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EQUIVARIANT )-MODULES ON RIGID ANALYTIC SPACES

by Konstantin ARDAKOV

Abstract. — We define coadmissible equivariant )-modules on smooth rigid analytic
spaces and relate them to admissible locally analytic representations of semisimple
p-adic Lie groups.

Résumé ()-Modules sur les espaces analytiques rigides). — Nous définissons des
J-modules équivariants coadmissibles sur les espaces analytiques rigides lisses, et
nous les relions & des représentations localement analytiques admissibles de groupes
semi-simples p-adiques.
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CHAPTER 1

INTRODUCTION

Let K be a non-archimedean field of mixed characteristic (0, p), and let L be a finite
extension of Q, contained in K. In a series of papers including [63, 65, 64, 66], Schnei-
der and Teitelbaum developed the theory of locally analytic representations of an
L-analytic group G in locally convex (usually infinite dimensional) topological vector
spaces over K. These kinds of representations of G arise naturally in several places in
number theory, for example in the theory of automorphic forms [26] and in the p-adic
local Langlands program [18, 20, 25]. Many of these representations enjoy an impor-
tant finiteness condition called admissibility, introduced in [66]; almost by definition,
the category of admissible locally analytic representations of G is anti-equivalent to
the category of coadmissible modules over the locally L-analytic distribution algebra
D(G,K) of G.

We would like to better understand these representations using the theory
of &)-modules. The Lie algebra g of G acts naturally on every D(G, K)-module V;
when g is semisimple, it is then possible to localize the g-module V to the flag variety
of the corresponding algebraic group in the sense of Beilinson and Bernstein [9] with-
out losing too much information about the g-action on V' in the process: for example,
localisation yields an equivalence of categories between the category of g-modules
with trivial infinitesimal central character and the category of &)-modules on the flag
variety that are quasi-coherent as (-modules in the Zariski topology.

In the setting of infinite-dimensional representations of complex Lie groups, this
(purely algebraic) method of localisation was used in a spectacular way by Beilinson-
Bernstein [9] and Brylinski-Kashiwara [19] to prove the Kazhdan-Lusztig conjectures
[41]. However, applying the algebraic localisation functor 7 ®u(g) — directly to a
coadmissible D(G, K)-module V only remembers information about the underlying
g-action on V and completely forgets about the G-action. Slightly less naively, it
is possible to remember the G-action on the localized #)-module in the form of a
G-equivariant structure; however this still forgets the natural topology carried by V'
as well as the coadmissibility of V', and it is not reasonable to expect to be able to give
a purely local characterisation of the essential image of coadmissible D(G, K )-modules
under this functor.
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2 CHAPTER 1. INTRODUCTION

To address these topological issues, consider the closure U(gg) in D(G, K) of the
enveloping algebra U(gk ), where gx := g ® K. This is the Arens-Michael envelope
of U(gk) considered by Schmidt in [58, 60]. It was observed already in [65] that
this closure consists precisely of non-commutative formal power series ) ,cne AaX?,
where {z1,...,24} is any K-basis of gx and {\, : a € N¢} C K, that converge
everywhere in the sense that no matter how large the real number R > 0, we still

—

have |A\q|RI®! — 0 as & — oco. In a more invariant formulation, U(gg) is naturally
in bijection with the K-vector space O(gy"®) of rigid analytic functions converging
*,rig

everywhere on the rigid analytification g7 of the affine variety g} = SpecS(g).

Thus, U(gk) is a “rigid analytic quantisation” of g*K’rig in the same way that U(gk) is

an “algebraic quantisation” of gJ.

—_

In a series of recent papers [2, 8, 7, 4], we have introduced a sheaf of rings ) of
infinite order differential operators on any smooth rigid analytic space X. This sheaf
is morally a “rigid analytic quantisation” of the cotangent bundle T*X, in the same
way that the sheaf of finite order differential operators Z)x on any complex smooth
algebraic variety X is an algebraic Aquantisation of T*X. We also introduced the
abelian category Cx of coadmissible &)-modules on X and showed that it behaves in
several ways analogously to the category of coherent &)-modules on complex smooth
algebraic varieties.

The purpose of this paper is to introduce the category Cx /@ of coadmissible G-equiv-
ariant &)-modules on any smooth rigid analytic space X equipped with a continuous
action @) of a p-adic Lie group G. As the notation suggests, we would like to think
of an object in this category as a sheaf on the quotient space X/G. Since X and
G live in different categories—one is a set equipped with a Grothendieck topology,
the other is a topological group—a little care is required to make sense of this. The
category of abelian sheaves Abx on the rigid analytic space X is equivalent to the
category of abelian sheaves Abx on an honest topological space X, namely the Huber
space X := J2(X)—see, for example, [36, 54|. By the functoriality of this construc-
tion, the action of G on X induces a continuous action of G on X, and we then have
at our disposal the topological space X/G consisting of the G-orbits of X, equipped
with the quotient topology, as well as the abelian category Aby ¢ of abelian sheaves
on X/G. Following Grothendieck [29], we regard the category G-Abx of G-equivariant
abelian sheaves on X to be a better-behaved enhancement of Abx/q: there is always
the forgetful functor G-Abx — Abx /. Our category Cx ¢ is a certain subcategory
of G-Abx.

To define Cx /c», We proceed in several steps, broadly analogously to [8]. First, we
consider the case where the pair (X, G) is small; roughly speaking (¥, this means
that the variety X is affinoid and the group G is compact. Whenever (X, G) is small,

1. See Definition 3.1.8
2. See Definition 3.4.4
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CHAPTER 1. INTRODUCTION 3

in §3.3 we introduce a K-Fréchet algebra

DX, G)
which is a particular K-Fréchet space completion of the abstract skew-group algebra
&(X) x G. This construction is partly motivated by the fact that the locally analytic
distribution algebra D(G, K) can be viewed as a particular K-Fréchet space com-
pletion of the abstract skew-group algebra U(gg) X G. In the case where the group

G is trivial, @(X,G) reduces to the algebra g[)(X) from [8] and in the case where

X is a one-point space, (X, G) reduces to the algebra D> (G, K) of locally constant
distributions on G from [63].

Theorem A. — O?ZD(X, Q) is Fréchet-Stein whenever (X, G) is small.

When the ground field K is discretely valued and either X or G is trivial, this is a
special case of results in [8] or [66], respectively. However, we give a completely new
proof that is powerful enough to deal with the case where the valuation of K is not
necessarily discrete, using deep results of Raynaud and Gruson [55].

After Theorem A and the constructions of [66], we have at our disposal the abelian

category %(X,G) of coadmissible )(X, G)-modules. Still when (X, G) is small ®, we

construct in §3.4, 3.5 a localisation functor

Loc : %(X,G) — G-Yx-mod

from coadmissible @(X, G)-modules to G-equivariant )-modules on X. This functor
is not full in general: for example, if X is a one-point space, the localisation functor is
then simply the restriction functor along the inclusion K[G] — D*(G, K). In order
to address this issue, we observe that the sections Loc(M)(U) of our localized sheaf
Loc(M) over sufficiently small affinoid subdomains U of X carry a natural Fréchet-
space topology, being (by construction) coadmissible modules over the Fréchet-Stein

algebra (U, H) for any compact open subgroup H of G stabilizing U. This leads us
to consider the category Frech(G — )x) of G-equivariant locally Fréchet )-modules
for any pair (X, G), which, roughly speaking, allows us to keep track of these Fréchet-
space topologies on local sections over sufficiently small affinoid subdomains of X.
Our localisation functor takes values in Frech(G — &)x), and for general (X, G) we
define Cx /¢ to be the full subcategory of Frech(G — J)x) whose objects are locally
isomorphic to a sheaf of the form Loc(M)—see Definition 3.6.7 and Remarks 3.6.3
for more details. Here is a summary of its properties.

Theorem B. — Let G be a p-adic Lie group acting continuously on the smooth rigid
analytic space X, let H be an open subgroup of G and let Y be a G-stable admissible
open subset of X.

(a) There is a faithful forgetful functor Cx)c — Cx/u-

3. In fact, we define this localisation functor in a greater generality that will prove useful later
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4 CHAPTER 1. INTRODUCTION

(b) There is a forgetful functor Cx ja — Cyc-

(c) Whenever (X, G) is small, the localisation functor
Loc : %(X,G) — UCx/c

is an equivalence of categories, with quasi-inverse I'(X, —).

(d) Cx,q is an abelian category.

We can now state our main result: an equivariant Beilinson-Bernstein localisation
theorem for admissible locally analytic representations. Recall that a gx-module V is
said to have trivial infinitesimal central character if the central elements in U(gk)
that annihilate the trivial representation also annihilate V.

Theorem C. — Let L be a finite extension of Q, contained in K, let G be an affine
algebraic L-group such that G := G®p K is connected and split semisimple, and let
G be an open subgroup of G(L). Then there is an equivalence of categories

admissible locally L-analytic o op
i coadmissible
K-representations of G

1

G-equivariant

with trivial in finitesimal
D-modules on X

central character
where X = (Gx /B)™® is the rigid analytic flag variety associated with G .

In fact, in Theorem 6.4.9 below we establish a more general version of Theorem C
where the hypothesis on the group G is significantly relaxed. This involves defining a
generalization ﬁ(g K, @) of the locally analytic distribution algebra D(G, K) that is
a certain completion of the usual skew-group algebra U(gx) x G.

One invariant that emerges from our theory is the support of the coadmissible
G-equivariant )-module that is the localisation of some coadmissible D(G, K)-mod-
ule. This is a priori a G-stable subset of the Huber space 2((G /B)"#¢), and evidently
two coadmissible D(G, K)-modules cannot be isomorphic if their localisations have
distinct support. In our forthcoming work [3] we will construct examples of objects
in Cx ;¢ having prescribed support. We also hope that the theory developed in this pa-
per will eventually shed some light on the locally analytic representations that appear
in the p-adic local Langlands program: for example, it should be possible to prove the
coadmissibility of the global sections of Drinfeld coverings of the p-adic upper half
plane as modules over the locally analytic distribution algebra of GLy(L) for any finite
extension L of @, using the rigid-local methods of this paper. This was established
by Dospinescu and Le Bras in [24] in the case where L = Q,, using Cerednik-Drinfeld
uniformisation and Colmez’s p-adic local Langlands correspondence.

Several works on locally analytic Beilinson-Bernstein localisation have already ap-
peared. This paper can be viewed as a natural continuation and enhancement of our
earlier work [5] with Simon Wadsley. That paper contains a localisation equivalence
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CHAPTER 1. INTRODUCTION 5

for certain Banach-algebra completions of U(gk) and is concerned with formal com-
pletions of flag varieties defined over a discrete valuation ring along the special fiber.
In [59], Tobias Schmidt explained how to use the constructions of [5] to give a local-
isation equivalence for D(G, K). However, because the sheaves appearing in [5, 59]
only live on the smooth formal model of the rigid analytic flag variety, they cannot
immediately see the support of the localized )-module on the rigid analytic flag va-
riety itself. In a series of papers [51, 52, 38, 39, 37|, Christine Huyghe, Deepam Patel,
Tobias Schmidt and Matthias Strauch address this issue and localize coadmissible
D(G, K)-modules onto the rigid analytic flag variety by regarding it as an inverse
limit of all possible G-equivariant formal models. We expect that their construction
can be shown to agree with ours; however they do not give a local characterisation
of the essential image of their localisation functor. Close to the end of the prepara-
tion of this paper, we discovered that in her Chicago PhD thesis [27], Tianqgi Fan
develops yet another version of locally analytic localisation. Whilst formally different
and perhaps lighter on the details, her approach is much closer to ours than those of
[59, 52, 37]. We would like to remark at this point that the statements of the main
results of this paper were already presented by the author at a conference in Miinster
in January 2013.

Let us now make some comments on several technical aspects of this paper, that
may in part justify its length. As we have mentioned already, we do not assume that
our ground field is discretely valued. A large part of §4 is concerned with extending
the results from [8] to this more general setting. Just like [52, 37], we do not make
any restrictions on the prime p in contrast to our earlier work [5]; since we rely on the
main constructions of [5] we extend the results of that paper to any (p, K) in §5.3.
Although every coadmissible G-equivariant ,f() module in our sense is also naturally
a @ module, it will not be a coadmissible pf[) module unless the group G is finite.
]iecause of this, we chose to work with equivariant )-modules instead of equivariant
JD-modules for simplicity. We work with general, not necessarily compact, p-adic Lie
groups G: also, the algebraic group G appearing in Theorem C and the p-adic Lie
group G appearing in Theorem 6.4.9 do not need to be split semisimple. In order to
keep the length of this paper down, we do not mention equivariant twisted Z)-modules
or non-trivial infinitesimal central characters; these are treated in the Oxford DPhil
thesis of Richard Mathers [46].

Acknowledgements. — 1 would like to thank Michael Harris for the invitation to a
very inspiring workshop in Cérdoba, Argentina in 2011 and mentioning the words
‘G-equivariant &)-modules’ whilst there. Thank you also to Ahmed Abbes, Oren Ben-
Bassat, Joseph Bernstein, Thomas Bitoun, Florian Herzig, Kobi Kremnizer, Arthur-
César Le Bras, Vytas Pagkunas, Tobias Schmidt, Peter Schneider, Matthias Strauch,
Otmar Venjakob and Simon Wadsley for your interest in this work.

I am very grateful to Peter Schneider and all the participants of his 2018 Oberse-
minar for studying this paper and correcting some inaccuracies. Finally, I would like
to thank the anonymous referee for providing several useful suggestions.
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CHAPTER 2

ALGEBRAIC BACKGROUND

Throughout this paper, K will denote a field equipped with a complete non-
archimedean norm |- |, & := {\ € K : |A\] < 1} denotes the unit ball inside K
and 7 € R is a fixed non-zero non-unit element.

2.1. Enveloping algebras of Lie-Rinehart algebras

Let R be a commutative ring, let A be a commutative R-algebra and let L be an
(R, A)-Lie algebra [8, §2.1]. Recall that L is a left A-module and A is a left L-module
via the anchor map oy, of L. We denote these actions by

(a,v) —a-v and (v,a)—v-a=or(v)(a) forall ac Ave L.

We recall the details of the following important construction.

Construction 2.1.1. — There is an associative algebra U(L) canonically associated
with L, called the enveloping algebra of L. It can be constructed as the quotient of
the free associative R-algebra (A, L) generated by the ring A and the abelian group
L, by the two-sided ideal J generated by

(21) {vw—-wv-|v,w], va—av—-v-a, a-v—av : v,w€ELa€cA}

Here @ and © denote the images of a € A and v € L in (A, L), respectively.
The algebra (A, L) carries a natural positive filtration Fy(4 1) given by

Fja Ly =Y T'

i<j
with the convention that L' = A. We will denote the quotient filtration in U(L) =
(A,L)/J by Fey(r), and the natural maps A — U(L) and L — U(L) by ia and ir,

respectively.

We recall universal property of U(L) from (8, §2.1].

SOCIETE MATHEMATIQUE DE FRANCE 2021



8 CHAPTER 2. ALGEBRAIC BACKGROUND

Lemma 2.1.2. — Let S be an associative R-algebra, and let jo: A — S, jp: L — S
be homomorphisms of R-algebras and R-Lie algebras, respectively. Suppose that

jr(av) = ja(a)jr(v) and [jr(v),ja(a)] =ja(v-a) forall a€ AveL.

Then there exists a unique R-algebra homomorphism ¢: U(L) — S making the fol-
lowing diagram commute:

AL
. ) J/ ja®jL
1ADiL

U(L) ——S.

Definition 2.1.3. — Let ¢ : A — A’ be an R-algebra homomorphism, let L be an
(R, A)-Lie algebra and let L’ be an (R, A’)-Lie algebra. Then ¢ : L — L’ is a p-mor-
phism if

— ¢ is a homomorphism of R-Lie algebras,

— @la-v) = p(a) - 4(v),
— @) -pla) =p(v-a),forallac A,v e L.

Example 2.1.4. — Suppose that ¢ : A — A’ is an R-algebra isomorphism, let L =
Derg(A) and L' = Derg(A’), viewed as an (R, A)-Lie algebra (respectively, (R, A’)-Lie
algebra) with the identity anchor map. Then

o:L—L, v povop !

is a ¢-morphism.

It is straightforward to verify that if A —— A’ L A" are R-algebra homomor-
phisms, ¢ : L — L’ is a ¢-morphism, and ¢ : L' — L” is a t-morphism, then
1/3(,5 : L — L" is a Yp-morphism. In this way, pairs (A, L) consisting of a commutative
R-algebra A and an (R, A)-Lie algebra L naturally form a category £ Z%g, where a
morphism (A4, L) — (A, L') is a pair (¢, p) where ¢ : A — A’ is an R-algebra homo-
morphism and ¢ : L — L’ is a ¢-morphism. In particular, we have at our disposal
the automorphism group

Aut(A, L)

for every (R, A)-Lie algebra L.

Definition 2.1.5. — Let G be a group. An action of G on the (R, A)-algebra L is a
group homomorphism G — Aut(A, L).

Example 2.1.6. — Let A be a commutative R-algebra and let L = Derg(A). Suppose
that p : G — Autg(A) is an action of the group G on A by R-algebra automorphisms,
and for every g € G, let p(g) = p(g) : L — L be the p(g)-morphism defined in
Example 2.1.4. Then (p, p) : G — Aut(A4, L) is a G-action on L.

ASTERISQUE 423



2.2. TRIVIALISATIONS OF SKEW-GROUP RINGS 9

Lemma2.1.7. — Let ¢ : A — A’ be a ring homomorphism, let L be an (R, A)-Lie alge-
bra and let L’ be an (R, A’)-Lie algebra. Then every ¢-morphism ¢ : L — L’ extends
uniquely to a filtration-preserving R-algebra homomorphism U (¢, @) : U(L) — U(L')
which makes the following diagram of R-modules commute:

A@LLA’@L’

iAGBiLJ( JM' S

_— N.
V) s V&)

Proof. — This follows immediately from Lemma 2.1.2. O

Thus U(—) is a functor from ZZg to the category of positively filtered associative
R-algebras. We denote the group of filtration-preserving R-algebra automorphisms
of U(L) by AutU(L).

Remark 2.1.8. — Recall that the (R, A)-algebra L is said to be smooth if it is finitely
generated and projective as an A-module. It can be shown that if L is smooth, then
the group homomorphism Aut(A, L) — AutU(L) is injective, and in fact there is a
semi-direct product decomposition

AutU(L) = Dera(L, A) x Aut(A, L).

Corollary 2.1.9. — Every G-action on L extends to a G-action on U(L) by filtration-
preserving R-algebra automorphisms, and we may form the skew-group ring

U(L) x G.

2.2. Trivialisations of skew-group rings

Let S be a ring and let G be a group acting on S by ring automorphisms from the
left. We denote the result of the group action of g € G on s € S by g -s. Then we
may form the skew-group ring

S xG.
This is a free left S-module with basis GG, and its multiplication is determined by
(2.2) (sg)-(s'g") = (s(g-5'))(g9g") forall s,s’€eS, g,g€aG.

See, for example, [50, Chapter 1] for more details about this construction. Note that
the basic relation
gsg lt=g-s forall geG,seS

holds in the ring S x G.

Definition 2.2.1. — Let S x G be a skew-group ring. A trivialisation is a group homo-
morphism 3 : G — S§* such that for all g € G, the conjugation action of 8(g) € S*
on S coincides with the action of g € G on S.

SOCIETE MATHEMATIQUE DE FRANCE 2021



10 CHAPTER 2. ALGEBRAIC BACKGROUND

Lemma 2.2.2. — If : G — S* is a trivialisation, then there is a ring isomorphism
B:S[G] — 8x@
given by /3’(5) = s for all s € S and B(g) =B(g)"lgforall g €G.

Proof. — Let g,h € G. Since § is a group homomorphism,
B(g)B(h) = (B(g)~"g) B(R)""h=B(R)~" (B(g)~"9) h = B(gh)

because 3(g)~1g € S x G commutes with all elements of S by assumption. Thus Bis a
well-defined ring homomorphism. Because @ is left S-linear by definition, and because
it sends the left S-module basis G for S[G] to an S-module basis for S x G, it is a
bijection. O

In general, skew-group rings do not admit trivialisations: a skew-group ring may
well be simple as a ring—see, for example, [47, Proposition 8.12]—whereas the group
ring S[G] always has the augmentation ideal which is non-trivial whenever G has
more than one element. However it may happen that the sub-skew-group rings S x N
for sufficiently small normal subgroups NV of G do admit trivialisations.

Definition 2.2.3. — Let N be a normal subgroup of G, and suppose that §: N — S* is
a trivialisation of the sub-skew-group ring S x N.

(a) We define

SN%G:: SN~G .
(§xG)-(B(N)-1)

(b) We say that (3 is G-equivariant if
B(n)=g-B(n) forall g€ G and n € N.

Here 9n := gng~! denotes the conjugation action of G on N.
Note that S N]‘i, G is a priori only a left S x G-module.

Lemma 2.2.4. — Suppose that N is a normal subgroup of G, and that 8 : N — S* is
a G-equivariant trivialisation. Then

(a) S N% G is an associative ring.

(b) S ><1§, G is isomorphic to a crossed product S * (G/N).

Proof. — Let G := G/N. Then S x G is isomorphic to some crossed product of S x N
with G by [50, Lemma 1.3]. It follows from Lemma 2.2.2 that the image I := (S x
N) - (B(N) — 1) of the augmentation ideal of S[N] in S x N under § is a two-sided
ideal in S x N. This ideal is stable under conjugation by G inside S X G because the
trivialisation 8 is G-equivariant:

9B(n)g™" = (g-B(n)) " In=pB(°n)~" n=p(*n) forall geG,neN.

