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ARITHMETIC DIVISORS ON ORTHOGONAL
AND UNITARY SHIMURA VARIETIES

Jan H. Bruinier, Benjamin Howard, Stephen S. Kudla,
Keerthi Madapusi Pera, Michael Rapoport, Tonghai Yang

Abstract. — The three papers in this volume concern the modularity of generating
series of divisors on integral models of orthogonal and unitary Shimura varieties.

Résumé (Diviseurs arithmétiques sur les variétés orthogonales et unitaires de Shimura).

— Les trois articles de ce volume traitent de modularité des séries génératrices des
diviseurs sur les modéles entiers de variétés orthogonales et unitaires de Shimura.
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PREFACE

by

Jan H. Bruinier, Benjamin Howard, Stephen S. Kudla,
Keerthi Madapusi Pera, Michael Rapoport & Tonghai Yang

The formation of modular generating series whose coefficients are geometric cycles
began with the work of Hirzebruch-Zagier [14], who constructed divisors on com-
pactified Hilbert modular surfaces over C, and showed that their cohomology classes
formed the coefficients of a weight 2 modular form.

An extensive study of the modularity of generating series for cohomology classes
of special cycles in Riemannian locally symmetric spaces M = I'\ X was undertaken
in a series of papers [21, 22, 23| of Kudla and Millson. The main technical tool was a
family of Siegel type theta series valued in the de Rham complex of M, from which
modularity was inherited by the image in cohomology.

The special cycles used by Kudla-Millson are given by an explicit geometric con-
struction, and so, in the cases where M is (the complex fiber of) a Shimura variety, it
is natural to ask whether the analogous generating series for special cycle classes in the
Chow group is likewise modular. In the case of Shimura varieties of orthogonal type,
this question was raised in [19]. In some special cases modularity of the Chow group-
valued generating series can be deduced from modularity of the cohomology-valued
generating series; see [27, 26] for example.

The generating series for Heegner points in the Jacobian of a modular curve
was proved to be modular by Gross-Kohnen-Zagier [12]. Motivated by their work,
Borcherds |2, 3] proved the modularity of the generating series of Heegner (= special)
divisors in the Chow groups of Shimura varieties of orthogonal type. His method de-
pended on the miraculous construction of Borcherds products: meromorphic modular
forms on orthogonal Shimura varieties, constructed via a regularized theta lift, whose
explicitly known divisors provide enough relations among special divisors to prove
modularity.

The three papers in this volume are concerned with similar modularity results,
but now for generating series of divisors on integral models of orthogonal and uni-
tary Shimura varieties; more precisely, of generating series with coefficients in the
codimension one arithmetic Chow groups of Gillet-Soulé.

© Astérisque 421, SMF 2020
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The first results in this arithmetic direction were obtained in [20], which dealt
with arithmetic divisors on quaternionic Shimura curves (a special case of orthogonal
Shimura varieties). Still in the Shimura curve setting, quite complete results on the
modularity of generating series were obtained in the book [24]. There the case of
arithmetic O-cycles is also treated and the corresponding generating series is shown to
coincide with the central derivative of a weight 3/2 Siegel genus 2 incoherent Eisenstein
series.

The Green functions used in [20, 24] are derived from the Kudla-Millson theta series,
and a similar construction can be used to obtain Green functions for special divisors
on all orthogonal Shimura varieties. On the other hand, Bruinier [4] generalized the
regularized theta lift of Borcherds by allowing harmonic Maass forms as inputs. This
provides a different construction of Green functions for special divisors, with the
advantage that one can try to use the method of Borcherds to establish modularity of
the corresponding generating series with coefficients in the arithmetic Chow group. In
the case of Hilbert modular surfaces (once again, a special case of orthogonal Shimura
varieties), this was done in [3].

The main obstruction to extending the method of Borcherds to integral models is
that the divisor of a Borcherds product is, a priori, only known on the generic fiber
of the Shimura variety. To obtain modularity of the generating series with coefficients
in the codimension one arithmetic Chow group, one must compute the divisor of
a Borcherds product on the integral model, where the divisor may contain vertical
components.

The first paper [6] of this volume deals with arithmetic divisors on compactified
unitary Shimura varieties of signature (n—1,1), and the main result is the modularity
of the corresponding generating series with coefficients in the arithmetic Chow group.
The proof follows the method of Borcherds, with the essential new ingredient being
the calculation of the vertical components and boundary components appearing in
the divisor of a unitary Borcherds product.

The second paper [7] of this volume contains applications of the modularity result
just stated. One can form the Petersson inner product of the generating series of
arithmetic divisors against a cusp form g of the appropriate weight and level. This
defines a class in the codimension one arithmetic Chow group of the unitary Shimura
variety, called the arithmetic theta lift of g. On the other hand, taking Zariski closures
of CM points yields cycles of dimension one on the integral model, which one can then
intersect with the arithmetic theta lift. The main results show that such intersections
are equal to central derivatives of (generalized) L-functions, somewhat in the spirit of
the Gross-Zagier theorem [13] on heights of Heegner points. These results complete, in
some sense, the series of papers [16, 17, 8], which contain the bulk of the intersection
calculations.

The second paper also proves special cases of Colmez’s conjecture [10] on the
periods of CM abelian varieties. These special cases can actually be deduced from
the averaged version of the conjecture [1, 25], but the proofs given here yield new
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information about the arithmetic of unitary Shimura varieties, which we hope is of
independent interest.

Another application of the modularity result on unitary Shimura varieties has been
found by W. Zhang [29], who has used it in his proof of the Arithmetic Fundamental
Lemma.

The third paper [18] proves the modularity of generating series of arithmetic di-
visors on integral models of orthogonal type Shimura varieties. As in the unitary
case, the new ingredient in the proof of modularity is the calculation of divisors of
Borcherds products on integral models. This extends results of Hérmann [15], who
does such calculations only after inverting all primes where the integral model has
nonsmooth reduction. Hormann must assume that the Shimura variety has cusps (so
that one can study the Borcherds product using its g-expansion), an assumption that
is removed here using an arithmetic version of the embedding trick of Borcherds.

With the results of this volume in hand, it is natural to ask about the modularity
of generating series of arithmetic special cycles in higher codimension. Although the
reader will find no such results in this volume, there is progress along these lines. The
modularity of generating series of higher codimension cycles in the Chow group of
the generic fiber of an orthogonal Shimura variety has been proved by Bruinier and
Raum [9], building on the unpublished thesis of W. Zhang [28]. An extension of this
result to cycles in the Chow groups of the integral model will appear in forthcoming
work of Howard and Madapusi Pera, but extending the result further to arithmetic
Chow groups remains an open problem. The recent construction of Green currents
for higher codimension special cycles by Garcia-Sankaran [11] is a significant step in
this direction.
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MODULARITY OF GENERATING SERIES OF DIVISORS
ON UNITARY SHIMURA VARIETIES

by
Jan H. Bruinier, Benjamin Howard, Stephen S. Kudla, Michael Rapoport
& Tonghai Yang

Abstract. — We form generating series, valued in the Chow group and the arithmetic
Chow group, of special divisors on the compactified integral model of a Shimura vari-
ety associated to a unitary group of signature (n —1,1), and prove their modularity.
The main ingredient in the proof is the calculation of vertical components appearing
in the divisor of a Borcherds product on the integral model.

Résumé (Modularité des séries génératrices de diviseurs sur les variétés de Shimura unitaires)

Nous formons des séries génératrices, a valeurs dans le groupe de Chow et dans le
groupe de Chow arithmétique, formées des diviseurs spéciaux sur le modéle intégral
compact d’une variété de Shimura associée & un groupe unitaire de signature (n—1, 1),
et prouvons leur modularité. L’ingrédient principal de la preuve est le calcul des
composantes verticales apparaissantes dans le diviseur d’un produit de Borcherds sur
le modéle intégral.

1. Introduction

The goal of this paper is to prove the modularity of a generating series of special
divisors on the compactified integral model of a Shimura variety associated to a uni-
tary group of signature (n — 1,1). The special divisors in question were first studied
on the open Shimura variety in [33, 34], and then on the toroidal compactification
in [24].

This generating series is an arithmetic analogue of the classical theta kernel used
to lift modular forms from U(2) and U(n). In a similar vein, our modular generating

2010 Mathematics Subject Classification. — 14G35, 14G40, 11F55, 11F27, 11G18.
Key words and phrases. — Shimura varieties, Borcherds products.

J.B. was supported in part by DFG grant BR-2163/4-2. B.H. was supported in part by NSF grants
DMS-1501583 and DMS-1801905. M.R. was supported in part by the Deutsche Forschungsgemein-
schaft through the grant SFB/TR 45. S.K. was supported in part by an NSERC Discovery Grant.
T.Y. was supported in part by NSF grant DMS-1500743 and DMS-1762289.
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8 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

series can be used to define a lift from classical cuspidal modular forms of weight n
to the codimension one Chow group of the unitary Shimura variety.

1.1. Statement of the main result. — Fix a quadratic imaginary field k C C of odd

discriminant disc(k) = —D. We are concerned with the arithmetic of a certain unitary

Shimura variety, whose definition depends on the choices of k-hermitian spaces Wy

and W of signature (1,0) and (n—1, 1), respectively, where n > 3. We assume that W

and W each admit an Og-lattice that is self-dual with respect to the hermitian form.
Attached to this data is a reductive algebraic group

(1.1.1) G C GU(W,) x GU(W)

over Q, defined as the subgroup on which the unitary similitude characters are equal,
and a compact open subgroup K C G(Ay) depending on the above choice of self-dual
lattices. As explained in §2, there is an associated hermitian symmetric domain D,
and a Deligne-Mumford stack Sh(G, D) over k whose complex points are identified
with the orbifold quotient

Sh(G,D)(C) = G(Q\D x G(Ay)/K.

This is the unitary Shimura variety of the title.

The stack Sh(G, D) can be interpreted as a moduli space of pairs (Ap, A) in which
Ay is an elliptic curve with complex multiplication by O, and A is a principally po-
larized abelian scheme of dimension n endowed with an Og-action. The pair (A, A) is
required to satisfy some additional conditions, which need not concern us in the in-
troduction.

Using the moduli interpretation, one can construct an integral model of Sh(G, D)
over Og. In fact, following work of Pappas and Krémer, we explain in § 2.3 that there
are two natural integral models related by a morphism Sy, — Spap. Each integral
model has a canonical toroidal compactification whose boundary is a disjoint union
of smooth Cartier divisors, and the above morphism extends uniquely to a morphism

(1.1.2) Skra — Spap

of compactifications.

Each compactified integral model has its own desirable and undesirable properties.
For example, Si,, is regular, while S, is not. On the other hand, every vertical (i.e.,
supported in nonzero characteristic) Weil divisor on Sp,p has nonempty intersection
with the boundary, while S, has certain exceptional divisors in characteristics p | D
that do not meet the boundary. An essential part of our method is to pass back and
forth between these two models in order to exploit the best properties of each. For
simplicity, we will state our main results in terms of the regular model Sg_. .

In §2 we define a distinguished line bundle w on Sk;a., called the line bundle of
weight one modular forms, and a family of Cartier divisors Zk,,(m) indexed by inte-
gers m > 0. These special divisors were introduced in [33, 34|, and studied further in
[11, 23, 24]. For the purposes of the introduction, we note only that one should regard
the divisors as arising from embeddings of smaller unitary groups into G.

ASTERISQUE 421
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Denote by
Chyy(Sitra) = Pic(Skra) ©2 Q
the Chow group of rational equivalence classes of divisors with QQ coefficients. Each
special divisor Zk,,(m) can be extended to a divisor on the toroidal compactification

simply by taking its Zariski closure, denoted Zj,, (m). The total special divisor is
defined as

(1.1.3) Z1(m) = Zia(m) + Bira(m) € Chy(Sira)
where the boundary contribution is defined, as in (5.3.3), by

Bica(m) = —2 > #{w € Lo : {m,3) = m} - S5 (9).
P

The notation here is the following: The sum is over the equivalence classes of proper
cusp label representatives ® as defined in §3.1. These index the connected compo-
nents S, (®) C 9Sx,, of the boundary . Inside the sum, (Lo, (.,.)) is a hermitian
Op-module of signature (n — 2,0), which depends on ®.

The line bundle of modular forms w admits a canonical extension to the toroidal
compactification, denoted the same way. For the sake of notational uniformity, we
extend (1.1.3) to m = 0 by setting

(1.1.4) Z{28(0) = 0! + Exc € Chy(Sk,a)-

Here Exc is the exceptional divisor of Theorem 2.3.4. It is a reduced effective divisor
supported in characteristics p | D, disjoint from the boundary of the compactification.
The following result appears in the text as Theorem 7.1.5.

Theorem A. — Let xx : (Z/DZ)* — {£1} be the Dirichlet character determined
by k/Q. The formal generating series

D 2R (m) - ™ € Chy(Si.a)[la]]
m>0

is modular of weight n, level T'o(D), and character xj in the following sense: for
every Q-linear functional o : Ché(Sf‘{ra) — C, the series

> a2l (m)) - ¢™ € Cllq]]
m>0

is the q-expansion of a classical modular form of the indicated weight, level, and char-
acter.

1
We can prove a stronger version of Theorem A. Denote by Chg(Sk,,) the Gillet-

Soulé [20] arithmetic Chow group of rational equivalence classes of pairs Z = (Z, Gr),
where Z is a divisor on Sf,, with rational coefficients, and Gr is a Green function

(1) After base change to C, each Sira(®) decomposes into h connected components, where h is the
class number of k.

SOCIETE MATHEMATIQUE DE FRANCE 2020



10 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

for Z. We allow the Green function to have additional log-log singularities along the
boundary, as in the more general theory developed in [13]. See also [8, 24].

In §7.3 we use the theory of regularized theta lifts to construct Green functions
for the special divisors Z{2t (m), and hence obtain arithmetic divisors

Ztot éTll S*
Kra( )E Q( Kra)

for m > 0. We also endow the line bundle w with a metric, and the resulting metrized
line bundle ® defines a class

—~1
2184(0) = 8" + (Exc, — log(D)) € Chy(Sra),

where the vertical divisor Exc has been endowed with the constant Green function
—log(D). The following result is Theorem 7.3.1 in the text.

Theorem B. — The formal generating series
Z ZIt(Orta q € Ch@(SKra)[[ ]]
m>0

is modular of weight n, level T'g(D), and character xj, where modularity is understood
in the same sense as Theorem A.

Remark 1.1.1. — As this article was being revised for publication, Wei Zhang an-
nounced a proof of his arithmetic fundamental lemma, conjectured in [52]. Although
the statement is a purely local result concerning intersections of cycles on unitary
Rapoport-Zink spaces, Zhang’s proof uses global calculations on unitary Shimura va-
rieties, and makes essential use of the modularity result of Theorem B. See [53].

Remark 1.1.2. — Theorem B implies that the Q-span of the classes 2{&2(771) is finite
dimensional. See Remark 7.1.2.

Remark 1.1.3. — There is a second method of constructing Green functions for the
special divisors, based on the methods of [36], which gives rise to a non-holomorphic
variant of ¢(7). It is a recent theorem of Ehlen-Sankaran [16] that Theorem B implies
the modularity of this non-holomorphic generating series. See §7.4.

One motivation for the modularity result of Theorem B is that it allows one to
construct arithmetic theta lifts. If g(7) € S,(To(D), x%) is a classical scalar valued
cusp form, we may form the Petersson inner product

~ of ,~ —~1
8(9) < (,9)per € Che(Siira)

as in [38]. One expects, as in [loc. cit.], that the arithmetic intersection pairing of é\(g)
against other cycle classes should be related to derivatives of L-functions, providing
generalizations of the Gross-Zagier and Gross-Kohnen-Zagier theorems. Specific in-
stances in which this expectation is fulfilled can be deduced from [11, 23, 24]. This
will be explained in the companion paper [10].

ASTERISQUE 421



MODULARITY OF UNITARY GENERATING SERIES 11

As this paper is rather long, we explain in the next two subsections the main ideas
that go into the proof of Theorem A. The proof of Theorem B is exactly the same,
but one must keep track of Green functions.

1.2. Sketch of the proof, part I: the generic fiber. — In this subsection we sketch the
proof of modularity only in the generic fiber. That is, the modularity of

(1.2.1) D 2L (M) k- 4™ € Chgy(Sicyai)[[d]]-
m>0
The key to the proof is the study of Borcherds products [4, 5].
A Borcherds product is a meromorphic modular form on an orthogonal Shimura
variety, whose construction depends on a choice of weakly holomorphic input form,
typically of negative weight. In our case the input form is any

(1.2.2) )= cm)g™ € My%,(D,xp ),
m>>>—o0
where the superscripts ! and oo indicate that the weakly holomorphic form f(7) of
weight 2 — n and level T'g(D) is allowed to have a pole at the cusp co, but must be
holomorphic at all other cusps. We assume also that all ¢(m) € Z.
Our Shimura variety Sh(G,D) admits a natural map to an orthogonal Shimura
variety. Indeed, the k-vector space

V = Homy (Wy, W)

admits a natural hermitian form (., .) of signature (n—1,1), induced by the hermitian
forms on Wy and W. The natural action of G on V determines an exact sequence

(1.2.3) 1 — Resg9Gr — G —U(V) =1

of reductive groups over Q.

We may also view V as a Q-vector space endowed with the quadratic form
Q(z) = (z,z) of signature (2n — 2,2), and so obtain a homomorphism G — SO(V).
This induces a map from Sh(G,D) to the Shimura variety associated with the
group SO(V).

After possibly replacing f by a nonzero integer multiple, Borcherds constructs a
meromorphic modular form on the orthogonal Shimura variety, which can be pulled
back to a meromorphic modular form on Sh(G, D)(C). The result is a meromorphic
section 1 (f) of w*, where the weight

(1.2.4) k=> v -c(0)€Z
r|D

is the integer defined in §5.3. The constant v, = ler Yp is a 4*" root of unity (with
7 = 1) and ¢,(0) is the constant term of f at the cusp

oo, = % € To(D)\P*(Q),

in the sense of Definition 4.1.1.
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Initially, ¥(f) is characterized by specifying —log||4(f)||, where || - || is the Pe-
tersson norm on w*. In particular, ¥(f) is only defined up to rescaling by a complex
number of absolute value 1 on each connected component of Sh(G, D)(C). We prove
that, after a suitable rescaling, ¥ (f) is the analytification of a rational section of the
line bundle w* on Sh(G, D). In other words, the Borcherds product is algebraic and
defined over the reflex field k. This allows us to view 1(f) as a rational section of w”
both on the integral model Sk;,, and on its toroidal compactification.

We compute the divisor of 4(f) on the generic fiber of the toroidal compactification
Sf‘{m/k, and find

(1.2.5) div(y (£ = Y e(=m) - Zih(m) k-

m>0

The calculation of the divisor on the interior Sk, % follows immediately from the
corresponding calculations of Borcherds on the orthogonal Shimura variety. The mul-
tiplicities of the boundary components are computed using the results of [32], which
describe the structure of the Fourier-Jacobi expansions of ¥ (f) along the various
boundary components.

The equality of divisors (1.2.5) implies the relation

ko= c(-m)- Zigh(m) sk
m>0

in the Chow group Ch(b(SI*(ra/k). The cusp ooy = 1/D is I'g(D)-equivalent to the
usual cusp at oo, and so ¢1(0) = ¢(0). Substituting the expression (1.2.4) for k into
the left hand side and using (1.1.4) therefore yields the relation

(1.2.6) D> e (0) 0= c(—m) - 248k (m) i

r|D m>0

r>1
in Chb(é’;‘{ra /k)- In §4.2 we construct for each r | D an Eisenstein series

En(r) =) er(m)-q™ € Ma(D,x}),
m>0
which, by a simple residue calculation, satisfies
er(0) = = ) e(—m)e,(m).
m>0

Substituting this expression into (1.2.6) yields
(12.7) 0="3 cl=m) - (2L 0m) e+ 3 wer(m) - ),

m>0 r|D

r>1

where we have also used the relation e,(0) = 0 for r > 1.
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We now invoke a variant of the modularity criterion of [5], which is our Theo-
rem 4.2.3: if a formal g-expansion

> d(m)g™ € C[[q]]

m>0

satisfies 0 = ) ., c(—m)d(m) for every input form (1.2.2), then it must be the
g-expansion of a modular form of weight n, level I'g(D), and character x}. It follows
immediately from this and (1.2.7) that the formal g-expansion

Z ( e (M) /k"’Z'Yrer ) g™

m=>0 r|D
r>1

is modular in the sense of Theorem A. Rewriting this as

ZZIt(c;ta /k q +Z7r

m>0 r|D
r>1
and using the modularity of each Eisenstein series E,.(7), we deduce that (1.2.1) is
modular.

1.3. Sketch of the proof, part II: vertical components. — In order to extend the argu-
ments of §1.2 to prove Theorem A, it is clear that one should attempt to compute
the divisor of the Borcherds product % (f) on the integral model S, and hope for
an expression similar to (1.2.5). Indeed, the bulk of this paper is devoted to precisely
this problem.

The subtlety is that both div(¢(f)) and Z{5t (m) will turn out to have vertical
components supported in characteristics dividing D. Even worse, in these bad char-
acteristics the components of the exceptional divisor Exc C Sg,, do not intersect the
boundary, and so the multiplicities of these components in the divisor of 1(f) cannot
be detected by examining its Fourier-Jacobi expansion.

This is where the second integral model Si;ap plays an essential role. The morphism
(1.1.2) sits in a cartesian diagram

Exc —— S},
Sing —— Spap»

where the singular locus Sing C Sp,, is the reduced closed substack of points at
which the structure morphism Sp,, — Spec(Ok) is not smooth. It is 0-dimensional
and supported in characteristics dividing D. The right vertical arrow restricts to an
isomorphism

(1.3.1) Skra \ Exc = S, \ Sing.
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For each connected component s € 7y(Sing) the fiber
Exc, = Exc x Spap S

is a smooth, irreducible, vertical Cartier divisor on S, ,, and Exc = | |, Exc,.

As the Op-stack S;ap is proper and normal with normal fibers, every irreducible
vertical divisor on it is the reduction, modulo some prime of O, of an entire connected
(= irreducible) component. From this it follows that every vertical divisor meets the
boundary. Thus one could hope to use (1.3.1) to view 4 (f) as a rational section
on Sp,,, compute its divisor there by examining Fourier-Jacobi expansions, and then
pull that calculation back to Si,,

This is essentially what we do, but there is an added complication. The line bun-
dle  on (1.3.1) does not extend to Sg,,, and similarly the divisor Zj ,(m) on (1.3.1)
cannot be extended across the singular locus to a Cartier divisor on Sf,,. However,
if you square the line bundle and the divisors, they have much better behavior. This
is the content of the following result, which is an amalgamation of Theorems 2.4.3,
2.5.3, 2.6.3, and 3.7.1 of the text.

Theorem C. — There is a unique line bundle Qp., on Sp,, whose restriction to
(1.3.1) is isomorphic to w?. Denoting by Qkya its pullback to Sf,,, there is an iso-
morphism

2o Qira @ O(EXC).

Similarly, there is a unique Cartier divisor Vg3 (m) on Sg, ., whose restriction to

(1.3.1) is equal to 2Z{2% (m). Its pullback Vit (m) to Sy, satisfies
228k (m) = Vi (m)+ > #{z € L, : (z,2) = m} - Exc,.
s€mo(Sing)
Here Lg is a positive definite self-dual hermitian lattice of rank n associated to the
singular point s, and (.,.) is its hermitian form.
Setting Vio!, (0) = Q;;p, we obtain a formal generating series
lg(;tp q € ChQ(SPap)[[q]]
m>0

whose pullback via S, — Sp,, is twice the generating series of Theorem A, up to
an error term coming from the exceptional divisors. More precisely, Theorem C shows
that the pullback is

2 Z Zf(orta qm - Z Vs (T) -Exc; € Ch(%}(sl*{ra)[[(ﬂ]?
m>0 s€mo(Sing)

where each ¥4(7) is the classical theta function whose coefficients count points in the
positive definite hermitian lattice L.

Over (1.3.1) we have w?f = Qlkgap, which allows us to view % (f)? as a rational
section of the line bundle Qpap on Sg,,. We examine its Fourier-Jacobi expansions
along the boundary components and are able to compute its divisor completely (it
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happens to include nontrivial vertical components). We then pull this calculation back
to Si.., and find that +(f), when viewed as a rational section of w*, has divisor

Aiv () = 3 e-m) - 2 m) + 330 (0) - (o8 + 3 S, )

m>0 r|D plr
c(=m)
_ZT Z #{x € L, : (z,z) = m} - Exc,
m>0 s€mo(Sing)
— k- div(6),

where § € Ok is a square root of —D, p C O is the unique prime above p | D, and
Skrasw, is the mod p fiber of Sk, ,, viewed as a divisor. This is stated in the text as

Theorem 5.3.3. Passing to the generic fiber recovers (1.2.5), as it must.
As in the argument leading to (1.2.7), this implies the relation

0=> c(- )(z;g;( )—% > #{xeLs:<x,x>:m}~Excs>

m>0 s€mo(Sing)

ra’

+ Z c(—m) - ZPYTer(m) <w - ? - 81;2”/%)
plr

m>0 r|D
r>1

in the Chow group of S ., and the modularity criterion implies that

>z (m % > Da(r)-Exco+ Y wEr(7)- (w - % = Sta /Fp>

m>0 s€mo(Sing) r|D plr

r>1
is a modular form. As each theta series ¥,(7) and Eisenstein series E,.(7) is modular,
so is > 2 (m) - ¢™. This completes the outline of the proof of Theorem A.

1.4. The structure of the paper. — We now briefly describe the contents of the various
sections of the paper.

In § 2 we introduce the unitary Shimura variety associated to the group G of (1.1.1),
and explain its realization as a moduli space of pairs (Ag, A) of abelian varieties
with extra structure. We then review the integral models constructed by Pappas and
Krémer, and the singular and exceptional loci of these models. These are related by
a cartesian diagram

Exc —— Skra

|

Sing —— Spap,

where the vertical arrow on the right is an isomorphism outside of the 0-dimensional
singular locus Sing. We also define the line bundle of modular forms w on Sk;s.
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The first main result of § 2 is Theorem 2.4.3, which asserts the existence of a line
bundle Qp,;, on Sp,, restricting to w? over

Skra \ Exc = Sp,y, \ Sing.

We then define the Cartier divisor Zka(m) on Skra and prove Theorem 2.5.3,
which asserts the existence of a Cartier divisor Vpa,(m) on Spap whose restriction
to Spap \ Sing coincides with 2Zk.a(m). Up to error terms supported on the excep-
tional locus Exc, the pullbacks of Qp,p and Vpap(m) to Skra are therefore equal to ?
and 2Zk,,(m), respectively. The error terms are computed in Theorem 2.6.3, which
is the analogue of Theorem C for the noncompactified Shimura varieties.

In §3 we describe the canonical toroidal compactifications Sg,, — Sg,,, and the
structure of their formal completions along the boundary. In §3.1 and §3.2 we in-
troduce the cusp labels ® that index the boundary components, and their associated
mixed Shimura varieties. In §3.3 we construct smooth integral models Cs of these
mixed Shimura varieties, following the general recipes of the theory of arithmetic
toroidal compactification, as moduli spaces of 1-motives. In §3.4 we give a second
moduli interpretation of these integral models. This is one of the key technical steps
in our work, and allows us to compare Fourier-Jacobi expansions on our unitary
Shimura varieties to Fourier-Jacobi expansions on orthogonal Shimura varieties. See
the remarks at the beginning of §3 for further discussion. In §3.5 and § 3.6 we con-
struct the line bundle of modular forms and the special divisors on the mixed Shimura
varieties Cy. Theorem 3.7.1 describes the canonical toroidal compactifications Si,,
and Sp,, and their properties. In §3.8 we describe the Fourier-Jacobi expansions of
sections of w* on Sk in algebraic language, and in § 3.9 we explain how to express
these Fourier-Jacobi coefficients in classical complex analytic coordinates.

In the short §4 we introduce the weakly holomorphic modular forms that will be
used as inputs for the construction of Borcherds products. We also state in Theo-
rem 4.2.3 a variant of the modularity criterion of Borcherds.

In § 5 we consider the unitary Borcherds products associated to weakly holomorphic
forms

(1.4.1) fe My™ (D, x?2).

n

Ultimately, the integrality properties of the unitary Borcherds products will be de-
duced from an analysis of their Fourier-Jacobi expansions. These expansions involve
certain products of Jacobi theta functions, and so, in § 5 we review facts about the
arithmetic theory of Jacobi forms. For us, Jacobi forms will be sections of a suitable
line bundle Jj ., on the universal elliptic curve living over the moduli stack (over Z)
of all elliptic curves. The key point is to have a precise description of the divisor of
the canonical section
©* € H°(E, Jo,12)

of Proposition 5.1.4. In §5.2 we prove Borcherds quadratic identity, allowing us to
relate Jp,1 to a certain line bundle (determined by a Borcherds product) on the
boundary component Bg associated to a cusp label ®.
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After these technical preliminaries, we come to the statements of our main re-
sults about unitary Borcherds products. Theorem 5.3.1 asserts that, for each weakly
holomorphic form (1.4.1) satisfying integrality conditions on the Fourier coefficients
c(m) with m < 0, there is a rational section % (f) of the line bundle w* on S,
with explicit divisor on the generic fiber and prescribed zeros and poles along each
boundary component. Moreover, for each cusp label ®, the leading Fourier-Jacobi
coefficient of 9 (f) has an expression as a product of three factors, two of which, Py
and P£°r, are constructed in terms of ©24. Theorem 5.3.3 gives the precise divisor
of ¥(f) on Sk,,, and Theorem 5.3.4 gives an analogous formula on S, . An essential
ingredient in the calculation of these divisors is the calculation of the divisors of the
factors Pyt and P2, which is done in §5.4.

In § 6 we prove the main results stated in §5.3. In § 6.1 we construct a vector valued
form f from (1.4.1), and give expressions for its Fourier coefficients in terms of those
of f. The vector valued form f defines a Borcherds product 'J;( f) on the symmetric
space D for the orthogonal group of the quadratic space (V,Q) and, in § 6.2, we define
the unitary Borcherds product #(f) as its pullback to D. In §6.3 we determine the
analytic Fourier-Jacobi expansion of 4 (f) at the cusp ® by pulling back the product
formula for 1/;( f) computed in [32] along a one-dimensional boundary component
of D. In §6.4 we show that the unitary Borcherds product constructed analytically
arises from a rational section of w* and that, after rescaling by a constant of absolute
value 1, this section is defined over k. This is Proposition 6.4.4. In § 6.5 we complete
the proofs of Theorems 5.3.1, 5.3.3, and 5.3.4.

In §7 we use the calculation of the divisors of Borcherds products to prove the
modularity results discussed in detail earlier in the introduction.

In § 8 we provide some supplementary technical calculations.

1.5. The case n = 2. — Throughout the introduction we have assumed that n > 3,
but one could ask if similar results hold for n = 2. This seems to be a delicate question.

The assumption that n > 3 guarantees that W contains an isotropic k-line, which
implies that Sh(G, D) has no compact (meaning proper over k) components. When
n = 2 the Shimura variety Sh(G, D) is essentially a union of classical modular curves
(if W contains an isotropic k-line) or of compact quaternionic Shimura curves (if
W contains no isotropic k-line).

When n = 2 one could still construct Borcherds products on Sh(G,D) as pull-
backs from orthogonal Shimura varies, and use the results of [26] to prove that they
are defined over the reflex field k. Analyzing their divisors on the integral models
Skra — Spap seems quite difficult. The compact case falls well outside the reach
of our arguments, which rely in an essential way on the anaysis of Fourier-Jacobi
expansions near the boundary of a toroidal compactification.

However, even in the noncompact n = 2 case there are some technical issues that
we do not know how to resolve. Foremost among these is that when n = 2 the
reduction of Sp,p at a prime of Oy above D is not normal, and so (as in the familiar
case of modular curves) the reduction of an irreducible component need not remain
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irreducible. This causes the proof of Proposition 6.5.2 to break down in a serious
way. In essence, we do not know how to exclude the possibility that constants kg
appearing in Proposition 6.4.1 contribute some nontrivial error term to the divisor of
the Borcherds product.

In §2 and §3 we assume n > 2, but from §5 onwards we restrict to n > 3 (the
integer n plays no role in the short §4).

1.6. Thanks. — The results of this paper are the outcome of a long term project,
begun initially in Bonn in June of 2013, and supported in a crucial way by three
weeklong meetings at AIM, in Palo Alto (May of 2014) and San Jose (November of
2015 and 2016), as part of their AIM SQuaRE’s program. The opportunity to spend
these periods of intensely focused efforts on the problems involved was essential. We
would like to thank the University of Bonn and AIM for their support.

1.7. Notation. — Throughout the paper, k C C is a quadratic imaginary field of odd
discriminant disc(k) = —D. Denote by § = v/—D € k the unique choice of square
root with Im(6) > 0, and by 0 = 6Oy, the different of O.

Fix a m € Ok, satisfying O = Z + Zn. If S is any Og-scheme, define

es=m®1-1Rig(T) € O ®z Og
Es=TR1—-18ig(T) € O ®z Og,
where ig : O — Og is the structure map. The ideal sheaves generated by these sec-

tions are independent of the choice of 7, and sit in exact sequences of free Og-modules

aQzr—ig(a)x
s

0 — (Es) = Ok ®2 Os Os—0

and
0— (es) = Ok ®7 Os oBris@e, Os — 0.
It is easy to see that eg - s = 0, and that the images of (¢g) and (£5) under

a®z—ig(a)x
_

O ®z Og Og

a®z—ig(a)z
-

Ok ®7 Og Os,

respectively, are both equal to the sub-sheaf dOg. This defines isomorphisms
of Og-modules

(1.7.1) (e5) 2005 = (25).

If N is an Ok ®7z Og-module then N/ggN is the maximal quotient of N on which
Oy acts through the structure morphism ig : O — Og, and N/egN is the maximal
quotient on which O acts through the complex conjugate of the structure morphism.
If D € OF then more is true: there is a decomposition

(1.7.2) N =esN ®egN,

and the summands are the maximal submodules on which O, acts through the struc-
ture morphism and its conjugate, respectively. From this discussion it is clear that
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one should regard g and £g as integral substitutes for the orthogonal idempotents
in k®gy C = C x C. The Og-scheme S will usually be clear from context, and we
abbreviate eg and £g to ¢ and &.

Let k*® C C be the maximal abelian extension of k in C, and let

art : kX \k* — Gal(k*/k)

be the Artin map of class field theory, normalized as in [43, §11]. As usual,
S = Resc/rGyy, is Deligne’s torus.

For a prime p < oo we write (a, b),, for the Hilbert symbol of a,b € Q. Recall that
the invariant of a hermitian space V over k, = k ®q Q,, is defined by

(1.7.3) inv,(V) = (det V,—D),,

where det V' is the determinant of the matrix of the hermitian form with respect to
a kp-basis. If p < oo then V is determined up to isomorphism by its k,-rank and
invariant. If p = oo then V is determined up to isomorphism by its signature (r,s),
and its invariant is inve, (V) = (=1)°.

The term stack always means Deligne-Mumford stack.

2. Unitary Shimura varieties

In this section we define a unitary Shimura variety Sh(G, D) over our quadratic
imaginary field k& C C and describe its moduli interpretation. We then recall the
work of Pappas and Kramer, which provides us with two integral models related by
a surjection Skya — Spap. This surjection becomes an isomorphism after restriction
to Og[1/D]. We define a line bundle of weight one modular forms w and a family of
Cartier divisors Zk;a(m), m > 0, on Skra,

The line bundle w and the divisors Zk.,(m) do not descend to Spap, and the main
original material in § 2 is the construction of suitable substitutes on Sp,p. These sub-
stitutes consist of a line bundle Qp,,, that agrees with w? after restricting to Og[1/D],
and Cartier divisors Vpap(m) that agree with 2Zk,,(m) after restricting to O[1/D].

2.1. The Shimura variety. — Let Wy and W be k-vector spaces endowed with her-
mitian forms Hy and H of signatures (1,0) and (n — 1, 1), respectively. We always
assume that n > 2. Abbreviate

W(R)=We®gR, W(C)=W®eqC, W(Ar) =W QqgAy,
and similarly for Wy. In particular, Wy(R) and W(R) are hermitian spaces over
C=k®qR.
We assume the existence of Og-lattices ag C Wy and a C W, self-dual with respect
to the hermitian forms Hy and H. As the inverse of § = v/ —D € k generates the

inverse different of k/Q), this is equivalent to self-duality with respect to the symplectic
forms

(2.1.1) Yo(w,w’) = Trg oHo(6 'w,w'), ¢(w,w') = TrgoH (6w, w’).
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This data will remain fixed throughout the paper.

As in (1.1.1), let G € GU(Wj) x GU(W) be the subgroup of pairs for which
the similitude factors are equal. We denote by v : G — (G,, the common similitude
character, and note that v(G(R)) C R>0.

Let D(Wp) = {yo} be a one-point set, and define

(2.1.2) D(W) = {negative definite C-planes y C W (R)},
so that G(R) acts on the connected hermitian domain
D =D(Wy) x D(W).

The lattices ay and a determine a maximal compact open subgroup
(2.1.3) K ={geG(Ay):gdp =1 and ga =4} C G(Ay),
and the orbifold quotient

Sh(G,D)(C) = G(Q\D x G(Af)/K
is the space of complex points of a smooth k-stack of dimension n — 1, denoted
Sh(G, D).

The symplectic forms (2.1.1) determine a k-conjugate-linear isomorphism
(2.1.4) Howg (Wo, W) 2= Homy (W, W),
characterized by v (zwg,w) = ¥o(wg, z¥w). The k-vector space
V = Homg (Wy, W)

carries a hermitian form of signature (n — 1,1) defined by
(2.1.5) (w1, 22) = 25 o1 € Endx (W) = k.

The group G acts on V in a natural way, defining an exact sequence (1.2.3).
The hermitian form on V induces a quadratic form Q(z) = (z, z), with associated
Q-bilinear form

In particular, we obtain a representation G — SO(V).

Proposition 2.1.1. — The stack Sh(G,D),c has 21=o(D)p2  copnected components,
where h is the class number of k and o(D) is the number of prime divisors of D.

Proof. — Each g € G(Ay) determines Og-lattices
gag = WynNgag, ga=WnNga.

The hermitian forms Hy and H need not be Og-valued on these lattices. However, if
rat(v(g)) denotes the unique positive rational number such that

I/(g) 7 X
rat(u() <
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then the rescaled hermitian forms rat(v(g))~'Hy and rat(v(g))~!H make gag and ga
into self-dual hermitian lattices.

As D is connected, the components of Sh(G,D),c are in bijection with the
set G(Q)\G(Ay)/K. The function g — (gap,ga) establishes a bijection from
G(Q)\G(A)/K to the set of isometry classes of pairs of self-dual hermitian Og-lat-
tices (ag,a’) of signatures (1,0) and (n — 1,1), respectively, for which the self-dual
hermitian lattice Home, (af, a’) lies in the same genus as Homp, (ag,a) C V.

Using the fact that SU(V) satisfies strong approximation, one can show that there
are exactly 21 ~°(P)h isometry classes in the genus of Home, (a9, a), and each isometry
class arises from exactly h isometry classes of pairs (aj, a’). O

It will be useful at times to have other interpretations of the hermitian domain D.
The following remarks provide alternate points of view. Recalling the idempotents
€,€ € k®qg C of §1.7, define isomorphisms of real vector spaces

(2.1.7) pr, : W(R) 2 eW(C), prs: W(R) =W (C)
as, respectively, the compositions
W (R) — W (C) = eW(C) @ sW(C) 225 ew (C)
W (R) — W (C) = W (C) ® sW(C) 22, zW/(C).

Remark 2.1.2. — Each pair z = (yo,y) € D determines a line pr.(y) C W(C), and
hence a line

z = Homc(Wo(C)/2Wo(C), pr.(y)) C eV(C).
This construction identifies
D= {z €eV(C):[z7Z] < O}/(CX C P(eV(C))
as an open subset of projective space.
Remark 2.1.3. — Define a Hodge structure
F'Wy(C) =0, F°W,(C) =&Wy(C), F~'Wy(C)=Wy(C)

on Wy(C), and identify the unique point yo € D(W,) with the corresponding mor-
phism S — GU(Wy)g. Every y € D(W) defines a Hodge structure

F'W(C)=0, F°W(C)=pr.(y)@®prz(y"), F 'W(C)=W(C)

on W(C). If we identify y € D(W) with the corresponding morphism S — GU(W)g,
then for any point z = (yo,y) € D the product morphism

Yo Xy :S — GUWo)r x GU(W)r

takes values in Ggr. This realizes D C Hom(S, Gg) as a G(R)-conjugacy class.
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Remark 2.1.4. — In fact, the discussion above shows that Sh(G, D) admits a map to
the Shimura variety defined the group U(V) together with the homomorphism

hGross : S — U(V)(R), z — diag(1,...,1,2/2).

Here we have chosen a basis for V(R) for which the hermitian form has matrix
diag(1,—1,—1). Note that, for analogous choices of bases for Wy(R) and W (R), the
corresponding map is

h:S— GR), z — (z) x diag(z,..., 2, 2),

which, under composition with the homomorphism G(R) — U(V)(R), gives hGross-
The existence of this map provides an answer to a question posed by Gross: how
can one explicitly relate the Shimura variety defined by the unitary group U(V), as
opposed to the Shimura variety defined by the similitude group GU(V'), to a moduli
space of abelian varieties? Our answer is that Gross’s unitary Shimura variety is a
quotient of our Sh(G, D), whose interpretation as a moduli space is explained in the
next section.

2.2. Moduli interpretation. — We wish to interpret Sh(G, D) as a moduli space of
pairs of abelian varieties with additional structure. First, we recall some generalities
on abelian schemes.

For an abelian scheme 7 : A — S over an arbitrary base S, define the first relative
de Rham cohomology sheaf Hig(A) = RI’/’T*Q;‘/S as the relative hypercohomology of
the de Rham complex Q;l/S' The relative de Rham homology

H{™(A) = Hom(Hg(A), Os)
is a locally free Og-module of rank 2 - dim(A), sitting in an exact sequence
0— FOHfR(A) — H{iR(A) — Lie(A4) — 0.
Any polarization of A induces an Og-valued alternating pairing on H{®(A), which in
turn induces a pairing
(2.2.1) FOHMR(A) ® Lie(A) — Og.
If the polarization is principal then both pairings are perfect. When S = Spec(C),
Betti homology satisfies H;(A(C),C) = H{R(A), and
A(C) = Hy(A(C), Z)\H{ *(A)/F H{ ™ (4).
For any pair of nonnegative integers (s, t), define an algebraic stack M, ;) over k as
follows: for any k-scheme S let M, ;) (S) be the groupoid of triples (A, ,v) in which
— A — S is an abelian scheme of relative dimension s + ¢,
— ¢ : O — End(A) is an action such that the locally free summands
Lie(A) = eLie(A) @ gLie(A)

of (1.7.2) have Og-ranks s and ¢, respectively,
— 1 : A — AV is a principal polarization, such that the induced Rosati involution {
on End’(A) satisfies ¢(a)" = «(@) for all o € Oy,
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We usually omit ¢ and 1 from the notation, and just write A € M, ;(S).

Proposition 2.2.1. — The Shimura variety Sh(G, D) is isomorphic to an open and
closed substack

(2.2.2) Sh(G, D) C M(l,O) Xk M(n71,1)~
More precisely, Sh(G,D)(S) classifies, for any k-scheme S, pairs
(2.2.3) (Ao, A) € M(1,0)(S) x M(5,—1,1)(S)

for which there exists, at every geometric point s — S, an isomorphism of hermitian
Ok, i-modules

(2.2.4) Homo, (T¢Ao,s, TeAs) = Homp, (ag, a) ® Zy

for every prime £. Here the hermitian form on the right hand side of (2.2.4) is the
restriction of the hermitian form (2.1.5) on Homg(Wy, W) ® Q. The hermitian form
on the left hand side is defined similarly, replacing the symplectic forms (2.1.1) on Wy
and W with the Weil pairings on the Tate modules TpAg s and T;As.

Proof. — As this is routine, we only describe the open and closed immersion on
complex points. Fix a point

(z,9) € Sh(G,D)(C).

The component g determines Og-lattices gag C Wy and ga C W, which are self-dual
with respect to the symplectic forms

rat(v(g))'¢o and rat(v(g)) ‘¥

of (2.1.1), rescaled as in the proof of Proposition 2.1.1.
By Remark 2.1.3 the point z € D determines Hodge structures on Wy and W, and
in this way (z, g) determines principally polarized complex abelian varieties

Ag(C) = gao\Wo(C)/F° (W)
A(C) = ga\W (C)/F° (W),

with actions of O. One can easily check that the pair (Ag, A) determines a complex
point of My ¢y Xk M(,_1,1), and this construction defines (2.2.2) on complex points.
O

The following lemma will be needed in § 2.3 for the construction of integral models
for Sh(G, D).

Lemma 2.2.2. — Fix a k-scheme S, a geometric point s — S, a prime p, and a point
(2.2.3). If the relation (2.2.4) holds for all £ # p, then it also holds for £ = p.

Proof. — As the stack Sh(G,D) is of finite type over k, we may assume that
s = Spec(C). The polarizations on Ay and A induce symplectic forms on the first
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homology groups H;(Ays(C),Z) and H;(As(C),Z), and the construction (2.1.5)
makes
LBe(AO,sy As) = HomOk (Hl (AO,S((C)a Z)7 H (As ((C)a Z))
into a self-dual hermitian Og-lattice of signature (n — 1, 1), satisfying
Lp(Ap,s, As) @z Zy = Homoe, (TpAo,s, Ty As)

for all primes £.

If the relation (2.2.4) holds for all primes ¢ # p, then Lge(Ap s, As) ® Q and
Homy (Wy, W) are isomorphic as k-hermitian spaces everywhere locally except at p,
and so they are isomorphic at p as well. In particular, for every ¢ (including ¢ = p)
both sides of (2.2.4) are isomorphic to self-dual lattices in the hermitian space
Homg (Wy, W) ®g Q¢. By the results of Jacobowitz [27] all self-dual lattices in this
local hermitian space are isomorphic ), and so (2.2.4) holds for all . O

Remark 2.2.3. — For any positive integer m define
K (m) = ker(K — Auto, (dg/mdy) x Auto, (a/ma)).

For a k-scheme S, a K(m)-structure on (A, A) € Sh(G,D)(9) is a triple (o, @, () in
which ¢ : i, = Z/mZ is an isomorphism of S-group schemes, and

ap : Aglm] 2 dy/may, «: Alm] =a/ma

are Opg-linear isomorphisms identifying the Weil pairings on Ag[m] and A[m] with
the Z/mZ-valued symplectic forms on ay/may and a/ma deduced from the pairings
(2.1.1). The Shimura variety G(Q)\DxG(As)/K (m) admits a canonical model over k,
parametrizing K (m)-structures on points of Sh(G, D).

2.3. Integral models. — In this subsection we describe two integral models
of Sh(G, D) over Ok, related by a morphism Skra — Spap-

The first step is to construct an integral model of the moduli space M, o). More
generally, we will construct an integral model of M) for any s > 0. Define an
Og-stack M, ) as the moduli space of triples (4, ¢,1) over Og-schemes S such that

— A — S is an abelian scheme of relative dimension s,

— 1 : O — End(A) is an action such £Lie(A) = 0, or, equivalently, such that the
induced action of Of on the Og-module Lie(A) is through the structure map
is : O — Og,

— ¢ : A — AV is a principal polarization whose Rosati involution satisfies
()t = (@) for all a € O.

The stack M, o) is smooth of relative dimension 0 over O by [24, Proposition 2.1.2],
and its generic fiber is the stack M, ¢y defined earlier.

Remark 2.3.1. — The stack M, _5 ) will play an important role in §3. In the de-
generate case n = 2, we interpret this as Mg ) = Spec(Og). The universal abelian
scheme over it should be understood as the 0 group scheme.

(2) This uses our standing hypothesis that D is odd.
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The question of integral models for M(,_; 1) is more subtle, but well-understood
after work of Pappas and Krédmer. The first integral model was defined by Pappas
[45]. Let

M, 1) — Spec(Ok)
be the stack whose functor of points assigns to an Og-scheme S the groupoid of triples
(A, ¢,v) in which
— A — S is an abelian scheme of relative dimension n,
— 1 : O — End(A) is an action satisfying the determinant condition

det(T — 1(a) | Lie(A)) = (T — o) YT — @) € Og[T]

for all a € O,

— ¢ : A — AV is a principal polarization whose Rosati involution satisfies
()t = (@) for all a € O,

— viewing the elements eg and g of § 1.7 as endomorphisms of Lie(A), the induced
endomorphisms

A es: \" Lie(4) — A" Lie(4)
/\2 gs: /\2 Lie(A) — /\2 Lie(A)

are trivial (Pappas’s wedge condition).
It is clear that the generic fiber of Mf:Em) is isomorphic to the moduli space M(,,_1 1)
defined earlier. Denote by
Sing(n_m) C Mf:Em)
the singular locus: the reduced substack of points at which the structure morphism
to Op is not smooth.

Theorem 2.3.2 (Pappas). — The stack M](P;El 1y is flat over Oy of relative dimen-

sion n — 1, and is Cohen-Macaulay and normal. Moreover:
1. For any prime p C Oy, the reduction M?;EIJ)/]FF is Cohen-Macaulay. If n > 2
the reduction is geometrically normal.
2. The singular locus is a 0-dimensional stack, finite over Ok and supported in

characteristics dividing D. It is the reduced substack underlying the closed sub-
stack defined by 0 - Lie(A) = 0.

Proof. — When n > 2 all of this is proved in [45] using the theory of local models,
and it is straightforward to check that the arguments carry over (® to the case n = 2.

The only change is that if p C Oy lies above p | D, the stack Mflall’) JOn, 1S étale
locally isomorphic to

Spec(Ok p [z, 9]/ (zy — p)),
whose special fiber is not normal. O
(3) When n = 2, the Op-stack MEep admits a canonical descent to Z, and Pappas analyzes the

(n—1,1)
structure of this descent. The descent is regular, but the regularity is destroyed by base change to O.

SOCIETE MATHEMATIQUE DE FRANCE 2020



26 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

The stack M?;El 1) is not regular, but has a natural resolution of singularities.

This leads us to our second integral model of M, _; ;). As in the work of Krémer
[31], define

Mﬁfﬁl,l) — Spec(Ok)

to be the stack whose functor of points assigns to an Og-scheme S the groupoid of
quadruples (A,¢,1, F4) in which
— A — S is an abelian scheme of relative dimension n,
— ¢: O — End(A) is an action of O,
— 1 : A — AV is a principal polarization satisfying ¢(a)! = (@) for all a € O,
— Fa C Lie(A) is an Og-stable Og-module local direct summand of rank n — 1
satisfying Krimer’s condition: Oy acts on F4 via the structure map O — Og,
and acts on the line bundle Lie(A)/F4 via the complex conjugate of the struc-
ture map.
There is a proper morphism

Kra Pa
(2.3.1) Ml — M(nzl,l)
defined by forgetting the subsheaf F4, and we define the exceptional locus
(2.3.2) Exc(n—1,1) C anrim)
by the Cartesian diagram
Exc(n-1,) ’ M?ﬁfﬂ,l)

J |

Sing(,,_1 1) — M?:Em)'

Theorem 2.3.3 (Kramer). — The Og-stack Mffﬁ 1,1) is reqular and flat with reduced
fibers, and satisfies the following properties:

1. The exceptional locus (2.3.2) is a disjoint union of smooth Cartier divisors.
Its fiber over a geometric point s — Sing(n_l,l) is isomorphic to the projective
space P"~1 over k(s).

2. The morphism (2.3.1) is proper and surjective, and restricts to an isomorphism
K ~ AP .
M2 10y \Exegn,1) & M(:Eu) \ Sing(,—_1,1)-
For an Og-scheme S, the inverse of this isomorphism endows
P .
A€ (M(::El,l) \ Slng(n,l’l))(S)

with the subsheaf Fa = ker (2 : Lie(A) — Lie(A)).
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Proof. — When n > 2 all of this is proved in [31] using the theory of local models,
and it is straightforward to check that nearly everything () carries over to the case
n = 2. In particular, if n = 2 and p C Ok lies above p | D, the same arguments used

in [loc. cit.] show that Mﬁr?) /O is étale locally isomorphic to the regular scheme
Spec(Ok,p[z, yl/ (zy — 7)),
for any uniformizer m € O . O

Recalling (2.2.2), we define our first integral model
Spap C M1,0) X M(2P, )

as the Zariski closure of Sh(G, D) in the fiber product on the right, which, like all fiber
products below, is taken over over Spec(Op). Using Lemma 2.2.2, one can show that
it is characterized as the open and closed substack whose functor of points assigns to
any Og-scheme S the groupoid of pairs

(Ao, A) € M(1,0)(S) x MFT?ELI)(S)

such that, at any geometric point s — S, the relation (2.2.4) holds for all primes

¢ # char(k(s)).
Our second integral model of Sh(G, D) is defined as the cartesian product

Skra — M(1,0) X Mgfim)
Spap — M(1,0) X ngfm)'

The singular locus Sing C Spap and ezceptional locus Exc C Sky, are defined by the
cartesian squares

Exc SKra
Slng SPap

M,0) X Sing, _1,1) — M(1,0) X Mfifm)-

(4) When n > 2, the statement of [31, Theorem 4.4] asserts that the special fiber of the local model
of Mﬁfﬂrilil) is the union of two smooth and geometrically irreducible varieties of dimension n — 1,
whose intersection is smooth and geometrically irreducible of dimension n — 2. When n = 2, the
structure of the local model is slightly different: its geometric special fiber is a union X; U X2 U X3
of three irreducible varieties, each isomorphic to P!, intersecting in such a way that X; N X2 and
X2NXs are distinct reduced points. The difference between the two cases occurs because the scheme Q
defined in the proof of [31, Theorem 4.4], which parametrizes isotropic lines in a quadratic space of

dimension n over a finite field, is geometrically irreducible only when n > 2.
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Both loci are proper over Ok, and supported in characteristics dividing D.

Theorem 2.3.4 (Pappas, Kramer). — The Og-stack Skra is regular and flat with
reduced fibers. The Op-stack Spap is Cohen-Macaulay and normal, with Cohen-
Macaulay fibers. Furthermore:

1. If n > 2, the geometric fibers of Spap are normal.

2. The exceptional locus Exc C Sk;a s a disjoint union of smooth Cartier divi-
sors. The singular locus Sing C Spap @5 a reduced closed stack of dimension 0,
supported in characteristics dividing D.

3. The fiber of Exc over a geometric point s — Sing is isomorphic to the projective
space P"~1 over k(s).
4. The morphism Skra — Spap 5 surjective, and restricts to an isomorphism
(2.3.3) Skra \ Exc = Spyp, \ Sing.
For an Og-scheme S, the inverse of this isomorphism endows
(Ao, A) € (Spap \ Sing)(S)
with the subsheaf Fa = ker (2 : Lie(A) — Lie(A)).

Proof. — All of this follows from Theorems 2.3.2 and 2.3.3, along with the fact
that My o) — Spec(Og) is finite étale. O

Remark 2.3.5. — Let (Ag, A) be the universal pair over Spa,. The vector bundle
H{R(Ay) is locally free of rank one over O ®7 Os,.,, and, by definition of the moduli
problem defining Spap, its quotient Lie(Ag) is annihilated by €. From this it is not
hard to see that

FOH{™(Ao) = EH{™ (Ao).

2.4. The line bundle of modular forms. — We now construct a line bundle of modular
forms w on Skra, and consider the subtle question of whether or not it descends
to Spap. The short answer is that it doesn’t, but a more complete answer can be
found in Theorems 2.4.3 and 2.6.3.

By Remark 2.1.3, every point z € D determines Hodge structures on W, and
W of weight —1, and hence a Hodge structure of weight 0 on V' = Homg (W, W).
Consider the holomorphic line bundle w*"* on D whose fiber at z is the complex line
2" = F1V(C) determined by this Hodge structure.

Remark 2.4.1. — 1t is useful to interpret w?" in the notation of Remark 2.1.2. The
fiber of w®" at z = (yo,y) is the line

(2.4.1) w2" = Hom¢ (Wy(C)/eEWy(C), pr.(y)) C eV(C),
and hence w®" is simply the restriction of the tautological bundle via the inclusion

D {weeV(C): [w,w] <0}/C* C P(eV(C)).
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There is a natural action of G(R) on the total space of w®", lifting the natural action
on D, and so w*" descends to a line bundle on the complex orbifold Sh(G,D)(C).
This descent is algebraic, has a canonical model over the reflex field, and extends in
a natural way to the integral model Sk;,, as we now explain.

Let (Ag, A) be the universal object over Skra, let F4 C Lie(A) be the universal
subsheaf of Kramer’s moduli problem, and let

Fx C FPH{®(A)

be the orthogonal to F4 under the pairing (2.2.1). It is a rank one Og,,,-module local
direct summand on which O acts through the structure morphism O — Os,,..
Define the line bundle of weight one modular forms on Sk, by

o = Hom(Lie(Ao), F1),
or, equivalently, w~! = Lie(4¢) ® Lie(A)/Fa.
Proposition 2.4.2. — The line bundle w on Skia just defined restricts to the already
defined w®" in the complex fiber. Moreover, on the complement of the exceptional locus

Exc C Skra we have
o = Hom(Lie(Ao),e FPHIR(A)).

Proof. — The equality F+ = eFOH{®(A) on the complement of Exc follows from
the characterization

Fa = ker(g : Lie(A) — Lie(A4))
of Theorem 2.3.4, and all of the claims follow easily from this and examination of the
proof of Proposition 2.2.1. O

The line bundle w does not descend to Spap, but it is closely related to another
line bundle that does. This is the content of the following theorem, whose proof will
occupy the remainder of §2.4. The result will be strengthened in Theorem 2.6.3.

Theorem 2.4.3. — There is a unique line bundle Qp,, on Spa, whose restriction to
the nonsingular locus (2.3.3) is isomorphic to w?. We denote by Q.. its pullback via
SKra - SPap-

Proof. — Let (Ap, A) be the universal object over Sp,p, and recall the short exact
sequence
0— FOHME(A) - HE(A) L Lie(A) — 0
of vector bundles on Sp,p. As H{R®(A) is a locally free Or ®7 Os,,,-module of rank n,
the quotient H{F(A)/zH{R(A) is a rank n vector bundle.
Define a line bundle

Prap = Hom( \" HR(4) /eH(4), \" Lie(4))
on Sp,p, and denote by Pk:, its pullback via Skra — Spap. Let
¢ : Hi"(A) © H{%(A) - Os,,,
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be the alternating pairing induced by the principal polarization on A. If a and b are
local sections of H{®(A), define a local section P,g; of Ppap by

n

Pagp(er A--+Aen) =D (=11 4h(2a,ex) - q(2b) A qler) A+ Aqlen) -
k=1

omit g(eg)

Remark 2.4.4. — To see that P,gp is well-defined, one must check that modifying
any ey, by a section of ZH{F(A) leaves the right hand side unchanged. This is an easy
consequence of the vanishing of

2 2 2
N\ /\ Lie(4) —» )\ Lie(4)
imposed in the moduli problem defining Spap,.

Lemma 2.4.5. — The morphism
(2.4.2) P: H®(A) @ HI®(A) — Ppap
defined by a ® b — P,gyp factors through a morphism
P : Lie(A) ® Lie(A) — Ppap.
After pullback to Sk.a there is a further factorization
(2.4.3) P :Lie(A)/Fa ® Lie(A)/Fa — Pkra,
and this map becomes an isomorphism after restriction to Skra \ Exc .
Proof. — Let a and b be local sections of H{R(A).
Assume first that a is contained in FOH{®(A). As FOH{R(A) is isotropic under
the pairing ¢, P,gp factors through a map
A" Lie(4) /eLie(4) — )\ Lie(4).

In the generic fiber of Sp,p, the sheaf Lie(A)/eLie(A) is a vector bundle of rank n —1.
This proves that P,gy is trivial over the generic fiber. As P, g is a morphism of vector
bundles on a flat O-stack, we deduce that P,g, = 0 identically on Spap.

If instead b is contained in FOH{®(A) then ¢(gb) = 0, and again P,g; = 0. These
calculations prove that P factors through Lie(A) ® Lie(A).

Now pullback to Skr.. We need to check that P,g vanishes if either of a or b lies
in F4. Once again it suffices to check this in the generic fiber, where it is clear from

(2.4.4) Fa = ker(z : Lie(4) — Lie(A)).

Over Sk;a we now have a factorization (2.4.3), and it only remains to check that
its restriction to (2.3.3) is an isomorphism. For this, it suffices to verify that (2.4.3)
is surjective on the fiber at any geometric point

s = Spec(F) — Skra \ Exc.
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First suppose that char(F) is prime to D. In this case £, € O ®7 F are (up
to scaling by F*) orthogonal idempotents, F4, = eLie(A;), and we may choose an
Ok ®z F-basis ey, ..., e, € HIR(A,) in such a way that

€e1,8€g,...,8€, € FOHfR(AS)
and
q(Ze1),q(ees), ..., q(ee,) € Lie(Ay)
are [F-bases. This implies that
Peige (€1 N+ Nen) = Y(Eer, ee1) - q(Eer) A gleex) A -+ Agleen) # 0,
and so
P.,se € Hom( \" HI™(4,)/zH{™(A,), \" Lie(A,))

is a generator. Thus P is surjective in the fiber at z.
Now suppose that char(F) divides D. In this case there is an isomorphism

Flz]/(2?) 2==5 Ok 7 F.

By Theorem 2.3.4 the relation (2.4.4) holds in an étale neighborhood of s, and it
follows that we may choose an O ®7zF-basis eq, ..., e, € H{iR(AS) in such a way that

eg,€€9,€€3,. .. 66, € FOHIR(A,)
and
q(e1),q(ee1), q(es) ..., q(en) € Lie(As)
are [F-bases. This implies that
P, e, (61 N+ Ney) =(eer, ea) - gleer) Agler) Agles) A+ Aglen) # 0,
and so, as above, P is surjective in the fiber at z. O

We now complete the proof of Theorem 2.4.3. To prove the existence part of the
claim, we define Qp,;, by

QI;;p = Lie(A0)®2 ® PPapv
and let Qk;, be its pullback via Skra — Spap. Tensoring both sides of (2.4.3) with
Lie(Ag)®? defines a morphism
0% — Qg
whose restriction to Sy, \ Exc is an isomorphism. In particular w? and Qp,, are
isomorphic over (2.3.3).
The uniqueness of Qp,, is clear: as Sing C Sp,p is a codimension > 2 closed

substack of a normal stack, any line bundle on the complement of Sing admits at
most one extension to all of Spyp. O
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2.5. Special divisors. — Suppose S is a connected Og-scheme, and
(Ao, A) € Spap(9).

Imitating the construction of (2.1.5), there is a positive definite hermitian form
on Homp, (Ao, A) defined by

(2.5.1) (T1,22) = 23 ox1 € Endp, (Ag) = O,

where y
Homo, (Ag, A) Z=2— Homp, (4, Ag)

is the Og-conjugate-linear isomorphism induced by the principal polarizations on Ay
and A.

For any positive m € Z, define the Og-stack Zp,p(m) as the moduli stack assigning
to a connected Og-scheme S the groupoid of triples (Ag, A, x), where

— (A07A) € SPaP(S)7

— 2 € Homp, (Ao, A) satisfies (z,z) = m.
Define a stack Zkya(m) in exactly the same way, but replacing Spap by Skra. Thus
we obtain a cartesian diagram

ZKra(m) — SKra,

|

ZPap (m) — SPap,

in which the horizontal arrows are relatively representable, finite, and unramified.

Each Zk,.(m) is, étale locally on Sk;a, a disjoint union of Cartier divisors. More
precisely, around any geometric point of Sk;, one can find an étale neighborhood U
with the property that the morphism Zk,,(m)y — U restricts to a closed immersion
on every connected component Z C Zgra(m)y, and Z C U is defined locally by
one equation; this is [24, Proposition 3.2.3], but a cleaner argument (working on the
Rapoport-Zink space corresponding to Skya) can be found in [25, Proposition 4.3].
Summing over all connected components Z allows us to view Zk,.(m)y as a Cartier
divisor on U, and gluing as U varies over an étale cover defines a Cartier divisor
on Skra, Which we again denote by Zk..(m).

Remark 2.5.1. — Tt follows from (2.3.3) and the paragraph above that Zp,,(m) is
locally defined by one equation away from the singular locus, and so defines a Cartier
divisor on Spap \ Sing. This Cartier divisor does not extend to all of Spap.

Remark 2.5.2. — We can make the specal divisors more explicit in the complex fiber,
as in [34, Proposition 3.5] or [23, §3.8]. Recall from §2.1 that the Q-vector space
V = Homg (Wy, W) carries a quadratic form. Using the description

D {z €eV(C): [2,7] < O}/(CX C P(eV(C))
of Remark 2.1.2, every z € V with Q(z) > 0 determines an analytic divisor
D(z) ={z € D:[zz] =0}
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A choice of g € G(Ay) determines a connected component

(G(Q) NgKg™ND =22 GQ\D x GlA7)/K = Sina(C),
and if we set
L = Homp, (gag,g9a) CV
the restriction of Zkya(m)(C) — Skra(C) to this component is
G@QngKg™ )\ || D) — (GQNgKg™)\D.

zEL
Q(z)=m

The following theorem, whose proof will occupy the remainder of §2.5, shows
that Zk,a(m) is closely related to another Cartier divisor on Sk, that descends
to Spap. This result will be strengthened in Theorem 2.6.3.

Theorem 2.5.3. — For every m > 0 there is a unique Cartier divisor Ypap(m) on Spap
whose restriction to Spap \ Sing agrees with 2Zpyp(m). In particular its pullback
Ykra(m) via Skra — Spap agrees with 2Zk.,(m) over Skra \ Exc.

Proof. — The map Zp,,(m) — Spap is finite, unramified, and relatively repre-
sentable. It follows that every geometric point of Sp,, admits an étale neighborhood
U — Spap such that U is a scheme, and the morphism

Zpap(m)y = U
restricts to a closed immersion on every connected component
Z C Zpap(m)U.

We will construct a Cartier divisor on any such U, and then glue them together as U
varies over an étale cover to obtain the divisor Vp,p(m).

Fix Z as above, let T C Oy be its ideal sheaf, and let Z’ be the closed subscheme
of U defined by the ideal sheaf 2. Thus we have closed immersions

ZcZ cU,

the first of which is a square-zero thickening.

By the very definition of Zp,p(m), along Z there is a universal Op-linear map
x : Agz — Az. This map does not extend to a map Aygz — Az, however, by
deformation theory [40, Chapter 2.1.6] the induced Og-linear morphism of vector
bundles

z: Hi®(Agz) — HE(Ay)

admits a canonical extension to
(2.5.2) ' HR(Agz) — HIR(Az).

Recalling the morphism (2.4.2), define Y C Z’ as the largest closed subscheme over
which the composition

(253)  H{™(Aoz) ® Hi(Aoz) 25 HI¥(Az) ® H™(Az) D Pruy),
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vanishes.
Lemma 2.5.4. — If U — Spap factors through Spap \ Sing, then Y = Z'.
Proof. — Lemma 2.4.5 provides us with a commutative diagram

H?R(AOZ/)@@Q % H?R(AZ,)®2 4‘1@‘1> (Lie(AZI)/fAZ,)®

(2.5.3) l&

PPap|Z,>

2

where
Fa, =ker(g:Lie(Az) — Lie(Az))
as in Theorem 2.3.4.
By deformation theory, Z C Z’ is characterized as the largest closed subscheme
over which (2.5.2) respects the Hodge filtrations. Using Remark 2.3.5, it is easily seen
that Z C Z' can also be characterized as the largest closed subscheme over which

gox’

HI(AOZ’) — Lie(AZI)/]:AZ,

vanishes identically. As Z C Z’ is a square zero thickening, it follows first that the
horizontal composition in the above diagram vanishes identically, and then that (2.5.3)
vanishes identically. In other words Y = Z'. O

Lemma 2.5.5. — The closed subscheme Y C U is defined locally by one equation.

Proof. — Fix a closed point y € Y of characteristic p, let Oy, be the local ring of U
at y, and let m C Oy be the maximal ideal. For a fixed k > 0, let

U = Spec(Oy,,/m*) U

be the k-th order infinitesimal neighborhood of y in U. The point of passing to
the infinitesimal neighborhood is that p is nilpotent in Og, and so we may apply
Grothendieck-Messing deformation theory.

By construction we have closed immersions

Y

|

Z——7'——U.

Applying the fiber product xyU throughout the diagram, we obtain closed immer-
sions

Y

|

zZ——7Z ——U
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of Artinian schemes. As k is arbitrary, it suffices to prove that Y C U is defined by
one equation.

First suppose that p { D. In this case U — U — Spay, factors through the nonsingu-
lar locus (2.3.3). It follows from Remark 2.5.1 that Z C U is defined by one equation,
and Z' is defined by the square of that equation. By Lemma 2.5.4, Y C U is also
defined by one equation.

For the remainder of the proof we assume that p | D. In particular p > 2. Consider
the closed subscheme Z” — U with ideal sheaf 73, so that we have closed immersions
7Z C Z' C Z" C U. Taking the fiber product with U, the above diagram extends to

Y

|

Z zZ' z" U.
As p > 2, the cube zero thickening Z C Z” admits divided powers extending the

trivial divided powers on Z C Z’. Therefore, by Grothendieck-Messing theory, the
restriction of (2.5.2) to

ZL'/ : HldR(AOZ/) — HldR(AZ/)
admits a canonical extension to
.’IZI/ N H{iR(AOZ//) — HldR(AZ//),
Define Y’ C Z” as the largest closed subscheme over which
(254) HiiR(AOZ//) X H?R(AOZ//) % H?R(AZ//) X H?R(AZ//) i PP3P|Z//

vanishes identically, so that there are closed immersions

Y —Y'
Z Z' zZ" U.

We pause the proof of Lemma 2.5.5 for a sub-lemma.
Lemma 2.5.6. — We have Y =Y.

Proof. — As in the proof of Lemma 2.5.4, we may characterize Z C Z" as the
largest closed subscheme along which z” respects the Hodge filtrations. Equivalently,
by Remark 2.3.5, Z C Z" is the largest closed subscheme over which the composition

H®(Agz0) 225 HR(Az0) L Lie(Azn)

vanishes identically. This implies that Z’ C Z” is the largest closed subscheme over
which

AN ©2
(2.5.5) HIR (492182 00, gIR(A,5,)82 T, Lio(Agn)®?

vanishes identically.
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It follows directly from the definitions that Y = Y’ N Z’, and hence it suffices to
show that Y’ C Z’. In other words, it suffices to show that the vanishing of (2.5.4)
implies the vanishing of (2.5.5).

For local sections a and b of Hi(Az~), define

Qa@b : FOH?R(AZN) ® /\"—1 Lie(Azu) — /\“ Lie(Azn)
by
Qazb(e1 ® qle2) A -+ Aglen)) = P(a,e1) - q(b) Aglez) A--- Aglen).

It is clear that Q.g» depends only on the images of a and b in Lie(Az~), and that
this construction defines an isomorphism

(256)  Lie(Az)®* % Hom(FOH{™ Az )@ \" Lie(Az:), \" Lie(421)).
It is related to the map

Lie(Az)%2 2 Hom( N H™(Az) eB™(Az0), \" Lie(Azu))
of Lemma 2.4.5 by

Pagi(er A= Aep) = Qeagzp(er ® qle2) A--- A glen))
for any local section e; ® e ® - - - ® e, of

FOH®R(Az) @ HR(Az) ® - @ HR(Az).

