f, et que ¢ et ¢o
définissent des paires équivalentes si et seulement si ¢; o ¢, * est un carré dans C(f).

Tout ¢ € C(f) s’écrit ¢ = ™ o (™ m. n € Z. En réduisant modulo les carrés,
selon la parité de m et n, on voit que toute paire d’indicateur f est équivalente a I'une
des suivantes :

P(I), P(h), P(#), P(oh).

Si p est impair (c’est le cas si ¢ est impair), p +— p? est un automorphisme de
M(f). En particulier (1)) est un carré dans M(f) et on peut écrire ¢ = ¢ o h(") ;
selon la parité de n, ¥ ou 1 o h est un carré. La liste se réduit & P(I), P(h). Mais
h n’est un carré dans C'(f) puisqu’il n’a pas de racine itérative et que —1 ¢ M (f) :
N(f) =2, les deux classes provenant de la méme classe formelle.

Si q et p sont pairs, —1 € M(f). Si h est un carré de C(f), N(f) = 2; sinon
N(f)=4. O

A.7. Remarques sur les paires non résonnantes. — Il s’agit des paires (A, B)
de multiplicateur e*?™ ot t € R\ Q; les deux arcs A et B font un angle —7t modulo
7, et c’est le seul invariant formel de ces paires.

Le probléme de la classification analytique est bien plus délicat. Pfeiffer [23] a
montré le premier 'existence de difféomorphismes non résonnants qui ne sont pas

linéarisables, i.e. qui ne sont pas conjugués a une similitude. I1 a montré dans le
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méme article qu’il en existait qui étaient des indicateurs de paires. La théorie des
difféomorphismes non résonnants a fait depuis de grands progres, mais il ne semble
pas qu’on l'ait appliquée aux paires. On se contentera de quelques commentaires.

Sit € R\ Q est un nombre de Bruno, un difféomorphisme de multiplicateur e??™*
est linéarisable (Théoréme de Bruno, voir [30]), donc une paire de multiplicateur e?27¢
est équivalente & une paire de droites.

Sit e R\ Q n’est pas un nombre de Bruno, I’ensemble des difféfomorphismes de
multiplicateur €27 se scinde en une infinité non dénombrable de classes de conjugai-
son analytique (Théoréme de Yoccoz, voir [30]).

Soit encore t € R\ Q et f € G, de multiplicateur e*>™*. Supposons que f n’est pas
linéarisable, et notons :

M(f) ={ulg), g€ C(f)}

C’est une partie du cercle unité car, si g € C(f) et |u(g)| # 1, g est linéarisable (en
vertu du Théoréme de Koenigs, voir par exemple [8]), donc aussi f. C’est un sous-
groupe propre du cercle unité car il ne contient aucun nombre de Bruno (irrationnel).
Si de plus f est indicateur d’une paire (S,.S o f), on voit facilement, selon un raison-
nement qu’on a fait plusieurs fois et compte-tenu du fait que |u(g)| =1 si g € C(f),
que (S og,Sogo f) est une paire pour tout g € C(f), qu'on obtient ainsi toutes les
paires d’indicateur f, et que g1, g2 € C(f) définissent des paires équivalentes si et
seulement si g1 0 g5 ! est un carré dans C (f). L’ensemble des classes d’équivalence des
paires dont I'indicateur est conjugué a f est donc en bijection avec :

M(f) / {u?, we M(f)}.

Pérez-Marco [21] a montré qu’il existe t € R\ Q et f € G de multiplicateur e
tel que M(f) ne soit pas dénombrable.

27t

Les résultats de Yoccoz et de Pérez-Marco qu’on a cités suggerent que les questions
suivantes ont des réponses positives; les spécialistes des méthodes de [30] et [21]
devraient pouvoir se prononcer.

(1) Sit € R\Q n’est pas un nombre de Bruno, existe-t-il f € G, de multiplicateur
e™  qui ne soit pas un indicateur de paire ?

(2) Sit e R\ Q n'est pas un nombre de Bruno, existe-t-il une infinité non dénom-
brable de paires de multiplicateur €*™t, deux a deux non équivalentes ?

(3) Eziste-t-il f € G et une infinité non dénombrable de paires d’indicateur f, deux

a deux non équivalentes ?

A.8. Remarque historique. — Le probleme de la classification formelle des paires
a été étudié d’abord par Kasner, voir [15] dans les comptes rendus du 5éme Congres
International des Mathématiciens (1912). Il traite le cas non résonnant et le cas des
paires tangentes, qu’il nomme « horn angles ». Il considere aussi le cas résonnant
général, mais sans le résoudre. Dans tous les cas, il pose le probleme de la convergence

SOCIETE MATHEMATIQUE DE FRANCE 2003



318 J.-M. TREPREAU

des transformations normalisantes. Le cas transverse résonnant est traité par Pfeiffer
[22].

Birkhoff connaissait et appréciait les travaux de Kasner, voir [7], pages 309 et 310,
voir aussi Davis [9], pages 212 et 213. On peut aussi remarquer que le premier exemple
de difféomorphisme formellement mais non analytiquement linéarisable a été donné
par Pfeiffer [23] en 1915, & propos d’un des problémes posés par Kasner. Cet article
est cité dans la plupart des livres de dynamique holomorphe. Dans cet article, Pfeiffer
dit suivre une suggestion de Birkhoff!

Finalement, en 1939, Birkhoff résout le probleme de la classification analytique des
difféomorphismes résonnants, comme en passant, dans un article dont le titre « Sur
les fonctions auto-équivalentes ... » n’évoque ni la géométrie conforme, ni la dyna-
mique, ni la classification des difféomorphismes. Ni Birkhoff, ni Kasner, ni personne
n’appliquera les résultats de cet article au probleme des paires d’arcs tangents. En
1995, Nakai [19] applique la théorie d’Ecalle-Voronin au probleme.

Qui a lu Particle de Birkhoff avant 19957 En tout cas, il n’a pas trouvé son lecteur
avant cette date.
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