Now S ><1’]6V G is the factor ring of S x G = (S x N) * G by the two-sided ideal
IxG, and (S x Q)/(I*G) = ((Sx N)/I)*G by [50, Lemma 1.4(ii)]. Finally,
(Sx N)/I = S[N]/S[N](N —1) =5 by Lemma 2.2.2. O
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It follows that the natural map S — S x?\, G is always injective, and we will always
identify S with its image in S MIBV G. Letting

(2.3) v:G — (8 x5 Q)

be the group homomorphism which sends g € G to the imageof g € SxG in S x]ﬂv G,
we see that every element of S M]ﬁv G can be written as a sum of elements of the
form sv(g) for some s € S and g € G. Note that we also have the following relations
in S ><I’18\, G:

(2.4) v(g)sv(g)"t=g-s forall scS,g€G@,

(2.5) sv(g)=57g) & gg'eN and s=5B(gg").

Lemma 2.2.5. — Let N < H be normal subgroups of G, and let 3 : N — S* be a
G-equivariant trivialisation.

(a) There is a G-action on S ><1]ﬁv H which satisfies

g-(sv(h))=(g-s)y(®h) forall geG,se S,heH.
(b) The map v: H — (S X]IBV H)* is a G-equivariant trivialisation.

Proof. — (a) Note that (3 is also an H-equivariant trivialisation, so we may form the
crossed product S ><11ﬁv H. The skew-group ring S x G contains S x H as a subring,
and conjugation by G inside S x G preserves S x H setwise because H is a normal
subgroup of G. Because 3 is G-equivariant, the ideal of S x H generated by 8 (N)—1is
stable under this conjugation action of G, so it descends to a G-action on S X?v H by
ring automorphisms. This action is given explicitly in the statement of the lemma.

(b) Using (2.4) together with the fact that « is a group homomorphism, we see
that for any s € S and h,h’ € H we have

v(h) sy(h') y(h) ™" = y(R)sy(h) "y ("h) = (h - s)y("W') = h- (sy(h')).

Hence 7 is a trivialisation of the H-action on S ><11ﬁv H. 1t is G-equivariant because
Y(h) = v(g)7(h)y(g)~" = g - v(h), by (2.4). O

Using Lemma 2.2.5 and Definition 2.2.3, we form the iterated crossed product
(S % H) x}, G

whenever N < H are normal subgroups of G, 8: N — S§* is a G-equivariant trivial-
isation, and v : H — (S xf\, H)* is given by (2.3).

Proposition 2.2.6. — Let N < H be normal subgroups of G and let 8: N — S* be a
G-equivariant trivialisation. Then there is a natural ring isomorphism

3 : (S x5 H)x), G = 5x% G.
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Proof. — Tt follows from Lemma 2.2.4(b) that there is a natural inclusion S x?\, H—
S N]ﬂ\, G, and we will identify S xfi, H with its image in S x]‘ij G under this inclusion.
Using (2.4) together with the universal property of the skew-group ring (S ><1'?V H)xG,
we obtain a ring homomorphism
p: (3P H)xG — Sx5a
ug — uy(g) for all ueSx'?VH, gE€a@G.

For any h € H, ¢ sends the element y(h)h~! of (S x]ﬁv H) x G to 1, so ¢ descends to
a ring homomorphism
d: (Sx4 H)x,G — Sx%a@
sv(h) 0(g) —  s~(hg) forall seS,he H,gegG,

where 0 : G — ((S ><I?V H) %}, G) “ is the group homomorphism which sends g € G
to the image of g € (S x5 H) x G in (S ><11ﬂ\, H) %}, G.
In the other direction, there is a ring homomorphism
Y SxG — (Sx% H)x}G
sg — s 6(g) forall se S,g€@.
For any n € N, 1 sends the element 3(n)n=! € S x G to 1, so it descends to a ring
homomorphism
U: Sx8G@ — (Sx%H)x), @
sy(g) s 6(g) forall seS,g€eG.

It is now straightforward to verify that ® and ¥ are mutually inverse. O
Finally, we record a useful result on the functoriality of our construction S N]’i, G.

Lemma 2.2.7. — Let f : S — S’ be a ring homomorphism, and let 7 : G — G’ be
a group homomorphism. Suppose that G acts on S and G’ acts on S’. Let N, N’ be
normal subgroups of G, G’ respectively, and let 3 : N — S* and 8/ : N’ — S’* be
equivariant trivialisations. Suppose that:

— 7(N) C N,
— f(g-s)=7(g9)  f(s) forall g € G,s € S, and
— [XoeB=poT|,.

Then f and 7 extend to a ring homomorphism
fxr: SxG— 8% &

which is an isomorphism whenever f and 7 are bijective, and 7(N) = N’.
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2.3. Equivariant sheaves on G-topological spaces

Let X be a set equipped with a Grothendieck topology in the sense of [12, Defi-
nition 9.1.1/1]. Note that we do not assume at the outset that there is a final object
in the category of admissible open subsets of X, as X is not itself required to be
admissible open in a G-topology.

Let Homeo(X) be the group of continuous bijections from X to itself. We say that
a group G acts on X if there is given a group homomorphism p : G — Homeo(X).
If this action is understood, we write gU to denote the image of an admissible open
subset U of X under the action of g € G. For every g € G, there is an auto-equivalence
p(g)« of the category of sheaves on X, with inverse p(g)* = p(g~!)«. To simplify the
notation, we will simply denote these auto-equivalences by g, and g*, respectively.
Thus

(9:F)U) =F(g7'U) and (9"F)(U) = F(9U)
for all admissible open subsets U of X and all g € G.
Let R be a commutative base ring. We review some definitions from [29, §5.1].
Definition 2.3.1. — Let G act on X, and let & be a presheaf of R-modules on X.
(a) An R-linear equivariant structure on & is a set {g% : g € G}, where

9 I -
is a morphism of presheaves of R-modules for each g € G, such that
(2.6) (gh)? =h*(¢7)ohd forall g heG.

(b) An R-linear G-equivariant presheaf is a pair (7, {9¥ }sec), where f is a
presheaf of R-modules on X, and {907 }gec is an R-linear equivariant structure
on .
(¢) A morphism of R-linear G-equivariant presheaves
¢ (F A7) = (F' s 1)
is a morphism of presheaves of R-modules ¢ : of — ¢f’ such that
g*((p)ogé[zg‘;zl op forall ged.

We will frequently use this abuse of notation, and simply write ¢(z) to mean
e(U)(z) if z is a section of ¢f over the admissible open subset U of X. Note that with
this abuse of notation, the cocycle condition (2.6) becomes simply

(2.7 ¢ (h¥ (z)) = (gh)? (z) forall zef,g,heq.

When the base ring R and the R-linear equivariant structure on a sheaf & of R-mod-
ules is understood, we will simply say that of is a G-equivariant sheaf, and omit the
equivariant structure from the notation.
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Definition 2.3.2. — Let G act on X, and let ¢# be a sheaf of R-algebras on X.
We say that o# is a G-equivariant sheaf of R-algebras if there is given an R-linear
G-equivariant structure {g? : g € G} such that each g¢ : Z — g*¢# is a morphism
of sheaves of R-algebras.

Remark 2.3.3. — (a) If U is a G-stable admissible open subset of X, then there is
a natural G-action on ¢#(U) by R-algebra automorphisms, given by

g-a=g"(a) forall ge G acd#U).
(b) If V C U are G-stable, then the restriction map ¢#(U) — o#(V) is G-equivari-
ant.
Definition 2.3.4. — Let ¢# be a G-equivariant sheaf of R-algebras on X.

(a) A G-equivariant sheaf of c#-modules on X, or a G-o#-module, is an R-linear
G-equivariant sheaf o on X, such that oM is a sheaf of left ¢Z-modules and
g (a-m) = g¥(a) - g?(m) for all g € G, a € # and m € M.

(b) A morphism of G-cA-modules is a morphism of sheaves of ¢#Z-modules, which is
simultaneously a morphism of R-linear G-equivariant sheaves.

(¢c) We denote the category of G-¢Z-modules by G-¢#- mod.

By Remark 2.3.3(a), we have at our disposal the skew-group ring

SUX) % G.

We have the following important fact.

Proposition 2.3.5. — If X is an admissible open in the G-topology, then I'(X, —) is a
functor from G-¢Z-modules to ¢#Z(X) x G-modules.

Proof. — Let oM be a G-g#-module on X, and define
agem =a-g?(m) forall ac#(X),geG and m e MX).

Then ge(a-m) = ¢?’(a-m) = ¢*(a)-g?(m) = (g% (a)g)em by Definition 2.3.4(a), and
similarly we see that (gh)em = ge(hem) for all g, h € G and m € oM(X). In this way,
M (X) naturally becomes a ¢#(X ) X G-module via e, and it is straightforward to verify
that if ¢ : oM — o/ is a morphism of G-¢#Z-modules, then ¢(X) : M(X) — HN(X) is
A(X) » G-linear. O
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CHAPTER 3

EQUIVARIANT DIFFERENTIAL OPERATORS
ON RIGID ANALYTIC SPACES

3.1. Automorphisms of admissible formal schemes and rigid spaces

We begin by recalling some notations and definitions from [13, §1].

Notation 3.1.1. — R will denote a valuation ring of rank 1, complete and separated
with respect to the (m)-adic topology, where 7 is a fixed non-zero element of the
maximal ideal of &. We will always denote the field of fractions of & by K.

Thus, the set of ideals in & is totally ordered with respect to inclusion, and % has
exactly one non-zero maximal ideal. We do not assume that & is Noetherian.

Definition 3.1.2. — (a) An JR-algebra o7 is said to be topologically of finite presen-
tation if it is isomorphic to a quotient of the algebra of restricted formal power
series in finitely many variables over SR by a finitely generated ideal:

A= RAx1,. .., Ty) /0.
(b) The algebra ¢/ is said to be admissible if it is topologically of finite presentation,
and flat as an AR-module.
(c) A formal R-scheme & is said to be admissible if it is locally isomorphic to an
affine formal scheme Spf ¢/ for some admissible R-algebra 7.
Definition 3.1.3. — Let ¢ be an admissible formal scheme.
(a) G(X) := Autgp (0, 0g) denotes the group of (R-linear automorphisms of ¢X.
(b) For every n >0, let Ry := R/7"R and Xy := X Xspr 2 SPf R
(c) The n-th congruence subgroup of O(X) is
Gnn () = ker (G(X) — Autg, (¥, Ox,)) -

We keep 7 in the notation because (X)) depends not only on n but also on the
choice of . These congruence subgroups form a descending chain

UX) = G1(0) D Gn() D Gr2(H0) D - -
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of normal subgroups of (X)) whose intersection is trivial. Note that if ¥ is affine, then
it follows from the discussion following the proof of [34, Chapitre I, Proposition 10.2.2]
that for an automorphism ¢ € (),

© € Crn () if and only if  (©*(E0) — 1)(O(X)) € 7"O(EX).
Lemma 3.1.4. — (. is a sheaf of groups on ¢ for all n > 1.

Proof. — By replacing 7 by 7™ if necessary, we may assume that n = 1. Note that if
(¢, ") € Cr () then ¢ = 1|SC| because |X| = |X1|. Thus . (X) stabilizes every open
formal subscheme U of ¥ set-theoretically, giving a natural group homomorphism
Cr (X)) — Cr(%U). Similarly we have natural restriction maps ¢, (%) — Cr (V) whenever
) C U are open formal subschemes of . Thus {,(X) is a presheaf on &, and the
verification of the sheaf axioms is straightforward. O

Now let X be a quasi-compact and quasi-separated (qcgs) rigid analytic variety
over K. We will view (X,0x) as a G-ringed topological space over K, and study its
group Autg (X,C0x) of K-linear automorphisms.

By Raynaud’s Theorem [13, Theorem 4.1], we can find a formal model for X: this
is a quasi-compact admissible formal scheme ¢l such that X = cliq is the generic fiber
of X. By statement (b) of the proof of [13, Theorem 4.1], the generic fiber functor is
faithful. It therefore induces an injection

rig : G(X) — Autg(X,0x)

whose image we denote by ((X)rig. Our next goal is to establish the following

Theorem 3.1.5. — Let X be a qcgs rigid analytic variety over K.

(a) For any formal model ¥ of X, the congruence subgroups

{Gnr (X )rlg r >0}

form a filter base for a Hausdorff topology g on Autg (X, Cx), which is com-
patible with the group structure on Autg (X, 0x).

(b) The topology g does not depend on the choice of &X.

Let X be a quasi-compact admissible formal scheme, let .7 be a coherent open ideal
of Oy and recall the admissible formal blow-up 6 : Y — & of J on U from [13, §2].
The group {(X) acts on the set of coherent open ideals of (g by pullback, and we
denote the stabilizer of o7 in ¢(cX) under this action by Stabg g (7).

For every ¢ € Stabgg)(c/), the functoriality of admissible formal blow-ups induces
a morphism of formal (R~-schemes 7g(¢) : ¥ — ¥ such that the diagram

ny(w) RAGRY
J &
X —— k.
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is commutative. This defines a natural group homomorphism

ng : Stabgg) () — G(Y)

which is injective because the rig functor is faithful, and because
"’J((p)rig = gr_lgl O QPrig © arig

by construction.

Lemma 3.1.6. — Let J be a coherent open ideal of Oy and suppose that 7% € .7(0)
for some a > 0. Then

(a) Gra(X) C Stabg(gy(J), and
(b) 05 (Grsa () € Gun(Y) for all n > 0.

Proof. — If a = 0 then J = Oy and ¥ = &, so we may assume that a > 1. Now, be-
cause the construction of admissible formal blow-ups is local on ¥, using Lemma 3.1.4
we may assume that & = Spf 7 is affine. Write ¢# := O(X) and I := J(X).

(a) Let ¢ € (o () and let f := ¥ () so that (f —1)-# C w%A. Since m%c# C I
by assumption, we see that (f —1)-I C I. Hence f - I = I as required.

(b) Let ¢ € pnta () so that (f — 1) - o C 7" T%7. Hence

(f-1D-IC(f-1)-ACa"tHAC "]

which implies that the induced action of f on the Rees algebra ¢#' = @,,5¢ [™t™
satisfies (f —1)-c#' C n"c#'. Let Aut g ., (c#') denote the group of graded JR-algebra
automorphisms of &7’ of degree zero, and let o7, := ¢#' ® 4 Rn- By the functoriality
of Proj and m-adic completion, there is a natural commutative square

Autc%,gr (O%/) Autﬂn,gr ((’%7/1)

J J

Autp (Proj(SH)) —— Autip (Proj(c7),
where PIW’ ) denotes the m-adic completion of Proj(c#'). Now ¥ = PIE—(Q\%/ ) by

o —

[13, Proposition 2.1(a)] and ¥, = Proj(¢#.), and it follows that ny(p) € Crn (Y). O

Thus, automorphisms of ¢ that are sufficiently close to the identity automor-
phism lift to automorphisms of the blow-up ¥. Conversely, we will now see that
automorphisms of Y that are sufficiently close to the identity automorphism descend
to automorphisms of &.

Lemma 3.1.7. — Let 7 : ¥ — ¢l be an admissible formal blow-up, and suppose b > 0 is
such that WbT*@y C 7¥(0g). Then for all m > 1 and all ¢ € Cm+s(Y) there exists a
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unique ((¢) € Crm () such that the following diagram commutes:
Y _% . Y

X~y &

Proof. — Suppose first that &0 is affine, and let ¢ := O(X) and ¢#' := O(¥). Because
Trig | Yhig — Nrig is an isomorphism, Tate’s Acyclicity Theorem [12, Theorem 8.2.1/1]
implies that the map 74(X) : # — #' is injective. We may therefore identify ¢ with
its image in ¢’ under 7#(), so that
A S AT
Now if ¢ € Crm+s(Y) then f := @*(Y) satisfies (f — 1)(c#') C 7™ Pc#'. Therefore
(f = 1)(F) C ™A C 7"
which in particular shows that f stabilizes ¢# inside ¢/Z’. Let
() 1= Spf(F| )+ X — &

be the endomorphism of the formal &~scheme & induced by f |(§Z It is an isomorphism

with inverse ((p~!), and in fact (@) € Crm ().

Note that the homeomorphisms of |¥| and |cV| defined by ¢ and ((¢) respectively
are trivial because m + b > m > 1 by assumption. Since 7%() o f|0% = for!(&X) by
construction, it follows that 7 o ¢ = {(p) o 7 by comparing the restrictions of these
morphisms to arbitrary affine open formal subschemes of Y.

Returning to the general case, choose an affine cover {X;} of X, define ¥; := & x g
Y =7"Y;) and let p € Crmiv(Y) as above. Since m+b > 1, ¢; := ¢y, € Crm+o(Us)
by Lemma 3.1.4, so by the above we obtain ((p;) € (rm () such that Tly, © %1 =

C(p;) o T|°}/i for all 3. Let J;; := I Ny and Y;; = 77 1(N;5); then
C(‘Pz)t%] ° T|?%ij - T@w‘ © Wil = (7o w”i%‘j - T|%‘j °¥il%; = C(Soj)b@'j ° T|%J‘

for all 4,j. Because Tz is an isomorphism, and because the rig functor is faithful,
(%)L% (go])| ~ for all 4, j. Therefore these local automorphisms ((y;) patch to

some global automorphism ¢(p) € Cam (X)) by Lemma 3.1.4, which satisfies 70 ¢ =
¢(®) o 7 by construction. O

The faithfulness of the rig functor therefore induces a group homomorphism

C: Cam+s(Y) = Cam(X) forall m >0
such that 70 ¢ = ((p) o7 for all ¢ € Crm+s(Y).
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Proof of Theorem 3.1.5. — (a) The set of congruence subgroups {(yr(X)sg : 7 > 0}
is a filter base for some topology &g on Autx (X,0x) in the sense of [17, Chapter I,
§6.3, Definition 3]. By the discussion in [17, Chapter III, §1.2], to show that this
topology is compatible with the group structure on Autg (X, x), it is necessary and
sufficient to show that for all ¢ € Autg(X,C0x) and any r > 0 there is s > 0 such
that

Crs (D)rig S @ Grr (H)rig 97
Now, it follows from the proof of [13, Theorem 4.1] that we can find a diagram
XEYSH25 4,
where o is an isomorphism, 8, 7 are admissible formal blow-ups, and
@ = Oyig 0 Orig © 7g1.

It follows from [1, Proposition 3.5.1(i), (ii)] that the cokernel of the morphism of
sheaves 7¢ : Oy — 7.0y is a m-torsion coherent Og-module. Since X is quasi-compact
by assumption, coker 7% is bounded m-torsion, so there exists some b > 0 such that

wa*Oy C 7 (0y) C T,y
Thus the hypothesis of Lemma 3.1.7 is satisfied, and we obtain the inclusion

T“gg/ﬂ’"*b y)rlg rlg C g’ﬂ' “g

by applying Lemma 3.1.7. Next, let .7 be the coherent open ideal of Uy blown up
by 0 : Y — Z and choose a > 0 such that 7 € J(Z). Then

Orig Girr a0 (D)righig € Grrrts (Yrig

by Lemma 3.1.6(b). Putting these inclusions together gives
Grrtate(H)rig = Urig@w“r”b(z)riggr_lgl

Orig riggﬂ“(y)rlgemgl ;gl

OrighhigT, rlg e (0 )rlgTrlgengl r_lgl

@ Grr (D)rig 7

(b) Let X and &X' be two formal models of X. Again by the proof of [13, Theorem 4.1],
we can find a diagram

N 1N

XEYyLZ 5
where o is an isomorphism, 8, 7 are admissible formal blow-ups, and

@ = Orig © Orlg o T Scmg - Sérlg

is the identity map X 1%, X. The same argument as in the proof of part (a) implies
that there are integers a,b > 0 such that for all » > 0

Crrtats (0 )rlg C @ Grr( )rlg ‘P_l = Gar (Sc)rig'

Thus every Jy-open subset of Autg (X,0x) is also Jg-open, and by symmetry ev-
ery o-open subset is also Jy-open. O
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Definition 3.1.8. — Let G be a topological group, and let X be a rigid analytic variety
(not necessarily qeqs). We say that G acts continuously on X if there is given a group
homomorphism p : G — Autg(X,0x) such that for every qeqs admissible open
subset U of X,

(a) the stabilizer Gy of U in G is open in G,

(b) the induced group homomorphism py : Gy — Autx (U,Cy) is continuous with
respect to the subspace topology on Gy and the topology on Autg(U,Cy)
constructed in Theorem 3.1.5.

This notion enjoys the following closure properties.

Lemma 3.1.9. — Let G be a topological group acting continuously on the rigid analytic
variety X.

(a) The restriction of the G-action to each subgroup of G is continuous.
(b) G acts continuously on every G-stable admissible open subspace of X.

(c) Suppose that G is another topological group containing G as an open subgroup.
Then any extension of the G-action on X to a G-action on X is continuous.

Proof. — This is straightforward. O

In the case where the rigid analytic variety X is already quasi-compact, a contin-
uous G-action on X may be defined “globally”. More precisely, we have the following

Proposition 3.1.10. — Let X be a qcgs rigid analytic variety, and let G be a topological
group. Suppose that p : G — Autg(X,0x) is a continuous group homomorphism.
Then G acts continuously on X.