Putting everything together, if (2.5.4) vanishes, then P,/ (q4)g2(,) = 0 for all local
sections ag and by of HIR(Agz~). Therefore

Qﬂﬂ”(gao)@ﬂw(gbo) =0

for all local sections ag and by, which implies, as (2.5.6) is an isomorphism, that (2.5.5)
vanishes. This proves that Y’ C Z’, and hence Y =Y. O

Returning to the proof of Lemma 2.5.5, the map (2.5.4), whose vanishing defines
Y’ C Z”, factors through a morphism of line bundles

Hi%™(Aoz»)/eHi ™ (Aozr) ® H{ " (Aozr)/eHi™ (Aoz) = Prap| ,,,»

and hence Y = Y’ is defined inside of Z" locally by one equation. In other words,
if we denote by Z C Oy and J C Oy the ideal sheaves of Z C U and Y C U,
respectively, then Z° is the ideal sheaf of Z” C U, and

T=D+T

for some f € Oy. But Y C Z’ implies that Z? ¢ J, and hence Z° ¢ ZJ. It follows
that the image of f under the composition

J/T* - T)TT - T/mT

is an Oy-module generator, and J is principal by Nakayama’s lemma. O
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At last we can complete the proof of Theorem 2.5.3. For each connected component
Z C Zpap(m)y we have now defined a closed subscheme Y C Z’. By Lemma 2.5.5 it
is an effective Cartier divisor, and summing these Cartier divisors as Z varies over all
connected components yields an effective Cartier divisor Ypap(m)y on U. Letting U
vary over an étale cover and applying étale descent defines an effective Cartier divisor
yPap(m) on SPap‘

The Cartier divisor Vpap(m) just defined agrees with 2Zp,,(m) on Spap \ Sing.
This is clear from Lemma 2.5.4 and the definition of Vp,p(m). The uniqueness claim
follows from the normality of Sp,p, exactly as in the proof of Theorem 2.4.3. O

2.6. Pullbacks of Cartier divisors. — After Theorem 2.4.3 we have two line bundles
Qx:a and w? on Sk, which agree over the complement of the exceptional locus Exc.
We wish to pin down more precisely the relation between them.

Similarly, after Theorem 2.5.3 we have Cartier divisors Yk;a(m) and 2Zk.,(m).
These agree on the complement of Exc, and again we wish to pin down more precisely
the relation between them.

Denote by m(Sing) the set of connected components of the singular locus Sing C
Spap. For each s € my(Sing) there is a corresponding irreducible effective Cartier
divisor

Excs = Exc Xsp,, 5§ = Skra

supported in a single characteristic dividing D. These satisfy

Exc = |_| Exc;.

s€mo(Sing)

Remark 2.6.1. — As Sing is a reduced 0-dimensional stack of finite type over Ok /0,
each s € m(Sing) can be realized as the stack quotient

s = Gs\Spec(Fy)
for a finite field Fy of characteristic p | D acted on by a finite group Gj.

Fix a geometric point Spec(IF) — s, and set p = char(FF). By mild abuse of notation
this geometric point will again be denoted simply by s. It determines a pair

(2.6.1) (Ao,s, As) € Spap(F),
and hence a positive definite hermitian Og-module
L, = Homop, (Ao,s, As)

as in (2.5.1). This hermitian lattice depends only on s € my(Sing), not on the choice
of geometric point above it.

Proposition 2.6.2. — For each s € m(Sing) the abelian varieties Ags and As are su-
persingular, and there is an Og-linear isomorphism of p-divisible groups
(2.6.2) As[p™] =2 Aps[p™] X -+ X Aps[p™]

n times
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identifying the polarization on the left with the product polarization on the right. More-
over, the hermitian Ok-module L is self-dual of rank n.

Proof. — Certainly Ay, is supersingular, as p is ramified in O C End(Ags).

Denote by p C Ok be the unique prime above p. Let W = W(F) be the Witt ring
of F, and let Fr € Aut(W) be the unique continuous lift of the p-power Frobenius
on F. Let D(W) denote the covariant Dieudonné module of A, endowed with its
operators F' and V satisfying F'V = p = V F. The Dieudonné module is free of rank n
over O ®z W, and the short exact sequence

0 — FOHIR(A,) —» HIR(A,) — Lie(4;) — 0
of F-modules is identified with
0—VDW)/pD(W) - D(W)/pD(W) — D(W)/VD(W) — 0.

As D is odd, the element § € Oy, fixed in § 1.7 satisfies ord,(6) = 1. This implies
that
§-D(W) =VD(W).
Indeed, by Theorem 2.3.2 the Lie algebra Lie(Ag) is annihilated by §, and hence
§-D(W) c VID(W). Equality holds as

dimg (D(W)/6 - D(W)) = n = dimp(D(W)/VD(W)).
Denote by N C D(W) the set of fixed points of the Fr-semilinear bijection
Vi :D(W) — D(W).
It is a free O p-module of rank n endowed with an isomorphism
D(W) = N @, W

identifying V = 6 ® Fr~'. Moreover, the alternating form 1 on D(W) induced by the
polarization on A, has the form

for a perfect hermitian pairing h : N x N — O . By diagonalizing this hermitian
form, we obtain an orthogonal decomposition of N into rank one hermitian Oy, ,-mod-
ules, and tensoring this decomposition with W yields a decomoposition of D(W) as
a direct sum of principally polarized Dieudonné modules, each of height 2 and slope
1/2. This corresponds to a decomposition (2.6.2) on the level of p-divisible groups.

In particular, A, is supersingular, and hence is isogenous to n copies of Ay,. Using
the Noether-Skolem theorem, this isogeny may be chosen to be Og-linear. It follows
first that L has Og-rank n, and then that the natural map

Ls Xz Zq = I—IOHI(’);c (AOS[qoo]a AS [qoo])

¢(n1 Qwi, N2 @ ’w2) = wi1wsy * Tl‘k/@ (

is an isomorphism of hermitian O ,-modules for every rational prime q. It is easy to
see, using (2.6.2) when ¢ = p, that the hermitian module on the right is self-dual, and
hence the same is true for L; ®7 Z,. O
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The remainder of §2.6 is devoted to proving the following result.

Theorem 2.6.3. — There is an isomorphism
w? 22 Q.o ® O(Exc)
of line bundles on Skra, as well as an equality

2Zkra(m) = Vcra(m) + Z #{x € Ly : (x,z) = m} - Exc,

s€mo(Sing)

of Cartier divisors.

Proof. — Recall from the proof of Theorem 2.4.3 the morphism

(

Lie(4o)®? @ (Lie(A)/F4))%?

-1
w QKra

(2.4.3)

Lie(A()) ®2 & PKra,

whose restriction to Skr, \ Exc is an isomorphism. If we view this morphism as a
global section

(263) g€ HO(SKra7 (1)2 ® Q;{ia),

then

(2.6.4) div(e) = > £,(0) - Exc,
s€mo(Sing)

for some integers ¢,(0) > 0, and hence
(2.6.5) WL = Q) OExc,)®O.
s€mo(Sing)
We must show that each ¢,(0) = 1.
Similarly, suppose m > 0. It follows from Theorem 2.5.3 that
(2.6.6) 2Zkra(m) = Vira(m) + D Ls(m) - Exc,
sEmo(Sing)

for some integers £;(m). Moreover, it is clear from the construction of Yk;a(m)
that 2Zk.a(m) — Vkra(m) is effective, and so £5(m) > 0. We must show that

ls(m) =#{zx € Ls: (x,x) = m}.

Fix s € my(Sing), and let Spec(F) — s, p = char(F), and (Ags, As) € Spap(F) be
as in (2.6.1). Let W = W (F) be the Witt ring of I, and set W = O @z W. It is a
complete discrete valuation ring of absolute ramification degree 2. Fix a uniformizer
w € W. As p is odd, the quotient map

W—-W/wW =F

admits canonical divided powers.
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Denote by Dy and D the Grothendieck-Messing crystals of Ags and A, respectively.
Evaluation of the crystals ® along the divided power thickening W — T yields free
Ok ®z W-modules Dy(W) and D(W) endowed with alternating WW-bilinear forms g
and ¢, and Og-linear isomorphisms

Do (W) /wDo(W) 2 Do (F) = HIR(Ag,)
and
DW)/wD(W) = D(F) = HIR(A,).
The W-modules Do(W) and D(W) are canonically identified with the covariant

Dieudonné modules of Ays; and A, respectively. The operators F' and V on these
Dieudonné modules induce operators, denoted the same way, on

Do(W) = Do(W) @w W, DW) = D(W) @w W.

For any elements yi,...,yx in an O ®z W-module, let (yi,...,yx) be the
O ®7 W-submodule generated by them. Recall from § 1.7 the elements

€, € O @z W.
Lemma 2.6.4. — There is an Oy ®z W-basis eqg € Do(W) such that
FDo(W) def (Eeo) C Do(W)

is a totally isotropic W-module direct summand lifting the Hodge filtration on Do(F),
and such that Veg = deg.
Similarly, there is an Ok ®z W-basis e1,...,e, € D(W) such that

FDW) ¥ (cey,Zes, ..., Zen) C DOW)

is a totally isotropic W-module direct summand lifting the Hodge filtration on D(F).
This basis may be chosen so that Veyry1 = der, where the indices are understood
in Z/nZ, and also so that

¢(<ei>v <ej>) = {

Proof. — As in the proof of Proposition 2.6.2, we may identify
Do(W) = No ®z, W

W ifi=j,

0 otherwise.

for some free O y-module Ny of rank 1, in such a way that V =0® Fr~!, and the al-
ternating form on Do (W) arises as the W-bilinear extension of an alternating form g
on Ny. Any Oy, p-generator eg € Ny determines a generator of the O, , ®z, YW-module

Do(W) & No @2, W,

() If p = 3, the divided powers on W — [ are not nilpotent, and so we cannot evaluate the
usual Grothendieck-Messing crystals on this thickening. However, Proposition 2.6.2 implies that the
p-divisible groups of Ags and As are formal, and Zink’s theory of displays [54] can be used as a
substitute.
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which, using Remark 2.3.5 has the desired properties.
Now set N = Ng @ --- @ Ny (n copies), so that, by Proposition 2.6.2, there is an
isomorphism
D(W) =N ®z, W
identifying V = 6 ® Fr ™!, and the alternating bilinear form on D(W) arises from an
alternating form ¢ on N. Let Z,» C W be the ring of integers in the unique unramified
degree n extension of Q,, and fix an action

t: Zyn — Endo, , (N)
in such a way that ¥ (v(a)z,y) = ¥(z, (a)y) for all & € Zpyn.
There is an induced decomposition
DW) = P DW),
kEZ/nZ

where

D(W)i = {e € D(W) : Vo € Zpn, 1(a) - e = FrF(a) - e}
is free of rank one over O ®z W. Now pick any Z,~-module generator e € N, view
it as an element of D(W), and let e, € D(W),, be its projection to the £ summand.
This gives an O ®7 W-basis ey, ..., e, € D(W), which determines an O ®7 W-basis
of D(W) with the required properties. O

By the Serre-Tate theorem and Grothendieck-Messing theory, the lifts of the Hodge
filtrations specified in Lemma 2.6.4 determine a lift

(267) (AOS7 As) € SPap (W)
of the pair (Ags, As). These come with canonical identifications
Hi™(Aos) =Do(W), Hi™(A,) =DW),

under which the Hodge ﬁltrations;orrespond to the filtrations chosen in Lemma 2.6.4.
In particular, the Lie algebra of Ay is

Lie(4,) 2 DW)/FDW) = (e1,ea,. .., e,)/{ce1,Eea, ... ,Een).
The W-module direct summand
Fi, =(e2,...,en)/(Ee2,... Een)
satisfies Krdmer’s condition (§2.3), and so determines a lift of (2.6.7) to
(Aos, As) € Skra(W).

To summarize: starting from a geometric point Spec(F) — s, we have used
Lemma 2.6.4 to construct a commutative diagram

(2.6.8) Spec(F) —— Excs —— s
Spec(W) Skra Spap-
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Lemma 2.6.5. — The pullback of the map (2.4.3) via Spec(W) — Skra vanishes iden-
tically along the closed subscheme Spec(W/wW), but not along Spec(W/w?W).

Proof. — The W-submodule of

(2.6.9) Lie(A;) = D(W)/(ceq1,Eea, ..., Eey)

generated by e; is Og-stable. The action of O ®7 W on this W-line is via

a®z—iw (a)x
_—

Or @z W w

(where iy : O — W is the inclusion), and this map sends  to a uniformizer of W;

see §1.7. Thus the quotient map g : D(W) — Lie(As) satisfies g(e1) = wq(e1) up to
multiplication by an element of W*. It follows that

P, ge,(e1 A= Ney) =w-P(Eer,er) - qler) Ngle2) A+ Aglen)

up to scaling by W*.
We claim that 1 (Zej,e;) € WX. Indeed, as g(e;) generates a W-module direct
summand of (2.6.9), there is some

xz € FD(W) = (ee1,Eeq,...,Ee,) C D(W),

such that ¥(z,e;) € W*. We chose our basis in Lemma 2.6.4 in such a way
that 1 (Ze;,e1) = 0 for ¢ > 1. It follows that 1 (ce, e1) is a unit, and hence the same
is true for 1 (eq, e1) = P(e1,ee1) = —P(eeq, e1).

We have now proved that

P ge,(e1 N+ Ney)=w-qler) Aglea) A=+ Agley)

up to scaling by W*, from which it follows that
P.ge, (61N - Nep) € /\n Lie(A,)

is divisible by w, but not by w?2.
The quotient

H{®(A,)[2H{™(4,) = DW) /e, ..., Zen)

is generated as a YW-module by e, ..., e,. From the calculation of the previous para-
graph, it now follows that P.,g., € PKra.|Spec(W) is divisible by @ but not by w?. The
quotient

Lie(A,)/Fz = D(W)/(ee1, ez, ..., en)

is generated as a VW-module by the image of e;, and we at last deduce that

P & Hom((Lie(A)/Fa)®*, Pira)|gocomy

is divisible by w but not by w?. O

ASTERISQUE 421



MODULARITY OF UNITARY GENERATING SERIES 43

Recall the global section o of (2.6.3). It follows immediately from Lemma 2.6.5
that its pullback via Spec(W) — Sk, has divisor Spec(W/@W), and hence

Spec(W) X sy, div(c) = Spec(W/@mW).
Comparison with (2.6.4) proves both that £,(0) = 1, and that
(2.6.10) Spec(W) X sy, Excs = Spec(W/wW).
Recalling (2.6.5), this completes the proof that
w? 2 Q.. ® O(Exc).

It remains to prove the second claim of Theorem 2.6.3. Given any x € L, =
Homop, (Aos, As), denote by k(x) the largest integer such that x lifts to a morphism

Ags @y W/ (@*®) = A, @y W/ (w*®).

Lemma 2.6.6. — As Cartier divisors on Spec(W), we have
Zkra(m) Xsy,. Spec(W) = Z Spec(W/wk(“”)W).
z€L,
(z,2)=m
Proof. — Each x € L, with (x,z) = m determines a geometric point
(2.6.11) (Aoz, Az, ) € Zxra(m)(F)
and surjective morphisms
Osicear
Ozm(m)w/ \ W,

where Oz, (m). is the étale local ring at (2.6.11), Osy,, . is the étale local ring at
the point below it, and the arrow on the right is induced by the map Spec(W) — Skra
of (2.6.8). There is an induced isomorphism of W-schemes

Ozyra(m) e ®0sy,,. W= W/(wk(z))
and the claim follows by summing over z. O

Lemma 2.6.7. — As Cartier divisors on Spec(W), we have

yKra(m) XSKra Spec(W) = Z SpeC(W/WZk(w)_ll/V)'

T€Lg
(z,z)=m

Proof. — Each z € Ly = Homp, (Ags, As) with (z,z) = m induces a morphism of
crystals Dy — D, and hence a map

Do(W) = D(W)
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respecting the F' and V operators. By Grothendieck-Messing deformation theory, the
integer k(x) is characterized as the largest integer such that the composition

FOHIR(Ay,) —S— HIR(Ay,) —2— HIR(A,) —L— Lie(4,)

eDo(W) ——— Do(W) —Z— D(W) DOW)

(ee1,8ea,...,E€y)

vanishes modulo w*®). In other words the composition
HR(4p,) 25 HIR(A,) L Lie(4,)

vanishes modulo @**) but not modulo w®)+1,
Using the bases of Lemma 2.6.4, we expand

z(eg) = arer + -+ anen

with aq,...,a, € Ok ®z W. The condition that x respects V implies that a1 = --- = a,,.
Let us call this common value a, so that

q(z(Eeg)) =€ - qlaey + -+ + ae,) = ag - q(eq)

in Lie(fis). By the previous paragraph, this element is divisible by w*® but not
by @@+ and so

(2.6.12) q(aZe;) = @ g(ey)

up to scaling by W*. )
On the other hand, the submodule of Lie(A;) generated by ¢(e;) is isomorphic
to (O ®z W)/{e) = W, and £ acts on this quotient by a uniformizer in WW. Thus

(2.6.13) gq(e1) = wq(er)

up to scaling by W*.
Combining (2.6.12) and (2.6.13) shows that, up to scaling by W*,

ag = @1z

in the quotient (O ®z W)/(e). By the injectivity of the quotient map
(&) — (O ®z W)/(e), this same equality holds in (€) C O ®z W. Using this
and (2.6.12), we compute
Preo)ou(e) (€1 A -+ Nen) = (ager, 1) - q(aBer) A qle2) A--- A qlen)
= w7y (ger, e1) - ger) Aglea) A+ Aglen)
= w2k(m)71 . Q(el) A q(62) ANEERWAN q(en)7

up to scaling by W*. Here, as in the proof of Lemma 2.6.5, we have used
P(€eq,e1) € WX,
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This calculation shows that the composition

= QT ~ P
HYM A0 25 BN Py
vanishes modulo @w?*®~1 but not modulo w?**) and the remainder of the proof
is the same as that of Lemma 2.6.6: comparing with the definition of Yk;a(m), see

especially (2.5.3), shows that
OyKra(m)7$ ®08Kra,z W= W/(WZk(Z)71)7
and summing over all = proves the claim. O

Combining Lemmas 2.6.6 and 2.6.7 shows that
Spec(W) X sy (2ZKra(m) — Vira(m)) = Z Spec(W /W)

z€Lg
(z,z)=m

as Cartier divisors on Spec(W). We know from (2.6.10) that

S if t =
Spec(W) X sy, Exc; = pec(W/@W) 1 %
0 ift+#s

and comparison with (2.6.6) shows that
Ls(m) =H#{x € Ly : (x,x) = m},
completing the proof of Theorem 2.6.3. O

3. Toroidal compactification
In this section we describe canonical toroidal compactifications

SKra I SI*(ra

|

*
SPB«P SPap

and the structure of their formal completions along the boundary. Using this descrip-
tion, we define Fourier-Jacobi expansions of modular forms.

The existence of toroidal compactifications with reasonable properties is not a
new result. In fact the proof of Theorem 3.7.1, which asserts the existence of good
compactifications of Sp,p and Skya, simply refers to [24]. Of course [loc. cit.] is itself
a very modest addition to the established literature [17, 40, 41, 49]. Because of this,
the reader is perhaps owed a few words of explanation as to why § 3 is so long.

It is well-known that the boundary charts used to construct toroidal compactifica-
tions of PEL-type Shimura varieties are themselves moduli spaces of 1-motives (or,
what is nearly the same thing, degeneration data in the sense of [17]). This moduli
interpretation is explained in §3.3.
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It is a special feature of our particular Shimura variety Sh(G, D) that the bound-
ary charts have a second, very different, moduli interpretation. This second moduli
interpretation is explained in § 3.4. In some sense, the main result of § 3 is not Theo-
rem 3.7.1 at all, but rather Proposition 3.4.4, which proves the equivalence of the two
moduli problems.

The point is that our goal is to eventually study the integrality and rationality
properties of Fourier-Jacobi expansions of Borcherds products on the integral models
of Sh(G, D). A complex analytic description of these Fourier-Jacobi expansions can be
deduced from [32], but it is not a priori clear how to deduce integrality and rationality
properties from these purely complex analytic formulas.

To do so, we will exploit the fact that the formulas of [32] express the Fourier-Jacobi
coefficients in terms of the classical Jacobi theta function. The Jacobi theta function
can be viewed as a section of a line bundle on the universal elliptic curve fibered over
the modular curve, and when interpreted in this way it has known integrality and
rationality properties (this is explained in §5.1).

By converting the moduli interpretation of the boundary charts from 1-motives to
an interpretation that makes explicit reference to the universal elliptic curve and the
line bundles that live over it, the integrality and rationality properties of the Fourier-
Jacobi coefficients can be deduced, ultimately, from those of the classical Jacobi theta
function.

3.1. Cusp label representatives. — Recall that W, and W are k-hermitian spaces of
signatures (1,0) and (n — 1, 1), respectively, with n > 2. Tautologically, the subgroup

G © GU(W,) x GU(W)

acts on both Wy and W. If J C W is an isotropic k-line, its stabilizer P = Stabg(J)
in G is a parabolic subgroup. This establishes a bijection between isotropic k-lines
in W and proper parabolic subgroups of G. If n > 2 then such isotropic k-lines always
exist.

Definition 3.1.1. — A cusp label representative for (G, D) is a pair ® = (P, g) in which
g € G(Ay) and P C G is a parabolic subgroup. If P = Stabg(J) for an isotropic k-line
J C W, we call & a proper cusp label representative. If P = G we call ® an improper
cusp label representative.

For each cusp label representative ® = (P, g) there is a distinguished normal sub-
group Qo < P. If P = G we simply take Q¢ = G. If P = Stabg(J) for an isotropic
k-line J C W then, following the recipe of [47, § 4.7], we define Q¢ as the fiber product

(3.1.1) Qs - Resy, /0Gm

J J/a»—»(a,Nm(a),a,id)

P—— GU(Wy) x GL(J) x GU(J/J) x GL(W/J4).
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The morphism G — GU(W) restricts to an injection Qg — GU(W), as the action
of Qs on J1/J determines its action on Wj.

Let K C G(Ay) be the compact open subgroup (2.1.3). Any cusp label represen-
tative & = (P, g) determines compact open subgroups

Ko =gKg ' NQa(As), Ko =gKg'NP(Ay),
and a finite group

(3.1.2) As = (P(Q) N Qa(Af)Ks)/Qa(Q).

Definition 3.1.2. — Two cusp label representatives ® = (P, g) and &' = (P, g’) are
K -equivalent if there exist v € G(Q), h € Qa(Ay), and k € K such that

(P',g') = (yPy~',vhgk).

One may easily verify that this is an equivalence relation. Obviously, there is a unique
K-equivalence class of improper cusp label representatives.

From now through §3.6, we fix a proper cusp label representative & = (P,g),
with P C G the stabilizer of an isotropic k-line J C W. There is an induced weight
filtration wt;W C W defined by

0 c J c J+ c %%

Wt},'g,W C Wt,QW C Wt,1W C WtOW

and an induced weight filtration on V' = Homg (W, W) defined by

Homy (Wy,0) < Homg(Wo,J) ¢ Homg(Wy,Jt) < Homg(Wy, W)

wt_oV C wt_1V C wtoV C wt1 V.

It is easy to see that wt_1V is an isotropic k-line, whose orthogonal with respect to
(2.1.5) is wtoV. Denote by gr,W = wt;W/wt;_1W the graded pieces, and similarly
for V.

The Og-lattice ga C W determines an Og-lattice

gr;(ga) = (ganwt;W)/(ganwt,_1 W) C gr,W.

The middle graded piece gr_, (ga) is endowed with a positive definite self-dual hermi-
tian form, inherited from the self-dual hermitian form on ga appearing in the proof
of Proposition 2.1.1. The outer graded pieces

(3.1.3) m=gr_,(ga), n=gry(ga)
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are projective rank one Op-modules (®), endowed with a perfect Z-bilinear pairing
m ®z n — Z inherited from the perfect symplectic form on ga appearing in the proof
of Proposition 2.2.1.

Remark 3.1.3. — The isometry class of ga as a hermitian lattice is determined by the
isomorphism classes of m and n as Og-modules and the isometry class of gr_,(ga) as
a hermitian lattice. This follows from the proof of [24, Proposition 2.6.3], which shows
that one can find a splitting (7

ga=gr_5(ga) ®gr_;(g9a) ® gro(ga),

in such a way that the outer summands are totally isotropic, and each is orthogonal
to the middle summand.

Exactly as in (2.1.4), there is a k-conjugate linear isomorphism

Homg (Wo,gr_, W) ime M Homg (gr_, W, Wp).
If we define
(3.1.4) Lo = Homo, (940, gr_1(9a))
Ao = Homo, (gr_;(9a), g%0),

then x — zV restricts to an Og-conjugate linear isomorphism Lg = Ag. These are,

in a natural way, positive definite self-dual hermitian lattices. For z1,x5 € Ly the
hermitian form on Ly is defined, as in (2.1.5), by

(x1,79) = zY 0 73 € Endp, (9a0) = O,
while the hermitian form on Ay is defined by
<$¥,$\1/> = <ZL'1, x2>'

Lemma 3.1.4. — Two proper cusp label representatives ® and ®' are K -equivalent if
and only if Ao = A} as hermitian Ok-modules and n = n' as Og-modules. Moreover,
the finite group (3.1.2) satisfies

(3.1.5) Ag = U(Ag) x GLo, (n).

Proof. — The first claim is an elementary exercise, left to the reader. For the second
claim we only define the isomorphism (3.1.5), and again leave the details to the reader.
The group P(Q) acts on both Wy and W, preserving their weight filtrations, and so

acts on both the hermitian space Homg(gr_, W, W) and the k-vector space groW.
The subgroup P(Q) N Qa(As)Kg preserves the lattices

Ay C Homk(gr_lW, W())
and n C gr,W, inducing (3.1.5). O

(6) In fact m = n as Og-modules, but identifying them can only lead to confusion.
(7) This uses our standing assumption that k has odd discriminant.
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3.2. Mixed Shimura varieties. — The subgroup Qs (R) C G(R) acts on
Dg(W) = {k-stable R-planes y € W(R) : W(R) = J-(R) @ y},
and so also acts on
Do = D(Wp) x Do (W).
The hermitian domain of (2.1.2) satisifies D(W) C Dg(W), and hence there is a

canonical Q4 (R)-equivariant inclusion D C Dg.
The mixed Shimura variety

(3.2.1) Sh(Qe, Ds)(C) = Q2(Q)\De x Qa(As)/Ka

admits a canonical model Sh(Qe,Ds) over k by the general results of [47]. By rewrit-
ing the double quotient as

Sh(Qa,De)(C) = Qa(Q)\Do x Qo (Af)Ke /Ko,

we see that (3.2.1) admits an action of the finite group Ag of (3.1.2), induced by the
action of P(Q)NQa(Af)Ks on both factors of Dy x Qo (Af)Ke. This action descends

to an action on the canonical model.

Proposition 3.2.1. — The morphism ve of (3.1.1) induces a surjection
(z,h)—ve (b
—_—

Sh(Qa, Da)(C) L R /O

with connected fibers. This map is Ag-equivariant, where Ag acts trivially on the
target. In particular, the number of connected components of (3.2.1) is equal to the
class number of k, and the same is true of its orbifold quotient by the action of Ag.

Proof. — The space Dg is connected, and the kernel of ve : Qo — Resg/qGy is
unipotent (so satisfies strong approximation). Therefore

70 (Sh(Qs, Ds)(€)) = Qo (Q)\Qa(Af)/Ks = k™ \k* /va(Ka),
and an easy calculation shows that vg (Ks) = @,f O
It will be useful to have other interpretations of Dg.

Remark 3.2.2. — Any point y € Dg (W) determines a mixed Hodge structure on W
whose weight filtration wt;W C W was defined above, and whose Hodge filtration is
defined exactly as in Remark 2.1.3. As in [46, p. 64] or [47, Proposition 1.2] there is an
induced bigrading W (C) = @ W9 and this bigrading is induced by a morphism
S¢ — GU(W)¢ taking values in the stabilizer of J(C). The product of this morphism
with the morphism S¢ — GU(W)y)c of Remark 2.1.3 defines a map z : S¢ — Qac,
and this realizes Dg C Hom(Sc, Qac).

Remark 3.2.3. — Imitating the construction of Remark 2.1.2 identifies
Dy = {w € £V(C) : V(C) = wtyV(C) & Cw & Cw}/C* € P(eV(T))

as an open subset of projective space.
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3.3. The first moduli interpretation. — Using the pair (Ag,n) defined in § 3.1, we now
construct a smooth integral model of the mixed Shimura variety (3.2.1). Following
the general recipes of the theory of arithmetic toroidal compactifications, as in [17,
24,42, 40], this integral model will be defined as the top layer of a tower of morphisms

Cs — By — Agp — Spec(Og),

smooth of relative dimensions 1, n — 2, and 0, respectively.
Recall from § 2.3 the smooth Og-stack

M(1,0) X0, M(n—-2,0) — Spec(Ok)

of relative dimension 0 parametrizing certain pairs (Ao, B) of polarized abelian
schemes over S with Og-actions. The étale sheaf @ok(B7Ao) on S is locally
constant; this is a consequence of [11, Theorem 5.1].

Define Ag as the moduli space of triples (Ag, B, ) over O-schemes S, in which
(Ao, B) is an S-point of M 0y X0, M(n—2,0), and

0: Ay = mok(B,Ao)

is an isomorphism of étale sheaves of hermitian Og-modules.

Define Bs as the moduli space of quadruples (Ao, B, g,c) over Og-schemes S, in
which (Ao, B, ¢) is an S-point of Ag, and ¢ : n — B is an O-linear homomorphism
of group schemes over S. In other words, if (A, B, ¢) is the universal object over Ag,
then

By = Hom,, (n, B).
Suppose we fix p,v € n. For any scheme U and any morphism U — Bg, there is
a corresponding quadruple (A, B, g, ¢) over U. Evaluating the morphism of U-group

schemes ¢ : n — B at p and v determines U-points ¢(u),c(v) € B(U), and hence
determines a morphism of U-schemes

Uy Lwx o B~pBxBY

Denote by L(u,v)y the pullback of the Poincaré bundle via this morphism. As U
varies, these line bundles are obtained as the pullback of a single line bundle £(p,v)
on Bcp.

It follows from standard bilinearity properties of the Poincaré bundle that £(u,v)
depends, up to canonical isomorphism, only on the image of y ® v in

Symg = Sym3(n)/{(zp) ® v — p® (TV) : x € O, p,v € n).

Thus we may associate to every x € Symg a line bundle £(x) on Bg, and there are
canonical isomorphisms

L(x) ® LX) = L(x + X))

Our assumption that D is odd implies that Symg is a free Z-module of rank one.
Moreover, there is positive cone in Symg ®z R uniquely determined by the condition
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u®u > 0 for all u € n. Thus all of the line bundles £() are powers of the distinguished
line bundle

(3.3.1) Ly = L(x0)

determined by the unique positive generator xo € Symg.
At last, define Bg-stacks

Co =1s0(L5,08,), Cp=Hom(Ls,Og,).

In other words, Cj is the total space of the line bundle £;1, and Cg is the complement
of the zero section Bg <— Cj. In slightly fancier language,

Cs = Specs, (D £5). €5 = Specs, (D L5).
0ez >0

and the zero section By — Cj is defined by the ideal sheaf @e>0 Eé.

Remark 3.3.1. — When n = 2 the situation is a bit degenerate. In this case
B<1> = A<1> = M(I,O)a
Lo is the trivial bundle, and C¢ — Bg is the trivial G,,-torsor.

Remark 3.3.2. — Using the isomorphism of Lemma 3.1.4, the group Ag acts on Bg
via

(U,t) o (Ao,B,Q,C) = (Ao,B,QOU_l,COt_l),

for (u,t) € U(Ag) x GLp, (n). The line bundle Lg is invariant under Ag, and hence
the action of Ag lifts to both Cy and Cj.

Proposition 3.3.3. — There is a Ag-equivariant isomorphism
Sh(Qe,Ds) = Co k-
Proof. — This is a special case of the general fact that mixed Shimura varieties

appearing at the boundary of PEL Shimura varieties are themselves moduli spaces
of 1-motives endowed with polarizations, endomorphisms, and level structure. The
core of this is Deligne’s theorem [14, § 10] that the category of 1-motives over C is
equivalent to the category of integral mixed Hodge structures of types (—1,-1),
(-1,0), (0,—1), (0,0). See [42], where this is explained for Siegel modular varieties,
and also [12]. A good introduction to 1-motives is [2].

To make this a bit more explicit in our case, denote by X the Og-stack whose func-
tor of points assigns to an Og-scheme S the groupoid X (S) of principally polarized
1-motives A consisting of diagrams

I
B

00— m®zG,,
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in which B € M,_3,0)(S), B is an extension of B by the rank two torus m ®z G, in
the category of group schemes with Og-action, and the arrows are morphisms of fppf
sheaves of Op-modules.

To explain what it means to have a principal polarization of such a 1-motive A, set
m" = Hom(m,Z) and n¥ = Hom(n,Z), and recall from [14, § 10] that A has a dual
1-motive A consisting of a diagram

mV

|

0——nV QG BY BY 0.

A principal polarization is an Og-linear isomorphism B = BY compatible with the
given polarization B = BV, and with the isomorphisms m = n¥ and n = m" deter-
mined by the perfect pairing m ®z n — Z defined after (3.1.3).

Using the “description plus symétrique” of 1-motives [14, (10.2.12)], the O-stack Co
defined above can be identified with the moduli space whose S-points are triples
(Ao, A, 0) in which

— (AO,A) S M(l’o)(S) X X@(S),

— 0 : Ay = Homg, (B,Ap) is an isomorphism of étale sheaves of hermitian

Ok-modules, where B € M,,_90)(S5) is the abelian scheme part of A.

To verify that Sh(Qe,Ds) has the same functor of points, one uses Remark 3.2.2
to interpret Sh(Qs, Ds)(C) as a moduli space of mixed Hodge structures on Wy and
W, and uses the theorem of Deligne cited above to interpret these mixed Hodge
structures as 1-motives. This defines an isomorphism Sh(Qg,Ds)(C) = C5(C). The
proof that it descends to the reflex field is identical to the proof for Siegel mixed
Shimura varieties [42].

We remark in passing that any triple (Ao, A4, 0) as above automatically satisfies
(2.2.4) for every prime £. Indeed, both sides of (2.2.4) are now endowed with weight
filtrations, analogous to the weight filtration on Homyg (Wy, W) defined in §3.1. The
isomorphism g induces an isomorphism (as hermitian O -lattices) between the gr,
pieces on either side. The gr_; and gr; pieces have no structure other then projective
O -modules of rank 1, so are isomorphic. These isomorphisms of graded pieces imply
the existence of an isomorphism (2.2.4), exactly as in Remark 3.1.3. O

3.4. The second moduli interpretation. — In order to make explicit calculations, it
will be useful to interpret the moduli spaces

Co — By — Ag — Spec(Og)

in a different way.
Suppose E — S is an elliptic curve over any base scheme, and denote by Pg the
Poincaré bundle on

ExgE~FExgEV.
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If U is any S-scheme and a,b € E(U), we obtain an Oy-module Pg(a,b) by pulling
back the Poincare bundle via

(a,b)

U—> EXSE EXSEV

The notation is intended to remind the reader of the bilinearity properties of the
Poincaré bundle, as expressed by canonical Oy-module isomorphisms
(3.4.1) Pre(a+b,c) = Pg(a,c) ® Pr(b,c)
Pr(a,b+c) = Pg(a,b) ® Pe(a,c)
Pr(a,b) = Py(b,a),
along with Pg(e,b) =2 Oy = Pg(a,e). Here e € E(U) is the zero section.

Let E — My ,0) be the universal elliptic curve with complex multiplication by Ok.
Its Poincaré bundle satisfies, for all @ € Oy, the additional relation Pg(waa,b) =
Pr(a,ad).

Recall the positive definite self-dual hermitian lattice Lo of (3.1.4). Using Serre’s
tensor construction, we define an abelian scheme

(3.4.2) E® Ly =E ®o, Lo

over M1 0y. As explained in detail in [1], the principal polarization on E and the
hermitian form on Ly can be combined to define a principal polarization on E ® Ly,
and we denote by Prgr, the Poincaré bundle on

(E ® LU) X M1,0) (E ® LO) = (E ® LO) X M1,0) (E ® LO)V'

The Poincaré bundle Pggr, can be expressed in terms of Pg. If U is a scheme, a
morphism

U— (E ® LO) X M1,0) (E ® LO)
is given by a pair of U-valued points
c= Zsi®xi EEU)® Ly, ¢ = Zs; ®x; € E(U) ® Ly,
and the pullback of Prgr, to U is

PrsL,(c,c) ®PE (3, 25) s, 575).

Define Qggr, to be the line bundle on £ ® Ly whose restriction to the U-valued
point ¢ = > s; @ x; is

(343) QE®LO ®PE xux] Susj X ®PE CL'Z,LL'Z 31;31)
1<j
where
146
v = % € Ok.
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It is related to Pggr, by canonical isomorphisms

(3.4.4) ProL,(a,b) = Qpgr,(a+b) ® Qrgr,(a) ' ® Qrer,(b) "
PeoL,(a,a) = Qpgr,(a)®?.

for all U-valued points a,b € E(U) ® Lo.

Remark 3.4.1. — As in the constructions of [40, § 1.3.2] or [44, §6.2], the line bundle
OpgrL, determines a morphism £ ® Ly — (E ® Lg)Y. The relations (3.4.4) amount
to saying that this morphism is the principal polarization constructed in [1].

Remark 3.4.2. — The line bundle Pggr,(da, a) is canonically trivial. This follows by
comparing
PeoL,(78,0)%? = PrgL,(a,a) ® PpgL,(0a, a)
with
PreL,(18,0)%% = Ppgr,(va,a) ® PreL, (7a,a) & Prer, (e, a).
Remark 3.4.3. — In the slightly degenerate case of n = 2, E ® Ly is the trivial group
scheme over My ), and PrgL, is the trivial bundle on M g).

Proposition 3.4.4. — As above, let E — M) be the universal object. There are
canonical isomorphisms

C<1> B<I> A<I>

R

Iso(QEwLe: OrgL,) —— E® Lo » M(1,0)5

IR

and the middle vertical arrow identifies Lo = QgL -

Proof. — Define a morphism Ag — M4 o) by sending a triple (Ao, B, ¢) to the CM
elliptic curve

(3.4.5) E = Hom, (n, Ay).

To show that this map is an isomorphism we will construct the inverse.
If S is any Og-scheme and E € M )(S), we may define (Ao, B, 0) € As(S) by
setting
Ao = E®o,n, B=Homg, (Ag,Ao),
and taking for ¢ : Ay = Hom,, (B, Ag) the tautological isomorphism. The principal
polarization on B is defined using the Og-linear isomorphism

aQxr— .,zv a
A ®o, Lo S NEN Hom, (Ao, Ao)

and the principal polarization on Ag @, Lo constructed in [1], exactly as in the
discussion following (3.4.2). The construction E — (Ao, B, p) is inverse to the above
morphism Ag — My ).
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Now identify Ag = My ¢y using the above isomorphism, and denote by (Ao, B, 0)
and F the universal objects on the source and target. They are related by canonical
isomorphisms

(3.4.6) Bs = Hom,, (n, B)

IR

Homy, (n ®0, Ao, Ao)

1R

Homg, (Ao, E).

Combining this with the Og-linear isomorphism

E® L L AN Hom,, (Ao, E)
defines By = E ® Lg. All that remains is to prove that this isomorphism identifies Lq
with Qggr,, which amounts to carefully keeping track of the relations between the
three Poincaré bundles Pg, Pg, and Pg,.

Any fractional ideal b C k admits a unique positive definite self-dual hermitian
form, given explicitly by (b1,bs) = byby/N(b). It follows that any rank one projec-
tive Og-module admits a unique positive definite self-dual hermitian form. For the
Og-module Homp, (n, Of), this hermitian form is

(€1, £2) = b1 (p)l2(v) + €1 (v)l2(p),

where u ® v = xo € Symg is the positive generator appearing in (3.3.1).
The relation (3.4.5) implies a relation between the line bundles P and Pa,. If U is
any Ag-scheme and we are given points

s,s8' € E(U) = Homp, (n, Agy)

of the form s = ¢(-)a and s’ = ¢'(-)a’ with £,¢' € Home, (n,Ok) and a,a’ € Ao(U),
then

Pr(s,8') 2 Pa, ((¢,)a,a’)
Pe(vs,s) = Pa, (L(n)a, L(v)a).

Similarly, the isomorphism B = Hom, (Ao, A¢) implies a relation between Pp and
Pa,. If U is an S-scheme, a morphism U — B X 4, B is given by a pair of points

b, b e B(U) = Homok (Ao, AOU)

of the form b = (.,,A)a and b = (., A)a’ with A\, ) € Ap and a,a’ € Ay(U). The
pullback of Pg to U is the line bundle

PB (b, b/) = PAO (a, <)\, )\')a’).

SOCIETE MATHEMATIQUE DE FRANCE 2020



56 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

Using the isomorphisms (3.4.6), a point ¢ € Bs(U) admits three different interpre-
tations. In one of them, ¢ has the form

c= ZZ i)a; € Home, (n ®0,, A, Aou).-
By setting
b; = (., \i)a; € Homp, (Ao, Aory) = B(U)
8; = 4;(-)a; € Homo, (n, Aov) = E(U),
we find the other two interpretations
c=Y_4i()b; € Homo, (n, By)
c= Z(, Ai)s; € Homoe, (Ao, Ey).

The above relations between Pg, Pg, and Py, imply

’PB ®PB bﬂg ( )b )
—®PA0 az) )\za)‘ >€ ( )a‘j)

~®7>A0 (L, £5)as, (N, Aj)ag) ®®PAO (w)as, £;(v) (A, Ai)a;)

i<j
= ®PE Sz, Aza)\ 33 ®®pE 7313 <)‘za)‘ >Sz)
1<J

Now write \; = xi with z; € Lo, and use the relation
Pr(si, (M, Aj)s5) = Pe((Nj, Xi)si, s5) = Pe((zi, 5)si, 55)

to obtain an isomorphism Pg(c(p), c(v)) = Qrgr,(c). The line bundle on the left
is precisely the pullback of Lg via ¢, and letting ¢ vary we obtain an isomorphism
Lo = QpgrL,- O

3.5. The line bundle of modular forms. — We now define a line bundle of weight
one modular forms on our mixed Shimura variety, analogous to the one on the pure
Shimura variety defined in §2.4.
The holomorphic line bundle w®" on D defined in § 2.4 admits a canonical extension
to
Do = D(Wy) x Dge(W),

which we denote by w3'. Indeed, recalling that D(Wy) = {yo} is a one-point set,
an element z € Dy is represented by a pair (yo,y) in which y is a k-stable R-plane
in W(R) such that W(R) = J-(R) @ y. The fiber of w3 at z is the line

Homg (Wo(C)/eWo(C), pr.(y)) C eV(C),
exactly as in Remark 2.1.2 and (2.4.1).
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If we embed Dg into projective space over eV (C) as in Remark 3.2.3, then wj" is
simply the restriction of the tautological bundle. There is an obvious action of Q4 (R)
on the total space of w3®, lifting the natural action on Dg, and so wy' determines a
holomorphic line bundle on the complex orbifold Sh(Qs,Ds)(C).

As in § 2.4, the holomorphic line bundle w%" is algebraic and descends to the canon-
ical model Sh(Qs,Ds). In fact, it admits a canonical extension to the integral model
Cs, as we now explain.

Recalling the Og-modules m and n of (3.1.3), define rank two vector bundles on Ag
by

M=m®z04,, N=0®z04,.

Each is locally free of rank one over Ok ®z O 4,, and the perfect pairing between m
and n defined after (3.1.3) induces a perfect bilinear pairing 9 ® 91 — O4,. Using
the almost idempotents €, € Ok ®z O 4, of §1.7, there is an induced isomorphism
of line bundles

(M/eM) @ (eN) = O,

Recalling that Ag carries over it a universal triple (Ag, B, ¢), in which Aj is an
elliptic curve with Og-action, we now define a line bundle on A4 by

we = Hom(Lie(Ap),eN),
or, equivalently,
wy' = Lie(4y) ®0 4, M/eM.
Denote in the same way its pullback to any step in the tower

C:’f, —>Bc[> —>Aq>.

The above definition of we is a bit unmotivated, and so we explain why we is
analogous to the line bundle w on Sk, defined in §2.4. Recall from the proof of
Proposition 3.3.3 that Cs carries over it a universal 1-motive A. This 1-motive has
a de Rham realization H{F(A), defined as the Lie algebra of the universal vector
extension of A, as in [14, (10.1.7)]. It is a rank 2n-vector bundle on Cg, locally free of
rank n over Ok ®z O¢,, and sits in a diagram of vector bundles

0 0

| |

FOHIR(B) m

! l

0 —— FOH{R(A) —— H{R(A) —— Lie(A) —— 0
1

(

Li

@

B)

I

0,

o— R

SOCIETE MATHEMATIQUE DE FRANCE 2020



58 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

with exact rows and columns. The polarization on A induces a perfect symplectic
form on H{®(A). This induces a perfect pairing

(3.5.1) FOH{®R(A) ® Lie(A) — Oc,
as in (2.2.1), which is compatible (in the obvious sense) with the pairings
F°H{®(B) ® Lie(B) — Oc,

and N @ M — O¢, that we already have.
The signature condition on B implies that e FC H{®(B) = 0 and gLie(B) = 0. Using
this, and arguing as in [24, Lemma 2.3.6], it is not difficult to see that

Fa = ker(g : Lie(A) — Lie(A))

is the unique codimension one local direct summand of Lie(A) satisfying Kramer’s
condition as in §2.3, and that its orthogonal under the pairing (3.5.1) is Ff =
eFOH{R(A). Moreover, the natural maps

IM/eM — Lie(A)/Fa, Fi—eN
are isomorphisms. These latter isomorphisms allow us to identify
wsp = Hom(Lie(Ap), Fx), wgz' = Lie(Ay) ® Lie(A)/Fa
in perfect analogy with § 2.4.
Proposition 3.5.1. — The isomorphism
Co(C) = Sh(Qe, De)(C)
of Proposition 3.3.3 identifies the analytification of we with the already defined w3’.
Moreover, the isomorphism Ag = M y,g) of Proposition 3.4.4 identifies
wp =0 -Lie(E)™! C Lie(E)™*
where 0 = 6Oy is the different of Ok, and E — My o) is the universal elliptic curve
with CM by Og.

Proof. — Any point z = (yo,y) € Dg determines, by Remarks 2.1.3 and 3.2.2, a pure
Hodge structure on Wy and a mixed Hodge structure on W, these induce a mixed
Hodge structure on V' = Homg(Wy, W), and the fiber of w3" at z is

w3, = F'V(C) = Hom¢ (W (C)/eWy(C),e F'W(C)).
On the other hand, we have just seen that
we = Hom(Lie(4g), F1) = Hom(Lie(Ag),e FOH{R(A)).

With these identifications, the proof of the first claim amounts to carefully tracing
through the construction of the isomorphism of Proposition 3.3.3.
For the second claim, the isomorphism Ay = E ®, n induces a canonical isomor-
phism
Lie(A4p) = Lie(E) ®p, n = Lie(F) ® N/eN,
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where we have used the fact that n®p, O4, = M/zN is the largest quotient of 9 on
which O acts via the structure morphism O — O 4,. Thus

we = Hom(Lie(A),eN)
= Hom(Lie(E) ® 91/eN, eN)
= Lie(E) ™' ®0,, Hom(MN/eN,eN).

Now recall the ideal sheaf (¢) C O ®z O4, of §1.7. There are canonical isomor-
phisms of line bundles

004, = (¢) = Hom(91/2M, M),

where the first is (1.7.1) and the second is the tautological isomorphism sending & to
the multiplication-by-e map 9t/g91 — £91. These constructions determine the desired
isomorphism

we = Lie(E)_1 ®0., 004, O

3.6. Special divisors. — Let Vo (D) be the moduli stack over Oy parametrizing cyclic
D-isogenies of elliptic curves over Og-schemes, and let £ — £’ be the universal object.
See [28, Chapter 3] for the definitions.

Let (Ao, B, 0, ¢) be the universal object over Bg. Recalling the Og-conjugate linear
isomorphism Ly & Ag defined after (3.1.4), each z € Ly defines a morphism

ﬂi>B—>g(z) AO

of sheaves of Og-modules on Bg. Define Z5(z) C Bg as the largest closed substack
over which this morphism is trivial. We will see in a moment that this closed substack
is defined locally by one equation. For any m > 0 define a stack over Bg by

(3.6.1) Zo(m)= || Za(2).
x€Lg
(z,x)=m
We also view Zg(m) as a divisor on Bg, and denote in the same way the pullback of
this divisor via C§ — Bs.

Remark 3.6.1. — In the slightly degenerate case n = 2 we have Ly = 0, and every
special divisor Zg(m) is empty.

We will now reformulate the definition of Z3(z) in terms of the moduli problem
of §3.4. Recalling the isomorphisms of Proposition 3.4.4, every x € Ly determines a
commutative diagram

Bq> = E®L0 <1z> E g

Lo

Ap —= M(1,0) =——= M,0) — Jo(D),
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where M1 gy — Vo(D) sends E to the cyclic D-isogeny
E— E®o, 07",
and the rightmost square is cartesian. The upper and lower horizontal compositions

are denoted j, and j, giving the diagram

(3.6.2) Bo — &

|, |

As —L5 yo(D).

Proposition 3.6.2. — For any nonzero © € Lg, the closed substack Zg(xz) C Bo is
equal to the pullback of the zero section along j,. It is an effective Cartier divisor, flat
over Ag. In particular, as Ag is flat over O, so is each divisor Z¢(x).

Proof. — Recall the isomorphisms
E = Homy, (n,Ap), B = Hom, (Ao, Ao)
from the proof of Proposition 3.4.4. If we identify Ay ®¢o, Lo = B using

a@z—(.,z")a
_—

Ao ®o,, Lo

we obtain a commutative diagram of Ag-stacks

Hom,, (Ao, 4o) = B,

E ®0, Lo — Hom, (n, A9 ®0,, Lo) — Homy, (n, B) = Bs

(w)l Ja(wv)

E Homy, (n, Ao),

in which all horizontal arrows are isomorphisms. The first claim follows immediately.
The remaining claims now follow from the cartesian diagram

Zg(x) M1,0)

| o |

By ——E®Ly - E.

The zero section e : My gy < E is locally defined by a single nonzero equation [28,
Lemma 1.2.2], and so the same is true of its pullback Zg(z) — Bg. Composition
along the bottom row is flat by [44, Lemma 6.12], and hence so is the top horizontal
arrow. O

Remark 3.6.3. — For those who prefer the language of 1-motives: As in the proof of
Proposition 3.3.3, there is a universal triple (Ay, A, ¢) over Ce in which Ay is an elliptic
curve with Og-action and A is a principally polarized 1-motive with Og-action. The
functor of points of Z5(m) assigns to any scheme S — Cg the set

Z5(m)(S) = {x € Homoe, (Ao,s, As) : (x,x) = m},
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where the positive definite hermitian form (.,.) is defined as in (2.5.1). Thus our
special divisors are the exact analogues of the special divisors on Sk;, defined in §2.5.

3.7. The toroidal compactification. — We describe the canonical toroidal compactifi-
cation of the integral models Skys — Spap Of §2.3.

Theorem 3.7.1. — Let S denote either Skra 0T Spap. There is a canonical toroidal
compactification Sg — Sf, flat over O of relative dimension n — 1. It admits a
stratification

s =|]s5(@)
]

as a disjoint union of locally closed substacks, indexed by the K -equivalence classes of
cusp label representatives (defined in §3.1).

1. The Og-stack Sg,, is regular.

2. The Og-stack Sg,, 1s Cohen-Macaulay and normal, with Cohen-Macaulay
fibers. If n > 2 its fibers are geometrically normal.

3. The open dense substack Sg C Sf, is the stratum indexzed by the unique equiv-
alence class of improper cusp label representatives. Its complement

oshy= || s5@
& proper
is a smooth divisor, flat over O.

4. For each proper ® the stratum S5 (®) is closed. All components of S(®),c are
defined over the Hilbert class field k™'P, and they are permuted simply transi-
tively by Gal(k™!® /k). Moreover, there is a canonical identification of Og-stacks

Agp\By =——=51(?)
Ag\C} S
such that the two stacks in the bottom row become isomorphic after completion
along their common closed substack in the top row. In other words, there is a
canonical isomorphism of formal stacks
(3.7.1) As\(C3)35, = (SE)QE@)-
The morphism Skra — Spap extends uniquely to a stratum preserving morphism
of toroidal compactifications. This extension restricts to an isomorphism
(3.7.2) Skra \ Exc = 8§, \ Sing,

compatible with (3.7.1) for any proper ®.
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The line bundle w on Skra defined in § 2.4 admits a unique extension (denoted
the same way) to the toroidal compactification in such a way that (3.7.1) iden-
tifies it with the line bundle wg on C}. A similar statement holds for Qx.,., and
these two extensions are related by

2 2 Qi,. ® O(Exc).

The line bundle Qp,, on Spap defined in § 2.4 admits a unique extension (de-
noted the same way) to the toroidal compactification, in such a way that (3.7.1)
identifies it with w3.

For any m > 0, define Zj..(m) as the Zariski closure of Zxra(m) in Si,,. The
isomorphism (3.7.1) identifies it with the Cartier divisor Zg(m) on C}.

For any m > 0, define Y, (m) as the Zariski closure of Ypap(m) in S,
The isomorphism (3.7.1) identifies it with 2Z¢(m). Moreover, the pullback
of Vpap(m) to Si.., denoted Vi, (m), satisfies

2ZI*(ra(m) = yl*(ra(m) + Z #{.’17 € Ls : <£L',£L'> = m} . EXCS.

s€mo(Sing)

Proof. — Briefly, in [24, § 2] one finds the construction of a canonical toroidal com-
pactification
o 0,*
M1y = M Z1 1y
Using the open and closed immersion

So = M@0 x M, 1y,

the toroidal compactification Sf; is defined as the Zariski closure of S&p
in M0y X M(Dn’il 1) All of the claims follow by examination of the construc-
tion of the compactification, along with Theorem 2.6.3. O

Remark 3.7.2. — If W is anisotropic, so that (G, D) has no proper cusp label repre-
sentatives, the only new information in the theorem is that Sp,, and Skr, are already
proper over Oy, so that

* *
SPap = SPap7 SKra = SKra'

Corollary 3.7.3. — Assume that n > 2. The Cartier divisor Vg, (m) on Sp,, is
Ok-flat, as is the restriction of Zj ., (m) to Sk, \ Exc.

Proof. — Fix a prime p C O, and let F, be its residue field. To prove the first
claim, it suffices to show that the support of the Cartier divisor Vg, (m) contains no
irreducible components of the reduction Sj ap/F, "

By way of contradiction, suppose &, C S;)ap /F, is an irreducible component con-
tained in Vg, (m), and let £ C Sp,, be the connected component containing it.
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Properness of Sp,, over O, implies that the reduction &£, is connected [18, Corol-
lary 8.2.18]. The reduction £/, is normal by Theorem 3.7.1 and our assumption
that n > 2, and hence is irreducible. Thus

gp = E/FF

Our assumption that n > 2 also guarantees that W contains a nonzero isotropic
vector, from which it follows that the boundary

aC = C N dSp,,

is nonempty (one can check this in the complex fiber).

Proposition 3.6.2 implies that Z¢(m) is Og-flat for every proper cusp label rep-
resentative ®, and so it follows from Theorem 3.7.1 that Vg, (m) is Og-flat when
restricted to some étale neighborhood U — C of 9C. On the other hand, the closed
immersion

Urp, = Cp X5, U= Vpap(m) xs3,, U
shows that the divisor y{é‘,ap(m)|U — U contains the special fiber U/p,, so is not
Og-flat. This contradiction completes the proof that Vg, (m) is flat.

As the isomorphism (3.7.2) identifies Y5, (m) with 22 (m), it follows that the

restriction of Z%  (m) to the complement of Exc is also flat. O

3.8. Fourier-Jacobi expansions. — We now define Fourier-Jacobi expansions of sec-
tions of the line bundle w* of weight k¥ modular forms on Skra-

Fix a proper cusp label representative ® = (P, g). Suppose 9 is a rational function
on Sy, regular on an open neighborhood of the closed stratum S, (®). Using the
isomorphism (3.7.1) we obtain a formal function, again denoted v, on the formal

completion
(), = Spf, (T1£5).
£>0
Tautologically, there is a formal Fourier-Jacobi expansion
(3.8.1) v=2 Fl)- ¢
£>0

with coefficients FJy(¢)) € H°(Bg, £5). In the same way, any rational section v of w*
on Sg,., regular on an open neighborhood of Sg,,(®), admits a Fourier-Jacobi ex-
pansion (3.8.1), but now with coefficients

Fl,(¢) € H(Bs, 0k @ L£5).

Remark 3.8.1. — Let m : C; — Bg be the natural map. The formal symbol g can
be understood as follows. As Cj is the total space of the line bundle C;l, there is a
tautological section

g€ H(C5,m" L3"),
whose divisor is the zero section By — C}. Any FJ, € H°(Bs, Efb) pulls back to a
section of w*ﬁfp, and so defines a function FJ; - ¢f on Cs.
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3.9. Explicit coordinates. — Once again, let & = (P, g) be a proper cusp label repre-
sentative. The algebraic theory of § 3.8 realizes the Fourier-Jacobi coefficients of

(3.9.1) § € HO(Sitpa, @)
as sections of line bundles on the stack
B<I> =2F ® Lo.

Here E — My gy is the universal CM elliptic curve, the tensor product is over O,
and we are using the isomorphism of Proposition 3.4.4. Our goal is to relate this to
the classical analytic theory of Fourier-Jacobi expansions by choosing explicit complex
coordinates, so as to identify each coefficient FJ,(1) with a holomorphic function on
a complex vector space satisfying a particular transformation law.

The point of this discussion is to allow us, eventually, to show that the Fourier-
Jacobi coefficients of Borcherds products, expressed in the classical way as holomor-
phic functions satisfying certain transformation laws, have algebraic meaning. More
precisely, the following discussion will be used to deduce the algebraic statement of
Proposition 6.4.1 from the analytic statement of Proposition 6.3.1.

Consider the commutative diagram

Sh(Qa, Ds)(C) —— Ca(C) — By(C) —— As(C)

| ;

kX \k* /O M1,0)(C).

a—E®

Here the isomorphisms are those of Propositions 3.3.3 and 3.4.4, and the vertical
arrow on the left is the surjection of Proposition 3.2.1. The bottom horizontal arrow
is defined as the unique function making the diagram commute. It is a bijection,
and is given explicitly by the following recipe: recalling the Og-module n of (3.1.3),
each a € k* determines a projective Og-module

b = a-Homop, (n, gag)
of rank one, and the elliptic curve E(® has complex points
(3.9.2) E@(C) = b\(b®0, C).
For each a € k there is a cartesian diagram

EW®Ly——=E®L

E(@) J/

Spec(C) ——— M1 9.

Now suppose we have a section ¢ as in (3.9.1). Using the isomorphisms Be = E® L
and wg = 0 - Lie(E)~! of Propositions 3.4.4 and 3.5.1, we view its Fourier-Jacobi
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coefficients
FJo(y) € H'(Bs, 0§ © L5)
as sections
FJ,(¢) € H'(E® Lo, 2" - Lie(E) ™" ® Q%51.),
which we pull back along the top map in the above diagram to obtain a section
(3.9.3) FI{ (¥) € H*(E@ @ Lo, Lie(B) ™ © Q%))
Remark 3.9.1. — Recalling that 0 = 6Oy, is the different of k, we are using the inclu-
sion 9% C k C C to identify
o . Lie(E@)~F = Lie(E(®)~F,

In particular, this isomorphism is not multiplication by 6.

The explicit coordinates we will use to express (3.9.3) as a holomorphic function
arise from a choice of Witt decomposition of the hermitian space V = Homg (W, W).

The following lemma will allow us to choose this decomposition in a particularly nice
way.

Lemma 3.9.2. — The homomorphism v of (3.1.1) admits a section

S

h
Qq> —Vq)> Resk/QGm.

This section may be chosen so that s(@:) C Ko, and such a choice determines a
decomposition

(3.9.4) |_| (Qa(Q) N s(a)Kes(a) 1) \Ds = Sh(Qs, Ds)(C),
aEk:X\EX/@,Z<
where the isomorphism is z — (z,s(a)) on the copy of Dy indezed by a.

Proof. — Fix an isomorphism of hermitian Og-modules

gao © ga = gag ® gr_,(ga) @ gr_,(ga) ® gry(ga)

as in Remark 3.1.3. After tensoring with Q, we let k* act on the right hand side
by a — (a,Nm(a),a,1). This defines a morphism k* — G(Q), which, using (3.1.1),
is easily seen to take values in the subgroup Q4(Q). This defines the desired section
s, and the decomposition (3.9.4) is immediate from Proposition 3.2.1. O

Fix a section s as in Lemma 3.9.2. Recall from § 3.1 the weight filtration wt;V C V'
whose graded pieces
gr_;V = Homy (Wp,gr_,W)
groV = Homy (Wp,gr_, W)
gr,V = Homy (Wp, gr,W)
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have k-dimensions 1, n — 2, and 1, respectively. Recalling (3.1.1), which describes
the action of Q¢ on the graded pieces of V, the section s determines a splitting
V =V_1®Vy,®V; of the weight filtration by

Voi={veV:Vack”, s(a)v=av}
Vw={veV:Vack” s(a)v=n0}
Vi={veV:Vack* s(a)v=a v}

The summands V_; and V; are isotropic k-lines, and V} is the orthogonal complement
of V_1 + V4 with respect to the hermitian form on V. In particular, the restriction of
the hermitian form to V C V is positive definite.

Fix an a € k* and define an Op-lattice

L = Homp, (s(a)gag, s(a)ga) C V.
Using the assumption s(@,:) C Kg, we obtain a decomposition
L=L_1®Li®L,
with L; = LNV,. The images of the lattices L; in the graded pieces gr;V are given by
L_; =a-Homp, (gao,8r_5(ga))
Lo = Homo, (940, gr_; (94))
Ly = a™" - Homo, (900, gro(g0))-

In particular, Ly is independent of a and agrees with (3.1.4).
Choose a Z-basis e_;,f_1 € L_q, and let e,f; € 9~ 1L; be the dual basis with
respect to the (perfect) Z-bilinear pairing

[.,.]: Ly x07 'L — 7Z,
obtained by restricting (2.1.6). This basis may be chosen so that
L 1=Ze 1+Zf 1 0 'L_y=2Ze_1+D'Zf 4,
(3.95) Ly =Ze, + DZfy 'Ly = Zey + Zf;.
As eV1(C) € V4(C) is a line, there is a unique 7 € C satisfying
(3.9.6) Te; + f; € eV1(C).

After possibly replacing both e; and e_; by their negatives, we may assume
that Im(7) > 0.

Proposition 3.9.3. — The Z-lattice b = Z1 + Z is contained in k, and is a fractional
Og-ideal. The elliptic curve

(3.9.7) E@(C) = b\C

is isomorphic to (3.9.2), and there is an Og-linear isomorphism of complex abelian
varieties

(3.9.8) E@(C)® Lo = bLo\Vo(R).
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Under this isomorphism the inverse of the line bundle (3.4.3) has the form

(3.99) E}a)((C)®LO g bLO\(Vo(R) X (C)7

where the action of yo € bLg on Vu(R) x C is

- (¥0,¥0) ﬂ,(wo»yo)_ (y0,%0)

vo - (wo,q) = (’LUO +eyo,q - e™ N®) e Tm(r) 7 2Im(r) )

Proof. — Consider the Q-linear map
ae_1+pf_1—at+p

(3.9.10) Vi, C.

Its C-linear extension V_;(C) — C kills the vector e_; — 7f_; € eV_1(C), and hence
factors through an isomorphism V_;(C)/eV_1(C) = C. This implies that (3.9.10) is
k-conjugate linear. As this map identifies L_; = b, we find that the Z-lattice b C C
is Og-stable. From 1 € b we then deduce that b C k, and is a fractional Og-ideal.
Moreover, we have just shown that

ae_1+pBf_1—at+p

(3.9.11) L_, b

is an Og-conjugate linear isomorphism.
Exactly as in (2.1.4), the self-dual hermitian forms on gay and ga induce an
Opg-conjugate-linear isomorphism
Homo, (g9a0, gr_5(g9a)) = Homo, (gro(g9a), ga0),

and hence determine an Og-conjugate-linear isomorphism

L_; =a-Homop, (9a0,8r_5(ga))
~ ¢ - Homo, (gry(ga), gao)
= a - Homp, (n, gaop).

The composition

(3.9.11)
27

is an Og-linear isomorphism, which identifies the fractional ideal b with the projective
Op-module used in the definition of (3.9.2). In particular it identifies the elliptic curves
(3.9.2) and (3.9.7), and also identifies

E@(C)® Lo = (b\C) ® Lo = (b ® Ly)\(C ® Lo).

Here, and throughout the remainder of the proof, all tensor products are over Ok.
Identifying C ® Lo = Vj(R) proves (3.9.8).

It remains to explain the isomorphism (3.9.9). First consider the Poincaré bundle
on the product

a-Home, (n,gap) =2 L_4

E@(C) x E@(C) 2 (b x b)\(C x C).
Using classical formulas, the space of this line bundle can be identified with the

quotient
Pr@ ) = (b x B)\(C x C x C),
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where the action is given by
(b1,02) - (21,22,9) = (21 +b1,22 +b2,q- GWH’(Zl’b2)+7rHT(z2’b1)+ﬂH’(bl’bZ)) )

and we have set H,(w, z) = wz/Im(7) for complex numbers w and z.
Directly from the definition, the line bundle (3.4.3) on

E@(C) ® Lo = (b® Lo)\(C ® Lo)
is given by
Qpe e, = (6® Lo)\((C® Lo) x C),

where the action of b ® Ly on (C ® Lg) x C is given as follows: Choose any set
T1,...,Tn € Ly of Og-module generators, and extend the Og-hermitian form on Lg
to a C-hermitian form on C ® Lg. If

Yo=Y bi®z; €b® Lo

and
:Zzl®mZ€(C®L0

then
Yo - (wo,q) = (wo + Yo, q - €™XT™),

where the factors X and Y are

X =7 (HelGi, 25)7, b5) + He (2, (i, 25)00) + He (23, 2)b3,5) )

1<J
1 1
= m Z(Z, ® z;,b; @ ;) + m Z<b’ Qi b; @ xj)
i#] 1<y

and, recalling v = (1 + 0)/2,

Y = Z ( .T@,.'El Zwb ) + HT(Zi77<xiaxi>bi) + H‘r(7<xl7xl>bu bl))

1
= E i i bs i — E b; iy bs i)
Im(T) - (z®z ®x>+1m(7) - b ® ® i)

For elements y1,y2 € b ® Lo, we abbreviate

(yl,y2> (y2, y1)

Using 2iIm(7) = 0N(b), some elementary calculations show that

€ Z.

X + 7Y — ”iio(; 3;°>
21 21
= (b @ i, b; @ xj) + ——— vb; ® T4, b; ® x;)
S o 02 2
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m T
= mzq)z@l'ub]®$]>—m§<bz®$“bj®xj>
27

+27riz alyb; ® i, b; @ ;) +

i<j

All terms in the final line lie in 27¢Z, and so

m(wo,y0) 7{(¥0,¥0) 7i{y0,Y0)
e™X+rY _ o o) e PTYE) e~ NCE)
The relation (3.9.9) follows immediately. O
y

Proposition 3.9.3 allows us to express Fourier-Jacobi coefficients explicitly as func-
tions on Vp(R) satisfying certain transformation laws. Suppose we start with a global
section

(3.9.12) b € H(Sjtpa/cr 0").
For each a € k* and £ > 0 we have the algebraically defined Fourier-Jacobi coefficient
(3.9.13) FI{ (y) € HY(B ® Lo, Q40 gr,)

of (3.9.3), where we have trivialized Lie(E(®) using (3.9.7). The isomorphism (3.9.9)
now identifies (3.9.13) with a function on V5(R) satisfying the transformation law

,Y0) é<wo,yo>+ﬂ_e<ymyo>

;9 (Y
(39.14)  FIY(6)(wo + o) = FI{V () (wo) - ™ N e e} 70ty
for all yo € bLy.
Remark 3.9.4. — If we use the isomorphism pr, : Vp(R) = eV,(C) of (2.1.7) to view

(3.9.13) as a function of wg € €V,(C), the transformation law can be expressed in
terms of the C-bilinear form [.,.] as

- Q(yo) [wo,y0l Q(wo)
FJy)('l/J)(’wo + prs(yo)) — FJga)(Tﬁ)(wo) . eme SIO) ewl o 28 +ml ol

for all yo € bLg. This uses the (slightly confusing) commutativity of

Vo(R) —— eVp(C) —— V5(C)

<'790>J/ \L['vyo]

k®gR C.

In order to give another interpretation of our explicit coordinates, let Ny C Q4 be
the unipotent radical, and let Us C Ng be its center. The unipotent radical may
be characterized as the kernel of the morphism vg of (3.1.1), or, equivalently, as the
largest subgroup acting trivially on all graded pieces gr,;V.

SOCIETE MATHEMATIQUE DE FRANCE 2020



70 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

Proposition 3.9.5. — There is a commutative diagram

2 (wo,q)

(3.9.15) (Us(Q) N s(a)Kas(a)")\De eVo(C) x C*

J |

(Ne(Q) N s(a)Kes(a) 1) \Dg —————— bLo\(eVo(C) x C*),

in which the horizontal arrows are holomorphic isomorphisms, and the action of bLg
on

eVo(C) x C* =2 Vp(R) x C*

is the same as in Proposition 3.9.3.

Proof. — Recall from Remark 3.2.3 the isomorphism
Dy = {w € eV(C) : eV(C) = eV_1(C) @ eVp(C) & Cw}/C*.
As eV (C) is totally isotropic with respect to [.,.], a simple calculation shows that
every line w € Dg has a unique representative of the form
—€le—1 —7f_1) +wo+ (te1 +11) € eV_1(C) ® eVp(C) ® eV1(C)
with £ € C and wg € eVp(C) = V5(R). These coordinates define an isomorphism of
complex manifolds

w— (wo,)
—

(3.9.16) D eVo(C) x C.

The action of G on V restricts to a faithful action of Ng, allowing us to express
elements of Ng(Q) as matrices

1 ¢* u+3¢*0¢
n(¢, ¢", u) = 1 ¢ € No(Q)
1
for maps
¢ € Homg (V1, V), ¢" € Homg(Vo,V_1), u € Homg(V1,V_1)

satisfying the relations

= (¢(x1),%0) + (z1,8" (y0))
= (u(z1),y1) + (21, u(y1))
for z;,y; € V;. The subgroup Us(Q) is defined by ¢ = 0 = ¢*.
The group Us(Q)Ns(a)Kes(a)~! is cyclic, and generated by the element (0,0, u)
defined by
(371, a’)
[L 1 Oka]
for any a € L_;. In terms of the bilinear form, this can be rewritten as

u(zy) = -da

u(z1) = —[z1,fo1]e—1 + [z1,e1]fq.
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In the coordinates of (3.9.16), the action of n(0,0,u) on Dg becomes

(w07§) = (’LUO,f—f— 1)7

and setting ¢ = €2™% defines the top horizontal isomorphism in (3.9.15).
Let V_; = V_; with its conjugate action of k. There are group isomorphisms

(3.9.17) N3(Q)/Us(Q) =V _1 @k Vo = V.
The first sends
n(¢a ¢*7 ’LL) = Y1 & Yo,

where y_; and yg are defined by the relation ¢(z1) = (z1,y—1) - yo, and the second
sends

(ae_1 + Bf_1) ® yo = (a7 + B)yo.
Compare with (3.9.11).
A slightly tedious calculation shows that (3.9.17) identifies

(Ne(Q) N s(a)Kas(a)™)/(Us(Q) N s(a)Kas(a) ") = bLo,

defining the bottom horizontal arrow in (3.9.15), and that the resulting action of bLg
on £V(C) x C* agrees with the one defined in Proposition 3.9.3. We leave this to the
reader. O

Any section (3.9.12) may now be pulled back via

(Na(Q) N s(a)Kas(a) " )\D 222122, 5h(G, D)(€)
to define a holomorphic section of (wan)k, the k*® power of the tautological bundle on
D {weeV(C): [w,w] <0}/C*.

The tautological bundle admits a natural Ng(R)-equivariant trivialization: any line
w € D must satisfy [w,f_1] # 0, yielding an isomorphism

[.,f_1] : @*" & Op.

This trivialization allows us to identify ¥ with a holomorphic function on D C Dg,
which then has an analytic Fourier-Jacobi expansion

(3.9.18) Y=Y FIM (@) (wo) - ¢
4

defined using the coordinates of Proposition 3.9.5. The fact that the coefficients here
agree with (3.9.13) is a special case of the main results of [39], which compare algebraic
and analytic Fourier-Jacobi coefficients on general PEL-type Shimura varieties.

4. Classical modular forms

Throughout §4 we let D be any odd squarefree positive integer, and abbreviate
I' =Ty(D). Let k be any positive integer.
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4.1. Weakly holomorphic forms. — The positive divisors of D are in bijection with
the cusps of the complex modular curve Xo(D)(C), by sending r | D to

T
D

Note that » = 1 corresponds to the usual cusp at infinity, and so we sometimes
abbreviate co = 00;.
Fix a positive divisor r | D, set s = D/r and choose

R, = (a ﬂ) EFO(S)
sy 16

with a, 8,7,6 € Z. The corresponding Atkin-Lehner operator is defined by the matrix

)l )
D~y ré 1

The matrix W, normalizes I', and so acts on the cusps of X((D)(C). This action
satisfies W,. - co = 00,..
Let x be a quadratic Dirichlet character modulo D, and let

e I'\PY(Q).

Oy =

X = Xr*Xs
be the unique factorization as a product of quadratic Dirichlet characters x, and x
modulo r and s, respectively. Write

Mk(D7X) c Ml!c(DaX)

for the spaces of holomorphic modular forms and weakly holomorphic modular forms
of weight k, level I', and character y. We assume that x(—1) = (—1)*, since otherwise
ML(D, x) = 0.

Denote by GLJ (R) C GL3(R) the subgroup of elements with positive determinant.
It acts on functions on the upper half plane by the usual weight k slash operator

(F i 7)(r) = det()*/2(er + D)~ (7). 7=<Z Z)eGL;(Rx

and f — f |, W,. defines an endomorphism of M} (D, x) satisfying
fle Wr2 = xr(=1)xs(r) - f.

In particular, W, is an involution when yx is trivial.
Any weakly holomorphic modular form

fr)= Y e(m)-q™ € My(D,x)

m>—00

determines another weakly holomorphic modular form

Xr(ﬂ)Xs(a) ’ (f |k: Wr) € M]!C(D’X)7
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which is easily seen to be independent of the choice of parameters «,3,,d in the
definition of W,.. This second modular form has a g-expansion at oo, denoted

(4'1'1) XT(ﬁ)Xs(a) ' (f |k Wr) = Z Cr(m) ’ qm.
m>—0o0
Definition 4.1.1. — We call (4.1.1) the g-ezpansion of f at co,. Of special interest is

¢-(0), the constant term of f at co,.

Remark 4.1.2. — If  is nontrivial, the coefficients of (4.1.1) need not lie in the sub-
field of C generated by the Fourier coefficients of f.

4.2. Eisenstein series and the modularity criterion. — Fix an integer k£ > 2. Denote by
!
MQ’EZ(Da X) - M2'—k(D7 X)

the subspace of weakly holomorphic forms that are holomorphic outside the cusp oo,
and by
Mg (D, x) € Mk(D,x)

the subspace of holomorphic modular forms that vanish at all cusps different from oo.
If £ > 2 there is a decomposition

where F is the Eisenstein series
E= Y x(d)-(1|r7) € Mg(D,x).
Y€l \I
Here T'o C T is the stabilizer of co € P1(Q), and v = (2}) € T.
We also define the (normalized) Eisenstein series for the cusp oo, by

Er = xr(=B)xs(ar) - (E | Wr) € Mp(D, x).

It is independent of the choice of the parameters in W,., and we denote by
E.(r)= Z er(m)-q™
m>0

its g-expansion at oo.
Remark 4.2.1. — Our notation for the g-expansion of E, is slightly at odds with
(4.1.1), as the g-expansion of F at co,. is not Y _ e,.(m)g™. Instead, the g-expansion of F

at 00, is x(—1)xs(r) D e.(m)q™, while the g-expansion of E,. at oo, is Y e;(m)g™.
In any case, what matters most is that

1 ifs=r,
constant term of E, at cos = )
0 otherwise.

The constant terms of weakly holomorphic modular forms in MQ'SZ (D, x) can be
computed using the above Eisenstein series.
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Proposition 4.2.2. — Assume k > 2. Suppose r | D and
1,00
fr)= Y elm)-q™ € My%(D,x).
m>—o0
The constant term of f at the cusp co,., in the sense of Definition 4.1.1, satisfies

0+ (- ) = 0.

m>0

Proof. — The meromorphic differential form f(7)E,(7)dr on Xo(D)(C) is holomor-
phic away from the cusps co and oco,. Summing its residues at these cusps gives the

desired equality. O
Theorem 4.2.3 (Modularity criterion). — Suppose k > 2. For a formal power series
(4.2.1) > d(m)g™ € Cllg]],

m>0

the following are equivalent.
1. The relation ZmZO c¢(—=m)d(m) = 0 holds for every weakly holomorphic form
> e(m)-q™ € My™,(D,x).

m>>—0o0

2. The formal power series (4.2.1) is the gq-expansion of a modular form
in M°(D,x).

Proof. — As we assume k > 2, that the map sending a weakly holomorphic modular
form f to its principal part at co identifies

M2 (D, x) C Clg™1].
On the other hand, the map sending a holomorphic modular form to its g-expansion
identifies
M2 (D, x) c Cllg]]-
A slight variant of the modularity criterion of [5, Theorem 3.1] shows that each sub-

space is the exact annihilator of the other under the bilinear pairing C[g~1] ® C[[q]] — C
sending P ® g to the constant term of P - g. The claim follows. O

5. Unitary Borcherds products

The goal of § 5 is to state Theorems 5.3.1, 5.3.3, and 5.3.4, which assert the existence
of Borcherds products on Sy, and Sf,ap having prescribed divisors and prescribed
leading Fourier-Jacobi coeflicients. These theorems are the technical core of this work,
and their proofs will occupy all of §6.

We assume n > 3 throughout § 5.

ASTERISQUE 421



MODULARITY OF UNITARY GENERATING SERIES 75

5.1. Jacobi forms. — In this section we recall some of the rudiments of the arithmetic
theory of Jacobi forms. A more systematic treatment can be found in the work of
Kramer [29, 30].

Let YV be the moduli stack over Z classifying elliptic curves, and let 7 : £ — Y be
the universal elliptic curve. Abbreviate I' = SLo(Z), and let $) be the complex upper
half-plane. The groups I" and Z2 each act on $ x C by

a b at +b z a
<C d) (1,2) = <cr+d7c7’+d>7 L@’] (1,2) =(r,z+ar+ 8),

and this defines an action of the semi-direct product I'* = I' x Z2. We identify the
commutative diagrams (of complex orbifolds)

(5.1.1) T\(% x C) Lie(£(C))
I*\(H x C) —— T\ H £(C) ——— Y(C)

by sending (7, z) € $ x C to the vector z in the Lie algebra of C/(Z7 + Z).

Define a line bundle O(e) on £ as the inverse ideal sheaf of the zero section
e:) — &. The Lie algebra Lie(£) is (by definition) e*O(e), and wy = Lie(£)™?! is
the usual line bundle of weight one modular forms on Y (see Remark 5.1.3 below). In
particular, the line bundle

Q=0(e) @y
on & is canonically trivialized along the zero section. By the constructions of [40,
§1.3.2] and [44, §6.2], this line bundle induces a homomorphism

(5.1.2) E— &Y,

which is none other than the unique principal polarization of £ (one can verify this
fiber-by-fiber over geometric points of ), reducing the claim to standard properties
of elliptic curves over fields). Denote by P the pullback of the Poincaré bundle via

ExyEXEXyEY.

For a scheme U and points a,b € £(U), denote by Q(a) the pullback of Q via
a: U — &, and by P(a,b) the pullback of P via (a,b) : U — & xy E. There are
canonical isomorphisms

P(a,b) = Q(a+b) ® Qa) ™' ® Q(b) ™"
and
P(a,a) = Q(a) ® Q(a).
Given the way that (5.1.2) is constructed from Q, the first isomorphism is essentially
a tautology. The second is a consequence of the isomorphisms

Q(2a) = Q(a)*® ® Q(~a) = Q(a)®*,
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which follow from the theorem of the cube [17, Theorem 1.1.3] and the invariance of Q
under pullback by [-1] : £ — &, respectively.

Definition 5.1.1. — The diagonal restriction
Jo,1 = (diag)*P = Q?
is the line bundle of Jacobi forms of weight 0 and index 1 on £. More generally,
Te,m = Jg1 @ W*wlf)
is the line bundle of Jacobi forms of weight k and index m on &.
The isomorphism of the following proposition is presumably well-known. We in-

clude the proof in order to make explicit the normalization of the isomorphism (see
Remark 5.1.3 below, for example).

Proposition 5.1.2. — Letp : HxC — E(C) be the quotient map. The holomorphic line
bundle Jp%,, on E(C) is isomorphic to the holomorphic line bundle whose sections
over an open set % C E(C) are holomorphic functions F(7,z) on p~Y (%) satisfying
the transformation laws

at+b z b omimes?
F =F . Ak . g2mimez /(eT+d)
(CT+d’CT+d> (r,2) - (er +d)" -
and
(5.1.3) F(T, 2+ ar + ﬂ) — F(T, Z) . e—Zm‘m(a%—JrZaz).

Proof. — Let Ji , be the holomorphic line bundle on £(C) defined by the above
transformation laws.

By identifying the diagrams (5.1.1), a function f, defined on a I'-invariant open
subset of ) and satisfying the transformation law

F(EE2) - i) e+

of a weight —1 modular form, defines a section 7 — (7, f(7)) of the line bundle
I'\($ x C) = Lie(£(C)) = (i) !

on I'\$. This determines an isomorphism J; o & jﬁg. It now suffices to construct an
isomorphism Jo 1 = Jg7, and then take tensor products.

Fix 7 € 9, set E; = C/(Z7 + Z), and restrict both J§*i and Jy 1 to line bundles
on E,; C £(C). The imaginary part of the hermitian form

Z2122
HT ) =
(122) = oy
on C restricts to a Riemann form on Z7 + Z. Using classical formulas for the Poincaré
bundle on complex abelian varieties, as found in the proof of [3, Theorem 2.5.1], the
restriction of J3"] to the fiber E; is isomorphic to the holomorphic line bundle deter-
mined by the Appell-Humbert data 2H, and the trivial character Zr + Z — C*. The
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sections of this holomorphic line bundle are, by definition, holomorphic functions g,
on C satisfying the transformation law

gr (2 +0) = g-(z) - 2TH(OFTH(E0)
for all £ € Zt + 7. If we set
F(r,2) = g-(2) - e ™H (=2,

this transformation law becomes (5.1.3).

The above shows that Jg and Jp1 are isomorphic when restricted to the fiber
over any point of Y(C), but such an isomorphism is only determined up to scaling
by C*. To pin down the scalars, and to get an isomorphism over the total space, use
the fact that both J§"} and Jo,; come (by construction) with canonical trivializations
along the zero section. By the Seesaw Theorem [3, Appendix A], there is a unique

an ~v

isomorphism J§"f = Jo,1 compatible with these trivializations. U

Remark 5.1.3. — The proof of Proposition 5.1.2 identifies a classical modular form
f(r) = Y c(m)g™ of weight k and level I' with a holomorphic section of (w3?)¥,
again denoted f, satisfying an additional growth condition at the cusp. Under our
identification, the g-expansion principle takes the following form: if R C C is any
subring, then f is the analytification of a global section f € HO()J/R,(»’)“,/R) if and

only if ¢(m) € (2mi)* R for all m.

For 7 € § and z € C, we denote by

,191(7_7 Z) — Z ewi(n+%)27+2ﬂ'i(n+%)(7;—%)

neZ

the classical Jacobi theta function, and by

7rz'r/12 H 2n7r17'

Dedekind’s eta function. Set

o(r, 2) défz-ﬁ;((:)z) _ q1/12( 1/2 _ ~—1/2 H 1— g™ - ¢ lqn)
n=1

where ¢ = €™ and ( = 2%,
Proposition 5.1.4. — The Jacobi form ©2* defines a global section
©* € H°(€, Jo,12)
with divisor 24e, while (2win?)? determines a nowhere vanishing section

(2min®)'? € HO(Y, wl?).
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Proof. — 1Tt is a classical fact that (2win?)!? is a nowhere vanishing modular form of
weight 12. Noting Remark 5.1.3, the g-expansion principle shows that it descends to a
section on Vg, and thus may be viewed as a rational section on V. Another application
of the g-expansion principle shows that its divisor has no vertical components. Thus
its divisor is trivial.

Classical formulas show that ©2* defines a holomorphic section of J§%, with divi-
sor 24e, and so the problem is to show that ©2* is defined over Q, and extends to a
section on the integral model with the stated divisor. One could presumably deduce
this from the g-expansion principle for Jacobi forms as in [29, 30]. We instead borrow
an argument from [51, §1.2], which requires only the more elementary g-expansion
principle for functions on &.

Let d be any positive integer. The bilinear relations (3.4.1) imply that the line
bundle Jodj ® [d]*jOTf on & is canonically trivial, and so

624 = 0%’ g [d]*©~2

defines a meromorphic function on £(C). The crucial point is that §2* is actually a
rational function defined over Y, and extends to a rational function on the integral
model £ with divisor

(5.1.4) div(63") = 24(d*€[1] — €[d)).

As in [51, p. 387], this follows by computing the divisor first in the complex fiber,
then using the explicit formula

24

024 (r, z) = 2@ ~1) ¢ -12d(d-1) H 1-q"O)F H 1-q"¢H*

_ d _ —d
n>0 1 qnc n>0 1 qnc

and the g-expansion principle on £ to see that the divisor has no vertical components.
The line bundle w}? is trivial, and hence there are isomorphisms

Jo12 =2 Q* 2 0(e)* @ m*w)} = O(e).
Thus there is some 624 ¢ H? (€, Jo,12) with divisor 24e, and the rational function
0”24 _ (:)24d2 ® [d]*é_24

on & also has divisor (5.1.4).

Consider the meromorphic function p = ©2¢/62* on &£(C). By computing the
divisor in the complex fiber, we see that p is a nowhere vanishing holomorphic function,
and hence is constant. But this implies that

p = 03

By what was said above, the right hand side is (the analytification of) a nowhere

vanishing function on £. This implies that pd2_1 = =1, and the only way this can
hold for all d > 1 is if p = £1. O
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Now consider the tower of stacks
Vi(D) — Yo(D) = Y

over Spec(Z) parametrizing elliptic curves with Drinfeld I'y(D)-level structure,
I'o(D)-level structure, and no level structure, respectively. See [28, Chapter 3] or [15]
for the definitions. We denote by £ the universal elliptic curve over any one of these
bases, and view the line bundle of Jacobi forms [Jj 12 as a line bundle on any one
of the three universal elliptic curves. Similarly, we view the Jacobi forms ©2* and
(2min?)12 of Proposition 5.1.4 as being defined over any one of these bases.

The following lemma will be needed in §5.3.

Lemma 5.1.5. — Let Q : Y1(D) — & be the universal D-torsion point. For any r | D
the line bundle

(5.1.5) ® (bQ)*Jo,12
beZ/ DI
b0
rb=0

on Y1(D) is canonically trivial, and its section

FE4 — ® (bQ)*@24
beZ/DZ
b#0
rb=0
admits a canonical descent, denoted the same way, to a section of the trivial bundle

on Yo(D).

Proof. — If x4, ..., x, are integers representing the r-torsion subgroup of Z/DZ, then
6> 22 = 0 (mod D). The bilinear relations (3.4.1) therefore provide a canonical
isomorphism

Q) PBQ,Q) = Q) P(Q,126°Q) = P(Qe) = Oy, (p)

beZ/DZ beZ/DZ
b0 b£0
rb=0 rb=0

of line bundles on Y (D). This is the desired trivialization of (5.1.5). The section F2*
is obviously invariant under the action of the diamond operators on Y;(D), and so
descends to Yo (D). O

5.2. Borcherds’ quadratic identity. — For the remainder of §5 we denote by
Xk : (Z/DZ)* — {1} the Dirichlet character determined by the extension k/Q,
abbreviate

(5.2.1) X=xp >

and fix a weakly holomorphic form

(5.2:2) fr)y= Y] dm)g™ € MyZ,(D,x)
m>3>—00

with ¢(m) € Z for all m < 0.
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For a proper cusp label representative ® as in Definition 3.1.1, recall the self-dual
hermitian Og-lattice Ly of signature (n — 2,0) defined by (3.1.4). The hermitian form
on Lo determines a quadratic form @Q(z) = (z,x), with associated Z-bilinear form
[x1,22] = Trg/g(z1, 22) of signature (2n — 4,0).

The modularity criterion of Theorem 4.2.3 implies the following identity of
quadratic forms on Ly ® R.

Proposition 5.2.1 (Borcherds’ quadratic identity). — For all u € Ly ® R,

3 - Q@) - wal? = L 57 (- o,
r€Lg x€Lg
Proof. — The homogeneous polynomial
P(u,v) = [u,v]* — 7[%212 _[1;’ U

on Ly ® R is harmonic in both variables v and v. For any fixed u € Ly ® R there is a
corresponding theta series

0(r,u,P) = > P(u,z) ¢ € 8,(D,x).
x€Lg

The modularity criterion of Theorem 4.2.3 therefore shows that

> e(-m) > <[u,x]2 - W) =0

m>0 z€Lg
Q(z)=m
for all u € Ly ® R. This implies the assertion. O

Recall from (3.6.2) that every x € Ly determines a diagram

(5.2.3) By — 2 ¢

|,

As é)’o(D)y

where, changing notation slightly from §5.1, Yo(D) is now the open modular curve
over Op. Recall also that Bg carries a distinguished line bundle Lg defined by
(3.3.1), used to define the Fourier-Jacobi expansions of (3.8.1). We will use Borcherds’
quadratic identity to relate the line bundle L4 to the line bundle Jp 1 of Jacobi forms
on £.

Proposition 5.2.2. — The rational number
m-c(—m
(5.2.4) multe(f) = Z # -#{zx € Ly : Q(z) =m}
m>0
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lies in 7, and there is a canonical isomorphism

2mu1tq>(f ~ ® ® ja: C( m)

m>0 xz€Lg
Q(z)=m
of line bundles on Bg.
Proof. — Proposition 5.2.1 implies the equality of hermitian forms
(u,v)
> e(-Q@) - (w,2) - (w,0) = 2L 37 o(-Qa) - [z, 2]
z€Lg z€Lo

= (u,v) - multe (f)

for all u,v € Ly. As Lg is self-dual, we may choose u and v so that (u,v) = 1, and
the integrality of mults (f) follows from the integrality of ¢(—m).

Set E = & Xy,(p) As, and use Proposition 3.4.4 to identify B = E ® Lo. The
pullback of the line bundle

® ® i ®C( m) ~ ® i ®C( Q(z))

m>0 xz€Lg zE€Lg
Q(z)=m

via any T-valued point a = Y ¢; ® y; € E(T) ® Lo is, in the notation of § 3.4,

(—Q(x))
® PE(Z (Y, T)ts, Z(yjﬂﬂ)t ) = ® ® Pe(c(—Q(z))-(yi, x)-(x, y;) L, t;)
z€Lo J i,j w€Lo
= ®PE(<yi7yj> 'ti,tj)®mu1t¢(f)
i,
= PE®L0 (a‘v a)®multq>(f)

o~ QE‘@LO (a)®2~mult¢(f) .

This, along with the isomorphism Qggr, = Lo of Proposition 3.4.4, proves that

£imult¢(f) 2 multcp (f) ~ ® ® v/ . O

m>0 xzE€Lg
Q(z)=m
5.3. The unitary Borcherds product. — We now state our main results on Borcherds
products.
For a prime p dividing D define
(5.3.1) Yo =2¢," (D,p)y -invp(Vp) € {£1,£i},

where inv,(V},) is the invariant of V,, = Homg (Wy, W) ®¢ Q, in the sense of (1.7.3),
and

. 1 ifp=1 (mod4)
PUli ifp=3 (mod 4).
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It is equal to the local Weil index of the Weil representation of SLy(Z,) on
Sr, C 8(V,), where V,, is viewed as a quadratic space as in (2.1.6). This is explained
in more detail in §8.1. For any r dividing D we define

(5.3.2) v =] -
plr

Let ¢,(0) denote the constant term of f at the cusp co,, as in Definition 4.1.1, and

define
k= Z r - ¢r(0)
r|D

We will see later in Corollary 6.1.4 that all «, - ¢.(0) € Q.
For every m > 0 define a divisor

(5:3.3) Biea(m) = = 3" #{z € Lo : (2,2) = m} - Siea(®)
P

with rational coeflicients on Sf,,. Here the sum is over all K-equivalence classes of
proper cusp label representatives ® in the sense of § 3.2, L is the hermitian Og-module
of signature (n — 2,0) defined by (3.1.4), and Sf,,(®) is the boundary divisor of
Theorem 3.7.1. It follows immediately from the definition (5.2.4) that

> e(—m) - Bgra(m Zmultq) ) - Sicra(®).

m>0
For m > 0 define the total special divisor
ZIt(Orta( ) Zl*(ra(m) + BKra(m))
where Z} _ (m) is the special divisor defined on the open Shimura variety in § 2.5, and
extended to the toroidal compactification in Theorem 3.7.1.
The following theorems assert the existence of Borcherds products on Si,, and

Sp,p having prescribed divisors and prescribed leading Fourier-Jacobi coeflicients.
Their proofs will occupy all of §6.

Theorem 5.3.1. — After possibly replacing the form f of (5.2.2) by a positive integer
multiple, there is a rational section ¥ (f) of the line bundle w* on Sy, with the
following properties.

1. In the generic fiber, the divisor of ¥ (f) is
div(y () e =D c(=m) - Zi&,(m) -
m>0

2. For every proper cusp label representative ®, the Fourier-Jacobi expansion
of ¥(f), in the sense of (3.8.1), along the boundary divisor

Ag\By = Sg,a (P)
has the form
P(f) = g™ DN gy o,

>0
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multe (f)+£

where 1, is a rational section of wk ® Ly over Bg.

3. For any ® as above, the leading coefficient 1y admits a factorization

wo = P ® PR @ Py,

where the three terms on the right are defined as follows.

(a) Proposition 3.5.1 provides us with an isomorphism

(c)

v o Jwy
of line bundles on Ag, where j : Ae — Yo(D) is the morphism of (5.2.3),
and wy = Lie(€)™! is the pullback via Yo(D) — Y of the line bundle
of weight one modular forms. Pulling back the modular form (2min?)1? of
Proposition 5.1.4 defines a nowhere vanishing section
j*(2min®)* € H'(Ap, 0 wk).
Using the canonical inclusion we C 0 'wg, define
Pg = j* (2min®)*,
but viewed as a rational section of W% over Ag. Denote in the same way its
pullback to Bg.
Recalling the function
= @ (Q)e*
beZ/DZ,

b0

rb=0
on Yo(D) of Lemma 5.1.5, define a rational function

Pgert — ®j*FT’%Cr(O)

r|D
r>1

on Ag, and again pull back to Bg.
Using Proposition 5.2.2, define a rational section

P(I}}or — ® ® j;@c(—m)

m>0 xz€Ly
(z,x)=m

of the line bundle Eg‘unq’(f) on Bg.

These properties determine ¥ (f) uniquely.

Remark 5.3.2. — Inreplacing f by a positive integer multiple, we are tacitly assuming
that the constants 7,¢.(0) and ¢(—m) are integer multiples of 24 for all r | D and all
m > 0. This is necessary in order to guarantee k € 12Z, and to make sense of the
three factors (2min2)*, Pir and Pyert.

In fact, we can strengthen Theorem 5.3.1 by computing precisely the divisor of ¥ ( f)

on the integral model Sf,,.
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Theorem 5.3.3. — The rational section ¥ (f) of w* has divisor

div(y(f)) = D e(=m) - Zig(m)

m>0

Exc *
+ k- (2 — le ) + Z'YTCT O) ZSKTE/]FP

r|D plr

- C(;m) Y #{zeL:{z,z)=m} Exc,

m>0 s€mo(Sing)

where p C Ok is the unique prime above p, Ly is the self-dual Hermitian Og-lattice
defined in § 2.6, and Excs C Exc is the fiber over the component s € my(Sing). Recall
that § = /—D € k.

It is possible to give a statement analogous to Theorem 5.3.3 for the integral
model Sp,,,. To do this we first define, exactly as in (5.3.3), a Cartier divisor

Veop(m) = Vi, (m) + 2Bpap(m)

with rational coefficients on Sf, . Here Yp, (m) is the Cartier divisor of Theo-
rem §3.7.1, and

Bpap(m) = % S #{z € Lo: (z,2) = m} - Sy (@),

It is clear from Theorem 3.7.1 that
(5.3.4) 2. ZiEt (m) = Vigh(m)+ > #{z € Ly : (z,2) = m} - Exc,,

s€mo(Sing)

where Vit (m) denotes the pullback of V£ (m) via S, — Sp,,-
The isomorphism
(,)2 =~ Qrya @ O(Exc)
of Theorem 3.7.1 identifies w*" = Q'fﬁa in the generic fiber of Si
view (f)? as a rational section of Q... As Sf,., — Sp

allowing us to

ra’

is an isomorphism in

ap
the generic fiber, this section descends to a rational section of the line bundle Qpap
on S,

Theorem 5.3.4. — When viewed as a rational section of Qpap, the Borcherds prod-

uct P(f)? has divisor
div(y(£)*) = Y e(=m) - Vi, (m) = 2k - div(8) +2 ) 7¢r(0) Y Spapy, -

m>0 r|D plr

These three theorems will be proved simultaneously in § 6. Briefly, we will map our
unitary Shimura variety Sh(G, D) to an orthogonal Shimura variety, where a mero-
morphic Borcherds product is already known to exist. If we pull back this Borcherds
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product to Sh(G, D)(C), the leading coefficient in its analytic Fourier-Jacobi expan-
sion is known from [32], up to multiplication by some unknown constants of absolute
value 1.

By converting this analytic Fourier-Jacobi expansion into algebraic language, we
will deduce the existence of a Borcherds product 4 (f) satisfying all of the properties
stated in Theorem 5.3.1, up to some unknown constants in the leading Fourier-Jacobi
coefficient. These unknown constants are the k¢’s appearing in Proposition 6.4.1. We
then rescale the Borcherds product to make many k¢ = 1 simultaneously.

After such a rescaling, the divisor of ¥ (f)? on Spap can be computed from the
Fourier-Jacobi expansions, and agrees with the divisor written in Theorem 5.3.4.
Pulling back that divisor calculation via Sk, — and using Theorem 2.6.3,
yields the divisor of Theorem 5.3.3.

Using the above divisor calculations, we prove that all k¢ are roots of unity. Thus,
after replacing f by a multiple, which replaces ¥ (f) by a power, we can force all
ke = 1, completing the proofs.

*
Pap>

5.4. A divisor calculation at the boundary. — Let ® be a proper cusp label repre-
sentative for (G, D). The following proposition is a key ingredient in the proofs of
Theorems 5.3.1, 5.3.3, and 5.3.4.

Proposition 5.4.1. — The rational sections Py, P(gor, and Pyt of the line bundles wk,

Egmltq’(f), and Op,, respectively, have divisors

div(Pg) = —k - div(d)
div(Pg*) = ) e(-m)Za(m)

m>0
div(Py™) = > ¢ (0) > Ba/p, -
r|D plr

In particular, the divisor of PL°" is purely horizontal (Proposition 3.6.2), while the
divisors of Pg and Py are purely vertical.

Proof. — By Proposition 5.1.4 the section
j*@min®)* € H°(As,0" " wg) = H°(Wo(D), w})

has trivial divisor. When we use the inclusion wg C 0~ lwg to view it instead as a
rational section Pj of w%, its divisor becomes div(§~*). This proves the first equality.
To prove the remaining two equalities, let £ — Yy(D) be the universal elliptic
curve, and denote by e : Vo(D) — & the 0-section. It is an effective Cartier divisor
on £.
Directly from the definition of P1" we have the equality
div(Pyr) = Y c(=m) 3 div(jze%).

24
m>0 xz€Lg

(z,x)=m
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Combining Proposition 5.1.4 with (3.6.1) shows that

D div(ip@) = Y 24ji(e) = ) 24Zs(x) = 242 (m),

x€Lg x€Lg x€Lg
(z,z)=m (z,z)=m (z,z)y=m

and the first equality follows immediately.
Recall the morphism j : Ae — Yo(D) of §3.6. For the second equality it suffices
to prove that the function F2* on Yy(D) defined in Lemma 5.1.5 satisfies

. -k 1124
(5.4.1) div(5*F>%) = 24ZA<I>/JFp-
plr
Let C C £ be the universal cyclic subgroup scheme of order D. For each s | D denote

by Cls] C C the s-torsion subgroup, and by C[s]* C C[s] the closed subscheme of
generators. This is defined as follows. Noting that

cls] =TI cwl,

pls

we define
Cls) = [ cw,
pls
where C[p]* denotes the closed subscheme of generators of C[p] as in [21, § 3.3]. Note
that C[p]* coincides with the subscheme of points of exact order p Z (see [21, Re-
mark 3.3.2]) which allows the comparison with the formulation of the moduli problem
in [28, Chapter 3|. Here and in the sequel, we are using [21, §3.3] as a convenient
summary of Oort-Tate theory (see also [19]) and of facts from [28] and [15].
There is an equality of Cartier divisors

idiv(FE‘l) = (Clr] —€) xg,e Yo(D) = §|: (Cls]* xg,e Vo(D))

s#1

on Yo(D). Indeed, one can check this after pullback to Vi (D), where it is clear from
Proposition 5.1.4, which asserts that the divisor of the section ©2* appearing in the
definition of F?* is equal to 24e. If s is divisible by two distinct primes then

(Cls)* xg,e Yo(D)) =0,

and hence

div(F?*) =24 (Clp]* xe,e Yo(D)).

plr

Now pull back this equality of Cartier divisors by j. Recall that j is defined as the
composition

Ao = My ) L Yo(D),
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where the isomorphism is the one provided by Proposition 3.4.4, and the arrow la-
beled ¢ endows the universal CM elliptic curve E — My oy with its cyclic subgroup
scheme E[4]. Thus

(5.4.2) *div(F?*) =24 (E[p]* x5, M(10)),
plr

where p denotes the unique prime ideal in Oy over p.
Fix a geometric point z : Spec(Fglg) — M1,0), and view z also as a geometric
point of E or & using

Mao S ELE
Let Og, . and Og¢ . denote the completed étale local rings of £/ and £ at z.
There is an isomorphism

O = WIX,Y, Z]| /(XY — wp)

for some uniformizer w, in the Witt ring W = W(F;lg). Compare with [21, The-
orem 3.3.1]. Under this isomorphism the O-section of £ is defined by the equation
Z =0, and the divisor C[p]* is defined by ZP~! — X = 0. Moreover, noting that the
completed étale local ring of My ) at z can be identified with O ® W, the natural
map Og ., — Op,, is identified with the quotient map

WIX,Y, Z]) /(XY —w,) — W[X,Y, Z]] /(XY — wp, X —uY)

for some u € W*.
Under these identifications, the closed immersion

E[p]™ xp.e M@a,0) — Ma,o

corresponds, on the level of completed local rings, to the quotient map

OM(l,o),Z - W[[X’ Y, Z]]/(XY - wP7X —uY, Z)
F2'¢ —— WX, Y, Z]|/(XY — w,, X —uY, Z, ZP~' — X).

This implies that
Elp]" xp.e Ma,0) = M(l,o)/Fﬁlg'
The equality (5.4.1) is clear from this and (5.4.2). O

6. Calculation of the Borcherds product divisor

In this section we prove Theorems 5.3.1, 5.3.3, and 5.3.4. We assume throughout
that n > 3.

Throughout §6 we keep f as in (5.2.2), and again assume that ¢(—m) € Z for all
m > 0. Recall that V = Homy (Wy, W) is endowed with the hermitian form (z,y) of
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(2.1.5), as well as the Q-bilinear form [z,y] of (2.1.6). The associated quadratic form
is
[z, 2]

Q) = (w,2) =

6.1. Vector-valued modular forms. — Let L C V be any Og-lattice, self-dual with
respect to the hermitian form. The dual lattice of L with respect to the bilinear
form [.,.] is L' =027 'L.

Let w be the restriction to SLy(Z) of the Weil representation of SLy(Q) (associ-
ated with the standard additive character of A/Q) on the Schwartz-Bruhat functions
on L ®z Ay. The restriction of w to SLy(Z) preserves the subspace S = C[L'/L] of

Schwartz-Bruhat functions that are supported on I’ and invariant under translations
by L. We obtain a representation

wr, - SLQ(Z) — Aut(SL).
For € L'/L, we denote by ¢, € Sy, the characteristic function of p.

Remark 6.1.1. — The conjugate representation wy on Sy, defined by

WL (7)(¢) = wr(7)(9)

for ¢ € Si, is the representation denoted py, in [4,7,9].

Recall the scalar valued modular form
fr)= 3 elm)-q™ € My%,(D,x)
m>>—0o0
of (5.2.2), and continue to assume that ¢(m) € Z for all m < 0. We will convert f into

a C[L'/L]-valued modular form f, to be used as input for Borcherds’ construction of

meromorphic modular forms on orthogonal Shimura varieties. The restriction of wy,
n—2

to ['g(D) acts on the line C - ¢g via the character x = x;,”“, and hence the induced
function

(6.1.1) f(r) = S (flma ) - wr (7)o
€l (D)\SL2(Z)

is an Sp-valued weakly holomorphic modular form for SLy(Z) of weight 2 — n with
representation wy,. Its Fourier expansion is denoted

(6.1.2) fry="%_ @m)-q™
m>>—00

and we denote by ¢(m, ) the value of é(m) € Sy, at a coset u € L'/ L.
For any 7 | D let v, € {&1,44} be as in (5.3.2), and let c.(m) be the m*® Fourier
coefficient of f at the cusp oo, as in (4.1.1). For any p € L' /L define r, | D by

(6.1.3) ru= ] »,

pup#0

where ), € L; /Ly is the p-component of p.
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Proposition 6.1.2. — For all m € Q the coefficients &(m) € Sy, satisfy

&(m, ) = {Zmrm Y- er(mr) ifm=—-Q(u) (mod Z),

0 otherwise.

Moreover, for m < 0 we have

oy — {em) il n=0,
A0 ifuo,

and the constant term off s given by

&0, ) = Z ¥r - cr(0).

ru|r|D

Proof. — The first formula is a special case of results of Scheithauer [50, Section 5].
For the reader’s benefit we provide a direct proof in §8.2.

The formula for the m = 0 coefficient is immediate from the general formula. So is
the formula for m < 0, using the fact that the singularities of f are supported at the
cusp at oo. O

Remark 6.1.3. — The first formula of Proposition 6.1.2 actually also holds for f in
the larger space M;_, (D, ).

Corollary 6.1.4. — The coefficients c¢(m) and é(m) satisfy the following:
1. The ¢(m) are rational for all m.
2. The é(m, ) are rational for all m and p, and are integral if m < 0.

3. For all v | D we have 7, - ¢(0) € Q. In particular

¢(0,0) = Z%" ¢ (0) € Q.

r|D

Proof. — For the first claim, fix any ¢ € Aut(C/Q). The form f7 — f € Méf‘,’l is
holomorphic at all cusps other than oo, and vanishes at the cusp oo by the assumption
that as ¢(m) € Z for m < 0. Hence f? — f is a holomorphic modular form of weight
2 —n < 0, and therefore vanishes identically. It follows that c¢(m) € Q for all m.

Now consider the second claim. In view of the Proposition 6.1.2 the coeffi-
cients &(m,u) of f with m < 0 are integers. Hence, for any o € Aut(C/Q), the
function f” — f is a holomorphic modular form of weight 2 —n < 0, which is therefore
identically 0. Therefore f has rational Fourier coefficients.

The third claim follows from the second claim and the formula for the constant
term of f given in Proposition 6.1.2. O
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6.2. Construction of the Borcherds product. — We now construct the Borcherds prod-
uct ¥ (f) of Theorem 5.3.1 as the pullback of a Borcherds product on the orthogonal
Shimura variety defined by the quadratic space (V, Q). Useful references here include
[4,7,37,22].

After Corollary 6.1.4 we may replace f by a positive integer multiple in order to
assume that ¢(—m) € 24Z for all m > 0, and that ~,c,(0) € 24Z for all r | D. In
particular the rational number

k = &(0,0)

of Corollary 6.1.4 is an integer. Compare with Remark 5.3.2.
Define a hermitian domain

(6.2.1) D ={weV(C): [w,w] =0, [w,@ < 0}/C*.

Let @ be the tautological bundle on D, whose fiber at w is the line Cw C V(C).
The group of real points of SO(V) acts on (6.2.1), and this action lifts to an action
on @*".

As in Remark 2.1.2, any point z € D determines a line Cw C €V(C). This con-

struction defines a closed immersion
(6.2.2) D < D,

under which @ pulls back to the line bundle w®" of § 2.4. The hermitian domain D has
two connected components. Let DT C D be the connected component containing D.

For a fixed g € G(Ay), we apply the constructions of §6.1 to the input form f and
the self-dual hermitian Op-lattice

L = Homop, (gao,ga) cV.

The result is a vector-valued modular form f of weight 2 — n and representation
wr, : SLy(Z) — Sr. The form f determines a Borcherds product ¥(f) on Dt; see [4,
Theorem 13.3] and Theorem 7.2.4. For us it is more convenient to use the rescaled
Borcherds product

(6.2.3) Y (f) = 2mi)“ 00T (2f)

determined by 2f. It is a meromorphic section of (@*")k.

The subgroup SO(L)* C SO(L) of elements preserving the component Dt acts
on 1/~Jg( f) through a finite order character [6]. Replacing f by mf has the effect
of replacing v, (f) by ,(f)™, and so after replacing f by a multiple we assume
that b, (f) is invariant under this action.

Denote by 14(f) the pullback of 1/39 (f) via the map

(G(Q) NgKg~")\D — SO(L)"\D*

induced by (6.2.2). It is a meromorphic section of (»**)* on the connected component

(G(Q) ngKg~N\D =22, sh(@, D) (C).
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By repeating the construction for all g € G(Q)\G(As)/K, we obtain a meromorphic
section 1 (f) of the line bundle (w®*)* on

Sh(Gv D) ((C) = SKra(C)

After rescaling on every connected component by a complex constant of absolute
value 1, this will be the section whose existence is asserted in Theorem 5.3.1.

Proposition 6.2.1. — The divisor of 1(f) is
div(9(f)) = Y e(=m) - Zxea(m)(C).

m>0

Proof. — The divisor of 1/;g( f) on Dt was computed by Borcherds in terms of the
Fourier coefficients ¢(—m) of f, and from this it is easy to obtain a formula for the
divisor of %,(f) on D. See [7, Theorem 3.22] and [22, Theorem 8.1] for the details.
The claim therefore follows by using Proposition 6.1.2 to rewrite this formula in terms
of the ¢(—m), and comparing with the explicit description of Zk.,(m)(C) stated in
Remark 2.5.2. O

6.3. Analytic Fourier-Jacobi coefficients. — We return to the notation of §3.9. Thus
® = (P, g) is a proper cusp label representative for (G, D), we have chosen
S: Resk/QGm — Qs
as in Lemma 3.9.2, and have fixed a € k*. This data determines a lattice
L = Homp, (s(a)gag, s(a)ga),
and Witt decompositions
V=VaieVyeVy, L=L_1®Ly® L.

Choose bases e_1,f_1 € L_; and e1,f; € L as in §3.9.
Imitating the construction of (3.9.16) yields a commutative diagram

6.2.2 ~
D ©22) D+

w’—’(woé)J/ J/w’—’(ﬂwo,ﬁ)

eVo(C) x C——————— § x Vo(C) x C

in which the vertical arrows are open immersions, and the horizontal arrows are closed
immersions. The vertical arrow on the right is defined as follows: Any w € D pairs
nontrivially with the isotropic vector f_;, and so may be scaled so that [w,f_;] = 1.
This allows us to identify

D={we V() : [ww] =0, [w,a] <0, [w,f_;] =1}.
Using this model, any w € Dt has the form
w=—€e_1+ (T§ — Q(wO))f,;[ +wo + Te1 + 11
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with 7 € 9, wy € Vp(C), and £ € C. The bottom horizontal arrow is (wg, &) — (7,wo, £),
where 7 is determined by the relation (3.9.6).

The construction above singles out a nowhere vanishing section of @*", whose value
at an isotropic line Cw is the unique vector in that line with [w,f_;] = 1. As in the
discussion leading to (3.9.18), we obtain a trivialization

[, f4]: 0™ = O0p,.
Now consider the Borcherds product 'zZJs(a)g( f) on D+ determined by the lattice L
above (that is, replace g by s(a)g throughout §6.2). It is a meromorphic section
of (@)%, and we use the trivialization above to identify it with a meromorphic

function. In a neighborhood of the rational boundary component associated to the
isotropic plane V_; C V, this meromorphic function has a product expansion.

Proposition 6.3.1 ([32]). — Tiiere are positive constants A and B with the following
property: For all points w € DT satisfying

(e — @Um(un)

Im(7)
there is a factorization
P(ayg(f) = - (2m0)* - (r) - 2T1E - Po(7) - Pi(7,w0) - Pa(T, w0, €)
in which k € C* has absolute value 1, n is the Dedekind n-function, and

1:% > (O—f_>—2zz -o1(m — Q(x)).

beZ/DZ m>0z€Lo

> Alm(7) + Imlir)’

The factors Py and Py are defined by

b\ GO B
II @ (T,I)>

beZ/DZ
b#£0

1 (7, wo) H H O(r, [wo, = ])c(_m).

m>0 z€Lg
Q(z)=m

and

The remaining factor is

) ) ) . 2-¢(ac—Q(z),u)
P, (7_7 wo, é-) — H (1 _ eQ‘mcf627rza7'627mb/D€—27m[ac,wo]) ,
z€6 Lo
a€Z
beZ) DL
cE€Z>o

where 4 = —ae_1 — %f,l +x+cep €5 1L/L.

Proof. — This is just a restatement of [32, Corollary 2.3], with some simplifications
arising from the fact that the vector-valued form f used to define the Borcherds
product is induced from a scalar-valued form via (6.1.1).
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A more detailed description of how these expressions arise from the general formulas
in [32] is given in the appendix. O

If we pull back the formula for the Borcherds product 1[;8(,1)9 (f) found in Propo-
sition 6.3.1 via the closed immersion (6.2.2), we obtain a formula for the Borcherds
product t,(q)4(f) on the connected component

(G(Q) N s(a)gKg~ s(a)")\D =122 8n(G, D) (©),
from which we can read off the leading analytic Fourier-Jacobi coefficient.

Corollary 6.3.2. — The analytic Fourier-Jacobi expansion of ¥(f), in the sense of
(3.9.18), has the form

ZFJe ) (wo) - q£7

>1

where I is the integer of Proposition 6.3.1. The leading coefficient FJ(Ia) (Y(f)), viewed
as a function on Vo(R) as in the discussion leading to (3.9.14), is given by

(6.3.1) FI (9 (f)) (wo) = & - (2m0)* - (1) - Po(7) - Py(7, wp),
where T € §) is determined by (3.9.6),

— H H o <T7 lb)>vrcr(0)

r|D beZ/DZ

b#£0
rb=0

’7' w() H H 6 'wo, )c m)

m>0 xzE€Lg
Q(z)=m

The constant k € C, which depends on both ® and a, has absolute value 1.

and

Proof. — Using Proposition 6.3.1, the pullback of 1/33(a)g(f) via (6.2.2) factors as a
product

st(a)g(f) =kK- (27rl)k : 77%(7') ! 627ri61 : PO(T)PI(Ta wO)P2(Ta wO)g)a

where £ € C* and wy € V(R) = ¢V(C). The parameter 7 € ) is now fixed, determined
by (3.9.6). The equality

b é0,5f_1) b Yrer(0)
I e(rg) ~ =IIII e(~p)

beZ/DZ 7|D b€Z/DZ
b£0 b#0
rb=0
follows from Proposition 6.1.2, and allows us to rewrite Py in the stated form. To
rewrite the factor P in terms of (.,.) instead of [.,.], use the commutative diagram of
Remark 3.9.4. Finally, as Im(£) — oo, so ¢ = €*™ — 0, the factor P, converges to 1.
This P, does not contribute to the leading Fourier-Jacobi coefficient. O
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Proposition 6.3.3. — The integer I defined in Proposition 6.3.1 is equal to the integer
multe (f) defined by (5.2.4), and the product (6.3.1) satisfies the transformation law
(3.9.14) with £ = multe (f).

Proof. — The Fourier-Jacobi coefficient FJ ga)('z/)( f)) appearing on the left hand side
of (6.3.1) is, by definition, a section of the line bundle QJIE(Q@L on E@ @ L. When
viewed as a function of the variable wy € V5(R) using our explicit coordinates, it
therefore satisfies the transformation law (3.9.14) with £ = I.

Now consider the right hand side of (6.3.1), and recall that 7 is fixed, determined
by (3.9.6). In our explicit coordinates the function ©(, (wo,z))?* of wy € Vp(R) is
identified with a section of the line bundle j; 7,12 on E(@) @ L: this is clear from the
definition of j, in (3.6.2), and Proposition 5.1.4. Thus P; (7, wp), and hence the entire

right hand side of (6.3.1), defines a section of the line bundle
. x —m)/2 ~, p2multe(f/2) ~, Amults(f
R & iy ™y = g,

m>0 xz€Lg
Qz)=m

where the isomorphisms are those of Proposition 5.2.2 and Proposition 3.4.4. This
implies that the right hand side of (6.3.1) satisfies the transformation law (3.9.14)
with £ = mults (f).

A function on V(R) cannot satisfy the transformation law (3.9.14) for two different
values of ¢, and hence I = multe(f). Note that we are using here the standing
hypothesis n > 2; if n = 2 then V5(R) = 0, and the transformation law (3.9.14) is
vacuous.

For a more direct proof of the proposition, see § 8.4. O

6.4. Algebraization and descent. — The following weak form of Theorem 5.3.1 shows
that ¥ (f) is algebraic, and provides an algebraic interpretation of its leading Fourier-
Jacobi coefficients.

Proposition 6.4.1. — The meromorphic section ¥ (f) is the analytification of a ratio-
nal section of the line bundle w* on Skra/c- This rational section satisfies the following
properties:

1. When viewed as a rational section over the toroidal compactification,
div($(f) = D e(=m) - Zgpa(m)jc + Y multe(f) - Sira(®) /c-
m>0 (3]

2. For every proper cusp label representative ®, the Fourier-Jacobi erpansion
of ¥(f) along Sk, (®)c, in the sense of §3.8, has the form

P(f) = g™ 4y
>0

3. The leading coefficient 1y, a rational section of wk ® Egmltq’(f) over By c,

factors as
Yo = Ko ® P} © Ph™ © Py
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for a unique section
ke € HO(As/c, 04, /o)

This section satisfies |k (2)| = 1 at every complex point z € Age(C). (The other
factors appearing on the right hand side were defined in Theorem 5.3.1.)

Proof. — Using Corollary 6.3.2 and Proposition 6.3.3, one sees that ¥ (f) extends to
a meromorphic section of w* over the toroidal compactification S, (C), vanishing to
order I = multe(f) along the closed stratum

SI*(ra((I))/C c SI*(ra/(C
indexed by a proper cusp label representative ®.

The calculation of the divisor of 1 (f) over the open Shimura variety Sk;a(C) is
Proposition 6.2.1. The algebraicity claim now follows from GAGA (using the fact that
the divisor is already known to be algebraic), proving all parts of the first claim. The
second and third claims are just a translation of Corollary 6.3.2 into the algebraic

language of Theorem 5.3.1, using the explicit coordinates of §3.9 and the change of
notation (2min?)k = P{, Py = Py and P; = Pher. O

We now prove that ¥ (f), after minor rescaling, descends to k. This can be deduced
from the analogous statement about Borcherds products on orthogonal Shimura va-
rieties proved in [26], but in the unitary case there is a much more elementary proof.
This will require the following two lemmas.

Lemma 6.4.2. — The geometric components of Sh(G,D) are defined over the Hilbert
class field KM of k, and each such component has trivial stabilizer in Gal(k™ /k).

Proof. — One could prove this using Deligne’s reciprocity law for connected com-
ponents of Shimura varieties [43, §13], but it also follows easily from the theory of
toroidal compactification.

Our assumption that n > 2 guarantees that every connected component of Sj; . /C
contains some connected component of the boundary. It is a part (8 of Theorem 3.7.1
that all such boundary components are defined over the Hilbert class field, and it
follows that the same is true for components of Si /e The same is therefore true for
the components of the interior

SKra/(C = Sh(G7D)/(C
The claim about stabilizers follows from the open and closed immersion
Sh(G,D) C M(1,0y Xk M(n—1,1)

of (2.2.2), along with the classical fact (from the theory of complex multiplication
of elliptic curves) that the geometric components of M, ¢y form a simply transitive
Gal(k™P /k)-set. O

(8) This particular part of Theorem 3.7.1 follows from the reciprocity law for the boundary compo-
nents of Mi‘?ﬁl 1) proved in [24, Proposition 2.6.2].

SOCIETE MATHEMATIQUE DE FRANCE 2020



96 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

The lemma allows us to choose a set of connected components
{X;} Cmo (Sh(G,D)/kHilb)
in such a way that
Sh(G, D) me = | | | ] o(X;).
i oceGal(kHilb /k)

For each index 4, pick g; € G(Ay) in such a way that X;(C) is equal to the image of

(G(Q) N g: K g )N\D 2229, sn(@, p)(C).

Choose an isotropic k-line J C W, let P C G be its stabilizer, and define a proper
cusp label representative ®; = (P,g;). The above choices pick out one boundary
component on every component of the toroidal compactification, as the following
lemma demonstrates.

Lemma 6.4.3. — The natural maps
|_|i SI*(ra((I)i) B SI*(ra

e

I_li Aq)i — I_lz Béi

I

Ll Spap(®i) —— S5

Pap

IR

induce bijections on connected components. The same is true after base change to k
or C.

Proof. — Let X C Sf,,(C) be the closure of X;. By examining the complex an-
alytic construction of the toroidal compactification [24, 39, 47|, one sees that some
component of the divisor Sf_ (®;)(C) lies on X.

Recall from Theorem 3.7.1 that the components of Sp, (®;)(C) are defined
over kM and that the action of Gal(k™!®/k) is simply transitive. It follows
immediately that

Stp(@)©) || e(x)),
oc€Gal(kHiP /k)
and the inclusion induces a bijection on components. By Proposition 3.2.1 and the
isomorphism of Proposition 3.3.3, the quotient map

Co(C) — Ag,\Co,(C)

induces a bijection on connected components, and both maps C¢ — Bg — Ag have
geometrically connected fibers (the first is a G,,-torsor, and the second is an abelian
scheme). We deduce that all maps in

Az, (C) — Ba, (C) = Ap,\Ba, (C) = Si;a(Pi)(C) = Spap (2:)(C)
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induce bijections on connected components.

The above proves the claim over C, and the claim over k follows formally from
this. The claim for integral models follows from the claim in the generic fiber, using
the fact that all integral models in question are normal and flat over Ok. O

Proposition 6.4.4. — After possibly rescaling by a constant of absolute value 1 on every
connected component of SI*Q&/C, the Borcherds product 1(f) is defined over k, and
the sections of Proposition 6.4.1 satisfy

Ky € HO(Aq>/k, Oi@/k)

for all proper cusp label representatives ®. Furthermore, we may arrange that ke, =1
for all 3.

Proof. — Lemma 6.4.3 establishes a bijection between the connected components
of 8k,,(C) and the finite set | |, Ag,(C). On the component indexed by z € Ag,(C),
rescale ¥ (f) by ke, (z) 1. For this rescaled 1 (f) we have kg, = 1 for all i.

Suppose o € Aut(C/k). The first claim of Proposition 6.4.1 implies that the divisor
of 4(f), when computed on the compactification Sj; . /C is defined over k. Therefore
a(¥(f))/¥(f) has trivial divisor, and so is constant on every connected component.

By the third claim of Proposition 6.4.1, the leading coefficient in the Fourier-Jacobi
expansion of ¥(f) along the boundary stratum S, (®;) is

wo = Pj, ® P @ P,

which is defined over k. From this it follows that (1 (f))/4(f) is identically equal to 1
on every connected component of S /C meeting this boundary stratum. Varying 4
and using Lemma 6.4.3 shows that o(¢(f)) = ¥(f).

This proves that 1 (f) is defined over k, hence so are all of its Fourier-Jacobi
coefficients along all boundary strata S, (®). Appealing again to the calculation of

the leading Fourier-Jacobi coeflicient of Proposition 6.4.1, we deduce finally that k¢ is
defined over k for all ®. O

6.5. Calculation of the divisor, and completion of the proof. — The Borcherds product
¥(f) on Sf';ra/k of Proposition 6.4.4 may be viewed as a rational section of w* on the
integral model Sg ..

Let ® be any proper cusp label representative. Combining Propositions 6.4.1 and
6.4.4 shows that the leading Fourier-Jacobi coeflicient of 4 (f) along the boundary
divisor S§.,,(®) is

(6.5.1) o = ke @ Py ® P ® Py,
Recall that this is a rational section of w& ® Lg,mlt{)(f ) on Bg. Here, by mild abuse of

notation, we are viewing k¢ as a rational function on Ag, and denoting in the same
way its pullback to any step in the tower

Ci 5 By — As.
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Lemma 6.5.1. — Recall that ™ has a canonical section By — Cj, realizing By as a
divisor on C}. If we use the isomorphism (3.7.1) to view ¥ (f) as a rational section
of the line bundle w% on the formal completion (C3)B, its divisor satisfies

div(¢(f)) = div(6 *ke) + multe(f) - Bs

+ ) e(=m)Za(m) + Y 7 (0) Y 7 (Bayr, )-

m>0 r|D plr

Proof. — The key step is to prove that the divisor of ¥ (f) can be computed from
the divisor of its leading Fourier-Jacobi coefficient 1y by the formula

(6.5.2) div(9(f)) = 7*div(epo) + multe(f) - Be.

Recalling the tautological section ¢ with divisor Bg from Remark 3.8.1, consider the

rational section
R=q ™= ()= ;- o'
i>0

of Wk ® w*ﬁguuq’(f) on the formal completion (C3)z,

We claim that div(R) = 7*A for some divisor A on Bg. Indeed, whatever div(R) is,
it may decomposed as a sum of horizontal and vertical components. We know from
Theorem 3.7.1 and Proposition 6.4.1 that the horizontal part is a linear combination
of the divisors Zg(m) on C} defined by (3.6.1); these divisors are, by construction,
pullbacks of divisors on Bg. On the other hand, the morphism C3; — Bg is the total
space of a line bundle, and hence is smooth with connected fibers. Thus every vertical
divisor on C}, and in particular the vertical part of div(R), is the pullback of some
divisor on Beg.

Denoting by ¢ : B — Cj the zero section, we compute

A =4i"1"A =i*div(R) = div(:*R) = div(2)o).

Pulling back by 7 proves that div(R) = w*div(1g), and (6.5.2) follows.
We now compute the divisor of 99 on Bs using (6.5.1). The divisors of Py, Phor,
and PJ* were computed in Proposition 5.4.1, which shows that on Bg we have the

equality
div(tpg) = div(é )+ Z a(m) + Z’yTCT(O) Z Bs , -

m>0 r|D plr
Combining this with (6.5.2) completes the proof. O
Proposition 6.5.2. — When viewed as a rational section of ®* on Skras the Borcherds

product Y(f) has divisor
div($(f)) = D_ e(=m) - Zio(m) + Zmult@ ) - Sira(®)

m>0

(653) + le + Z ’Y’I‘c’f‘ 0) Z SI*{ra/]Fp
r|D
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up to a linear combination of irreducible components of the exceptional divisor
Exc C Sk, Moreover, each section ko of Proposition 6.4.4 has finite multiplicative
order, and extends to a section kg € H(Ag, O} ).

Proof. — Recall from Lemma 6.4.3 that the natural maps

I_Ii B‘bz‘ B— I_Iz S;’ap(q)i) E— Sl);ap

|

I_li Aq’i

induce bijections on connected components, as well as on connected components of
the generic fibers.

All stacks in the diagram are proper over Ok, and have normal fibers. (For Spap
this follows from Theorem 3.7.1 and our assumption that n > 2. The other stacks
appearing in the diagram are smooth over Og.) It follows from this and [18, Corol-
lary 8.2.18] that all arrows in the diagram induce bijections between the irreducible
(= connected) components modulo any prime p C O.

Deleting the (0-dimensional) singular locus Sing C S, does not change the irre-
ducible components of Sp,,, or its fibers, and so if we define

U Spap \ Sing = S, \ Exc,

then the natural maps

L Be, —— L; Spap (®:) —— U

|

|_|i A‘:Pi

induce bijections on irreducible components, as well as on irreducible components
modulo any prime p C Ok.

Suppose ® is any proper cusp label representative, and let s C U be the union
of all irreducible components that meet Sg, (®). If we interpret div(xe) as a divisor
on U using the bijection

{vertical divisors on Ag} = {vertical divisors on Uy},

then the equality of divisors (6.5.3) holds after pullback to Ug, up to the error term
div(ke). Indeed, this equality holds in the generic fiber of Us by Proposition 6.4.1,
and it holds over an open neighborhood of S, (®) by Lemma 6.5.1 and the isomor-
phism of formal completions (3.7.1). As the union of the generic fiber with this open
neighborhood is an open substack whose complement has codimension > 2, the stated
equality holds over all of Usg.

Letting ® vary over the ®; and using kg, = 1, we see from the paragraph above
that (6.5.3) holds over | |, U, = Y. With this in hand, we may reverse the argument
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to see that the error term div(kg) vanishes for every ®@. It follows that k¢ extends to
a global section of O .

It only remains to show that each k¢ has finite order. Choose a finite extension L/k
large enough that every elliptic curve over C with complex multiplication by Oy ad-
mits a model over L with everywhere good reduction. Choosing such models deter-
mines a faithfully flat morphism

| |Spec(OL) = M1,0) = As,

and the pullback of kg is represented by a tuple of units (z,) € [] O} . Each z, has
absolute value 1 at every complex embedding of L (this follows from the final claim
of Proposition 6.4.1), and is therefore a root of unity. This implies that k¢ has finite
order. U

Proof of Theorem 5.3.1. — Start with a weakly holomorphic form (5.2.2). Asin §6.2,
after possibly replacing f by a positive integer multiple, we obtain a Borcherds prod-
uct 4(f). This is a meromorphic section of (w®")*. By Proposition 6.4.1 it is algebraic,
and by Proposition 6.4.4 it may be rescaled by a constant of absolute value 1 on each
connected component in such a way that it descends to k.

Now view %(f) as a rational section of w* over Skra- By Proposition 6.5.2 we may
replace f by a further positive integer multiple, and replace 1 (f) by a corresponding
tensor power, in order to make all kg = 1. Having trivialized the kg, the existence
part of Theorem 5.3.1 now follows from Proposition 6.4.1. For uniqueness, suppose
Y'(f) also satisfies the conditions of that theorem. The quotient of the two Borcherds
products is a rational function with trivial divisor, which is therefore constant on
every connected component of Sk . (C). As the leading Fourier-Jacobi coefficients
of ¥'(f) and ¥(f) are equal along every boundary stratum, those constants are all
equal to 1. O

Proof of Theorem 5.3.4. — As in the statement of the theorem, we now view (f)?
as a rational section of the line bundle Qlkgap on Sp,,. Combining Proposition 6.5.2
with the isomorphism

of (3.7.2), and recalling from Theorem 3.7.1 that this isomorphism identifies

W = QKra = QPap7

we deduce the equality
div(y(f)*) = Y e(=m) - Vpop(m) +2 ) multe(f) - Spap (@)
®

m>0
(6.5.4) +div(ETF) + 2 e (0) D Shapr,
r|D plr
of Cartier divisors on Sg,  \ Sing. As Sf, is normal and Sing lies in codimension > 2,
this same equality must hold on the entirety of S5, . O

ASTERISQUE 421



MODULARITY OF UNITARY GENERATING SERIES 101

Proof of Theorem 5.3.3. — If we pull back via S ., — Sp

Bap and view (f)? as a
rational section of the line bundle

Q.. = 0™ @ O(Exe) F,

the equality (6.5.4) on Sp, . pulls back to

Pap

div(®(f)*) = Y e(=m) - Viral(m) + 2 multa(f) - Sicra(®)
L]

m>0

+ diV((s_Qk) +2 Z ’Y’!‘C’I‘(O) Z SI*{ra/Fp .

r|D plr

Theorem 2.6.3 allows us to rewrite this as

le(’l/J(f)Q) =2 Z C(_m) ’ Zl*(ra(m) +2 Z mult‘b(f) ' SI*(ra((I))

m>0

D
+div(0) +2 e (0) D St

r|D plr
- Z c(—m) Z #{x € Ly : (x,x) = m} - Excs.
m>0 s€mo(Sing)

If we instead view 1(f)? as a rational section of w?*, this becomes

div($(f)*) =2 ) e(=m) - Zpu(m) +2 ) multa(f) - Sk,a(®)
P

m>0

+ diV((s_Qk) +2 Z YrCr (0) Z SI*(ra/]Fp

r|D plr
- Z c(—m) Z #{x € Ly : (x,z) = m} - Exc,
m>0 s€mo(Sing)
+ k - Exc
as desired. O

7. Modularity of the generating series

Now armed with the modularity criterion of Theorem 4.2.3 and the arithmetic
theory of Borcherds products provided by Theorems 5.3.1, 5.3.3, and 5.3.4, we prove
our main results: the modularity of generating series of divisors on the integral models
Sira and Sg, of the unitary Shimura variety Sh(G, D). The strategy follows that of
[5], which proves modularity of the generating series of divisors on the complex fiber
of an orthogonal Shimura variety.

Throughout §7 we assume n > 3.
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7.1. The modularity theorems. — Denote by
Ch(Sira) = Pic(Skra) ©2 Q

the Chow group of rational equivalence classes of Cartier divisors on Si. . with Q
coefficients, and similarly for Sf;ap. There is a natural pullback map

Ch(Spap) — Ch(Sira)-
Let x = x} be the quadratic Dirichlet character (5.2.1).

Definition 7.1.1. — If V is any Q-vector space, a formal g-expansion
(7.1.1) > d(m)-q™ € VIg]
m>0

is modular of level D, weight n, and character x if for any Q-linear map o : V. — C
the g-expansion

> a(d(m)) - ¢™ € Cllq]]

m>0

is the g-expansion of an element of M, (D, x).

Remark 7.1.2. — 1If (7.1.1) is modular then its coefficients d(m) span a subspace of V'
of dimension < dim M, (D, x). We leave the proof as an exercise for the reader.

We also define the notion of the constant term of (7.1.1) at a cusp co,., generalizing
Definition 4.1.1.

Definition 7.1.3. — Suppose a formal g-expansion g € V[[q]] is modular of level D,
weight n, and character x. For any r | D, a vector v € V(C) is said to be the constant
term of g at the cusp oo, if, for every linear functional a : V(C) — C, «a(v) is the
constant term of a(g) at the cusp oo, in the sense of Definition 4.1.1.

For m > 0 we have defined in §5.3 effective Cartier divisors
Veup(n) = Spapy  Zida(m) = Siya
related by (5.3.4). We have defined in § 3.7 line bundles
Qp.p € Pic(Sp,,), o € Pic(Skyn)

extending the line bundles on the open integral models defined in § 2.4. For notational
uniformity, we define

Vi (0) = Doy Z184(0) = 0™ ® O(Exc).
Theorem 7.1.4. — The formal g-expansion

lgca)ltp q € ChQ (SPap) [[q]]
m>0
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is a modular form of level D, weight n, and character x. For any r | D, its constant
term at the cusp oo, is

7o+ (VEL(0) 423 Sty ) € Ch(Say) @0 C.
plr

Here v, € {£1,+i} is defined by (5.3.2), p C Oy is the unique prime above p | r, and
Fy is its residue field.

Proof. — Let f be a weakly holomorphic form as in (5.2.2), and assume again
that ¢(m) € Z for all m < 0. The space M;fon (D, x) is spanned by such forms. The
Borcherds product 1(f) of Theorem 5.3.1 is a rational section of the line bundle

of = @ e ©,
r|D
on Sf,,. If we view 9(f)? as a rational section of the line bundle
k ~ Yyrer(0)
QPap = ® QPap
r|D

on S}

Pap> €xactly as in Theorem 5.3.4, then

div((£)?) = = D 7rer(0) - Y (0)
r|D

holds in the Chow group of §p,,. Comparing this with the calculation of the divisor
of 9 (f)? found in Theorem 5.3.4 shows that

(7.1.2) 0= Z c(—m lt;;tp )+ Z ¥rer (0 lg(;tp(o) +2V,),
m>0 r|D
r>1

where we abbreviate V; =37, Sp, . -
For each r | D we have defined in §4.2 an Eisenstein series
E. (1) = Z er(m)-q™ € M, (D, x),
m>0
and Proposition 4.2.2 allows us to rewrite the above equality as

0="3" c(-m) - [V 0m) = 3" e (m) - (VU5 (0) +2V,)].

m>0 r|D
r>1

Note that we have used e,(0) = 0 for > 1, a consequence of Remark 4.2.1.
The modularity criterion of Theorem 4.2.3 now shows that

Z ylg(:);i) Z'Yr r ;’(:p 0) +2V,)

m>0 r|D
r>1

is a modular form of level D, weight n, and character x, whose constant term vanishes
at every cusp different from oo.
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The theorem now follows from the modularity of each FE,., together with the de-

scription of their constant terms found in Remark 4.2.1. U
Theorem 7.1.5. — The formal q-expansion

> Zi&h(m) - ™ € Chyy(Siya)llal,

m>0

is a modular form of level D, weight n, and character x.

Proof. — Recall from Theorems 2.6.3 and 3.7.1 that pullback via Sg,, — Sp,,, sends
Vih(m)—2- 2k (m) = > #{z € L, : (z,3) = m} - Exc,
s€mo(Sing)

for all m > 0. This relation also holds for m = 0, as those same theorems show that
Voo, (0) = Q;;p — 0 2 ® O0(Exc) =2 - Zit (0) — Exc.

Pulling back the relation (7.1.2) shows that

0= Y e(-m) - (zihmy Y FEELmaEm g

m>0 s€mo(Sing)
1
- XH; Trer(0) - (215,(0) - 5 - Exc+ V)
r>1

in Ch@(SI*{m) for any input form (5.2.2), where we now abbreviate

Vr = Z Sl*{ra/IFp .

plr

Using Proposition 4.2.2 we rewrite this as

0= Y com)- (zighom - Y FEELilmmIml g

m>0 s€mo(Sing)
- E c(—m) E Yrer(m) (fo’t (0) — 1 - Exc + Vr>
ra 2 )
m>0 r|D
r>1

where we have again used the fact that e,.(0) = 0 for r > 1.
The modularity criterion of Theorem 4.2.3 now implies the modularity of

1 1
tot m tot
> Zim)-q" =5 D0 Da(r) Exea— D0 Br(r): (2H0) - 5 - Bxe V).
m>0 s€my(Sing) r|D1
>

The theorem follows from the modularity of the Eisenstein series E,.(7) and the theta
series

do(r) = Y ¢ € My (D,x). O
z€Lg
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7.2. Green functions. — Here we construct Green functions for special divisors
on Sg.. as regularized theta lifts of harmonic Maass forms.
Recall from Section 2 the isomorphism of complex orbifolds

Skra(C) = Sh(G, D)(C) = G(Q\D x G(Af)/K.

We use the uniformization on the right hand side and the regularized theta lift to
construct Green functions for the special divisors

Zf(orta(m) = ZI*(ra(m) + BKra(m)

on Sg,.. The construction is a variant of the ones in [9] and [11], adapted to our
situation.

We now recall some of the basic notions of the theory of harmonic Maass forms,
as in [9, Section 3]. Let HS® (D, x) denote the space of harmonic Maass forms f of
weight 2 — n for I'g(D) with character x such that

— f is bounded at all cusps of I'o(D) different from the cusp oo,

— f has polynomial growth at oo, in sense that there is a

Pr=> ct(m)g™ €Clg™"]
m<0

such that f — Py is bounded as g goes to 0.
A harmonic Maass form f € HS® (D, x) has a Fourier expansion of the form

(7.2.1) fry= > ctm)g™+ > ¢ (m)-T(n—1,4x|m|Im(r)) - ¢",

meZ meZ
mz3>—00 m<0

where
oo
I‘(s,:c):/ ettt

is the incomplete gamma function. The first summand on the right hand side of
(7.2.1) is denoted by f* and is called the holomorphic part of f, the second summand
is denoted by f~ and is called the non-holomorphic part.

If f € H$,(D,x) then (6.1.1) defines an Sp-valued harmonic Maass form
for SLo(Z) of weight 2 — n with representation wy,. Proposition 6.1.2 extends to such
lifts of harmonic Maass forms, giving the same formulas for the coefficients ¢t (m, u)

of the holomorphic part f+ of f . In particular, if m < 0 we have
+ if u=0

(7.2.2) & (mpy=4° ™M Hu=0,
0 if uw#0,

and the constant term of f is given by

N0, p) = > v -eh(0).

rulr|D

The formula of Proposition 4.2.2 for the contant terms ¢ (0) of f at the other cusps
also extends.
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As before, we consider the hermitian self-dual Og-lattice L = Home, (a9, a) in
V = Homg (Wy, W). The dual lattice of L with respect to the bilinear form [.,.] is
L' =071L. Let

St C S(V(Ay))
be the space of Schwartz-Bruhat functions that are supported on L’ and invariant

under translations by L.
Recall from Remark 2.1.2 that we may identify

D= {weeV(C): [w,w] <0}/C*,

and also
D = {negative definite k-stable R-planes z C V(R)}.
For any z € V and z € D, let z, be the orthogonal projection of =z to the plane

z C V(R), and let z,1 be the orthogonal projection to z=.
For (7,2,9) € 9 x D x G(Ay) and ¢ € Sp,, we define a theta function

0(r,2,9,0) = > (97 'x) - Poo(T, 2,T),
zeV

where the Schwartz function at oo,

Sooo(Ta Z,E) — - e27riQ(wzl)r+27riQ(zz)?,

is the usual Gaussian involving the majorant associated to z. We may view 6 as a
function $ x D x G(Ay) — S). As a function in (z,g) it is invariant under the left
action of G(Q). Under the right action of K it satisfies the transformation law

9(7-’ Z? gk’ (p) = O(T’ Z)g?wL(k)<p)7 k e K7

where wy, denotes the action of K on Sy, by the Weil representation and v = Im(7).
In the variable 7 € $ it transforms as a S)-valued modular form of weight n — 2
for SL2 (Z)

Fix an f € H$°,(D,x) with Fourier expansion as in (7.2.1), and assume
that ¢ (m) € Z for m < 0. We associate to f the divisors

ZKra(f) = Z c+(—m) ! ZKra(m)

m>0
ZRL () =Y et (=m) - Zigh(m)
m>0

on Skra and Sy, respectively. As the actions of SL2(Z) and K via the Weil represen-
tation commute, the associated Sp-valued harmonic Maass form f is invariant under
K. Hence the natural pairing S; x Sy — C gives rise to a scalar valued function
(f(7),6(7, 2, 9)) in the variables (,2,9) € $ x D x G(Ay), which is invariant under
the right action of K and the left action of G(Q). Hence it descends to a function

on SLy(Z)\$ x Sh(G, D)(C).
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We define the regularized theta lift of f as
res . du dv
O ) = [ (F0.0r.29)
SL2(Z)\$ v

Here the regularization of the integral is defined as in [4, 9, 11]. We extend the incom-
plete Gamma function

(7.2.3) Hmﬂ:/me”%

to a function on R>( by setting

- T(0,¢) ift>0,
F(O’t):{o( ) ;ft:O

Theorem 7.2.1. — The regularized theta lift ©™%(z, g, f) defines a smooth function
on Skra(C) \ Zxra(f)(C). For g € G(Ay) and zy € D, there exists a neighborhood
U C D of zg such that

@reg(zvgmf) - Z c+(—<x,m>) : f(0’47‘r|<'7;27mz>|)

r€gL
zlzg

is a smooth function on U.