Proof. — Let U be a quasi-compact admissible open subset of X. By [13, Theo-
rem 4.1 and Lemma 4.4], we can find a formal model ¢ for X and an open for-
mal subscheme X of ' such that lj;, = U, and we may use the S -topology
on Autg (X,0x) by Theorem 3.1.5. We saw in the proof of Lemma 3.1.4 that {r (V)
stabilizes X/, so (r(X)rg stabilizes U, which implies that the stabilizer Stab(U)
of U in Autg(X,0x) is open. Since p : G — Autg(X,0x) is continuous, it follows
that Gu = p~1(Stab(U)) is open in G. Moreover, since the restriction map Stab(U) —
Autg (U,COu) sends Crr(X)rig to the open subset Crr (X' )rig of Autx (U, Cy) for all

r > 1, this map is continuous. So py : Gy — Autg (U, Cy) is also continuous. O
We will next exhibit a large class of examples of such continuous group actions.

Definition 3.1.11. — Let G be an affine JR-group scheme. We equip its group
of R~points G(R) with the topology in which the congruence subgroups

Gan(R) = ker(G(R) — G(R/m"R))
form a filter base; we call this the congruence-subgroup topology on G(R).
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This topology is Hausdorff because the natural map G(R) — [[neo G(Rn) is
injective, as R — [[neoRn and as G is a left exact functor on JR-algebras.

Proposition 3.1.12. — Let G be an affine R-group scheme, acting on a flat
AR~scheme X of finite presentation. Let G be a topological group and let o :
G — G(:R) be a continuous group homomorphism.

(a) The formal completion ¢X of X along its special fiber is a quasi-compact admis-
sible formal scheme.

(b) G acts continuously on the rigid generic fiber X := )z of .

Proof. — (a) Because X is of finite presentation over Spec(c®/), & is quasi-compact.
We may hence assume that X = Spec(A) is affine where A is a finitely presented
R-algebra which is flat as an JR-module. Now & = Spf;l\ where A is the 7-adic
completion of A. This JR-algebra is topologically of finite presentation by [1, Corollaire
1.10.6], and it is flat as an (R-module by [1, Corollaire 1.12.4] because A/7™A is flat
as an Ry-module for all n > 0. Thus A is an admissible R-algebra and & is an
admissible formal scheme.

(b) By [40, 1.2.6], the action G x X — X induces a morphism of (R-group functors
G — Jut(X). Now by [40, 1.1.5], Aut(X)(R) = Autp(X,C0x) and Hut(X)(Rn) =
Autg, (Xn,0x,) where X, := X Xg,e(2) SPec(cRn), whence a commutative diagram

G(R) — Aut» (X, Cx)

| |

G(Rn) — Autgp (X,,0k,)

for any n > 0. The functoriality of formal completion now induces a group homomor-
phism p : G(R) — Autgp (X, Oy) = §(X) which sends G, (R) into Crn (). Applying
the rig functor gives a group homomorphism pyiz : G(R) — Autx(X,0x) which
sends Grn(R) into Crn(N)rg and is therefore continuous by Theorem 3.1.5. Thus,
prigoo : G — Autg (X, 0x) is a continuous group homomorphism, and it follows from
part (a) that X is gcgs. Hence G acts continuously on X by Proposition 3.1.10. O

3.2. Actions of compact p-adic Lie groups on K -affinoid algebras

Let G be a compact p-adic Lie group. By a theorem of Lazard [23, Corollary 8.34],
G contains at least one open subgroup N which is uniform pro-p; the definition and
basic properties of uniform pro-p groups can be found in [23, Chapter 4]. In fact, we
have the more precise

Lemma 3.2.1. — Let H be an open subgroup of the compact p-adic Lie group G.
Then H contains an open uniform pro-p subgroup N which is normal in G.
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Proof. — By [23, Corollary 8.33], G contains an open subgroup J which is a pro-p
group of finite rank. Now H N J is an open subgroup of the profinite group G, so
it contains an open normal subgroup L of G by [23, Proposition 1.2(ii)]. This group
L is still pro-p of finite rank, and therefore contains an open normal characteristic
subgroup N which is uniform pro-p, by [23, Corollary 4.3]. Being a characteristic
subgroup of the normal subgroup L, N is normal in G. O

Recall [23, §4.5] that every uniform pro-p group N has a Z,-Lie algebra Ly =
(N,+,[,]) functorially associated to it. The Z,-module and Lie bracket structures
on Ly are extracted from the structure of IV as a uniform pro-p group by the formulas

z+y = lim (zP"y?")/?"

n—oo
Aoz = lim =

oo n n n n 2n
[w,y] = lim (@77 PPy )P

for any =,y € N and any choice of a sequence (A,)22, C Z converging to A € Z,.
The Z,-Lie algebra Ly is a powerful: Ly is a finitely generated free Z,-module
and [Ly,Ly] C p°Ly (here € := 1 if p is odd and € := 2 if p is even). In fact, it
follows from [23, Theorem 9.10] that the functor N — Ly is an equivalence between
the category of uniform pro-p groups and the category of powerful Z,-Lie algebras.
Next, we recall the definition of the Q,-Lie algebra of G following [23, §9.5].

Definition 3.2.2. — Let G be a compact p-adic Lie group.
(a) N <Y G means that N is an open uniform pro-p subgroup of G.
(b) N <, G means that N is an open normal subgroup of G.
(¢) N <¥ G means that N is an open normal uniform pro-p subgroup of G.
(d) The Lie algebra of G is defined to be Lie(G) := lim Q, ®z, Ln.
NG

The inverse limit is taken over the set of all open uniform pro-p subgroups of G,
which becomes a directed set under reverse inclusion. Whenever H < N are two
members of this set, then H contains N?" for sufficiently large m > 0, which implies
that p™ Ly < Ly < Ly. Therefore each transition map

Qp®z, Ly — Qp, ®z, LN
appearing in this inverse limit is actually an isomorphism, and Lie(G) is a finite
dimensional Lie algebra over Q,.

Now let A be a K-affinoid algebra. Extending the terminology from [8, §3.1], we
say that an admissible JR-algebra ¢# is an affine formal model in A if there is an
isomorphism A = ¢ ® ¢ K. Equivalently, the admissible formal scheme Spf ¢7 is an
affine formal model of the affinoid variety Sp A.

Lemma 3.2.3. — Let ¢/, B be two affine formal models in the K-affinoid algebra A.
Then their product o7 - 3 inside A = #x is another affine formal model in A which
is finitely generated as an ¢#-module and as a 3-module.
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Proof. — This is [8, Lemma 3.1]. O

Let ((c#) denote the group of (R-algebra automorphisms of 77, let

Gn () = ker(Q(H) — Aut(cF g Rn))

be its nth congruence subgroup, and let Autx(A) denote the group of K-algebra
automorphisms of A. There is a commutative diagram

G(Spf(c)) ———— G(eR)

rigl lrig

AutK(Sp A, OSpA) S AutK(A)
where the horizontal arrows are isomorphisms given by

(0, ") = T(Spf(cA), (¢*)™!) and  (p,9") — T(Sp 4, (") 7).

The rightmost arrow rig : {(c#) — Auti(A) is given by rig(p)(a ® A\) = p(a) ® A
for all @ € ¢# and A € K. It is injective, and we will identify (c#) with its image
in Autg(A) under this map.

For any K-affinoid algebra A, we equip Auty(A) with the topology constructed
in Theorem 3.1.5: for any affine formal model ¢# in A, the congruence subgroups
{€rn(cA) : n > 0} form a filter base for this topology.

Lemma 3.2.4. — Let G be a compact topological group, and let p : G — Autg (A) be a
continuous group homomorphism. Then every affine formal model ¢ in A is contained
in a G-stable affine formal model.

Proof. — Because the map p : G — Autg(A) is continuous, the preimage of {(c#)
in G is open. But this preimage is just the stabilizer of ¢Z in G. Because G is compact,

the G-orbit of ¢#Z in A is finite, ¢/, .. .,/ say. Now o/ - - -+ - oAy is another affine
formal model in A by Lemma 3.2.3 which is evidently G-stable. O

We will assume from now on until the end of this paper
that our ground field K is of mized characteristic (0,p).

Until the end of §3.2, we fix a compact p-adic Lie group G together with a contin-
uous group homomorphism
p: G — Autg(A).

Let ¢/ be an affine formal model in the K-affinoid algebra A. We will be particularly
interested in the congruence subgroup

Gpe () = ker(G(cA) — Aut(cA/p*cH)).
Lemma 3.2.5. — Let ¢/ be an affine formal model in the K-affinoid algebra A.

(a) If ¢ € Gpe (cH) then log @ € p* Derg (7).
(b) There is an open uniform subgroup N of G such that p(N) < Cpe (cH).
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Proof. — (a) Every p-adically complete and flat (R-algebra & can be viewed as the
unit ball in the K-Banach algebra §'® o K. In this situation, because the characteristic
of K is zero, recall from [23, Corollary 6.25] that

log:1+p°d — p°d and exp:pd — 1+p°S

are well-defined mutually inverse bijections. Since ¢# is m-adically complete and
R-flat, the same is true for the JR-algebra € := Endg(c#). We therefore have at
our disposal the bijections

log:14p€ —p€ and exp:p€ —1+pc€.

Now since Gpe (#) C 1 + p°€, the logarithm series log ¢ := — Y 72, (1_T‘P)T converges
inside £. Because ¢ is an JR-algebra automorphism, a well-known formal computation
shows that in fact log ¢ is an R-linear derivation:

(log p)(ab) = a (logp)(b) + (logp)(a) b for all a,b € A.

See [53, proof of Theorem 4] for details of this computation. Finally, p€ NDer o (¢#) =
p° Der o (¢#) because ¢/ has no m-torsion, so in fact log ¢ lies in p® Der g (¢#).

(b) Because <R is a valuation ring of rank 1 of residual characteristic p, we see
that 7" R C p°R for sufficiently large n. For such n, we have

Gun(A) = AL+ 7"E)N0(A) S (1+pE)NEHA) = Gpe (A)-

Hence the congruence subgroup Gy (¢#) is open in ((¢#). Its preimage in G is therefore
open because p is continuous. Now apply [23, Corollary 8.34]. O

Next, we recall some definitions from [8, Definitions 6.1 and 2.1].

Definition 3.2.6. — Let L := Derg (A), and let Z be an ¢#-submodule of L.

(a) Z is an ¢#Z-lattice in L if it is a finitely presented as an ¢Z-module, and spans L
as a K-vector space.

(b) Z is an ¢#-Lie lattice if |7,7] C Z and Z(cA) C A.
(c) The ¢#-Lie lattice is smooth if it is projective as an ¢#-module.
(d) The ¢#-Lie lattice is free if it is free of finite rank as an ¢#Z-module.

Note that every ¢#-Lie lattice in the above sense is automatically an (R, c#)-Lie
algebra. The terminology ‘smooth’ comes from the classical fact that if X is an affine
complex algebraic variety, then the (C,0(X))-Lie algebra & (X) is projective as an
O(X)-module if and only if the variety X is smooth.

Recall from Example 2.1.6 that the G-action p on the K-algebra A induces in a
functorial manner a G-action (p,p) on the (K, A)-Lie algebra L = Derg(A) in the
sense of Definition 2.1.5.

Definition 3.2.7. — Let ¢# be an affine formal model in A and let Z be an ¢#Z-lattice
in L. We say that Z is G-stable if the affine formal model ¢# is G-stable, and Z itself
is invariant under the natural action of G on L.
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If Z is a G-stable ¢/-Lie lattice in L, then g (p(g)|ﬁ,p(g)|z) is an action of G
on the (R, c#)-Lie algebra Z. The existence of G-stable Lie lattices follows from

Lemma 3.2.8. — Let ¢#Z be a G-stable affine formal model in A.
(a) ¢/ := Derg(c/#) is a G-stable ¢#Z-Lie lattice in L.
(b) The stabilizer in G of any other ¢#-lattice Z in L is open.

Proof. — (a) Note that &/ is an (R, c#)-Lie algebra. Because the ¢Z-module of con-
tinuous Kéhler differentials Q:y /% 15 coherent by [1, §2.15.1], its ¢#Z-linear dual ¢/ is
the kernel of a morphism between two free ¢Z-modules. Because ¢# is a coherent ring
by [1, Proposition 1.10.3(i)], we see that ¢/ is a coherent, and in particular finitely
presented, ¢Z-module. There is a natural inclusion ¢/ — L which realizes ¢/ as the
stabilizer of ¢# in L. Now if S denotes a finite generating set for ¢# as a topological
R~algebra and if v € L, we can find n > 0 such that 7"v(s) € ¢# for all s € S.
It follows that #"v € ¢/ and hence ¢/ is an ¢Z-lattice in L. Since ¢# is G-stable by
assumption, its stabilizer ¢/ in L is automatically G-stable.

(b) Because any two ¢/#-lattices in L contain m-power multiples of each other, we
can choose n,m > 0 such that 7§/ C 7™%Z C &/. Because the G-action on A is
continuous, the subgroup H := {g € G : (¢ — 1) - c# C 7"cA} is open in G. Now if
g€ H,v e and a € ¢#, then

(9-v—v)(a) = gv(9~'a) —v(a) = (g —1)-v(g"a) +v((g"" = 1) a) € 7",
which implies that (g — 1) - &/ C n"™¢/ for all g € H. Therefore
(g—1)-7"LC(g-1)-FCa"J Cn™Z forall ge€H,
which shows that the ¢#-lattice Z is H-stable. O

Definition 3.2.9. — Let Z be an ¢/-Lie lattice in L.
(a) Let U(Z)tors be the m-torsion submodule of U(Z).
) Let U (%) U(Z)/U(Z)tors be the m-torsion-free part of U(Z).

(b
(c) Let U( ) denote the m-adic completion of U(Z)/U(Z)tors-
(d) We define U(QZ)K = U(EZ) R K.

If the ¢#-Lie lattice Z happens to be G-stable, then by the functoriality of the
above constructions, the group G acts by R-algebra automorphisms on each of the
following R -algebras:

—

U@), U@), UE), and U@)x

Note that U (%) k is a K-Banach algebra with unit ball isomorphic to U(Z). Note
also that U(Z)sors is zero whenever the Z is projective as an (R-module by [56, The-

—_—

orem 3.1], so in this case we have U(Z)x = U(Z) -
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Lemma 3.2.10. — Let Z be an ¢#-Lie lattice in L, let £ := End ¢ (¢#), and let

o — —

Li=ig®Pig:ADL — U:=U(Z)
denote the natural map.
(a) There is a unique JR~algebra homomorphism
Vg U—E
such that ¥ (t(a)) = £(a) and ¥y (c(v)) = v for all a € ¢# and v € Z.

(b) The restriction of 1y to t(¢Z ® ) is injective.

(c) The restriction of ¢ to exp(:(p°?)) is injective, with image exp(p°Z).
(d) If o# and Z are G-stable, then

v (9-5) = plg) ¥u(s) plg) ™"
for all g € G and s € U.

Proof. — (a) Let £ : ¢# — € be defined by £(a)(b) = ab for all a,b € ¢, and let
j : 2 — &€ be the natural inclusion. Then £ is an (R-algebra homomorphism, j is an
R-Lie algebra homomorphism, j(av) = £(a)j(v) for all a € ¢#,v € Z, and

[1(v), £(a)](b) = v(ab) — av(b) = v(a)b = £(v(a))(b) for all a,b € A.

Thus [j(v),£(a)] = £(v-a) for all v € T and a € ¢, so by Lemma 2.1.2, there is an
JR~algebra homomorphism 1 : U(Z) — & such that ¢ (£(a)) = a and ¥ (j(v)) = v for
all a € A,ve.

Since o7 is w-adically complete and ﬁ;@t, the same is true for £. Hence v extends

to an JR~algebra homomorphism 4 : U(Z) — £ with the required properties. This
homomorphism is unique because the R-subalgebra of U generated by t(c# ® Z) is
dense in %, and any R-algebra homomorphism between two m-adically complete
JR~algebras is automatically continuous.

(b) This follows immediately from part (a), since £ : ¢Z — &£ is injective.

(¢) Apply part (b), together with the fact that exp and log are bijections.

(d) Let g € G and a € ¢#. Then

p(g) £(a) p(g)~" =L(g- a)

because (p(g) £(a)p(g)~1)(b) = g-(a (g71-b)) = (g-a)b = £(g-a)(b) for all b € 7, since
p(g) is an R-algebra automorphism of ¢#. Now define « : % — £ and o’ : U — £ by

a(s) =yz(g-s) and o'(s) = p(g) ¥z (s) plg) ™
for all s € %/. Then

a(t(a)) = vPz(g-ila)) =Yz(t(g-a)) =£(g-a)
p(g) €(a) p(g)~" = p(g) Yz (u(a)) p(g)~! = &/ (1(a))
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for any a € ¢/, and similarly

a(u(v)) = g(g-1v)) =vg(u(g-v) =g v
= p(g) v plg)~" = p(g) Yz (u(v)) plg)~" = o/ (¢(v)).

Thus the two R-algebra homomorphisms o and o’ from % to £ agree on v(c# & Z),
and hence a = o’ by the argument in part (a). O

For our next definition, note that the exponential map
exp:p€C —1+p€cC&™

can be evaluated on pZ C p°€, and recall also that the image of our action map
p: G — Autg(A) is contained in > because ¢/ is assumed to be a G-stable affine
formal model in A.

Definition 3.2.11. — Let ¢# be a G-stable affine formal model in A and let Z be a
G-stable ¢/Z-Lie lattice in L = Derg (A). We define

Gy = p (exp('D)) and By i= () op: Gy — U,
It may be helpful to visualize these maps as follows:

Gy —— G

ey

exp(p?) —— U* T &x.
2

Theorem 3.2.12. — Let ¢/ be a G-stable affine formal model in A and let Z be a
G-stable ¢#-Lie lattice in L.

(a) G¢ is an open normal subgroup of G.

_  _—

(b) B is a G-equivariant trivialisation of the Gg-actions on U(Z) and U(2) k-

Proof. — (a) Since £ is a K-Banach algebra, the Campbell-Baker-Hausdorff series
1 1 1
@(X,Y) =X+Y+ §[X7Y] + E[Xa [X,Y]] + E[Ya [KX]] +oee
does converge at (X,Y) = (pu, p*v) for any u,v € Z, and

exp(p‘u) exp(pv) = exp(P(pu, pv))
by [23, Proposition 6.27]. Moreover, since [Z,Z] C Z and since Z is m-adically complete,
we see that ®(pfu, pfv) € p*Z. Thus exp(p*?) is a subgroup of £*.
Let g € G¢, so that p(g) = exp(u) for some u € pZ. If x € G then z-u = p(z)(u) =
p(z)up(x)~! by definition, so

plzgr™") = p(a) exp(u)p(z) ™" = exp(z - u) € exp(p°Z)

because Z is G-stable. Thus zgz~! € G4 and Gy is normal in G.
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Choose N <% p~({p(c#)) using Lemma 3.2.5(b). Then log p(g) € p° Derg (c#) by
Lemma 3.2.5(a), and it follows from the proof of [23, Lemma 7.12] that

logop : N — p®Der g (c#)

is a Zp-Lie algebra homomorphism, where we consider now N as a Z,-Lie algebra
in the manner explained above after Lemma 3.2.1. Using [23, Proposition 4.16], we
see that log p(IV) is a finitely generated Z,-submodule of Derg (A). Because € is an
oA-lattice in Derg (A) we can find some n > 0 such that p™log p(N) C p*Z. Hence
NP" < Gy, so Gy is open in G.

(b) By is a well-defined group homomorphism by Lemma 3.2.10(c). Now

b (B2(9) s Bz(9)™") = p(g) ¥ (s) p(9) ™" = vu(g - s)
for any g € G4 and s € U by Lemma 3.2.10(d), so Lemma 3.2.10(b) implies that

Bz(g) s Belg) " =g-s

forall g € Gy and s € «(ABL). But «(cABL) generates U as a topological R-algebra,
so this equation actually holds for all s € %/. Thus ( is a trivialisation of the G¢-action
on . Finally, applying Lemma 3.2.10(d) again gives

Ye(Be(*9)) = plzgz™") = p(x) ¥z (B(9)) p(z) ™" = vy(z - Bz(g))

for all z € G and g € G4. Note that exp : pU — U* is G-equivariant, and
that Bz(g) € exp(¢(pZ)) by construction. Hence z - 84(g) € exp(c(pZ)), so Bz (*g) =
x - Bz(g) by Lemma 3.2.10(c).

We have shown that (y is a trivialisation of the Gz-action on . It follows easily

—— X

that when regarded as a map Gy — U(L)xk = (U®gx K)*, it is also a trivialisation
of the Gg-action on U(Z) k. O

Definition 3.2.13. — Let o¢# be a G-stable affine formal model in A. We say
that (Z,N) is an ¢#-trivializing pair if Z is a G-stable ¢#-Lie lattice in Derg (A)
and N is an open normal subgroup of G contained in Gy. We denote the set of all
cA-trivializing pairs by 7(c#, p, G) or simply by 7(G) if the other parameters are
understood.

Recall that )(A) := U(Derg(A)) denotes the algebra of differential operators
on A of finite order, and let ¢ : A — A’ be an étale morphism of K-affinoid algebras.
Because A’ is an étale A-algebra, it is well known that there is a unique map @ :
Derg (A) — Derg(A’) which is a p-morphism in the sense of Definition 2.1.3; see, for
example, [8, Lemma 2.4]. Lemma 2.1.7 therefore induces a K-algebra homomorphism

U(p, @) : D(A) — (A’ extending ¢ and .

Lemma 3.2.14. — Let N and N’ be compact p-adic Lie groups, acting continuously
on K-affinoid algebras A and A’, respectively, let ¢ : A — A’ be an étale morphism
and let 7 : N — N’ be a group homomorphism such that ¢(n - a) = 7(n) - p(a) for
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allm € N, a € A. Let o#Z be an N-stable affine formal model in A and let ¢#’ be a
N'-stable affine formal model in A’ such that ¢(c#) C ¢#'. Suppose that

p(N) C exp(p® Dergp (c#)) and p' (N') C exp(p° Derﬁ(ﬂ')).

Then ¢ o logop = logop’ oT.

Proof. — Foreach m > 1, let £, (¢) :== =72, % € K|t] be the m-th partial sum
in the logarithm series log(t). Fix n € N and a € A. Because ¢ : A — A’ is continuous
by [12, Theorem 6.1.3/1] and £,,(p(n))(a) — log(p(n))(a) in A, ¢(£m(p(n))(a)) —
o(log(p(n))(a)) in A’. Hence

@ (log(p(n))) (v(a)) = p(log(p(n))(a) = lim @(ln(p(n))(a)).

m—0o0

Now the N-equivariance of ¢ shows that ¢(£,,(p(n))(a)) = €m (0’ (n'))(¢(a)). Hence
¢ (log(p(n))) (¢(a)) = lim £ (p'(n"))(¢(a)) = log(p'(n'))(¢(a)).

Because ¢ : A — A’ is étale, it follows that the derivations ¢ (log(p(n))) and
log(p’(n’)) of A’ are equal. O

By Theorem 3.2.12 and Definition 2.2.3, we have the R-algebras

—

U@) %y Gi=U(@) 29" G and U@)x %y G :=U@D)x 29 G

at our disposal whenever (7, N) is an ¢#-trivializing pair. We finish § 3.2 by discussing
the functoriality of the second construction in a rather general setting.

Proposition 3.2.15. — Let G and G’ be compact p-adic Lie groups, acting continuously
on K-affinoid algebras A and A’, respectively, and suppose that 7 : G — G’ is a group
homomorphism such that ¢(g-a) = 7(g) - ¢(a) for all g € G, a € A. Let ¢# be a
G-stable affine formal model in A and let ¢#’ be a G’-stable affine formal model
in A’. Let (Z,N) be an ¢/-trivializing pair, let (Z’, N') be an ¢#'-trivializing pair,
and suppose that
o) CH', ¢@)SZ and 7(N)CT(N).
Then there is a unique continuous K-algebra homomorphism

@XT:U(%)K ><1NG—>U(%/)K NN/GI,

which makes the following diagram commute:

D(A) x G — L&D paywa
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Proof. — Note that P, L — 7 is a ga@—morphism in the sense of Definition 2.1.3,

so Lemma 2.1.7 induces an JR-algebra homomorphism
0:=Ulg|,9),): UD) — UE)

extending ¢l g and P, Let p: G — Autg(A) and p' : G — Autg(A’) be the given
actions, and write ¢’ := 7(g) for any g € G. The diagrams

r(9)], p(9)]

ﬂ —d> (’% and % —i> Z
£ [t | o
At T 2 —
p/(g/)L%/ P (g )|£Z’

are commutative for any g € G, so 0 is G-equivariant with respect to the natural
G-action on U(Z) and the T-twisted G-action on U(Z'):

(3.1) 0(g-z)=g -0(z) forall ge G,zeU(D).

—
o~

Hence its m-adic completion 0 : U(Z) — U(Z') is also G-equivariant. Next,

(3.2) By = (w;)_l op=expotrologop

from Definition 3.2.11, so consider the diagram

log o exp oL e
N A P U(Z)
T ‘/4,5 ng
—X
N e U@ .
log op exp ot

The first square commutes by Lemma 3.2.14, whereas the second square commutes
by the definition of . Hence

~X
(33) 0 Oﬁle :ﬂ%/lN/ OT|N.
By (3.1) and (3.3), we may apply Lemma 2.2.7 to Ok U@)k — U(?)k and
7 : G — G’ to obtain the K-algebra homomorphism

QNT:@(NNG—)U@KX]N/GI

which makes the diagram in the statement of the lemma commute. Any other contin-
uous map U(Z)k xny G — U(Z')k ¥ n' G’ making the diagram commute agrees with
Ox x 7 on the dense image of )(A) x G in U(Z)k xn G, and therefore must be equal

to§;>47'. O
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3.3. The completed skew-group ring @(X, G)

We continue to assume throughout this subsection that:
— X is a K-affinoid variety,
— (@ is a compact p-adic Lie group acting continuously on X, and
— o/ is a G-stable affine formal model in 4 := (X).
Recall that this means that we are given a group homomorphism
p: G — Autg(X,0x)

satisfying certain continuity conditions spelt out in Definition 3.1.8. Note that the
set of ¢#-trivializing pairs .J(G) becomes directed when ordered by component-wise
reverse inclusion:

(Z1,N1) < (Z2,N) ifandonlyif Z3 2% and N; 2D Ns.
<

Whenever (71, N1) < (22, N2), Lemma 2.2.7 and Lemma 2.1.7 induce a canonical
connecting homomorphism

—— —

U(@)k xn, G — U(h)k N, G.

Using these connecting maps, we can now give our first central definition.

Definition 3.3.1. — We define the completed skew-group algebra

—_ —

@(X, G)e% = (h_m U(i)K XN G.
(Z,N)eJ(HA,p,G)

Remark 3.3.2. — (a) We will shortly see that in fact @(X, G)g does not depend
on the choice of ¢#, up to canonical isomorphism.
(b) There is a canonical group homomorphism
v:G— cf/A)(X, QG) ;%

and a canonical K-algebra homomorphism

—_

i: DX) = DX, G)g-

These extend to a canonical K-algebra homomorphism
[i x3]g: DX)xG— DX, G)g.

Definition 3.3.3. — Let (N4).—n,>N,>N,>... be a chain of open normal subgroups
of G, such that N;_, N,, = {1}, and let Z be a G-stable ¢#Z-Lie lattice in Der (A).
We say (N, is a good chain for Z if (n"Z, N,,) € J(c#, p, G) for all n > 0.

Lemma 3.3.4. — For every good chain N, for Z, there is a canonical isomorphism

DX, G)g = lim U D) #y, G

of K-algebras.
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Proof. — Let (N,y be a good chain for Z, and let (Z', N') be some other member
of J(cA, p,G). Since N’ is open, its complement is closed and therefore compact.
Because (n—; N, is trivial, G\N' C |,—, G\N,, is an open covering, so by compact-
ness, G\N’' C G\N, for some r > 0. In other words, N’ contains N,.. Also Z' contains
¢ for some s > 0. Taking n = max{r, s} we see that (7"Z,N,) > (Z/,N). Thus
{(z"Z, N,,) : n > 0} is cofinal inside J(c#, p, G), and the result follows. O

Remark 3.3.5. — By Definition 3.2.13 and Theorem 3.2.12(a), (Z,G¢) is always an
oA-trivializing pair, so if the action of G is faithful in the sense that ker p is trivial,
then {(7"Z,Gynz) : m > 0} is a good chain for Z. Lemma 3.3.4 now shows that in

this case (X, @) can be defined in a slightly less elaborate way as follows:

DX, G)g = lim U(m"L)k fnz G
for any choice of G-stable ¢#Z-Lie lattice £. However, this does not give the correct
definition when the action is not faithful, and keeping track of all ¢#Z-trivializing pairs
will afford some extra flexibility.

Lemma 3.3.6. — Let Hy, Hy, Ho,... be open subgroups of G. Then there is a chain
Ng > Ny > Ny > --- of open normal subgroups such that ﬂ?:o N, is trivial, and
N, < H, for alln > 0.

Proof. — Choose any chain Jo > J; > Jy > --- of open subgroups of G such
that (,—, J» is trivial. Choose any open normal subgroup Ny of G contained in Hj.
Assuming inductively that N,_; has been chosen for n > 1, choose an open nor-
mal subgroup N, of G contained in H, N J, N N,_;. Since N,, < J, for all n > 0,
Nreo Ny, is trivial. O

Corollary 3.3.7. — Let Ai,..., A,, be a finite collection of K-affinoid algebras, let
pi : G — Autg(A;) be continuous group actions, let ¢# be a G-stable affine formal
model in A; and let Z; be a G-stable ¢/%-Lie lattice in Der (A;) for each i. Then there
is a chain (N,y which is good for each Z;.

Proof. — Let Hy := ()%, Grng, for each n > 0. This is an open subgroup of G by
Theorem 3.2.12(a). Using Lemma 3.3.6, choose a descending chain Ny > Ni > Ny >

- of open normal subgroups of G, intersecting trivially, such that N,, < H, for all
n > 0. Then (7"Z;, Ny,) € J(H, pi, G) for each i and each n > 0, and (N, is good
for each Z;. O

—_

Proposition 3.3.8. — (X, G)g is independent of the choice of ¢#.

Proof. — Let 7,8 be two G-stable affine formal models in A. Choose a G-stable
o#-Lie lattice £ and a G-stable (3-Lie lattice &/ in L using Lemma 3.2.8(a). By
Lemma 3.2.3, we can find an integer r such that 7" - ¢#Z C 3. By replacing Z by a
m-power multiple, we will assume that £ C §/.
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Let z1, ..., x4 generate Z as an ¢Z-module. The universal property of U(—) induces
a G-equivariant R-algebra homomorphism 60y : U(Z) — U(/) k. Now U(Z) is gen-
erated as an ¢Z-module by finite products of the z;, and 6y sends all these elements

— —

to U(¢/). Because o7 C m~ "B, we see that the image of 6y is contained in 7~"U(¢/).
Hence 6y extends to a G-equivariant K-algebra homomorphism

90 : U(EZ)K — U(o?)[(
Applying the same argument to n"Z C n"&/ for each n > 0, we obtain a compatible
sequence of G-equivariant K-algebra homomorphisms

Op : U(m"D) g — U@K.
Now, choose a chain (/N,) which is good for both Z and &/ using Corollary 3.3.7. Then
O © Bang N, = Brng N, for all n > 0, so Lemma 2.2.7 gives a compatible sequence
of K-algebra homomorphisms

—

0, ¥ 1g:U(m"7) Kk NNnG—>U(7T/"-§)K xn, G.

Passing to the limit and applying Lemma 3.3.4, we obtain a commutative diagram

DX, C)g s DX, )y

(h_mU(w”%)K ><1NnG (h_mU(ﬂ'”g)K XN, G.

lim 0, X1lg

By construction, g go[i x|z = [i xv]g, 50 03 500 g is the identity map on the

—_

dense image of [i 1 7]y inside (X, G)g. Because 0,4 ¢ and 64 4 are continuous, it
follows that they are mutually inverse isomorphisms. O

We will henceforth denote cf?)(X, G) g simply by @(X, Q).

—_

Corollary 3.3.9. — (X, G) is a K-Fréchet algebra.
Proof. — We can find a G-stable ¢#-Lie lattice £ in & (X) and a good chain

—

(Ngy for Z. By Lemma 3.3.4, there is a K-algebra isomorphism A)(X,G) =

—

<li_rnU(ﬂ'”if))K Xy, G. BEach U(m"Z)k xn, G is naturally a K-Banach algebra
whose unit ball is given by U@) Xy, G. In this way, @(X, G) is isomorphic to
a countable inverse limit of K-Banach algebras and therefore carries a K-Fréchet
algebra structure. It follows from Proposition 3.3.8 that this is independent of the
choice of ¢,  and (N,). O

Proposition 3.3.10. — Let H be an open subgroup of G. Then .7(H)NJ(G) is cofinal
in both J(G) and J(H).
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Proof. — It follows from Definition 3.2.11 that H; = G4 N H. Let (Z,N) € J(G),
and choose some U <, G contained in the open subgroup NN H. Then U < NN H <
GyNH = Hy,s0 (Z,U) € J(H)NJ(G). Now let (Z,N) € J(H). Choose some U<, G
contained in N. Then U < N < Hy < G4, s0 (Z,U) € J(H) N J(G). O

Corollary 3.3.11. — Let H be an open normal subgroup of G. Then there is a natural
isomorphism

DX, G) = DX, H) xy G.

Proof. — For every (Z,J) € J(G)NJ(H), Proposition 2.2.6 induces an isomorphism

U(%)KXIJG%J(@NJH) NHG

which is functorial in (Z, J). Since (Z,J) € J(G)NJ(H) is cofinal in both J(G) and
J(H) by Proposition 3.3.10, the result follows by passing to the inverse limit. O

We finish § 3.3 by discussing in what sense our construction (X, G) is functorial.

Theorem 3.3.12. — Let ¢ : A — A’ be an étale morphism of K-affinoid algebras,
let X = Sp(4),X’ = Sp(4’) and let G,G’ be compact p-adic Lie groups, acting
continuously on A and A’, respectively. Suppose that 7 : G — G’ is a group homo-
morphism such that

p(g-a)=7(g9) - p(a) forall geG,acA.
Then there is a unique continuous K-algebra homomorphism
e DX, G) — DX, )
which makes the following diagram commute:

U(p, @)Xt

DX) 1 G —2T L Xy % G

M'Vl L"w'

DX, G) ———— DX @),

EXT
Proof. — Let ¢ C A and ¢#' C A’ be G-stable (respectively, G’-stable) affine formal
models. Then ¢(c#7) - c#' is another affine formal model in A’ containing ¢(c#'), so by
Lemma 3.2.4 we may find a G’-stable affine formal model ¢#Z" containing p(c/#7) - o/#7'.
Replacing ¢#' with ¢#Z" we will assume that ¢(c#) C # .

Choose a G-stable ¢/-Lie lattice in Derg(A), and a G’-stable ¢7'-Lie lattice Z’
in Derg (A’) using Lemma 3.2.8(a). Because Z is a finitely generated ¢#-module and
P(av) = p(a)p(v) for any a € A and v € Derg(A), we see that 7™@(Z) C ' for
some m > 0. By rescaling Z, we can assume that m = 0, so that ¢(Z) C Z'.

Choose a good chain (N,) in G for Z, and a good chain (N,) in G’ for Z' us-
ing Lemma 3.3.7. It follows from [23, Corollary 8.34 and Corollary 1.21(i)] that the
group homomorphism 7 is automatically continuous, so 771(N/) is open in G for
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each n > 0. Applying Lemma 3.3.6 to the open subgroups N,, N 7~1(N/), we may as-
sume that 7(N,,) < N, for each n > 0. Now Proposition 3.2.15 produces a compatible
sequence of commutative diagrams

DX) 1 G —TET Ay«

J J

U(ﬂ'n%)[( ><]Nn G ﬁ U(Trn%/)K ><|N7/1 G/.
9n7K><1T )
Passing to the limit and applying Lemma 3.3.4 produces the required map
ouT DX, G) — DX, G).

¢ % T, together with the K-algebra map i x v := [i X 7]z : D(X) x G — @(X, G)
from Remark 3.3.2(b) fit into the following commutative diagram:

DX) x G e 2rnr DX') » G
Ty i'>4’Y/
DX, G) 25 RZIN QX! G
hm U(ﬂ'”% VK XN, — hm U 7T".‘Z’ )k *Xn: G

lim 60, g XT

Finally, if 4 : @(X, G) — C@(X’ ,G') is any other continuous K-algebra map such
that ¥ o (¢ X v) = (i/ xv') o U(p, @), then 1) agrees with ¢ x 7 on the dense image
of D(X) x G in (X, G), and therefore must be equal to ¢ x 7. O

3.4. Compatible actions
Until the end of §3, we will assume that:
— X is a smooth rigid analytic variety,
— (@ is a p-adic Lie group,
— @ acts continuously on X in the sense of Definition 3.1.8.

In particular, we do not assume that X is affinoid, nor that G is compact.

Definition 3.4.1. — X,,/G denotes the set of G-stable affinoid subdomains of X.

Lemma 3.4.2. — If G is compact, then @(—, @) is a presheaf of K-Fréchet algebras
on X,,/G.
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Proof. — Note that @(U, G) is a K-Fréchet algebra for each U € X,,/G by Corol-
lary 3.3.9. Given V C U in X,,/G, the restriction map ¢ : O(U) — O(V) is étale,
and it is G-equivariant by Remark 2.3.3(b). So by Theorem 3.3.12, there is a unique
continuous K-algebra homomorphism 7 = ¢ x 1g : CC/A)(U, G) — cf?)(V, G) extend-
ing U(p, ) x1g : D(U) x G — (V) x G. If W C V is another object of X,,/G,
the functoriality of )(—) ensures that 7% o 7 and 7y both extend the restric-
tion map (U) — (W), and are therefore equal by the uniqueness part of Theo-
rem 3.3.12. O

Lemma 3.4.3. — Let H be a compact open subgroup of G and let U € X,,/H. For
every g € G, there is a continuous K-algebra isomorphism

gu,m : DU, H) — D(9U,gHg ™)
such that the diagram

—_ hu m —_

DU, H) O(hU, hHR ")

% /gmm/—l

D(ghU, ghHh™g™1)

is commutative for all g, h € G.

Proof. — Fix g € G. The structure sheaf 0 on X, and the sheaf ) of finite order
differential operators on X are naturally G-equivariant: if gy = ¢°(V) : O(V) —
O(gV) defines the G-equivariant structure on 0, then
9?(V) :=Ulgv,gv) : D(V) = D(gV)
defines the G-equivariant structure on ). Let
Ad,: G- G
be the map = — gzg~'; then Ad,(H) = gHg™', and using (2.7), we see that
gv(@-a) = ¢°(2%(a)) = (9297 ")’ (¢°(a)) = Ady(x) - gv (a)

for every z € H and a € O(V). Theorem 3.3.12 now induces the required continuous
K-algebra isomorphism

~ AT . D) % -1

gv.i :=gv X Adg : DV, H) — D(gV,9Hg™")
which uniquely extends g?(V) = U(gv,gv) : D(V) — D(gV). It is easily checked,
using the G-equivariance of &), that the diagram

Rr2(U)xAdy,

D(U) x H D(hU) x hHh™!

(gh)?(U)yxAd,n m

D(ghU) x ghHh~ g~
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is commutative. The result follows from the uniqueness part of Theorem 3.3.12. [
Recall from Definition 3.1.8 that Gy denotes the stabilizer of U in G.

Definition 3.4.4. — We say that (U, H) is small if:
(a) U is an affinoid subdomain of X,
(b) H is a compact open subgroup of Gy,

(c) & (U) has an H-stable free ¢#-Lie lattice Z for some H-stable affine formal
model ¢7Z in O(U).

If U is an affinoid subdomain of X, we say that H is U-small if (U, H) is small.
We refer the reader to Definition 3.2.6 for the meaning of part (c).

Lemma 3.4.5. — Suppose that (X, G) is small. Then (U, H) is small for every U € X,,
and every compact open subgroup H of Gy.

Proof. — Tt is clear that (X, J) is small for every compact open subgroup J of G.
Because the stabilizer Gy is open in G by Definition 3.1.8(a), by replacing G by H we
may therefore assume that H = G and U € X,,/G. Choose a G-stable affine formal
model ¢# in O(X) and a G-stable free ¢/#Z-Lie lattice Z in &/ (X). By [8, Lemma 7.6(b)]
we may replace £ by a m-power multiple, and ensure that U is also Z-admissible.
Now, if 3 is an Z-stable affine formal model in O(U), then we saw in the proof of
Lemma 3.2.4 that the G-orbit of (A is finite, 81, ..., B say. Then C := B -+ - - By, is
again an affine formal model in O(U) by Lemma 3.2.3 which is both G-stable and
Z-stable. It is now easy to see that C® 4 Z is a G-stable free C-Lie lattice in & (U). O

Definition 3.4.6. — (a) Let X,,(§) denote the set of affinoid subdomains U of X
such that & (U) admits a free ¢#-Lie lattice for some affine formal model 7
in O(U).

(b) Let X, (J)/G C X,,/G denote the set of G-stable affinoid subdomains U of X
such that (U, G) is small.

Lemma 3.4.7. — For every U € X,,(&/), there is a U-small subgroup H.

Proof. — Choose an affine formal model ¢# in O(U) and a free ¢#-Lie lattice <
in & (U). The stabilizer of ¢Z in Gy is open because Gy acts continuously on U,
so we can find some compact open subgroup J of Gy such that ¢# is J-stable. Now
by Lemma 3.2.8(b) we can find an open subgroup H of J which also stabilizes Z. O

Recall the definition of two-sided Fréchet-Stein algebras from [8, §6.4].

Theorem 3.4.8. — Suppose that (X, G) is small. Then C@(X, G) is a two-sided Fréchet-
Stein algebra.
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We postpone the proof until §4.1—it can be found immediately after Theo-
rem 4.1.11. We will shortly see that when (X, G) is small, it is possible to localize

—

a coadmissible (X, G)-module to a G-equivariant sheaf of )-modules defined on
every affinoid subdomain of X. In fact, we will give a construction of this localisation
functor in a more general, axiomatic, setting.

Recall the canonical map 7% : G — C%(U7 G)* from Remark 3.3.2(c).