Proof. — Note that the sum over € gLNzj is finite. Since Sh(G, D)(C) decomposes
into a finite disjoint union of connected components of the form
(G(@nNgKg H)\D,

where g € G(Ay), it suffices to consider the restriction of ©"8( f) to these components.
On such a component, ©™2(z, g, f) is the regularized theta lift considered in [11,
Section 4] of the vector valued form f for the lattice

gL = gL NV = Homo, (g9, ga) C V,
and hence the assertion follows from (7.2.2) and [11, Theorem 4.1]. O
Remark 7.2.2. — Let Ap denote the U(V)(R)-invariant Laplacian on D. There exists

a non-zero real constant ¢ (which only depends on the normalization of Ap and which
is independent of f), such that

ADGreg(zyg7 f) =c- deg ZKra(f)((C)
on the complement of the divisor Zk.a(f)(C).
Using the fact that
r'0,t) = —log(t) + I'(1) + o(t)
as t — 0, Theorem 7.2.1 implies that ©™2(f) is a (sub-harmonic) logarithmic Green

function for the divisor Zk;,(f)(C) on the non-compactified Shimura variety Skya(C).
These properties, together with an integrability condition, characterize it uniquely up
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to addition of a locally constant function [11, Theorem 4.6]. The following result
describes the behavior of ©™&(f) on the toroidal compactification.

Theorem 7.2.3. — On Sk, (C), the function ©"8(f) is a logarithmic Green func-
tion for the divisor Zi2t (f)(C) with possible additional log-log singularities along the
boundary in the sense of [13].

Proof. — As in the proof of Theorem 7.2.1 we reduce this to showing that ©8(f) has
the correct growth along the boundary of the connected components of Sk, (C). Then
it is a direct consequence of [11, Theorem 4.10] and [11, Corollary 4.12]. O

Recall that w®" is the tautological bundle on

D {weeV(C): [w,w] <0}/C*.

We define the Petersson metric || - || on @®* by
2 [w,@]
wl|*=— )
[[w]l P
where v = —I"(1) denotes Euler’s constant. This choice of metric on w*" induces a

metric on the line bundle @ on Sk;.(C) defined in §2.4, which extends to a metric
over Sy, (C) with log-log singularities along the boundary [11, Proposition 6.3]. We
obtain a hermitian line bundle on Sf_,, denoted

© = (w,[ -

If f is actually weakly holomorphic, that is, if it belongs to MQ!’LX,’L(D,X), then
©8(f) is given by the logarithm of a Borcherds product. More precisely, we have
the following theorem, which follows immediately from [4, Theorem 13.3] and our
construction of ¥ (f) as the pullback of a Borcherds product, renormalized by (6.2.3),
on an orthogonal Shimura variety.

Theorem 7.2.4. — Let f € Mé’ile(D,X) be as in (5.2.2). The Borcherds product ¥(f)
of Theorem 5.8.1 satisfies

©"5(f) = —log [|l%(f)II*.

7.3. Generating series of arithmetic special divisors. — We can now define arithmetic
special divisors on Sy, and prove a modularity result for the corresponding gen-
erating series in the codimension one arithmetic Chow group. This result extends
Theorem 7.1.5.

Recall our hypothesis that n > 2, and let m be a positive integer. As in [9, Propo-
sition 3.11], or using Poincaré series, it can be shown that there exists a unique
fm € HS2,, (D, x) whose Fourier expansion at the cusp co has the form

fm = q—m + O(l)

as ¢ — 0. According to Theorem 7.2.3, its regularized theta lift ©™8(f,,) is a loga-
rithmic Green function for Z{2% (m).
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Denote by C/?Tlél) (Sk,a) the arithmetic Chow group [20] of rational equivalence classes
of arithmetic divisors with Q-coefficients. We allow the Green functions of our arith-
metic divisors to have possible additional log-log error terms along the boundary
of 8k,.(C), as in the theory of [13]. For m > 0 define an arithmetic special divisor

., —~1
Zia(m) = (230 (m), 075 (fim)) € Chy(Skya)

on Sg,,, and for m = 0 set

—~1
Zic{orta(o) = 6—1 + (EXC, - log(D)) € ChQ(SI*(ra)‘

In the theory of arithmetic Chow groups one usually works on a regular scheme
such as Si,,. However, the codimension one arithmetic Chow group of Sp,, makes
perfect sense: one only needs to specify that it consists of rational equivalence classes

of Cartier divisors on Sf;ap endowed with a Green function.

With this in mind one can use the equality

Vi (m)(C) = 2255, (m)(C)

in the complex fiber S5, (C) = Sk,,(C) to define arithmetic divisors

—~1
Vit (m) = (&t (m), 2075 (£,0)) € Chg(Stap)
for m > 0. For m = 0 we define
~—1 —~1
Vit (0)=Q  +(0,—-2log(D)) € Chy(Stay),

where the metric on Q is induced from that on w, again using Q = »? in the complex
fiber.

Theorem 7.3.1. — The formal g-expansions

(7.3.1) o(r) =Y ZiEt(m)-qm € ChQ(SKra)[[q]]
m>0

and

Z ylg(;tp q € ChQ(SPap)[[ ]]

m>0

are modular forms of level D, weight n, and character x.

Proof. — For any input form f € MQ!’:'Z(D, X) as in (5.2.2), the relation in the Chow
group given by the Borcherds product (f) is compatible with the Green functions,
in the sense that

—logll(H* = ) e(=m) - ©7%(fn).

m>0

Indeed, this directly follows from f =" m) fm and Theorem 7.2.4.

m>0 C(_
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This observation allows us to simply repeat the argument of Theorems 7.1.4 and
7.1.5 on the level of arithmetic Chow groups. Viewing 1(f)? as a rational section of
the metrized line bundle Qﬁap, the arithmetic divisor

dv((£)?) 2 (div(p(£)?), ~2log [$()]1%) € Chy(Skap)

satisfies both

(7.3.2) GV ((F)2) = Bpap = —2k - (0,10g(D)) — 3 1rer (0) - ik (0)
r|D

and, recalling 6§ = v—D € k,
div((£)?) = Y e(-m) - Visky (m) — 2k - (div(8),0) + 2 Y e (0) - Vi

(7.3.3) m>e " ~
=Y c(-m) - YEt (m) — 2k - (0,log(D)) +2) e (0) -V,
m>0 r|D

where IA}T is the the vertical divisor V, = Zp|7“ Sf;ap /F, endowed with the trivial Green
function. Note that in the second equality we have used the relation

0 = div(8) = (div(d), — log |8?]) = (div(6),0) — (0,log(D))

in the arithmetic Chow group. Combining (7.3.2) and (7.3.3), we deduce that

0= c(=m)- Figh(m) + > 1er(0) (Dik(0) +2- V).

m>0 r|D

r>1
With this relation in hand, both proofs go through verbatim. O
7.4. Non-holomorphic generating series of special divisors. — In this subsection we

discuss a non-holomorphic variant of the generating series (7.3.1), which is obtained
by endowing the special divisors with other Green functions, namely with those con-
structed in [23, 24] following the method of [36]. By combining Theorem 7.3.1 with a
recent result of Ehlen and Sankaran [16], we show that the non-holomorphic generat-
ing series is also modular.

For every m € Z and v € R+ define a divisor

Bxra(m,v) = — Z #{r € Lo: (z,z) =m}  Sk.(P)

with real coefficients on Si; . Here the sum is over all K-equivalence classes of proper
cusp label representatives ® in the sense of §3.2, Ly is the hermitian Og-module of
signature (n — 2,0) defined by (3.1.4), and Sf,,(®) is the boundary divisor of Theo-
rem 3.7.1. Note that By, (m, v) is trivial for all m < 0. We define classes in Ch}(S;,.),
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depending on the parameter v, by

Z ra(m) + BKr (m, ’U) ifm 7é 0
Zf(orta(mv U) == K & )
o~ !+ Exc+ BKra(O, ’U) if m=0.

Following [23, 24, 36], Green functions for these divisors can be constructed as
follows. For z € V(R) and z € D we put

R(z,z) = —2Q(z»).
Recalling the incomplete Gamma function (7.2.3), for m € Z and
(v,2,9) € Ryg x D x G(Ay)
we define a Green function
(7.4.1) E(m,v,z,9) = Z xz(g7'z) - T(0,2mvR(z, 2)),

zeV\{0}
Q(z)=m

where x7 € S denotes the characteristic function of L. As a function of the variable
(2,9), (7.4.1) is invariant under the left action of G(Q) and under the right action
of K, and so descends to a function on Rso x Sh(G,D)(C). It was proved in [24,
Theorem 3.4.7] that Z(m,v) is a logarithmic Green function for Z{! (m,v) when
m # 0. When m = 0 it is a logarithmic Green function for Bk, (0, v).

Consequently, we obtain arithmetic special divisors in (/]B;{ (Skra) depending on the

parameter v by putting
(2K (m, v),E(m, v)) if m #0
Zgh(mo) = ¢
& ! + (Bkra(0,v),E(0,v)) + (Exc, — log(Dv)) if m = 0.

Note that for m < 0 these divisors are supported in the archimedian fiber.

Theorem 7.4.1. — The formal g-expansion
1
¢non h01 Z ZIt{Orta m U qm € Ch]R(SI?ra)[[Q]]v
mEZ

is a mon-holomorphic modular form of level D, weight n, and character x. Here
q=e?™" and v = Im(1).

Proof. — Theorem 4.13 of [16] states that the difference

(7.4.2) Dron-hol (T) — &(T)

is a non-holomorphic modular form of level D, weight n, and character x, valued
—~1

in Ch¢(Sk,,)- Hence the assertion follows from Theorem 7.3.1. O

The meaning of modularity in Theorem 7.4.1 is to be understood as in [16, Defini-
tion 4.11]. In our situation it reduces to the statement that there is a smooth function
s(7,2,9) on $ x Sh(G, D)(C) with the following properties:
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1. in (z,g) the function s(7, 2, g) has at worst log-log-singularities at the boundary
of Sh(G, D)(C) (in particular it is a Green function for the trivial divisor);

2. s(1,z,g) transforms in 7 as a non-holomorphic modular form of level D, weight
n, and character ;

3. the difference (gnon_hol(T) — s(, 2, g) belongs to the space

—~1 —1
Mn(D7 X) ®c Ch(C(SI*(ra) D (Rn—2Mn—2(D7 X)) ®c Ch(C(SI)gra)v

where R,,_o denotes the Maass raising operator as in Section 8.4.

8. Appendix: some technical calculations

We collect some technical arguments and calculations. Strictly speaking, none of
these are essential to the proofs in the body of the text. We explain the connection
between the fourth roots of unity v, defined by (5.3.1) and the local Weil indices ap-
pearing in the theory of the Weil representation, provide alternative proofs of Propo-
sitions 6.1.2 and 6.3.3, and explain in greater detail how Proposition 6.3.1 is deduced
from the formulas of [32].

8.1. Local Weil indices. — In this subsection, we explain how the quantity <y, defined
in (5.3.1) is related to the local Weil representation.
Let L C V be as in §6.1, and recall that S, = C[L’/L] is identified with a subspace
of S(V(Ay)) by sending 1 € L' /L to the characteristic function ¢, of p+ LcC V(Ay).
As dimgpV = 2n and D is odd, the representation wy of SLy(Z) on Sp, is the
pullback via
SLy(2) — [] SL2(2,)

p|D

wi = Q) wp,

p|D
where w, = wr,, is the Weil representation of SLy(Z,) on Sz, C S(V},). These Weil
representations are defined using the standard global additive character ¥ = Qp1y,

of the representation

which is trivial on Z and on Q and whose restriction to R C A is given by Y(x) =
exp(2miz). Recall that, for a € Q) and b € Q,,

wp(n(b))o(z) = ¥ (bQ()) - d(x)
wp(m(a))d(x) = Xk p(a) - laly - ¢(az)
wp(w)é(z) = 7p y Pp(=lz,9]) - o(y)dy, w=(,""),
where v, = v,(L) is the Weil index of the quadratic space V, with respect to 1,

and Xg,p is the quadratic character of Q) corresponding to k,. Note that dy is the
self-dual measure with respect to the pairing v, ([, y]).
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Lemma 8.1.1. — The Weil representation w, satisfies the following properties.

1. When restricted to the subspace St., C S(V,), the action of v € SLa(Z,) depends
only on the image of v in SLa(F)).

2. The Weil index is given by
Yo = 5;n : (D>P)Z “invy (Vp)

where (a,b), is the Hilbert symbol for Q, and inv, (V) is the invariant of V, in
the sense of (1.7.3).

Proof. — (i) It suffices to check this on the generators. We omit this.

(ii) We can choose an Oy ,-basis for L, such that the matrix for the hermitian
form is diag(as,...,an), with a; € Z);. The matrix for the bilinear form [z,y] =
Trg, /0, ((x,y)) is then diag(2ay,...,2a,,2Day,...,2Day,). Then, according to the
formula for By in [35, p. 379], we have

1 n
= 0,(5 ¥poV) = 11 70, (a59p) - 10, (Dajisy),
j=1

where we note that, in the notation there, z(w) = 1, and j = j(w) = 1. Next by
Proposition A.11 of the appendix to [48], for any a € Z)', we have g, (a1),) = 1 and

—

Yo, (apyy) = <p) “ep=(—,p)p - Ep-
Here note that if 7 = apy,, then the resulting character 7 of F, is given by
(@) = ¥p(p~"a) = e(-p~'a).
and g, (77) = (—71) - &,. Thus

Yp=¢€," - (=D/p,p)y - (det(V), p)p,

as claimed. O

8.2. A direct proof of Proposition 6.1.2. — The proof of Proposition 6.1.2, which ex-
presses the Fourier coefficients of the vector valued form f in terms of those of the
scalar valued form f € M, _, (D, ), appealed to the more general results of [50]. In
some respects, it is easier to prove Proposition 6.1.2 from scratch than it is to extract
it from [loc. cit.]. This is what we do here.

Recall that f is defined from f by the induction procedure of (6.1.1), and that
the coefficients é(m, p) in its Fourier expansion (6.1.2) are indexed by m € Q and
w € L' /L. Recall that, for r | D, rs = D,

Wrz<m ﬁ):RT(T > RT:(Q ﬂ)efo(s).
D~y ré 1 sy ré
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Note that

(82.1) T'o(D)\SLy(Z) = To(D)\SLy(Z)/T(D) =~ [ [ B,\SLa(F,),

p|D
so this set has order Hp\ p(@+1). A set of coset representatives is given by
- .
r|D 1
c(modr)

Now, using (4.1.1), we have

<f|2nRr (1 1)) ()= (f|2nWT ( 1)) ™)

(8.2:2) = xr(B)xs(@) D rE e (m) e

m>—o0

2mim(Tt+c)
7‘

On the other hand, the image of the inverse of our coset representative on the right
side of (8.2.1) has components

(7))
ifp|r
1 —-57 «
1 —¢c\ (réd -0 ifp |
1 0 « nple
Note that rad — sy = 1. Then, as elements of SLy(FF,), we have
1 —c 1) -1 1 ap )
() ) ()T
1 —c\ [a! 1 —ap .
) 0 o ) ifp|s.

The element on the second line just multiplies ¢g , by xp(c). For the element on the
first line, the factor on the right fixes ¢y and

_1 n
wp<<1 >)¢o=7pp2 > o
mELL /Ly

Thus, the element on the first line carries ¢q , to

Xp(ﬁ)Vpp_% Z Tpp(_cQ(/i)) ¢H'

HEL,/Lp
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Recall from (6.1.3) that for p € L'/L, r, is the product of the primes p | D such
that pp, # 0. Thus

-1
(823) wr (RT <1 C)) ¢0 = Xs(a)xr(ﬁ) Yr 7'_% Z ezﬂicQ(ﬂ)(p#.

1
pelL’/L
rulr

Taking the product of (8.2.2) and (8.2.3) and summing on ¢ and on r, we obtain

Z%,fl Z Z ezch(“)@L Z cr(m)ew

r|D c(modr)ueL’/L m>>—00
rulr
= E Vr E d)u Z cr(m) qr
r|D neLl’/L m>>—o00

ol 1 Q(p)e

=2 X X we(mngud™
’ T
e i e nlrlD
This gives the claimed general expression for é(m,pu) and completes the proof of
Proposition 6.1.2.

8.3. A more detailed proof of Proposition 6.3.1. — In this section, we explain in more
detail how to obtain the product formula of Proposition 6.3.1 from the general formula
given in [32].

For our weakly holomorphic Sp-valued modular form f of weight 2 — n, with
Fourier expansion given by (6.1.2), the corresponding meromorphic Borcherds product
U(f) on DT has a product formula [32, Corollary 2.3] in a neighborhood of the
1-dimensional boundary component associated to L_;. It is given as a product of 4
factors, labeled (a), (b), (c) and (d). We note that, in our present case, there is a
basic simplification in factor (b) due to the restriction on the support of the Fourier
coefficients of f. More precisely, for m > 0, &—m, ) = 0 for p ¢ L, and &(—m,0) =
¢(—m). In particular, if z € L’ with [z,e_1] = [z,f_1] = 0, then Q(z) = Q(x¢), where
xo is the (Lg)g component of z. If £y # 0, then Q(z) > 0, and &(—Q(x),u) = 0

for u ¢ L. The factors for ¥(f) are then given by:
(a)
H (1 _ e—27ri[x,w])6(_Q($)@).

xel’
[#,f_1]=0
[z,e—1]>0
mod LNQf_1

(b)
def V1 (—[z,w], 1) c(—Q(=))
Py (wg, 1) = H ( —_— > )

weLo n(r1)
[:D,Wo]>0
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where Wy is a Weyl chamber in V,(R), as in [32, §2].
(c)

¢(0,z)/2
Py(m1) def H ﬂl(_[mvw]ﬂ-l) em’[z,w}[x,el])
. n(r1)
T€D L71/L71
z#0
(d) and
k()"0 g5,

where £ is a scalar of absolute value 1, and

==Y Y &-mz)o1(m—Q(x)).
m ggeL’ngLL_l)L

The factors given in Proposition 6.3.1 are for the form
def

Py(f) = (2mi)*O0w(2f).

The quantity g2 in [32] is our e(§), and 7y there is our 7.

Recall from (3.9.5) that 9"'L_; = Ze_; +D~1Zf_1, so that, in factor (c), the prod-
uct runs over vectors D~1bf_;, with b (mod D) nonzero. For these vectors [z, e;] = 0.
In the formula for I, x runs over vectors of the form

a:——gf +z
- D71 0

with 2o € 971 Lg. But, again, if 79 # 0, Q(z) = Q(x¢) > 0 and &(—Q(z), ) = 0 unless
b =0, and so the sum in that term runs over zg € Ly g # 0 and over —%f_l’s.
Thus the factors for 4, (f) are given by:
(a)
H (1 _ e—27ri[z7w])26(_Q($)vw)
zel’
[z,f_1]=0

[z,e—_1]>0
mod LNQf_

(b)
def 191(—[;1;0 w] 7-1) c(—Q(o))
Pl(wO’Tl) = H ( AN MUY LT > ’

z9€Lo 17(7_1)
Zo;ﬁo

P(m) = ] (191(—[:%10],71))5(07}5)0_1)’

bez/DZ n(m1)
b0

(d) and, setting k& = &(0,0),
& (2min’(r)* 3",
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where « is a scalar of absolute value 1, and

l=—2Y 3 cem)orim— Qo)) + 15 3 0, Bi)

m>0zo€Lo beZ/DZ

Here note that for 4, (f) = (2mi)*©9)¥(2f) we have multiplied the previous expres-
sion by 2.
Finally recall

w=—e_1 + (7§ — Q(wo))f-1 +wo + Te1 + f1.
If [z, f—1] = 0, then z has the form

Tr = —ae_1 — Ef_l + xo + ceyp,

so that
b

[z, w] = —c& + [z, wo] — aT — D

and
Q(z) = —ac+ Q(zo).

Using these values, the formulas given in Proposition 6.3.1 follow immediately.

8.4. A direct proof of Proposition 6.3.3. — Here we give a direct proof of Proposi-
tion 6.3.3, which does not rely on Corollary 6.3.2. We begin by recalling some general
facts about derivatives of modular forms.

We let qd% be the Ramanujan theta operator on g-series. Recall that the image

under qdi of a holomorphic modular form g of weight k is in general not a modular
form. However, the function

(8.4.1) D(9) =g — —59E>
is a holomorphic modular form of weight k + 2 (see [11, §4.2]). Here
Ey(r)=-24)  o1(m)q"
m>0

denotes the non-modular Eisenstein series of weight 2 for SLy(Z). In particular
01(0) = —5;. We extend o to rational arguments by putting oq(r) = 0 if r ¢ Zo.
If R, = 21’8% + % denotes the Maass raising operator, and

3
E3(r)=E - —
2(7) 2(7) o
is the non-holomorphic (but modular) Eisenstein series of weight 2, we also have

1 ko,
D(g) = _ERk(g) - ﬁgEz‘
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Proposition 8.4.1. — Let f € My> (D, x) as in (5.2.2). The integer
1 ~
I= > &0,0) =2 e(-m) Y o1(m - Q(x)).
ac€d 'L_y/L_, m>0 x€Lo
defined in Proposition 6.3.1 is equal to the integer

multe (f S Z c(—Q(x))Q(x)

acELo
defined by (5.2.4).

Proof. — Consider the SV -valued theta function

= > ¢®Ox g, € Myo(wy,).
z€L]
Applying the above construction (8.4.1) to ©¢ we obtain an S\L/O—valued modular form

D(©) = Y Q(@)q?“IxY L, (WY,

zeL

of weight n. For its Fourier coefficients we have

D(©y) = Z Zb(m,l/)qu,\,/

veLy/Lom>0

= Y. Q@)+2(n-2) Y oi(m-Q()).
i

As in [11, (4.8)], an Sp-valued modular form F induces an Sy, -valued form Fr,,. If
we denote by F), the components of F' with respect to the standard basis (x,) of St,
we have

(8.4.2) Fro, = > Fuia
€0 'L_y/L_y

for v € Ly/ Lo.
Let f € Mj_, (wr) be the Sy-valued form corresponding to f, as in (6.1.1). Using
(8.4.2) we obtain

fLo € Mé—n(wLo)

with Fourier expansion

fLo Z Z é(m V+a)qmXu+Lo'

VM oacsTI/I

We consider the natural pairing between the Sy,,-valued modular form 1 1, of weight
2 —n and the Sy -valued modular form D(0q) of weight n,

(fLo» D(©0)) € M3(SLa(Z)).
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By the residue theorem, the constant term of the g-expansion vanishes, and so

(8.4.3) Z Z é(—m,v + a)b(m,v) = 0.

m2>0 veLy/Lo
a€s 1)1

We split this up in the sum over m > 0 and the contribution from m = 0. Employing
Proposition 6.1.2, we obtain that the sum over m > 0 is equal to

Z c¢(—m)b(m, 0).
m>0
For the contribution of m = 0 we notice
n—2
—n== =0¢€ L}/Ly,
bo,v) = 1 V= O0ELo/Lo
0, v #0.

Hence this part is equal to

n—2 -
~ 13 Z é(0, a).
ea_lL,l/L,l

Inserting the two contributions into (8.4.3), we obtain

0= c(~m)b(m,0) - "1_22 Y 0

m>0 acv 'L /L,
=Y e(m ( Y Q@) t2m-2) Y m(m—@(ac»)
m>0 fo)]_}:om x€Lg

n—2 ~
T Z ¢(0, @)

co'L_1/L_,

> d(—Q@)Qx) +2(n—2) Y c(—m) Y o1(m —Q(x))
xz€Lg m>0 xz€Lg
—2
_n = > 0
a€d 'L_1/L_;
= (n — 2)multe(f) — (n — 2)I.
This concludes the proof of the proposition. O

Now we verify directly the other claim of Proposition 6.3.3: the function

Pirwo) =TI TI O twoa) ™™

m>0 xz€Lg
Q(z)=m

satisfies the transformation law (3.9.14) with respect to the translation action of bLg

on the variable wg.
First recall that, for a, b € Z,

O(t,z + ar + b) = exp ( — mia®t — 2miaz + mi(b — a)) - O(7, 2).

SOCIETE MATHEMATIQUE DE FRANCE 2020



120 J. BRUINIER, B. HOWARD, S. KUDLA, M. RAPOPORT & T. YANG

If we write a = a7 + b and 7 = u + ‘v, then

_Im(a) a-—a B u
a=——=—-—, b=Re(a) - Im(a)

Thus
1 1
§a2T+az+ i(a—b): i

For z and w in C, write

_ 1 _ 1
(a —a@)a+ %(a—a)z—i- E(a—b—ab).

R(z,w) = R, (z,w) = B;(z,w) — H.(z,w) = 1z(w — ).

v

Then
1

4v

and we can write

_ 1 1 1
(a —a)a+ %(a —a)z = §R(z,a) + ZR((L o),

O(7,z+ &) = exp(—mR(z,a) — gR(a, @)) - exp(mi(a — b —ab)) "t O(7, 2).
We will consider the contribution of the %(a — b — ab) term separately.
For B € V, we have (wg + 3,x) = (wo, z) + (B, x). Suppose that for all z € Ly,
we have (8,z2) = at + b for a and b in Z. Writing b = Z + Zr, this is precisely the
condition that 8 € b Ly. Then we obtain a factor

exp | —m Z Z c(—m) [R(<w07$>7<ﬂ737>) + 9

m>0 xz€Lg
Q(z)=m

R(<ﬁ,x>,<ﬂ,z>)]

Expanding the sum and using the hermitian version of Borcherds’ quadratic identity
from the proof of Proposition 5.2.2, we have

Z C(_Cj(x)) [(wo,m><ﬁ,x> _ <’ZUO,.T><.T,,6> + <,3,51?>2<ﬁ,.’£> _ </B,$>2<$,ﬁ>:|

(o) +5068.8) - 5+ T Q) [

x€Lg

== <<w07ﬂ> + ;(ﬂﬂ)) -multe (f).

Thus, using I = multe(f), we have a contribution of

exp (ﬂwo,ﬁ) n 7r<ﬁ,ﬁ>)f

v 2v

to the transformation law.
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Next we consider the quantity

Im(c) R uIm(a) Im(a)( uIm(a)>
, ~ Re(a) - - Re(a) — ———

(% v

a—b—ab=

B B 2 2iv

_ a2;0€v (a—;—&) u(o;;) a) azzva <(a+a) u(a—a)> .

This will contribute exp(—niA), where A is defined as the sum

ZC(_Q(m))[a—@_a—i—d_u(a'—o?)_a—'o_z <(a+&)_u(a'—d)>]’

2iv 2 2iv 2iv 2 2iv
z#0

where o = (3, z). Since  and —z both occur in the sum, the linear terms vanish and

A=Zc(—Q(x))[—a_d ((a+d) _u(a—d))].

prs 2iv 2 21v

Using the hermitian version of Borcherds quadratic identity, as in the proof of Propo-
sition 5.2.2, we obtain

ul
A= —.
202

(8, B)-

Thus we have

Pi(r,uo + 8) = P(r,un) - exp (Two, 6) + 1 (8,8)) - exp (T2

4v?
Finally, we recall the conjugate linear isomorphism L_; = b of (3.9.11) defined
by e_1— 7 and f_1 — 1. As

'Ly =Ze_1+D'Zf4,
we have —6~'7 = ar + Db for some a,b € Z, and hence
7=-D"'b(a+6H7
This gives u/v = a D2. Also, using
de_1 =—Dae_1 —bf_q,

we have
1
2
Thus a is odd and b is even. Recall that N(b) = 2v/v/D. Thus

1 1
(1 + 6) e_1 = 5(1 — Da) e_1— §bf,1 € Ze_1 + Zf,1 =L_1.

U aD?
402 9N(b)D3
and, since (8, 3) € N(b), we have
2miu(B, B)\ _ mi(3, B)
exp(— 102 >—exp(— N(o)

)

) ==t
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The transformation law is then

Pl(Ta’wo-i-ﬂ):exp( <67ﬁ>

N(b)

Y

I
wo, B) + oo (8, 8) — im L) - Pi(rwo),

v

as claimed in Proposition 6.3.3.
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MODULARITY OF GENERATING SERIES OF DIVISORS
ON UNITARY SHIMURA VARIETIES II:
ARITHMETIC APPLICATIONS

by
Jan H. Bruinier, Benjamin Howard, Stephen S. Kudla, Michael Rapoport
& Tonghai Yang

Abstract. — We prove two formulas in the style of the Gross-Zagier theorem, relating
derivatives of L-functions to arithmetic intersection pairings on a unitary Shimura
variety. We also prove a special case of Colmez’s conjecture on the Faltings heights
of abelian varieties with complex multiplication. These results are derived from the
authors’ earlier results on the modularity of generating series of divisors on unitary
Shimura varieties.

Résumé (Modularité des séries génératrices de diviseurs sur les variétés de Shimura
unitaires II: applications arithmétiques)

Nous prouvons deux formules dans le style du théoréme de Gross-Zagier, reliant les
dérivées des fonctions L aux accouplements d’intersection arithmétique sur une variété
de Shimura unitaire. Nous prouvons également un cas particulier de la conjecture de
Colmez sur les hauteurs de Faltings des variétés abéliennes & multiplication complexe.
Ces résultats sont déduits des résultats antérieurs des auteurs sur la modularité des
séries génératrices de diviseurs sur les variétés de Shimura unitaires.

1. Introduction

Fix an integer n > 3, and a quadratic imaginary field &k C C of odd discriminant
disc(k) = —D. Let x : A — {£1} be the associated quadratic character, let
0 C O denote the different of k, let hy be the class number of k, and let wg, be the
number of roots of unity in k.
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By a hermitian Oy-lattice we mean a projective Og-module of finite rank endowed
with a nondegenerate hermitian form.

1.1. Arithmetic theta lifts. — Suppose we are given a pair (ag, a) in which

— ag is a self-dual hermitian Og-lattice of signature (1,0),

— a is a self-dual hermitian Og-lattice of signature (n — 1,1).
This pair determines hermitian k-spaces Wy = agg and W = ag.

From this data we constructed in [6] a smooth Deligne-Mumford stack Sh(G, D) of
dimension n — 1 over k with complex points

Sh(G,D)(C) = G(Q\D x G(Aj)/K.

The reductive group G C GU(Wp) x GU(W) is the largest subgroup on which the
two similitude characters agree, and K C G(Ay) is the largest subgroup stabilizing
the Z-lattices dy C Wy(Ay) and & C W (Aj).

We also defined in [6, §2.3] an integral model

(1.1.1) Skra C M(1,0) X0, Mgﬁu)

of Sh(G, D). It is regular and flat over O, and admits a canonical toroidal compact-
ification Sk;a < Sk, Whose boundary is a smooth divisor.

The main result of [6] is the construction of a formal generating series of arithmetic
divisors

(1.1.2) =D ZRW(m) - q" € ChQ(SKra)[[ I
m>0

valued in the Gillet-Soulé codimension one arithmetic Chow group with rational co-
efficients, extended to allow log-log Green functions at the boundary as in [10, 4], and
the proof that this generating series is modular of weight n, level I'y(D), and charac-
ter x5. The modularity result implies that the coefficients span a finite-dimensional
subspace of the arithmetic Chow group [6, Remark 7.1.2].

After passing to the arithmetic Chow group with complex coefficients, for any
classical modular form

ge Sn(FO(D)ax;cL)
we may form the Petersson inner product
~ —— ~, dudv
(¢, 9)pet = / 9(1) - o(7) 5=
Lo(D)\H v

where 7 = u + iv. As in [24], define the arithmetic theta lift

~ ~ —~1
(1.1.3) 0(g) = (¢, 9)pet € Ch(Skra)-

Armed with the construction of the arithmetic theta lift (1.1.3), we are now able
to complete the program of [18, 19, 7] to prove Gross-Zagier style formulas relating
arithmetic intersections to derivatives of L-functions.

The Shimura variety Sk, carries different families of codimension n —1 cycles con-
structed from complex multiplication points, and our results show that the arithmetic
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intersections of these families with arithmetic lifts are related to central derivatives
of L-functions.

1.2. Central derivatives and small CM points. — In §2 we construct an étale and
proper Deligne-Mumford stack Vs, over O, along with a morphism

ysm - SI*{ra'

This is the small CM cycle. Intersecting arithmetic divisors against )y, defines a
linear functional

—~1
[_ : ysm] : Ch(C(SI*(ra) - (C7

and our first main result computes the image of the arithmetic theta lift (1.1.3) under
this linear functional.
The statement involves the convolution L-function L(g, 84, s) of two modular forms

g e Sn(wL), 0p € Mn_l(wX)

valued in finite-dimensional representations of SL2(Z). We refer the reader to §2.3 for
the precise definitions. Here we note only that g is the image of ¢ under an induction
map

(1.2.1) Sn(To(D), Xk) — Sn(@r)

from scalar-valued forms to vector-valued forms, that 6, is the theta function at-
tached to a quadratic space A over Z of signature (2n —2,0), and that the L-function
L(g, 604, s) vanishes at its center of symmetry s = 0.

Theorem A. — The arithmetic theta lift (1.1.3) satisfies

~

69) : Vom] = — dogeVom) - LG, 61,5)|

ds s=0"

Here we have defined
1
dege(Vem) = Z TAut(y)]’
yeysm((c)

where the sum is over the finitely many isomorphism classes of the groupoid of complex
points of Vsm, viewed as an Oy-stack.

The proof is given in §2, by combining the modularity result of [6] with the main
result of [7]. In §3 we provide alternative formulations of Theorem A that involve
the usual convolution L-function of scalar-valued modular forms, as opposed to the
vector-valued forms § and 6,. See especially Theorem 3.4.1.
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1.3. Central derivatives and big CM points. — Fix a totally real field F' of degree n,
and define a CM field

E=k®qfF.

Let ® C Hom(E,C) be a CM type of signature (n — 1,1), in the sense that there is a
unique °P € ®, called the special embedding, whose restriction to k agrees with the
complex conjugate of the inclusion k C C. The reflex field of the pair (E, ®) is

Eg = ¢P(E) C C,

and we denote by Og C Eg its ring of integers.
We define in §4.2 an étale and proper Deligne-Mumford stack Vg over Og, along
with a morphism of Og-stacks

*
ybig - SKra'

This is the big CM cycle. Here we view Viig as an Og-stack using the inclusion
Ok C Og of subrings of C (which is the complex conjugate of the special embed-
ding ¢*P : O — Og). Intersecting arithmetic divisors against )y, defines a linear
functional

—~1
[_ : ybig] : ChC(SI*(ra) - C.

Our second main result relates the image of the arithmetic theta lift (1.1.3) under
this linear functional to the central derivative of a generalized L-function defined as
the Petersson inner product (E(s), §)pet- The modular form g(7) is, once again, the
image of g(7) under the induction map (1.2.1). The modular form E(7, s) is defined as
the restriction via the diagonal embedding H — H" of a weight one Hilbert modular
Eisenstein series valued in the space of the contragredient representation wy . See §4.3
for details.

Theorem B. — Assume that the discriminants of k/Q and F/Q are odd and relatively
prime. The arithmetic theta lift (1.1.3) satisfies

~

[0(9) : Vbig] = %1 - degc(Vbig) - i<E(8),§>Pet|s=0.

ds
Here we have defined
1
dege(Voig) = Z TAut(y)]’
YEVbig (C)

where the sum is over the finitely many isomorphism classes of the groupoid of complex
points of Vrig, viewed as an Op-stack.

The proof is given in §4, by combining the modularity result of [6] with the inter-
section calculations of [8, 18, 19].
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1.4. Colmez’s conjecture. — Suppose E is a CM field with maximal totally real sub-
field F. Let Dg and Dp be the absolute discriminants of E and F, set T'r(s) =
7~%/2T'(s/2), and define the completed L-function

s

A(s,xE) = Tr(s + 1)FUL(s, xp)

2}
Dp
of the character xg : Ay — {£1} determined by E/F. It satisfies the functional
equation A(1 — s,xg) = A(s, xg), and

: = ! + =log|—=—| — log(4me?),
AO.xe)  LOxe) T2y 2 e
where v = —T"(1) is the Euler-Mascheroni constant.

Suppose A is an abelian variety over C with complex multiplication by O and
CM type ®. In particular A is defined over the algebraic closure of Q in C. It is a
theorem of Colmez [12] that the Faltings height

hf‘g{t@) — hFalt (A)

depends only on the pair (E, ®), and not on A itself. Moreover, Colmez gave a con-
jectural formula for this Faltings height in terms of logarithmic derivatives of Artin
L-functions. In the special case where £ = k, Colmez’s conjecture reduces to the
well-known Chowla-Selberg formula

1 AN(O,xe) 1

1.4.1 Rttt = —— . 22280 = og(16mPeY
( ) k 2 A(O,Xk) 4 Og( T e )7
where we omit the CM type {id} C Hom(k, C) from the notation.
Now suppose we are in the special case of §1.3, where
E=k®qF

and ® C Hom(E, C) has signature (n — 1,1). In this case, Colmez’s conjecture sim-
plifies to the equality of the following theorem.

Theorem C ([29]). — For a pair (E,®) as above,

pFalt _z . Al(07 XE) 4-n . Al(07 Xk) _n
(E.2) n A0, xE) 2 AO,xx) 4

-log(1673€7).

In [6, §2.4] we defined the line bundle of weight one modular forms w on S, . It
was endowed it with a hermitian metric in [6, §7.2], and the resulting metrized line
bundle determines a class

—~1
® € Chy(Sa)-
The constant term of (1.1.2) is
(1.4.2) 2t (0) = —& + (Exc, — log(D))

where Exc is the exceptional locus of Sy, appearing in [6, Theorem 2.3.4]. It is a
smooth effective Cartier divisor supported in characteristics dividing D, and we view
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it as an arithmetic divisor by endowing it with the constant Green function — log(D)
in the complex fiber.

Theorem D. — The metrized line bundle @ satisfies
A/(07 XE)

Theorem C is proved in [29] as a consequence of the average version of Colmez’s
conjecture [2, 30, 20]. Note that the proof in [29] does not require our standing hypoth-
esis that disc(k) is odd. Of course the assumption that disc(k) is odd is still needed
for Theorem D, as it is only under these hypotheses that we have even defined the
integral model Sk . and its line bundle of weight one modular forms.

In §5 we will show that Theorems C and D are equivalent. One can interpret this in
one of two ways. As Theorem C is already known, this equivalence proves Theorem D.
On the other hand, in §4.5 will give an independent proof of Theorem D under the
additional assumption that the discriminants of k and F' are odd and relatively prime.
In this way we obtain a new proof of Theorem C under these extra hypotheses.

R -2
(@ : Voig| = n degc(Vbig)

1.5. The case n = 2. — Throughout the introduction we have assumed that n > 3,
and the reader might wonder how much of what we have written extends to the case
n=2.

As explained in [6, §1.6], when n = 2 the proof of the modularity of (1.1.2) breaks
down because there is no known integral model of Sh(G, D) whose reduction at the
primes of O dividing D is normal. The existence of such a model when n > 2 is used
in [loc. cit.] to compute the vertical components of divisors of Borcherds products.

When n = 2, the Shimura variety Sh(G,D) is essentially a union of modular
curves (if the k-hermitian space W admits an isotropic line) or compact quaternionic
Shimura curves (if W is anisotropic). In either case the analogues of Theorems A
and B are close in spirit to the Gross-Zagier theorem [15] and its generalizations
[31]. In particular, the statement of Theorems A is quite parallel to the key result
Theorem 6.1 in [15, Section 1.6]. If we interchange in the computation of [é\(g) : Vam)
the order of taking the Petersson inner product and the height pairing, this quantity
is very analogous to the left hand side of Theorem 6.1 in [15]. Both quantities are
expressed as central derivatives of a Rankin convolution L-function of g and a binary
theta function which is determined by the CM cycle in question. If g is a newform, then
§(g) should lie in a g-isotypical component and the height pairing in our Theorem A
should be proportional to the height of the g-isotypical component of (a twist of) Vsm.
It would be interesting to make such a comparison precise. However, note that there
are substantial differences as well. While we work with unitary Shimura varieties and
CM points whose discriminants are equal to the level, Gross and Zagier work with
GLy Shimura varieties and CM points whose discriminants are coprime to the level.

Theorem C is true as stated when n = 2, and is proved in [29]. Indeed, Colmez’s
conjecture is known for all quartic CM fields. If the quartic CM field is Galois over Q,
then the Galois group is abelian and Colmez’s conjecture is known by work of Colmez
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[12] and Obus [25]. In the non-Galois case the CM types form a single Aut(C/Q)-orbit;
as Colmez’s conjecture is constant on such orbits, the full Colmez conjecture follows
from the average case proved in [2] and [30].

Theorem D is also true as stated when n = 2. Indeed, when we prove the equivalence
of Theorems C and D in §5 we only assume n > 2.

1.6. Thanks. — The results of this paper are the outcome of a long term project,
begun initially in Bonn in June of 2013, and supported in a crucial way by three
weeklong meetings at AIM, in Palo Alto (May of 2014) and San Jose (November of
2015 and 2016), as part of their AIM SQuaRE’s program. The opportunity to spend
these periods of intensely focused efforts on the problems involved was essential. We
would like to thank the University of Bonn and AIM for their support.

2. Small CM cycles and derivatives of L-functions

In this section we combine the results of [6] and [7] to prove Theorem A. Although
we will restrict to n > 3 in §2.5, we allow n > 2 until that point.

2.1. A Shimura variety of dimension zero. — Define a rank three torus Ty, over QQ as
the fiber product

Tsm Gm
J ldiag.
Resk/QGm X Resk/@Gm NN Gy X Gy

Its group of Q-points is
Tom(Q) = {(z,y) € k™ x k™ : 2T = yy}.

The fixed embedding k C C identifies Deligne’s torus S with the real algebraic
group (Resk/qGm)r, and the diagonal inclusion

S = (Resg/oGm)r x (Resg/qGm)r

factors through a morphism hgy @ S — Tym . The pair (Tym, {hsm}) is a Shimura
datum, which, along with the compact open subgroup

K = Tum(Ag) N (O x OF),
determines a 0-dimensional k-stack Sh(Ty,,) with complex points

Sh(Tsm)(C) = Tsm(Q)\{hsm} X Tsm(Af)/Ksm'
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2.2. The small CM cycle. — The Shimura variety just constructed has a moduli in-
terpretation, which allows us to construct an integral model. The interpretation we
have in mind requires first choosing a triple (ag, a;, b) in which

— ag is a self-dual hermitian Og-lattice of signature (1,0),

— a is a self-dual hermitian Og-lattice of signature (0,1),

— b is a self-dual hermitian Og-lattice of signature (n — 1,0).
The hermitian forms on ay and b induce a hermitian form of signature (n — 1,0) on
the projective Og-module

A= Homok(ao, b),

as explained in [7, §2.1] or [6, (2.1.5)].

Recall from [7, §3.1] or [6, §2.3] the O-stacks M, oy and M q ;). Both parametrize
abelian schemes A — S of relative dimension p > 1 over Og-schemes, endowed with
principal polarizations and Og-actions. For the first moduli problem we impose the
signature (p,0) condition that O acts on the Og-module Lie(A) via the structure
morphism O — Og. For the second we impose the signature (0, p) condition that the
action is by the complex conjugate of the structure morphism. Both of these stacks
are étale and proper over Oy, by [19, Proposition 2.1.2].

Remark 2.2.1. — The generic fibers of M ) and Mg ;) are the Shimura varieties
associated to apg and a1q, while the generic fiber of M(,,_; o) contains the Shimura
variety associated to bg as an open and closed substack. For more precise information,
see [23, Proposition 2.13] and the lemma that precedes it.

Denote by Yum the functor that associates to every Og-scheme S the groupoid of
quadruples (Ao, 41, B,n) in which

(221) (Ao,Al,B) S M(l,o)(S) X M(oJ)(S) X M(n—l,O)(S)u
and
(2.2.2) n: Homg, (Ao, B) = A

is an isomorphism of étale sheaves of hermitian Og-modules, where the hermitian form
on the left hand side is defined as in [6, (2.5.1)]. We impose the further condition that
for every geometric point s — S, and every prime £ # char(s), there is an isomorphism
of hermitian O ¢-lattices

(223) Homok (A()S [Zoo], AIS[ZOO]) = Homok(ao, al) K7 Ze.
Lemma 2.2.2. — If
s — M1,0) X0, M0,1) X0, M(n-1,0)

is a geometric point of characteristic 0 such that (2.2.3) holds for all primes £ except
possibly one, then it holds for the remaining prime as well.

Proof. — The proof is identical to [6, Lemma 2.2.2]. O
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Proposition 2.2.3. — The functor JZm is represented by a Deligne-Mumford stack,
étale and proper over Ok, and there is a canonical isomorphism of k-stacks

(224) Sh(Tsm) = ysm/k'

Proof. — For any Og-scheme S, let N'(S) be the groupoid of triples (2.2.1) satisfying
(2.2.3) for every geometric point s — S and every prime ¢ # char(s). In other words,
the definition is the same as Vin except that we omit the datum (2.2.2) from the
moduli problem.

We interrupt the proof of Proposition 2.2.3 for a lemma.

Lemma 2.2.4. — The functor N is represented by an open and closed substack
N C M0 X0, M(0,1) X0, M(n—1,0)-

Proof. — This is [7, Proposition 5.2]. As the proof there is left to the reader, we
indicate the idea. Let

B C M1,0) X0, M(o,1) X01 M(n—1,0)

be one connected component, and suppose there is a geometric point s — B of char-
acteristic p such that (2.2.3) holds for all £ # p. The geometric fibers of the ¢-adic
sheaf Hom, (Ao[¢*°], A1[£>°]) on

B(p) = B Xspec(z) Spec(Zp))
are all isomorphic, and therefore (2.2.3) holds for all geometric points s — B, and
all £ # p. In particular, using Lemma 2.2.2, if s — B is a geometric point of charac-
teristic 0, then (2.2.3) holds for every prime ¢. Having proved this, one can reverse
the argument to see that (2.2.3) holds for every geometric point s — B and ev-
ery £ # char(s). Thus if the condition (2.2.3) holds at one geometric point, it holds
at all geometric points on the same connected component. O

We now return to the proof of Proposition 2.2.3. As noted above, the stacks M, o)
and Mg ) are étale and proper over Ok, and hence the same is true of N.

Let (Ao, A1, B) be the universal object over A/. Combining [7, Theorem 5.1] and
[17, Corollary 6.9], the étale sheaf Hom, (Ao, B) is represented by a Deligne-Mumford
stack whose connected components are finite étale over N. Fixing a geometric point
s — N, we obtain a representation of 7$¢(N,s) on a finitely generated Og-module
Homop, (Aos, Bs), and the kernel of this representation cuts out a finite étale cover
N’ — N over which the sheaf Hom, (Ao, B) becomes constant.

It is now easy to see that the functor ﬁsm is represented by the disjoint union of
finitely many copies of the maximal open and closed substack of A" over which there
exists an isomorphism (2.2.2).

It remains to construct the isomorphism (2.2.4). The natural actions of O on ag
and b, along with the complex conjugate of the natural action of O on a;, determine
a morphism of reductive groups

(w,2)—(w,Z,2)

Resk/QGm X Resk/@Gm GU(aoQ) X GU(alQ) X GU(bQ).
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Restricting this morphism to the subtorus Ty, defines a morphism

S L=, 7k — GU(agr) x GU(arr) x GU(bg),

endowing the real vector spaces aggr, air, and br with complex structures.
The isomorphism (2.2.4) on complex points sends a pair

(hsmv g) € Sh(Tsm)(C)
to the quadruple (A4, 41, B,n) defined by
Ap(C) = agr/ga0, Ai1(C) =air/ga;, B(C)=bgr/gb,

endowed with their natural Og-actions and polarizations as in the proof of [6, Propo-
sition 2.2.1]. The datum 7 is the canonical identification

Home, (Ao, B) = Homp, (gag, gb) = Home, (ag, b) = A.
It follows from the theory of canonical models that this isomorphism on complex points

descends to an isomorphism of k-stacks, completing the proof of Proposition 2.2.3. [

The finite group Aut(A) of automorphisms of the hermitian lattice A acts on Vom
by
Yk (AOaAlaBan) = (A07A15-Ba'7077)v
allowing us to form the stack quotient YV, = Aut(A)\f)sm. The forgetful map
Yom — M1,0) X Mo,y X Mn_1,0)
(all fiber products over Oy) factors through an open and closed immersion
Yem — M1,0) X Mg,1) X M(n_1,0)

whose image is the open and closed substack A of Lemma 2.2.4.

The triple (ag,a;,b) determines a pair (ag,a) as in the introduction, simply by
setting a = a; @ b. This data determines a unitary Shimura variety with integral
model Sk, as in (1.1.1), and there is a commutative diagram

Yom ——MMMM M(l,O) X M(O,l) X M(n—l,O)

| |

Skra M(l,O) X Mglril’l)-

The vertical arrow on the right sends
(Ao, A1, B) = (Ao, A1 x B),
and the arrow 7 is defined by the commutativity of the diagram.

Remark 2.2.5. — In order for A; x B to define a point of Mgfﬁl 1), We must endow
its Lie algebra with a codimension one subsheaf

fAle - Lie(A]_ X B)
satisfying Kramer’s condition [6, §2.3]. We choose F4, x5 = Lie(B).
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Definition 2.2.6. — Composing the morphism 7 in the diagram above with the inclu-
sion of Sk;, into its toroidal compactification, we obtain a morphism of Og-stacks

*
7 Yem — Skra

called the small CM cycle.
As in [19, Definition 3.1.8], there is a linear functional
—~1
ChC (SI*(ra) —C

called arithmetic degree along Ysm and denoted Z [2 : Ysm), defined as the com-
position

—~1 o =1 deg

Che(Skra) — Che(Vem) — C.
The first arrow is pullback of arithmetic divisors. The second arrow (arithmetic degree)
is normalized as follows: An irreducible divisor Z C Yy, is necessarily supported in
finitely many nonzero characteristics, and hence any C-valued function Gr(Z,.) on
the finite set Ysm (C) defines a Green function for it. The arithmetic degree of the
arithmetic divisor .

(2,Gr(2,.)) € Ch¢e(Vsm)
is defined to be
d/(%(Z,Gr(Z, )) = Z Z log(N(q)) " Z Gr(2,2)

4CO0k e z(Fa'e) #Autx(2) 2€Vem (C) # AUy () (2)

where F2'2 is an algebraic closure of O/q, and N(q) = #(Ox/q).

Remark 2.2.7. — The above definition of arithmetic degree does not include a factor
of 1/2 in front of the archimedean contribution, seemingly in disagreement with the
usual definition (see [13, §3.4.3] for example). In fact there is no disagreement. Our
convention is that Yy (C) means the complex points of Ve, (C) as a k-stack, whereas
in the usual definition it would be regarded as a Q-stack. Thus the usual definition
includes a sum over twice as many complex points, but with a 1/2 in front.

Remark 2.2.8. — The small CM cycle arises from a morphism of Shimura varieties.
Indeed, there is a morphism of Shimura data (Tgm, {hsm}) — (G, D), and the induced
morphism of Shimura varieties sits in a commutative diagram

Sh(Tym) Sh(G, D)
j;/sm/k ysm/k B ‘SKra/k'
Proposition 2.2.9. — The degree dege(Ysm) of Theorem A satisfies
d L ) 21—0(D)
egc(Vsm) = (he/wr)” - m:
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where o(D) is the number of distinct prime divisors of D.

Proof. — This is an elementary calculation. Briefly, the groupoid Y, (C) has
21—o(D )hi isomorphism classes of points, and each point has the same automorphism
group Of x OF x U(A). O

Recall from (1.4.2) that the constant term of (1.1.2) is

2{&2(0) = —w + (Exc, —log(D)),

where @ is the metrized line bundle of weight one modular forms. The exceptional
locus Exc C Sk;a was defined in [6, §2.3]. It is a reduced effective Cartier divisor
supported in characteristics dividing D, and can be characterized as follows. The
integral model Sk, carries over it an abelian scheme A — Sk, of relative dimension n
endowed with an action of Of. This abelian scheme is obtained by pulling back the
universal object from the second factor of the fiber product in (1.1.1). If we let § €
O be a fixed square root of —D, then Exc is the reduced stack underlying closed
substack of Sk;, defined by § - Lie(4) = 0.

Proposition 2.2.10. — The constant term (1.4.2) satisfies

Stot (v 1t 1 A0 xk)
[ZKra(O) . ysm] - [m : ysm] B 2deg(c(ysm) A(Oa Xk) '

Proof. — The second equality was proved in the course of proving [7, Theorem 6.4].
We note that the argument uses the Chowla-Selberg formula (1.4.1) in an essential
way.

The first equality is equivalent to

[(Exc, —1og(D)) : Ysm| =0,
and so it suffices to prove
(2.2.5) [(0,10g(D)) : Ysm] = dege(Vsm) - log(D) = [(Exc,0) : Ysm]-

The first equality in (2.2.5) is obvious from the definitions. To prove the second
equality, we first prove

(2.2.6) Vim XSk, EXC = Vom X Spec(Og) Spec(Ok /o).

As the exceptional locus Exc C Sk;, is reduced and supported in characteristics
dividing D, it satisfies

Exc C Skra X Spec(Oy) Spec(ok/ak)'

This implies the inclusion C in (2.2.6). As Vs is étale over O, the right hand side
of (2.2.6) is reduced, and hence so is the left hand side. To prove that equality holds
in (2.2.6), it now suffices to check the inclusion O on the level of geometric points.

As above, let § € O be a square root of —D. Suppose p | D is a prime, p C O is
the unique prime above it, and ]Fglg is an algebraic closure of its residue field. Suppose
we have a point y € ysm(IF;lg) corresponding to a triple (Ag, A1, B) over Fﬁlg. Asé=0
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in F;lg, the signature conditions imply that the endomorphism & € O kills the Lie
algebras of Ay, Ay, and B. In particular § kills the Lie algebra of A; x B, which is
the pullback via

[ ysm g SKra

of the universal A — Sk;. Using the characterization of Exc recalled above, we find
that that m(y) € Exc. This proves (2.2.6).

The equality (2.2.6), and the fact that both sides of that equality are reduced,
implies that

1
(Bxe,0): You] = 3 log(p) > s
plD yeysm(]F:lg)

On the other hand, the étaleness of Vs — Spec(Og) implies that the right hand side
is equal to

1
dlog(p) > i = log(D) - dege(Vem),
|Aut(y)|
p‘D yeysm((c)
completing the proof of the second equality in (2.2.5). O
2.3. The convolution L-function. — Recall that we have defined a hermitian O-lat-

tice A = Homp, (ag, b) of signature (n — 1,0). We also define hermitian Og-lattices
Ly = Homop, (a9, a1), L =Homp, (ag,a),

of signature (1,0) and (n —1,1), so that L = Lo & A.

The hermitian form (.,.) : L x L — O determines a Z-valued quadratic form
Q(z) = (x,z) on L, and we denote in the same way its restrictions to Ly and A. The
dual lattice of L with respect to the Z-bilinear form

(2.3.1) [21, 23] = Q(x1 + 72) — Q(z1) — Q(z2)

is L' =0, 'L.

As in [7, §2.2] we denote by S; = C[L’/L] the space of complex-valued functions
on L' /L, and by wy, : SLo(Z) — Autc(SL) the Weil representation. There is a complex
conjugate representation wy on Sy, defined by

@ (7)¢ = wr(7)9-

Suppose we begin with a classical scalar-valued cusp form

g(r) = Y c(m)g™ € Sp(To(D), Xi)-

m>0

Such a form determines a vector-valued form

(2.3.2) = D (@) wr(y o € Su(@y),

vETo(D)\SL2(Z)
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where ¢g € Sy, is the characteristic function of the trivial coset. This construction
defines the induction map (1.2.1). The form g(7) has a g-expansion

with coeflicients é(m) € St.
There is a similar Weil representation wy : SLa(Z) — Autc(Sa), and for every
m € Q we define a linear functional Rx(m) € SY by

Ra(m)(9) = > ¢()

zEA’
(z,x)=m

where ¢ € Sy and (.,.) : Ag x Ag — k is the Q-linear extension of the hermitian form
on A. The theta series

OA(T) = Y Ra(m)q™ € My_1(w))
meQ

is a modular form valued in the contragredient representation SY.
As in [7, §5.3] or [9, §4.4], we define the Rankin-Selberg convolution L-function

(2.3.3) L(3,0s,5) =T (g +n— 1) > W‘
m>0

Here {.,.} : S x S} — C is the tautological pairing. The inclusion
N/AN—L'/L
induces a linear map S; — Sj by restriction of functions, and we use the dual

SY — SY to view Ry (m) as an element of SY.

Remark 2.3.1. — The convolution L-function satisfies a functional equation in s — —s,
forcing L(g,60x,0) = 0.

Remark 2.3.2. — In this generality, neither the cusp form g nor the theta series 6, is
a Hecke eigenform. Thus the convolution L-function (2.3.3) cannot be expected to
have an Euler product expansion.

2.4. A preliminary central derivative formula. — We now recall the main result of [7],
and explain the connection between the cycles and Shimura varieties here and in that
work.

Define hermitian @k—lattices

Lo,y = Homp, (a0, a1) ®z Z, Ly = Homop, (a9, a) @z Z,

and let Lo o and Lo, be kr-hermitian spaces of signatures (1,0) and (n,0), respec-
tively. In the terminology of [7, §2.1], the pairs

Lo = (Lo,00, Lo,7), L = (Loo,Ly)
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are incoherent hermitian (kg, @k)-modules. Our small CM cycle is related to the cycle
of [7, §5.1] by

ysm B SKra

Vwo,n) — My,

and the metrized line bundle @' of [6] agrees with the metrized cotautological bun-
dle 7;, of [7).

Let A be the automorphism group of the finite abelian group L’/L endowed with
the quadratic form L'/L — Q/Z obtained by reduction of @} : L — Z. The tautological
action of A on Sp = C[L'/L] commutes with the Weil representation wy, and hence
A acts on all spaces of modular forms valued in the representation wry,.

Let Hy_n(wr) be the space of harmonic Maass forms of [7, §2.2]. Every
f € Ha_p(wr) has a holomorphic part

frry= > ¢f(m)-qm,
meQ
m>—o0

which is a formal g-expansion with coefficients in Sy. Let c}'(0,0) be the value
of C}—(O) € Sp, at the trivial coset.

Asin [5] or [9, §3.1], there is a A-equivariant, surjective, conjugate linear differential
operator

5 : H2—n(wL) - Sn(wL)>
and the construction of [7, (4.15)] defines a linear functional
~ ~1
(2.4.1) Z:Hy p(wp)® — Che(Sipa)-
These are related by the main result of [7], which we now state.
Theorem 2.4.1 ([7]). — The equality
[ZA(f) ¢ Vem| — c}r(()’o) [© 1 Yom] = — degc(Vom) - L'(€(f), 04,0)
holds for any A-invariant f € Ho_,(wr).
2.5. The proof of Theorem A. — Throughout §2.5 we assume n > 3. Under this
assumption the linear functional (2.4.1) is closely related to the coefficients of the

generating series (1.1.2). Indeed, If m is a positive integer, [7, Lemma 3.10] shows
that there is a unique

fm S 1'_1-2—TL("-}L)A
with holomorphic part

(2.5.1) fa(m)=¢0-a"™ +0(1),
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where ¢g € Sp, is the characteristic function of the trivial coset. Applying the above
linear functional to this form recovers the m-th coefficient

Zf(orta(m) = Z(fm)
of the generating series (1.1.2).

The following proposition explains the connection between the linear functional
(2.4.1) and the arithmetic theta lift (1.1.3).

Proposition 2.5.1. — For every g € S,(To(D),xy) there is a A-invariant form
f € Ha_p(wr) such that

(2.5.2) 8(g) = Z(f) + ¢} (0,0) - 22, (0),

and such that £(f) is equal to the form g € S,(wy) defined by (2.3.2). Moreover, we
may choose f to be a linear combination of the forms f,, characterized by (2.5.1).

Proof. — Consider the space H3° , (I'o(D), x) of harmonic Maass forms of [6, §7.2].
The constructions of [5] provide us with a surjective conjugate linear differential op-
erator
§: H32,(To(D), xi) — Sn(Lo(D), Xk),

and we choose an fy € Hs°, (To(D),xp) such that £(fo) = g. It is easily seen
that fo may be chosen to vanish at all cusps of I'g(D) different from co. This can,
for instance, be attained by adding a suitable weakly holomorphic form in the space
Mé’ffl(I‘o (D), x}) of [6, §4.2]. The Fourier expansion of the holomorphic part of fj is

denoted
ff ()= ef(m)q™.
meQ
As in (2.3.2), the form fy determines an Sp-valued harmonic Maass form
f(r) = > (fola—n)(7) - wr (v "o € Ha p(wr)?

v€Lo(D)\SL2(Z)

As the &-operator is equivariant for the action of SLo(Z), we have £(f) = §. According
to [6, Proposition 6.1.2], which holds analogously for harmonic Maass forms, the
coefficients of the holomorphic part f* satisfy

- if u=20
C+ m, _ Co (m) Y )
f (m. 1) 0 otherwise,

for all m < 0. This equality implies that
f = Z Cg(_m)fm7

m>0
where f,, € Ho_,(wr)? is the harmonic form characterized by (2.5.1). Indeed, the
difference between the two forms is a harmonic form h whose holomorphic part
> >0 € (m)g™ has no principal part. It follows from [S, Theorem 3.6] that such
a harmonic form is actually holomorphic, and therefore vanishes because the weight
is negative.
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The above decomposition of f as a linear combination of the f,,’s implies that

Z2(f) = Y et (=m) - 22t (m) € Che(Strn),

m>0

and consequently

8(9) = (6, &(fo))ret

= {fo, ¢}
= cf(—m) - Zit (m)
m>0

= Z(f) +¢f (0,0) - Z4,(0).
Here, in the second line, we have used the bilinear pairing
{3 HZ,(Lo(D), x&) x Mu(To(D), xg) — C

analogous to [5, Proposition 3.5], and the fact that f, vanishes at all cusps different
from oo. O

Remark 2.5.2. — It is incorrectly claimed in [7, §1.3] that (2.5.2) holds for every
form f with £(f) = g.

The following is stated in the introduction as Theorem A.

Theorem 2.5.3. — If g € S, (I'o(D), x%) and g € Sp(Wr) are related by (2.3.2), then

~

[H(Q) : ysm] = _degc(ysm) 'L/(g79/\’0)'

Proof. — Choosing f as in Proposition 2.5.1, and using the first equality of Proposi-
tion 2.2.10, yields

[0(9) : Vo] = [2(f) : Vo] — €} (0,0) - [& : Voun].
Thus the claim follows from Theorem 2.4.1. O

3. Further results on the convolution L-function

In this section we specialize to the case where g € S,,(To(D), x%) is a new eigenform,
and express the convolution L-function (2.3.3) associated to the vector valued cusp
form g in terms of the usual L-function associated to g.

This allows us, in Theorem 3.4.1 below, to rewrite Theorem A of the introduction
in a way that avoids vector-valued modular forms. When n is even, it also allows us
to formulate a version of Theorem A in which the L-function has an Euler product.

We assume n > 2 until we reach §3.4, at which point we restrict to n > 3.
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3.1. Atkin-Lehner operators. — Recall that xg is the idele class character associated
to the quadratic field k. If we view xg as a Dirichlet character modulo D, then any
factorization D = ()1Q> induces a factorization

Xk = XQ1XQ:

where xq, : (Z/Q;Z)* — C* is a quadratic Dirichlet character.
Fix a normalized cuspidal new eigenform

g9(r) =Y c(m)q™ € Su(To(D), Xk)-
m>0
As in [6, Section 4.1], for each positive divisor Q | D, fix a matrix
a f
Rq = €To(D/Q)
(87 Q5>
with «, 8,7,6 € Z, and define the Atkin-Lehner operator

_(Qa B _ Q
(3 ) )

9Q(1) = xq(B)XD /o) - glnWe
=Y co(m)g™,

m>0

The cusp form

is then independent of the choice of «, 3, 7, §.
Let eg(g) be the fourth root of unity

eol) = JI x6(Q/0) A
q1Q

q prime

where
—— | —¢'"% ifn=0 (mod?2)
Ag =c(q) l-n .
0,97 ifn=1 (mod 2),
and ¢, is defined by

(3.1.1) 5y = {1 ifg=1 (mod4)

i ifg=3 (mod4).

According to [3, Theorem 2], we have

cg(m) = sQ(g)X’é(m)c(m) if (m,Q) =1,
cq(m) = eq(9)Xh q(m)e(m) if (m, D/Q) =1,
co(mimg) = EQ(g)_lcQ(ml)cQ(mg) if (m1, mg) = 1.
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Remark 3.1.1. — If n is even, then the Fourier coefficients of g are totally real. It
follows that gg = eg(g)g for every divisor @ | D. Furthermore,

eo(g) = [[ (—a* %clq)) = £1.

qQ

3.2. Twisting theta functions. — Let (ag,a;,b) be a triple of self-dual hermitian
Og-lattices of signatures (1,0), (0,1), and (n — 1,0), as in §2.2, and recall that from
this data we constructed hermitian Op-lattices

(321) a=a, b, L= Homok(ao, Cl)
of signature (n — 1,1). We also define
(322) L1 = Homok (Clo, Cll), A= Homok(ao, b),

so that L = L, & A.
Let GU(A) be the unitary similitude group associated with A, viewed as an alge-
braic group over Z. For any Z-algebra R its R-valued points are given by

GU(A)(R) = {h € GLo,(Ag) : (hz,hy) = v(h){z,y) Vz,y € Ar},

where v(h) € R* denotes the similitude factor of h. Note the relation
(3.2.3) Nmy, g (det(h)) = v(h)" "
For h € GU(A)(R) the similitude factor v(h) belongs to Rsg.

As A is positive definite, the set

Xa = GUA)(@QN\GU(A)(Af)/GU(A)(Z)
is finite. Denoting by
CL(k) = k*\k*/O}

the ideal class group of k, the natural map Resg/9G,, — GU(A) to the center induces
an action
(3.2.4) CL(k) x X5 — Xj.

As in the proof of [6, Proposition 2.1.1], any h € GU(A)(Af) determines an O-lat-
tice

A = Ag N hA.

This lattice is not self-dual under the hermitian form (—, —) on Ag. However, there
is a unique positive rational number rat(v(h)) such that

v(h) c 7% ’
rat(v(h))
and the lattice Ay, is self-dual under the rescaled hermitian form

1
(T, y)n = m z,9).
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If h € GU(A)(Z) then A, = A. If h € GU(A)(Q), then A, & A as hermitian Op-mod-
ules. Hence h — Aj defines a function from X, to the set of isometry classes of
self-dual hermitian Og-module of signature (n — 1,0).

Similarly, for any h € GU(A)(Af) we define a self-dual hermitian Og-lattice of
signature (0,1) by endowing

~

Ll,h = Ll(@ n det(h)L1

with the hermitian form
1
(T, y)n = W (z,y).

The assignment h +— L j defines a map from X, to the set of isometry classes of
self-dual hermitian Og-lattices of signature (0,1).

Lemma 3.2.1. — For any h € GU(A)(Ay) the hermitian Og-lattice
Ly =L ® Ay
is isomorphic everywhere locally to L. Moreover, L;, and L become isomorphism after

tensoring with Q.

Proof. — Let p be a prime. As in [6, §1.8], a k,-hermitian space is determined by its
dimension and invariant. The relations
det(An ®z Q) = rat(v(h))' ™™ - det(A ®z Q),
det(L1 j, ®7 Q) = rat(v(h))'™" - det(L; ®z Q),

combined with (3.2.3), imply that L ®7Q and L, ®7Q have the same invariant every-
where locally. As they both have signature (n — 1, 1), they are isomorphic everywhere
locally, and hence isomorphic globally.

A result of Jacobowitz [22] shows that any two self-dual lattices in L ®z Q are

isomorphic everywhere locally, and hence it follows from the previous paragraph that L
and L; are isomorphic everywhere locally. O

Define a linear map
M, _1(wy) = Mp_1(To(D), xp ")

from Sy-valued modular forms to scalar-valued modular forms by evaluation at the
characteristic function ¢y € Sp of the trivial coset 0 € A’/A. This map takes the
vector valued theta series 0y € M, _1(w)) of §2.3 to the scalar valued theta series

0x(r)= Y Ri(m)-q™,
mEZZO

where R5°(m) is the number of ways to represent m by A.
Let 1 be an algebraic automorphic form for GU(A) which is trivial at co and right
GUp(Z)-invariant. In other words, a function

n: Xy — C.
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Throughout we assume that under the action (3.2.4) the function 1 transforms with
a character x,, : CL(k) — C*, that is,

(3.2.5) n(ah) = xn(a)n(h).

We associate a theta function to n by setting

sc ﬂ S¢ n—1
mA T Z |Aut(Ap)| O, € Mn—1(To(D), X ™)-
heXa

This form is cuspidal when the character x;, is non-trivial. We denote its Fourier
expansion by
sc (7_) _ Z R (m) m
n,A n,A q
m>0

Similarly, we may define
_ n(h)
HﬂyA(T) - Z |[Aut(An)] 0a, (7,
heXa

but this is only a formal sum: as h varies the forms @5, take values in the varying
spaces Sy, .

Lemma 3.2.1 allows us to identify Sr, = 51, , and hence make sense of the L-func-
tion L(g,04,,s) as in (2.3.3). In the next subsection we will compare

(326) L(g’an,Aa 3) = Z LA:E(}X}L)I : L(ga O, S)
heXa

to the usual convolution L-function

(m) R (m)

sc _ S o C
(327) L(g,9n7A,3) = F(i +n— 1) Z W

m=1

of the scalar-valued forms g and 677, .

3.3. Rankin-Selberg L-functions for scalar and vector valued forms. — In this subsec-
tion we prove a precise relation between (3.2.6) and (3.2.7). First, we give an explicit
formula for the Fourier coefficients a(m, u) of § in terms of those of g analogous to
[6, Proposition 6.1.2].
For a prime p dividing D define

(331) Yo = 5p_n ' (Dvp)g : il’le(‘/p) € {:i:la il}a

where inv, (V},) is the invariant of V,, = Homy (W), W)®g Q) in the sense of [6, (1.8.3)]
and d, € {1,4} is as before. It is equal to the local Weil index of the Weil representation
of SLy(Zy) on Sg, C S(V},), where V, is viewed as a quadratic space by taking the

trace of the hermitian form. This is explained in more detail in [6, Section 8.1]. For
any @ dividing D we define

(33.2) v = [T

q|Q
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Remark 3.3.1. — If n is even and p | D, then (3.3.1) simplifies to

1 n/2
=|— inv,(V,).
Tp ( p > »(Vp)
For any € L'/L define Q, | D by

=1II»

p|D
pp#0

where p,, is the image of pin L;,/L,. Let ¢,, € Sz, be the characteristic function of u.
Proposition 3.3.2. — For all m € Q the coefficients a(m) € Sp of § satisfy

Yo.ep QMg ce(mQ) fm=-Q(n) (mod Z),

0 otherwise.

a(mv M) =

Proof. — The first formula is a special case of results of Scheithauer [26, Section 5]. It
can also be proved in the same way as Proposition 6.1.2 of [6]. The complex conjuga-
tion over g arises because of the fact that § transforms with the complex conjugate
representation @y. The additional factor Q'™ is due to the fact that we work here
in weight n. O

Proposition 3.3.3. — The convolution L-function (2.3.3) satisfies

L(§76Aas) = Z Q%VQ : L(gQ79?\Cq7s)v
QID

where q € k> is such that q2(/9\,;< = Q@: Moreover, for any n: Xp — C satisfying
(3.2.5) the L-functions (3.2.6) and (3.2.7) are related by

L(G,0n0,5) = Y _ Q37q - Xn(a ") L(gq, 054, 9).
QD

Proof. — Proposition 3.3.2 implies

(979/\78) Z Z Z Ql n . CQ(mQ)RSA(m7¢M)

T s+n—1
(3 + HEA /A mEQ>0 Q,1Q|D (4rm)2

=Y @ e ¥ et D) S Ry (ms)

Q|D megZso weh' /A
Qul@
=> Qg Y, 4m - Y Ra(m/Q.4y).
Q|D m€Z>0 #eA /A
QulQ
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The first claim now follows from the relation

> Ba(m/Q,u) =Ra_,(m,0) = Ry, (m,0).
BEAN' /A
Qul@

For the second claim, if we replace A by Ay and Ly by Ly for h € Xj, then L
and g remain unchanged. The above calculations therefore imply that

s h
L@ 008 = 35 70QF Y M Lo, 05,00

Q|D heXa
s n(q@'h
— Z AN/ gsc
Z’YQQ Z |Aut(Ah)| (gQ7 Ahvs)
Q|D hEXA
=2 1Q% xn(a7)L(9g: O3n: ),
QID
where we have used (3.2.5) and the fact that |[Aut(Ap)| = [Aut(Ags)]. O

Corollary 3.3.4. — If n is even, then
L(G,0n.4,5) = L(g, 05a,8) - [T (1 + xa (0™ ep(9)3p0%).

p|D
Proof. — This is immediate from Proposition 3.3.3 and Remark 3.1.1. O
3.4. Small CM cycles and derivatives of L-functions, revisited. — Now we are ready to

state a variant of Theorem A using only scalar valued modular forms. Assume n > 3.
Every h € X, determines a codimension n — 1 cycle

(3.4.1) Vsmh = Skra

as follows. From the triple (ag,a1,b) fixed in §3.2 and the hermitian Oj-lattices
Ly =L1,®Ap of Lemma 3.2.1, we denote by a;, and b, the unique hermitian
Og-lattices satisfying
Ly n = Homop, (a0, 01,n), Ap = Homp, (ao, by),

and set ap, = ay p, by, so that L, = Home, (ag, ap). Compare with (3.2.1) and (3.2.2).

Repeating the construction of the small CM cycle Vs, with the triple (ag, a;, b)
replaced by (ag, a1, bp,) results in a proper étale Og-stack Vsm ». Repeating the con-
struction of the Shimura variety Sk, with the triple (ag, a) replaced by (ag, az) results
in a new Shimura variety Skra,p, along with a finite and unramified morphism

ysm,h - SKra,h-

It follows from Lemma 3.2.1 that a and a; are isomorphic everywhere locally, and
examination of the moduli problem defining Sk, in [6, §2.3] shows that Sk, depends
only the everywhere local data determined by the pair (ag, a), and not on the actual
global Og-hermitian lattices. Therefore, there is a canonical morphism of Og-stacks

ysm,h - SKra,h = SKra
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in which the isomorphism is simply the identity functor on the moduli problems.
In the end, this amounts to simply repeating the construction of Vi, — Skra from
Definition 2.2.6 word-for-word, but replacing A by Aj; everywhere. This defines the
desired cycle (3.4.1).

Each algebraic automorphic form 7 : X, — C satisfying (3.2.5) now determines a
cycle

NVam = Y 1(h) - Vamn
heXa

on Sg,. with complex coefficients, and a corresponding linear functional

—~1
[_ : T]ysm] : Ch(C(SI*{ra) - C.

Theorem 3.4.1. — The arithmetic theta lift (1.1.3) satisfies

~

d s
[6(9) : Yam] = — dege(Vam) - == | 3 Q370L(90:6%,,9)] |y,
QID

where q € k> is such that qQ@,: = Q(/Q\;: Moreover, if n is even and n : X, — C

satisfies (3.2.5), then

Y —o d scC - 2

[0(9) : nVem] = =21 70 (hk/w'c)Q'ds[L(gﬁn,A,s)'ll_[(1+xn(lﬂ Denlg)1p?)] |y
p|D

where p € kX such that pzé,: = p@,: Note that in the first formula the sum is
over all positive divisors Q | D, while in the second the product is over the prime
divisors p | D.

Proof. — The first assertion follows from Theorem A and Proposition 3.3.3.
For the second assertion, applying Theorem A to

* *
ysm,h - SKra,h = SKra

yields

~

d
[9(9) . ysm,h] = - deg(C(ysm,h) : %L(gaeAhasﬂs

=0
Combining this with Proposition 2.2.9 yields

~ d_
6(9) : mYem] = =217 (i fwe)® - - L(3, 0,0, 9)]

=0’

and an application of Corollary 3.3.4 completes the proof. O

Remark 3.4.2. — Since the L-function (3.2.6) vanishes at s = 0, the same must be
true for the expressions in brackets on the right hand sides of the equalities of the
above theorem. In particular, when n is even, then either L(g, ff A, S) or at least one
of the factors

1+ Xn(p_l)gp(g)')'pp%
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(for a prime p | D) vanishes at s = 0. If we pick the newform g such that the latter
local factors are nonvanishing, then L(g,6;°y,0) = 0 and we obtain

~

—0 h2 — sC
[0(9) : nVem] = —21 (dk>;§'H(1+xn<p Yep(9)) - L' (9, 6558, 0).
p|D

4. Big CM cycles and derivatives of L-functions

In this section we prove Theorem B by combining results of [6] and [18, 19, 8]. We
asume n > 2 until §4.4, at which point we restrict to n > 3.

4.1. A Shimura variety of dimension zero. — Let F' be a totally real field of degree n,
and define a CM field E = k ®q F. Define a rank n + 2 torus Ti;; over Q as the fiber
product

Thig Gm

| -

Resk/0Gm x Resg/oGm Gm % Resp oG-

NmxNm
Its group of Q-points is
Thig(Q) = {(z,y) € k™ x E™ : 27 = yy}.
Remark 4.1.1. — There is an isomorphism
Thig(Q) = kX x ker(Nm : EX — F)
defined by (x,y) — (z,27'y). It is clear that this arises from an isomorphism
Thig = Resk/@(@m x ker (Nm : ReSE/QGm — ResF/QGm).

As in the discussion preceding Theorem B, let ® C Homg(E, C) be a CM type of
signature (n — 1, 1), let
P E—C
be its special element, and let Og be the ring of integers of Fg = ¢*P(E).
The CM type ® determines an isomorphism C™ = Eg, and hence an embedding
C* — Ey arising from a morphism of real algebraic groups S — (Resg/gGm)r. This
induces a morphism

S — (Resk/gGm)r X (Resg/qGm)r,
which factors through a morphism
hbig : S — Thig r-

The pair (Thig, {hbig}) is & Shimura datum, which, along with the compact open
subgroup
Kypig = Toig(Ay) N (O x OF),
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determines a 0-dimensional Eg-stack Sh(Tj,;,) with complex points
Sh(Thig)(C) = Thig(Q)\{hbig} x Thig(As)/Kpig-

4.2. The big CM cycle. — The Shimura variety just constructed has a moduli inter-
pretation, which we will use to construct an integral model. The interpretation we
have in mind requires first choosing a triple (ag, a,ig) in which

— ap is a self-dual hermitian Og-lattice of signature (1, 0),

— a is a self-dual hermitian Og-lattice of signature (n — 1,1),

— ig : Og — Endp, (a) is an action extending the action of Ok.
Denoting by H : a x a — O the hermitian form, we require further that

H(ig(z)a,b) = H(a,ig(T)b)
for all x € O and a,b € a, and that in the decomposition

ag = @ a ®OF7WF R
er:F—R
the summand indexed by ¢rp = @SP|F is negative definite (which, by the signature
condition, implies that the other summands are positive definite).

Remark 4.2.1. — In general such a triple need not exist. In the applications will as-
sume that the discriminants of k/Q and F/Q are odd and relatively prime, and in
this case one can construct such a triple using the argument of [18, Proposition 3.1.6].

We now define a moduli space of abelian varieties with complex multiplication
by Op and type @, as in [18, §3.1]. Denote by CMg the functor that associates to
every Og-scheme S the groupoid of triples (4, ¢,1) in which

— A — S is an abelian scheme of dimenension n,

— t: Op — End(A) is an Og-action,

— 9 : A — AV is a principal polarization such that

U(z)" 01p =1 o(T)

for all z € Og.
We also impose the ®-determinant condition that every x € Of acts on Lie(A) with
characteristic polynomial equal to the image of

[1(T - (@) € O[T
pED

in Og[T]. We usually abbreviate A € CM4(S), and suppress the data ¢ and 3 from
the notation. By [18, Proposition 3.1.2|, the functor CM ¢ is represented by a Deligne-
Mumford stack, proper and étale over Og .

Remark 4.2.2. — The ®-determinant condition defined above agrees with that of [18,
§3.1]. As in [16, Proposition 2.1.3], this is a consequence of Amitsur’s formula, which
can be found in [1, Theorem A] or [11, Lemma 1.12].
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Define an open and closed substack
Woig € M(1,0) X0, CMo

as the union of connected components B C M9y X0, CMs satisfying the following
property: for every complex point y = (Ag, A) € B(C), and for all primes ¢, there is
an Og-linear isomorphism of hermitian Oy ,-lattices

(4.2.1) Homow (AO[£°°], A[goo]) = Homok(ao, Cl) Q7 Q.

Remark 4.2.3. — To verify that a connected component B C M o) X0, CMs is
contained in Vg, it suffices to check that (4.2.1) holds for one complex point y € B(C).
This is a consequence of the main theorem of complex multiplication and the fact that
the points of B(C) form a single Aut(C/Eg)-orbit.

Proposition 4.2.4. — There is a canonical isomorphism of Eg-stacks
Sh(Thig) = Voig/Es-

Proof. — The natural actions of O and Og on ag and a determine an action of the
subtorus

Tbig C Resk/QGm X ResE/QGm
on agg and ag, and the morphism Az : S — Tym g endows each of the real vector

spaces agr and ag with a complex structure.
The desired isomorphism on complex points sends

(hbig)g) € Sh(Tsm)(C)
to the pair (Ag, A) defined by
Ao(C) = agr/gao, A(C) = ag/ga.

The elliptic curve Ag is endowed with its natural Og-action and its unique principal
ploarization. The abelian variety A is endowed with its natural Og-action, and the
polarization induced by the symplectic form determined by its Og-hermitian form, as
in the proof of [6, Proposition 2.2.1].

It follows from the theory of canonical models that this isomorphism on complex
points descends to an isomorphism of Eg-stacks. O

The triple (ag,a,ig) determines a pair (ap,a) as in the introduction, which de-
termines a unitary Shimura variety with integral model Sk, as in (1.1.1). Recalling
that O C Os as subrings of C, we now view both Vi and CMg as Og-stacks. There
is a commutative diagram

Yoig —— M(1,0) X CMo

| |

Skra —— M@,0) X M{2,
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(all fiber products are over Oy), in which the vertical arrow on the right is the identity
on the first factor and “forget complex multiplication” on the second. The arrow = is
defined by the commutativity of the diagram.

Remark 4.2.5. — 1In order to define the morphism
CMe = MG2 1)

in the diagram above, we must endow a point A € CMg(S) with a subsheaf
Fa C Lie(A) satisfying Krdmer’s condition [6, §2.3]. Using the morphism

sp
O Y= 0y — O,

denote by Jy» C O ®z Og the kernel of

zQy— P (x)-
OE@ZOSMOS-

According to [19, Lemma 4.1.2], the subsheaf 4 = J,=Lie(A) has the desired prop-
erties.

Definition 4.2.6. — Composing the morphism 7 in the diagram above with the inclu-
sion of Sk;, into its toroidal compactification, we obtain a morphism of Og-stacks

7 Yoig = Skras
called the big CM cycle.
Exactly as in §2.2, the arithmetic degree along Yyig is the composition
Che(Sira) - Che Vi) 5 €.
We denote this linear functional by Z [2 : Vbig)-

Remark 4.2.7. — The big CM cycle arises from a morphism of Shimura varieties.
Indeed, there is a morphism of Shimura data (Thig, {hbig}) — (G, D), and the induced
morphism of Shimura varieties sits in a commutative diagram of Fg-stacks

Sh(Tbig) —_— Sh(G, D)/Eq)

{ k

s
Ybig/Be — SKra/Es -

Proposition 4.2.8. — The degree degc(Vbig) of Theorem B satisfies

1 . hk A(07 XE')
. -degc(Voig) = W T g1

where r is the number of places of F that ramify in E (including all archimedean
places).
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Proof. — 1t is clear from Proposition 4.2.4 that

) 1 |Thig(Q\Tbig(Ar)/Kbig|
| Aut(y)| | Thig(Q) N Kuig|

1
- dege(Vhbig) =
yESh(Thig)(C)
Note that when we defined the degree on the left we counted the complex points of Vi,
viewed as an Og-stack, whereas in the middle expression we are viewing Sh(Tj;g) as

an Eg-stack. This is the reason for the correction factor of n = [Es : k] on the left.
Let E' C E* be the kernel of the norm map Nm : EX — F*, and define

E'CcE*, Oc O}
similarly. Note that u(E) = E' N (/9\’E is the group of roots of unity in E, whose order
we denote by wg. Using the isomorphism Thi, (Q) = k* x E’ of Remark 4.1.1, we find

| Toig(QO\Toig (As)/Kvig| _ he  |E\E'/OF|
|Thig (Q) N Kbig| W wWE
Denote by Cp and Cg the ideal class groups of E and F, and by F and E their

Hilbert class fields. As E//F is ramified at all archimedean places, FNE=F, and
the natural map

(4.2.2)

Gal(E/E) — Gal(F/F)
is surjective. Hence, by class field theory, the norm
Nm:Cg — Cp
is surjective. Denote its kernel by B, so that we have a short exact sequence
1—B—Cp 2 Cp — 1.
Define a group

B C F is a fractional Og-ideal, }

B=F \{(%7@: B € F*, and Nm(%B) = S0

where the action of E* is by a - (B, 8) = (a8, a@f). There is an evident short exact

sequence

1 — Nm(O;)\Ox £=(©=.h),

B— B —1.
Lemma 4.2.9. — We have [OF : Nm(OF)] = 2" twg.
Proof. — Let Q = [Of : u(E)OZ]. If @ = 1 then

Nm(0): 05| =1 and [0f:OF] = 5w,

and so

-1
A WE

OF : OF)
where the middle equality follows from Dirichlet’s unit theorem.

[OF : Nm(0X)] = [0F : 05%] = 2" =
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If @ > 1 then [27, Theorem 4.12] and its proof show that @ = 2, and that the
image of the map ¢ : O — OF defined by ¢(z) = z/7 is the index two subgroup
#(0F) = p(E)? C u(E). From this it follows easily that

[Nm(Of) : (’);72] =2 and [0}:0}] =wg,

and so L
2™ WE

X X\ __ 1 X X,21 _ on—1 __
[OF.Nm((’)E)]_§~[C’)F.OF ]=2 _m
Combining the information we have so far gives
2”71’(0}_:; ) |CE|
[0 - OF] |CF|

where the final equality is a consequence of Dirichlet’s class number formula.

(4.2.3) |B| = [0F : Nm(OF)] - |B| = =wg - A0, x5),

Lemma 4.2.10. — There is an exact sequence
1— E\E')O) — B — {+1}" — {+1} — 1.

Proof. — Every = € E' determines a fractional Og-ideal B = zOg with Nm(%8B) = Op,
and the rule z — (9, 1) is easily seen to define an injection

(4.2.4) E'\E'/O} — B.

Given a (B,3) € B, consider the elements xg.(8) € {1} as v runs over all
places of F. If v is split in E then certainly xg.(8) = 1. If v is inert in E then
Nm(B) = O implies that xg,(8) = 1. As the product over all v of xg,(8) is
equal to 1, we see that sending (8, ) to the tuple of xg ,(6) with v ramified in E
defines a homomorphism

(4.2.5) B — ker({£1}" 22, £41}).

To see that (4.2.5) is surjective, fix a tuple (¢,), € {£1}" indexed by the places
of F ramified in F, and assume that [], &, = 1. Let b € A} be any idele satisfying:

— If v is ramified in E then xg ,(by) = €.

— If v is a finite place of F' then b, € Of, .
The second condition implies that xg ,(b,) = 1 whenever v is unramified in E, and
hence

xe() =[] =1
Thus b lies in the kernel of the reciprocity map
A% — FX\AX/Nm(A}) & Gal(E/F),
and so can be factored as b = 8~ 12Z for some § € F* and z € A%. Setting B = z0g,
the pair (B, 8) € B maps to (&,), under (4.2.5).

It only remains to show that the image of (4.2.4) is equal to the kernel of (4.2.5).
It is clear from the definitions that the composition

E\E' |0}y — B — {+1}"
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is trivial, proving one inclusion. For the other inclusion, suppose (3B, 3) € B lies in
the kernel of (4.2.5). We have already seen that this implies that § € F* satisfies
XE,»(B) =1 for every place v of F, and so § is a norm from FE everywhere locally. By
the Hasse-Minkowski theorem, 3 is a norm globally, say 8 = aa with a € E*. In the
group B, we therefore have the relation

(B,8) =a™'(B,6) = (A1)
for a fractional Op-ideal 2 = o~ 1B satisfying Nm(A) = Op. Any such 2 has the
form A = 2Opg for some x € E’, proving that (9B, ) lies in the image of (4.2.4). O

Combining the lemma with (4.2.3) gives

[E\E'/Oy| _ |Bl _ AOxp)
wg 2r71wE or—1 7
and combining this with (4.2.2) completes the proof of Proposition 4.2.8. O
Proposition 4.2.11. — Assume that the discriminants of k and F are relatively prime.

The constant term (1.4.2) satisfies
[Z15.(0) : Vhig] = —[@ : Vhig-
Proof. — The stated equality is equivalent to
[(Exc, —log(D)) : Ybig] = 0,
and so it suffices to prove
[(0,10g(D)) : Yoig] = degc(Vbig) - log(D) = [(Exc,0) : Vig]-

The first equality is clear from the definitions. To prove the second equality, we first
argue that

(4.2.6) Voig X Sxra EXC = Vbig Xspec(0y,) SPC(Ok /O ),

as in the proof of Proposition 2.2.10.

The inclusion C of (4.2.6) is again clear from

Exc C Skra Xspec(0x) SPeC(Ok /0k).

Recall that Yz — Spec(Os) is étale. Our hypothesis on the discriminants of k and
F implies that Spec(Og) — Spec(Oy) is étale at all primes dividing 0z, and hence
the same is true for Vy;; — Spec(Og). This implies that the right hand side of (4.2.6)
is reduced, and hence so is the left hand side. To prove equality in (4.2.6), it therefore
suffices to prove the inclusion D on the level of geometric points.

Suppose p | D is prime, and let Fglg be an algebraic closure of its residue field.
Suppose that y € Vhig(F2'®) corresponds to the pair (Ao, A), so that A € CMg(F52).
Let W be the completed étale local ring of the geometric point

Spec(IF%lg) N Doig — Spec(Og).

More concretely, W is the completion of the maximal unramified extension of Oy,
equipped with an injective ring homomorphism Op — W. Let C, be the completion of
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an algebraic closure of the fraction field of W, and fix an isomorphism of Eg-algebras
C=C,.

For every ¢ € ® the induced map O — C = C, takes values in the subring W,
and the induced map

Op@zW— [[W
ped
is surjective (by our hypothesis that k and F have relatively prime discriminants).
Denote its kernel by Jp C O ®z W, and define an O ®7 W-module

Lieg = (O @2 W)/Jo = [[ W.
ped
As in the proof of [19, Lemma 4.1.2], there is an isomorphism of O ®z F;lg—modules
Lie(A) = Lieg @w Fp® = [] Fp'®.
ped®
Let 6 € Ok be a square root of —D. As the image of § under
Op LW - F®

is 0 for every ¢ € ®, it follows from what was said above that 0 annihilates Lie(A).
Exactly as in the proof of Proposition 2.2.10, this implies that the image of y under
Ybig — Skra lies on the exceptional divisor. This completes the proof of (4.2.6), and
the remainder of the proof is exactly as in Proposition 2.2.10. O

4.3. A generalized L-function. — The action ig : O — Endp, (a) makes

L = Homo, (ag, a)

into a projective Og-module of rank one, and the Og-hermitian form on L defined by
[6, (2.1.5)] satisfies (ax1,z2) = (z1,axs) for all @ € O and z1,z5 € L. It is a formal
consequence of this that the F-vector space ¥ = L ®7 Q carries an E-hermitian form

<—, _>big YV XY = E,
uniquely determined by the property
<$1,$2> = TrE/k<371,$2>big-

This hermitian form has signature (0,1) at ©*P| ., and signature (1,0) at all other
archimedean places of F'.

From the E-hermitian form we obtain an F-valued quadratic form 2(z) = (z, z)big
on ¥ with signature (0, 2) at <pSp|F, and signature (2, 0) at all other archimedean places
of F'. The Q-quadratic form

(4.3.1) Q(z) = Trp/2(x)
is Z-valued on L C ¥, and agrees with the quadratic form of §2.3. Let
wy, SLQ(Z) — Aut(c(SL)
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be the Weil representation on the space S;, = C[L'/L], where L' = 9, 'L is the dual
lattice of L relative to the Z-bilinear form (2.3.1).
Write each 7 € F¢ in the form 7 = 4 + ¥ with 4, ¥ € Fg, and set
Hp = {7 € F¢ : ¥ is totally positive}.

~

Every Schwartz function ¢ € S(7’) determines an incoherent Hilbert modular Eisen-
stein series

(4.3.2) E(7,5,6) =Y _ Eu(7,s,9)¢"
acF
on Hp, as in [8, (4.4)] and [2, §6.1]. If we identify

Sy = C[L'/L] c S(¥)

as the space of I-invariant functions supported on % , then (4.3.2) can be viewed as
a function E(7,s) on Hp taking values in the complex dual SY.

We quickly recall the construction of (4.3.2). If v is an arichmedean place of F,
denote by (%,,2,) the unique positive definite rank 2 quadratic space over F,. Set
Coo = Hv|oo %,. The rank 2 quadratic space

C=Co xV

over A is incoherent, in the sense that it is not the adelization of any F-quadratic
space. In fact, ¥ is isomorphic to ¥ everywhere locally, except at the unique
archimedean place <p5p|F at which 7 is negative definite.

Let ¢g : Q\A — C* be the standard additive character, and define
l/JF : F\AF — CX
by ¥ r = g0 Trp/q. Denote by I(s, xr) the degenerate principal series representation
of SLy(Ap) induced from the character xg| - |° on the subgroup B C SLs of upper

triangular matrices. Thus I(s, xg) consists of all smooth functions ®(g, s) on SLa(AFr)
satisfying the transformation law

@ (( a"l) g,s) = xe(a)lal"* ' ®(g,5).

The Weil representation we¢ determined by the character ¢ p defines an action
of SLo(Afp) on S(%), and for any Schwartz function

$oo ® ¢ € S(Bo0) ® S(V) 2 S(%)
the function

(4.3.3) ®(g,0) = we(9)(doo ® ¢)(0)

lies in the induced representation I(0, xg). It extends uniquely to a standard section
®(g,s) of I(s,xg), which determines an Eisenstein series

E(g,5,000 @ ¢) = > ®(vg, s)

YEB(F)\SLa(F)
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in the variable g € SLy(Ap).
We always choose ¢ € S, C S(¥), and take the archimedean component ¢, of
our Schwartz function to be the Gaussian distribution

o5 = @) € Q) (%)
v|oo
defined by ¢l (z) = e=272v(%) 5o that the resulting Eisenstein series
1
EF)S» =—"F 7y S, io®

has parallel weight 1. Here

1 @\ (V7
9?=<0 1)( 1/\/5>€SL2(FR)

and Nm : F' — R* is the norm.

A choice of ordering of the embeddings F' — R fixes an isomorphism of Hr with the
n-fold product of the complex upper half-plane with itself, and the diagonal inclusion
‘H — Hp is independent of the choice of ordering. By restricting our Eisenstein series
to the diagonal we obtain an SY-valued function

E(r,s) = E(7, s)|H

in the variable 7 € H, which transforms like a modular form of weight n and repre-
sentation wy under the full modular group SLy(Z).
Given a cusp form § € S, (wy) valued in Sy, consider the Petersson inner product

(4.3.4) (E(), §)pet = /SL . {3(7), E(r,9)} iz—_d:,

where {.,.} : S x S} — C is the tautological pairing. This is an unnormalized version
of the generalized L-function

E(S, g) = A(’S +1, XE) : <E(’S)a §>Pet
of [8, (1.2)] or [2, §6.3].
Let F, C F be the subset of totally positive elements. The Eisenstein series E(T, s)
satisfies a functional equation in s — —s, forcing it to vanish at s = 0. As in |8,

Proposition 4.6] and [2, §6.2], we can extract from the central derivative E'(7,0) a
formal g-expansion

ar(0) + Z ar(a) - q”.

aEF L
If « € F; then E/(7,0,¢) is independent of ¥, and we define ap(a) € S} by

CLF(OC, ¢) = A(Oa XE) : E;(’Ua 03 (b)
We define ar(0) € SY by
ar(0,¢) = A0, x) - E4(7,0,¢) — A0, xg) - $(0) log Nm(7).

Again, this is independent of ¥.
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Remark 4.3.1. — For notational simplicity, we often denote by ap(«,u) the value
of ap(a) : Sp — C at the characteristic function of a coset u € L'/L.
For any nonzero o € F', define
Diff (¢, a) = {places v of F : €, does not represent a}.

This is a finite set of odd cardinality, and any v € Diff (%, «) is necessarily nonsplit
in E. We are really only interested in this set when a € F,. As ¥ is positive definite
at all archimedean places, for such o we have

Diff (¢, o) = {primes p C O : ¥, does not represent a:}.
We will need explicit formulas for all ap (e, 1) with o € Fy, but only for the trivial
coset p = 0. These are provided by the following proposition.
Proposition 4.3.2. — Suppose a € F;..
1. If IDiff (€, a)| > 1 then ap(a) = 0.
2. If Diff (¢, a) = {p}, then
ar(a,0) = =2""1 - p(adpp™*) - ordy(apdr) - log(N(p)),

where the notation is as follows: r is the number of places of F ramified in E
(including all archimedean places), 0 C O is the different of F, and

)1 ifpisinertin B
= {0 if p is ramified in E.
Moreover, for any fractional Op-ideal b C F we have set
p(b) = |{ideals B C Og : BB = bOg}|.
In particular, p(b) = 0 unless b C Op.

Proof. — Up to a change of notation, this is [18, Proposition 4.2.1], whose proof
amounts to collecting together calculations of [28]. More general formulas can be
found in [2, §7.1] and [21, §4.6]. O

Proposition 4.3.3. — Assume that the discriminants of k and F are relatively prime.
For any u € L' /L we have

=20 (0,xg) ifp=0
0 otherwise.

ar(0,p) = {

Proof. — Let @, = Hp ®,, , be the standard section of I(s, xg) determined by the
characteristic function ¢, € S C S(¥) of u € L'/L. According to [2, Proposi-
tion 6.2.3], we then have

(4.35)  ap(0,u) = —26,(0)A'(0,x5) — A0, X&) - %(HM,,(S,%)) .
p

s=
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where the product is over all finite places p of F, and the local factors on the right
have the form

. LP(S + ]-’ XE')
LP(87XE)

for some constants ¢, independent of s. Here, setting

w= (973", n®)=(44),

(4.3.6) My (s,¢,) = cp -Wop(s, @)

the function
Wou(s8,) = [ @,y (wn®),s) db
Fy

is the value of the local Whittaker function Wy ,(g,s, ®,) at the identity in SLy(F}).
Our goal is to prove that M, (s, ¢,) is independent of s, and hence both the particular
value of ¢, and the choice of Haar measure on F} are irrelevant to us.

Fix a prime p C Op, and let p be the rational prime below it. We may identify
¥, =2 E, in such a way that L, = Og,, and so that the Fj-valued quadratic form 2
on ¥, =2 E, becomes

Q(x) = fzT
for some ( € pr. If 9 denotes the different of F/Q, then
(4.3.7) BOpy =05 OFp,.

Indeed, let 0 be the different of E/Q. The lattice L;, = 0,:1(915,1, is the dual lattice
of O p relative to the Qp-bilinear form [z, y] = Trg, /@, (B82Y), which implies the first
equality in

ﬂ_loE,p = OED;IOE,;, =0r0g,;.

The second equality is a consequence of our assumption that the discriminants of k
and F' are relatively prime.
If we endow ¥, = E, with the rescaled quadratic form

24(2) ¥ 7' 2(x) = a7,
and define a new additive character
V(@) = rp(Ba)
(unramified by (4.3.7)), we obtain a new Weil representation
W SLo(Fy) — Aut(S(%),
and hence, as in (4.3.3), a function

o4 (s,9)

S(7) Iy(s,xE)

defined by first setting @ﬁ (0, 9) = w*(g)$(0), and then extending to a standard section.
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The local Schwartz function ¢,, € S(%,) now determines a standard section

@fl,p (9,s) of I(s,xg), and explicit formulas for the Weil representation, as in [21,
(4.2.1)], show that

/F@”,p(wn(b),s) db:/Fcbﬁ,,,(wn(b),s) db.

P P
What our discussion shows is that there is no harm in rescaling the quadratic form
on 7, to make § = 1, and simultaneously modifying the additive character 9 r, to
make it unramified.

After this rescaling, one can easily deduce explicit formulas for Wy , (s, ®,,) from
the literature. Indeed, if the local component 1, € L; /Ly is zero, then the calculations
found in [28, §2] imply that

Ly(s,xm)
L,(s+1,xE)
up to scaling by a nonzero constant independent of s. If instead p, # 0 then p is
ramified in E (and in particular p > 2), and it follows from the calculations found
in the proof of [21, Proposition 4.6.4] that Wy ,(s,®,) = 0. In any case (4.3.6) is
independent of s for every p, and so the derivative in (4.3.5) vanishes. O

Wo,p (s, ®p) =

4.4. A preliminary central derivative formula. — The entirety of §4.4 is devoted to
proving Theorem 4.4.1, which a big CM analogue of Theorem 2.4.1. The proof will
make essential use of the calculations of [18, 19, §].

We assume n > 3 throughout §4.4. This allows us to make use of the distinguished
harmonic forms

fm S -H'2—n(wL)A
(for m > 0) characterized by (2.5.1).

Theorem 4.4.1. — Assume that the discriminants of k/Q and F/Q are odd and rela-
tively prime, and fix a positive integer m. If f = f,, is the harmonic form above, and
Z is the linear function (2.4.1), then

n- [é(f) : Vbig]
degc(ybig)

For the form f = f,, we have

Z(f) = Zigh(m) = (2i84,(m), 05(f,,)) € Ch' (Siya),

where the Green function ©8( f,,) for the divisor Z{2% (m) is constructed in [6, §7] as
a regularized theta lift. The arithmetic degree appearing in Theorem 4.4.1 decomposes

(4.4.1)

[ (f) : Voig] = ZlogN(p Z length(Of)_F Z w’

Aut
pCOk ye(Z (m)mybig)(F;"l%' W) YEVbig(C) |Aut(y)]

Kra

#2600 3 G2E) =~ B, e,
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where Fy = Ok /p, and O, is the étale local ring of
def

(44.2) Zi8E(m) N Vhig = Zi8(m) Xsz. Voig
at y. The final summation is over all complex points of Vg, viewed as an Op-stack.
We will see that the terms on the right hand side of (4.4.1) are intimately related to
the Eisenstein series coefficients ap () of §4.3.

We first study the structure of the stack-theoretic intersection (4.4.2). Suppose S is
a connected Ogp-scheme, and

(Ao, A) € (M@1,0) X0, CMa)(S5)
is an S-point. The Og-module Homp, (Ag, A) carries an Og-hermitian form (—, —)
defined by [6, (2.5.1)]. The construction of this hermitian form only uses the underlying
point of Skya, and not the action O — Endp, (A). As in [19, §3.2], the extra action

of Op makes Homp, (Ao, A) into a projective Og-module, and there is a totally
positive definite E-hermitian form (—, —)piz On

(4.4.3) ¥ (Ag, A) = Homp, (Ag, A) @z Q
characterized by the relation

(w1, 22) = Trg/k(z1, T2)big-

for all z1,z2 € Hompe, (Ao, A).
Fix an o € Fy. Recalling that

(4.4.4) Ybig € M(1,0) X0, CMs

as an open and closed substack, for any Og-scheme S let 2y, ()(S) be the groupoid
of triples (A, 4, ), in which

- (A07A) € ybig(S))

— z € Homp, (Ao, A) satisfies (z, z)pig = o
This functor is represented by an Og-stack Zpig(c), and the evident forgetful mor-
phism

Zpig(®) = Vbig
is finite and unramified.

This construction is entirely analogous to the construction of the special divisors
ZI8t (m) — Skra of [6]. In fact, directly from the definitions, if S is an Og-scheme an
S-point

(A07 A, :L‘) € (Zf(orta(m) N ybig) (S)
consists of a pair (Ag, A) € Whig(S) and an € Homop, (Ao, A) satisfying m = (z, z).
From this it is clear that there is an isomorphism

(4.4.5) ZEEM)NVoig 2 || Zbigla),
OéGFJr
Trp/g(a)=m

defined by sending the triple (Ao, A,z) to the same triple, but now viewed as an
S-point of the stack Zpig(a) determined by o = (x, Z)pig-
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Proposition 4.4.2. — For each oo € Fy the stack Zpig(c) is either empty, or has di-
mension 0 and is supported at a single prime of Og. Moreover,

1. If |IDiff (%, )| > 1 then Zpig(c) = 0.

2. Suppose that Diff (¢, ) = {p} for a single prime p C OF, let ¢ C Of be the
unique prime above it, and denote by qo C Og the corresponding prime under
the isomorphism P : E = Eg. Then Zys() is supported at the prime qo, and
satisfies

1 h .
> TAwt(y)] == plavpp~®),

ut(y Wk
YE Zpig (o) () W)
where Fq, is the residue field of qo, and €, and p are as in Proposition 4.3.2.
Moreover, the étale local rings at all geometric points
1
Y € Zuig(a)(Fgy)

have the same length

1/2 if Eq/F, is unramified

length(O,) = ord, (apdF) - _
1 otherwise.

Proof. — This is essentially contained in [18, §3]. In that work we studied the
Og-stack Zg (o) classifying triples (Ag, A, z) exactly as in the definition of Zy;z(a),
except we allowed the pair (Ag, A) to be any point of M(; o) X0, CMg rather than
a point of the substack (4.4.4). Thus we have a cartesian diagram

Zpig(a) ———— Za(@)

| |

ybig —_— M(lyg) X O C./\/lq>.

As the bottom horizontal arrow is an open and closed immersion, so is the top hori-
zontal arrow. In other words, our Zy;z(c) is a union of connected components of the

stack Zg(a) of [18].

Lemma 4.4.3. — FEach Zg(a) has dimension 0. If y is a geometric point of Z¢(a)
corresponding to a triple (Ao, A,z) over k(y), then k(y) has nonzero characteristic,
Ao and A are supersingular, and the E-hermitian space (4.4.3) has dimension one.
Moreover, if p C Op denotes the image of y under the composition

(4.4.6) Zg(a) — Spec(Os) = Spec(Og) — Spec(OF)

(the isomorphism is P : E = Eg), then p is nonsplit in E, and the following are
equivalent:
— The geometric point y factors through the open and closed substack

Zbig(a) C Z@ (Oé)
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— The E-hermitian space (4.4.3) is isomorphic to V" everywhere locally except at p
and ¢SP|F.

Proof. — This is an easy consequence of [18, Proposition 3.4.5] and [18, Proposi-
tion 3.5.2]. The only part that requires explanation is the final claim.
Fix a connected component

BC M(l,o) X O CMsp.

As in [18, §3.4], for each complex point y = (Ag, A) € B(C) one can construct from
the Betti realizations of Ag and A an E-hermitian space

¥ (B) = Homy (H1(40(C), Q), H1(A(C), Q)

of dimension 1. This hermitian space has signature (0, 1) at <pSP|F, and signature (1, 0)
at all other archimedean places of F'. Moreover, as in Remark 4.2.3, this hermitian
space depends only on the connected component 53, and not on the particular complex
point y. The open and closed substack

Wvig C M(1,0) X0, CMo

can be characterized as the union of all components B for which ¥ (B) = ¥
So, suppose we have a geometric point y = (A, 4, z) of Z5(a), and denote by

B C M,0) X0, CMao

the connected component containing the underlying point y = (Ao, A). The content
of [18, Proposition 3.4.5] is that the hermitian space (4.4.3) is isomorphic to ¥ (B)
everywhere locally except at p and goSp|F. From this we deduce the equivalence of the
following statements:

— The geometric point y — Zg(a) factors through Zyie(a).

— The underlying point y — M ) X0, CMae factors through Yy;g.

— The hermitian spaces ¥ (B) and ¥ are isomorphic.

— The E-hermitian space (4.4.3) is isomorphic to ¥ everywhere locally except

at p and <p5p|F. U

Now suppose that Zy;z(c) is nonempty. If we fix a geometric point y = (Ao, A4, x)
as above, the vector x € Homo, (Ao, A) satisfies (x,x)nig = o, and hence (4.4.3)
represents «. The above lemma now implies that ¥ represents a everywhere locally
except at p and <psP|F, where p is the image of y under (4.4.6). From this it follows
first Diff (¢, ) = {p}, and then that all geometric points of Zpi,(a) have the same
image under (4.4.6), and lie above the same prime q¢ C Og characterized as in the
statement of Proposition 4.4.2. In particular, if |Diff (¢, )| > 1 then Zpig(a) = 0.

It remains to prove part (2) of the proposition. For this we need the following
lemma.

Lemma 4.4.4. — Assume that Diff(¢,«) = {p} for some prime p C Op, and let
q C O be the unique prime above it. The open and closed substack Zpig(a) C Zo(ar)
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is equal to the union of all connected components of Z¢ () that are supported at the
prime qs.

Proof. — We have already seen that every geometric point of Zyig(c) lies above the
prime g4, and so it suffices to prove that every geometric point of Z4(a) lying above
the prime q¢ factors through Zy;.(c). Let y — Z¢(a) be such a point.

If y corresponds to the triple (Ag,A,z), then z € Homp, (Ao, A) satis-
fies (z,z)pig = @, and hence (4.4.3) represents «. But the assumption that
Diff (¢, ) = {p} implies that ¥ represents o everywhere locally except at p and
<pSP|F, and it follows from this that ¥ and (4.4.3) are isomorphic locally every-
where except at p and <p5p|F. By the previous lemma, this implies that y factors

through Zpig(ar). O
With this last lemma in hand, all parts of (2) follow from the corresponding state-
ments for Zg(a) proved in [18, Theorem 3.5.3] and [18, Theorem 3.6.2]. O
Proposition 4.4.5. — For every oo € F we have
Z n - log(N(p)) Z length(0y) _  ar(a,0)
oo, dege(Voig) e Za ) |Aut(y)] A0, xE)’

where the inner sum is over all ]F;lg—points of Zvig(a), viewed as an Og-stack.

Proof. — Combining Propositions 4.2.8, 4.3.2, and 4.4.2 shows that

n - log(N(qe)) length(0y) ~ ar(e,0)
Z degc(Vbig) Z

Aut Yy - A O’X ’
45 COs VE Zong () (FS%) | ()l (0,xE)

where the inner sum is over all Faf points of Zyis(a), viewed as an Og-stack. The
claim follows by collecting together all primes q¢ C Og lying above a common prime
p C Ok. O

Proposition 4.4.6. — The regularized theta lift ©™8(f,,) satisfies

n 0™ (fm)(¥)

degeOhig) | o ) 1Aut(y)

= d <E(s)7§(fm)>Pet|s:0 + Z La,z) — 2@};” (07()) . M

~ds ~~ A0, xE) A0, xB)
acFy
Trp/g(a)=m
Proof. — This is a special case of the main result of [8]. This requires some explana-

tion, as that work deals with cycles on Shimura varieties of type GSpin, rather than
the unitary Shimura varieties under current consideration.

Recall that we have an F-quadratic space (¥, 2) of rank two, and a Q-quadratic
space (V, Q) whose underlying Q-vector space

V= Homk(Wo, W)
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is equal to ¥, and whose quadratic form is (4.3.1). As in [8, §2] or [2, §5.3] this data
determines a commutative diagram

1 Gm TGSpin TSO 1

| ]

1—— G,, —— GSpin(V) —— SO(V) —— 1,

with exact rows, of algebraic groups over Q. The torus Tso = Resp;pSO(?) has
Q-points
Tso(Q) ={y € E™ :yy =1},

while the torus Tgspin has Q-points
Taspin(Q) = EX /ker(Norm : F* — Q).

The map Tgspin — Is0 is ¢ — z/Z. To these groups one can associate morphisms of
Shimura data

(Taspin, {haspin}) — (Ts0,{hso})

l |

(GSpin(V), DGSpin) — (SO(V),DS())

In the top row both data have reflex field Fs. In the bottom row both data have
reflex field Q.

Let Kso C SO(V)(Ayf) be any compact open subgroup that stabilizes the lattice
L C V, and fix any compact open subgroup Kaspin C GSpin(V)(Ay) contained in
the preimage of Kgo. The Shimura data in the bottom row, along with these compact
open subgroups, determine Shimura varieties Mggpin — Mso. These are Q-stacks of
dimension 2n — 2.

The Shimura data in the top row, along with the compact open subgroups
Kaspin N Taspin(Ay) and Kso NTs0(Af), determine Shimura varieties Yaspin — Yso-
These are Eg-stacks of dimension 0, but we instead view them as stacks over Spec(Q),
so that there is a commutative diagram

(4.4.7) Yaspin — Yso

|

Maspin — Mso.

Assume that the compact open subgroup Kgo acts trivially on the quotient L'/L.
For every form f € Hy_, (@), one can find in [8, Theorem 3.2| the construction of a
divisor Zgspin(f) on Mgspin, along with a Green function @ggpin( f) for that divisor,

constructed as a regularized theta lift. Up to change of notation, [8, Theorem 1.1]
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asserts that

(4.4.8)
OGEm(fy) 4 a(m, p)c; (=m, p)
n in\J) ’ )
P a— T = = (B().6(Dpal _t DL 1o :
g(}( GSpm) YEYaspin(C) | ut(y)| S m>0 ( aXE)
peL'/L

where the coefficients a(m) € St are defined by

a(m) = Z arp(a)

OLEF+
Trp/q(a)=m

if m > 0, and by a(0) = ar(0).

It is not difficult to see, directly from the constructions, that both the divisor
Zgspin(f) and the Green function @ggpin (f) descend to the quotient Mgo. If we call
these descents Zgo(f) and ©¢5(f), it is a formal consequence of the commutativity of
(4.4.7) that the equality (4.4.8) continues to hold if all subscripts GSpin are replaced
by SO.

Moreover, suppose that our form f € Hy_,(wy) is invariant under the action of the
finite group A of §2.4, as is true for the form f,, of (2.5.1). In this case one can see,
directly from the definitions, that the divisor Zso(f) and the Green function O¢5(f)
descend to the orthogonal Shimura variety determined by the maximal compact open
subgroup

Kso ={g €SO(V)(Ay) : gL = L}.

From now on we fix this choice of Kgo.
Specializing (4.4.8) to the form f = f,,, and using the formula for a(0) = ar(0)
found in Proposition 4.3.3, we obtain

n reg -
S QsoUm) _ 9 g g )pal

degc(Yso) Vo) |Aut(y)| ds
a(m,0) AN(0,xp)
4.4.9 — 2 _9¢F (0,0)  — 2222
(449) T 20w 200 K0, xp)

As in [6, §2.1], our group G C GU(Wy) x GU(W) acts on V in a natural way,
defining a homomorphism G — SO(V). On the other hand, Remark 4.1.1 shows
that Thig = Resg/oGm X Tso, and projection to the second factor defines a morphism
Thig — Tso. We obtain morphisms of Shimura data

(Thig, {hbig}) — (T50,{hso})

J |

(Ga D) —_— (SO(V)’ DSO)7
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which induce morphisms of k-stacks
Yoig/k — Yso/k
Skra/k — Mso/k-

The Green function ©™%(f,,) on Skra/k defined in [6, §7.2] is simply the pullback

of the Green function ©g5(fm) via the bottom horizontal arrow. It follows easily that
n O55(fm)y) _  n SR EI)
dege(Vso) , 2=~ IAutly)| ~ decOg) | 2~ TAut(y)]
and comparison with (4.4.9) completes the proof of Proposition 4.4.6. O

Proof of Theorem 4.4.1. — Combining the decomposition (4.4.5) with Proposi-
tion 4.4.5 shows that

> nlog(N(p)) Z length(O,) > —ar(a,0)

d ; Aut A0, ’

pCOk e8c(Vbis) YE(ZLE (M) NVbig) (F3') [Aut(y) a€Fy (0.xe)
Trr/g(a)=m

Plugging this formula and the archimedean calculation of Proposition 4.4.6 into (4.4.1)

leaves
n- [é(fm) :ybig] + A/(O,XE) d
= -2 0,0). —————~ - —(E
deg@(ybig) cfm( ,0) A0, xE) ds< (3)’§(fm)>Pet|s=07
as desired. ]
4.5. The proof of Theorem B. — We now use Theorem 4.4.1 to prove a special case

of Theorem D, and then prove Theorem B. We assume n > 3.
Recall the differential operator

é. : H2—n(wL) - Sn(wL)
of §2.4. Its kernel is the subspace
M;_,(w) C Hyn(wr)

of weakly holomorphic forms.

Lemma 4.5.1. — In the notation of §2.4, there exists a A-invariant form f € M}, (wr)
such that c}"(O, 0) # 0, and

Z(f) +c£(0,0) - 254, (0) = 0.
Proof. — Denote by
85 (Co(D), xp) € Mj_,,(To(D), x)
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the subspace of forms that vanish at all cusps other than co, and choose any form

fo(r) =Y co(m) g™ € S5%,(To(D), x%)

meZ
m>>—00

such that ¢g(0) # 0. The existence of such a form can be proved as in [4, Lemma 4.11].
As in (2.3.2) there is an induced form

= Y (ol M) w0 € My, (i),
Y€ETo(D)\SL2(2)
which we claim has the desired properties.
Indeed, the proof of Proposition 2.5.1 shows that c;{(0,0) = ¢0(0), and that
f =23 ms0c(—=m) fm. In particular,
~ ~ ~1
Z(f) =Y co(=m) - Zii(m) € Che(Sira)-
m>0
Given any modular form

g(r) = d(m)- g™ € Mn(D,x),

m>0

summing the residues of the meromorphic form fo(7)g(7)dr on Xo(D)(C) shows that
Z co(—m) - d(m) = 0.
m>0

Thus the modularity of the generating series (1.1.2) implies the second equality in

(45.1) Z(f) +eol0) - Zi(0) = Y co(—m) - Zig, (m) = 0. 0

m>0
We can now prove Theorem D under some additional hypotheses. These hypotheses

will be removed in §5.

Theorem 4.5.2. — If the discriminants of k/Q and F/Q are odd and relatively prime,
then

A'(0,xE)

A(O, XE) .

Proof. — If we choose f as in Lemma 4.5.1 then £(f) = 0, and so Theorem 4.4.1
simplifies to

N —2
[@ : Vhig] = . degc(Mbig) -

Ztt (0) : Voig] A0, xg)
—net 0,0 .[Ml—lg_|_20+ 0,0) - —222 — .
700 g ) 2O K0 k0
An application of Proposition 4.2.11 completes the proof. O

The following is Theorem B in the introduction.
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Theorem 4.5.3. — Assume that the discriminants of k/Q and F/Q are odd and rel-
atively prime, and let g € S, (To(D),x™) and § € Sp(@r) be related by (2.3.2). The
central derivative of the Petersson inner product (4.3.4) is related to the arithmetic
theta lift (1.1.3) by

~

[0(9) : Voig] = %1 - dege(Vhig) - da

AB(),9)ra],_,;

Proof. — If we choose f as in Proposition 2.5.1, then £(f) = g and
[0(9) : Voig] = [Z(f) : Voig] + ¢5(0,0) - [Z5(0) = Poig]-
Proposition 4.2.11 and Theorem 4.5.2 allow us to rewrite this as
[0(9) : Voig) = [Z(f) : Voig) — ¢£(0,0) - [@ : Vhig]

= [g(f) : ybig] + % -c}‘(070) . deg(C(ybig) . M

A(Oa XE) 7

and comparison with Theorem 4.4.1 completes the proof. O

5. Faltings heights of CM abelian varieties

In §5 we assume n > 2, and study Theorems C and D of the introduction. As in
§1.3, let F' be a totally real field of degree n, set

E=k®qkF,
and let ® C Hom(E, C) be a CM type of signature (n—1,1). We fix a triple (ag,a,ig)
as in §4.2.

5.1. Some metrized line bundles. — By virtue of the inclusion (1.1.1), there is a uni-
versal pair (Ag, A) over Sk consisting of an elliptic curve my : Ag — Skra and an
abelian scheme 7 : A — Sk;, of dimension n.

Endowing the Lie algebras of Ay and A with their Faltings (a.k.a. Hodge) metrics
gives rise to metrized line bundles

Lie(Ap) € Pic(Skra),  det(Lie(A)) € Pic(Skra)-
A vector 7 in the fiber
det(Lie(4,)) ' = \"FillHig(4,) ¢ \" Hin(4,)

at a complex point s € Sk;a(C) has norm

(5.1.1) =]/ wam|
A5(C)

The metric on Lie(Ay) is defined similarly.
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We now recall some notation from [6, §1.8]. Fix a 7 € O such that O = Z + Z.
If S is any Og-scheme, define
(5.1.2) es=m®1—-1Rig5(T) € Ok 7 Og
Es=TTR1—-18ig(T) € O ®z Og,

where ig : O — Og is the structure map. We usually just write € and €, when the
scheme S is clear from context.

Remark 5.1.1. — If N is an Ok ®z Og-module then N/EN is the maximal quotient
of N on which Oy acts through the structure morphism ig : O — Og, and N/eN is
the maximal quotient on which O acts through the conjugate of the structure mor-
phism. If D € OF then

N =eN &N,
and the summands are the maximal submodules on which O acts through the struc-

ture morphism and its conjugate, respectively.

As in [6, §2.2], the relative de Rham homology H{®(A) is a rank 2n vector bundle
on Sk, endowed with an action of O induced from that on A. In fact, it is locally
free of rank n as an Ok ®z Os,,,-module, and

V = H{®(A)/zH{™(4)

is a rank n vector bundle. We make det()V) into a metrized line bundle by declaring
that a local section n of its inverse

det(V) "' = N\ " eHlp(4) € Hin(A)

has norm (5.1.1) at a complex point s € Skra(C).

As the exceptional divisor Exc C Skya of [6, §2.3] is supported in characteristics
dividing D, the line bundle O(Exc) is canonically trivial in the generic fiber. We
endow it with the trivial metric. That is to say, the constant function 1, viewed as a
section of O(Exc), has norm ||1]? = 1.

Recall that the line bundle w of [6, §2.4] was endowed with a metric in [6, §7.2],
defining

® € Pic(Skra)-
For any positive real number ¢, denote by
O/c) € Pic(Skra)

the trivial bundle Og,,, endowed with the constant metric ||1||* = c.

Proposition 5.1.2. — There is an isomorphism
0812’ D™1)®? © 4% @ det(Lie(A4)) ® Lie(4o)®? = O(Exc) ® det(V)

of metrized line bundles on Sk;a.
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Proof. — In [6, §2.4] we defined a line bundle Q;, on Skra by
Q.o = det(Lie(A)) ™! @ Lie(A49)® 2 ® det(V),
and in [6, Theorem 2.6.3] we constructed an isomorphism
0®% 2 Q.. ® O(Exc).
This defines the desired isomorphism
(5.1.3) 0®? ® det(Lie(A)) ® Lie(A4y)®? = O(Exc) ® det(V)
on underlying line bundles, and it remains to compare the metrics.

In the complex fiber this can be made more explicit. At any complex point
8 € Skra(C) the Hodge short exact sequence admits a canonical splitting

H{*(A,) = F°(A,) @ Lie(A,),
where FO(A,) = Fil’H{®(A,) is the nontrivial step in the Hodge filtration. When
combined with the decomposition of Remark 5.1.1 we obtain
HR(A,) = eF(A,) ®EF°(A,) @ cLie(A,) @ ELie(A,),

where the subscripts indicate the dimensions as C-vector spaces. There is a similar
decomposition

H?R(AOS) = EFO(AOS) @gFO(AOS) éBsLie(Aos) EB?Lie(AOS) .
—_— Y Y Y

Denote by
(5.1.4) ¥ HR(A,) x HR(A,) — C

the alternating pairing determined by the principal polarization on A;. The two direct
summands

eFY(A,) @ ELie(A,) C HIR(A,)
are interchanged by complex conjugation. We endow both e F°(A,) and ZLie(A;) with
the metric

(b, b)

.1. 2 =

(5.15) oz = |52,

so that the pairing

(5.1.6) Y eFY(A,) ® ELie(A,) — O(4r?) ;!

is an isometry.
For a,b € gLie(A,), define pagy : eF°(A,) — ELie(A4,) by

(5.1.7) Dasp(€e) = ¥(ga,e) - b = —D(a,e) - b.

The factor of —D comes from the observation that € acts on Lie(A;) as v —D,
where the sign depends on the choice of 7 used in (5.1.2).
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We now define P,gp by the commutativity of

Pa®b

(5.1.8) det(Vy) det(Lie(Asy))
eF%(A,) ® det(eLie(Ay)) P gLie(As) ® det(eLie(Ay)).

This defines the isomorphism

(5.1.9) (ELie(A,))®* £ Hom (det(V,), det(Lie(4,)))

of [6, Lemma 2.4.5].

Lemma 5.1.3. — The isomorphism (5.1.9) defines an isometry
det(V,) = O(2rD~ )% @ (eF°(A,))®? @ det(Lie(As)).

Proof. — Fix an isomorphism A>" Hy(A4(C),Z) = Z and extend it to a C-linear
isomorphism

vol/\H Ag) = C.

Under the de Rham comparison isomorphism H;(4,(C),C) = H{R(A,), the pair-
ing (5.1.4) restricts to a perfect pairing

¥ H1(As(C),Z) x H1(As(C),Z) — 2miZ.
It follows that there is a unique element ¥ = a A 8 € A* Hy(A4,(C),Z) such that
2me - ¢(a7 b) = 1/}(0% a)w(ﬂv b) - TP(O% b)w(ﬂa CL)
for all a,b € Hi(As ((C) Z). The map

(N @) (A mas©.2) -

defined by a ® b — vol(¥ A a A b) is a perfect pairing of Z-modules.
We now metrize the line

det(eLie(Ay)) C /\ EHfR (Ay)

by ||ul|? = |[vol(¥ A u A )|. With this definition, the vertical arrows in (5.1.8) are
isometries.
Using (5.1.6) and (5.1.7), one sees that the map

Pagy € Hom(F(A,),zLie(A,))

satisfies ||pags|| = 27D - ||a ® b|, and hence also || Pygp|| = 27D - ||a ® b||. This proves
that the isomorphism P defines an isometry

027 D)¥? ® (gLie(A,))®? = Hom (det(V;), det(Lie(Ay))).
The isomorphism (5.1.6) allows us to rewrite this as

det(V,) = 021D 1)®% @ (eF°(A,))®? ® det(Lie(A4,)). O
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The proof of [6, Proposition 2.4.2] gives an isomorphism
(5.1.10) ws = Hom(Lie(Ays),eF°(A,)) C Ve,

where
V = HOI’Ilk (H1 (A(]s ((C), Q), Hl (As((C), Q)) .

Asin [6, §2.1], there is a Q-bilinear form [.,.] : VXV — Q induced by the polarizations
on Aps and A,. If we extend this to a C-bilinear form on

VC = HOHIk@C (H?R(AOS)a HfR(AS))
then the metric on w; is defined, as in [6, §7.2], by

[z, 7]|

2 _
lal? = 2

for any = € Hom(Lie(Aqs),eF°(Ay)).

On the other hand, we have defined the Faltings metric on Lie(Ags), and defined a
metric on eF°(A,) by (5.1.5). The following lemma shows that (5.1.10) respects the
metrics, up to scaling by a factor of 47we”.

Lemma 5.1.4. — The isomorphism (5.1.10) defines an isometry
O{4ne"), ® @, = Hom(Lie(Aos),cF°(4,)).
Proof. — The alternating form
Yo : Hi R (Ags) x H{*(Ags) — C
analogous to (5.1.4) restricts to a perfect pairing
Yo : H1(Aps(C),Z) x H1(Aps(C),Z) — 2miZ,
and hence the Faltings metric on Lie(Aqs) = eH{®(Aos) is
lall* = (2m)~ 4o (a, @)l
From the definition of the bilinear form on V', one can show that
[z,Z] - Yo(a,a) = Y(za, Ta)
for all z € eV¢. Comparing with the metric on e F°(A;) shows that
dme” - |z - [lal|* = (2m) 7" - [¢(za, 7@)| = ||zal?,
for all z € w, and a € Lie(Aps), as claimed. O
The two lemmas provide us with isometries
det(Vs) =2 027D H%? @ (e F°(A4))®? ® det(Lie(Ay))
~ 0872’ D)%% @ 622 ® Lie(Ags)®? det(Lie(A,))

and the composition agrees with the isomorphism (5.1.3). This completes the proof
of Proposition 5.1.2. O
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Recall the big CM cycle 7 : Ypig — Sk, of Definition 4.2.6. All of the metrized
line bundles on Sk;, appearing in Proposition 5.1.2 can be extended to the toroidal
compactification Sf,, (with possible log-singularities along the boundary) so as to
define classes in the codimension one arithmetic Chow group. However, we don’t
actually need this. Indeed, we can define a homomorphism

[— : )ibig] : f)i\C(SKra) ad R
as the composition
=~ ™ == =1 deg
Pic(Skra) —— Pic(Vbig) = Ch (Vhig) —> R.
As the big CM cycle does not meet the boundary of the toroidal compactification,
the composition

—:Vbig]
-

—~1 o~ o~
Ch' (Si,,) & Pie(Sk.,) — Pie(Skr) R

agrees with the arithmetic degree along i, of Definition 4.2.6.

Remark 5.1.5. — Directly from the definitions, and recalling Remark 2.2.7, the
metrized line bundle O{c) satisfies

[O6e) : oigl = D —log |[1]|* = —log(c) - degc(Vhig).

YEVbig (C)

5.2. The Faltings height. — Recall from §4.2 the moduli stack CMg¢ of abelian vari-
eties over Og-schemes with complex multiplication by Og and CM type ®.

Suppose A € CMg(C). Choose a model of A over a number field L C C large
enough that the Néron model = : A — Spec(Op) has everywhere good reduction.
Pick a nonzero rational section s of the line bundle W*Qi{ﬁéf) on Spec(Or), and
define

1 __
! v
Q[L@] o:L—C Og|/a(c)s ’ |

RES(4,5) =

and

REA (A, 5) = o ordy,(s) - log N(p).
! [L: Q) pc% ’

By a result of Colmez [12], the Faltings height
hiEie) = B (4, 5) + hid"(4,5)
depends only on the pair (E, ®).
Proposition 5.2.1. — The arithmetic degree of Lie(A) along Vuig satisfies
[det(Lie(A)) : Voig] = —2 degc(Voig) - h(p-5)-
Similarly, recalling the Faltings height hE** of (1.4.1),
[Lie(Ao) : Voig) = —2degc(Vbig) - hie™".
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Proof. — Suppose we are given a morphism y : Spec(Or) — pig for some finite
extension L/Eg. The restriction of A to O has complex multiplication by O and
CM type ®, and comparing the definition of the Faltings height with the definition
of d/ch found in [19, §3.1], shows that the composition

~ o —~1 y* —~1 gé\g
Pic(Skra) — Ch (Ybig) — Ch (Spec(Or)) — R
sends Lie(A) ™" to [L: Q] A%
We may choose L in such a way that the Og-stack
ybig X Spec(Os) SpeC(OL)

admits a finite étale cover by a disjoint union Yi;; = | |Spec(Oy) of, say, m copies
of Spec(OL), and then

[Lie(4) : Yoig] _ [Lie(4) : Yosg] _ L Q- hEs) e
dege(Dbig)  degc(Yhig) mL : k] (=
This proves the first equality, and the proof of the second is similar. O

5.3. Gross’s trick. — The goal of §5.3 is to compute the degree of the metrized line
bundle det(V) along the big CM cycle. The impatient reader may skip directly to
Proposition 5.3.6 for the answer. However, the strategy of the calculation is simple
enough that we can explain it in a few sentences.

It is an observation of Gross [14] that the metrized line bundle det()) behaves, for
all practical purposes, like the trivial bundle Og,,, endowed with the constant metric
|1]]? = exp(—c) for a certain period c. This is made more precise in Theorem 5.3.1 and
Corollary 5.3.2 below. A priori, the constant ¢ is something mysterious, but one can
evaluate it by computing the degree of det(V) along any codimension n — 1 cycle that
one chooses. We choose a cycle along which the universal abelian scheme A — Sk;a
degenerates to a product of CM elliptic curves. Using this, one can express the value
of ¢ in terms of the Faltings height hf*'* appearing in (1.4.1). The degree of det())
along My, is readily computed from this.

To carry out this procedure, the first step is to construct a cover of Sk.a(C) over
which the line bundle det(V) can be trivialized analytically. Fix a positive integer m,
let K(m) C K be the compact open subgroup of [6, Remark 2.2.3], and consider the
finite étale cover

Sh (m) (G, D)(C) == G(Q)\D x G(Ay)/K(m)
Sh(G, D)(C) == G(Q)\D x G(Af)/K.

This cover has a moduli interpretation, exactly as with Sk, itself, but with addi-
tional level m structure. This allows us to construct a regular integral model Skya(m)
over O[1/m] of Shi () (G, D), along with a finite étale morphism

Skra(m) = Skrajoy[1/m)-
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We use the notation det(V) for both the metrized line bundle on Sk;,, and for its
pullback to Skya(m).
The following results extends a theorem of Gross [14, Theorem 1] to integral models.

Theorem 5.3.1. — Suppose m > 3, let Z#'® C C be the subring of all algebraic integers,
and fix a connected component

CcC SKra (m)/Zalg[l/m] .
The line bundle det(V) admits a nowhere vanishing section
n € H°(C,det(V)).

Such a section is unique up to scaling by Z¥8[1/m]*, and its norm ||n||? is constant

on C(C).
Proof. — For some g € G(Ay) we have a complex uniformization

T\D 2259, ¢(C) € Sh(m) (G, D)(C),

where I' = G(Q) N gK(m)g~!, and under this uniformization the total space of the
vector bundle det(V) is isomorphic to I'\(D x C), where the action of I on C is via
the composition
T c G(Q) — GL(W) <% k> c C*.
The compact open subgroup K(m) is constructed in such a way that there is a
Og-lattice ga C W (k) stabilized by T, and such that T acts trivially on ga/mga. This
implies that the above composition actually takes values in the subgroup

{€eOrf: (=1 (mod mOy)},

which is trivial by our assumption that m > 3. In other words, the vector bundle
det(V) becomes (non-canonically) trivial after restriction to X'(C). In fact, the ar-
gument of [14, Theorem 1| shows that one can find a trivializing section n that is
algebraic and defined over Q*# C C, and that such a section is unique up to scaling
by (Q*2)* and has constant norm ||5]|2.

All that remains to show is that  may be chosen so that it extends to a nowhere
vanishing section over Z*#[1/m]. The key is to recall from [6, §2.3] that Sh(G, D) has
a second integral model Sp,, over O, which is normal with geometrically normal
fibers. It is related to the first by a surjective morphism Skra — Spap, Which restricts
to an isomorphism over Og[1/D]. It has a moduli interpretation very similar to that
of Skra, which allows us to do two things. First, there is a canonical descent of the
vector bundle V to Spap, defined again by V = H{R®(A)/zH{F(A), but where now
(Ao, A) is the universal pair over Sp,p. Second, we can add level K (m) structure to
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obtain a cartesian diagram

SKra(m) — SKT&/Ok [1/m]

| |

SPap(m) E— SPaP/Ok[l/m]

of Og[1/m]-stacks with étale horizontal arrows.
In particular, Spap(m) is normal with geometrically normal fibers, from which it
follows that the above diagram extends to

C —— Skra(m) z08[1 /m] — SKra/z#5[1/m]

| |

B —— Spap(m) /zeis[1/m] — Spap,ze12[1/m]

for some connected component B C Spap(m) /za1s(1 /) With irreducible fibers.

Now fix a number field L C C containing k large enough that the section n and
the components C and B are defined over Of[1/m]. Viewing 7 as a rational section of
the line bundle det(V) on B, its divisor is a finite sum of vertical fibers of B, and so
there is a fractional Or[1/m]-ideal b C L such that

div(n) = Zordq(b) - By,
qle

where B, is the mod q fiber of J. By enlarging L we may assume that b is principal,
and hence 1 can be rescaled by an element of L* to have trivial divisor on B. But
then 7 also has trivial divisor on C, as desired. O

Corollary 5.3.2. — Let A C Skia be a connected component. There is a constant
¢ =cy € R with the following property: for any finite extension L/k and any mor-
phism Spec(Or) — A, the image of det(V) under

(5.3.1) Pic(Skra) — Pic(A) — Pic(Spec(Oy)) <& R

is equal to ¢ [L : k].

Proof. — Fix an integer m > 3. The open and closed substack
A(m) = A Xsy.. Skra(m)

of Skra(m), may be disconnected, so we fix one of its connected components A(m)° C
A(m). This is an O[1/m]-stack, which may become disconnected after base change
to Z*8[1/m]. Fix one connected component

C C A(m) a1 /m]
and let n € H°(C,det()V)) be a trivializing section as in Theorem 5.3.1.
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Choose a finite Galois extension M/k contained in C, large enough that C and 7
are defined over Ojs[1/m]. For each o € Gal(M/k) we obtain a trivializing section

n° € H°(C?,det(V)),

which, by Theorem 5.3.1, has constant norm ||77].
Let R(m) be the quotient of R by the Q-span of {log(p) : p | m}, and define

—1
c(m) = log |n°]1* € R(m).
R

This is independent of the choice of M, and also independent of 1 by the uniqueness
claim of Theorem 5.3.1. Moreover, for any number field L/k and any morphism

Spec(Or[1/m]) — A(m)°,
the image of det(V) under

Ble(A(m)®) — Bic(Spec(Ox[1/m])) 2 R(m)

is equal to ¢(m) - [L : k.
Now suppose we are given some Spec(Or) — A as in the statement of the corollary.
After possible enlarging L, this morphism admits a lift

Spec(OL[1/m]) —— A0, [1/m);

and from this it is easy to see that the image of det()V) under the composition of
(5.3.1) with R — R(m) is equal to ¢(m) - [L : k].

In particular, the image of det()) under the composition of (5.3.1) with the diag-
onal embedding

R— [] R(m)
m>3

is equal to the tuple of constants c(m) - [L : Q]. What this proves is that there is a
unique ¢ € R whose image under the diagonal embedding is the tuple of constants
¢(m), and that this is the ¢ we seek. O

Proposition 5.3.3. — The constant ¢ = c4 of Corollary 5.3.2 is independent of A, and
is equal to

c = (4 —2n)h™" +log(472 D),
where L2 is the Faltings height (1.4.1).
Proof. — Recall that we have fixed a triple (ag,a,ig) as in §4.2. Fix a g € G(Ay) in
such a way that the map

D 2259, gh (@, D)(C)
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factors through A(C), and a decomposition of Og-modules
ga=a; S D ay,
in which each a; is projective of rank 1. Define elliptic curves over the complex numbers
by
A;i(C) = ga;\aic/Eaic
for 0 < i < n, and
A, (C) = gap\anc/eanc.

Endow the abelian variety A = A; X --- x A, with the diagonal action of O, and
the principal polarization induced by the perfect symplectic form on ga, as in the proof
of [6, Proposition 2.2.1]. The pair (Ag, A) then corresponds to a point (2, g) € A(C).

As each A; has complex multiplication by Ok, we may choose a number field L con-
taining k over which all of these elliptic curves are defined and have everywhere good
reduction. If we denote again by Ao, ..., A, and A the Néron models over Spec(Oy,),
the pair (Ap, A) determines a morphism

Spec(Or) — A C Skra-
The pullback of V to Spec(Op,) is the rank n vector bundle

V|Spec((’)L) EVIO- DV,

where V; = HIR(A;)/H{R(A;). We endow V; ' = eH1p (A;) with the metric (5.1.1),
so that
det(V)|SpeC(OL) 2V,
is an isomorphism of metrized line bundles.
The following two lemmas relate the images of Vy,...,V, under the arithmetic

degree

p—

(5.3.2) Pic(Spec(01)) <& R
to the Faltings height hj>!t.
Lemma 5.3.4. — For 1 < i < n, the arithmetic degree (5.3.1180equation.5.3.12 sends
Vi —[L: Q] - k2,
Proof. — The action of O, on Lie(A;) is through the inclusion O — Op, and hence,
as in [6, Remark 2.3.5], the quotient map
H{®(A4;) — Lie(4;)

descends to an isomorphism of line bundles V; = Lie(A;). If we endow Lie(4;)~! with
the Faltings metric (5.1.1) then this isomorphism respects the metrics, and the claim
follows as in the proof of Proposition 5.2.1. O

Lemma 5.3.5. — The arithmetic degree (5.3.1180equation.5.3.12 sends

Vo [L:Q] - (Rt — %log(élsz)).
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Proof. — The action of O on Lie(A;) is through the complex conjugate of the in-
clusion O — Op, from which it follows that the Hodge short exact sequence takes
the form

0— FO(4,) — H®(A,) — Lie(A,) ———— 0

0 —— eH{R(Ag) —— HIR(A,) —— HIR(A,)/eHIR(4,) —— 0.

In particular, the endomorphism e on H{F(A,) descends to an isomorphism
V, &2 FO(A,).

Let

Yo HIR(A,) @ HR(A,) — O,
be the perfect pairing induced by the principal polarization on A,,, and define a second
pairing ¥(z,y) = ¥, (ex,y). It follows from the previous paragraph that this descends
to a perfect pairing
U:V, ®Lie(4,) 2 Oy.

However, if we endow Lie(A,)~! with the Faltings metric (5.1.1), then this pairing is
not a duality between metrized line bundles.

Instead, an argument as in the proof of Proposition 5.1.2 shows that

1
V:V, ®Lie(d,) =20 <>
ie(4n) g 21V D

is an isomorphism of metrized line bundles. With this isomorphism in hand, the
remainder of the proof is exactly as in the previous lemma. O

The two lemmas show that the image of det(V) under (5.3.1) is
—~ Falt _ 1 2
> deg(V) = [L: Q- ((2—n) - ™ - S log(4n°D) )
i=1

as claimed. This completes the proof of Proposition 5.3.3. O
Proposition 5.3.6. — The metrized line bundle det(V) satisfies

[det(V) : Vhig] = degc(Vrig) - (4 — 2) B + log(4n2D) ).

Proof. — As in the proof of Proposition 5.2.1, we may fix a finite extension L/FEg
and a finite étale cover Yiiz = | |Spec(Op) of the Op-stack
ybig XSpeC(Oq>) SpeC(OL)
by, say, m copies of Spec(Oyr). Corollary 5.3.2 then implies
[det(V) : Viig] _ [det(V) : Yiig] _cm- (L : K]
degc(Vbig) degc(Ybig) m - [L : k]
Appealing to the evaluation of the constant ¢ found in Proposition 5.3.3 completes
the proof. O
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5.4. Theorems C and D. — We can now put everything together, and relate the arith-

metic degree of & along Yy, to the Faltings height h?g{fb).

Proposition 5.4.1. — The metrized line bundle @ satisfies
[@ : Vhig] _ pFalt n—4 ) A'(0, X&)
dege(Voig) P 7 2 A0, xk)
Proof. — Proposition 5.1.2 shows that
2-[0(87%e"D™1) ® @ : Vhig] + [det(Lie(A)) : Vbig) + 2 - [Lie(Ap) : Vhig]
= [O(Exc) : Vpig] + [det(V) : Voig]-
Proposition 5.2.1 and Remark 5.1.5 imply that the left hand side is equal to
2 [® : Voig) — 2dege(Voig) - (1og(87r2em*1) +h{pe +2- hgalt) ,
while Proposition 5.3.6 shows that the right hand side is equal to
2degc(Voig) - ((2 — n)hp™'* + log(2nD)).
Note that we have used here the equality
[O(Exc) : Voig] = [(Exc,0) : Vhig] = dege(Vbig) - log(D).

from the proof of Proposition 4.2.11.
Combining these formulas yields

+ glog(167r3e'y).

[@ : Prig] Falt Falt 3
=h/2% + (4 —n)h >’ + log(167°e"),
degc(ybig) (E,®) ( ) k g( )
and substituting the value (1.4.1) for hf*!* completes the proof. O

It is clear from Proposition 5.4.1 that Theorems C and Theorem D are equivalent.
As Theorem C is proved in [29], this completes the proof of Theorem D.

On the other hand, we proved Theorem D in §4.5 under the assumption that n > 3
and the discriminants of k and F are odd and relatively prime, and so this gives a
new proof of Theorem C under these hypotheses.
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ARITHMETIC OF BORCHERDS PRODUCTS

by

Benjamin Howard & Keerthi Madapusi Pera

Abstract. — We compute the divisors of Borcherds products on integral models of
orthogonal Shimura varieties. As an application, we obtain an integral version of a
theorem of Borcherds on the modularity of a generating series of special divisors.

Résumé (Arithmétique des produits de Borcherds). — Nous calculons les diviseurs des
produits de Borcherds sur des modéles intégraux de variétés de Shimura orthogonales.
Comme application, nous obtenons une version intégrale d’un théoréme de Borcherds
sur la modularité d’une série génératrice de diviseurs spéciaux.