Definition 3.4.9. — Let G be a p-adic Lie group, acting continuously on a smooth rigid
analytic variety X, and let A be a K-algebra. We say that A acts on X compatibly
with G if there are given

— a group homomorphism 5 : G — A%,
— a Fréchet-Stein subalgebra Ay of A for every compact open subgroup H of G,

— a continuous homomorphism ¢ : Ay — cf?](—, H) of presheaves of K-Fréchet
algebras on X,,/H, for every compact open subgroup H of G

such that for every pair H < N of compact open subgroups of G:
(a) Ag < Ay, the inclusion Ay <— Ay is continuous, n(H) C Aj; and the canonical
map Ay ® K[N] — Ay is a bijection,
K[H]

(b) the following diagram of presheaves on X,,/N is commutative:

Ag —— s P~ H)

| |

Ay ———— D=, N),
©

(c) for every g € G, the conjugation-by-n(g) map
Adyg:A— A
sends Ay continuously into Agp,-1, and for every U € X,/ H, the diagram

Ady(g)
AH AgHg—l

@H(U)l LogHgfl(gU)

D(U, H) — D(gU, gHg™)

is commutative, and
H _ A H
(d) ¢ om|, ="
Here is our first example of a compatible action.

Proposition 3.4.10. — Suppose that (X, G) is small. Then @(X, G) acts on X com-
patibly with G.
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Proof. — As X is a G-stable affinoid variety, we may define the group homomorphism
n=7%:G— @(X,G)X.
For every compact open subgroup H of G, we set
Ap = DX, H)

which is a Fréchet-Stein subalgebra of A = @(X,G) by Lemma 3.4.5 and Theo-
rem 3.4.8. For every U € X,,/H, we let

0" (U): Ay — D(U,H)

be the restriction map 735 in the presheaf {fA/)(—,H) on X,,/H from Lemma 3.4.2.

Viewing Ay as a constant sheaf on X, /H, we see that o : Ay — (-, H) is a
continuous morphism of presheaves, again by Lemma 3.4.2.
We now check that axioms (a)—(d) of Deﬁnltlon 3.4.9 are verified for these data

(a) Let (Z,J) € J(N)NJ(H). Since U(@)K x 7 N is a crossed product of U(Z)
with N/J by Lemma 2.2.4(b), we see that the canonical map

is a bijection. Now consider the following commutative diagram:

D(U,H) @ K[N] D(U,N)
K[H)]

l ——

lim (@ o H & ]K[N]> L 1lmU@)k % N.

The bottom horizontal arrow is a bijection, being the inverse limit over all (Z,J) €
J(N)NJ(H) of the maps considered above. Since J has finite index in H and inverse
limits commute with finite direct sums, using Lemma 3.3.10 we see that the left
vertical arrow is a bijection. The right vertical arrow is also a bijection, again by
Lemma 3.3.10. So the top horizontal arrow is bijective, as required.

(b) Theorem 3.3.12 induces a commutative diagram of K-algebra maps

AH :@(X7H) %@(Uvﬂ’)

| |

Ay = DX, N) —— D(U, N).
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(c) Because ¢g? : &) — g*&) is a morphism of presheaves, the diagram

DX) 1 G LV oy
X)  H c7)(X)><1Ad @(X, gHg_l)
O(U) % EET —————(9U,gHg™")

— — —
is commutative. Hence Ad,5) = gx % Ady sends (X, H) into (X, gHg '), and

- -1
gu,m o ™ (U) = 919" (gU) 0 Ad,(,

by the uniqueness part of Theorem 3.3.12.
(d) This follows directly from the definitions. O

We can now record some useful consequences of Definition 3.4.9.

Lemma 3.4.11. — Suppose that A acts on X compatibly with G and let H < N be
compact open subgroups of G. Then
(a) Ap is a finitely presented left Ag-module,

(b) Ap is a coadmissible Agy-module, and

(¢) the multiplication map of ;@(—, H)-—Ap-bimodules on X,,/N
(’f/)(_aH) ® AN — (’f/)(_aN)
Ag
is an isomorphism.

Proof. — (a) This follows from Definition 3.4.9(a) because H has finite index in N.
(b) Apply [66, Corollary 3.4v| and part (a), noting that Ay is Fréchet-Stein.
(¢) Fix U € X,,/N and consider the following commutative diagram:

D(U, H) ® Ay D(U, N)
DU H) ® (Ay ® K[N)—— —~D(U,H) ® K[N].
Ay K[H] K[H]

The top horizontal arrow is induced by the commutative diagram in Defini-

tion 3.4.9(b), and is therefore a morphism of cf?)(U, H)--Apn-bimodules. The vertical
arrow on the left is an bijection by Definition 3.4.9(a), whereas the vertical arrow on
the right is a bijection by Proposition 3.4.10. The result follows. O
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Following [66, §6], we make the following

Definition 3.4.12. — Suppose that A acts on X compatibly with G. We say that the
A-module M is coadmissible if it is coadmissible as an A g-module for some compact
open subgroup H of G. We will write Ca to denote the full subcategory of A-modules
consisting of the coadmissible A-modules.

Lemma 3.4.13. — Let M be a coadmissible A-module. Then M is a coadmissible
Apn-module for every compact open subgroup N of G.

Proof. — We are given that M is a coadmissible Ag-module for some compact open
subgroup H of G. Since the inclusion map Agyny — Apg is continuous by Defi-
nition 3.4.9(a) and since Ay is a coadmissible Agynn-module by Lemma 3.4.11(b),
M is coadmissible as an Apny-module by [66, Lemma 3.8]. Applying [66, Lemma 3.8|
together with Lemma 3.4.11(b) again to the inclusion Agnny <— Axn now implies
that M is also coadmissible as an A -module. O

3.5. The localisation functor Locy

Throughout §3.5, we will assume that:
— @ is a p-adic Lie group, not necessarily compact,
— A acts on X compatibly with G, and
— M is a coadmissible A-module.
Let (U, H) be small so that M is a coadmissible Ag-module by Lemma 3.4.13. Since

e (U): Ag — @(U H) is a continuous homomorphism between two Fréchet- Stein

algebras by Theorem 3.4.8, Cf/](U H)is a @(U H)-coadmissible @(U H) — Ag-bi-
module in the sense of [8, Definition 7.3]. It follows from [8, Lemma 7.3| that in this

situation we may form the coadmissible (U, H)-module
DU, H)® M.
Ag
Definition 3.5.1. — Whenever (U, H) is small, we define
(3.4) M(U, H) := 9(U, H)® M.
H

Recall that because we are assuming throughout §3.5 that G is acting continuously

on X in the sense of Definition 3.1.8, the stabilizer Gy in G of every affinoid subdo-

main U of X is an open subgroup of G. We have the following basic functorialities of
this construction.

Proposition 3.5.2. — Let H be a compact open subgroup of G and let U € X,,(&).
(a) M(U,—) is a covariant functor on the U-small subgroups of G.
(b) M(—, H) is a contravariant functor on X,,()/H.
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(¢) Let H < N be compact open subgroups of G and let V C U be members
of X,(&)/N. Then the natural diagram of (U, H)-modules

(3.5) M(U,H)—— M(U,N)
M(V,H)—— M(V,N)
obtained from parts (a) and (b) is commutative.

Proof. — (a) Let J < N be U-small subgroups of G. By Definition 3.4.9(b), there is
a commutative diagram of K-algebra homomorphisms

J —_
A, — 29 P,

| N

Ay —— (U, N).
e (U)

Hence the map @(U, J) x M — M(U,N) given by (a,m) — a®m is Aj-balanced
and left cf?)(U, J)-linear. Since cf?)(U,N) is a finitely presented cf?)(U, J)-module by
Proposition 3.4.10, M (U, N) is a coadmissible cf?)(U, J)-module by [66, Lemma 3.8],
so this map extends uniquely to a CC/A)(U, J)-linear map

M(U,J) = (U, )M — DH(U,N) & M = M(U,N)
J N
by the universal property of ® given in [8, Lemma 7.3]. The uniqueness of this map
makes it easy to see that the triangle
M(U,J)—— M(U,N)
M(U,N",

commutes whenever N’ is a third open subgroup of Gy containing N.
(b) Let V C U be H-stable affinoid subdomains of X. By Definition 3.4.9, we have
another commutative diagram of K-algebra homomorphisms

(U)o

Ag ——— (U, H)

e"(V) l

D(V, H).
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Now the universal property of ® gives a @(V, H)-linear, @(U, H)-balanced map

LDV, H) x M(UH) — D(V,H) ® M(U,H),
J(U,H)

whereas [8, Corollary 7.4] gives a @(V, H)-linear isomorphism

0:D(V,H @ M(U,H)— M(V,H).
c@(UaH)

Therefore we obtain a (_@(U, H)-linear map 6o ¢(1,—) : M(U,H) — M(V, H) which
fits into the commutative diagram

M(U,H) —— M(V, H)
|
M(W, H)

whenever W is a third H-stable affinoid subdomain of X contained in V.
(¢) Theorem 3.3.12 gives a commutative diagram of Fréchet-Stein algebras and
continuous K-algebra homomorphisms

DV, H) —— D(V,N).
It is now straightforward to verify that diagram (3.5) is commutative. O

Definition 3.5.3. — For every U € X,,(J), define
PLM(U) = lim M(U, H)

where in the inverse limit, H runs over all the U-small subgroups of G.
It is clear that 2% (M)(U) is a (U)-module.

Lemma 3.5.4. — For every V,U € X,,(&') such that V C U, there is a J)(U)-linear
restriction map 7y : Pg(M)(U) — PL(M)(V).

Proof. — Let N be a V-small subgroup of G. Choose a U-small subgroup H of Ny
using Lemma 3.4.7. There is a natural ()(U)-linear map

v PR(M)(U) — M(V,N),

which factors through the maps M(U,H) — M(V,H) — M(V,N) given by Propo-
sition 3.5.2(a,b), and does not depend on the choice of H. If N’ < N is another
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V-small subgroup and H' := N{; N H, then H' is a U-small open subgroup of N{; by
Lemma 3.4.5, and the diagram

M(U,H)——— M(V,Ny) —— M(V,N)
M(U,H)——— M(V,N};) —— M(V,N’)

commutes by Proposition 3.5.2(c,a). Hence the triangle

PABN(U) — N MV, )

U
k T

M(V,N’)
is commutative, and it induces the required )(U)-linear map

v : Px(M)(U) — Px(M)(V) = lim M(V,N)

by applying the universal property of inverse limit. O

In fact, each arrow in the inverse system defining P4 (M) is an isomorphism. This
follows from our next result.

Proposition 3.5.5. — Let H < N be compact open subgroups of G, and let U €
X (&)/N. Then for every coadmissible A-module M, the natural map

M(U,H) — M(U, N)

from Proposition 3.5.2(a) is an isomorphism of coadmissible )(U, H)-modules.
Proof. — By Lemma 3.4.11(c), the natural map
(&2 @(UaH) Say Ay — E@(U’N)

is an isomorphism of CfA/)(U, H)-Apn-bimodules. On the other hand, there is an obvious

isomorphism 3 : A N;@ M — M of coadmissible left Ag-modules, and Ay is a
N
coadmissible A —An-bimodule in the sense of [8, Definition 7.3]. These maps combine

to produce a commutative diagram

DU, H) @ <AN®M> %0 U H) B M

AH AN AH
(DU M B ax) M ——— DU.N B M,
Ag An a®1 An
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where the vertical map on the left is the canonical associativity isomorphism given
by [8, Proposition 7.4]. The result follows, because o and § are isomorphisms. O

Corollary 3.5.6. — Whenever (U, H) is small, the canonical map g (M)(U) —
M(U, H) is a bijection.

Next, we study the G-equivariant functoriality of M (—, —).

Proposition 3.5.7. — Suppose that (U, H) is small and let g € G.

(a) There is a K-linear map
9. M(U,H) — M(gU,gHg™")
such that for every a € @(U, H) and every m € M (U, H), we have
gU.z(a-m) =gu,u(a) - gy g (m).

(b) Whenever N is an open subgroup of H and V is an N-stable affinoid subdomain
of U, the diagram

M
(3.6) M(U, H) — 2" M(gU, gHg™)

P

M(U,N) — ., M(qU,gNg™Y)

| |

M(V,N) ————— M(gV,gNg™),

gv,N

where the vertical arrows are given by Proposition 3.5.2, is commutative.

Proof. — (a) We will regard the coadmissible left @(gU, gHg™1)-module

—_

M(gU,gHg ") =D(gU,gHg™) ® M

gHg—1

as a coadmissible left @(U, H)-module via the K-algebra isomorphism gy, z. Now,
consider the map

—_

oM DU,H)xM —  M(gU,gHg™ ")
(a,m) —  gu.m(a) ®n(g) - m.

It is evidently left @G/A)(U, H)-linear; we will show that 1™ is Ag-balanced. By Defini-
tion 3.4.9(c), we know that

~ —1
gu,m 0™ (U) =99 (gU) o Ady(q) -
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Let aG@(U,H),beAH and m € M. Then

PM(a-bm) = Guula (b)) ®nlg)-m
= gu,x(a) gu, H(<P (b)) ® n(g) - m
= gu,ula) (ngg (A n(g)( ) ® n(g) -m
= Gu.u(a) ® Ad,(b) - (n(g) - m)
= aU,H(a) n(g) - (bm)
= YM(a,bm),

so M is Ap-balanced, as claimed. Therefore, by the universal property of ®, ¥
extends uniquely to a left (U, H)-linear homomorphism
gy M(UH) = DU H @M —  M(gU,gHg™?)
(3.7) An —
a®m — guula)®n(g) m

Since the left @(U, H)-module structure on M (gU, gHg™ 1) is given via gu m, we

see that gI]‘J/I’H(a -m) = gu,ula) - gIJ‘J/{H(m) for all a € @(U,H),m € M(U,H) as
claimed.
(b) This is straightforward. O

Whenever Uy,...,U,, is a finite collection of affinoid subdomains of X, we will
use Gy,,....u,, to denote the intersections of their stabilizers in G:
Gu,..v, = Gu, N NGu,.
Note that this is an open subgroup of G because G acts continuously on X.
Theorem 3.5.8. — Let M be a coadmissible A-module. Then P¢ (M), equipped

with the restriction maps TV from Lemma 3.5.4, becomes a G-equivariant presheaf
of ¢)-modules on X, ().

Proof. — Let W C 'V C U be members of X,,( ), and write oM := P4 (M). Using
Lemma 3.4.7, choose a U-small compact open subgroup H of Gu,v,w, and consider
the following diagram:

M(W, H)
-
y ™
M(U) o \W(V)
M(U, H) M(V, H).
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The large outer triangle commutes by Proposition 3.5.2(a), and the three arrows con-
necting the inner triangle with the outer triangle are isomorphisms by Corollary 3.5.6.
Hence the inner triangle commutes, and ¢ is a presheaf.

Next, fix g € G, and for every U € X,,() define

97"(U) : HM(U) — M(9U)
to be the inverse limit of the maps g{\j{H : M(U,H) — M(gU,gHg™!) constructed
in Proposition 3.5.7(a). Note that g?(a - m) = g*2(a) - ¢?(a) for all a € &) and all
m € oM by Proposition 3.5.7(a,b). Now let V C U be another affinoid subdomain

of X, choose a U-small compact open subgroup H of Gy,v, and consider the following
diagram:

M(U, H) : M(gU,gHg™")

\
/

M(V,H) M(gV,gHg™).

In this diagram, the four trapezia commute by definition of the maps T{,J and gW(U).
The outer square commutes by Proposition 3.5.7(b). Because the diagonal arrows in
this diagram are isomorphisms by Corollary 3.5.6, the inner square also commutes.
Therefore gf% : M — g*cM is a morphism of presheaves on X,, (07 )-

Finally, it follows from Lemma 3.4.3 that for every compact open subgroup H
of Gy and for every g,h € G, we have

ghuhEkr-1 © hu . = ghy -
Since M is an A-module, inspecting (3.7) we see that
9 (W (a®m)) = g% (h(a
= g(h(a)) ® n(g) - (n(h) - m)
= gh(a) ® n(gh) - m = (gh)*"(a)
for all a ® m € oM. Thus {¢? : g € G} is a G-equivariant structure on /. O

We have not yet used part (d) of Definition 3.4.9 in our exposition. We will do
so crucially in the proof of our next result, which essentially states that our functors
P4 (=) enjoy a certain transitivity property.
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Proposition 3.5.9. — Suppose that (U, J) is small, write B := (U, J) and let N :=
BR®4 ,M. Then N is a coadmissible B-module, and there is a natural isomorphism

PR, = PEW)
of J-equivariant presheaves of J)-modules on U,,.

Proof. — Note that U, () = U,, because (U, J) is small. The algebra B acts on U
compatibly with J by Proposition 3.4.10; here By = @(U, H) for any compact open
subgroup H of J. Let V be an affinoid subdomain of U, and let H be a compact open
subgroup of Jy. Unraveling the definitions, we see that
M(V,H)=D(V,H)®M and N(V,H)=D(V,H) ® (@(U, J)&SM) .
A D(U,H) A

Now consider the following diagram:

M(V,H) —— <57)(V,H) ® @(U,H)) ® (AJ@M)
D(U,H) Am N As

Av,H J

(U.H) A A

The top horizontal map is given by a ® m — (a ® 1) ® (1 ® m); this is clearly an
isomorphism. The bottom horizontal map is induced by the isomorphism

@umghi@Mb

from Lemma 3.4.11(c), therefore it is an isomorphism by functoriality. The vertical
map on the right is an isomorphism obtained by applying the associativity isomor-

phism [8, Proposition 7.4] three times. Hence there is a left ;)(V, H)-linear isomor-
phism Ay g : M(V,H) — N(V, H) that makes the diagram commute. This iso-
morphism is given by

(3.8) MWrl@®m)=a® (18 m) aGE/)(V,H),mEM.

Let oM = P4 (M) and let oV = PE(N). Passing to the inverse limit over all H as
above, we obtain a )(U)-linear map

A(V) := lim A(V, H) : M(V) — N (V)
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which makes the following square commute:

(V)

MV) ———————H(V)
| |
M(V,H)——+ N(V,H).

AV, H

Next, let W be an affinoid subdomain of V, choose a compact open subgroup H
of Gu,v,w, and consider the following diagram:

AV, H

(3.9) M(V,H) ‘ N(V,H)
\ - /
M(V) N (V)
| %@
M(W,H)/ — N(W,H),

where the vertical arrows in the inner square come from Lemma 3.5.4. The four
trapezia in this diagram commute by definition, and the outer square commutes
because of the formula (3.8). Since the diagonal maps are isomorphisms by Corol-
lary 3.5.6, it follows that the inner square is also commutative. Thus

A:o%|Uw—>oJV

is an isomorphism of presheaves of )-modules on U,,,.
Next, we check that A is J-equivariant. To see this, let g € J, let H be a compact
open subgroup of Jy and consider the following diagram:

o _ A -~ _ o —_
DV, H)® M v DV, H) ® (f/)(U, J® M)
An D(U.H) A

(V) 2 v (v)
Q\A;I,H QW(V)l lgd‘/(v) g\]\II,H
MGV 5 gV) \

SOCIETE MATHEMATIQUE DE FRANCE 2021



50 CHAPTER 3. EQUIVARIANT DIFFERENTIAL OPERATORS ON RIGID ANAL. SPACES

The map ng :J — BX isy”/ : J — @(U, J)*, by the construction given in the proof

—_

of Proposition 3.4.10. Hence, for any a € )(V, H) and any m € M, we have

—_—~ L~

9. #(Av,m(a @m)) = Wale® (1em)

I
Q
ﬁ)
i
D
®)
3
ss]
S

= gv,ula
= gvu(e)®
= Gvu(@)® (1 ®n(g) -m
= Agv,om (9v,u(a) ® n(g) - m)
= )‘gV,QH(g\A;I,H(a ® m)),

where on the fourth line we used part (d) of Definition 3.4.9. Thus the outer square

of the above diagram commutes. The diagonal arrows in this diagram are isomor-
phisms by Corollary 3.5.6, so the inner square is commutative and \ : oM v — oM is

J-equivariant. O

Lemma 3.5.10. — Suppose that (X,G) is small, and that M is a coadmissible

J(X, G)-module. Let H be an open subgroup of G and let N be the restriction of M
to (X, H). Then there is a natural isomorphism

DX, H ~ DX,G
PR () = PP ()
of H-equivariant presheaves of )-modules on X,,,.

Proof. — If U € X, and J is any open subgroup of Hy, the identity map is a

(U, J)-linear isomorphism M (U, J) — N(U,J). Passing to the inverse limit over

all such J gives us an isomorphism of presheaves E‘/D)i()(x’c) (M) = Q‘/))?(X’H) (N) on X,

which is readily checked to be H-equivariant and &)-linear. O
We will now state the main result of § 3.5.

Theorem 3.5.11. — Let U € X,,(&). Then 073)“%(M)|U is a sheaf on U,, with van-
ishing higher Cech cohomology, for every coadmissible A-module M.

We postpone the proof until §4.4. Because X is smooth, the tangent sheaf &/ is
locally free. This means that X, (&) forms a basis for X, and Theorem 3.5.11 implies
that 2% (M) is a sheaf on X, (&) in the sense of [8, §9.1]. We can now apply a
general result (see [8, Theorem 9.1]) to deduce that Pg(M) extends uniquely to a
sheaf on X, the strong G-topology of X.

Definition 3.5.12. — We define LOC%(M ) be the unique sheaf on X,;; whose restriction
to X, (&) is the presheaf P (M).

It is straightforward to see that Locj (M) is in fact a G-equivariant sheaf of Z-mod-
ules on Xjg.
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3.6. Coadmissible equivariant )-modules

We continue to assume that X is a smooth rigid analytic variety, and that G is a
not necessarily compact p-adic Lie group acting continuously on X. In §3.6, we will
give a ‘purely local’ definition of coadmissibleA G-equivariant )-modules on X, by
gluing together the categories of coadmissible o)(U, H)-modules, as U varies over all
affinoid subdomains in X,,(&) and H varies over all possible U-small subgroups of G.
To do this correctly, it turns out that we need the local sections of morphisms between
the G-equivariant &)-modules of interest to be continuous. This, in turn, necessitates
keeping track of certain topologies on certain local sections of these G-equivariant
-modules—see Remark 3.6.3(d) below. The following framework will turn out to be
convenient for our purposes.