1. Introduction

In the series of papers [4, 5, 6], Borcherds introduced a family of meromorphic
modular forms on orthogonal Shimura varieties, whose zeroes and poles are prescribed
linear combinations of special divisors arising from embeddings of smaller orthogonal
Shimura varieties. These meromorphic modular forms are the Borcherds products of
the title.

After work of Kisin [31] on integral models of general Hodge and abelian type
Shimura varieties, the theory of integral models of orthogonal Shimura varieties and
their special divisors was developed further in [26, 27] and [39, 1, 2].

The goal of this paper is to combine the above theories to compute the divisor
of a Borcherds product on the integral model of an orthogonal Shimura variety. We
show that such a divisor is given as a prescribed linear combination of special divisors,
exactly as in the generic fiber.
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The first such results were obtained by Bruinier, Burgos Gil, and Kiihn [9], who
worked on Hilbert modular surfaces (a special type of signature (2,2) orthogonal
Shimura variety). Those results were later extended to more general orthogonal
Shimura varieties by Hormann [26, 27], but with some restrictions.

Our results extend Hérmann’s, but with substantially weaker hypotheses. For ex-
ample, our results include cases where the integral model is not smooth, cases where
the divisors in question may have irreducible components supported in nonzero char-
acteristics, and even cases where the Shimura variety is compact (so that one has no
theory of g-expansions with which to analyze the arithmetic properties of Borcherds
products).

1.1. Orthogonal Shimura varieties. — Given an integer n > 1 and a quadratic space
(V,Q) over Q of signature (n,2), one can construct a Shimura datum (G,D) with
reflex field Q.

The group G = GSpin(V) is a subgroup of the group of units in the Clifford algebra
C(V), and sits in a short exact sequence

1-G,, - G—-SO(V) - 1.
The hermitian symmetric domain is
D={z€V:[z2]=0,z7z] < 0}/C* C P(V¢),
where the bilinear form
(1.1.1) [z,9] = Q(z +y) — Q) — Q(y)

on V has been extended C-bilinearly to V.
To define a Shimura variety, fix a Z-lattice V C V on which the quadratic form is
Z-valued, and a compact open subgroup K C G(Ay) such that

(1.1.2) K C G(hs)NC(V5)*.

Here C'(V3) is the Clifford algebra of the 2—quadratic space V5 = V2,®Z. The canonical
model of the complex orbifold

Shx (G,D)(C) = G(Q)\(P x G(Ay)/K)
is a smooth n-dimensional Deligne-Mumford stack
Shk (G, D) — Spec(Q).

As in work of Kudla [32, 34|, our Shimura variety carries a family of effective Cartier
divisors

Z(m,pu) — Shg(G,D)
indexed by positive m € Q and p € V' /Vz, and a metrized line bundle

® € Pic(Shx (G, D))
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of weight one modular forms. Under the complex uniformization of the Shimura va-
riety, this line bundle pulls back to the tautological bundle on D, with the metric
defined by (4.2.3).

We say that V7 is mazimal if there is no proper superlattice in V' on which @ takes
integer values, and is mazimal at p if the Z,-quadratic space Vz, = V7 ® Z, has the
analogous property. It is clear that V7 is maximal at every prime not dividing the
discriminant [V, : V7].

Let © be a finite set of rational primes containing all primes at which V7 is not
maximal, and abbreviate

Za=7|1/p:p e Q).
Assume that (1.1.2) factors as K = ][, K, in such a way that
Ky =G(Q) NC(Vz,)"
for every prime p € Q. For such K there is a flat and normal integral model
Sk (G, D) — Spec(Zq)

of Shi (G, D). It is a Deligne-Mumford stack of finite type over Zq, and is a scheme
if K is sufficiently small. At any prime p ¢ (), it satisfies the following properties:

1. If the lattice V7 is self-dual at a prime p (or even almost self-dual in the sense
of Definition 6.1.1) then the restriction of the integral model to Spec(Zy)) is
smooth.

2. If pis odd and p? does not divide the discriminant [V}’ : V], then the restriction
of the integral model to Spec(Zy)) is regular.

3. If n > 6 then the reduction mod p is geometrically normal.

The integral model carries over it a metrized line bundle
® € Pic(Sk (G, D))

of weight one modular forms, extending the one already available in the generic fiber,
and a family of effective Cartier divisors

Z(m,pu) — Sk (G, D)

indexed by positive m € Q and p € V) / V5.

Remark 1.1.1. — If V7 is itself maximal, one can take Q = (), choose
K = G(A7) N C(V3)"

for the level subgroup, and obtain an integral model of Shx (G, D) over Z.
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1.2. Borcherds products. — In §5.1, we recall the Weil representation
pv, : SLa(Z) — Autc(Sv;)
of the metaplectic double cover of SLy(Z) on the C-vector space
Sy, = C[Vy [ V).
Any weakly holomorphic form

F = 3 em)-q™ € Mi_y (By,)

meQ
m>—0o0

valued in the complex-conjugate representation has Fourier coefficients
¢(m) € Sy,

and we denote by ¢(m, ) the value of ¢(m) at the coset u € VY /V. Fix such an f,
assume that f is integral in the sense that c¢(m, u) € Z for all m and p.

Using the theory of regularized theta lifts, Borcherds [5] constructs a Green function
Or°e( f) for the analytic divisor

(12.1) S e(—mop) - Z(m, 1)(C)
m>0
neVy /vy
on Shk (G, D)(C), and shows (after possibly replacing f by a suitable multiple) that
some power of w?** admits a meromorphic section v (f) satisfying

(1.2.2) —2log [[9(f)l = ©™5(f).

This implies that the divisor of 9 (f) is (1.2.1). These meromorphic sections are the
Borcherds products of the title.

Our main result, stated in the text as Theorem 9.1.1, asserts that the Borcherds
product 9 (f) is algebraic, defined over Q, and has the expected divisor when viewed
as a rational section over the integral model.

Theorem A. — After possibly replacing f by a positive integer multiple, there is a
rational section (f) of the line bundle w*(®% on Sk (G, D) whose norm under the
metric (4.2.3) satisfies (1.2.2), and whose divisor is

div(p(f) = Y e(=m,p)- Z(m,p).
m>0
HGVZ\//VZ

The unspecified positive integer by which one must multiply f can be made at least
somewhat more explicit. For example, it depends only on the lattice V7, and not on
the form f. See the discussion of §9.3.

As noted earlier, similar results can be found in the work of Hérmann [26, 27].
Hoérmann only considers self-dual lattices, so that the corresponding integral model
Sk(G,D) is smooth, and always assumes that the quadratic space V admits an
isotropic line. This allows him to prove the flatness of div(y(f)) by examining the
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g-expansion of ¥(f) at a cusp. As Hérmann’s special divisors Z(m, u), unlike ours,
are defined as the Zariski closures of their generic fibers, the equality of divisors stated
in Theorem A is then a formal consequence of the same equality in the generic fiber.

In contrast, we can prove Theorem A even in cases where the divisors in question
may not be flat, and in cases where V' is anisotropic, so no theory of g-expansions is
available.

The reader may be surprised to learn that even the descent of ¥ (f) to Q was
not previously known in full generality. Indeed, there is a product formula for the
Borcherds product giving its g-expansions at every cusp, and so one should be able
to detect the field of definition of ¥ (f) from a suitable g-expansion principle.

If V is anisotropic then Shg (G, D) is proper over Q, no theory of g-expansions
exists, and the above strategy fails completely. But even when V' is isotropic there is
a serious technical obstruction to this argument. The product formula of Borcherds is
not completely precise, in that the g-expansion of ¢(f) at a given cusp is only specified
up to multiplication by an unknown constant of absolute value 1, and there is no a
priori relation between the different constants at different cusps. These constants are
the x(®) appearing in Proposition 5.4.2.

If Shx (G, D) admits (a toroidal compactification with) a cusp defined over Q there
is no problem: simply rescale the Borcherds product by a constant of absolute value
1 to remove the mysterious constant at that cusp, and now ¢ (f) is defined over Q.
But if Shi (G, D) has no rational cusps, then to prove that ¢ (f) descends to Q one
must compare the g-expansions of ¢(f) at all points in a Galois orbit of cusps. One
can rescale the Borcherds product to trivialize the constant at one cusp, but then one
has no control over the constants at other cusps in the Galois orbit.

Using the g-expansion principle alone, is seems that the best one can prove is
that 9 (f) descends to the minimal field of definition of a cusp. Our strategy to improve
on this is sketched in § 1.4 below.

Remark 1.2.1. — As in the statement and proof of [26, Theorem 10.4.12], there is
an elementary argument using Hilbert’s Theorem 90 that allows one to rescale the
Borcherds product so that it descends to QQ, but in this argument one has no control
over the scaling factor, and it need not have absolute value 1. In particular this
rescaling may destroy the norm relation (1.2.2). Even worse, rescaling by such factors
may introduce unwanted and unknown vertical components into the divisor of the
Borcherds product on the integral model of the Shimura variety, and understanding
what’s happening on the integral model is the central concern of this work.

1.3. Modularity of generating series. — The family of special divisors determines a
family of line bundles

Z(m, p) € Pic(Sk (G, D))
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indexed by positive m € Q and p € V,’/V;. We extend the definition to m = 0 by
setting

o ! ifp=0

Osk(ap) ip#0.

Exactly as in the work of Borcherds [6], Theorem A produces enough relations in

the Picard group to prove the modularity of the generating series of these line bundles.
Let

Z(0,p) = {

$u € Sv, = C[V//Va]

denote the characteristic function of the coset u € V' / V7.

Theorem B. — The formal q-expansion

> Z(mp) @ q"
m>0
peVy /vy

is @ modular form valued in Pic(Sk (G, D)) ® Sy,. More precisely, we have

Z a(Z(mnu'))'qu'qm € Ml-i—%(PVZ)
m>0
neV, /Vy

for any Z-linear map « : Pic(Sk (G, D)) — C.

Theorem B is stated in the text as Theorem 9.4.1. After endowing the special
divisors with Green functions as in [8], we also prove a modularity result in the group
of metrized line bundles. See Theorem 9.5.1.

1.4. Idea of the proof. — We first prove Theorem A assuming that n > 6, and that V7
splits an integral hyperbolic plane. This assumption has three crucial consequences.
First, it guarantees the existence of cusps of Shy (G, D) defined over Q. Second, it
guarantees that our integral model has geometrically normal fibers, so that we may
use the results of [40] to fix a toroidal compactification in such a way that every
irreducible component of every mod p fiber of Sk (G,D) meets a cusp. Finally, it
guarantees the flatness of all special divisors Z(m, u).

As noted above, the existence of cusps over Q allows us to deduce the descent
of ¥(f) to Q using the g-expansion principle. Moreover, by examining the g-expansions
of ¥(f) at the cusps, one can show that its divisor is flat over Zg, and the equality
of divisors in Theorem A then follows from the known equality in the generic fiber.

Remark 1.4.1. — 1In fact, we prove that our divisors are flat over Z as soon as n > 4.
When n € {1,2,3} the orthogonal Shimura varieties and their special divisors can
be interpreted as a moduli space of abelian varieties with additional structure, as in
the work of Kudla-Rapoport [35, 36, 37]. Already in the case of n = 1, Kudla and
Rapoport [37] provide examples in which the special divisors are not flat.
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To understand how to deduce the general case from the special case above, we
first recall how Borcherds constructs ¥(f) in the complex fiber. If V' contains an
isotropic line, the construction boils down to explicitly writing down its g-expansion
as an infinite product. This gives the desired ¥ (f), along with the norm relation
(1.2.2), on the region of convergence. The right hand side of (1.2.2) is a pluriharmonic
function defined on the complement of the support of (1.2.1), and the meromorphic
continuation of 1 (f) follows more-or-less formally from this.

Suppose now that V' is anisotropic. The idea of Borcherds is to fix isometric em-
beddings of V into two (very particular) quadratic spaces V[ and VI of signature
(n + 24,2). From this one can construct morphisms of orthogonal Shimura varieties

Shi (G, D)

(1] -[2]

J

Sh e (GH, D) Shya (G, DR,

As both VI and V[ contain isotropic lines, one already has Borcherds products on
their associated Shimura varieties.
The next step should be to define

(G12) ()
(U= (£0)
for (very particular) weakly holomorphic forms f[!l and f[?I. The problem is that the
quotient on the right hand side is nearly always either 0/0 or co/oco, and so doesn’t
really make sense.

Borcherds gets around this via an analytic construction on the level of hermitian
domains. On the hermitian domain

Dl = {ze Vi [2,2] = 0, [2,7] < 0}/C* c PV,

every irreducible component of every special divisor has the form

Dlil(z) ={zeDll: 2 I z}

(14.1) B(f) =

for some x € V[i], and the dual of the tautological line bundle wpp; on Dl admits a
canonical section
obst3" € HO(D[i],wB[li])

with zero locus DIl (). See the discussion at the beginning of §6.5.

Whenever there is an z € VI such that D ¢ DU (z), Borcherds multiplies ¥ (f1) by
a suitable power of obst?” in order to remove the component DU (z) from div(y(fI).
After modifying both ¢(fM) and ¢ (f1?) in this way, the quotient (1.4.1) is defined.
This process is what Borcherds calls the embedding trick in [5]. As understood by
Borcherds, the embedding trick is a purely analytic construction. The sections obsta"
over Dl do not descend to the Shimura varieties, and have no obvious algebraic
properties. In particular, even if one knows that the ¢ (f [i]) are defined over Q, it is
not obvious that the renormalized quotient (1.4.1) is defined over Q.
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One of the main contributions of this paper is an algebraic analogue of the
embedding trick, which works even on the level of integral models. This is based
on the methods used to compute improper intersections in [11, 1, 28]. The idea
is to use deformation theory to construct an analogue of the section obsti", not
over all of Shy; (Gl DI), but only over the first order infinitesimal neighborhood
of Shx(G,D) in Shym (G, D). This section is the obstruction to deforming x
appearing in §6.5.

With this algebraic analogue of the embedding trick in hand, we can make sense
of the quotient (1.4.1), and compute the divisor of the left hand side in terms of the
divisors of the numerator and denominator on the right. This allows us to deduce the
general case of Theorem A from the special case explained above.

1.5. Organization of the paper. — Ultimately, all arithmetic information about
Borcherds products comes from their g-expansions, and so we must make heavy
use of the arithmetic theory of toroidal compactifications of Shimura varieties of
[47, 40]. This theory requires introducing a substantial amount of notation just to
state the main results. Also, because Borcherds products are rational sections of
powers of the line bundle w, we need the theory of automorphic vector bundles on
toroidal compactifications. This theory is distributed across a series of papers of
Harris [24, 18, 19, 20] and Harris-Zucker [21, 22, 23].

Accordingly, before we even begin to talk about orthogonal Shimura varieties, we
first recall in § 2 the main results on toroidal compactification from Pink’s thesis [47],
and in § 3 the results of Harris and Harris-Zucker on automorphic vector bundles. All
of this is in the generic fiber of fairly general Shimura varieties.

Beginning in § 4 we specialize to case of orthogonal Shimura varieties. We consider
their toroidal compactifications, and give a purely algebraic definition of g-expan-
sions of modular forms on them. In particular, we prove the g-expansion principle
Proposition 4.6.3, which can be used to detect their fields of definition.

In §5 we introduce Borcherds products and, when V admits an isotropic line,
describe their g-expansions.

In § 6 we introduce integral models of orthogonal Shimura varieties over Z,), along
with their line bundles of modular forms and special divisors. This material is drawn
from [39, 1, 2], although we work here in slightly more generality. The main new result
in §6 is the pullback formula of Proposition 6.6.3, which explains how the special
divisors behave under pullback via embeddings of orthogonal Shimura varieties. This
formula, whose proof is similar to calculations of improper intersections found in
[11, 1, 28], is essential to our algebraic version of the embedding trick.

In § 7 we prove some technical properties of the integral models over Z,). We show
that the special divisors are flat when n > 4, and the integral model has geometrically
normal fibers when n > 6. When p # 2 these results already appear in [2]. The
methods here are similar, except that we appeal to the work of Ogus [44] instead of
[29] (which excludes p = 2) to control the dimension of the supersingular locus.
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In §8 we extend the theory of toroidal compactifications and g-expansions to our
integral models, making use of the general theory of toroidal compactifications of
Hodge type Shimura varieties found in [40]. The culmination of the discussion is
Corollary 8.2.4, which allows one to use g-expansions to detect the flatness of divisors
of rational sections of w and its powers.

Finally, in §9 we put everything together to prove Theorem A. The modularity
result of Theorem B (and its extension to the group of metrized line bundles) follows
immediately from Theorem A and the modularity criterion of Borcherds.

1.6. Notation and conventions. — For every a € A; there is a unique factorization
a = rat(a) - unit(a)

in which rat(a) is a positive rational number and unit(a) € Z*.
Class field theory provides us with a reciprocity map

rec : Q%o\A} & Gal(Q@™/Q),

which we normalize as follows. Let uo, be the set of all roots of unity in C, so
that Q* = Q(us) is the maximal abelian extension of Q. The group (Z/MZ)*
acts on the set of M-th roots of unity in the usual way, by letting v € (Z/MZ)* act
by ¢ — (. Passing to the limit yields an action of Z* on oo, and the reciprocity
map is characterized by

Crec(a) — Cunit(a)

for all a € A; and ¢ € ploo-

We follow the conventions of [14] and [47, Chapter 1] for Hodge structures
and mixed Hodge structures. As usual, S = Resc/rGc is Deligne’s torus, so
that S(C) = C* x C*, with complex conjugation acting by (t1,t2) +— (f2,%1). In
particular, S(R) = C* by (¢,t) — ¢ If V is a rational vector space endowed
with a Hodge structure S — GL(V&), then V(®% < V¢ is the subspace on which
(t1,t2) € C* x C* = S(C) acts via t; Pt, ?. There is a distinguished cocharacter

wt: Gpur — S
defined on complex points by t — (t~1,¢71). The composition
Gmr 5 S — GL(VR)
encodes the weight grading on Vg, in the sense that

@ VPD = [y e Ve :wt(z) v =2 v, Vze C*}.

p+q=Fk

Now suppose that V is endowed with a mixed Hodge structure. This consists of
an increasing weight filtration wt,V on V, and a decreasing Hodge filtration F*V¢
on V¢, whose induced filtration on every graded piece

(1.6.1) gl‘k(V) = Wth/Wtk,1V
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is a pure Hodge structure of weight k. By [46, Lemma-Definition 3.4] there is a canon-
ical bigrading Ve = @ V®9 with the property that

wty Ve = EB V(Iﬂ,q)7 FiVe = @ v (P.9)
p+q<k p>i

This bigrading is induced by a morphism S¢ — GL(V¢).

2. Toroidal compactification

This section is a (relatively) short summary of Pink’s thesis [47] on toroidal com-
pactifications of canonical models of Shimura varieties. See also [26] and [21, 23]. We
limit ourselves to what is needed in the sequel, and simplify the discussion somewhat
by only dealing with those mixed Shimura varieties that appear at the boundaries of
pure Shimura varieties.

2.1. Shimura varieties. — Throughout §2 and §3 we let (G, D) be a (pure) Shimura
datum in the sense of [47, §2.1]. Thus G is a reductive group over Q, and D is a
G(R)-homogeneous space equipped with a finite-to-one G(R)-equivariant map

h: D — Hom(S, Gr)

such that the pair (G,h(D)) satisfies Deligne’s axioms [14, (2.1.1.1)-(2.1.1.3)]. We
often abuse notation and confuse z € D with its image h(z).
The weight cocharacter

(2.1.1) w h(z) owt : Gpr — Gr
of (G, D) is independent of z € D, and takes values in the center of Gg.
Hypothesis 2.1.1. — Because it will simplify much of what follows, and because it is
assumed throughout [23], we always assume that our Shimura datum (G, D) satisfies:
1. The weight cocharacter (2.1.1) is defined over Q.
2. The connected center of G is isogenous to the product of a Q-split torus with

a torus whose group of real points is compact.

Suppose K C G(Ay) is any compact open subgroup. The associated Shimura vari-
ety

Shk (G, D)(C) = G(Q\(D x G(Af)/K)

is a complex orbifold. Its canonical model Shi(G,D) is a Deligne-Mumford stack
over the reflex field E(G,D) C C. If K is neat in the sense of [47, §0.6], then
Shk (G, D) is a quasi-projective scheme. By slight abose of notation, the image of
a point (z,9) € D x G(Ay) is again denoted

(z,9) € Shx(G,D)(C).
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Remark 2.1.2. — Let G,,(R) = R* act on the two point set

def
Ho =

via the unique continuous transitive action: positive real numbers act trivially, and
negative real numbers swap the two points. If we define

Ho — Hom(S, GmR)

{2me € C: € = —1}

by sending both points to the norm map C* — R*, then (G,,,Ho) is a Shimura
datum in the sense of [47].

2.2. Mixed Shimura varieties. — Toroidal compactifications of Shimura varieties are
obtained by gluing together certain mixed Shimura varieties, which we now define.

Recall from [47, Definition 4.5] the notion of an admissible parabolic subgroup
P C G. If G* is simple, this just means that P is either a maximal proper parabolic
subgroup, or is all of G. In general, it means that if we write G%¢ = G} x --- x G,
as a product of simple groups, then P is the preimage of a subgroup P; X --- X Ps,
where each P; C G; is an admissible parabolic.

Definition 2.2.1. — A cusp label representative & = (P, D°, h) for (G,D) is a triple
consisting of an admissible parabolic subgroup P, a connected component D° C D,
and an h € G(Ay).

Asin [47,§4.11 and §4.12], any cusp label representative & = (P, D°, h) determines
a mixed Shimura datum (Qe,Ds), whose construction we now recall.

Let Wg C P be the unipotent radical, and let Ug be the center of Wg. According
to [47, §4.1] there is a distinguished central cocharacter A : G,,, — P/Wg. The weight
cocharacter w : G,,, — G is central, so takes values in P, and therefore determines a
new central cocharacter

(2.2.1) w- A" G, — P/Wsp.

Suppose G — GL(N) is a faithful representation on a finite dimensional Q-vector
space. Each point z € D determines a Hodge filtration F'* N¢ on N. Any lift of (2.2.1)
to a cocharacter G,,, — P determines a grading N = @) N*, and the associated weight

filtration
wtyN = @ Nk
k<t

is independent of the lift. The triple (N, F'* N¢,wtoN) is a mixed Hodge structure
[47, §4.12, Remark (i)], and the associated bigrading of N¢ determines a morphism
hg(2) € Hom(Sc, Pr) independent of the choice of faithful representation N.

As in [47, §4.7], define Qg C P to be the smallest closed normal subgroup through
which every such hg(2) factors. Thus we have normal subgroups

U@QW@QQ@QP,

and a map
he : D — HOIH(S((j, Q<I>(C)-
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The cocharacter (2.2.1) takes values in Q¢ /Ws, defining the weight cocharacter

(222) Wy Gm — qu/W@.

Remark 2.2.2. — Being an abelian unipotent group, Lie(Us) & Ug has the structure
of a Q-vector space. By [47, Proposition 2.14], the conjugation action of Q¢ on Us is
through a character

(2.2.3) ve : Qo — Gy

By [47, Proposition 4.15(a)|, the map he restricts to an open immersion on every
connected component of D, and so the diagonal map

D — 71'0('D) X Hom(SC, quc)

is a P(R)-equivariant open immersion. The action of the subgroup Us(R) on 7o(D) is
trivial, and we extend it to the trivial action of Ug(C) on (D). Now define

Do = Q@(R)Uq;(@)po - 71'0(D) X Hom(SC, quc).
Projection to the second factor defines a finite-to-one map
hg : Dg — Hom(Sc, Qac),

and we usually abuse notation and confuse z € Dg with its image he(2).
Having now defined the mixed Shimura datum (Qe,Ds), the compact open sub-

group

def

Ks = hKh™ ' N Qa(Ay)

determines a mixed Shimura variety
(2.2.4) Shi, (Qe, D) (C) = Qa(Q)\(Ds x Qa(Af)/Kas),

which has a canonical model Shg, (Qs,Ds) over its reflex field. Note that the reflex
field is again E(G,D), by [47, Proposition 12.1]. The canonical model is a quasi-
projective scheme if K (hence K¢) is neat.

Remark 2.2.3. — If we choose our cusp label representative to have the form
® = (G,D°, h), then (Qs,Ds) = (G, D) and

Shk, (Qa,Ds) = Shy,kp-1(G, D) = Shi (G, D).

As a consequence, all of our statements about the mixed Shimura varieties
Shk, (Qas,Ds) include the Shimura variety Shx (G, D) as a special case.
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2.3. The torsor structure. — Define Q3 = Qo /Us and Dy = Us(C)\Ds. The pair

(Qo, Do) = (Qo, Do) /Us

is the quotient mixed Shimura datum in the sense of [47, §2.9]. Let K be the image
of K under the quotient map Qs(Af) — Qa(Ays), so that we have a canonical
morphism

(2.3.1) Shi, (Qa,Pe) — Shg, (Qa, Ds),

where the target mixed Shimura variety is defined in the same way as (2.2.4).
Proposition 2.3.1. — Define a Z-lattice in Us(Q) by 'es = KoNUs(Q). The morphism
(2.3.1) is canonically a torsor for the relative torus

To ¥ To(~1) @ G

with cocharacter group T'e(—1) = (2mi) " 'T's.
Proof. — This is proved in [47, § 6.6]. In what follows we only want to make the torsor
structure explicit on the level of complex points.

The character (2.2.3) factors through a character 7 : Qo — G,,. A pair (z,9) €
Dg x Qa(Ay) determines points

(2,9) € Shk,(Qs,Ds)(C), (z,7) € Shg, (Qs,Ds)(C),
and we define T¢(C) — Shg, (Qa,Ds)(C) as the relative torus with fiber
(2.3.2) Us(C)/(9Keg™" NUs(Q)) = Us(C)/rat(72(g)) - T's
at (Z,g). There is a natural action of T¢(C) on (2.2.4) defined as follows: using the
natural action of Ug(C) on Dy, a point w in the fiber (2.3.2) acts as (z,9) — (uz,g).
It now suffices to construct an isomorphism
(2.3.3) To(C) = To(C) x Shg, (Qa,Ds)(C),
and this is essentially [47, § 3.16]. First choose a morphism

z—2me(Z)

(2.3.4) Dy Ho

in such a way that it, along with the character g, induces a morphism of mixed
Shimura data (Qs,Ds) — (G, Hp). Such a morphism always exists, by the remark
of [47, §6.8]. The fiber (2.3.2) is

Us(C)/rat(72(9)) - Ts Us(C)/Ta(1),
and this identifies Tg(C) fiber-by-fiber with the constant torus

(—2me®) ™t
-

(235) U@(C)/F@(l) = P C/Z(l) 2T ® Cc* F@(—].) ® C*.

Here 27e° is the image of D° under Dy — Dy — Hy, and the minus sign is included
so that (2.6.5) holds below; compare with the definition of the function “ord” in [47,
§5.8].
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One can easily check that the trivialization (2.3.3) does not depend on the choice
of (2.3.4). O

Remark 2.3.2. — Our Z-lattice 'y C Ugp(Q) agrees with the seemingly more compli-
cated lattice of [47, §3.13], defined as the image of

{(e,7) € Za(Q)o x Us(Q) : ¢y € Ko} 277, Us(Q).

Here Zg is the center of Qg, and Zg(Q)o C Zs(Q) is the largest subgroup acting
trivially on Dg (equivalently, acting trivially on mg(Dg)). This follows from the final
comments of [loc. cit.] and the simplifying Hypothesis 2.1.1, which implies that the
connected center of Qg /Us is isogenous to the product of a Q-split torus and a torus
whose group of real points is compact (see the proof of [47, Corollary 4.10]).

Denoting by (—,—) : T§(1) x I's(—1) — Z the tautological pairing, define an
isomorphism
Ou—)qa

ry(1) —= Hom(T's(—1) ® G,, G,,) = Hom(Ts, G,y,)
by o (8 ® 2) = 2(*P). This determines an isomorphism

Ts = Spec (Q[qa]aergu))a

and hence, for any rational polyhedral cone ™ o C Ug(R)(—1), a partial compactifi-
cation

def
(2.3.6) Ty(o) = Spec(@[qa]aerg,u))-
(a,0)>0

More generally, the Tg-torsor structure on (2.3.1) determines, by the general theory
of torus embeddings [47, § 5], a partial compactification

(2.3.7) Shi, (Qa, Ds) —— Shk, (Qs, Ds, 0)
Shk‘} (Q’{)’ 15@)
with a stratification by locally closed substacks

(2.3.8) Shk, (Qa, Ds,0) = | | Zk, (Qe, Ds,0)

indexed by the faces 7 C 0. The unique open stratum

711 (Qs, Ds,0) = Shi, (Qa, Do)

o

corresponds to 7 = {0}. The unique closed stratum corresponds to 7 = o.

(1) By which we mean a convez rational polyhedral cone in the sense of [47, §5.1]. In particular,
each o is a closed subset of the real vector space Ug (R)(—1).

ASTERISQUE 421



ARITHMETIC OF BORCHERDS PRODUCTS 201

2.4. Rational polyhedral cone decompositions. — Let ® = (P, D°, h) be a cusp label
representative for (G, D), with associated mixed Shimura datum (Qs, Ds). We denote
by Dy = Us(C)D° the connected component of Dg containing D°.

Define the projection to the imaginary part ce : Do — Us(R)(—1) by

ce(2)7! - 2z € mo(D) x Hom(S, Qar)
for every z € Dg. By [47, Proposition 4.15] there is an open convex cone
(2.4.1) Cs C Us(R)(-1)
characterized by D° = {z € D} : ca(z) € Cp}.

Definition 2.4.1. — Suppose ® = (P,D°,h) and ®; = (P;,D},h;1) are cusp label
representatives. A K-morphism

(2.4.2) o 9, ¢,
is a pair (v,¢) € G(Q) x Qa, (Ay), such that

YQe7 ' C Qp,, D°=7DS, ~h€qhK.
A K-morphism is a K -isomorphism if Qa7 ! = Qs, .

Remark 2.4.2. — The Baily-Borel compactification of Shi (G, D) admits a stratifi-
cation by locally closed substacks, defined over the reflex field, whose strata are in-
dexed by the K-isomorphism classes of cusp label representatives. Whenever there
is a K-morphism & — ®;, the stratum indexed by & is “deeper into the boundary”
than the stratum indexed by ®;, in the sense that the ®-stratum is contained in
the closure of the ®;-stratum. The unique open stratum, which is just the Shimura
variety Shi (G, D), is indexed by the K-isomorphism class consisting of all cusp label
representatives of the form (G,D°,h) as D° and h vary.

Suppose we have a K-morphism (2.4.2) of cusp label representatives. It follows
from [47, Proposition 4.21] that Us, C yUsy~ !, and the image of the open convex
cone Cg, under

ury

T, g (R)(—1)

lies in the closure of the open convex cone Cg. Define, as in [47, Definition-
Proposition 4.22],

(2.4.3) Us, (R)(~1)

Ci= |J 77'Ca,v c Us(R)(-1),
S—Pq
where the union is over all K-morphisms with source ®. This is a convex cone ly-
ing between Cg and its closure, but in general Cj is neither open nor closed. For
every K-morphism ® — ®; as above, the injection (2.4.3) identifies Cg, C Cg.

Definition 2.4.3. — A (rational polyhedral) partial cone decomposition of Cj is a col-
lection ¥ = {0} of rational polyhedral cones o C Us(R)(—1) such that
— each o € X satisfies 0 C C3,
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— every face of every o € ¥4 is again an element of Xg,

— the intersection of any o, 7 € ¥ is a face of both ¢ and T,

— {0} € Yo.
We say that X4 is smooth if it is smooth, in the sense of [47, §5.2], with respect to
the lattice I'e (—1) C Us(R)(—1). It is complete if

C; = U o.
oEX

Definition 2.4.4. — A K-admissible (rational polyhedral) partial cone decomposition
Y = {¥s}s for (G, D) is a collection of partial cone decompositions X4 for Cj, one
for every cusp label representative ®, such that for any K-morphism ® — &1, the
induced inclusion Cg C Cj identifies

Yo, ={0€Xs:0CCy }.
We say that X is smooth if every X¢ is smooth, and complete if every X¢ is complete.
Fix a K-admissible complete cone decomposition ¥ of (G, D).

Definition 2.4.5. — A toroidal stratum representative for (G,D,X) is a pair (®,0) in
which @ is a cusp label representative and o € ¥ is a rational polyhedral cone whose
interior is contained in Cg. In other words, o is not contained in any proper subset
C;, G Cj determined by a K-morphism ¢ — ;.

We now extend Definition 2.4.1 from cusp label representatives to toroidal stratum
representatives.

Definition 2.4.6. — A K-morphism of toroidal stratum representatives
(@,0) 22 (@, 0y)
consists of a pair (7, q) € G(Q) X Qa, (Ay) such that
Qa7 CQs,, D° =15, 7he gk,

and such that the injection (2.4.3) identifies o with a face of o. Such a K-morphism

is a K-isomorphism if yQav~ ! = Qs, and v 1oy = 0.

The set of K-isomorphism classes of toroidal stratum representatives will be de-
noted Stratx (G, D, %).

Definition 2.4.7. — We say that X is finite if #Stratx (G, D, %) < co.

Definition 2.4.8. — We say that X has the no self-intersection property if the following
holds: whenever we are given toroidal stratum representatives (®, o) and (®1,01), and
two K-morphisms

(<I>7 U) : (q)la 0'1),
the two injections
—

Us, (R)(-1) ___ Us(R)(~1)
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of (2.4.3) send o7 to the same face of o.

The no self-intersection property is just a rewording of the condition of [47, § 7.12].
If ¥ has the no self-intersection property then so does any refinement (in the sense of
[47, §5.1]).

Remark 2.4.9. — Any finite and K-admissible cone decomposition ¥ for (G, D) ac-
quires the no self-intersection property after possibly replacing K by a smaller com-
pact open subgroup [47, § 7.13]. Moreover, by examining the proof one can see that if
K factors as K = K,K* for some prime £ with K, C G(Q;) and K* C G(Afc), then it
suffices to shrink K, while holding K* fixed.

2.5. Functoriality of cone decompositions. — Suppose that we have an embedding
(G,D) — (G, D’) of Shimura data.
As explained in [40, (2.1.28)], every cusp label representative
® = (P,D°%g)
for (G, D) determines a cusp label representative
@ = (P, D, ¢)

for (G', D). More precisely, we define ¢’ = g, let D"° C D’ be the connected compo-
nent containing D°, and let P’ C G’ be the smallest admissible parabolic subgroup
containing P. In particular,

Q@CQ{Ya Up C Uy, Co C Copr.
If K C G(Ay) is a compact open subgroup contained in a compact open subgroup

K' C G’(Ay), then every K-morphism

iy (7,9) o,

determines a K’-morphism
(7,9)
o = .
Any K’-admissible rational cone decomposition X’ for (G’,D’) pulls back to a
K-admissible rational cone decomposition X for (G, D), defined by

Yo ={0c'NC;:0 €3}

for every cusp label representative ® of (G, D). It is shown in [20, §3.3] that ¥ is
finite whenever X/ is so. It is also not hard to check that ¥ has the no self-intersection
property whenever ¥’ does, and that it is complete when ¥’/ is so.

Given a cusp label representative ® for (G,D) and a 0 € ¥, there is a unique
rational polyhedral cone o’ € Xf, such that o C o', but o is not contained in any
proper face of o’. The assignment (®,0) — (®’,0’) induces a function

Stratx (G, D, X) — Stratg (G', D', %)

on K-isomorphism classes of toroidal stratum representatives.
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2.6. Compactification of canonical models. — In this subsection we assume that
K C G(Ay) is neat. Suppose ¥ is a finite and K-admissible complete cone decompo-
sition for (G, D).

Remark 2.6.1. — A ¥ with the above properties always exists, and may be refined, in
the sense of [47, §5.1], to make it smooth. This is the content of [47, Theorem 9.21].

The main result of [47, § 12] is the existence of a proper toroidal compactification
Shk(G,D) — Shk (G, D, Y),
in the category of algebraic spaces over E(G, D), along with a stratification

(2.6.1) Shi (G, D,%) = | | Z&(@a,p,x)
(®,0)€eStratx (G,D,X)

by locally closed subspaces indexed by the finite set Stratx (G, D, ¥) appearing in Def-
inition 2.4.7. The stratum indexed by (@, o) lies in the closure of the stratum indexed
by (®1,01) if and only if there is a K-morphism of toroidal stratum representatives
(®,0) = (P1,01).

If ¥ is smooth then so is the toroidal compacification.

After possibly shrinking K, we may assume that ¥ has the no self-intersection prop-
erty (see Remark 2.4.9). The no self-intersection property guarantees that the strata
appearing in (2.6.1) have an especially simple shape. Fix one (®, o) € Stratg (G, D, X)
and write ® = (P, D°, h). Pink shows that there is a canonical isomorphism

(2.6.2) Z%,(Qs,Ds,0) = z$7(G,D, %)
ShKé(QQ,D@,U) ShK(G,'D,E)

such that the two algebraic spaces in the bottom row become isomorphic after for-
mal completion along their common locally closed subspace in the top row. See [47,
Corollary 7.17] and [47, Theorem 12.4].

In other words, if we abbreviate

ShK@ (bea D@y U) = Sth) (Q‘P) D‘P7 U)/Z\I“(q) (Qe,Ds,0)
for the formal completion of Shk, (Qs,Ds, o) along its closed stratum, and abbrevi-

ate @

Shk(G,D,X) = Shk (G, D, 2)29‘”(&1},2)
for the formal completion of Shg(G,D,Y) along the locally closed stratum

Z}?’U)(G, D, ), there is an isomorphism of formal algebraic spaces

(263) §}\1Kq> (Q@,D@,U) = §EK(07D7E)

) In order to limit the already burdensome notation, we choose to suppress the dependence on (®, o)
of the left hand side. The meaning will always be clear from context.
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Remark 2.6.2. — In [47] the isomorphism (2.6.3) is constructed after the left hand
side is replace by its quotient by a finite group action. Thanks to Hypothesis 2.1.1
and the assumption that K is neat, the finite group in question is trivial. See [48,
Lemma 1.7 and Remark 1.8].

We can make the above more explicit on the level of complex points. Suppose
(®,0) is a toroidal stratum representative with underlying cusp label representative
® = (P,D° h), and denote by Q3 (R)° C Qs(R) the stabilizer of the connected
component D° C D. The complex manifold

U5 (Qa, Da) = Qa(Q)°\(D° x Qa(Af)/Ka)

sits in a diagram
(2.6.4) Uk, (Qa,Ds) —— Shi, (Qs,Ds)(C)
(z79)H(z,gh)J
Shk (G, D)(C),

in which the horizontal arrow is an open immersion, and the vertical arrow is a local
isomorphism. This allows us to define a partial compactification

%Ké (Q@a DCP) - %ch (Q‘Pa bev U)

as the interior of the closure of %k, (Qs, D) in Shk, (Qs,Ds,0)(C).
Any K-morphism as in Definition 2.4.6 induces a morphism of complex manifolds

Vi, (Qo, Do) (z,9)—~ (2,797 ') Uiy, (Qa, Do),
which extends uniquely to
Uk (Qa, Do, 0) = Uy, (Qa,, Doy, 01).
Complex analytically, the toroidal compactification is defined as the quotient
eGP0 = ] %w(QuDeo)/ ~,
(®,0)€eStratx (G,D,X)

where ~ is the equivalence relation generated by the graphs of all such morphisms.
By [47, §6.13] the closed stratum appearing in (2.3.8) satisfies

(265) Zla(q)(Qcp,D@,O')((C) C %Kq,(Q(},Dq;.,O').
The morphisms in (2.6.4) extend continuously to morphisms
(266) %Kq)(Qcp,Dq),O') E— Sth) (Q¢,D¢7U)(C)

|

in such a way that the vertical map identifies

2%, (Qa,Da,0)(C) = 287 (G, D, )(C).
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This agrees with the analytification of the isomorphism (2.6.2).

Now pick any point z € Z(Qs,Ds,0)(C). Let R be the completed local ring
of Shx (G, D,X),c at z, and let Ry be the completed local ring of Sh, (Qa,Ds, )¢
at z. Each completed local ring can be computed with respect to the étale or analytic
topologies, and the results are canonically identified. Working in the analytic topology,
the morphisms in (2.6.6) induce an isomorphism R = Rg, as they identify both rings
with the completed local ring of %k, (Qs,Ds,0) at z. This analytic isomorphism
agrees with the one induced by the algebraic isomorphism (2.6.3).

3. Automorphic vector bundles

Throughout §3 we fix a Shimura datum (G, D) satisfying Hypothesis 2.1.1, and a
compact open subgroup K C G(Ay).

We recall the theory of automorphic vector bundles on the Shimura variety
Shk (G, D), on its toroidal compactification, and on the mixed Shimura varieties
appearing along the boundary. The main reference is [23].

3.1. Holomorphic vector bundles. — Let ® = (P, D°, h) be a cusp label representative
for (G, D). As in § 2, this determines a mixed Shimura datum (Qs, Ds) and a compact
open subgroup Ko C Qa(Ay).

Suppose we have a representation Q¢ — GL(N) on a finite dimensional Q-vector
space. Given a point z € Dg, its image under

Dy — Hom(Sc, Qac)

determines a mixed Hodge structure (N, F'* N¢, wte V). The weight filtration is inde-
pendent of z, and is split by any lift G,, — Qs of the weight cocharacter (2.2.2).

Denote by (N3R, F* N3, wteNJR) the doubly filtered holomorphic vector bundle
on Dy x Qa(Af)/Ke whose fiber at (z,g) is the vector space Nc endowed with the
Hodge and weight filtrations determined by z. There is a natural action of Qs(Q)
on this doubly filtered vector bundle, covering the action on the base. By taking the
quotient, we obtain a functor

(3.1.1) N (N2 FCN2R wi,N22)

from finite dimensional representations of @ to doubly filtered holomorphic vector
bundles on Shg, (Qs, Ds)(C). Ignoring the double filtration, this functor is simply

(3.1.2) N = Ngi = Qa(Q\(Ds x Nc x Qo (Ay)/Ka).
Given a Kg-stable Z-lattice N5 C N ® Ay, we may define a Z-lattice
gNz =gN; NN
for every g € Qa(Ay), along with a weight filtration
wte(gNz) = gINz N wte N.
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Denote by (INge, WteNge) the filtered Z-local system on Dg x Qa(Af)/Ke whose
fiber at (z,g) is (¢Nz, wte(gNz)). This local system has an obvious action of Q¢(Q),
covering the action on the base. Passing to the quotient, we obtain a functor

Ni g (NB67Wt0NBe)

from Kg-stable Z-lattices in N ® Ay to filtered Z-local systems on (2.2.4).
By construction there is a canonical isomorphism

(3.1.3) (NiR, wte NiR) = (NBe ® O™, wte Npe ® O™),

where O*" denotes the structure sheaf on Shg, (Qs,Ds)(C).

3.2. The Borel morphism. — Suppose G — GL(N) is any faithful representation of G
on a finite dimensional Q-vector space. A point z € D determines a Hodge structure
S — GL(Ng) on N, and we denote by F'* N¢ the induced Hodge filtration. As in [43,
§III.1] and [23, § 1], define the compact dual

(3.2.1) M(G,D)(C) = descending ﬁltrz'xtions on N¢ '
that are G(C)-conjugate to F'* N¢

By construction, there is a canonical G(R)-equivariant finite-to-one Borel morphism
DM (G,D)(C)

sending a point of D to the induced Hodge filtration on N¢. The compact dual is
the space of complex points of a smooth projective variety M (G, D) defined over the
reflex field E(G, D), and admitting an action of Gg(g,py inducing the natural action
of G(C) on complex points. It is independent of the choice of z, and of the choice of
faithful representation V.

More generally, there is an analogue of (3.2.1) for the mixed Shimura datum
(Qe,Dsg), as in [26, Main Theorem 3.4.1] and [27, Main Theorem 2.5.12]. Let
Qs — GL(N) be a faithful representation on a finite dimensional Q-vector space.
Any point z € Dg then determines a mixed Hodge structure (N, F* N¢, wteN), and
we define the dual of (Qa,Ds) by

that are Q¢ (C)-conjugate to F** N¢

- descending filtrations on N,
M(Qs, Ds)(C) ={ ¢ - }

It is the space of complex points of an open Q¢ g(g,p)-orbit
M(Q<1>7 D@) C M(G7 D)7

independent of the choice of z € Dg and N. By construction, there is a Q¢ (C)-equiv-
ariant Borel morphism

Dq> i M(Q@,'D@)(C)
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3.3. The standard torsor. — We want to give a more algebraic interpretation of the
functor (3.1.1).

Harris and Zucker [23, § 1] prove that the mixed Shimura variety (2.2.4) carries a
standard torsor®. This consists of a diagram of E(G, D)-stacks

(3.3.1) Tk (Qs, Do) —— M(Qs,Ds)

Shch (Q¢7D‘I>)7

in which a is a relative Qg-torsor, and b is Qg-equivariant. See also the papers of
Harris [24, 18, 19], Harris-Zucker [21, 22], and Milne [42, 43]. Complex analytically,
the standard torsor is the complex orbifold

Iks(Qa,Da)(C) = Qa(Q)\(Da x Qa(C) x Qa(Af)/Ka),
with Q¢ (C) acting by s-(z,t,9) = (2,ts !, g). The morphisms a and b are, respectively,
(2,t,9) = (2,9) and (z,t,9) =t 'z

Exactly as in [23], we can use the standard torsor to define models of the vector
bundles (3.1.1) over the reflex field. First, we require a lemma.

Lemma 3.3.1. — Suppose N — M(Qas,Ds) is a Qg-equivariant vector bundle; that
is, a finite rank vector bundle endowed with an action of Qs g(a p) covering the action
on the base. There are canonical Qg -equivariant filtrations wte N and F*N on N, and
the construction

N (N, F*N, wto )
is functorial in N.

Proof. — Fix a faithful representation Q¢ — GL(H). Suppose we are given an
étale neighborhood U — M (Qg, D) of some geometric point = of M(Qs,Ds). By
the very definition of M(Qg,Dg), U determines a Qgy-stable filtration F*Hy
on Hy = H® Oy. After possibly shrinking U we may choose a cocharacter
e+ Gy — Qoy splitting this filtration.

As Qapy acts on Ny, the cocharacter l, determines a filtration F*Ny, which
does not depend on the choice of splitting. Gluing over an étale cover of M(Qg, Dy)
defines the desired filtration F'*N. The definition of wto N is similar, but easier: it is
the filtration split by any lift G,, — Q¢ of the weight cocharacter (2.2.2). O

Now suppose we have a representation Q¢ — GL(N) on a finite dimensional Q-vec-
tor space. Applying Lemma 3.3.1 to the constant QQ¢-equivariant vector bundle

N = M(Qa,Da) Xspec(5(G,1)) NB(G,D)

(3) A .k.a. standard principal bundle.
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yields a Qg-equivariant doubly filtered vector bundle (N, F* N, wt,N) on M (Qg, Ds).
The construction

(332) N +— (NdRa F*Ngr, Wt.NdR) = Q@\b* (N, F.N, Wt.N)

defines a functor from representations of Qe to doubly filtered vector bundles
on Shg, (Qs,Dg). Passing to the complex fiber recovers the functor (3.1.1).
The following proposition extends the above functor to partial compactifications.

Proposition 3.3.2. — For any rational polyhedral cone o C Ug(R)(—1) there is a func-
tor

N +— (Ngr, F*N4r, wteNgr),

extending (3.3.2), from representations of Qs on finite dimensional Q-vector spaces
to doubly filtered vector bundles on Shk, (Qs,Ds,0).

Proof. — This is part of [23, Definition-Proposition 1.3.5]. Here we sketch a different
argument.

Recall the Te-torsor structure on (2.3.1). On complex points, this action was de-
duced from the natural left action of Us(C) on Dg. Of course the group Ug(C)
also acts on both factors of Dg X Q3(C) on the left, and imitating the proof of
Proposition 2.3.1 yields action of the relative torus Te(C) on the standard torsor
Jks(Qa,Ds)(C), covering the action on Shg, (Qs,Ds)(C).

To see that the action is algebraic and defined over the reflex field, one can reduce,
exactly as in the proof of [23, Proposition 1.2.4], to the case in which (Qe,Ds) is
either a pure Shimura datum, or is a mixed Shimura datum associated with a Siegel
Shimura datum. The pure case is vacuous (the relative torus is trivial). The Siegel
mixed Shimura varieties are moduli spaces of polarized 1-motives, and it is not difficult
to give a moduli-theoretic interpretation of the torus action, along the lines of [40,
§2.2.8]. From this interpretation the descent to the reflex field is obvious.

In the diagram (3.3.1), the arrow a is Tg-equivariant, and the arrow b is constant
on Tg-orbits. This is clear from the complex analytic description.

Taking the quotient of the standard torsor by this action, we obtain a diagram

To\Jk,(Qa,Da) —* M(Qs, Do)

%

Shg, (Qa, Da)

in which a is a relative Qg-torsor and b is Qe-equivariant. Pulling back the quotient
To\Jk,(Qas,Dg) along the diagonal arrow in (2.3.7) defines the upper left entry in
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the diagram

Jxs(Qa, Dy, 0) ————— M(Qs, D)

Shi, (Qa, Da,0)

extending (3.3.1), in which a is a Qg-torsor, and b is Qg-equivariant. Now simply
repeat the construction (3.3.2) to obtain the desired functor. O

Remark 3.3.3. — The proof actually shows more: because the standard torsor admits
a canonical descent to Shg, (Qe,Ds), the same is true of all doubly filtered vector
bundles (3.3.2). Compare with [23, (1.2.11)].

3.4. Automorphic vector bundles on toroidal compactifications. — Assume that K is
neat, and that ¥ is a finite K-admissible complete cone decomposition for (G, D)
having the no self-intersection property.

By results of Harris and Harris-Zucker, see especially [23], one can glue together
the diagrams in the proof of Proposition 3.3.2 as (®, o) varies in order to obtain a
diagram

(3.4.1) Jx(G,D,%) —— M(G,D)

Shx (G, D,3)

in which a is a G-torsor and b is G-equivariant. This implies the following:

Theorem 3.4.1. — There is a functor N — (Nggr, F*Ngr) from representations of G
on finite dimensional Q-vector spaces to filtered vector bundles on Shg (G,D,X), com-
patible, in the obvious sense, with the isomorphism

él\lK@ (Q{Z’a D(}, U) = §?II((Gy Da E)

of (2.6.3) and the functor of Proposition 8.3.2, for every toroidal stratum representa-
tive
(®,0) € Stratg (G, D, X).

In other words, there is an arithmetic theory of automorphic vector bundles on
toroidal compactifications.

Remark 3.4.2. — Over the open Shimura variety Shg (G, D) there is also a weight
filtration wteNgr on Nggr, but it is not compatible with the weight filtrations along
the boundary. It is also not very interesting. On an irreducible representation N the
(central) weight cocharacter w : G,, — G acts through z — 2* for some k, and the
weight filtration has a unique nonzero graded piece gr,Ngr.
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3.5. A simple Shimura variety. — Let (G,,, Ho) be the Shimura datum of Re-
mark 2.1.2. For any compact open subgroup K C A%, we obtain a 0-dimensional
Shimura variety

(3.5.1) Shi (G, Ho)(C) = Q*\(Ho x AT /K),

with a canonical model Shg (G,,,Hy) over Q.
The action of Aut(C) on its complex points satisfies

(3.5.2) 7 (2me,a) = (27e, aa,)

whenever 7 € Aut(C) and a, € A}( are related by 7| o = rec(a,). This implies that
Shi (Gm, Ho) = Spec(F),
where F/Q is the abelian extension characterized by
rec : Q%,\AT /K = Gal(F/Q).

The following proposition shows that all automorphic vector bundles on (3.5.1)
are canonically trivial. The particular trivializations will be essential in our later
discussion of g-expansions. See especially Proposition 4.6.1.

Proposition 3.5.1. — For any representation G,, — GL(N) there is a canonical iso-
morphism

n®l—n

N® OShK (Gm,Ho)

of vector bundles. If G, acts on N through the character z — z*, the global section
n=n® 1 is given, in terms of the complexr parametrization

Ngr

Ngﬁ = QX\(HQ x N¢ X A;/K)

ta)*
(27e, a) — (27re, rat(a)” -n,a) .

(2me)k

of (3.1.2), by

Proof. — First set N = Q with G,, acting via the identity character z — z, and set
N5 = 7. Recalling (3.1.3), the quotient Np.\INjg defines an analytic family of rank
one tori over Shg (G, Ho)(C), whose relative Lie algebra is the line bundle

Lie(Np\INJR) = N3i = Q*\(Ho x C x AX/K)
Using this identification, we may identify the standard C*-torsor
(3.5.3) Ik (G, Ho)(C) = Q*\(Ho x C* x AF/K)

with the C*-torsor of trivializations of Lie(INge\IN3R).
On the other hand, the isomorphisms

2me/rat(a)
—_—

(N NaN;)\Nc = (QNaZ)\C Z(D\C =2 ¢~
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identify Ng.\INjR, fiber-by-fiber, with the constant torus C*, and so identify (3.5.3)
with the C*-torsor of trivializations of Lie(C*). The canonical model of (3.5.3) is
now concretely realized as the G,,-torsor

Ik (Gm, Ho) = Iso(Lie(Gim), Osny (G, 10)) -
For any ring R, the Lie algebra of G,, = Spec(R[q,q~!]) is canonically trivialized
by the invariant derivation ¢ - d/dq. Thus the standard torsor admits a canonical
section which, in terms of the uniformization (3.5.3), is

(2me, a) — <27T6, rat(a) , a> .
2me

This section trivializes the standard torsor, and induces the desired trivialization of
any automorphic vector bundle. O

Remark 3.5.2. — Let G,, act on N via z — z*. What the above proof actually shows
is that there are canonical isomorphisms

N ® OShK(Gm,Hg) =~ N ® Lle(Gm)®k =~ NdR.

4. Orthogonal Shimura varieties

In § 4 we specialize the preceding theory to the case of Shimura varieties associated
to the group of spinor similitudes of a quadratic space (V,Q) over Q of signature
(n,2) with n > 1. This will allow us to define g-expansions of modular forms on such
Shimura varieties, and prove the g-expansion principle of Proposition 4.6.3.

4.1. The GSpin Shimura variety. — Let G = GSpin(V) as in [39]. This is a reductive
group over Q sitting in an exact sequence

1—- G, —»G—-SO(V) - 1.

There is a distinguished character v : G — G,,, called the spinor similitude. Its kernel
is the usual spin double cover of SO(V), and its restriction to G,, is z — 22.

The group G(R) acts on the hermitian domain
(4.1.1) D={z€eVc:[z,2]=0and [2,2] < 0}/C* C P(V¢)

in the obvious way. This hermitian domain has two connected components, inter-
changed by the action of any v € G(R) with v(v) < 0. The pair (G, D) is the GSpin
Shimura datum. Its reflex field is Q.

By construction, G is a subgroup of the multiplicative group of the Clifford algebra
C (V). As such, G has two distinguished representations. One is the standard repre-
sentation G — SO(V'), and the other is the faithful action on H = C(V') defined by
left multiplication in the Clifford algebra. These two representations are related by a
G-equivariant injection

(4.1.2) V — Endg(H)
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defined by the left multiplication action of V'C C(V) on H. A point z € D determines
a Hodge structure on any representation of G. For the representations V' and H, the
induced Hodge filtrations are

(4.1.3) F>Ve =0, FYWe=Cz, FVc=(C2)t, F'Ve=1g,
and
(4.1.4) F'Hc =0, F°Hc=2zHe, F'Hc= He.

Here we are using (4.1.2) to view Cz C Endc¢(Hc).

In order to obtain a Shimura variety Shx (G, D) as in 1.1, we fix a Z-lattice Vz C V
on which @ is Z-valued and assume that the compact open subgroup K C G(Ay) is
chosen as in (1.1.2). According to [39, Lemma 2.6], any such K stabilizes both V5 and
its dual, and acts trivially on the discriminant group

(4.1.5) V) Ve 2 V2 V.

4.2. The line bundle of modular forms. — Applying the functor of Proposition 3.3.2 to
the standard representation G — SO(V) yields a filtered vector bundle (Vggr, F'*Vgr)
on Shk (G, D). The filtration has the form

0= F2VdR C FIVdR C FOVdR C F_IVdR = ViR,
in which F'VyR is a line, isotropic with respect to the bilinear form
(4.2.1) [——]: Var ® Var — Osny(G,D)

induced by (1.1.1), and F°Vag = (F1Vgg)*. These properties are clear from the
complex analytic definition (3.1.1) of V¥, and the explicit description of the Hodge
filtration (4.1.3). In particular, the filtration on Vg is completely determined by the
isotropic line F!'Vyg.

Definition 4.2.1. — The line bundle of weight one modular forms on Shk(G,D) is
defined by
w = Fl VdR'

For any g € G(Ay), the pullback of w via the complex uniformization

D 2259, g4, (G, D)(C)

is just the tautological bundle on the hermitian domain (4.1.1). In particular, the line
bundle w carries a metric, inherited from the metric

(4.2.2) 1212 aive = —[2,Z]

naive

on the tautological bundle. We will more often use the rescaled metric

[z’ E]
4.2.3 2 _

( ) ||Z|| 47T6’Y
where v = —T"(1) is the Euler-Mascheroni constant.
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4.3. The Hodge embedding. — As above, let H = C(V) viewed as a faithful 2" +2-di-
mensional representation of G C C(V)* via left multiplication. If we define a Z-lattice
in H by
Hy = C(Vy),

the inclusion (1.1.2) implies that H; = Hz ®z 7 is K-stable.

The discussion of § 3 provides a filtered vector bundle (Hagr, F'* Hyr) on Shk (G, D),
and a Z-local system Hp, over the complex fiber endowed with an isomorphism

Hp. ® Ogp . (¢,p)(c) = Hig-

The double quotient
(43.1) A(C) = Hyo\H3p/FOH3R

defines an analytic family of complex tori over Shx (G, D)(C). In fact, this arises from
an abelian scheme over Shi (G, D), as we now explain.

Asin [1, §2.2], one may choose a symplectic form ¢ on H such that the represen-
tation of G factors through G°¢ = GSp(H), and induces a Hodge embedding

(G,D) — (G, D%)

into the Siegel Shimura datum determined by (H,1). Explicitly, choose any vectors
v,w € V of negative length with [v,w] = 0 and set

d=vwe C(V).

If we denote by ¢ — ¢* the Q-algebra involution on C (V) fixing pointwise the subset
V c C(V), then §* = —4. Denoting by Trd : C(V) — Q the reduced trace, the
symplectic form
Y(z,y) = Trd(zdy")

has the desired properties.

Asin (3.2.1), we may describe the compact dual M (G, D) as a G-orbit of descending
filtrations on the faithful representation H. It is more convenient to characterize the
compact dual as the Q-scheme with functor of points

M (G, D)(S) = {isotropic lines z C V ® Og},

where line means a locally free Og-module direct summand of rank one. In order to
realize M (G, D) as a space of filtrations on H, first define

M (G, D%)(S) = {Lagrangian subsheaves F° ¢ H ® Og}
and then use (4.1.2) to define a closed immersion
M(G,D) — M (G, D%),

sending the isotropic line z C V' to the Lagrangian zH C H.
By rescaling, we may assume that 1 is Z-valued on Hyz, and so the Hodge em-
bedding defines a morphism from Shg (G, D) to a moduli stack of polarized abelian
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varieties of dimension 2"+!. Pulling back the universal object defines the Kuga-Satake
abelian scheme
m: A — Shg(G,D).

The Kuga-Satake abelian scheme does not depend on the choice of 1, but the polar-
ization on it does. Passing to the complex analytic fiber recovers the family of complex
tori defined by (4.3.1).

The first relative de Rham homology of A, with its Hodge filtration, is related to
the vector bundle Hygr by a canonical isomorphism of filtered vector bundles

Hgg = HOiTH(RIW*Q;UShK(G,D)y OShK(G,D)) .

4.4. Cusp label representatives: isotropic lines. — We wish to make more explicit the
structure of the mixed Shimura datum (Qe,Dg) associated to a cusp label represen-
tative
& = (P,D°h)

for (G, D). See §2.2 for the definitions.

The admissible parabolic P C G is the stabilizer of a totally isotropic subspace
I Cc V with dim(I) € {0,1,2}. In this subsection we assume that P C G is the
stabilizer of an isotropic line I C V. The case of isotropic planes will be considered in
§4.5.

The P-stable weight filtration on V' defined by

wt_sV =0, wtoV=wt_1V=1I wtV=wt;V=1I" wtV=V,

and the Hodge filtration (4.1.3) determined by a point z € D, together determine a
mixed Hodge structure
Sc 2, p. SO(Ve)
on V of type {(_17 —1)’ (07 O)a (1, 1)}
Similarly,the P-stable weight filtration on H defined by
wt_sH =0, wt oH=wt_1H=1I1H, wtqH =H,

and the Hodge filtration (4.1.4) determined by a point z € D, together determine a
mixed Hodge structure
Sc 22 Pe — GSp(Hc)

on H of type {(—1,—1),(0,0)}. In the definition of the weight filtration we are using
the inclusion I C Endg(H) determined by (4.1.2), and setting

IH = Spang{lz:Lel, x € H}.
The proof of the following lemma is left as an exercise to the reader.

Lemma 4.4.1. — Recalling the notation (1.6.1), the largest closed normal subgroup
Qo C P through which every such he(z) factors is

Qs = ker(P — GL(grO(H))).
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The action Qg — SO(V) is faithful, and is given on the graded pieces of wt,V by
the commutative diagram

(4.4.1) Qo - G

J ltH(t,Ltl)

P —— GL(I) x SO(I*/I) x GL(V/It),

in which vg is the restriction to Q¢ of the spinor similitude on G. This agrees with
the character (2.2.3). The groups Ug and Wy are

Us = Wo =ker(ve : Qo — Gyy),
and there is an isomorphism of Q-vector spaces
(4.4.2) (It/1) ® I = Us(Q)
sending v ® £ € (I*+/I) ® I to the unipotent transformation of V defined by
z vz + [z, v — [z,v]l — Q(v)[x, L.
The dual of (Qg¢,Ds) is the Q-scheme with functor of points

isotropic lines z C V ® Og such that
(4.4.3) M(Qa,Ds)(S) = V- V/It
identifies z = (V/I+) ® Og

Every point

z€Dg C 7T0(D) X HOIII(S([;, Qcp(c)
determines a mixed Hodge structure on V of type {(—1,-1),(0,0),(1,1)}, and the
Borel morphism

Dy — M(Qs,Ds)(C)

sends z to the isotropic line F1V¢ C V. This induces an isomorphism

(4.4.4) Dy = mo(D) x M(Qa,Ds)(C).

4.5. Cusp label representatives: isotropic planes. — In this subsection we fix a cusp
label representative ® = (P,D°,h) with P C G the stabilizer of an isotropic plane
IcV.

The P-stable weight filtrations on V' defined by

wt_oV =0, wt_ V=1IwtV=I wt;V=YV,

and the Hodge filtration (4.1.3) determined by a point z € D, together determine a

mixed Hodge structure
Sc o), Pc — SO(V¢)
on V of type {(_17 O)a (07 _1)a (07 0)7 (L 0)7 (07 1)}
Similarly, the P-stable weight filtration on H defined by

wt_sH =0, wt_oH =I*H, wt_ H=1IH, wtoH = H,
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and the Hodge filtration (4.1.4) determined by a point z € D, together determine a
mixed Hodge structure
Sc ™%, Pe — GSp(He)

on H of type {(-1,-1),(-1,0),(0,—1),(0,0)}. In the definition of the weight filtra-
tion we are using the inclusion I C Endg(H) determined by (4.1.2), and setting

IH = Spang{fx: L€, xr€ H}
I’H = Spang{tl'z : £,{' €I,z € H}.

The proof of the following lemma is left as an exercise to the reader.

Lemma 4.5.1. — Recalling the notation (1.6.1), the largest closed normal subgroup
Qo C P through which every such he(z) factors is

Qe = ker (P — GL(grO(H))).

The natural action Qg — SO(V') is faithful, and is trivial on the quotient I+/I.
The groups Ugp <« We <1 Qo are

W = ker(Qa — GL(I)),
and
2
Us = \' I,
where we identify a A b € /\2 I with the unipotent transformation of V' defined by
z — x+ [z,a]b — [z, b]a.
The dual of (Qg,Ds) is the Q-scheme with functor of points

isotropic lines z C V ® Og such that
M(Qs,Ds)(S) =4 V — V/I* identifies z with a rank one
local direct summand of (V/I+) ® Og

Every point z € Dg determines a mixed Hodge structure on V' of type
{(-1,0),(0,-1),(0,0),(0,1), (1,0)},
and again the Borel morphism
Dy — M(Qa, Ds)(C)
sends z — F1Vp. It identifies Dg with the open subset

Dg = U@(C)'D C 7T0(D) X M(Q@,'D@)(C)
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4.6. The g-expansion principle. — Now suppose the compact open subgroup K of
(1.1.2) is neat, and small enough that there exists a finite K-admissible complete
cone decomposition ¥ for (G, D) having the no self-intersection property. See § 2.4 for
the definitions.

The results of Pink recalled in § 2.6 provide us with a toroidal compactification

(4.6.1) Shx(G,D, %) = | | Z& (G, D, %),
(®,0)€eStratk (G,D,X)
and the result of Harris-Zucker recalled as Theorem 3.4.1 gives a filtered vector bundle
0=F?Var C F'Var C F'Vqr C F~'Var = Var
on the compactification, endowed with a quadratic form

[—, =] : Var = Osny(a,p,5)

induced by the bilinear form on V. Exactly as in 4.2, the line bundle of weight one
modular forms
w = FIVdR
is isotropic with respect to this bilinear form, and FOVir = (F!Vyr)*. These con-
structions extend those of § 4.2 from the open Shimura variety to its compactification.
In order to define g-expansions of sections of @®* on (4.6.1), we need to make some
additional choices. The first choice is a boundary stratum

(4.6.2) Z&N(G,D, %) e C Shr(G,D, %) ¢

indexed by a toroidal stratum representative (®, ) in which the parabolic subgroup
appearing in the underlying cusp label representative

& = (P,D° h)

is the stabilizer of an isotropic line I C V. The second choice is a nonzero vector £ € I,
which will determine a trivialization of w in a formal neighborhood of the stratum
(4.6.2).

As D has two connected components, there are exactly two continuous surjections
v : D — Hy. Fix one of them. It, along with the spinor similitude v : G — G,
induces a morphism of Shimura data

(G,D) = (G, Ho)-

Denote by 2me® € Hy the image of the component D°. There is a unique continuous
extension of v : D — Hy to ve : De — Hg, and this determines a morphism of mixed
Shimura data

(4.6.3) (Qe, Do) == (G, Ho),

where v : Qo — G, is the character of (4.4.1).
Applying the functor of Proposition 3.3.2 to the Qg-representations I C V de-
termines vector bundles Iyg C Vgr on Shk, (Qs,Dg,0). The vector bundle Vyg is
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endowed with a filtration and a symmetric bilinear pairing, exactly as in the discussion
following (4.6.1), and restricting the bilinear pairing yields a homomorphism

(4.6.4) [., ] IR Q@ w— (’)ShK<I> (Qo,Do,0)"
The choice of nonzero vector ¢ € I defines a section
£ € H°(Shk, (Qe, De)(C), IfR)
of the line bundle
I3% = Qa(Q)\ (Do x Ic x Qo(Af)/Ko)

by sending
rat(v(g)) >
z,9)— |z, ———= -4, g ).
(.9) ( ve(2) I
Proposition 4.6.1. — The holomorphic section £2" extends uniquely to the partial com-

pactification Shg, (Qs, De,0)(C). This extension is algebraic and defined over Q, and
so arises from a unique global section

(4.6.5) ¢ € H°(Shg, (Qo, Ds,0), Iar).
Moreover, (4.6.4) is an isomorphism, and induces an isomorphism

Y [e,y]
© —— Osny, (Qo,Do0)-

Proof. — As the action of Qg on I is via vg : Q¢/Us — Gy, the discussion of
§3.5 (see especially Remark 3.5.2) identifies Iyg with the pullback of the line bundle
I®Lie(G,) 21I® OSh%(Ké)(Gm,Ho) via

Shi, (Qe, Do, o) 22 She. (@, Da) = Shyy (104 Gy Ho)-

The section (4.6.5) is simply the pullback of the trivializing section
0®1 € H®(Shyy(k4)(Grms Ho), I ® Osn,,, 1y (GniHo))-

It now suffices to prove that (4.6.4) is an isomorphism. Recall from §4.4
that M(Qg,Dg) has functor of points

. isotropic lines z C V ® Og such that
M(Qa, Da)(S) = { . }

V — V/I* identifies 2 = (V/I+) ® Og
Let I and V be the (constant) Qg-equivariant vector bundles on M(Qg,Dg) de-
termined by the representations I and V. In the notation of Lemma 3.3.1, the line
bundle & = F'V is the tautological bundle, and the bilinear form on V determines a
Qe-equivariant isomorphism

Iew—-VeV ﬂ OM(Q@”D@)'

By examining the construction of the functor in Proposition 3.3.2, the induced mor-
phism (4.6.4) is also an isomorphism. O
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It follows from the analysis of §4.4 that the diagram (2.3.7) has the form

Shk, (Qe,De) — Shk, (Qe, Da, 0)

Shy, (k) (Gm, Ho),

in which the arrow labeled vg is a torsor for the n-dimensional torus

Ts = Spec (Q[Qa]ael";(l)>

over the 0-dimensional base Sh,, (x,)(Gm,Ho). To define g-expansions we will trivi-
alize this torsor over an étale extension of the base, effectively putting coordinates on
the mixed Shimura variety Shg, (Qs,Ds).

Choose an auxiliary isotropic line I, C V with [I,I.] # 0. This choice fixes a
section

S

e
(Q¢7Dq>) T (Gm7HO)

The underlying morphism of groups s : G,, — Q¢ sends, for any Q-algebra R, a € R*
to the orthogonal transformation

ax ifxelg
(4.6.6) s(a)-z=¢a 'z ifxelp
x ifrxe(®L)x.

To characterize s : Hyo — Dg, we first use (4.4.3) to view
L € M(Qs,Ds)(C).
Recalling the isomorphism (4.4.4), the preimage of I.c under the projection
Dy = (D) x M(Qa,Ds)(C) — M(Qas, Ds)(C)

consists of two points, indexed by the two connected components of D. The function
s : Hyp — Dg is defined by sending 27we® € Hy to the point indexed by D°, and the
other element of Hg to the point indexed by the other connected component of D.

The section s determines a Levi decomposition Qg = G,,, X Up. Choose a compact
open subgroup Ky C G,,(Ay) small enough that its image under (4.6.6) is contained
in Kg, and set

Kgo = Ko X (U@(Af) NKs) C Ko.

Our hypothesis that K is neat implies that Ky C Kgo C K¢ are also neat.
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Proposition 4.6.2. — Assume that the rational polyhedral cone o C Ug(R)(—1) has
(top) dimension n. The above choices determine a commutative diagram

UaeQ;O\A; /Ko ﬁb(o)/c - Shk,, (Qs, Ds, g)/c
§EK(G7ID,Z)/C = §1K@(Q®;ID¢7O)/C

of formal algebraic spaces, in which the vertical arrows are formally étale surjections.
Here

-~ def
(4.6.7) To(7) < Spt(Qllgalluery ) )

(,0) 20

is the formal completion of (2.3.6) along its closed stratum, the lower left corner is
the formal completion of Shi (G, D, %) ¢ along the 0-dimensional stratum (4.6.2), and
the bottom isomorphism is (2.6.3).

Proof. — Consider the diagram

Shzc, (G, Ho) Xspec(@) Te === Shk,,(Qs, Ds) —— Shg, (Qa, Ds)

ShKo (va HO) — Shuq)(Kq>) (Gma HO)’

in which the arrows labeled vg are the Tg-torsors of (2.3.1), and the isomorphism
“=" is the trivialization induced by the section s.
There is a canonical bijection

(4.6.8) Q%o\A} /Ko = Shi, (Gm, Ho)(C)

defined by a — [(27€°,a)]. We remind the reader that 27e¢® € Hy was fixed in the
discussion preceding (4.6.3).