Definition 3.6.1. — Recall that X, (&) is the set of affinoid subdomains U of X such
that & (U) admits a free ¢#-Lie lattice for some affine formal model ¢ in O(U).

(a) We say that a G-equivariant )-module ¢ on X, is locally Fréchet if
— oM(U) is equipped with a Fréchet topology for every U € X,,(),

— the maps ¢?(U):M(U) — M(gU) are continuous, whenever
UeX,(J)and g €G.

(b) A morphism of G-equivariant locally Fréchet )-modules is a morphism
[ eM — oI of G-equivariant )-modules, such that f(U) : M(U) — N(U) is
continuous for every U € X,,(J ). We call such morphisms continuous.

Notation 3.6.2. — We denote the category whose objects are G-equivariant locally
Fréchet )-modules on X and whose morphisms are continuous maps by

Frech(G — Dx).
We denote the forgetful functor to G-equivariant J)-modules on X by
® : Frech(G — Dx) — G-&)-mod.

Remarks 3.6.3. — (a) Note that we are not equipping ¢#(U) with a Fréchet topol-
ogy for every admissible open subset U of X: the choice of X,, (&) is the most
economical because Theorem 3.5.11 tells us that we know what the restrictions
of our sheaf Loci (M) to U € X, (9 look like. Instead of X,,(J), we could
also have chosen to work with quasi-compact admissible open subsets. Because
the category of Fréchet spaces is stable only under countable and not arbitrary
projective limits, which are needed to compute local sections of admissible open
subsets that may be too large to admit countable admissible affinoid coverings,
and it is certainly not stable under arbitrary filtered inductive limits, which arise
in the sheafification process. Of course, instead of Fréchet spaces, we could have
chosen to work with a category of topological vector spaces that is large enough
to be stable under every such limit, such as locally convex vector spaces, or per-
haps instead with the category of bornological vector spaces. Since we are not

SOCIETE MATHEMATIQUE DE FRANCE 2021



52 CHAPTER 3. EQUIVARIANT DIFFERENTIAL OPERATORS ON RIGID ANAL. SPACES

particularly interested in the topology of the local sections of our coadmissible
G-equivariant &)-modules over arbitrary admissible open subsets in this paper,
to keep matters as simple as possible, we will not consider any topology on these
spaces of local sections.

(b) The category Frech(G — x) is additive, and admits kernels. Other axioms of
abelian categories, even such basic ones as the existence of cokernels, do not
follow from the weak axiomatic framework of Definition 3.6.1: one problem is
that the )(U)-action on o#(U) is not assumed to be separately continuous.
However, we will see that the category of coadmissible G-equivariant )-modules
is abelian.

(¢c) The real technical reason why we need to keep track of these topologies
is as follows. In Definition 3.6.7 below, we define the category Cx, g of
coadmissible G-equivariant )-modules on X. Oni of its main properties
should be that I'(U, —) takes values in coadmissible ¢)(U, Gy)-modules for ev-
ery U € X,,(J). Now even assuming we can show that ¢#(U) is a coadmissible
@(U, Gu)-module for every oM € Cx /g, a morphism ¢ : oM — o/ of G-equiv-
ariant )-modules will at best a priori only give rise to a )(U) x Gy-linear map
M(U) — N(U), which need not be @(U,GU)-linear, in general. However,
because )(U) x Gy is dense in ;@(U,GU), a J(U) x Gy-linear morphism
between two coadmissible @(U, Gy)-modules is ;‘[\)(U, Gu)-linear if and only if
it is continuous with respect to the canonical topologies on c#(U) and //(U).

(d) We do not require the restriction maps in, nor the )-module structure on, a
G-equivariant locally Fréchet &)-module ¢ to be continuous. This is done to
keep the exposition as simple as possible: in fact our coadmissible G-equivariant
J-modules do have continuous )-module structure, but these are consequences
of the far more stringent condition of being coadmissible.

Remark 3.6.4. — If oM is a G-equivariant )-module on X (respectively, X, or
X, () and H is any closed subgroup of G, then we can always regard ¢ as an
H-equivariant ¢)-module on X (respectively, X, or X,,(&)). In this way we obtain
the restriction functor

Res$ : Frech(G — Dx) — Frech(H — Dx)
and its obvious analogues on X,, and X,, ().

Lemma 3.6.5. — Let A be a Fréchet-Stein algebra. Then any A-linear map M — N
between two co-admissible A-modules is automatically continuous.

Proof. — This follows from [66, Proposition 2.1(iii) and Corollary 3.3]—see the re-
marks appearing immediately after the proof of [66, Lemma 3.6]. O

Proposition 3.6.6. — Suppose that A acts on X compatibly with G. Then Locﬁ is
a functor from coadmissible A-modules to G-equivariant locally Fréchet )-modules
on X.
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Proof. — Fix the coadmissible A-module M, and recall the G-equivariant presheaf
M = PL(M) of PD-modules on X,,(§) from Theorem 3.5.8. Let U € X, (),

~

and choose a U-small subgroup J of G. There is a canonical isomorphism o#(U) =
M(U,J) = @(U, J)®4,M by Corollary 3.5.6, so o (U) carries a canonical Fréchet
topology, being a coadmissible @(U, J)-module. This topology is independent of the
choice of J. Now, let g € G and consider the map g{\j{J :M(U,J) — M(gU,gJg™1).
By Proposition 3.5.7(a), this map satisfies gIJ‘fJ(a -m) = gu,s(a) - (g - m) for all
a€ @(U, J) and m € M, so when we regard o/ (gU) as a coadmissible cf{A)(U, J)-mod-
ule via the continuous ring isomorphism gy,; from Lemma 3.4.3, g[]\j{ s becomes a

—_ —_

(U, J)-linear map between two coadmissible Z)(U, J)-modules. Hence ¢go/(U) is
continuous by Lemma 3.6.5. The restriction of the functor Lock (M) to X, (T is M
by Theorem 3.5.11, so Loc§ (M) is a G-equivariant locally Fréchet )-module on X.

Now if f : M — N is an A-linear map between two coadmissible A-modules,
then for any V € X, (&) and any V-small subgroup H of G, the functoriality of ®
induces a @(V,H)—linear map 1Qf : M(V,H) — N(V,H), which is continuous
by Lemma 3.6.5. In this way we obtain a G-equivariant morphism of presheaves
PL(M) — PZ(N) on X, (&) whose local sections are continuous, and after applying
[8, Theorem 9.1], we get a morphism Locy (f) : Lock (M) — Locg (N) of G-equivari-
ant locally Fréchet &)x-modules. It is straightforward to verify that Locé(g of) =
Loc4 (g) o Lock (f) whenever g : N — N’ is another A-linear map to a coadmissible
A-module N. O

We now come to another central definition of this paper.

Definition 3.6.7. — Let oM be a G-equivariant locally Fréchet )-module on X.
(a) Let U be an X,,( )-covering. We say that oM is %U-coadmissible if for each

—_

U € U there is a U-small subgroup H of G, a coadmissible &)(U, H)-module
M, and an isomorphism

Locg(U’H) (M) =, QM|U _

of H-equivariant locally Fréchet )-modules on U.

(b) We say that o is coadmissible if it is U-coadmissible for some X,, (& )-covering
U.

(c) We denote the full subcategory of Frech(G — J)x) consisting of coadmissible
G-equivariant locally Fréchet )-modules by

Cx/a-

We will abbreviate the term “coadmissible G-equivariant locally Fréchet )-mod-
ule” to just “coadmissible G-equivariant )-module”. As one may expect, we have the
following canonical source of examples of such modules.
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Proposition 3.6.8. — Suppose that A acts on X compatibly with G. Then the functor
Locy from coadmissible A-modules to Frech(G — Jx) takes values in Cx /G-

Proof. — Choose any X,, (& )-covering U of X, fix U € % and choose a U-small
subgroup J of G using Lemma 3.4.7. Let M be a coadmissible A-module and let

N be the coadmissible @(U J)-module (@(X J)®4,M. By [8, Theorem 9.1], the
isomorphism Py (M Ny, — @IQ?(X “!)(N)) of J-equivariant presheaves of @)-modules

on U, from Proposition 3.5.9 extends uniquely to an isomorphism LOC%(M )|U —

Loc?(x’J)(N ) of J-equivariant )-modules on U. This isomorphism is continuous by
Lemma 3.6.5, so we see that Locy (M) is 9-coadmissible. O

Coadmissible G-equivariant 7)-modules behave well under refinements.

Lemma 3.6.9. — Let o be a G-equivariant locally Fréchet )-module on X, let U be
an X, (&)-covering of X and let U be X, (& )-refinement of /. Suppose that o} is
Q/-coadmissible. Then oM is also V-coadmissible.

Proof. — Let V € . Since % is a refinement of U, we can find some U € %/ which
contains V. Since ¢ is coadmissible, there is a U-small subgroup H of G, a coadmissi-

ble B := g/\)(U, H)-module M and an isomorphism Loc#; (M) = W|U of H-equiv-
rig

ariant locally Fréchet )-modules on U. Choose an open subgroup J of Hv. This re-

stricts to a continuous isomorphism P8 (M )|V — @ﬂfl|v of J-equivariant )-mod-

ules on V,,. On the other hand, letting C := @(V, J) and N := C®pM and applying

Proposition 3.5.9 gives us an isomorphism 2§ (M )|V =, PG (N) of J-equivariant

&-modules on V,,. The local sections of this isomorphism are automatically continu-
ous by Lemma 3.6.5, so by combining these two isomorphisms we obtain a continuous

isomorphism G (N) = e]%| of J-equivariant ¢)-modules on V,,. Applying [8,

Theorem 9.1] gives a continuous 1somorphlsm Loc@(V (N (N) =M ~ of J-equiv-
ariant J)-modules on V. - O
Coadmissible G-equivariant /)-modules behave well under restriction.
Proposition 3.6.10. — Let oM € Cx /-
(a) Let H be an open subgroup of G. Then oM € Cx /-
(b) Let Y be an admissible open subset of X. Then W|Y €lycy-
Proof. — (a) The problem reduces in a straightforward way to the case where

(X,G) is small and M = Locg(x’G)(M) for some coadmissible @(X,G)—mod—
ule M. Let N be the restriction of M to s)(X, H), a coadmissible &)(X, H)-module

by Lemma 3.5.10. The isomorphism CG/))?(X’G)(M) 5 ﬁ))?(x’H)(N) on X, from
Lemma 3.5.10 is continuous by Corollary 3.5.6 and Lemma 3.6.5, so its canonical
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extension to X,i; an isomorphism LOCQ(X’G)(M) 5 Locf()(x’H)(N) of H-equivari-

ant locally Fréchet &)-modules on X. Hence oM is a coadmissible H-equivariant
&-module on X.

(b) It follows from Remark 3.6.4 that o is a Gvy-equivariant locally Fréchet
&D-module on X. Since Y is admissible open in X, Y., (&) is a subset of X, ()
SO W|Y is also a Gy-equivariant locally Fréchet &)-module on Y, and it remains to
see that @]I/Z|Y is coadmissible.

Suppose that M is U-coadmissible for some X, (& )-covering 2. For every U € %,
choose an admissible affinoid covering Vy of Y NU and let VU = UyeyVuy. Then
Q) is a Y, (¥ )-covering of Y which refines 9. In this way we reduce the problem to
the case where both Y and X are affinoid, (X, G) is small, and o = Locg(x’G)(M)

—_

for some coadmissible (X, G)-module M. Let H := G, an open subgroup of G. It
now follows from Proposition 3.5.9 that

(3.10) oM}y, = Lock (M), = Locy ™ (Q(Y,H)A ® M>
D(X,H)

as H-equivariant locally Fréchet )-modules on Y. O

Theorem 3.6.11. — Suppose that (X, @) is small. Then the localisation functor

DX,G)
Lock : Gfa(x,c) — Cx/c

is an equivalence of categories.

Proof. — Let M, N be coadmissible @(X, G)-modules, and write Loc := Locg(X’G).
By Corollary 3.5.6 and Theorem 3.5.11, we can identify M (X, G) with Loc(M)(X),
functorially in M. Therefore, for any cf?)(X, G)-linear morphism f : M — N we have
the commutative diagram

M ! N
M(X,G) e N(X, Q).

Because the map N — N(X,G) which sends n to 1 ® n is an isomorphism, we see
that Loc is faithful.

Suppose next that « : Loc(M) — Loc(N) is a morphism of G-equivariant locally
Fréchet )-modules on X. Now a(X) : Loc(M)(X) — Loc(N)(X) is D(X) x G-lin-
ear by Proposition 2.3.5, and continuous by Definition 3.6.1(b), so it must also be
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— —

J(X, G)-linear because M (X,G) and N(X, @) are both coadmissible (X, G)-mod-
ules. Letting f : M — N be defined by the commutative diagram

f

| |
M(X,G) = N(X,G)

—_

we see that f is (X, G)-linear, and we claim that Loc(f) = a. To see this, let
U € X, recall that the map M(X,Gy) — M(X,G) is a bijection by Proposi-
tion 3.5.5, and consider the commutative diagram

a(U)

M(U,Gy) N(U,Gvy)
\ Loc(£)(U) /
M(X,Gvu) N(X,Gu)

a(X)

M(X,G) N(X,G).
Loc(f)(X)

By construction, a(X) = Loc(f)(X), and the image of M(X,G) in M(U,Guy)

—

under the vertical map in this diagram generates a dense )(U,Gy)-submodule
of M(U,Gy) = ;CZ)(U,GU)A ® M. Since a(U) and Loc(f)(U) are continuous
DX,G)

&(U) x Gy-linear maps that agree on this submodule, it follows that they are equal.
Since X,, is a basis, we see that Loc(f) = «, and therefore Loc is full.

The proof of the fact that Loc is essentially surjective is quite long. In order to
not interrupt the flow of the paper, we have postponed it until §4.4 below —see
Theorem 4.4.3. O

3.7. Cx /¢ is an abelian category

We continue to assume that X is a smooth rigid analytic variety, and that G is a not
necessarily compact p-adic Lie group acting continuously on X. In §3.7, we will prove
that the category Cx sa of coadmissible G-equivariant J-modules on X is abelian.
Recall from [8, Definition 7.5(a)] that if A — B is a continuous homomorphism of
Fréchet-Stein algebras, then B is said to be a right c-flat A-module if the functor
B® 4— from coadmissible A-modules to coadmissible B-modules is exact.

Theorem 3.7.1. — Suppose that (X, H) is small and let U € X,,/H. Then ,,J?/)(U7 H)is
a c-flat right (X, H)-module.
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We postpone the proof until §4.4. The category G-)x-mod is abelian, and we
have the forgetful functor

® : Frech(G — Ox) — G-Dx-mod .
Corollary 3.7.2. — If (X, G) is small then

DX,C
®o Locx( ). %(X,G) — G-¢0x-mod

is an exact functor.

Proof. — Let 0 — M; — My — M3 — 0 be a short exact sequence of coadmissible

—

(X, G)-modules, let U € X,, and choose an open subgroup H of Gy. Then (U, H) is
small by Lemma 3.4.5, so the sequence of (U, H)-modules

0 — M,(U, H) - My(U, H) - M5(U,H) = 0

is exact by Theorem 3.7.1 and [8, Proposition 7.5(a)]. Corollary 3.5.6 and Theo-

rem 3.5.11 now imply that 5/33? (X% is an exact functor from %(X ) to G-equivari-

ant )-modules on X,,. Since the extension functor from sheaves on X,, to sheaves

on X, is an equivalence of categories by [8, Theorem 9.1], we see that <I>0Loc;?(x’G) is

also exact. O

In an attempt to make this material more readable, if « : oM — o/ is a morphism
in Cx s we will continue to write ker a to mean the G-equivariant J-module that is
the kernel of ®(a) : ®(cM) — ®(/), rather than the more precise, but confusing,
ker ®(a). We adopt a similar abuse of notation with the sheaves im a and coker a.

Lemma 3.7.3. — Let a : oM — ¢/ be a morphism in Cx /. Then the G-equivariant
J-module ker o is coadmissible, and the canonical morphism ker o < ¢ is continu-
ous.

Proof. — For any U € X,,(J ), (ker a)(U) is the kernel of the continuous map a(U) :
M(U) — N (U) between two Fréchet spaces. Therefore it is closed, and we equip it
with the subspace Fréchet topology from ¢#(U). For any g € G, the map g*°**(U) :
(ker a)(U) — (ker a)(gU) is the restriction of g?(U) : oM(U) — M(gU), which is
continuous. So the G-equivariant )-module ker « is locally Fréchet.

By choosing a common refinement and appealing to Lemma 3.6.9, we may assume
that ¢ and ¢V are both 9-coadmissible for some X, (& )-covering %. Fix U € .
By Definition 3.6.7 and Theorem 3.6.11, we can find a U-small subgroup H of G, a

morphism f: M — N of coadmissible @(U, H)-modules and a commutative diagram
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of H-equivariant J)y-modules

Loc
Loc(M) & Loc(N)

AF "F

W|U > JV|U’
|y
. D(U,H) . >
where Loc := Locy and the maps A, are continuous. The (U, H)-module

ker f is coadmissible by [66, Corollary 3.4(ii)]. Because Loc is exact by Corollary 3.7.2,
we obtain a commutative diagram of H-equivariant )y-modules

Loc
0 —— Loc(ker f) —— Loc(M) A Loc(N)

P /\J% MJ{E’

0 ker o JM|U 071/|U,

lo

with exact rows. Since H-)u-mod is an abelian category, the Five Lemma gives
an isomorphism of H-equivariant J)y-modules 1) completing the diagram. For any
V € Uy, ¥(V) is the restriction of the continuous map A(V) to Loc(ker f)(V), and
is therefore continuous. Hence ker a is %/-coadmissible, and ker o < oM is continuous
by construction. O

Lemma 3.7.4. — Let M € Cx/g, U € Xy(9) and i > 0. Then H*(U,cM) = 0.

Proof. — Choose a U-small subgroup H of G. By Proposition 3.6.10(b), QM|U €lu/n
and H (U, M) = Hi(U,JﬂU). So we may assume that (X, G) is small. But now

M = Locg(x’c)(M) for some coadmissible @(X, G)-module M by Theorem 3.6.11,
so H i(%,pﬂfl|v) = 0 for any finite affinoid covering %/ of any affinoid subdomain V
of U by Proposition 3.5.9 and Theorem 3.5.11. Now apply [68, Lemma 21.11.9]. O

Lemma 3.7.5. — Let a : ¢M — ¢/ be a morphism in Cx/¢. Then the G-equivari-
ant Z)-module coker o is coadmissible, and the canonical morphism ¢/ — coker « is
continuous.

Proof. — We first handle the special case where kera = 0, so that we have the
short exact sequence 0 — oM — oV — cokera — 0 in G-Z)-mod. For any U €

X, (&), the sequence 0 — M(U) «©) HN(U) — (cokera)(U) — 0 is exact by
Lemma 3.7.4, so (coker a)(U) 2 coker a(U). Now o#(U) and oV (U) are coadmissi-

ble &?{)(U, H)-modules for any U-small subgroup H of G, by Proposition 3.6.10 and
Theorem 4.4.3. The map a(U) is ¢)(U) x H-linear by Proposition 2.3.5 as well as

continuous, hence it is also (U, H)-linear. Since J)(U, H) is Fréchet-Stein by The-
orem 3.4.8, (coker a)(U) = coker a(U) is a coadmissible )(U, H)-module by [66,
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Corollary 3.4(ii)], and we will therefore equip it with the canonical Fréchet topol-
ogy. Let g € G. Since g°°***(U) : (cokera)(U) — (cokera)(gU) is induced by
the ,;@(U,H)-linear map ¢?(U) : M(U) — M(gU) (when we view oM (gU) as
a @(U,H )-module via the isomorphism gy g), it is also @(U,H )-linear and thus
continuous. So the G-equivariant )-module coker « is locally Fréchet.

By choosing a common refinement and appealing to Proposition 3.6.9, we may
assume that o/ and o/ are both %/-coadmissible for some X,, (& )-covering %/. Fix
U € %. By Theorem 3.6.11 and Corgllary 3.7.2, we can find a U-small subgroup
H of G, a morphism of coadmissible )(U, H)-modules f : M — N and a diagram
of H-equivariant J)y-modules

Loc
0 —— Loc(M) ﬂ Loc(N) —— Loc(coker f) —— 0

)‘J,E ulg RN

0 JVJ| JV|U cokera|U —0,

U a|U

with exact rows and continuous A, u, where Loc := Locg(U’H). Let V € U,. By
Lemma 3.7.4 and Theorem 4.4.3, applying I'(V, —) to this diagram keeps the rows
exact and sends all objects to coadmissible ;C[\)(V, Hvy)-modules. Now A(V) and (V)
are continuous ¢)(V) x Hy-linear maps by Proposition 2.3.5, hence ;@(U, Hv;)-linear.
Therefore (V) is also @(V, Hv)-linear by the exactness of the diagram, and there-
fore continuous by Lemma 3.6.5. So % is continuous, and it follows that coker « is
Q4-coadmissible. _

The map /¥ (U) — (coker a)(U) is (U, Gy)-linear by construction, and therefore
continuous. It follows that the canonical map ¢/ — coker a is continuous.