Using this, the top row of the above diagram exhibits Shx, (Qs,Ds)/c as an étale
quotient

(469) |_| T<I>/(C = ShK@o (Qcp, Dq;.)/(c — Sth> (Q@, D.:p)/c.
aEQiO\A}( /Ko

This morphism extends to partial compactifications, and formally completing along
the closed stratum yields a formally étale morphism

|_| f@(ﬂ)/cggl\lK@(Q@,anU)/c—>§1\1K¢(Q<1>,D<I>,U)/<c-
ae@;o\A; /Ko

This defines the top horizontal arrow and the right vertical arrow in the diagram.
The vertical arrow on the left is defined by the commutativity of the diagram. O
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Propositions 4.6.2 and 4.6.1 now give us a working theory of g-expansions along
the 0-dimensional boundary stratum (4.6.2) determined by a top dimensional cone
o C Ug(R)(—1). Taking tensor powers in Proposition 4.6.1 determines an isomorphism

[£®k’ e w®F o~ OSth) (Qa,Da,0)>
and hence any global section
¢ € H°(Shg (G, D, %) /¢, 0®F)
determines a formal function [£2*,4)] on
Shx (G, D, %)/ = Shi, (Qa, Da, 0) c.
Now pull this formal function back via the formally étale surjection
|_| i}(U)/c — Shy(G, D, )/
aeQio\A}( /Ko

of Proposition 4.6.2. By restricting the pullback to the copy of T\q;.(a') sc indexed by a,
we obtain a formal g-expansion (a.k.a. Fourier Jacobi expansion)

(4.6.10) FIO@W) = > FIY ) qa € Cllgallacry)-
aely(1) (@,0)20
(a,0)>0

We emphasize that (4.6.10) depends on the choice of toroidal stratum representative
(®,0), as well as on the choices of v : D — Hy, I, and £ € I. These will always be
clear from context.
For each 7 € Aut(C), denote by a. € QZ,\A} the unique element with
rec(a,) = 7] g
The following is our g-expansion principle; see also [27, Theorem 2.8.7].

Proposition 4.6.3 (Rational g-expansion principle). — For any a € A; and 7 € Aut(C),
the q-expansion coefficients of 1 and ¥ are related by

FIGe) (y7) = 7 (FIL (1))
Moreover, v is defined over a subfield L C C if and only if
FI (@) = 7(FIE ()
for alla € AT, all T € Aut(C/L), and all o € TY(1).
Proof. — The formal scheme ﬁp(d) of (4.6.7) has a distinguished Q-valued point

defined by g, = 0 (i.e., the unique point of the underlying reduced Q-scheme), and
so has a distinguished C-valued point. Hence, using the morphism

|_| f@(g)/c - éTlK@(QqMDqMU)(C)

a€QZ \AF /Ko
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of Proposition 4.6.2, each a € Q%,\A} determines a distinguished point

cusp'® e é?chp (Qa,Ds,0)(C).
By examining the proof of Proposition 4.6.2, the reciprocity law (3.5.2) implies that
cusp(‘m’) = T(cusp(“))

for any 7 € Aut(C), and the g-expansion (4.6.10) is, tautologically, the image of the
formal function [€®% 1] in the completed local ring at cusp(®. The first claim is now
a consequence of the equality

[K@k’w]‘r — [e®k,1/)7]
of formal functions on
éTII(<I> (Q‘P) D'1>7 U) = éTlK(G, D, E)

The second claim follows from the first, and the observation that two rational
sections 1 and 1), are equal if and only if FJ(“)(wl) = FJ(“)(wg) for all a. Indeed,
to check that ¥, = 1), it suffices to check this in a formal neighborhood of one point
on each connected component of Shx (G, D, X)) c. Using strong approximation for the
simply connected group

Spin(V) = ker(v : G — Gyy,),
one can show that the fibers of
Shk (G, D)(C) — Sh, (k) (Gm, Ho)(C)
are connected. This implies that the images of the points cusp(® under
Shisy(Qv, Da,0)(C) — Shi, (Qw, Da,0)(C) = Shi (G, D, 5)(C)

hit every connected component of Shx (G, D, ¥)(C). O

5. Borcherds products

Once again, we work with a fixed Q-quadratic space (V, @) of signature (n,2) with
n > 1, and denote by (G,D) the associated GSpin Shimura datum of §4.1. Fix a
Z-lattice Vz C V on which the quadratic form is Z-valued, and let K be as in (1.1.2).
Recalling the notation of Remark 2.1.2; fix a choice of

2mi € Hp.

We recall the analytic theory of Borcherds products [5, 8] on Shg (G, D)(C) using
the adelic formulation as in [33]. Assuming that V contains an isotropic line, we
express their product expansions in the algebraic language of §4.6.
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5.1. Weakly holomorphic forms. — Let S(V,,) be the Schwartz space of locally
constant C-valued compactly supported functions on Vi, = V ® Ay. For any
g € G(Ay) abbreviate

gVz=gVzNV.

Denote by Sy, C S(Va,) the finite dimensional subspace of functions invariant
under V5, and supported on its dual lattice; we often identify it with the space

Sy, = C[Vy /Vz]

of functions on V,’ /V7. The metaplectic double cover Sig(Z) of SLy(Z) acts via the
WEeil representation

pv, : SLy(Z) — Autc(Syy),

as in [5, 8, 10]. Define the complex conjugate representation by

ﬁVz(’Y) TP = (pVZ(’Y) : ¢)v
for v € SLy(Z) and ¢ € Sy, .

Remark 5.1.1. — There is a canonical basis

{¢IL HYYAS VZV/VZ} C SVza

in which ¢, is the characteristic function of p 4+ Vz. This allows us to identify Sy,
with its own C-linear dual. Under this identification, the complex conjugate represen-
tation py, agrees with with contragredient representation p‘V,Z. It also agrees with the
representation denoted wy, in [1, 2].

Denote by M. ]!.7n /2 (Py,) the space of weakly holomorphic forms for SL, (Z) of weight
1 —n/2 and representation py,, as in [5, 8, 10]. In particular, any

(5.1.1) fln) = E c(m)-q™ € M!_%(ﬁw)
meQ
m>>—00

is an Sy,-valued holomorphic function on the complex upper half-plane H. Each
Fourier coefficient ¢(m) € Sy, is determined by its values c(m, ) at the various
cosets pu € V) /Vz. Moreover, ¢(m, u) # 0 implies m = Q(p) modulo Z.

Definition 5.1.2. — The weakly holomorphic form (5.1.1) is integral if
c(m,pn) €Z
for all m € Q and all p € V) /V3.

It is a theorem of McGraw [41] that the space of all forms (5.1.1) has a C-basis of
integral forms.
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5.2. Borcherds products and regularized theta lifts. — We now recall the meromorphic
Borcherds products of [5, 8, 33].

Write 7 = u + iv € H for the variable on the complex upper half-plane. For
each ¢ € S(V},) there is a Siegel theta function

W1, 2,9;0) : Hx D x G(Ay) — C,
as in [33, (1.37)], satisfying the transformation law

9(7, vz, vghs ) = O(7, 2,9 0 h ™)
for any v € G(Q) and any h € G(Ay). If we use the basis of Remark 5.1.1 to define

19(7—7279) = Z 19(73279,¢u) ’d’m
MEVZ\//VZ
we obtain a function
W1, 2,9) : HxDx G(Ay) — Sy,
which transforms in the variable 7 like a modular form of weight 5 —1 and represen-
tation py,.

Given a weakly holomorphic form (5.1.1) one can regularize the divergent integral

(521) O (N)eg) = [ jlrzg) Mg

SL2(Z)\'H

as in [5, 8, 33|. Here we are using the map Sy, ® Sy, — C defined by

1 ifpu=v
® s
ou®d {0 otherwise
to obtain an SLo(Z)-invariant scalar-valued integrand f(7)d(r, 2, g).
As the subgroup K acts trivially on the quotient (4.1.5), the subspace Sy, C S(Vj,)
is K-invariant. It follows that (5.2.1) satisfies

O™ (f)(vz,79k) = ©"¢(f)(2,9)

for any v € G(Q) and any k € K. This allows us to view ©™8(f) as a function
on Shgi(G,D)(C), which we call the regularized theta lift. Our ©8(f) is usually
denoted ®(f) in the literature.

Remark 5.2.1. — The following fundamental theorem of Borcherds implies that the
regularized theta lift is real analytic away from a prescribed divisor, with logarithmic
singularities along that divisor. Remarkably, the regularization process gives ©™8( f)
a meaningful value at every point of Shg (G, D)(C), including along the singular
divisor. In the context of unitary Shimura varieties, this is [11, Theorem 4.1] and [11,
Corollary 4.2], and the proof for orthogonal Shimura varieties is identical. In other
words, ©™&(f) is a well-defined (but discontinuous) function on all of Shi (G, D)(C).
Its values along the singular divisor will be made more explicit in §9.2 when we use
the embedding trick to complete the proof of Theorem 9.1.1.
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Theorem 5.2.2 (Borcherds). — Assume that f is integral. After multiplying f by any
sufficiently divisible positive integer ™, there is a meromorphic section U(f) of the
analytic line bundle (w**)®(0:9)/2 on Shy (G, D)(C) such that, away from the support
of div(¥(f)), we have

(5.2.2) — 410g || ¥ ()]l naive = ©™8(f) + ¢(0, 0) log(m) + ¢(0,0)I'(1).
Here T"(s) is the derivative of the usual Gamma function, and || — ||naive s the metric
of (4.2.2).

Proof. — Choose a connected component D° C D, let G(R)° C G(R) be its stabilizer
(this is just the subgroup of elements on which the spinor similitude v : G — G,, is
positive) and define G(Q)° similarly. Denote by wpeo the restriction to D° of the
tautological line bundle on (4.1.1). It carries an action of G(R)® covering the action
on the base, and a G(R)® invariant metric (4.2.2).
For any g € G(Ay), denote by
def

0,5(f)(2) = ©™5(f)(2,9)

the restriction of the regularized theta lift to the connected component

(5.2:3) (G(Q)° N gKg~N\D* Z222 Shie (G, D) (C).

Borcherds [5] proves the existence of a meromorphic section ¥, (f) of w%i‘o’o)/ 2
satisfying
(5.2.4) — 410g [ ¥y (f)llnaive = O35 (f) + ¢(0,0) log(m) 4 ¢(0,0)I"(1).
Note that Borcherds does not work adelically. Instead, for every input form (5.1.1)
he constructs a single meromorphic section ¥iagsical (f) over D°. However, g € G(Ay)
determines an isomorphism V' /Vz — gV}’ /gVz, which induces an isomorphism

1 — fg-f 1 —
M1—g (py,) — M1—g (Pgva)-

Replacing the pair (Vz,f) by (gVz,9f) yields another meromorphic section
\Ilclassical(gf) over Do, and

\I/g(f) = \Ilclassical(gf)'

The relation (5.2.4) determines ¥, (f) up to scaling by a complex number of abso-
lute value 1, and the linearity of f + ©7°%(f) implies the multiplicativity

\I/g(fl + fz) = \I/g(fl) ® \Ijg(f2)

relation, up to the ambiguity just noted. As @;eg( f) is invariant under translation by
every v € G(Q)° N gKg~!, we must have

7 We(f)(2) = &(7) - ¥u(f)(72)

for some unitary character
(5.2.5) & :G(Q°NgKg™t —C*.

) In particular, we may assume c¢(0,0) € 27Z.
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The main result of [7] asserts that the character ; is of finite order, and so we may
replace f by a positive integer multiple in order to make it trivial. The section ¥4 (f)
now descends to the quotient (5.2.3).

Repeating this procedure on every connected component of Shi (G, D)(C) yields a
section U(f) satisfying (5.2.2). O

The meromorphic section ¥(f) of the theorem is what is usually called the
Borcherds product (or Borcherds lift) of f. We will use the same terminology to refer
to the meromorphic section

P(f) = (2mi) 0w (2f)

of (0*)®¢(0.0)  which has better arithmetic properties. We will see in §9 that,
after rescaling by a constant of absolute value 1 on every connected component
of Shi (G, D)(C), the section 1(f) is algebraic and defined over the reflex field Q.

Proposition 5.2.3. — Assume that either n > 3, or that n = 2 and V has Witt in-
dex 1. The Borcherds product V(f) of Theorem 5.2.2, a priori a meromorphic section
on Shi (G, D)(C), is the analytification of a rational section on Shi (G, D) c.

Proof. — 1t suffices to prove this after shrinking K, so we may assume that K is
neat and Shk (G, D) is a quasi-projective variety. The hypotheses on n imply that the
boundary of the (normal and projective) Baily-Borel compacification

Shg (G, D) — Shy (G, D)BB

lies in codimension > 2.

Let D be the polar part of the divisor of ¥(f), so that D is an effective an-
alytic divisor on Shg(G,D)(C) with div(¥(f)) + D effective. The proof of Levi’s
generalization of Hartogs’ theorem [17, §9.5] shows that the topological closure of D
in Shg (G, D)BB(C) is again an analytic divisor. By Chow’s theorem on the algebraic-
ity of analytic divisors on projective varieties, this closure is algebraic, and so D itself
was algebraic.

Now view ¥(f) as a holomorphic section of the analytification of the line bundle
w®(0.0/2 @ O(D) on Shg (G, D) c. By Hartshorne’s extension of GAGA [25, Theo-
rem VI.2.1] this section is algebraic, as desired. O

5.3. The product expansion I. — As in the proof of Theorem 5.2.2, fix a connected
component D° C D and an h € G(Ay), and denote by U, (f) the restriction of the
Borcherds product to the connected component

(G(Q)° N hER~Y\D° 22, s (@, D)(C).

In this subsection we recall the product expansion for ¥ (f) due to Borcherds. Let
wpo be the restriction to D° of the tautological bundle on (4.1.1).
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Assume throughout § 5.3 that there exists an isotropic line I C V. Choose a second
isotropic line I, C V with [I, I,] # 0, but do this in a particular way: first choose a
Z-module generator

e lInNhVy,

and then choose a k € hV,’ such that [(,k] = 1. Now take I, be the span of the
isotropic vector
(5.3.1) L. =k —Q(k)L.
Obviously [/, £,] = 1, but we need not have ¢, € hV).

Abbreviate Vo = I+ /I. This is a Q-vector space endowed with a quadratic form of
signature (n — 1,1), and a Z-lattice
(5.3.2) Voz = (It N hVy) /(I NKAVE) C V.
Denote by

LightCone(Vor) = {w € Vor : Q(w) < 0}

the light cone in Vygr. It is a disjoint union of two open convex cones. Every v € Ié-
determines an isotropic vector

b+ v —[l,v]l — Qv)l € V¢,

depending only on the image v € Vyc. The resulting injection Voc — P(V) restricts
to an isomorphism

Vor + ¢ - LightCone(Vor) = D,

and we let
(5.3.3) LightCone®(Vpr) C LightCone(Vyr)
be the connected component with

Vor + % - LightCone® (Vor) = D°.

There is an action py,, of §I:2(Z) on the finite dimensional C-vector space Sy,,,
exactly as in §5.1, and a weakly holomorphic modular form

fo(r) = Z Z Co(mv/\)'QMEMll—g(ﬁvoz),

meQ eV, /Voz
m>—0o0

whose coeflicients are defined by
co(m,\) = Z c(m, h™p).

wERV, [hVy
u~A

Here we understand A~'y to mean the image of p under the isomorphism
hV, |hVy — V' /Vy defined by multiplication by h~!. The notation g ~ A re-
quires explanation: denoting by

p: (It NAVY) /(I N hVE) — Vo /Voz
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the natural map, yu ~ A means that there is a
(5.3.4) peItn(u+hVy)

such that p(i1) = A.
Every vector € Vj of positive length determines a hyperplane z+ C Vog. For
each m € Q5o and A € Vy,/Vyz define a formal sum of hyperplanes

H(m,\) = Z zt,
zEX+Voz
Q(z)=m

in Vogr, and set

H(fo)= > co(—m,\)-H(m, ).

meQso
eV /Voz
Definition 5.3.1. — A Weyl chamber for fy is a connected component
(5.3.5) # C LightCone®(Vor) \ Support(H (fo)).

Let N be the positive integer determined by NZ = [hVy,I N hVy], and note
that /N € hV,’. Set

(5.3.6) A= H (1 _ e%m/zv)

2€Z/NT
z#0

Tautologically, every fiber of wpo is a line in V¢, and each such fiber pairs nontriv-
ially with the isotropic line I¢. Using the nondegenerate pairing

c(0,zh~1¢/N)

[.7.]:.[@@(.01)0 — Opo,

the Borcherds product ¥}, (f) and the isotropic vector £ € I determine a meromorphic
function [£®°(%:0)/2 W, (f)] on D°. It is this function that Borcherds expresses as an
infinite product.

Theorem 5.3.2 (Borcherds [5, 8]). — For each Weyl chamber # there is a vector o € Vj
with the following property: For all

veVor+i-# C Voc
with |Q(Im(v))| > 0, the value of [(®(%:0/2 U, (f)] at the isotropic line
b +v—[le,v]f — Q(v)l € D°
is given by the (convergent) infinite product

WA - e2mile] H H (1 — ¢, 62m'[,\,v])

XEVY, weRVy /hVy
A, #1>0 TSP

(—Q(\),h 1)

for some k € C of absolute value 1. Here, recalling the vector k € hV,' appearing in

(5.3.1), we have set
C-u — 627Ti[[t,k].
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Remark 5.3.3. — The vector g € Vj of the theorem is the Weyl vector. It is completely
determined by the weakly holomorphic form f and the choice of Weyl chamber %#'.

5.4. The product expansion II. — We now connect the product expansion of Theo-
rem 5.3.2 with the algebraic theory of g-expansions from §4.6. Throughout §5.4 we
assume that K is neat.

The theory of §4.6 applies to sections of the algebraic line bundle w/,c
on Shg(G,D),c and at the moment we only know the algebraicity of Borcherds
products in special cases (Proposition 5.2.3). Throughout §5.4, we simply assume
that our given Borcherds product ¥(f) is algebraic.

Begin by choosing a cusp label representative

& = (P,D°, h)

for which P is the stabilizer of an isotropic line I. Let £ € I N hVz be a generator, let
2, be as in (5.3.1), and let I, = Q..

Recall from the discussion surrounding (4.6.6) that the choice of I, determines
morphisms of mixed Shimura data

S

—
(Qe, Do) —— (Gm, Ho),

where we specify that ve : D — Ho sends the connected component DG C Dy
containing D° to the 27i € Hy fixed at the beginning of § 5.

Set Vo = I*/I as before. The connected component (5.3.3) was chosen in such a
way that the isomorphism

Vor 25 Voe @ 1 422, 1y (©)

identifies

Vor + 4 LightConeO(VoR) ~ Us(R) 4 Cs,
where Cy C Ug(R)(—1) is the open convex cone (2.4.1). Equivalently, the isomor-
phism

®(—2mi) "t

(5.4.1) Vor % Vor © I(—1) & U (R)(~1)

(note the minus sign!) identifies LightCone® (Vo) = Ceo.

Lemma 5.4.1. — Fix a Weyl chamber # as in (5.3.5). After possibly shrinking K,
there exists a K-admissible, complete cone decomposition ¥ of (G, D) having the
no self-intersection property, and such that the following holds: there is some top-
dimensional rational polyhedral cone o € ¥g whose interior is identified with an open
subset of # under the above isomorphism

Cs = LightCone® (Vor).
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Proof. — This is an elementary exercise. Using Remark 2.6.1, we first shrink K in
order to find some K-admissible, complete cone decomposition ¥ of (G, D) having
the no self-intersection property. We may furthermore choose ¥ to be smooth, and
applying barycentric subdivision [47, §5.24] finitely many times yields a refinement
of 3 with the desired properties. O

For the remainder of § 5.4 we assume that K, ¥, #, and o C Us(R)(—1) are as in
Lemma 5.4.1. As in §4.6, the line bundle w on Shx (G, D) has a canonical extension
to Shx (G, D, %), and we view U(f) as a rational section over Shi (G, D, %) c.

The top-dimensional cone o singles out a 0-dimensional stratum

7@, D,¥) C Shg(G,D, %)

as in §2.6. Completing along this stratum, Proposition 4.6.2 provides us with a for-
mally étale surjection

LI Spf(Cligallacry) — Shx (G, D, D) e,

a€Q%\A¥ /Ko (a,0)>0

where Ko C A is chosen small enough that the section (4.6.6) satisfies s(Ko) C Kg.
As in (4.6.10), the Borcherds product ¥(f) and the isotropic vector ¢ determine a
rational formal function [£2°(%:0)/2 U ()] on the target, which pulls back to a rational
formal function

(5.42) FI@(W(f)) € Frac(Cllgallaery))
(2,0)>0

for every index a. The following proposition explains how this formal g-expansion
varies with a.

Proposition 5.4.2. — Let F' C C be the abelian extension of Q determined by
rec : QZ,\AT /Ko = Gal(F/Q).

The rational formal function (5.4.2) has the form

(5.4.3) (2mi) 02 RI@ (W (f)) = k@ Am@ g, - BP(f)r@,

Here k(®) € C is some constant of absolute value 1, and the power series

BP(f) € Orl[¢allacrym)
(a,0)20

(Borcherds Product) is the infinite product

pe= [1 I1 (1-Gau

XEVY, pehVy' /hVy
NA#I>0 p~A

>C(—Q(>\)7h’1u)
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The constant A and the roots of unity {,, have the same meaning as in Theorem 5.8.2,
and these constants lie in Op. The meaning of qq(x) s as follows: dualizing the iso-
morphism (5.4.1) yields an isomorphism

A—a(X)

(5.4.4) Vor Us(R)" (1),

and the image of each A\ € Vor appearing in the product satisfies
a(X) e Tg(1).

The condition [A, #] > 0 implies (a()),0) > 0. Of course qq(,) has the same meaning,
with o € Vy the Weyl vector of Theorem 5.3.2. Again (o) € T'§(1), but need not satisfy
the positivity condition with respect to o.

Proof. — First we address the field of definition of the constants A and (.

Lemma 5.4.3. — The constant A of (5.3.6) lies in Op, and {, € Op for every p
appearing in the above product.

Proof. — Suppose a € Ky. It follows from the discussion preceeding (4.1.5)
that s(a) € hKh~! stabilizes the lattice hVz, and acts trivially on the quotient
hV,' /hVy. In particular, s(a) acts trivially on the vector ¢/N € hV,’ /hVz. On the
other hand, by its very definition (4.6.6) we know that s(a) acts by a on this vector.
It follows that (a — 1)¢/N € hVz, from which we deduce first a — 1 € NZ, and then
Arec(a) = A.

Suppose pu € hV,'/hVy satisfies p ~ X for some A € V. By (5.3.4) we may fix
some fi € I+ N (p+ hVz). This allows us to compute, using (5.3.1),

C;ec(a) — eZwi[ﬂ,ak] — eZﬂ'i[ﬂ,aZ*]eZﬂiQ(k)-[ﬂ,af]

_ o2milii,s(a) " 0] 2miQ(k)-[fs(a)t]

As [fi,£] = 0, we have [fi, s(a)f] = 0 = [fi, s(a) ~*¢]. Thus

(ree(@) = g2milino(a) ] 2miQUR) ns(@) "l _ g2milfns(@) k]  2mils(@)ik],

As above, s(a) acts trivially on hV,’/hVz, and we conclude that

C/l;ec(a) — e?‘fri[ﬁ,,k] — Cu' ]

Suppose a € A}(. The image of the discrete group

I = s(a)Kes(a) ™' N Qa(Q)°

under v : Qo — G, is contained in 7Zx N Q;O = {1}, and hence ng) is contained
in ker(vg) = Us. Recalling that the conjugation action of Q¢ on Ug is by ve, we find
that

I = rat(ve(s(a))) - (Ko NUs(Q)) = rat(a) - T
as lattices in Us(Q).
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Recalling (4.6.9) and (2.6.4), consider the following commutative diagram of com-
plex analytic spaces

(5.4.5) L, T§N\De - - - - + L, To(C) =1, Ta(-1) @ C

~ | z2—(z,s(a)) JN

%K<I>O (Q@y D<I>) B— ShK@o (Q@, D<1>)(C)

|

%Ké (Q<1>7 Dq;.) — ShK@ (Qd?a D‘P)((C)

(z:9)—(2,9h)

in which all horizontal arrows are open immersions, all vertical arrows are local isomor-
phisms on the source, and the disjoint unions are over a set of coset representatives
a € Q;O\A; /Kqo. The dotted arrow is, by definition, the unique open immersion
making the upper left square commute.

Lemma 5.4.4. — Fiz a A € Vor whose image under (5.4.4) satisfies
a(d) € Ty (1),
and suppose
v € Vor + i@ - LightCone®(VoR).

If we restrict the character
da(n) : To(C) — C*

to a function Ff;)\DO — C* wvia the open immersion in the top row of (5.4.5), its
value at the isotropic vector

b +v— Ly, 0]l — Qv)l € D°

is e2ﬂi[)\,v]/rat(a) .

Proof. — The proof is a (rather tedious) exercise in tracing through the defini-
tions. The dotted arrow in the diagram above is induced by the open immersion
D° C Us(C)D° = Dy and the isomorphisms

(5.4.6) | |T$\D§ = Shi,, (Qa, Ds)(C) = | | T (C).
The second isomorphism is the trivialization of the Tg(C)-torsor

(547) ShK®O(Q¢,D¢)(C) — ShKo (Gm,Ho)(C)
induced by the section s : (G,,,Ho) — (Qs, Ds), as in the proof of Proposition 4.6.2.
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Tracing through the proof of Proposition 2.3.1, this isomorphism is obtained by
combining the isomorphism
(5.4.8) Us(C)/Tp = Te(—1) ® C/Z(1) 2222, Dy (~1) ® C* = T5(C)
with the isomorphism

—rat(a)
s

(5.4.9) Us(C)/Te Us ()T = TG\ DG

obtained by trivializing ng )\D; as a Ug(C) /FE; )_torsor using the point £, € Dg.
Note the minus sign in (5.4.9), which arises from the minus sign in the isomorphism
(2.3.5) used to define the torsor structure on (5.4.7).

Denote by 8 the composition

Vor 25 Vg © T 222, Uy (R).

It is related to a(\) € Us(R)Y (1) by
<a()‘)7 B(v)) = —2mi - [\, 0],
for all v € Vyr. Extending 8 complex linearly yields a commutative diagram

T5(C)

Voe ————— Us(C) (5.4.6)

m

rs\D;,
and going all the way back to the definitions preceding (2.3.6), we find that the
pullback of g,(») : Te(C) — C* to a function on Vic is given by

Qa(k) (v) — 6727”'[)\,1)] .

On the other hand, the composition along the bottom row sends

Y S
—rat(a)

Voc

to the point obtained by translating ¢, € Dg by the vector v® ¢ € Voc ® I, viewed as
an element of U (C) using (4.4.2). This translate is

b +v—[l,v]l — Qv) € Dg,

and hence the value of g,(y) at this point is

v — 2mi[Av]/rat(a) 0
T (—rat(a)> ¢ '
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Lemma 5.4.5. — Suppose v € Vog + 1 - # with |Q(Im(v))| > 0. The value of the
meromorphic function

rat(a)* O 0/2 - [¢=O02 W ) (f)]
at the isotropic line £, +v — [{,,v] — Q(v)€ € D° is

Azlfc(a) . e27ri[g,v]/rat(a) % H H (1 _ C;ec(a) . e27ri[/\,v]/rat(a)

AeVy, wehVy' /hVy
A #]>0 [T

)

)C(—Q(k)ﬁ*lu)

up to scaling by a complex number of absolute value 1.

Proof. — The proof amounts to carefully keeping track of how Theorem 5.3.2 changes
when W, (f) is replaced by W,(q)4(f). The main source of confusion is that the vectors
£ and /¢, appearing in Theorem 5.3.2 were chosen to have nice properties with respect
to the lattice hVz, and so we must first pick new isotropic vectors £(* and E,(.fl) having
similarly nice properties with respect to s(a)hV7.

Set £(*) = rat(a)¢. This is a generator of

Ins(a)hVy =rat(a) - (I NAVE).

Now choose a k(9 € s(a)hV,’ such that [¢/(9), k(®] = 1, and let I C V be the span
of the isotropic vector
0 = k@ — QK@)

Using the fact that Qg acts trivially on the quotient I1/I, it is easy to see that

the lattice
VI = (I " s(a)hVi) /(I N s(a)hVy) C T+/1

is equal, as a subset of I+/I, to the lattice Voz of (5.3.2). Thus replacing hVz
by s(a)hVz has no effect on the construction of the modular form fy, or on the
formation of Weyl chambers or their corresponding Weyl vectors.

Similarly, as Q¢ stabilizes I, the ideal NZ = [hVz,I N hV7] is unchanged if h is
replaced by s(a)h. Replacing h by s(a)h in the definition of A now determines a new
constant

A(a) _ H (1 _ e27riw/N
z€Z/NZ
z#0

H (1 _ g2mia/N

z€Z/NZ
z#0

H (1 _ e27riw-unit(a)/N

z€Z/NZ
z#0

_ Arec(a) .

) c(0,z-h~s(a) " 14(*) /N)

) ¢(0,z-unit(a) “*h"1¢/N)

)c(O,xh’IZ/N)
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Citing Theorem 5.3.2 with h replaced by s(a)h everywhere, and using the isomor-
phism

s(a)hVy’ /s(a)hVy = KV, [hVy
induced by the action of s(a)~!, we find that the value of
(5.4.10) (@) @4 (f)] = rat(a) OO0 W, o (£)]
at the isotropic line
0 4 v — [0, 0)6@ — Qv)e® € D°
is given by the infinite product

AEI;I) . e27ri[g,v] H H (1 _ e27ri[s(a)p,,k(“)] . 62771‘[)\,11])0(_@()‘):}0_1#).

XEVY, pehVy /hVy
AN #]1>0 e~

Now make a change of variables. If we set v(*) = £, — rat(a)ésca) € Vb, we find that
the value of (5.4.10) at the isotropic line

ol = £+ () <[, () e - o (e

is
A((;) . eZﬂi[g,v+v(“)]/rat(a)

) a . a e(=Q(\),h ™ w)
> H H <1 _ eQﬂ'z[s(a),u,k:( )]6271'1[)\,1)4-1)( )]/rat(a)) )

XeVy, wehVy /hVy
LVZTS0 p~A

Assuming that g ~ A, we may lift A € It /I to i € I*N(u+hVz). As s(a) € Qa(Ay)
acts trivially on (I1/I) ® Ay, we have

0 @] = [, (@) "0 @) = [, 5(a) 1@,
Using (4.6.6) and the definition of v(*), we find
rat(a) 's(a)"*v@ = unit(a)l, — s(a)_lf,(ka).
Combining these relations with [, £.] = [f, k] and [ﬂ,&(ka)] = [f1, k)] shows that

[)"U(a)] N : —17.(a
rat(@) (i, unit(a)k — s(a) " k@)

As unit(a)k — s(a™1)k(@ € hVZ\/ and fi — p € hVz, we deduce the equality

A, ]

rat(a) 1, unit(a)k — s(a) " &)
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in Q/Z =~ Q/Z. Thus
eQﬂi[s(a)u,k(”)]e27ri[/\,v+v(“)]/rat(a) _ eQwi[u,s(arlkW)]e2m[x,u+u<ﬂ>]/rat(a)

— (2miluunit(a)k] 2mi 0] /rat(a)
_ C;nit(a) . 2mil\v]/rat(a)
Finally, the equality
e2milo,v+v(®]/rat(a) _ 2mile,v]/rat(a)
holds up to a root of unity, simply because [o,v(*)] € Q. O
Working on one connected component
T5\D® = icsy(Qa, D),

the pullback of ¥(f) is W,(q)n(f). The pullback of the section £°* of the constant
vector bundle I3} determined by Ic is, by the definition preceding Proposition 4.6.1,
the constant section determined by

rat(a)

-Le ;.
27 ¢

Thus on I‘E; )\D° we have the equality of meromorphic functions
(2md)OO2 . (g2, W (£)] = rat(a) /2 - [EOOZ W, ) (£)).

Combining the two lemmas above, we see that the value of this meromorphic function
at the isotropic line £, + v — [€,,v]f — Q(v)¢ € D° is

A:I;ec(a) “Ga(o) * H H (1 _ Cf;,eC(a) “Ga(n)

AEVyy, weRVy /hVy
A, #]1>0 TN

)

>C(—Q(>\)7h’1u)

up to scaling by a complex number of absolute value 1. The stated g-expansion (5.4.3)
follows from this.

It remains to prove the integrality conditions a()) € T'}(1). A priori, every a()\)
appearing in the product above (including A = p) lies in Ugp(Q)V(1). However, as the
product itself is invariant under the action of

I'" = rat(a) - Ty C Up(Q)
on D°, the uniqueness of the g-expansion implies that only those terms
(5.4.11) Qo(n) = €™ 0I/rat(@)
that are themselves invariant under I‘gl ) can appear. Pullback by the action of

u € Up(Q) sends
Qo) > Qa(y) - X)W /rat@)

where (—,—) : Us(Q)V(1) ® Us(Q) — Q(1) is the tautological pairing, and it follows

that the invariance of (5.4.11) under FS; ) is equivalent to the integrality condition
a(X) eTy(1).
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This completes the proof of Proposition 5.4.2. O

6. Integral models

As in §5, we keep V; C V of signature (n,2) with n > 1. Fix a prime p at which
V7 is maximal in the sense of §1.1, and assume that the compact open subgroup
(1.1.2) factors as K = K,K? with p-component

Ky =G(Qp)NCO(Vg,)".
Under this assumption, we recall from [1, 2] the construction of an integral model
Sk (G, D) — Spec(Z(y))

of Shi (G, D), and extensions to this model of the line bundle of weight one modular
forms and the special divisors. In those references it is assumed that V7 is maximal
at every prime, but nearly everything extends verbatim to the more general case
considered here. Indeed, one only has to be careful about the definitions of special
divisors in §6.4. Once the correct definitions are formulated the proofs of [loc. cit.]
go through without significant change, and we simply give the appropriate citations
without further comment.

The main new result is the pullback formula of Proposition 6.6.3, which describes
how special divisors restrict under embeddings between orthogonal Shimura varieties
of different dimension. This will be a crucial ingredient in our algebraic variant of the
embedding trick of Borcherds.

6.1. Almost self-dual lattices. — The motivation for the following definition will be-
come clear in §6.3.

Definition 6.1.1. — We say that V7 is almost self-dual if it has one of the following
(mutually exclusive) properties:

— Vg, is self-dual;

— p =2, dimg(V) is odd, and [V : Vz,] is not divisible by 4.

Remark 6.1.2. — Almost self-duality is equivalent to the smoothness of the quadric
over Z, parameterizing isotropic lines in Vz . Here, an isotropic line in Vg for an
Zp-algebra R is a local direct summand I C Vg of rank 1 that is locally generated by
an element v € I satisfying Q(v) = 0.

Recall from §4.3 that G acts on the Q-vector space H = C(V), and that one may
choose a Z-valued symplectic form ) on

Hy =C(Vy)

in such a way that the action of G induces a Hodge embedding into the Siegel Shimura
datum determined by (H,1). The following lemma will be used in §8 to choose % in
a particularly nice way.
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Lemma 6.1.3. — Assume that V has Witt index 2 (this is automatic if n > 5). If
Vz, is almost self-dual, then we may choose v as above in such a way that Hz, is

self-dual.

Proof. — Choose any isotropic line I C V', and let £ € INV7 be a Z-module generator.
Let N be the positive integer defined by

NZ = [V, 1.

On the one hand, ¢{/N € V,’/V; is isotropic under the Q/Z-valued quadratic form
induced by Q. On the other hand, maximality of Vz, implies that VZ\;/ Vz, has no
nonzero isotropic vectors. Thus £/N € Vz , and so p{ N.
It follows that there is some k € V7 such that p 1 [k, £], and from this it is easy to
see that there exists a vector v € Zk + Z£ such that Q(v) is negative and prime to p.
The Q-span of k, £ € V' is a hyperbolic plane over Q, and the Z,-span of k, £ € V7, is
an integral hyperbolic plane over Z,. It follows that the orthogonal complement

W=(Qk+Q)tcV
has Witt index 1, and that the Z-lattice Wy = W N V7 satisfies
Vg, = Zpk ® Zpt ® Wy,

In particular Wz, is again maximal. Repeating the argument above with V7 replaced
by Wy, we find another vector w € V with Q(w) negative and prime to p, and
[v,w] = 0.

We have now constructed an element § = vw € C(V7) such that

82 =-Q()Qw) € ZE;).

Set (z,y) = Trd(zdy*), exactly as in §4.3.
It remains to prove that Hz, is self-dual. We will use the decomposition

Hz, = Hy, ® Hy,

induced by the decomposition C'(Vz,) = C*(Vz,) ®C~(Vz,) into even and odd parts.
It is not hard to see that these direct summands of Hyz, are orthogonal to each other
under v, and so it suffices to prove the self-duality of each summand individually.

According to [13, § C.2], the almost self-duality of V7, implies that the even Clifford
algebra C*(V7,) is an Azumaya algebra over its center, and this center is itself a finite
étale Z,-algebra. Equivalently, C*(Vz,) is isomorphic étale locally on Spec(Z,) to a
finite product of matrix algebras. It follows from this that

z@y—Trd(zy)
_

C*(Va,) © CF(Va,) z

P

is a perfect bilinear pairing. The self-duality of HZ; under 9 follows easily from this.
The self-duality of HZ_,, then follows using the isomorphism

Hy = Hf
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given by right multiplication by the v € C'(V7) chosen above, and the relation

w(fm},yv) = _Q(U) . w(xay)
for all z,y € H. U

6.2. Isometric embeddings. — We will repeatedly find ourselves in the following sit-
uation. Suppose we have another quadratic space (V°,Q°) of signature (n°,2), and
an isometric embedding V' < V°. This induces a morphism of Clifford algebras
C(V) — C(V*®), which induces a morphism of GSpin Shimura data

(G, D) — (G°,D°).

Just as we assume for (V, @), suppose we are given a Z-lattice V;; C V° on which
Q° is integer valued, and which is maximal at p. Let

K° =K, -K°P? CG°(As)N C(Vg)x
be a compact open subgroup with p-component
K; =G°(Q,) N C(VZ‘;)X.
Assume that Vz C V;§ and K C K°, so that we have a finite and unramified morphism
(621) j . ShK(G, D) — ShKo (GO,DO)

of canonical models. Our choices imply (using the assumption that V7, is maximal)
that V7, = Vg, N VZ‘; and K, = Ky N G(Qp).

Lemma 6.2.1. — It is possible to choose (V°,Q°) and V3 as above in such a way
that V) is self-dual. Moreover, we can ensure that V. C V° has codimension at most 2
if n is even, and has codimension at most 3 if n is odd.

Proof. — An exercise in the classification of quadratic spaces over Q shows that we
may choose a positive definite quadratic space W in such a way that the orthogonal
direct sum V° =V & W admits a self-dual lattice locally at every finite prime (for
example, we may arrange for VV° to be a sum of hyperbolic planes locally at every finite
prime). From Eichler’s theorem that any two maximal lattices in a Q,-quadratic space
are isometric [16, Theorem 8.8], it follows that any maximal lattice in V° is self-dual.
Enlarging V7 to a maximal lattice Vi C V° proves the first claim.

A more careful analysis, once again using the classification of quadratic spaces, also
yields the second claim. O

6.3. Definition of the integral model. — We now define our integral model of the
Shimura variety Shg (G, D).
Assume first that V7, is almost self-dual. This implies, by [13, § C.4], that
G = Gspin(VZ(p))

is a reductive group scheme over Z,, and hence that K, = G(Z,) is a hyperspecial
compact open subgroup of G(Q,). Thus Shx (G, D) admits a canonical smooth integral
model Sk (G, D) over Z,) by the results of Kisin [31] (and [30] if p = 2).
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Remark 6.3.1. — The notion of almost self-duality does not appear anywhere in our
main references [39, 1, 2] on integral models of Shi (G, D). This is due to an oversight
on the authors’ part: we did not realize that one could obtain smooth integral models
even if V7, fails to be self-dual.

According to [30, Proposition 3.7] there is a functor
(6.3.1) N — (Nar, F*Ngr)
from representations G — GL(NN) on free Z,)-modules of finite rank to filtered vectors
bundles on Sk (G, D), restricting to the functor (3.3.2) in the generic fiber. (®
Applying this functor to the representation Vz,,, yields a filtered vector bundle
(Var, F*Var). Applying the functor to the representation Hz ,, = C(Vz,,) yields

a filtered vector bundle (Hgygr, F'*Hg4gr). The inclusion (4.1.2) restricts to Vi, —
End(Hz,,, ), which determines an injection

Var — End(Hgr)

onto a local direct summand.
For any local section x of Vygr, the composition x o x is a local section of the
subsheaf Og, (g,p) C End(Hgr). This defines a quadratic form

Q : Var — Osy(c,p)>
with an associated bilinear form
[—,—]: Var ® Var — Os,(c,p)
related as in (1.1.1). The filtration on Vyr has the form
0= F?Vyr C F'Vir € F'Vyr C F~'Vyr = Vig,
in which F'V,R is an isotropic line, and FOVyg = (F'Vggr)t. As in §4.2, the line
bundle of weight one modular forms on Sk (G, D) is
o=F'Vig.

If Vz, is not almost self-dual then choose auxiliary data (V°,Q°) as in §6.2 in such

a way that VZOP is almost self-dual. This determines a commutative diagram

(6.3.2) Sk (G, D) +— Shg(G, D)

| |

SKO (GQ,DO) — ShKO(GO,DO),

in which the lower left corner is the canonical integral model of Shg.(G®, D°), and
the upper right corner is defined as its normalization in Shg (G, D), in the sense of
[2, Definition 4.2.1]. By construction, Sk (G, D) is a normal Deligne-Mumford stack,
flat and of finite type over Z ).

(5) There is also a weight filtration on Nggr, but, as noted in Remark 3.4.2, it is not very interesting
over the pure Shimura variety.
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Define the line bundle of weight one modular forms on Sk (G, D) by

_ <&
(6.3.3) © =0 Gpy

where w° is the line bundle on Sko(G®, D) constructed in the almost self-dual case
above. The line bundle (6.3.3) extends the line bundle of the same name previously
constructed on the generic fiber.

The following is [2, Proposition 4.4.1].

Proposition 6.3.2. — The Z,)-stack Sk(G,D) and the line bundle w are indepen-
dent of the auziliary choices of (V°,Q°), VZ?, and K° used in their construction,
and the Kuga-Satake abelian scheme of § 4.8 extends uniquely to an abelian scheme

A— Sk(G,D).
The following is a restatement of the main result of [39].

Proposition 6.3.3. — If p > 2 and p? does not divide [V, : V], then Sk(G,D) is
regular.

Remark 6.3.4. — Our Sk (G, D) is not quite the same as the integral model of [1].
That integral model is obtained from Sk (G, D) by deleting certain closed substacks
supported in characteristics p for which p? divides [V : Vz]. The point of deleting
such substacks is that the vector bundle Vir on Shi(G,D) of §4.2 then extends
canonically to the remaining open substack. In the present work, as in [2], the only
automorphic vector bundle required on Sk (G, D) is the line bundle of modular forms w
just constructed; we have no need of an extension of Vyr to Sk (G, D).

6.4. Special divisors. — For m € Qs and p € V,’/Vy there is a Cartier divisor
Z(m,p) on Sk(G,D), defined in [1, 2] in the case where V7 is maximal. As we now
assume only the weaker hypothesis that V7 is maximal at p, the definition requires
minor adjustment.

We first define the divisors in the generic fiber, where they were originally con-
structed by Kudla [32]. Our construction is different, and has a more moduli-theoretic
flavor.

By the theory of automorphic vector bundles described in § 3, the G-equivariant
inclusion (4.1.2) determines an inclusion

(6.4.1) Var C End(Hgr)

of vector bundles on Shk (G, D), respecting the Hodge filtrations. Recall from §4.3
that the filtered vector bundle Hgg is canonically identified with the first relative de
Rham homology of the Kuga-Satake abelian scheme

m: A — Shg(G,D).

The compact open subgroup K C G(Ay) appears as a quotient of the étale fun-
damental group of Shi (G, D), and hence representations of K give rise to étale local
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systems. In particular, for any prime ¢ the Z,-lattice Hz, determines an étale sheaf
of Zy-modules H; on Shg (G, D). This is just the relative ¢-adic Tate module

Hg = HOIn(Rlﬂ'et’*Ze, Z@)

of the Kuga-Satake abelian scheme.
As in the discussion preceding (4.1.5), K also acts on both

Vi, =Ve®Zy and  Vy, =V, ®Zy,

and the induced action on the quotient VZ\Z /Vz, is trivial. These representations of K
determine étale sheaves of Z,-modules V, C V,Y, along with an inclusion of étale
Z¢-sheaves

(6.4.2) V, C End(Hy).

and a canonical trivialization V,Y/V, = V)’ /Vz,. In particular, each u, € V3, /Vz,
determines a subsheaf of sets

(6.4.3) e+ Vi CV,® Q.

Suppose we are given a Q-scheme S and a morphism S — Shg (G, D). Denote
by As — S the pullback of the Kuga-Satake abelian scheme. A quasi-endomorphism (¢)
z € End(A4s) ® Q is special if

— its de Rham realization

Tdr € HO(S, M(HdR”S)

lies in the subsheaf VdR|S’ and
— its f-adic realization

¢ € H°(S,End(Hy)|, ® Qo)

lies in the subsheaf W|S ® Qy for every prime /.
The space of all special quasi-endomorphisms of Ag is a Q-subspace

V(As) C End(As) ® Q.
Under the inclusion V' C End(H), the quadratic form on V becomes Q(z) = z o x.
Similarly, the square of any z € V(Ag) lies in Q C End(As) ® Q, and V(Ag) is
endowed with the positive definite quadratic form Q(x) = zoz. For each pu € V' / V7,
we now define
(6.4.4) V.(As) C V(As)
to be the set of all special quasi-endomorphisms whose ¢-adic realization lies in the
subsheaf (6.4.3) for every prime ¢, and set

Z(m, p)(S) = {z € Vu(4s) : Q(z) = m}.

(6) A quasi-endomorphism should really be defined as global section of the Zariski sheaf End(Ag) ®Q
on S. If S is not of finite type over QQ, the space of such global sections can be strictly larger
than End(Ag) ® Q. For simplicity of notation, we ignore this minor technical point.
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We now explain how to extend this definition to the integral model.

First assume that V7 is self-dual at p. As in the discussion following (6.3.1), the
inclusion of vector bundles (6.4.1) has a canonical extension to the integral model
Sk (G, D). Directly from the definitions, so does the inclusion of étale Q-sheaves
(6.4.2) for any ¢ # p. As a substitute for p-adic étale cohomology, we use the inclusion

(6.4.5) Verys C End(Herys)

of locally free crystals on S (G, D) r, as in [2, Proposition 4.2.5]. There is a canonical
isomorphism
Hcrys = HOiIH(Rlﬂ'crys,* Oj::/zpa Oj\r/tywi /Zp)

between H..,s and the first relative crystalline homology of the reduction of the
Kuga-Satake abelian scheme 7 : A — Sk (G, D) of Proposition 6.3.2.

Still assuming that V7 is self-dual at p, suppose we are given a Z,)-scheme S and
a morphism S — Sk (G, D), and let Ag be the pullback of the Kuga-Satake abelian
scheme. We call x € End(As) ® Z,) special if

— its de Rham realization

Tdr € HO(S7 M(HdR”S)

lies in the subsheaf V}R| .
— its ¢-adic realization

z € HO(S, End(Hy)|, ® Q)

lies in the subsheaf W|S ® Qy for every prime £ # p,
— its p-adic realization

vy € HO(Sg, End(H,) )
over the generic fiber Sy lies in the subsheaf Vp|s , and
o
— its crystalline realization

xcrys S HO (SIFp ) M(Hcrys) |S]Fp )

over the special fiber Sp, lies in the subcrystal Vgrys|SFp.
The space of all such z € End(As) ® Z,) is denoted
V(As)z,, CEnd(As) ® Z),
and tensoring with Q defines the subspace of all special quasi-endomorphisms
V(As) C End(Ag) ® Q.

It endowed with a positive definite quadratic form Q(z) = x o x exactly as above. For
any p € V' /Vy we define

(6.4.6) Vu(As) C V(As)z,

as the subset of elements whose ¢-adic realization lies in (6.4.3) for every prime £ # p.
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Now consider the general case in which Vz C V is only assumed to be maximal
at p. In this generality we still have the étale Qy-sheaves (6.4.2) for £ # p. However,
there is no adequate theory of automorphic vector bundles or crystals on Sk (G, D);
compare with Remark 6.3.4. In particular, we have no adequate substitute for the
sheaves in (6.4.5).

So that we may apply the results of [1, 2], enlarge V7 to a lattice V; C V that is
maximal at every prime. This choice determines a second Z-lattice H), C Hg, and
hence a second Kuga-Satake abelian scheme

A — SK(G,D)

endowed with an isogeny A — A’ of degree prime to p. Choose a larger quadratic
space V° as in §6.2 admitting a maximal lattice V7 C V' that is self-dual at p, and
an isometric embedding V] — V3.

By the very construction of the integral model, there is a finite morphism

Sx(G,D) — Sg+(G°,D°).
According to [1, Proposition 2.5.1], the abelian schemes A" and
A° — Sk (G°,D°)

carry right actions of the integral Clifford algebras C(Vy) and C(Vy), respectively,
and are related by a canonical isomorphism

(6.4.7) A ®awvy C(VE) = A apy

Note that the Serre tensor construction on the left is defined because the maximality
of V, implies that V;; C V7 as a Z-module direct summand, which implies that the
natural map C(Vy) — C(Vy) makes C(Vy) into a free C'(V;)-module.

Definition 6.4.1. — Suppose we are given a morphism S — Sg(G,D). A quasi-
endomorphism

z € End(As)® Q

is special if the induced quasi-endomorphism of A}y commutes with the action
of C(Vy), and its image under the map

Endc(vy)(As) ® Q — Endorye)(A3) ® Q

induced by (6.4.7) is a special quasi-endomorphism of A (in the sense already defined
for the self-dual-at-p lattice V).

The following is [2, Proposition 4.3.4].

Proposition 6.4.2. — If S is connected, then x € End(Ag) ® Q is special if and only if
the restriction x5 € End(As) ® Q is special for some (equivalently, every) geometric
point s — S.
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Once again, the space of all special quasi-endomorphisms
V(As) C End(Ag) @ Q

carries a positive definite quadratic form Q(z) = z o z. By construction it comes with
an isometric embedding

(6.4.8) V(Ag) C V(AZ).
It remains to define a subset
(6.4.9) Vu(As) C V(As)
for each coset u € V' /Vy. Let py € V), /Vz, be the f-component. If £ # p let
Vi (As) C V(As)

be the subset of elements whose ¢-adic realization lies in the subsheaf (6.4.3). To treat
the p-part of u, define

A={zeVy:z LV}
The maximality of Vz at p implies that V7, C VZ<>,, is a Zp-module direct summand.

From this and the self-duality of V7 at p it is easy to see that the projections to the
two factors in

Ve=Va®Ay
induce bijections

(6.4.10) Vo Vo, = (V2 )Y [V =2 Ay [z,

The image of u, under this bijection is denoted 1, € A\z/,, /Az,. As in [1, Proposi-
tion 2.5.1], there is a canonical isometric embedding

A= V(A

whose image is orthogonal to that of (6.4.8). In fact, we have an orthogonal decmpo-
sition

V(A3) = V(As) @ Ag,
which allows us to define
(6.4.11) Vi, (As) = {z € V(As) :  + i, € V(AY)z,, }-
Finally, define (6.4.9) by

Vi(As) =[] Vi (As).

¢

This set is independent of the choice of auxiliary data V; C V C V° used in its
definition, and agrees with the definition (6.4.4) if S is a Q-scheme. See [2, Proposi-
tion 4.5.3].

The following is [1, Proposition 2.7.2].
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Proposition 6.4.3. — Given a positive m € Q and a p € V) /Vy, the functor sending
an Sk (G, D)-scheme S to

Z(m, u)(S) = {z € Vu(As) : Q(z) = m}

is represented by a finite, unramified, and relatively representable morphism of
Deligne-Mumford stacks

(6.4.12) Z(m,p) — Sk (G, D).

In the next subsection we will justify in what sense the morphisms (6.4.12), which
are not even closed immersions, deserve the name special divisors.

We end this section by describing what the morphism (6.4.12) looks like in the
complex fiber. For each g € G(Ay), the pullback of (6.4.12) via the complex uni-
formization

D 2259, g (@, D)(C)
can be made explicit. Each z € V with Q(z) > 0 determines an analytic subset
D(z)={z€D:[z,z] =0}

of the hermitian domain (4.1.1).
From the discussion of §4.3, we see that the fiber of the Kuga-Satake abelian
scheme at a point z € D is the complex torus

AZ(C) = gHz\H(c/ZH(c.

The action of x € V C End(H) by left multiplication in the Clifford algebra C(V)
defines a quasi-endomorphism of A,(C) if and only if it preserves the subspace
zHc C He, and a linear algebra exercise shows that this condition is equivalent
to z € D(z). Using this, one can check that the pullback of (6.4.12) via the above
complex uniformization is

(6.4.13) || D) —D.

zEgu+gVz

Q(z)=m
Here, by mild abuse of notation, gu is the image of u under the action-by-g isomor-
phism VY /V; — gV, /gV7,

6.5. Deformation theory. — We need to explain the sense in which the morphism
(6.4.12) merits the name special divisor. This is closely tied up with the deformation
theory of special endomorphisms, which will also be needed in the proof of the pullback
formula of Proposition 6.6.3 below.

It is enlightening to first consider the complex analytic situation of (6.4.13). Each
subset D(z) C D is not only an analytic divisor, but arises as the 0-locus of a canonical
section

(6.5.1) obst?® € H(D, wp})
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of the inverse of the tautological bundle wp on (4.1.1). Indeed, recalling that the fiber
of wp at z € D is the isotropic line Cz C V¢, we define (6.5.1) as the linear functional

cz 227 ¢,

This is the analytic obstruction to deforming x.
Returning to the algebraic world, suppose

(6.5.2) S —— Z(m, )

|

S —— Sk(G,D)

is a commutative diagram of stacks in which S — S is a closed immersion of schemes
defined by an ideal sheaf J C Og with J 2 = 0. After pullback to S, the Kuga-Satake
abelian scheme A — Sk (G, D) acquires a tautological special quasi-endomorphism

z € V,(As),

and we want to know when this lies in the image of the (injective) restriction map
(6.5.3) Vi(Ag) — Vu(As).
Equivalently, when there is a (necessarily unique) dotted arrow

S —— Z(m, u)

I

SR Sk (G, D)
making the diagram commute.

Proposition 6.5.1. — In the situation above, there is a canonical section
(6.5.4) obst, € H(S, |3"),
called the obstruction to deforming x, such that x lies in the image of (6.5.3) if and
only if obst, = 0.
Proof. — Suppose first that V7 is self-dual at p, so that we have an inclusion
Var — End(Hgr)

as a local direct summand of vector bundles on Sk (G, D). The vector bundle Hygr
is identified with the first relative de Rham homology of the Kuga-Satake abelian
scheme S. As such, it is is endowed with its Gauss-Manin connection, which restricts
to a flat connection

V:Vir 2> Vir ® Q}SK(G,D)/Z(p)'
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Indeed, one can check this in the complex fiber, over which the connection becomes
identified, using (3.1.3), with

1®d
Vie ®2 O (6.0)(0) —— Ve @2 Qe (6.D)(C)-
The de Rham realization
(655) 4R € HO(S, ‘/:jR|S)

is parallel, and therefore admits parallel transport (the algebraic theory of parallel
transport can be extracted from [3, § 2], for example) to S: there is a unique parallel
extension of z4g to

(6.5.6) Zar € H(S, Var|3).

We now define obst, be the image of Tqr under Var — Var/F°Vgr, and use the
perfect bilinear pairing (4.2.1) to identify
Var/F'Vir = (F'Vgg) ' =0t

The local sections of FOVyR are precisely those local sections of Vygr C End(Hgr)
which preserve the Hodge filtration FCHyr C Hgygr. The vanishing of obst,, is equiv-
alent to B

Zar € H(S, FO‘/dR|§)a
which is therefore equivalent to the endomorphism
Zqr € End(Har|3)

respecting the Hodge filtration. Using the deformation theory of abelian schemes
described in [38, Chapter 2], this is equivalent to

x € VN(AS) C End(As) ® Z(p)
admitting an extension to
T € End(Ag) ® Z,).
Using Proposition 6.4.2 it is easy to see that when such an extension exists it must
lie in V,(Ag). This proves the claim when V7 is self-dual at p.
We now explain how to construct the section (6.5.4) in general. Fix an isometric

embedding Vz C V7 as in § 6.2, and assume that V] is self-dual at p, so that we have
morphisms of integral models

SK(G, D) - SKo (Go, 'Do).
In the notation of (6.4.11), the special quasi-endomorphism z € V,(Ag) determines
another special quasi-endomorphism

xo =T + ﬁp € V(AS)Z(I,))

and r extends to V,(Ag) and only if z° extends to V(Agz)z,,, -
The self-dual-at-p case considered above determines an obstruction to deforming z°,
denoted
0(Q -1
obstge € H (S,w°|§ ).
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Recalling that W= w°|§ by definition, we now define (6.5.4) by
obst, = obsto.

It is easy to check that this does not depend on the auxiliary choice of V;J used in its
construction, and has the desired properties. O

Proposition 6.5.2. — Every geometric point of Sk (G, D) admits an étale neighborhood
U — Sk (G, D) such that

Z(m,p)yy —U
restricts to a closed immersion on every connected component of its domain. Fach
such closed immersion is an effective Cartier divisor on U.

Proof. — The first claim is a formal consequence of Proposition 6.4.3, and holds for
any finite, unramified, relatively representable morphism of Deligne-Mumford stacks.
Indeed, if Oy denotes the étale local ring at a geometric point s — Sk (G, D), then
finiteness and relative representability imply that

Spec(Os) X sy (a,p) Z(m, 1) = | |Spec(0y),
t

where ¢ runs over the geometric points ¢ — Z(m,u) above s, and unramifiedness
implies that each morphism O; — O; is surjective.
Fix one such ¢, set J = ker(Os; — O;), and consider the nilpotent thickening

Spec(Oy) = Spec(Os/J) — Spec(Os/J?).
In particular, we have a diagram

Spec(Oy) ——— Z(m, p)

| |

Spec(0,/J?) —— Sk (G, D)

exactly as in (6.5.2). The pullback of the Kuga-Satake abelian scheme to Spec(O;)
acquires a tautological special quasi-endomorphism x. The obstruction to deforming x

is, after choosing a trivialization of @l (0. 2 element
pec(Oy

obst, € O,/ J?
that generates J/J? as an Os-module. Nakayama’s lemma now implies that J C Oy is
a principal ideal, and so Spec(O;) — Spec(Os) is an effective Cartier divisor.

This proves the claim on the level of étale local rings, and the extension to étale
neighborhoods is routine. O

Proposition 6.5.2 is what justifies referring to the morphisms (6.4.12) as divisors,
even though they are not closed immersions. In the notation of that proposition, every
connected component of the source of

Z(mnu')/U —-U
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determines a Cartier divisor on U. Summing over all such components and then gluing
as U varies over an étale cover defines an effective Cartier divisor on Sk (G, D) in the
usual sense. When no confusion can arise (and perhaps even when it can), we denote
this Cartier divisor again by Z(m, ).

We end this subsection by explaining the precise relation between the analytic
obstruction (6.5.1) and the algebraic obstruction (6.5.4).

Fix a g € G(Ay). If we pull back the diagram (6.5.2) via the morphism

z—(z

(6.5.7) D 2259, Sh (G, D)(C)

we obtain (at least if S is of finite type over Q) a diagram

S = §an XShg (G,D)an D—— |_|D(x)

o |

S = 5o XShk (G,D)an D— D,

of complex analytic spaces, in which the disjoint union is as in (6.4.13), and the
vertical arrow on the left is defined by a coherent sheaf of ideals whose square is 0. In
particular § — S induces an isomorphism of underlying topological spaces.

For a fixed z, let S(z) C S be the union of those connected components of whose
image under the top horizontal arrow lies in the factor D(z). This determines a union
of connected components S (z) C S. , and gives us a diagram of complex analytic spaces

San S(z) D(zx)

Proposition 6.5.3. — There is an equality of sections

obst3" = obsty |5 (@)’

where the left hand side is the pullback of (6.5.1) via S(x) — D and the right hand
side is the pullback of (6.5.4) via S(x) — S".

Proof. — The pullback of Vg via (6.5.7) is canonically identified with the constant
vector bundle

VdR'D =V ® Op,

and under this identification the pullback of the connection V is the induced by the
usual d : Op — Q%)/C.

By the discussion leading to (6.4.13), the pullback of (6.5.5) via S(z) — 52" is
identified with the constant section

r®1€ HO(S(ib),VdR|S(z)),
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and the pullback of (6.5.6) via S(z) — S°® is its unique parallel extension
r®1e Ho(g(l'), VdR|§(z))
Thus obstz|§(z) is the image of z ® 1 under

1
()

On the other hand, the analytically defined obstruction (6.5.1) is, essentially by
construction, the image of the constant section x ® 1 under

~ 0 ~ ,.—
V®0Os,) = ‘/dR|§(x) — (Var/F VdR)|§(z) =93

V®Op = Vg|, = (VdR/FOVdR)|D =~ wp't
The stated equality of sections over S (z) follows immediately. O
6.6. The pullback formula for special divisors. — Suppose we are in the general situ-

ation of §6.2 (in particular, we impose no assumption of self-duality on V), so that
we have a morphism (6.2.1) of Shimura varieties

Shk (G, D) — Shgo(G®,D°).
The larger Shimura variety Shgo(G®, D°) has its own integral model
Sk+(G°,D°) — Spec(Zy)),

obtained by repeating the construction of § 6.3 with (G, D) replaced by (G°, D). That
is, choose an isometric embedding V°® C V°° into a larger quadratic space that admits
an almost self-dual lattice at p, and define Sk (G®,D°) as a normalization. Of course
Sk+(G°,D°) has its own line bundle w®, its own Kuga-Satake abelian scheme, and its
own collection of special divisors Z°(m, u).

Proposition 6.6.1. — The above morphism of canonical models extends uniquely to a
finite morphism
(661) SK(G, D) — SKO(GQ,'DO)

of integral models. The line bundles of weight one modular forms on the source and
target of (6.6.1) are related by a canonical isomorphism

(6.6.2)

<o ~
O se@p) @
Proof. — The existence and uniqueness of (6.6.1) is proved in [1, Proposition 2.5.1].
If V is almost self-dual at p then (6.6.2) is just a restatement of the definition
of w. For the general case, one embeds V° into a quadratic space V°° admitting a
lattice that is almost self-dual at p. This allows one to identify both sides of (6.6.2)

with the pullback of w®® for some morphisms
Sk (G,D) — Sko(G°,D°) — Skoo (G, D)

into the larger Shimura variety determined by V*°°. O
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Define a quadratic space
A={zelj:x L L}
over Z of signature (n® — n,0). There are natural inclusions
V@ ACVy (V)Y cVy @AY
all of finite index, from which it follows that the orthogonal decomposition
Ve=Va®Ay

identifies
p+Ve= || (1 +Va)x (u2+A).
H1tp2Ep
Here the disjoint union over p; + po € p is understood to mean the union over all
pairs
(k1, 2) € (V7 /Vz) @ (AY/A)
satisfying p1 + pe € (u+V3)/(Vz @ A).
The following lemma gives a corresponding decomposition of special quasi-
endomorphisms. For the proof see [1, Proposition 2.6.4].

Proposition 6.6.2. — For any scheme S and any morphism S — Sk (G, D) there is a
canonical isometry
V(AS) = V(As) @ Ag,
which restricts to a bijection
(6.6.3) VaAg) = | Vi (As) x (p2 + A).
pritpz€p

The relation between special divisors on the source and target of (6.6.1) is most
easily expressed in terms of the line bundles associated to the divisors, rather than
the divisors themselves. By abuse of notation, we now use Z(m, i) to denote also the
line bundle on Sk (G, D) determined by the Cartier divisor of the same name, extend
the definition to m < 0 by

—1 .
® if (m, n) = (0,0
o (m, ) = (0,0)
Os,(a,p) otherwise,
and use similar conventions for Sko(G®, D?).

Proposition 6.6.3. — For any rational number m > 0 and any p € (V5)V /Vy, there
is a canonical isomorphism of line bundles

Z5(ms )|, 6,y = Q) Z(ma,py)®ralman)

mi+moe=m
pitp2€p

on Sk (G, D). Here we have set
Ry(m,p) ={A€p+A: Q) =m}
and ra(m, u) = #Rx(m, p1).
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Proof. — If m < 0, or if m = 0 and p # 0, the tensor product on the right is empty,

and both sides of the desired isomorphism are canonically trivial. If (m, u) = (0,0)

the claim is just a restatement of Proposition 6.6.1. Thus we may assume that m > 0.
The decomposition (6.6.3) induces an isomorphism

(6.6.4) 2 mp)seem 2 | Zmum)u || Sk(GD)
mi+mo=m K2 EQR
pitp2€p AERA (m,p2)
m1>0

AERA (m2,p2)

of Sk (G, D)-stacks, where the condition puy € p means that

0+ up € (V5 /Vz) @ (AY/A)
lies in the subset (u+ Vy)/(Vz @ A). Explicitly, given any connected scheme S and a
morphism

S — SK(G7 D)v

a lift of the morphism to the first disjoint union on the right hand side of (6.6.4)
determines a pair

(2,0) € Vyy (As) X (12 + A)
satisfying m; = Q(z) and mo = Q(A). Using (6.6.3) we obtain a special quasi-
endomorphism

z° =z + X e V,(A).

Similarly, a lift to the second disjoint union determines a vector A € us + A satisfying
m = Q(\), which determines a special quasi-endomorphism

(6.6.5) 2% =0+ X € V,(A3).

In either case Q(z°) = m, and so our lift determines an S-point of the left hand side
of (6.6.4).

If AV does not represent m, then Rx(m,pus) = @ for all choices of pg, and the
desired isomorphism of line bundles

Zo(m’“)LSK(G,D)g @ Z(ma,py)®ralman)

mi+mo=m
p1tp2€p
m1>0

® Z(ml’Ml)@m(mz,uz)7

mi+mo=m
H1tp2€ER

IR

on Sk (G, D) follows immediately from (6.6.4). In general, the decomposition (6.6.4)
shows that the support of Z°(m, ) contains the image of (6.6.1) as soon as there is
some pg € p for which Rp(m, pe) is nonempty. Thus we must compute an improper
intersection.
Fix a geometric point s — Sk (G, D) and, as in Proposition 6.5.2, an étale neigh-
borhood
U® — Sk-(G°,D°)
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of s small enough that the morphism
Zo(/rnﬂlJ’)/U<> - Uo

restricts to a closed immersion on every connected component of the domain. By
shrinking U® we may assume that these connected components are in bijection with
the set of lifts

Zo(ma :U/)/U‘>

T J

s ———— U
Having so chosen U®, we then choose a connected étale neighborhood
U— SK(G, D)
of s small enough that there exists a lift

U »U®

| |

SK(G7 D) E— SKO(GO, DO),
and so that in the cartesian diagram

Zo(ma,u)/U —_— 2”0('”7”,“)/U<>

J |

U————U°

each of the vertical arrows restricts to a closed immersion on every connected com-
ponent of its source, and the top horizontal arrow induces a bijection on connected
components.

The decomposition (6.6.4) induces a decomposition of U-schemes

Zo(m,u)/U = |_| Z(ml,ul)/yl_l |_| U.

mi+mae=m H2EWR
H1tp2EQ AERA(m,p2)
m1>0

AERA (m2,p2)

The first disjoint union defines a Cartier divisor on U. In the second disjoint union, the
copy of U indexed by A\ € Rx(m, usy) is the image of the open and closed immersion

f)\ U — Zo(m7/~l’)/U

obtained by endowing the Kuga-Satake abelian scheme A}, with the special quasi-
endomorphism 0+ X\ € V(A7) of (6.6.5).
There is a corresponding canonical decomposition of U°-schemes

(6.6.6) Zom, ) we = Z5epd || 23,
poEp
AERA (m,p2)
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in which
(667) Z;f C Zo(m, /,I,)/Uo
is the connected component containing the image of
lj
U = Zo(mvﬂ‘)/U - ‘,Zo(rnvﬂ)/U<>

and
ZO CZQ(WIHIJ’)/U<>

prop
is the union of all connected components not of this form.
It is clear from the definitions that the image of U — U? intersects the Cartier

divisor Z3,,, — U*® properly, and in fact

(6.6.8) e 2 | Zma,m) e

mi+mo=m
pitp2€p
mq1>0
AERA (m2,pu2)

On the other hand, the image of U — U? is completely contained within the support
of every Z5 — U°.

By mild abuse of notation, we denote again by Z;,,, and Z3 the line bundles on U®
determined by the Cartier divisors of the same name.

Lemma 6.6.4. — There is a canonical isomorphisms of line bundles
Zgrop|U =~ ® Z(mhul)@m(mz,uz)'w
mi+mo=m
H1tp2ER
mq1>0
and a canonical isomorphism
o~ =1

(6.6.9) Z)‘lU Ze |,
Proof. — The first isomorphism is clear from the isomorphism of U-schemes (6.6.8).

The second isomorphism is more subtle, and is based on similar calculations in the
context of unitary Shimura varieties; see especially [11, Theorem 7.10] and [28].

Our étale neighborhood U°® — Sgko(G°,D°) was chosen in such a way that
Z3 — U® is a closed immersion defined by a locally principal sheaf of ideals
Jx C Oye. The closed subscheme

ZcU°®
defined by J? is called the first order tube around Z5. We now have morphisms
U220 s 23 5 U° — Sgo (G2, D).

Tautologically, Jy ! is the line bundle on U® determined by the Cartier divi-
sor Z3. Denote by o the constant function 1, viewed as a section of Oyo C J; 1 so
that div(oy) = Z3.
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On the other hand, after restriction to the connected component (6.6.7) the Kuga-
Satake abelian scheme A° acquires a tautological

z® € Vy( ozg)
The discussion of § 6.5 then provides us with a canonical section
0(Zo  —1
obst,e € H(Z3,® |Z~§)

whose zero locus is the closed subscheme Z5.
The idea is roughly that the equality of divisors

div(oy) = div(obstye)

should imply that there is a unique isomorphism of line bundles (6.6.9) over the first
order tube sending o) — obst;., which we would then pull back via fy. This is a
bit too strong. Instead, we argue that such an isomorphism exists Zariski locally on
the first order tube, and that any two such local isomorphisms restrict to the same
isomorphism over U.

Indeed, working Zariski locally, we can assume that

U = Spec(R), U?® = Spec(R°®)
for integral domains R and R°, and
Z3 = Spec(R°/J), Z$ = Spec(R°/J?).

The morphisms U — Z3{ — U? then correspond to homomorphisms
R° - R°/J — R.

Let p C R°® be the kernel of this composition, so that J C p. Note that p € p, as the
flatness of Sk (G, D) over Z,) implies that R has no p-torsion.

Assume that we have chosen trivializations of the line bundles w| , and Z3 on U®,
so that our sections obsty and o) are identified with elements

ac€R°/J* and be€R°
respectively. Each of these elements generates the ideal J/J? C R®/J2.

Lemma 6.6.5. — There exists u € R°/J? such that ua = b. The image of any such u
in R°/p C R is a unit. If also u'a = b, then uw = v’ in R®°/p C R.
Proof. — Suppose we are given any ¢ € R°/J? with bz = 0. We claim that

T Ep/J

If not, then any lift € R® becomes a unit in the localization Rj. As bz € J?, we
obtain

(6.6.10) b€ p°Ry.

We have noted above that p ¢ p, and so Ry is a Q-algebra. The source and target
of
Zo(m, /J,) — SKo (Go, Do)
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have smooth generic fibers, and so Ry — R /bR is a morphism of regular local rings.
By (6.6.10), this morphism induces an isomorphism on tangent spaces, and so is itself
an isomorphism. Thus b = 0 in Ry, and hence also in R°. This contradicts the fact
that b generates the ideal J.