Returning to the general case where ker « is not necessarily zero, we have two short
exact sequences of G-equivariant )-modules

0 —kerao - oM —ima—0 and 0— ima — oV — cokera — 0.

Now ker o — oM is a morphism in CX/G by Lemma 3.7.3, so ¢/ — ima« is also a
morphism in Cx sa by the special case applied to the first sequence.

Finally, consider the canonical map im o < ¢/V. For any U € X,,(&'), the canonical
topology on (im «)(U) defined above agrees with the subspace topology induced from
/N (U). Thus ima — o/ is continuous, and another application of the special case
completes the proof. O

Lemma 3.7.6. — Let A be a Fréchet-Stein algebra, and suppose given the following
commutative diagram of K-vector spaces

P Q
j Tr
0 ker o« - M N p coker o« — 0.
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Suppose that all objects in this diagram are coadmissible A-modules, that the maps
u, a, v are A-linear and that the maps ¢ and ¢ are canonical. Then the dotted arrows
j and r are continuous.

Proof. — The maps v and ¢ are continuous by Lemma 3.6.5. Equip im¢ with the
subspace topology from M. Then im+ is closed in M by [66, Corollary 3.4(ii) and
Lemma 3.6], so the map ¢ is a homeomorphism onto its image by the Open Mapping
Theorem [61, Proposition 8.6]. Hence every open neighborhood of zero in ker « is of the
form i=1(V') for some open neighborhood V of 0 in M. Hence j~1(i=1(V)) = u=1(V) is
open in P and j is continuous.

Similarly, ¢ and v are continuous by Lemma 3.6.5, and ¢ is open by the
Open Mapping Theorem, so for every open neighborhood V of zero in @,
r= Y (V) =q(g r71(V)) = q¢(v1(V)) is open in coker o and r is continuous. O

Theorem 3.7.7. — The category (x ¢ is abelian.

Proof. — Let a : ¢ — ¢/ be a morphism in Cx/g. Then by Lemma 3.7.3, the
canonical map i : ker @ < ¢M is a morphism in Cxg. Suppose that u : (P — M is
another morphism in Cx ;¢ such that cou = 0. Since 4 is the kernel of a in G-/)x- mod,
there is a unique morphism of G-equivariant )-modules j : 2 — ker « such that u =
ioj. Now if U € X,,(¥) and H is a U-small subgroup of G, then all objects in the
commutative diagram

u(U)

0 —— (ker a)(U) W M(U) W

/V(U)

are coadmissible (SA{)(U, H)-modules by Theorem 4.4.3, and it follows from Lemma 3.7.6
that j(U) is continuous. Hence j : ;2 — ker a is actually a morphism in Cx g, and if
7' &P — ker o is another map such that u = i o j' then j = j’ because the forgetful
functor @ is faithful. Thus i is the kernel of a in Cx ¢.

We have shown that Cx,; has kernels, and an entirely similar argument using
Lemma 3.7.4 and Lemma 3.7.5 shows that it also has cokernels. Next, we verify
that every monomorphism o : oM — o/ in Cx,q is the kernel of its cokernel
q : ¢V — coker a.. To this end, consider the commutative diagram in Cx /G

J

~

0 M—2 N —2 cokera ——— 0
0 ker q N

coker « — 0,

where j is induced by the universal property of kerq, and the rows are exact in
G-&x-mod. The arrow ®(j) is an isomorphism by the Five Lemma in the abelian
category G-)x-mod, so the local sections j(U) are continuous bijections for all
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U € X, (). By the Open Mapping Theorem, their inverses are also continuous and
we see that j is an isomorphism in Cx Ja- An entirely similar argument shows that every
epimorphism in (x /¢ is the cokernel of its kernel. According to [70, Definition 1.2.2],
we have verified that Cx /¢ is an abelian category. O

Proof of Theorem B. — Parts (a) and (b) follow from Proposition 3.6.10. Part (c) is
Theorem 3.6.11 and part (d) is Theorem 3.7.7. O
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CHAPTER 4

LEVELWISE LOCALISATION

4.1. Noetherianity and flatness over general base fields

In our earlier paper [8] we worked throughout with a base field K which was
discretely valued. We will now recall and extend some of the results from that paper
to the case where K is an arbitrary field equipped with a complete, non-trivial, non-
Archimedean valuation. We continue with the notation established at the start of §2
and let SR denote the unit ball inside K, so that & is a possibly non-Noetherian,
complete valuation ring of rank 1. Our proofs will be based on the following deep
result.

Theorem 4.1.1 (Raynaud-Gruson, 1971). — Let R be a commutative ring with finitely
many weakly associated primes, and let S be a commutative R-algebra of finite pre-
sentation. Then every finitely generated S-module which is flat as an R-module is
finitely presented as an S-module.

Proof. — The definition of weakly associated primes can be found at [68, Defini-
tion 30.5.1]. This follows immediately from [55, Theorem 3.4.6]. A more modern ac-
count of the proof can be found at [68, Lemma 37.13.7]. O

Corollary 4.1.2. — Theorem 4.1.1 applies whenever R is a domain, or has finitely
many prime ideals.

Proof. — In the case where R is a domain, the only weakly associated prime of the
regular R-module R is the zero ideal, and the second case is trivial. O

We will work in the following setting.

Hypothesis 4.1.3. — 9%/ is a m-adically complete and separated R-algebra,
— U is flat over R,
— U/7U is a commutative R /7 R-algebra of finite presentation.

Following [1, Proposition 1.9.14], we can now give a very useful consequence of
Theorem 4.1.1.
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Theorem 4.1.4. — Let oM be a finitely generated %/-module and let oV be a U-sub-
module of ¢ such that oM /o) is R-torsionfree. Then ¢/V is finitely generated.

Proof. — Because oM /N = U™ /)N for some U-submodule oV’ of U™ for some m €
N, we may assume that oM = U™ is a free U-module of rank m. The short exact
sequence 0 — o — oM — M /cN — 0 consists of torsion-free JR-modules by assump-
tion. Because & is a valuation ring, every finitely generated ideal in & is principal,
so each term in this sequence is a flat JR-module by [16, Chapter I, §2.4, Proposi-
tion 3(ii)]. Writing & := R/7R, |68, Lemma 10.38.7] implies that

0=V ®p R — Mg R — (MN) @z R — 0

is also exact, and consists of flat JR-modules. Now UJ/7U is also a finitely presented
commutative & /R ~algebra by assumption. Note that R /7. has exactly one prime
ideal because J? is a valuation ring of rank 1. Because (/) ®5 R is a finitely
generated module over /7%, we may now invoke Corollary 4.1.2 to deduce that it
is in fact finitely presented.

The displayed exact sequence above, together with Schanuel’s Lemma [47, 7.1.2],
now implies that oV /meV =2 NV ® %E is a finitely generated %/n/-module; this also
follows from [68, Lemma 10.5.3(5)]. Hence gre/V := @),,50 7"e/V/7" e/ is a finitely
generated module over gr U := @,,50 7" U/ 7" *t19/. Finally, 9 is m-adically complete
and separated by construction, so ¢// is m-adically separated as it is contained in U™.
Hence the 9/-module ¢V is finitely generated by [45, Chapter I, Theorem 5.7]. O

Corollary 4.1.5. — Suppose 9 satisfies Hypothesis 4.1.3. Then U := U ®g K is
Noetherian.

Proof. — By symmetry, it will suffice to show that U is left Noetherian. Let I be a
left ideal of U; then J := U NI is a left ideal in 9 such that %//.7 is JR-torsionfree.
Hence .J is finitely generated as a left ideal by Theorem 4.1.4, so I = K - .J is finitely
generated as a left ideal in U. O

We begin by adapting several results from [1], namely [1, 1.9.13, 1.8.27, 1.8.29] to
our non-commutative setting.

Proposition 4.1.6. — Let oM be a finitely generated /-module.
(a) For every U-submodule o/ C oM there is ng € N such that
MO N =m (" MNN) forall n>=ng.
(b) oM is m-adically separated,
(¢) oM is w-adically complete.

Proof. — (a) Let o/V'/o/V be the m-torsion submodule of M /c/V. As M/ N is R-tor-

sionfree, Theorem 4.1.4 implies that ¢/// is finitely generated over %/. Hence we can
find ng € N such that 70/’ C . Now, ncM NN = 7N Nl = 77N’ whenever
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n > ng, so T M NN = 7 N = n(n"N') = n(7"M N W) for all n > ng as
required.

(b) Let z € Moo "M and let oV := U - z. Then part (a) implies that for
some n € N, oV C 7" oM NN = m(7" M N N) = mel, so we can find a € 7% such
that = ax. But U is m-adically complete, so 1+ 7% C U* and therefore z = 0.

(c¢) The proof of [16, Chapter III, §2.12, Corollary 1 to Proposition 16] works. [

Proposition 4.1.7. — Suppose that % is another m-adically complete, separated and
flat (R-algebra which contains 9. Let y € %), and suppose that the map U/7U —
/7 extends to an R /mR-algebra isomorphism (%/7%)[Y] = V/7% which sends
Y to y + 7. Let C be the centraliser of y in U := %. Then

(a) V := Uk is a flat U-module on both sides, and

(b) for every finitely generated U-module M there is a natural isomorphism
of C(Y)-modules ny: M(Y) — V ®@y M.

Proof. — (a) We will deduce this from [45, Chapter II, §1.2, Proposition 1]. Equip
U and V with the w-adic filtrations whose degree zero pieces are given by %/ and %,
respectively. We must show that good filtrations on V-modules are separated, that the
m-adic filtration on U has the left Artin-Rees property in the sense of [45, Chapter II,
§1.1, Definition|, and that gr V' is a flat gr U-module.

If M is a V-module with some good filtration F,ys, then writing oM := FoM we
necessarily have F,, M = 7~ "cM for all n € Z, and the associated Rees module with re-
spect to this filtration therefore has the form M = Pz T "M = M[T /7, n/T).
Now, Misa finitely generated U = U|T /7, m/T)-module. Setting T' = 7 implies that
the %/-module o is finitely generated. So the m-adic filtration on ¢}, and hence F,yy,
is separated by Proposition 4.1.6(b).

To see that the 7-adic filtration on U has the left Artin-Rees property, we must show
that for every finitely generated left ideal I = Uzy +- -4+ Ux, of U there is an integer
c such that F,UNT C Y%, "t - x; for all n € Z. Writing J := Uz + - - - + Uz,
and using the fact that I is a K-vector space, we see that it will suffice to show
that % NI C 7¢J for some ¢ € Z. However, we can find a finite generating set
Vi, ...,0, for U NI as a left ideal in 9 by Theorem 4.1.4. Choose d € N such
that mdv; € J for all j = 1,...,m; then 74(UNI) = 7¢ >t Uvy € J and hence
UNITCn 4T as required.

Finally, % := UV/7% is a free U := U/7U-module on both sides by assumption.
Hence grV = s, s~ '] is flat over gr U = U[s, s~ '].

(b) Because V/7nV = (U/7U)[Y] by assumption, the JR-algebra U also satisfies
Hypothesis 4.1.3. Choose a finitely generated 2/-submodule ¢/ in M which generates
M as a K-vector space. Then V @y M = (V Qq, M) ®5 K. The finitely generated
Y-module UV ®q, oM is m-adically complete and separated by Proposition 4.1.6(b,c).
So, for any sequence of elements m; € M tending to zero, the series Z;’io Y7 ®@m;
converges to a unique element 757 (32520 Y7/m;) € V @y M. This defines a C-linear
morphism 7y : M(Y) — V ®y M which is functorial in M. It is straightforward

SOCIETE MATHEMATIQUE DE FRANCE 2021



66 CHAPTER 4. LEVELWISE LOCALISATION

to see that 7,y is also C(Y)-linear. Now, 7y is an isomorphism by construction of V,
and M is a finitely presented U-module because U is Noetherian by Corollary 4.1.5.
We may view 7 as a natural transformation between two right exact functors and use
the Five Lemma to conclude that 7, is always an isomorphism. O

We now suppose further that
— y € U (possibly y ¢ U) is such that [y, U] C 7U.

Let § : U — U be the restriction of ad(y) : U — U to %. This is an R-linear
derivation, so we may form the skew-polynomial ring U[Y; d], its m-adic completion

o —

V= U[Y; 0]
and the skew-Tate algebra

o —

Vi=Veg K =UY;dk.
We can now generalize [8, Theorem 4.5].

Theorem 4.1.8. — Suppose that U satisfies Hypothesis 4.1.3 and that y € U is such
that [y, %] C n°. Then V/(Y — y)V is a flat U-module on both sides.

Proof. — By [8, Proposition 4.4], to show that V/(Y — y)V is a flat right U-module,
we have to show left-multiplication by Y — y on V is injective, that V is a flat right
U-module, and V ®y M is (Y — y)-torsionfree for all finitely generated U-modules M.
Note that the first condition follows from the third condition by taking M = U.

Our assumptions on y ensure that UV = C’ZWXES] satisfies the hypotheses of Propo-
sition 4.1.7. Hence, the second condition of [8, Proposition 4.4] holds by Propo-
sition 4.1.7(a). In view of Proposition 4.1.7(b), it remains to show that M(Y) is
(Y — y)-torsion-free for every finitely generated U-module M.

Suppose now that the element Y 52,Y7m; € M(Y) is killed by Y — y. Then

lim m; = 0, and setting m_; := 0, we deduce the equations

J— 00

ym; =mj_1 forall jeN
because y commutes with Y inside V. Consider the U-submodule N of M gener-
ated by the m;. Because M is Noetherian by Corollary 4.1.5, N must be generated
by my, ..., mgq for some d > 0, say.

Let o be a finitely generated %/-submodule of M which generates M as a K-vector
space, and let oV := Z(Zzo Qm;. Because oM /cMN N is JR-torsionfree, Theorem 4.1.4
implies that ¢ N N is a finitely generated %/-submodule of N. Because K - oV =
K- (oMNN) =N, the U-modules o N N and ¢/ contain m-power multiples of each
other. So, as jlirgo mj = 0, for all n € N we can find j, € N such that m; € 7"/ for

all j > j,. Next, because [y, %] C U by assumption and because

d

d
stjmj = Z[y,sj]mj +s;mj_1 €/ forall sg,...,54 €U
§=0 §=0
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we see that y’e/V C o/ for all i > 0. Therefore for any j,n € N we have
mj =yt mjy, €yl C N,
Hence m; € Nnron™e/ for all j € N. But o~y 7"/ = 0 by Proposition 4.1.6(b)

since ¢/V is finitely generated, so m; = 0 for all j € N. Hence ) 2, Yim; = 0 and
V/(Y —y)V is a flat right U-module as claimed. O

Lemma 4.1.9. — Let ¢#Z be an admissible R-algebra and let £ be a smooth
(R, H#)-Lie algebra such that [Z,7] C 77 and L - # C we#. Then Hypothesis 4.1.3

e

holds for the m-adic completion U(Z).

Proof. — Tt follows from [56, Theorem 3.1] that U(Z) is a flat ¢#Z-module. Because
oA is an admissible ﬁ—algebnﬁic is also flat as an AR-module. Since R is a valuation
ring, it follows that U := U(Z) is also flat as an R-module, and it is mw-adically
complete and separated by construction. Hence U/nU = U(Z)/nU(Z).

By assumption, Z/7Z is a smooth (R/7R,A/ncA)-Lie algebra with trivial Lie
bracket and trivial anchor map. Because Z is smooth, it follows from [8, Proposi-
tion 2.3] that the canonical map R/mR-algebra homomorphism U(Z)/7U(L) —
U(Z/72) is bijective. However U(Z /%) is the symmetric algebra of the finitely gen-
erated projective ¢Z/meA-module /77 and is therefore a commutative o/ /wc/-al-
gebra of finite presentation. It is therefore a commutative R /7. R-algebra of finite
presentation, because the JR-algebra o7 is admissible. O

Corollary 4.1.10. — Let ¢Z be an admissible R-algebra and let Z be a smooth

—

(R, A)-Lie algebra such that [Z,7] C 77 and L - # C wcA. Then U(Z)k is Noethe-

rian.
Proof. — Apply Lemma 4.1.9 together with Corollary 4.1.5. O

We can now extend [8, Theorem 6.6] to our non-Noetherian setting under a mild
restrictions on the (R, c#)-Lie algebra Z.

Theorem 4.1.11. — Let ¢# be an admissible (R-algebra and let Z be an (R, #)-Lie
algebra which is free of finite rank as an ¢Z-module. Suppose that [Z,Z] C 727 and

L —

L - A C meA. Then U(Z)k is a flat U(/ﬂﬁaK—module on both sides.
Proof. — Choose an ¢#Z-module basis {z1,...,zq} for Z, and define
L =cAx1 @ ®Axj & A(nxjt1) - & Amaq)
for each j = 1,...,d. This gives us a chain
7l =LCch C---Cly=%
of (R, c#)-Lie algebras, which are free of finite rank as ¢Z-modules. Note that
[Z;,%] € [2,2] € 7°% = % C 7%

-

for all j > 0, so by Lemma 4.1.9, Hypothesis 4.1.3 holds for each U(Z;).
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It will be sufficient to show that U@\H)K is a flat U := U@K—module on both
sides for each j =0,...,d — 1. Now, because
[1’j+1,%j] - [ﬁZ,ZZ] - 7r2% C W%j
we see that the element ;11 € U satisfies [x;41,%] C 7%, where U := @ We

—

can now form the skew-Tate algebra V = U[Y; 0]k as above, and by Theorem 4.1.8,
it will be enough to see that

—

V/I(Y —2;11)V 2 U(Zj11)k

as a right U-module. Write B := U(Z;) and C := U(Z;4+1) and note that we may view
B and C as (R-subalgebras of U(Z)k with B C C. Form the skew-polynomial ring
B[Y'; 6], where § : B — B is the restriction of ad(z;,1) on C to B. There is a natural
R-algebra homomorphism

¢ : B[Y;0] — C,

which extends the embedding B — C and which sends Y to z;;;1. Clearly ¢ is
surjective, and 7Y — z € ker ¢, where z := 7,41 € Z; C B. We will show that

ker p = (7Y — 2)B[Y; d].
Now 7Y — z is central in B[Y’; 4], so
(7Y) = (z4+ (@Y —2)) =2 mod (Y —2z)B forall icN.

Therefore for any u := 37" Yiu; € B[Y; 8] we have

m m
7"y = Z(ﬂ'Y)iﬂ'mfiui = Z Z'r™ ';  mod (7Y — z)B.
i=0 i=0

On the other hand, if u € ker¢ then ¢(u) = > z% u; = 0 implies that
S 2™y, = 0 in B. Hence 7™u = (7Y — z)v for some v € B. We will prove
by induction on m € N that v € 7™ B, the case m = 0 being trivial. Now if m > 1
then m(vY — 7™ 'u) = 20 € wB. Since z is an element of an ¢#-module basis
for Z;, it follows from [56, Theorem 3.1| that its image in B/mB = U(Z;/n%;) is
not a zero-divisor. Hence v = v’ for some v’ € B. Hence n™u = (7Y — z)(wv’) so
7™~y = (7Y — 2)v’ as B is flat as an R-module. So v' € 7™ !B by induction,
and hence v = mv’ € 7™ B, completing the induction. Hence 7™u = 7™ (7Y — 2)w
for some w € B and using the flatness of B as an JR-module again we see
that u € (Y — z)B. Thus ker ¢ = (7Y — 2)B[Y; §] as claimed.

Because B[Y’;¢] is contained in U(Z)x [Y;ad(z;41)] and because Y —z ;41 /7 is not
a zero-divisor in this ring, we see that 7Y — z is also not a zero-divisor in B[Y;].
Thus we have proved that

0 — B[Y};¢] Rl BlY;8 5 C -0
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is an exact sequence of right B[Y'; §]-modules. Because C is flat as an JR-module, this
sequence remains exact after applying m-adic completion:

Y —2 —

0— B[Y;0] 5 BlY;6] % C —0

is exact. Finally, the inclusion B[Y; 8] < U[Y; §] extends to an isomorphism m] =
U[Y'; 6] = . Therefore

—

V/(Y = 2;41)V = V/(Y = 2)V = (V/(xY = 2)V)k = Ck = U(Zjs1)x
as right ff; = UEQ\)K = U-modules, as required. O

Proof of Theorem 8.4.8 and Theorem A. — Choose a G-stable affine formal model ¢#
in 0(X) and a G-stable free ¢#-Lie lattice Z in & (X). By replacing £ by 7% if
necessary, we may assume that [Z,Z] C 722, and that Z - # C nc#. Then "% also
satisfies all of these conditions for each n > 0. -

Choose a good chain (N, for Z using Corollary 3.3.7. Letting U, := U(n"Z)k,
Lemma 3.3.4 implies that (X,G) = (ﬁ_mUn xn, G. Now each K-Banach alge-

bra U, is Noetherian by Corollary 4.1.10, so U, Xy, G is also Noetherian, being a
crossed product of U, with the finite group G/N,, by Lemma 2.2.4(b). The image
of U,y1 in U, is dense because it contains the dense image of )(X) in U,, so the
image of Uy, 41 XN, ,, G in U, X, G is also dense because G /N, surjects onto G/Ny,.

It remains to show that U, Xy, G is a flat U,41 X n,,, G-module on both sides.
To this end, consider the commutative diagram

U1 —————Un

Uny1 XNpyy G—— Up ¥y, G.

The top arrow is flat by Theorem 4.1.11, and the rightmost arrow is flat because
U, xn, G is a free U,-module of rank |G : N,| on both sides. Hence the dotted
diagonal arrow is flat, and we conclude using [59, Lemma 2.2] that the bottom arrow
is flat. O

—

4.2. The sheaf % (7)x on X, (Z)

In this subsection we extend the results of [8, §3,4,5] to our setting, where we no
longer assume that & is Noetherian. This requires imposing some mild new hypothe-
ses on the Lie lattice Z.