As a and b generate both generate J/J?, there exist u,v € R°/J? such that ua = b
and vb = a. Obviously b - (1 — uwv) = 0, and taking £ = 1 — uv the paragraph above
implies 1 — uv € p/J2. Thus the image of v in R°/p is a unit with inverse v. If also
u'a = b, the same argument shows that the image of u’ in R°®/p is a unit with inverse v,

and hence v = v’ in R°/p. O
The discussion above provides us with a canonical isomorphism
o ~ . —1
Z>‘|U =@y
Zariski locally on U, and gluing over an open cover completes the proof of
Lemma 6.6.4. O

We now complete the proof of Proposition 6.6.3. If we interpret the isomorphism
of U®-schemes (6.6.6) as an isomorphism

Zo(m )|, = Zhep® Q) Z5,
H2EQ
AERA (M, p2)

of line bundles on U®, pull back via U — U®, and use Lemma 6.6.4, we obtain
canonical isomorphisms

Z°(m,u)|U o ( ® Z(m17u1)®rA(mz,u2)|U> ® ( ® w—rA(m,M2)|U>

mi+mo=m H2EN
pitp2€pn
m1>0

Q) Zlmy, )

mi1+mae=m
H1tp2=p

1%

of line bundles over the étale neighborhood U of s — Sk (G, D). Now let U vary over
an étale cover and apply descent. O

7. Normality and flatness

Keep V7 C V and K C G(Ay) as in §6, and once again fix a prime p at which
V7 is maximal. After some technical preliminaries in § 7.1, we prove in § 7.2 that the
special fiber of the integral model

Sk (G, D) — Spec(Z(y))

is geometrically normal if n > 6, and that the special divisors are flat if n > 4. When
p # 2 these results already appear (7 in [2]. Here we use similar ideas, but employ the

(7) With the sharper bounds n > 5 and n > 3, respectively.
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methods of Ogus [44] to control the dimension of the supersingular locus, as these
apply even when p = 2.

7.1. Local properties of special cycles. — Suppose in this subsection that V7 is self-
dual at p. As in the discussion of § 6.3, the smooth integral model Sk (G, D) comes
with filtered vector bundles 0 C FOHyr C Hgr and

0C F'Vyr C F'Vyr C Vgg,

along with an injection Vgr — End(Hgyr) onto a local direct summand. Composition
in End(Hgyr) endows Vgg with a quadratic form

Q : Var — Osy(a,p)>

under which F!VyR is an isotropic line with orthogonal subsheaf FOVyg.
Recall from (6.4.6) the Z-module (6.4.6) of special quasi-endomoprhisms

‘/O(AS) C End(As) ® Z(p)

determined by the trivial coset 0 € V' /V;. Any x € Vy(As) has a de Rham realiza-
tion x4r, which is a global section of the subsheaf

Var,s C End(Hgg,s)-
In particular, de Rham realization defines a morphism of Og-modules
Vo(As) ® Os — Vagr,s.

compatible with the quadratic forms on source and target. In fact, as is clear from
the proof of Proposition 6.5.1, the image is contained in FOVgg g.
Fix a positive definite quadratic space A over Z, and consider the stack

(7.1.1) Z(A) — Sk (G, D)
with functor of points
Z(A)(S) = {isometric embeddings ¢ : A — Vy(Ag)}

for any morphism S — Sk (G,D). As observed in [2, §4.4] (see also Lemma 7.1.1
below), this is a Deligne-Mumford stack over Z,) whose generic fiber is smooth of
dimension n — rank(A). Moreover, the morphism (7.1.1) is finite and unramified.

We now briefly recall the deformation theory of these stacks. As in the proof of
Proposition 6.5.1, we have a canonical flat connection

V:Vir = Vir ® QESK(GJ))/Z(P)‘

This connection satsfies Griffiths’s transversality with respect to the Hodge filtration,
and the Kodaira-Spencer map associated with it induces an isomorphism

v
FIVdR X (Q}S‘K(G,D)/Z(p)) = FO‘/dR/FIVdR.
Dualizing, and using the bilinear pairing on V3r, we obtain an isomorphism

FOVar /F'Var 2= (Var/F°Var) ® Qs 6,0)/2,,, -
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This is [39, Proposition 4.16], whose proof applies also when p = 2; one only has to
replace appeals to results from [31] with appeals to the analogous results from [30].
Now, suppose that we have a point s of Sk (G,D) valued in a field k. If § is
any lift of s to the ring of dual numbers k[e], the connection V induces a canonical
isomorphism
& Var,s ®k kle] = Var s,

and thus gives rise to an isotropic line
def ,_
F{ (Var,s ® kle]) = & '(F'Var,5) C Var,s ®y kle].
By construction, this line lifts F' ViR s.
The properties of the Kodaira-Spencer map mentioned above can now be reinter-
preted as saying that the association
5+ FH(Vir.s ®k kle])

is a bijection from the tangent space of Sk (G, D) at s to the space of isotropic lines
in Vigr,s ® kle] lifting Fl‘/IiR’S. This latter space can be canonically identified with
the k-vector space
Homy (F'Vir,s, FOVar,s/F' Var,s)
as follows: Any lift F1(Var : ®k k[e]) will be contained in FOVyg 5 ® k[e], and so we
can consider the associated map
Fi (Var,s ®y kle]) = (F'Var,s/F' Var,s) ® kle],

which will factor as

F}(Var s @k kle]) —— (F°Var,s/F'Var.s) @ kle] -

e»—)OJ Tl@e

FlVg s — FVaR s /F Vg .

The desired identification is now given by the assignment F — ;.

We can say more. Suppose that s lifts to a k-point of Z(A) corresponding to an
embedding A — V(A,). We will continue to use s to denote this lift as well. The de
Rham realization of the embedding gives a map

A— FO‘/dR,sv
and we let
Agrs C FOVig s

be the k-subspace generated by its image. Now, the bijection from the previous para-
graph identifies the tangent space of Z(A) at s with the space of isotropic lines
in Vyr s ®k k€] that lift Fl‘/dph’s and are also orthogonal to A4gr,s. This space in turn
can be identified with the k-vector space

(712) Homk(FlvdR,ijl_R,s)7
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where
Adr,s C FOVig s /F'Vir, s

is the the image of A4gr, s and Xj—R,S is its orthogonal complement.

For proofs of the above statements, which use the explicit description of the com-
plete local rings of Sk (G, D), see [39, Prop. 5.16|. As observed there, they also apply
more generally to arbitrary nilpotent divided power thickenings. We record some im-
mediate consequences.

Lemma 7.1.1. — Let the notation be as above, and set r = rank(A).

1. The completed étale local ring 63(,\),5 is a quotient of @SK(QD),S by an ideal
generated by rank(A) elements.

2. Z(A) is smooth at s if and only if Aqr_s has k-dimension rank(A). In particular,
the generic fiber of Z(A) is smooth.

3. Suppose that k has characteristic p, and that the Krull dimension of 62(1\),5/(17)
is n — rank(A). Then Z(A) and Z(A)r, are local complete intersections at s.
Moreover, Z(A) is flat over Zy,) at s.

Proof. — The first claim is a consequence of the deformation theory explained
above (more precisely, of its generalization to arbitrary square-zero thickenings) and
Nakayama’s lemma. See [39, Corollary 5.17].

For the second claim, note that Z(A) will be smooth at s if and only if its tangent
space at s has dimension n — rank(A). As we have identified the tangent space with
(7.1.2), this is equivalent to Aqr s having dimension rank(A). For the assertion about
the generic fiber, it suffices to check the criterion for smoothness at every C-valued
point. Now, note that the de Rham realization

VO(-AS) ®z C— VaR,sv

is injective, and also that the image of this realization is precisely the weight (0,0)
part of the Hodge structure on Vyr s, and hence is complementary to F 1VdR7S. This
implies that Agr s has dimension r over C, and hence that Z(A) is smooth at s.

Now we come to the third claim. Note that Ogs, (g p)s is formally smooth
over W (k) of Krull dimension n + 1. Hence, (/’)\SK(G7D)7S/(p) is also formally smooth
over k of Krull dimension n, and @Z(A),s/ (p), which is its quotient by an ideal
generated by rank(A) element, is a complete intersection as soon as

dim (Oz(a),s/(p)) = n — rank(A).

This is precisely our hypothesis.

Now, note that we have

n —rank(A) +1 < dim(@Z(A)vs) < dim(@Z(ALs/(p)) +1=n—rank(A) + 1.

Here, the first two inequalities follow from Krull’s Hauptidealsatz. This shows

dim(@Z(A)’s) =n —rank(A) + 1,
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and implies that 6Z(A),s is a complete intersection ring.
Finally, to see that Z(A) is flat over Z(,) at s, note that p cannot be a zero divisor

in 62(1\),51 Indeed, the equality
dim (62(1\),5/(1))) =n —rank(A) = dim (/’)\Z(A)’s -1

implies that p is not contained in any minimal prime of @Z(A),s~ Since 63(/\)73 is a
complete intersection ring and hence Cohen-Macaulay, this implies that p is not a
zero divisor. O
For any morphism S — Z(A), de Rham realization defines a morphism
A® OS — ‘/dR,S‘

Let Agr,s C Var,s be the image of this morphism.
We will consider the canonical open substack

(7.1.3) ZP"(A) — Z(A)

characterized by the property that a morphism S — Z(A) factors through ZP*(A) if
and only if Agr,s C Var,s is a local direct summand of rank equal to rank(A).
Proposition 7.1.2. — Consider the following assertions:

1. For any generic geometric point n of ZP*(A)r,, the Kuga-Satake abelian scheme
A, is ordinary, and the tautological map A — Vy(Ay) is an isomorphism.

2. The special fiber ZP*(A)r, is a generically smooth local complete intersection of
dimension n — rank(A).
3. The special fiber ZP*(A)r, is smooth outside of a codimension 2 subspace.
Then (1) and (2) hold whenever rank(A) < n/2, and (3) holds whenever rank(A) <
(n—1)/2.

Proof. — We will prove the proposition by induction on the rank of A. For any integer
r >0 and i € {1,2,3}, let P;(r) be the statement that assertion (i) is valid whenever
rank(A) = r. We claim

(i) if 0 <r < (n—1)/2 then Py(r) implies P;(r),

(i) if r < (n — 2)/2 then P;(r) and P»(r) together imply Py(r + 1),

(iii) if » < (n —3)/2 then P;(r) and Py(r) together imply Ps(r + 1).
Once the claims are proved, the lemma will follow by induction. Indeed, the base
case P,(0) is implied by the smoothness of Sk (G, D).

The claims themselves follow from an argument derived from [44]|, which was used
in [39, Proposition 6.17], and exploits the following simple lemma.

Lemma 7.1.3. — Let Z be an F,-scheme admitting an unramified map Z — Sk (G, D).
Suppose that we have a local direct summand N C VdR|Z that is horizontal for the
integrable connection

Var,z — Var,z ®o, le/]gp
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induced from the one on Vgr. Suppose also that
FlVaR,Z C N.

Then dim(Z) < rank(NN) — 1. If, in addition N N F°Vyg 7 is a local direct summand
of Var,z, then we in fact have

dim(Z) < rank(N N F'Vg z) — 1.

Proof. — For the first assertion, it is enough to show that, at any point z € Z(k)
valued in a field k, the tangent space of Z at z has dimension at most rank(IN) — 1.
But our hypotheses imply that, if Z € Z(k[e]) is any lift of Z, then we must have

F; (Var,z ®y kle]) C (N, @4 k[e]) N (FOVar,. © kl€]).
This, combined with the fact that Z is unramified over Sk (G, D), implies that the
tangent space of Z at z can be identified with a subspace of
Homk(Fl‘/dR,zyﬁz) C Homk(Fl‘/dR,mFO‘/dR,z/FIVdR,z)a

where IV, is the image of N, ﬂFOVdR,Z in FOVdR,Z/FlVZiR,Z. We are now done, since
N, has dimension at most rank(IN) — 1.
The second assertion is immediate from the proof of the first. O

We begin with claim (i). Assume P»(r), and suppose rank(A) = r. Fix a geometric
generic point 7 of ZP*(A)g,. Then Py (r) implies that there is a smooth F,-scheme U,
equidimensional of dimension n — r, and an étale map U — ZP"(A)r,, whose image
contains 7.

As explained in the proof of [39, Proposition 6.17], there is a canonical isotropic
line

C C Var,v,
called the conjugate filtration, which is horizontal for the connection on Vyg .y, is
contained in AjR’U, and is such that a point ¢t € U(k) is non-ordinary if and only if
C,C F° Var,t, or, equivalently, if and only if

1 1
Fl‘/dR’t - Ct n AdR,t'

Now, we have

C: C Agrt

only if F'Vir+ C Agr,:. See for instance [39, Lemma 4.20]. Therefore, since we are
assuming that U is smooth, the subsheaf

Cvy+ Agr,u C Var,u

is a horizontal local direct summand of rank r + 1.
By Lemma 7.1.3, if Z C U is a closed subscheme with

F'Vir,z C Cz + Adr,z,
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then dimZ < r. Using » < (n — 1)/2, we see that r = dimZ < dimU = n —r.
Therefore, after shrinking U if necessary, we can assume that

F'Var,u + Cu + Aar,u C Varu
is a direct summand of rank r + 2, or, equivalently, that
FViry NCE N A$R7U C Var,u

is a direct summand of rank n — r. Therefore, once again by Lemma 7.1.3, the locus
in U where F 1VdR,U is contained in this direct summand has dimension at most
n —r — 1. But this is precisely the non-ordinary locus in U. As dim(U) = n — r, this
shows the first part of P (r).

Suppose now that the map A — V5(A,) is not a bijection, so that there exists
x € Vo(A,) such that

R=A+ (@) C Vol4,)

is a direct summand of rank r 4+ 1, and its de Rham realization

Adr,p = Adry + (Zdr,n) C Var,y

is a k(n)-vector subspace of dimension 7 + 1.
After shrinking U if necessary, we can assume that z € V5(Ay), and that de Rham
realization gives us a local direct summand

Agr,u = Agr,u + (zar,v) C Var,u

of rank r + 1 that is horizontal for the connection. However, the discussion of the
deformation theory above Lemma 7.1.1 implies that, over U, the Kodaira-Spencer
map factors through an isomorphism

(F°Var,u/F'Var,v) [Aarv = (Var,u /F' Var,w) ®oy Dy, -

However, the horizontality of KdR,U guarantees that its (non-trivial) image on the
left-hand side is in the kernel of the Kodaira-Spencer map. This contradiction finishes
the proof of claim (i).

We will prove claims (ii) and (iii). Suppose that Pi(r) and Py(r) hold and
that rank(A) = r + 1. Write A = A; & A, where rank(Ag) = 1. Then we have an
obvious factorization

ZPY(A) — 2P (Ay) — Sk (G, D).
The first arrow exhibits ZP"(A)r, as a divisor on ZP*(A;)r, (étale locally on the source,
in the sense of Proposition 6.5.2). Indeed, the complete local rings of the former are
cut out by one equation in those of the latter, and P;(r) shows that ZP*(A)r, does
not contain any generic points of ZP*(A;)r,. Therefore, by Lemma 7.1.1 and Ps(r),
we find that ZP*(A)g, is a local complete intersection of dimension n — (r + 1).

Let W C ZP"(A)r, be the nonsmooth locus, with its reduced substack structure.
We find from Lemma 7.1.1 that

FlVdR|W = AdR|W‘
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By Lemma 7.1.3, this implies that dim(W) < r. This is bounded by n — r — 2 under
the hypothesis r < (n — 2)/2, and by n —r — 3 if r < (n — 3)/2. This proves (ii) and
(iii), and completes the proof of Proposition 7.1.2. O

It will be useful to recall some bounds on the dimension of the supersingular locus
in the mod-p fiber of Sk (G, D) under the assumption that V7 is almost self-dual.

Proposition 7.1.4. — Suppose that Vz, is almost self-dual of rank n + 2, and suppose
that Z — Sk (G, D) is an unramified morphism from an F,-scheme Z such that, for
all points z € Z(k) valued in a field k, the abelian variety A, is supersingular. Then
dim(Z) <n/2. If Vg, is an orthogonal sum of hyperbolic planes, we have the sharper
bound

dim(Z) < g 1

Proof. — 1If Vg, is not an orthogonal sum of hyperbolic planes, then we can find an
embedding

VZ%VZO,

where V@fp is of this form, and where the codimension of V' C V°is 1 if n is odd and 2
if n is even. Using such an embedding, the proposition can be reduced to proving the
final assertion, and so we may assume that Vg, (and hence V7,) is an orthogonal sum
of hyperbolic planes.

When p > 2, the proposition follows from the much finer results of [29], which give
a complete description of the supersingular locus of Sk (G,D)r,. However, if one is
only interested in upper bounds, one can appeal to the methods of [45], which apply
even when p = 2 and Vz, is self-dual. See in particular Proposition 14 of [loc. cit.]

For the convenience of the reader, we sketch the basic idea here. First, we can
replace Z with its underlying reduced scheme. Second, we can throw away its singular
part, and assume that Z is smooth.

If z € Z(k) is a geometric point, then the Artin invariant of z is the k-codimension
of the image of Vj(A;) ®z k — Vgr,,. This is an integer between 1 and n/2. Ogus’s
argument shows that there is a canonical filtration of FOVyg 7z by coherent, isotropic,
horizontal coherent subsheaves

E,C---F, C-"CEn/QCFOVdR’Z

with the following properties:
— A geometric point z € Z(k) has Artin invariant < j if and only if

F'Vyr,. CE;,.

— If Z>; C Z is the open subscheme where the Artin invariant is > j, then
Ej,zzj is a rank j local direct summand of VdR’sz.
Note that the first condition ensures that locus where the Artin invariant is bounded
below by j is indeed an open subscheme of Z.
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Given these two properties, it is immediate from Lemma 7.1.3 that the dimension
of Z is bounded above by r — 1, where r is the maximal Artin invariant attained by
a geometric point of Z. This proves the proposition.

The construction of E; is as follows. For j = 1, E; is just the conjugate filtration
C C Vyr,z already encountered in the proof of Proposition 7.1.2. The crystalline
Frobenius on the crystalline realization of Az induces an isometry

v : Fry (FOVaRr,z/F'Var,z) = C*/C,

where Fryz is the absolute Frobenius on Z. Now inductively define E; C C L as the
pre-image of the image of E;_; under the composition

Ry E; 1 — By F'Vig » L CL/C.

It follows from the argument in [45, Lemma 5| that E; is a subsheaf of FOVyg z
for all j, so that the inductive procedure is well-defined. That it is isotropic, coherent
and horizontal follows from the construction. That the filtration thus obtained has
the desired properties follows from the arguments in Proposition 6 and Lemma 9 of
[loc. cit.]. O

Lemma 7.1.5. — Suppose that A is mazimal at p. The complement of ZP*(A) in Z(A)
lies above the supersingular locus of Sk (G, D)y, . If we let

I3

if Vz, is an orthogonal sum of hyperbolic planes
5] if n is odd

— 1 otherwise,

]

m =

w[3

then the following properties hold.
1. Ifrank(A) < m then ZP*(A)r, is dense in Z(A)p,.

2. Ifrank(A) < m—1 then the complement of ZP*(A)r, in Z(A)r, has codimension
at least 2.

Proof. — Once we know that the complement is supported above the supersingular
locus of the mod-p fiber, the rest will follow from the bounds in Proposition 7.1.4.

To prove the assertion on the complement, we first note that the open immer-
sion (7.1.3) induces an isomorphism of the generic fibers; see [39, Prop. 6.16]. There-
fore, we only have to show that the mod-p fiber of the complement is supported on the
supersingular locus. Equivalently, we must show that, for any non-supersingular point
s € Z(A)(k) valued in a field k of characteristic p, the subspace Aqr,s C Vg s has
k-dimension rank(A).

Arguing as in [39, §6.27], we find that, for such a point s, the de Rham realization
map

Vo(As) @ k — Vg s

is injective. Moreover, by the maximality of A at p, the image of

A® Z(p) — VO(AS) &® Z(p)
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is a Zp)-module direct summand of rank rank(A). Combining these two observations
shows that the subspace Aqr,s C Vir,s has k-dimension rank(A), and completes the
proof of the lemma. O

Proposition 7.1.6. — Suppose that A is mazimal at p, and let m be defined as in
Lemma 7.1.5.

1. Ifrank(A) < m then Z(A)g, is a generically smooth local complete intersection
of dimension n — rank(A). Moreover, Z(A) is normal and flat over Z,).

2. Ifrank(A) < m — 1 then Z(A)g, is geometrically normal.

P

Proof. — Note that we always have

n—1

m < and m-—-1<

n
2

First suppose rank(A) < m. Combining Proposition 7.1.2 and Lemma 7.1.5 shows
that ZP'(A)r, is a generically smooth local complete intersection of dimension
n —rank(A), and is dense in Z(A)r,. Hence Z(A)g, is itself generically smooth of
dimension n — rank(A).

It now follows from claim (3) of Lemma 7.1.1 that Z(A) is a local complete in-
tersection, flat over Z,). In particular, it is Cohen-Macaualy and so satisfies Serre’s
property (Si) for all k£ > 1. Recall from claim (2) of Lemma 7.1.1 that the generic
fiber of Z(A) is smooth over Q. As we have already proved that the special fiber is
generically smooth, Z(A) is regular in codimension one, and hence satisfies Serre’s
property (R;p). Claim (2) now follows from Serre’s criterion for normality.

Now suppose rank(A) < m — 1. We have already shown that the geometric fiber
of Z(A)r, is a local complete intersection. So, just as above, to show that it is normal
it is enough to show that it is regular in codimension one. This follows by combining
Proposition 7.1.2 and Lemma 7.1.5, which shows that ZP"(A)g, is smooth outside of
a codimension two subspace, and that its complement in Z(A)p, has codimension at
least 2. O

7.2. Normality of the fibers, and flatness of divisors. — We return to the general set-
ting in which Vz C V is any maximal lattice, and deduce two important consequences
from the results of §7.1.

Proposition 7.2.1. — If n > 6, the special fiber of Sk (G, D) is geometrically normal.

Proof. — When p > 2, this is part of |2, Theorem 4.4.5]. The same idea of proof
works in general, bolstered now by Proposition 7.1.6

Using Lemma 6.2.1, we may choose an embedding V7 — V; as in §6.2 in such a
way that V) is self-dual at p, and

A={zeVj:z LV}
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has rank at most r, where r = 2 if n is even and r = 3 otherwise. (®
There is a commutative diagram

Z°(A)

|

SK(G,D) E— SKO(GO,DQ),

in which the vertical morphism is defined as in (7.1.1), the horizontal morphism is
(6.6.1), and the diagonal arrow is induced by the isometric embedding

A— VO(AEK(G,D))’

determined by (6.6.3).
The self-duality of VZO,, gives us an isomorphism

VZ\; /VZp = A\Z/p /AZp

of quadratic spaces over Q,/Z,, as in (6.4.10). The maximality of Vz at p implies that
the left hand side contains no nonzero isotropic vectors, and so neither does the right
hand side. This implies the maximality of A at p. With this in hand, we may apply
Proposition 7.1.6 and the inequality

n+r
r§+

_2,

which holds as n > 6, to see that Z°(A) has geometrically normal fibers.

Thus it suffices to show that the diagonal arrow is an open and closed immersion.
This holds in the generic fiber by [39, Lemma 7.1], and hence also on the level of
integral models as the source and target are both normal. O

Proposition 7.2.2. — Assume that n > 4. For every positive m € Q and p € V) / V7,
the special divisor Z(m, u) is flat over Zy.

Proof. — When p > 2 this is [2, Proposition 4.5.8]. We explain how to extend the
proof to the general case.
As in the proof of Proposition 7.2.1 fix an embedding Vz — V;? with V? self-dual
at p, and so that
A={zeV):z 1 Vz}
is maximal of rank at most r with r = 2 when n is even and r = 3 otherwise. (¥
Consider again the finite unramified morphism

Z°(A) — Sk (G°, D).

(8) If p # 2 we can choose Vy to be self-dual at p with 7 = 2. In this case, we can improve the bound
ton > 5 as in |2, Theorem 4.4.5].

(9 Once again, if p > 2, then we can always take r = 2 and the result can be strengthened to only
require n > 3.
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By Proposition 7.1.6, this is normal and flat over Z,), as long as we have

2§n+2_

L

for n even and
n+3

3<

L

for n odd. These inequalities hold for n > 4.
Using the decomposition (6.6.4), we may choose a positive m® € Q and a
u® € (V7)Y /V5 in such a way that

Z(m, p) C 2°(m®, p°) Xs,00(Go,p°) Sk (G, D)
as an open and closed substack. Now use the open and closed immersion
Sk (G,D) — Z°(A)
from the proof of Proposition 7.2.1 to identify
(7.2.1) Z(m,p) C Z°(m°, p°) Xspo(co,po) Z2°(A)
as a union of connected components. In particular, by Proposition 6.5.2, the projection
(7.2.2) Z(m,u) — Z°(A)

is, étale locally on the target, a disjoint union of closed immersions each defined by a
single equation.

Lemma 7.2.3. — The image of (7.2.2) contains no irreducible component of Z°(A)r, .

Proof. — An S-point of Z(m, u) determines a special quasi-endomorphism z € V(Ag)
with Q(z) = m. The image of such an S-point under the inclusion (7.2.1) determines
an z° € V(A%), as well as an isometric embedding ¢ : A — Vj(Ag). Unpacking the
construction of the inclusion (7.2.1), we find that the orthogonal decomposition

V(Ag) = V(As) © Ag,
of Proposition 6.6.2 identifies z° = = + ¢(A) for some A € Ag. In particular, z deter-
mines a nonzero element of V' (A%) orthogonal to ¢(Ag), and
t:Ag — V(AYL)
is not surjective.
In contrast, for every generic point 7 of Z°(A)r, we have
2/ A V()(AZ)

Indeed, this follows from the density ZP"(A)r, C Z(A)r, proved in Lemma 7.1.5, and
assertion (1) of Proposition 7.1.2. It can be checked that the numerical hypotheses
hold under our hypothesis n > 4.

Thus the image of (7.2.2) cannot contain the generic point of any irreducible com-
ponent of Z°(A)r,, completing the proof of the lemma. O
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To complete the proof of Proposition 7.2.2, we apply the following lemma to the
complete local ring of the local complete intersection (and hence Cohen-Macaulay)
stack Z°(A) at a point in the image of (7.2.2), and taking a to be the equation defining
the complete local ring of Z(m, u) at a point in the pre-image.

Lemma 7.2.4. — Let R be a complete local flat Zy)-algebra that is Cohen-Macaulay.
Suppose that a € R is such that Spec(R/aR) C Spec R does not contain any irre-
ducible component of Spec(R ®z,,, Fp). Then R/aR is also flat over Z,).

Proof. — Since R is Z,)-flat, R/pR is once again Cohen-Macaulay. Our hypotheses
imply that the image @ € R/pR of a is not contained in any minimal prime of R/pR,
which means that @ is a non-zero divisor in R/pR. Since R is local, this is equivalent
to saying that p is a non-zero divisor in R/aR, which shows that R/aR is Zpy-flat. O

This completes the proof of Proposition 7.2.2 U

8. Integral theory of g-expansions

Keep the hypotheses and notation of § 6 and § 7. In particular, we fix a prime p at
which Vz C V is maximal. We now consider toroidal compactifications of the integral
model

Sk (G, D) — Spec(Zy))-

If V is anisotropic then [40, Corollary 4.1.7] shows that the integral model is already
proper. Therefore, in this subsection, we assume that V' admits an isotropic vector.

8.1. Toroidal compactification. — Fix auxiliary data V;; C V° and K° as in §6.2,
and choose this in such a way that V; is almost self-dual at p. In particular, from
(6.3.2) we have the finite morphism

SK(G, D) — SKO (GQ, DO)

of integral models, under which w® pulls back to w.
We may choose the auxiliary V° to have signature (n® 2) with n® > 5. By
Lemma 6.1.3, this allows us to choose a symplectic form ¥° on
H®=C(V®)

in such a way that the Z-lattice HS = C(V}}) is self-dual at p. As in §4.3 we obtain
an embedding

(G°,D°) — (G, D%)
into the Siegel Shimura datum determined by (H?®,1°). Recalling the Shimura datum
(G, Ho) of §3.5, this also fixes a morphism (G°,D°) — (G, Ho).
Define reductive groups over Z,)by

G° =GSpin(V,)), G% = GSp(Hg, ),
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so that G° — GS& extends to a closed immersion G° — G%8. Fix a compact open
subgroup

K& = K8K58P C G5 (Ay)
containing K¢ and satisfying K 55 = G58(Z,). After shrinking the prime-to-p parts of
K c K° c K58,

we assume that all three are neat.

We can construct a toroidal compactification of Sk (G, D) as follows. Fix a finite,
complete K58-admissible cone decomposition %58 for (G5, DS8). As explained in §2.5,
it pulls back to a finite, complete, K°-admissible polyhedral cone decomposition %
for (G°,D°), and a finite, complete, K-admissible polyhedral cone decomposition ¥
for (G, D). If £5¢ has the no self-intersection property, then so do the decompositions
induced from it.

Assume that K58 and %52 are chosen so that X5 is smooth and satisfies the no
self-intersection property. We obtain a commutative diagram

(8.1.1) Sk(G,D, %)+ Shg(G,D, )

J |

Ske(G°,D°,£°) +—— Shg(G°, D°, 5°)

J J

Siese (GS8, DS8 558) «— Sh s, (GSe, PS8, 5158),

where Siss(GS8, D%, ¥58) is the toroidal compactification of Sys«(GS8, D8) con-
structed by Faltings-Chai. Note that the neatness of K58 implies that it is an alge-
braic space, rather than a stack, but does not guarantee that it is a scheme. The two
algebraic spaces above it are defined by normalization, exactly as in (6.3.2).

According to [40, Theorem 4.1.5], the algebraic space Sk(G,D,X¥) is proper
over Z,) and admits a stratification

(8.1.2) Sk(G,D,%) = | | z&9@,p, %)
(®,0)€eStratx (G,D,X)

by locally closed subspaces, extending (2.6.1), in which every stratum is flat over Z ).
The unique open stratum is Sk (G, D), and its complement is a Cartier divisor.

Fix a toroidal stratum representative (®, o) € Stratx (G, D,X) in such a way that
the parabolic subgroup underlying ® is the stabilizer of an isotropic line. As in §2.3,
the cusp label representative ® determines a Tg-torsor

Shch (Q‘fba D<I>) - Shl@(K@)(Gm’ H0)7

and the rational polyhedral cone o determines a partial compactification

Shr, (Qa, Do) — Shk, (R, Ds,0).
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The base Sh,,, (k) (Gm, Ho) of the Tp-torsor, being a zero dimensional étale scheme
over Q, has a canonical finite normal integral model defined as the normalization
of Spec(Zp)). The picture is

Sve(Ks)(Gm; Ho) < Shyy (k4) (Gm, Ho)

| |

Spec(Zp)) +—————— Spec(Q).
Proposition 8.1.1. — Define an integral model

To = Spec (Z(p) [Qa]aef‘})(l))
of the torus Ty of §2.3.

1. The Q-scheme Shi, (Qs,Ds) admits a canonical integral model

SKq) (Qq;., 'Dq>) — Spec(Z(p)),

endowed with the structure of a relative Tg-torsor
Sks(Qa,Da) = Syy (k) (Gm, Ho)
compatible with the torsor structure (2.3.1) in the generic fiber.
2. There is a canonical isomorphism
Sks(Qa,Da,0) = Sk (G, D, %)
of formal algebraic spaces extending (2.6.3).
Here Sk, (Qa,Ds) — Sk, (Qa,Ds,0) is the partial compactification determined by
the rational polyhedral cone
o C Us(R)(—1) = Hom(G,, To)r

and the formal scheme on the left hand side is its completion along its unique closed
stratum. On the right,

~

Sk(G,D,%) = Sk (G D, %) w0 p s

is the formal completion along the stratum indexed by (P, o).
Proof. — This is a consequence of [40, Theorem 4.1.5]. O
By [40, Theorem 2| and [15], both Sk+(G®, D, 2°) and the Faltings-Chai com-

pactification are proper. They admit stratifications
Ske(G°,D°, 2°) = | ] 28760, D0, 50,
(®°,0°)€Strat o (G°,D*,X°)
and
S S
Sices (GS%, D%, 35) = L] 2GR, D, 55),
(®S8,058)€Strat . s, (GS8,DS8)
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analogous to (8.1.2). By [40, (4.1.13)], these stratifications satisfy a natural compati-
bility: if

(®,0) € Stratg (G, D, X)
has images (®°,0°) and (®58,058), in the sense of §2.5, then the maps in (8.1.1)
induce maps on strata

o o Sg ,Sg
207G, D, %) - 287060, D°,5°) — 28,0 (658, DS, 55),
Applying the functor of Proposition 8.1.2 below to the G°-representation Vi ”

yields a line bundle w® = F'Vj; on Sko(G®, D°,£°), which we pull back to a line
bundle w on Sk (G, D, ). This gives an extension of (6.3.3) to the toroidal compact-
ification.

Proposition 8.1.2. — There is a functor
N+ (Ngr, F*Ngr)

from representations G — GL(N) on free Z,)-modules of finite rank to filtered vec-
tors bundles on Sko(G®,D°,X°), extending the functor (6.3.1) on the open stratum,
and the functor of Theorem 8.4.1 in the generic fiber.

Proof. — Consider the filtered vector bundle (H3y, F*HJy) over Shgo(G®, D) ob-
tained by applying the functor (3.3.2) to the representation
G°® — G = GSp(H").
Now let v® : G° — G,, be the spinor similitude, and let Q(v°) denote the

corresponding one-dimensional representation of G°. It determines a line bundle
on Shgo(G®, D), which is canonically a pullback via the morphism

Shice (G°, D) “5> Shye(xco) (G, Ho)-

Combining this with Remark 3.5.2, we see that the line bundle determined by Q(v°)
is canonically identified with Lie(G,,), and hence the G°-equivariant morphism
¥°: H® H — Q(v°) induces an alternating form

¥° : Hp @ Hip — Lie(Gyp,).
The nontrivial step FOHgR in the filtration is a Lagrangian subsheaf with respect to
this pairing.
The vector bundle HJp, is canonically identified with the pullback via
Shgo(G®,D°) — Shyss(G8, D5%)
of the first relative homology
S 1 .
Hdlgt = M(R W*QASE/ShKSg(GSE,DSEV OShKSg(GSg,DSg))

of the universal polarized abelian scheme 7 : A5% — Shyss (G52, D58). As the universal
abelian scheme extends canonically to the integral model, so does Hgﬁ. Its pullback
defines an extension of HJy, along with its filtration and alternating form, to the
integral model Sk (G®,D?).
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Now fix a family of tensors

©,®
{Sa} = HZ(P)

that cut out the reductive subgroup G° C G%. The functoriality of (3.3.2) implies
that these tensors define global sections {sq,qr} of Hgi? over the generic fiber. By
[31, Corollary 2.3.9], they extend (necessarily uniquely) to sections over the integral
model SKo (Go, Do).

By [40, Proposition 4.3.7], the filtered vector bundle (HJgR,F*Hjg) admits
a canonical extension to Sko(G°,D° X°). The alternating form ¢° and the sec-
tions sq qr also extend (necessarily uniquely).

This allows us to define a G°-torsor

jKO(Gov DO) Eo) i) SK° (G<>7 Dov 20)7
whose functor of points assigns to a scheme S — Sgko(G°, D, 3°) the set of all
pairs (f, fo) of isomorphisms

(8.1.3) f: H:;R/S = H<Z>(p) ®O0s, fo: Lie(Gm)/S ~ QOg,
satisfying f(Sq,dr) = o ® 1 for all &, and making the diagram

w()

Hip s ® Hip g Lie(Gm)
f®fl lfo
,‘/)0
(H%(p) ® Os) ® (Hz(p) ® 05) Og

commute.
Define smooth Z,)-schemes M® and M358 with functors of points

M(G°,D°)(S) = {isotropic lines z C Vi, ®Os}
M (G, D%)(S) = {Lagrangian subsheaves F° C H%(p) ® Og}.

These are integral models of the compact duals M (G°, D°) and M (G, DS8) of §4.3,
and are related, using (4.1.2), by a closed immersion

(8.1.4) M(G®,D°) — M(G8, D),

sending the isotropic line z C Vg(p) to the Lagrangian zHg(p) C Hg(p).
We now have a diagram

(8.1.5) Tice (G, D°, %) —2— M(G°, D°)
SK° (Goa Doa EO))

in which a is a G®-torsor and b is G°-equivariant, extending the diagram (3.4.1) already
constructed in the generic fiber. To define the morphism b we first define a morphism

Tk+(G°,D°,£°) — M(G®%, D%)
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by sending an S-point (f, fo) to the Lagrangian subsheaf
F(F°Harys) C Hyz,y ® Os.

This morphism factors through (8.1.4). Indeed, as (8.1.4) is a closed immersion, this
is a formal consequence of the fact that we have such a factorization in the generic
fiber, as can be checked using the analogous complex analytic construction.

With the diagram (8.1.5) in hand, the construction of the desired functor proceeds
by simply imitating the construction (3.3.2) used in the generic fiber. O

8.2. Integral g-expansions. — Continue with the assumptions of §8.1, and now fix a
toroidal stratum representative

(®,0) € Stratg (G, D, )

as in §4.6. Thus ® = (P, D°, h) with P the stabilizer of an isotropic line I C V, and
0 € X is a top dimensional rational polyhedral cone. Let

(®°,0°) € Stratg.(G°,D°, X°)

be the image of (®,0), in the sense of §2.5.
The formal completions along the corresponding strata

(8.2.1) z%9(@,p,%) c Sk(G,D,x)
Zgoﬁo)(Go, Do, Eo) C SKO (GO, D<>7 Eo)
are denoted

Sk(G,D,X) =Sk(G,D, 2)29") (G,D,%)’

SKo (G<>7 D<>7 EQ) = SKO (G<>7 D<>7 Eo)gﬁff’”o’ (Go,Do,50)"
These are formal algebraic spaces over Z(,) related by a finite morphism

(8.2.2) Sk(G, D, %) — 8k-(G°, D%, 5°).

Fix a Z)-module generator £ € I N Vz . Recall from the discussion leading to
(4.6.10) that such an ¢ determines an isomorphism
®k -7
[ =12 0™ = Ogp e,

of line bundles on @K(G, D,%).
Proposition 8.2.1. — The above isomorphism extends uniquely to an isomorphism
[€®F -] : w®F - O0f

Sk (G,D,%)

of line bundles on the integral model §K(G,’D, ).
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Proof. — The maximality of V7, implies that V7, C VZ‘; is a Z,-module direct sum-
mand. In particular,

— —_ & O
I, =INVg, =INVg CVg

is a Z,)-module direct summand generated by £. Because w is defined as the pullback
of w°, and because the uniqueness part of the claim is obvious, it suffices to construct
an isomorphism

(8.2.3) [£,=]: @° = Og, , (ge pe 5o

extending the one in the generic fiber, and then pull back along (8.2.2).
We return to the notation of the proof of Proposition 8.1.2. Let P® C G° be the
stabilizer of the isotropic line I, C VZ°( ) define a P°-stable weight filtration

o o o o > _ 170
wtsHyz,, =0, wtoly  =wtHg , =Is,Hy,, whoHz, =H;z,,

and set
¢ = ker(P® — GL(gro(Hz,,))))-
Compare with the discussion of §4.4.
The Zp)-schemes of (8.1.4) sit in a commutative diagram

MG —————— M
M(G®,D°) —— M(G38,DS8),

in which the horizontal arrows are closed immersions, and the vertical arrows are open
immersions. The Z,)-schemes in the top row are defined by their functors of points,
which are

isotropic lines z C VZO(p) ® Og such that
s — o o 1
2(9) = VZ(p) - VZ<p>/IZ<p)
. . ~ o 1
identifies z = (VZ(,,)/IZ(p)) ® Og
and
Lagrangian subsheaves F° C Hz(m ® Og such that
Ve
MEE(S) = HS, — gro(HS, )
identifies F? 2 gr, (Hy ) ®Os

Passing to formal completions, the diagram (8.1.5) determines a diagram

(8.2.4) Trco (G, D°,2°) — 2+ M(G®, D°)

|

Sk (G°,D°, 5°)
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of formal algebraic spaces over Z ), in which a is a G°-torsor and b is G°-equivariant,
and Jxo (G®, D°,X°) is the formal completion of Jk+(G®, D, ¥°) along the fiber over
the stratum (8.2.1).

Lemma 8.2.2. — The G°-torsor in (8.2.4) admits a canonical reduction of structure
to a Q%-torsor Jg, sitting in a diagram

b ~
Jg ———— Mg

|

Sk (G°,D°, °).

Proof. — The essential point is that the filtered vector bundle (HSg, F*HJR)
on Sko(G°,D°,X°) used in the construction of the G°-torsor

jKo (GQ, 'DO, Eo) — SKO (GO, DQ, ZO)

acquires extra structure after restriction to So (G°,D°,%°). Namely, it acquires a
weight filtration

along with distinguished isomorphisms
gr_o(Hip) = gr_y(H3, ) ® Lie(Gun)
gro(Hir) = gro(Hz ) ® Og,_, (g po 50)-

This follows from the discussion of [40, (4.3.1)]. The essential point is that over the
formal completion S, ko (G°,D°,X°) there is a canonical degenerating abelian scheme,
and the desired extension of HJy is its de Rham realization. The extension of the
weight and Hodge filtrations is also a consequence of this observation; see [40, §1],
and in particular [40, Proposition 1.3.5].

The desired reduction of structure Jg C jKo (G°,D°,%°) is now defined as the
closed formal algebraic subspace parametrizing pairs of isomorphisms (f, fo) as in
(8.1.3) that respect this additional structure.

Moreover, after restricting HSp to §K<> (G°,D°,%°), the surjection Hp, — groHJy
identifies FOHSR = groHJg. Indeed, in the language of [40, § 1], this just amounts to
the observation that the de Rham realization of a 1-motive with trivial abelian part
has trivial weight and Hodge filtrations.

As the composition

T§ € Jxe(G°, D%, 5°) 2 M(G°, D°) € M(G™#, D)
sends (f, fo) — f(FOHS), it takes values in the open subscheme

MEE € M(GS5, D).
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It therefore take values in the closed subscheme M% C M%g, as this can be checked in

the generic fiber, where it follows from the analogous complex analytic constructions.
O

Returning to the main proof, let I C V° be the constant Q%-equivariant line
bundles on Mg determined by the representations Iz, C VZ°( b and let ©° C V° be
the tautological line bundle. The self-duality of VZ°( » guarantees that the bilinear

pairing on V' restricts to an isomorphism
[ =] : I ®&° = O
Pulling back these line bundles to J§ and taking the quotient by Q%, we obtain an
isomorphism
[= =] Iar ® @° = Og,_, (o po 5o

of line bundles on S (G®, D, %°).

On the other hand, the action of Q% on Iz(p) is through the character vg, which
agrees with the restriction of v° : G° — G, to Q%. The canonical morphism

th - jK° (G°,D°,X°) M’ @(Lie(Gm)’ O§K0(G° Do 20))

of formal algebraic spaces over Sk (G°, D, $°) identifies ker(v$)\Js with the trivial
G,,-torsor

IS70(1-‘16(@7”)7 O§K0(00,D°,E°)) = M(O§KO(G°,D°,ZO))

over Sko(G°®, D £°). As the action of G on I, is via vg, this trivialization fixes
an isomorphism

Iir = Q3\(Iz,,, ® Og;)
= Gm\(Iz,,, ® Okerwg)\72)
= Iz, © OgKo(GO,DO,EO)‘

The generator ¢ € Iz, now determines a trivializing section £ = {®1 of Iqg, defin-
ing the desired isomorphism (8.2.3). This completes the proof of Proposition 8.2.1. [

Let I, C V and

—
(Qe, Do) —— (Gm, Ho)-

be as in the discussion preceding Proposition 4.6.2. Choose a compact open subgroup
Ky C A}( small enough that s(Ky) C Ko, and assume that Ky factors as

Ky = Z; - KPb.
Let F/Q be the abelian extension of Q determined by
rec : Q€,\AT /Ko = Gal(F/Q).

Fix a prime p C O above p, and let R C F be the localization of O at p. Note that
the above assumption on K implies that p is unramified in F'.
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Proposition 8.2.3. — If we set
Ta(0) = 59 (Zp)[lgallacry ) )
(,0)>0

there is a unique morphism

|_| To(0)/r — Sk (G, D, %) g

a€QZ\AF /Ko

of formal algebraic spaces over R whose base change to C agrees with the morphism
of Proposition 4.6.2. Moreover, if t is any point of the source and s is its image
in Sk(G,D,X) /g, the induced map on étale local rings Ot — O is faithfully flat.

Proof. — The uniqueness of such a morphism is clear. We have to show existence.
The proof of this proceeds just as that of Proposition 4.6.2, except that it uses Propo-
sition 8.1.1 as input. The only additional observation required is that we have an
isomorphism

(8.2.5) | ] Spec(R) 2 Sk, (G, Ho) /r
aEQ;O\A}( /Ko
of R-schemes, which realizes (4.6.8) on C-points. Here Sk, (G, Ho) is defined as the
normalization of Spec(Z,)) in Shx, (G, Ho).
To see this, note that the defining property of canonical models provides an iso-
morphism

Spec(F) & Shg, (G, Ho)
of Q-schemes, and hence an isomorphism F-schemes
|_| Spec(F') = Shk, (Gm, Ho)/F-
QEQ;O\A}( /Ko
Using the fact that p is unramified in F', one can see that this isomorphism extends

to (8.2.5). O

Suppose 1 is a section of the line bundle w®* on Shx (G, D)/p. It follows from
Proposition 4.6.3 that the g-expansion (4.6.10) of ¢ has coefficients in F' for every
a € A;. If we view ¢ as a rational section on Sk (G, D, X) /g, the following result gives
a criterion for testing flatness of its divisor.

Corollary 8.2.4. — Assume that the special fiber of Sk (G, D) /g is geometrically nor-
mal, and for every a € A; the g-expansion (4.6.10) satisfies

FI () € Rl[gallacry)-

(a,0)>0

If this g-expansion is nonzero modulo p for all a, then div(v) is R-flat.
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Proof. — As Sk(G,D,X%),r is flat over R, to show that div(y) is R-flat it is enough
to show that its support does not contain any irreducible components of the special
fiber of Sk (G, D, %)/ g.

Every connected component

C CSk(G,D,%)/r

has irreducible special fiber. Indeed, we have assumed that the special fiber
of Sk(G,D)/r is geometrically normal. It therefore follows from [40, Theorem 1]
that the special fiber of Sk (G,D,X) /R is also geometrically normal. On the other
hand, [40, Corollary 4.1.11] shows that C has geometrically connected special
fiber. Therefore the special fiber of C' is both connected and normal, and hence is
irreducible.

As in the proof of Proposition 4.6.3, the closed stratum

ZS’U)(G,D, Y)/r € Sk(G,D,%)/r

meets every connected component. Pick a closed point s of this stratum lying on the
connected component C. By the definition of FJ@ (v), and from Proposition 8.2.3,
our hypothesis on the g-expansion implies that the restriction of ¢ to the completed
local ring O, of s defines a rational section of @®* whose divisor is an R-flat Cartier

divisor on Spf(O;).
It follows that div(¢)) does not contain the special fiber of C, and varying C' shows
that div(¢) contains no irreducible components of the special fiber of Sk (G, D, ¥)/g.
O

Remark 8.2.5. — 1f V7, is almost self-dual, then Sk (G, D) is smooth over Z,, and
hence has geometrically normal special fiber. Without the assumption of almost self-
duality, Proposition 7.2.1 tells us that the special fiber is geometrically normal when-
ever n > 6.

9. Borcherds products on integral models

Keep V; C V of signature (n,2) with n > 1, and let (G,D) be the associated
GSpin Shimura datum. As in the introduction, let Q2 be a finite set of prime numbers
containing all primes at which V7 is not maximal, and choose (1.1.2) to be factorizable
K = Hp K, with

Kp =G(Q) nC(Vg,)”
for all p ¢ Q. Set Zq = Z[1/p: p € Q).

9.1. Statement of the main result. — In §6.3 and § 6.4 we constructed, for every prime
p ¢ Q, an integral model over Z,) of the Shimura variety Shx (G, D), along with a
family of special divisors and a line bundle of weight one modular forms. As explained
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in [1, §2.4] and [2, §4.5], as p varies these models arise as the localizations of a flat
and normal integral model

Sk (G, D) — Spec(Zgq),

endowed with a family of special divisors Z(m, ) indexed by positive m € Q and
w € LY /L, and a line bundle of weight one modular forms w.

Theorem 9.1.1. — Suppose
= Y em)-qm e Mi_y (py,)

meQ
m>>>—o0

is a weakly holomorphic form as in (5.1.1), and assume f is integral in the sense
of Definition 5.1.2. After multiplying f by any sufficiently divisible positive integer,
there is a rational section ¥ (f) of w29 over Sk (G, D) whose norm under the
metric (4.2.3) is related to the reqularized theta lift of §5.2 by

(9.1.1) —2log[[¥(f)] = ©™(f),

and whose divisor is

(9.1.2) div(p(f) = D, cl=m,pu)- Z(m,p).
MG@??VZ

The remainder of this subsection is devoted to proving Theorem 9.1.1 under some
restrictive hypotheses on the pair V; C V. These will allow us to deduce algebraicity
of the Borcherds product from Proposition 5.2.3, prove its descent to Q using the
g-expansion principle of Proposition 4.6.3, and deduce the equality of divisors (9.1.2)
from the flatness of both sides over Zgq.

Proposition 9.1.2. — If n > 6, and if there exists an h € G(Ay) and isotropic vec-
tors £,0, € hVy such that [¢,£,] = 1, then Theorem 9.1.1 holds.

Proof. — Tt suffices to treat the case where
K =GA)NnC(Vp)",

for then we can pull back 9 (f) to any smaller level structure.

The vectors £, £, € V satisfy the relation (5.3.1) with k = £,. Let I and I, be the
isotropic lines in V spanned by £ and /., respectively. Let P be the stabilizer of I, and
let D° C D be a connected component. This determines a cusp label representative

& = (P,D°, h).

Although we will not use this fact explicitly, the following lemma implies that
the 0-dimensional stratum of the Baily-Borel compactification Shx (G, D)BB indexed
by ® is geometrically connected. In other words, Baily-Borel compactification has a
cusp defined over Q.
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Lemma 9.1.3. — The complex orbifold Shi (G, D)(C) is connected, and the section
(4.6.6) determined by I, satisfies

(9.1.3) s(Z*) C K.
Proof. — We first prove (9.1.3). Consider the hyperbolic place
W=Q+Ql CV.

Its corresponding spinor similitude group GSpin(W) is just the unit group of the even
Clifford algebra C(W). The natural inclusion GSpin(W) — G takes values in the
subgroup Qs, and the cocharacter (4.6.6) factors as

Gy = GSpin(W) — Qa,
where the first arrow sends a € Q* to
s(a) = a 'L+ Ll € CT(W)™.
From this explicit formula and the inclusion
Hy; =724 ® 7L, C hV3,
it is clear that (4.6.6) satisfies
s(Z*¥) c CH(W5)* C Qa(Af) NC(AV;)* = Ka.
Now we prove the connectedness claim. From (9.1.3) it follows that

Z* = va(s(Z*)) C va(Ks) C v(K),

and hence the 0-dimensional Shimura variety
Shy, (k) (Gm, Ho)(C) = Q*\Hy x A}( JV(K)

consists of a single point. The proof of Proposition 4.6.3 shows that the fibers of

Shg (G, D)(C) — Shy(x)(Gm, Ho)(C)
are connected, completing the proof. O

Applying Theorem 5.2.2 and Proposition 5.2.3 to the form 2f gives us a rational
section

(9.1.4) D(f) = 2mi) 0w (2f)

of w®<(%:9) over Shy (G, D) c. We first prove that ¢(f) can be rescaled by a constant
of absolute value 1 to make it defined over Q.

Fix a neat compact open subgroup K C K small enough that there is a K-ad-
missible complete cone decomposition ¥ for (G, D) satisfying the conclusion of
Lemma 5.4.1. In particular, we have a top-dimensional rational polyhedral cone
o € Y whose interior is contained in a fixed Weyl chamber

# C LightCone®(Vor) & Cop.
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Let ¢(f) denote the pullback of ¢(f) to Sh %(G,D, %) c. Recalling the construction
of g-expansions of (4.6.10), the toroidal stratum representative
(®,0) € Stratz (G, D, X)

determines a collection of formal g-expansions

(9.1.5) FI((f)) € Cllgallaery )
(@,0)20
indexed by a € Q% \Af /Ko, where Ky C G,,(Ay) is chosen small enough that its

image under (4.6.6) is contained in Kg.
We can read off these g-expansions from Proposition 5.4.2, which implies

9.1.6) FI@ @ (f) = () gae) - BP(S))”,

for an explicit

(917) BP(f) € Z[[qa]]ael"g(l))
(@,0)>0

and some constants £(%) € C of absolute value 1. Indeed, the hypotheses on ¢, ¢, € V,
imply that the constants N and A appearing in (5.3.6) are equal to 1, and our choice
of k = £, € hVy implies that {, = 1 for all u € V)’ /hV5.

Moreover, it is clear from the presentation of BP(f) as a product that its constant
term is equal to 1.

The g-expansion (9.1.5) is actually independent of a. Indeed, using the notation of
(5.4.5), with K replaced by K throughout, these g-expansions can be computed in
terms of the pullback of ¥(f) to the upper left corner in

U o 5N g6, D)(©)

a€Q%\AY /Ko |

|

(Ko NUs(Q))\D°

z—(z,h)

Shx (G, D)(C).

Here we have chosen our coset representatives a € Z*. This implies, by Lemma 9.1.3,
that s(a) € Ko C hKh™1, and so

%) = s(a)Kas(a) " N Us(Q) C Ko NUs(Q)

and s(a)hK = hK. It follows that the pullback of (f) to the upper left corner is the
same on every copy of D°.

Having proved that all of the k() are equal, we may rescale ¥(f) by a constant
of absolute value 1 to make all of them equal to 1. The g-expansion principle of
Proposition 4.6.3 now implies that 1;( f) is defined over Q, and the same is therefore
true of ¥(f). The equality (9.1.1) follows from the equality (5.2.2).

It only remains to prove the equality of divisors (9.1.2). In the generic fiber, this
follows from (9.1.1) and the analysis of the singularities of @8 (f) found in [5] or [8].
To prove equality on the integral model, it therefore suffices to prove that both sides
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of the desired equality are flat over Zgq. Flatness of the special divisors Z(m,u) is
Proposition 7.2.2.

To prove the flatness of div(¢(f)) it suffices to show, for every prime p & Q,
that div(¢)(f)) has no irreducible components supported in characteristic p. This
follows from Corollary 8.2.4 and the observation made above that (9.1.7) has nonzero
reduction at p.

The only technical point is that to apply Corollary 8.2.4 to the integral model
of Shz (G, D, X) over Z,), we must choose K to have p-component

Ky = G(Qp) NO(Vz,)*,

and similarly choose K, to have p-component Z, . As p varies, this forces us to vary K.
As we need K to satisfy the conclusion of Lemma 5.4.1, this may require us to also
vary both ¥ and the rational polyhedral cone ¢ € ¥g. Thus, having rescaled the
Borcherds product to eliminate the constants (%) at one boundary stratum, we may
be forced to apply Corollary 8.2.4 at a different boundary stratum of a different
toroidal compactification at different level structure, at which we must deal with new
constants (%),

This is not really a problem. For a given p, one can check using Remark 2.4.9 that
it is possible to choose K (and hence ¥ and ¢ € ¥g) as in Lemma 5.4.1 by shrinking
only the prime-to-p part of K. Using Lemma 9.1.3, we may then choose Ky to have
p-component Z. Now pull back 9 (f) via the resulting étale cover

SK(Gv D)/Z<p) - SK (Ga D)/Z(p)

over integral models over Z,) to obtain a section d( f) whose g-expansion again has
the form (9.1.6) for some constants x(* of absolute value 1.

The point is simply that our ¥(f), hence also 121( f), has been rescaled so that it is
defined over Q. This allows us to use the g-expansion principle of Proposition 4.6.3
to deduce that each x(® is rational, hence is +1. Thus the power series (9.1.6) has
integer coeflicients and nonzero reduction at p. Corollary 8.2.4 implies that the divisor
of 1[1( f) has no irreducible components in characteristic p, so the same holds for ¥(f).

O

9.2. Proof of Theorem 9.1.1. — In this subsection we complete the proof of The-
orem 9.1.1 by developing a purely algebraic analogue of the embedding trick of
Borcherds. This allows us to deduce the general case from the special case proved
in Proposition 9.1.2.

According to [5, Lemma 8.1] there exist self-dual Z-quadratic spaces Al!l and A%
of signature (24, 0) whose corresponding theta series

9l (1) = Z ¢®?@ e M5(SL2(Z),C)
zeAli]
are related by

(9.2.1) I — 9l = 24A,
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Here A is Ramanujan’s modular discriminant, and @ is the quadratic form on Al
Denote by

il (m) = #{z € Al . Q(z) = m}
the m-th Fourier coefficient of 9l7. Set

(9.2.2) Vil=vzeA!  and VI =veal
In the notation of §5.1, the inclusion V7 — VZ[i] identifies
V2 Ve (Vi)Y v,
and the induced isomorphism
Sy, = SV7[”

is compatible with the Weil representations on source and target. The fixed weakly
holomorphic form f of (5.1.1) therefore determines a form

= > c[i](m).qmeMLu,%(ﬁVZm)
meQ
m>3>>—0o0

by setting fIl = f/(24A). The relation
f =9l R gt g0l

implies the equality of Fourier coefficients

9.2.3) c(m,p) = 3 rBl(k) - P m — k) = S (k) -V (m — &, ).
k>0 k>0

Each VI determines a GSpin Shimura datum (G4, D). By choosing
K = Gl(ag) nowlh

for our compact open subgroups, we put ourselves in the situation of §6.6. Note that
in §6.6 the integral models were over Z,), but everything extends verbatim to Zq.
In particular, we have finite morphisms of integral models

Sk(G,D)

over Zgq, where we abbreviate
St = 8y (G, D).

Each S has its own line bundle of weight one modular forms ! and its own family
Zli(m, ) of special divisors.
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The following lemma shows that each Vz[i] C VU satisfies the hypotheses of Propo-
sition 9.1.2. Thus, after replacing f (and hence both 1l and f[?!) by a positive integer
multiple, we obtain a Borcherds product ¢ (f [i]) on Sl with divisor

(9.2.4) div((f1) = 3 el (=m, ) - 2 (m, p).
m>0
nevy /vy
Lemma 9.2.1. — There exist isotropic vectors £, 4, € VZM with [€,£4,] = 1.

Proof. — Let H = Z¢ & 7Z{, be the integral hyperbolic plane, so that ¢ and ¢, are
isotropic with [¢,£,] = 1. To prove the existence of an isometric embedding H — VZM,
we first prove the existence everywhere locally.
At the archimedean place this is clear from the signature, so fix a prime p. The
Qp-quadratic space Al @y Qp has dimension > 5, so admits an isometric embedding
H® @p _ A[i] ® Qp-

Enlarging the image of H ® Z, to a maximal lattice, and invoking Eichler’s theorem
that all maximal lattices in a Q,-quadratic space are isometric [16, Theorem 8.8],
we find that H ® Z, embeds into the (self-dual, hence maximal) lattice Al ® Z,. A
fortiori, it embeds into VZM ®7, L.

The existence of the desired embeddings everywhere locally implies that there exist
isometric embeddings

(9.2.5) a:HeQ— Vil eQ,
and ‘
a:HoZ -V 9.
We may choose these in such a way that a and a induce the same embedding
of Q,-quadratic spaces at all but finitely many primes p. All embeddings

HeQ, —» Vi'eQ,
lie in a single SO(V)(Q,)-orbit, and so there exists a
g € SO(VI)(Ay)
such that
(9.2.6) ga(H®Z) = a(H® Z).

Fix a subspace W C VZ[i] ® Q of signature (2,1) perpendicular to the image of
(9.2.5). There exists an isomorphism SO(W) = PGL; identifying the spinor norm
SO(W)(Ay) — AF/(AF)?
with the determinant, and hence the spinor norm is surjective. This allows us to

modify g by an element of SO(W)(Af), which does not change the relation (9.2.6),
in order to arrange that g has trivial spinor norm. Now choose any lift

g € Spin(VI)(Ay),
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and note that (9.2.6) implies
ga(H®Z) C VZM ® Z.

As the spin group is simply connected, it satisfies strong approximation. By
choosing v € Spin(V[1)(Q) sufficiently close to g, we find an isometric embedding

7a:H—>VZM. O

At least formally, we wish to define

G
() (f)”
As noted in §1.4, the image of ;4 will typically be contained in the support of the
divisor of 1 (1), and so the quotient on the right will typically be either 0/0 or co/oo.
The key to making sense of this quotient is to combine the following lemma, which
is really just a restatement of (9.2.4), with the pullback formula of Proposition 6.6.3.
As in the pullback formula, we use ZU(m, u) to denote both the special divisor and
its corresponding line bundle, and extend the definition to m < 0 by

(@)=1 i (m, ) = (0,0)

Ogsti otherwise.

zl (m, ) = {

Lemma 9.2.2. — The Borcherds product w(f[i]) determines an isomorphism of line
bundles

% clid(=m
Osu= @ Z(m )"
m>0
nevy /vy

Proof. — If m > 0 there is a canonical section
sth(m, p) € HO (81, 28 (m, )

with divisor the Cartier divisor Z(m, u) of the same name. This is just the constant
function 1, viewed as a section of

Og C 2l (m, ).
The equality of divisors (9.2.4) implies that there is a unique isomorphism

(wl)®e(0.0) ® 20 (m, )@ (=mam)

m>0
,LLEVZV/VZ

sending

(e R s (m, )@,
m>0
HEVZ\//VZ

and so the claim is immediate from the definition of Z[1(0, ). O
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Proof of Theorem 9.1.1. — If we pull back the isomorphism of Lemma 9.2.2 via ;[
and use the pullback formula of Proposition 6.6.3, we obtain isomorphisms of line
bundles

~ ®7‘m m -cm —mi—ma,
Osk(G,p) = ® Z(mq, p)®7 " (m2) et (Cmmma )
mi1,m22>0
NGVZV/VZ

for ¢ € {1,2}. These two isomorphisms, along with (9.2.3), determine an isomorphism

Osk(Gp) = ® Z(m, )@,
m>0
uevy /vy
Now simply reverse the reasoning in the proof of Lemma 9.2.2. Rewrite the iso-
morphism above as
WOV Q) Zmp,

m>0
wevVy /vy

Each line bundle on the right admits a canonical section s(m,u) whose divisor is

the Cartier divisor Z(m, i) of the same name, and so the rational section of (%)
defined by

(9.2.7) v(f)= Q) s(m,p)®Cmm
ME@;%@

has divisor

m>0
HGVZ\//VZ

To complete the proof of Theorem 9.1.1, we need only prove that the section defined
by (9.2.7) satisfies the norm relation (9.1.1).
Fix a g € G(Ay), and consider the complex uniformizations

plil st
8

D—— Sk(G,D)(C)

j[Z]

DI Sk(©),

in which all horizontal arrows send z — (z, g).
Denote by 14(f) the pullback of ¢(f) to D. The similarly defined meromorphic
sections 1, (fI") on DI are already assumed to satisfy the norm relation
—21og |9y (f1)|| = €55 (1)
on D where

gzeg(f[i]) - @reg(f[i]yg)
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is the regularized theta lift of §5.2.
Recall from §6.5 that every z € VI with Q(z) > 0 determines a global section

obst?™ ¢ H° (D[i], wg[li] ),

with zero locus the analytic divisor
Dll(z) = {z e DIV : [2,2] = 0}.

The pullback of ZU(m, u)(C) to DI is given by the locally finite sum of analytic

divisors
> D).

ng/HrgVZm
Q(z)=m

Define the renormalized Borcherds product
iy(f[i]) = T/Jg(fm) ® ® ® (Obstin)®*c[i](*m,0).

m>0 el
Q\)=m

)®r[i](m>c“‘](—m,o>

This is a meromorphic section of ), (@p with divisor

div(de(f)) = Y Hmup) Y D).

m>0 [i]
v zegut+gVy
HeVZ'/Va Qx)=m
zeA[i]

Note that each divisor DI (z) appearing on the right hand side intersects the
subspace D C Dl properly. Indeed, If we decompose z = y + A with y € gu + gV
and A € A, then

D(y) iQ(y) >0
0 otherwise,

Dil(z)nD = {

where D(y) = {z € D : [z,y] = 0}.

This is the point: by renormalizing the Borcherds product we have removed pre-
cisely the part of its divisor that intersects D improperly, and so the renormalized
Borcherds product has a well-defined pullback to D. Indeed, using the relation (9.2.3),
we see that

i21yxq (Fl2]
I e (f
() g (F1H)
is a section of the line bundle w%c(o,o). By directly comparing the algebraic and

analytic constructions, which ultimately boils down to the comparison of algebraic
and analytic obstructions found in Proposition 6.5.3, one can check that it agrees
with the 14(f) defined at the beginning of the proof.
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Define the renormalized regularized theta lift

é;eg(f[z]) — @geg(f[l]) +2 Z C[i](—m, O) Z log ||ObStin||

m>0 )\EA[i]
QN)=m
so that
(9.2.9) — 2log ||y (f1) ]| = ©re&(£1).

Combining this with (9.2.8) yields
—2log |9, (f)]| = ;) eres () — (j)*ores (M),

As was noted in Remark 5.2.1, the regularized theta lift ©7°( iy is over-
reqularized, in the sense that its definition makes sense at every point of DU, even
at points of the divisor along which ©7°8(f [1) has its logarithmic singularities. As
in [1, Proposition 5.5.1], its values along the discontinuity agree with the values
of C:);eg( fl1), and in fact we have

(hreps(f) = (1) ey (s1)

as functions on D.
On the other hand, for each i € {1,2}, the regularized theta lift has the form

ezeg(f[l])(z) = / f[z] (T)'lg[i](T,Z,g) d’(:);h}

SL2(Z)\'H

as in (5.2.1). As in [12, (4.16)], when we restrict the variable z to D C DI the theta
kernel factors as

(7, 2,9) = 9(r, 2, 9) - 97 (r),
where (7, z, g) is the theta kernel defining ©7¢(f). Thus

; : (1) dud
Gy eyE(st) = / FO)(r,2,9) - = 4(2 ==

SL2(Z)\'H

v
Combining this last equality with (9.2.1) proves the first equality in
re; -[2]\ * yre. 2 -[1]\* yre, 1
Og8(f) = (1P eyE(rP) — (M) repe(sM)
= (j[ﬂ)*(ﬁ);eg(f[?]) _ (j[l])*é;eg(f[ll)’

which is just a more explicit statement of [5, Lemma 8.1]. Combining this with (9.2.8)
and (9.2.9) shows that v¥(f) satisfies the norm relation (9.1.1), and completes the
proof of Theorem 9.1.1. O
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9.3. A remark on sufficient divisibility. — In order to obtain a Borcherds product ¢ (f)
on the integral model Sk (G,D) — Spec(Zg), Theorem 9.1.1 requires that we first
multiply the integral form

f(r) = Z C(m)'quMi—g(ﬁvZ)

meQ
m>—0o0

by some unspecified positive integer N. In fact, examination of the proof shows
that N = N(Vz) depends only on the quadratic lattice V7, and not on the choice
of f, the finite set of primes 2, or the level subgroup K.

Indeed, one first checks this in the situation of Proposition 9.1.2. Thus we assume
that n > 6, and that there exists an h € G(Ay) and isotropic vectors ¢, £, € hVz with
[£,£,] = 1. As in the proof of that proposition, one can reduce to the case

K= G(Af) N C(Vz)x.

The only point in the proof of Proposition 9.1.2 where one must replace f by N f
is when Theorem 5.2.2 and Proposition 5.2.3 are invoked to obtain the Borcherds
product (9.1.4) over the complex fiber Shx (G,D),c. Thus we only need to require
that IV be chosen divisible enough that the multipliers

&(f) : G(Q° NgKg™ — C*

of (5.2.5) satisfy &,(f)N = 1, as f varies over all integral forms as above and g € G(Ay)
runs over the finite set of indices in

| |(G(Q)° ngKg ")\D° = Shi (G, D) c.

This is possible, as the natural map
G(Q)° NgKg™ — SO(gVz)

has kernel {£1}, and its image has finite abelianization; see [7].

The general case follows by examining the constructions of §9.2. Applying the spe-
cial case above to the lattices in (9.2.2) yields positive integers N (VZ[I]) and N (VZ[2]).
Any multiple of

N(Vz) = N - NV

is then “sufficiently divisible” for the purposes of Theorem 9.1.1.

9.4. Modularity of the generating series. — For any positive m € Q and any p €
V,' /Vz, we denote again by

Z(m, u) € Pic(Sk (G, D))

the line bundle defined by the Cartier divisor of the same name. Extend the definition
tom =0 by

0! ifu=0

Z(0,p) = {

Osy(a,p) otherwise.
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Recall from §5.1 the Weil representation
pv, : SLa(Z) — Autc(Sv;)

on Sy, = C[V/ /Vz].

Theorem 9.4.1. — Let ¢, € Sy, be the characteristic function of the coset p € V' [V,
For any Z-linear map o : Pic(Sk (G, D)) — C we have

Y. AZ(mp)- by g™ € Miys(py,).
m>0
/—LGVZ\//VZ

Proof. — According to the modularity criterion of [6, Theorem 3.1], a formal g-ex-
pansion

> a(m,p)-du-qm
m>0
#EVZV/V%

with coefficients in Sy, defines an element of M; » (py;) if and only if

(9.4.1) 0= Z c(—m, p) - a(m, p)
m>0
weV, /Vy
for every

= X cma” My )
meQ
#EVZ\//VZ

By the main result of [41], it suffices to verify (9.4.1) only for f(7) that are integral,
in the sense of Definition 5.1.2.
For any integral f(7), Theorem 9.1.1 implies that

@00 _ Z c(—m, p) - Z(m, )
m>0
peV, /Vy

up to a torsion element in Pic(Sk (G, D)), and hence

> e(=m,p)- Z(m, ) € Pic(Sk (G, D))
m>0
uevy, /vy

is killed by any Z-linear map « : Pic(Sk (G, D)) — C. Thus the claimed modularity
follows from the result of Borcherds cited above. O
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9.5. Modularity of the arithmetic generating series. — Bruinier [8] has defined a Green
function ©'°8(F,, ) for the divisor Z(m,p). This Green function is constructed, as
in (5.2.1), as the regularized theta lift of a harmonic Hejhal-Poincare series

Fopu € Hiz (py,),
whose holomorphic part, in the sense of [10, § 3], has the form
Pu+ - —m
ij{,u(T) = <“2“ "™+ 0(1),

where ¢, € Sy, is the characteristic function of the coset u € VY /Vy. See [1, §3.2]
and the references therein.

This Green function determines a metric on the corresponding line bundle, and so
determines a class

Z(m, p) = (Z(m, p), 0" (F,,,)) € Pic(Sk (G, D))

for every positive m € Q and p € V)’ /Vz. Recall that that we have defined a metric
(4.2.3) on the line bundle w, and so obtain a class

® € Pic(Sk (G, D)).

We define
~—1 .
~ ) ifpu=0
Z(0,p) =
(©0:1) {0 otherwise.
Theorem 9.5.1. — Suppose n > 3. For any Z-linear functional
a : Pic(Sk (G, D)) — C
we have

Yo a(Zm,p) bu-q™ € Mipy(pvs).
m>0
nevy |y

Proof. — The assumption that n > 3 implies that any form
f(r) = Z c(m,p)-q™ € Mi—g(ﬁvz)

meQ
;AGVZV/VZ

has negative weight. As in [10, Remark 3.10], this implies that any such f is a linear
combination of the Hejhal-Poincare series Fi, ,, and in fact

f = Z C(_m7 :u) : Fm,u'
m>0
wevy /vy

This last equality follows, as in the proof of [11, Lemma 3.10], from the fact that the
difference between the two sides is a harmonic weak Maass form whose holomorphic
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part is O(1). In particular, we have the equality of regularized theta lifts
O E(f)= D c(=m,p)- O (Fp,p).

m>0
HEVZV/VZ

Now assume that f is integral. After replacing f by a positive integer multiple,
Theorem 9.1.1 provides us with a Borcherds product ¢(f) with arithmetic divisor

div(y(f)) = div(p(f)), ~log[lW(HID) = > e(=m, ) - Z(m, p).
m>0
peVy /Vy

On the other hand, in the group of metrized line bundles we have
div(u(f)) = 2% = —¢(0,0) - £(0,0).
The above relations show that

> e(-m,p) - Z(m, p) € Pic(Sk(G, D))

m>0

pe Vzv /Vz
is a torsion element for any integral f. Exactly as in the proof of Theorem 9.4.1, the
claim follows from the modularity criterion of Borcherds. O
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