Definition 4.2.1. — Let X be a K-affinoid variety, and let Z be an (R, ¢#)-Lie algebra
for some affine formal model ¢# in O(X). Let Y be an affinoid subdomain of X and
let o : O(X) — O(Y) be the pullback map on functions.
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(a) We say that the affine formal model 3 in O(Y) is Z-stable if o(cZ) C B and
the action of Z on ¢# lifts to 3.

(b) We say that Y is Z-admissible if it admits an Z-stable affine formal model.

(c) We will denote the full subcategory of X,, consisting of the Z-admissible affinoid
subdomains by X, (7).

(d) We define an Z-admissible covering of an Z-admissible affinoid subdomain of X
to be a finite covering by objects in X, (Z).

Definition 4.2.2. — Suppose that Z is a smooth (R, c#)-Lie algebra for some affine
formal model ¢ in O(X). For any Z-admissible affinoid subdomain Y of X and any
Z-stable affine formal model 3 in O(Y), we define

S(Y) = % D)x(Y) == U(B ez T) ®g K.

It is explained in [8, §3.3] that this does not depend on the choice of the affine formal

model (B, and defines a presheaf % (Z)k on X,,(Z). The proof of [8, Proposition 3.3]
does not require & to be Noetherian.

Theorem 4.2.3. — Let X be a K-affinoid variety, and let Z be a smooth (&, c#)-Lie
algebra for some affine formal model ¢ in O(X). Then every Z-admissible covering

—

of X is % (Z) k-acyclic.

Proof. — This is [8, Theorem 3.5]. The proof of this result does not require (R to be
Noetherian. O

We will next work towards adapting a basic result about flatness from [8], namely
[8, Theorem 4.5] to our non-Noetherian setting. Granted Theorem 4.1.4, the proof of
this generalization of [8, Theorem 4.5] carries over to case where (& is not Noetherian
with minor modifications, but we will repeat it here nevertheless for the benefit of the
reader.

Let A be a K-affinoid algebra and fix f € A. Let ¢/ be an affine formal model
for A, and choose a € N such that #*f € ¢/Z. Define

up =7 —mf and wg:=7wtft — 7 € J(L).
Let X := Sp(A) and let C; = A(t)/u;A(t) be the K-affinoid algebras corresponding
to the Weierstrass and Laurent subdomains
X1 :=X(f) =8Sp(C1) and Xy :=X(1/f)=Sp(Cs)

of X, respectively. Now let Z be an (R, #)-Lie algebra such that Z - f C ¢#. Recall
that by [8, Proposition 4.2], it is possible to lift the action of Z on ¢# to an action of Z
on ¢#Z(t) in two different ways. These are given by R-Lie algebra homomorphisms

01,02 : L — Der g (#(t))
such that o;(z)(a) =z -aforallz € Z, a € ¢# and i = 1,2, and
o1(x)(t)=z-f and oo(z)(t) = —t*(z-f) forall z€Z.
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Now [8, Lemma 2.2] implies that
Zi = H(t) ®a L
becomes an (R, #(t))-Lie algebra with anchor map 1 ® o;.

Lemma 4.2.4. — Let < be an (R, /)-Lie algebra and let f € A be a non-zero element
such that Z - f C ¢#Z. Then the affinoid subdomains X; of X are Z-admissible.

Proof. — Remember that C; = A(t)/u; A(t) by construction, so the image G of (; :=
A(t) JuicA(t) in C; spans C; as a K-vector space. A direct calculation shows that

o1(z)(u1) =0 and o2(x)(uz) = —(z- f)tuy forall zeZ.

It follows that u;cZ(t) is a 0;(Z)-stable ideal of ¢#(t), and therefore (; is an Z-stable
R-subalgebra of C;. On the other hand,  is R-torsionfree and a finitely gener-
ated module over the admissible JR-algebra ¢/ (t). Therefore it is a finitely presented
oA (t)-module by Theorem 4.1.4 applied to the zero ¢#(t)-Lie algebra. Thus (; is itself
an admissible R -algebra and is therefore an Z-stable affine formal model in C;. Hence
X; is Z-admissible as claimed. O

Proposition 4.2.5. — Let Z be a smooth (R, c#)-Lie algebra such that [Z,7] C 7%,
and let f € A be a non-zero element such that Z - f C ¢#. There is a short exact
sequence

—

0—U(@)x == U@)x — % (D)x(Xi) = 0
of right U(Z;) k-modules.

Proof. — Recall from the proof of Lemma 4.2.4 the (R-algebra (; = ¢Z(t) /u;cZ(t) and
its image G in A(t)/u; A(t). Let &;/u;cZ(t) be the kernel of the canonical surjection
A(t) — C;; it follows from Theorem 4.1.4 that it is killed by a power of 7. Then we
have the following commutative diagram of ¢ (t)-modules

| |

0 K/ — G ——0

with exact rows. Here, the first vertical arrow sends 1 to u; € &/, so it is injec-
tive with bounded w-torsion cokernel, and the third vertical arrow is surjective with
bounded 7w-torsion kernel. Tensoring this diagram on the right with the flat ¢/Z-module
U(Z) and appealing to |8, Proposition 2.3| produces a commutative diagram of right
U (Z;)-modules

0 — ) —— At) — C — 0
)

0——U(l) ———U@) — UGogZ) — 0

| |

0——eqU@) ——UZ) —— UG o3Z) — 0
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with exact rows. Again, the first vertical arrow is injective with bounded w-torsion
cokernel, and the third vertical arrow is surjective with bounded m-torsion cokernel.
Now apply the m-adic completion functor to this diagram, and invert mw. Because
UC; ®32) =2 G @5 U(Z) is a flat R-module, the bottom row stays exact after

-

m-adic completion, so we obtain a commutative diagram of U(Z;) x-modules

o — —_

0—— Ul xk ———U@)k — UG ®9 L)k

| 1

0—— i ®n U@) )y —— Uk —— UG 89 2L)x — 0

with exact rows. Since (—), sends morphisms with bounded 7-torsion kernel and
cokernel to isomorphisms, the vertical arrows in this diagram are isomorphisms. This

produces the required short exact sequence in the statement because % (7)k (X;) &

UG ®g L)k by construction. O

We can now extend [8, Theorem 4.5] to the non-Noetherian setting, under mild
new restrictions on Z.

Theorem 4.2.6. — Let X be a K-affinoid variety and let f € O(X) be non-zero. Let
o# be an affine formal model in O(X) and let Z be a smooth (R,#)-Lie algebra
such that [Z,Z] C 77 and Z - f C weA. Let X3 = X(f) and Xy = X(1/f). Then
U (1)K (X;) is a flat left and right % (Z) k (X)-module for i =1 and i = 2.

Proof. — Write U = U/(E) and U := (@ = MK(X). Suppose first that ¢ = 1.
Since U(Z) is generated by ¢# + < as an R-algebra and [f,c# +Z| C Z - f C 7k
we see that [f,U(Z)] C #U(Z) and consequently [f, %] C 7%. We can therefore form
the skew-Tate algebra V := U[Y; 0]k as above, where § : U — U is the restriction

o —

of ad(f) : U — U to V. We can now compute that inside U(Z;)x we have
[t,z] = —[z,t] = —z -t = —01(x)(t) = —z- f = [f,z] and [t,a] =0=]f,q]

for all z € £ and all a € ¢#Z. Hence there is homomorphism of K-Banach algebras

—

V — U(Zy)k which is the identity on U and sends Y € V to ¢ € U@K. Using
the universal property of Z;, we can construct a K-Banach algebra homomorphism

_

U(Z1)xk — V which is the identity on U and sends t to Y. Thus we may identify V'
with U(Z1) i, and

U D) (X1) 2 Ui/t - HUE)k 2 V(Y = )V

—

as U-modules by Proposition 4.2.5. Hence % (Z)k(X1) is a flat U-module on both
sides by Theorem 4.1.8.
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—

Suppose now that ¢ = 2, and let V := U(Z,). Now the element ¢ satisfies
[t,x] = —x -t = —oa(x)(t) = t*(z - f) € 7t?cZ and [t,a] =0

for all z € Z and a € ¢/, because Z - f C we/. So, the hypotheses of Proposition 4.1.7

are satisfied with y := ¢t € U; hence V := Vg = U(Z2)k is a flat U-module on
both sides and there is an A(t)-linear isomorphism M (t) & V ®y M for every finitely
generated U-module M, by Proposition 4.1.7. Because M (t) is always (ft — 1)-tor-
sionfree by [8, Lemma 4.1(a)], it follows that V @y M is ug = n*(ft — 1)-torsionfree.
Hence V/uoV is a flat U-module by [8, Proposition 4.4], and the result follows from
Proposition 4.2.5. O

Because & is no longer assumed to be Noetherian, we have to modify [8, Defini-
tions 4.6 and 4.8] slightly, as follows.

Definition 4.2.7. — Let X be a K-affinoid variety.
(a) Let Y C X be a rational subdomain. If Y = X, we say that it is Z-accessible

in 0 steps. Inductively, if n > 1 then we say that it is Z-accessible in n steps if
there exists a chain Y C Z C X, such that

— Z C X is Z-accessible in (n — 1) steps,

— Y =Z(f) or Z(1/f) for some non-zero f € O(Z),

— there is an Z-stable affine formal model C C ((Z) such that < - f C «C.

(b) A rational subdomain Y C X is said to be Z-accessible if it is Z-accessible in n
steps for some n € N.

(c) An affinoid subdomain Y of X is said to be Z-accessible if it is Z-admissible
and there exists a finite covering Y = (Jj_; X; where each X; is an Z-accessible
rational subdomain of X.

(d) A finite affinoid covering {X;} of X is said to be Z-accessible if each X; is an
Z-accessible affinoid subdomain of X.

Theorem 4.2.8. — Let X be a K-affinoid variety and let ¢Z be an affine formal model
in O(X). Let Z be a smooth (&, ¢#)-Lie algebra such that [Z, 7] C 77 and Z-c# C wc/h.

(a) Let Y C X be an Z-accessible affinoid subdomain.
Then §'(Y) is a flat §'(X)-module on both sides.

(b) Let ¥ = {X4y,...,Xn} be an Z-accessible covering of X.
Then ;2 &(X;) is a faithfully flat §'(X)-module on both sides.

Proof. — This is [8, Theorem 4.9] in the case where (R is Noetherian. The proof of [8,
Proposition 4.6] carries over, using Theorem 4.2.6 instead of [8, Theorem 4.5], to give
part (a) when Y is an Z-accessible rational subdomain. Because the Noetherianity
of R is not used anywhere else in the proof, the result follows. O
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Definition 4.2.9. — A Laurent covering of X is a covering of the form

(XA fam) s € {£1}
where fi,..., f, are elements of O(X).

For example, for any a,b € 0(X), {X(a,b),X(a,1/b),X(1/a,b),X(1/a,1/b)} is a
Laurent covering of X. It follows immediately from the definitions that a Laurent
covering {X(f*,..., f¥") : a; € {£1}} is Z-accessible whenever

L-fienmcA forall i=1,...,n.

Recall from [8, §5.1] the localisation functor Locg from finitely generated

& (X)-modules to presheaves of §-modules on X,.(Z), given by

Locg(M)(Y) =5(Y) é"%() M forall Y € X,.(Z).

Proposition 4.2.10. — Let X be a K-affinoid variety and let ¢/ be an affine formal
model in 0(X). Let Z be a smooth (R,c/#)-Lie algebra such that [Z,7] C 77 and
L - A C weAl. For every finitely generated & (X)-module M, the presheaf Locg (M) is
a sheaf with vanishing higher Cech cohomology.

Proof. — This is [8, Proposition 5.1], whose proof is valid even when & is not Noethe-
rian in view of Theorem 4.2.3 and Theorem 4.2.8. The proof uses the flatness of §'(Y)
as a right &'(X)-module. O

Theorem 4.2.11. — Let X be a K-affinoid variety. Let Z be a smooth (R,c#)-Lie
algebra such that [Z,Z] C 77 and Z - ¢Z C weA for some affine formal model o7
in O(X). Let % be an Z-accessible Laurent covering of X. Then every %/-coherent
sheaf oM of left (respectively, right) §-modules on X,.(Z) is isomorphic to Locg (M)
for some finitely generated left (respectively, right) &'(X)-module M.

Proof. — This is [8, Theorem 5.5| in the case where (R is Noetherian. In the view of
Corollary 4.1.10, Theorem 4.2.3, Theorem 4.2.8 and Proposition 4.2.10, the proof of
[8, Theorem 5.5] carries over with obvious modifications to the general case. O

—

4.3. The sheaf % (2)k xn G on X,,(Z,G)

In this subsection we extend the results of §4.2 to the equivariant setting. Through-
out, we will assume that:

— X is a K-affinoid variety,

— @ is a compact p-adic Lie group acting continuously on X,

— o4 is a G-stable affine formal model in A := 0(X),

— (Z,N) is an ¢#-trivializing pair.

Definition 4.3.1. — (a) Let X,,/G denote the set of G-stable affinoid subdomains Y
of X.
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(b) Let X (Z,G) := X (Z) N (X/G) denote the set of G-stable affinoid subdo-
mains of X which are also Z-admissible.

We refer the reader to Definitions 3.2.13 and 4.2.1 for the meaning of the terms
A-trivializing pair and Z-admissible. We view X,,/G and X, (Z,G) as partially or-
dered sets under reverse inclusion, and consequently as categories whose morphism
sets have at most one member.

Lemma 4.3.2. — X,,/G is stable under finite intersections.

Proof. — Given U,V € X, /G, let ¢# and ¢#' be G-stable affine formal models
in O(U) and O(V), respectively. Because X is affinoid, it is separated. Thus it follows
from [12, Definition 9.6.1/1] that U NV is again an affinoid subdomain of X, and
that the natural map O(U)@x0(V) — O(U N V) is surjective.

Now U NV is clearly G-stable; let C be the complete R-subalgebra of O(U N'V)
generated by the images of o7 and ¢’ in O(UNV). Then C is a G-stable affine formal
model in O(U N'V), because (U)@xO(V) — O(U N'V) is surjective. O

Corollary 4.3.3. — X,,(Z,G) is also stable under finite intersections.
Proof. — This follows from [8, Lemma 3.2] and Lemma 4.3.2. O

It follows that X, /G forms a G-topology on X in the sense of [12, Defini-
tion 9.1.1/1] if we declare X, /G-admissible coverings to be finite coverings by
objects in X,,/G.

Remark 4.3.4. — In what follows, we will define several other similar-looking collec-
tions € of subsets of X that will turn out to be stable under finite intersections. In
every such case, we will regard ¢ as a G-topology on X by declaring that an admissi-
ble covering of an object Y € % is a finite set-theoretic covering of Y by other objects
in €.

For example, X,,(Z,G) is a G-topology on X by Corollary 4.3.3.

Lemma 4.35. — If Y € X,(Z,G), then every Z-stable affine formal model B
in O(Y) is contained in an affine formal model 8 which is both Z-stable and
G-stable.

Proof. — We saw in the proof of Lemma 3.2.4 that the G-orbit of .3 is finite,
B, .., Bn say. Now B :=B1-Ba---- By, is both Z-stable and G-stable. O

Proposition 4.3.6. — Let Y € X,,(Z,G) and let (B be a G-stable and Z-stable affine
formal model in O(Y). Then
(a) 7' = B®g L is a G-stable J3-Lie lattice in & (Y), and

SOCIETE MATHEMATIQUE DE FRANCE 2021



76 CHAPTER 4. LEVELWISE LOCALISATION

Proof. — (a) It follows from [8, Lemma 2.2| that 7’ is a J3-Lie lattice in &/ (Y). Now,
G acts diagonally on O(Y) ®¢x) & (X) and the natural isomorphism O(Y) ®px)
I (X) = T (Y) is G-equivariant. It follows that ' = B ®g Z is G-stable.

(b) Let px : G — Autg O(X) and py : G — Autx O(Y) be the continuous G-ac-
tions on O(X) and O(Y), respectively; then the restriction map OX ) — O0(Y) is
G-equivariant by Remark 2.3.3(b). Let g € Gy, so that px(g) € Cpe(c#) and u :=
log px(g) € p°Z by Definition 3.2.11.

Now v :=1Qu € p’B Ry L = pZ is a K-linear derivation of O(Y), so exp(v) is
a K-linear automorphism of O(Y). Since the restriction map ¢ : O(X) — O(Y) is
continuous and since v"(p(a)) = p(u"(a)) for all a € O(X) and n > 0, we see that

oo

xp0)(e(0) = 32 1" @) = 3 plu (@) = plexp()@) = px(5)@)
n=0 n=0

for all a € O(X). Therefore, the following diagram is commutative:

oY)
exy %(g)
pv(9)
O(Y) % 0(X).

Because Y is an affinoid subdomain of X, its universal property [12 §7.2. 2] im-
plies that py(g) = exp(v). Since v(B) C p%% it follows that py(g) € (pe(B) and
that log py (g9) = v € p?’. Hence g € Gy as required. O

Corollary 4.3.7. — Let Y € X, (Z,G), let B be a G-stable and Z-stable affine formal
model in O(Y) and let ' := B®g L. Then (Z/, N) is a oB-trivializing pair, and there
is a commutative diagram of K-algebras

(4.1) DX) % G DY) % G

J l

U@ 3" ¢ ———— U@)wc 3™ G,

Proof. — Apply Proposition 4.3.6 together with Proposition 3.2.15. O

We will assume until the end of § 4.3 that T is smooth.
Note that this hypothesis implies that our affinoid variety X is also smooth.

Definition 4.3.8. — For any Y € X, (Z,G) and any Z-stable and G-stable affine
formal model .3 on O(Y), we define

—

(% (L) xx G)(Y) = U(B Bz L)k %n G-

Proposition 4.3.9. — m k Xy G is a presheaf on X, (Z, G).
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Proof. — We first check that (52//(55;( xn G)(Y) does not depend on the choice of 3.
So, let B’ be another Z-stable and G-stable affine formal model in 0(Y), and suppose
first that /3’ contains (8. Then 3’ ® 4 Z is a G-stable 3'-Lie lattice in & (Y) and
Gas a7 S Gas 42 by Proposition 4.3.6 applied to Y in place of X and A’ in place
of (B. Hence (B’ ®5 Z, N) is a J3'-trivializing pair, and Proposition 3.2.15 induces a
K-algebra homomorphism

0:UBogL)k xn G — UB 03%)k iy G.

Because Z is smooth, the map U (p%)/éo;%) K — U(ﬂﬁ@%) K is an isomorphism by
[8, Proposition 3.3(b)], and it follows from Lemma 2.2.4(b) that 6 is an isomorphism.
In general, B C BB D JB are all Z-stable and G-stable, so we get isomorphisms

UB g L)x #x G 2 UB-B 030k xn G = UBOzZ)x i G

as required. Suppose now that Z,Y € X, (Z,G) with Z C Y. Choose an Z-stable
and G-stable affine formal model 3 in 0(Y), and an Z-stable and G-stable affine
formal model €' in O(Z). Let C be the product of ' with the image of 3 in ((Z);
then C is again an Z-stable and G-stable affine formal model in (Z). In this way we
obtain G-equivariant SR-algebra homomorphisms ¢# — 3 — C which produce the
restriction maps O(X) — O(Y) — O(Z) after applying — ® ¢ K. Corollary 4.3.7 now
produces the restriction map

uY (U@ 2y G)Y) = (Z D)k xn G)(Z)

as the bottom arrow in the commutative diagram (4.1).
Finally, suppose that T C Z C Y are three objects of X,(Z,G). It follows from
Corollary 4.3.7 that pﬂ% o ,u‘z{ agrees with ,u% on the dense image of A(Y) x G

in (MK xn G)(Y), so the two maps are equal. Thus % (Z)x xn G is a presheaf
on X, (Z,@3). O

—

Recall the presheaf % (Z)x on the Z-admissible G-topology X,,(Z) from Defini-
tion 4.2.2.

Notation 4.3.10. — We define the following presheaves of rings on X,,(Z, G):

—

Q:= MK NG and T = OZ/(%)MXM%,G)'

Proposition 4.3.11. — There is an isomorphism

T @) QX) — @
of presheaves of (.7,Q(X))-bimodules on X,,(Z, G).

Proof. — By construction, there is a morphism F' : .7 — ) of presheaves of K-al-
gebras on X, (Z,G). Let X’ € X,,(Z,G) and abbreviate T := 7 (X), T' := 7 (X'),
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Q:=0X) and Q' :=Q(X’),sothat Q =T xy G and @Q =T xy G. Thereis a
commutative diagram of K-algebras

where f:= F(X),f :=F(X')and A : T — T" and p : Q@ — Q' are restriction maps
in the presheaves .7 and (), respectively. The commutativity of this square induces a
well-defined map of (T, Q)-bimodules

aX)=f@rpu: T orQ— Q'
Define v: G — Q* and 7' : G — Q'™ by equation (2.3) in §2.2. Then
u(v(g)) =+'(g) forall geG.

It now follows from Lemma 2.2.4(b) that «(X’) carries a left T’-module basis for
T' ®1 Q to a left T'-module basis for @’, and is therefore a bijection. It is straight-
forward to check that «(X’) is functorial in X’ € X,,(Z, G). O

Corollary 4.3.12. — () is a sheaf on X,,(Z, G) with vanishing higher Cech cohomology.

Proof. — By Proposition 4.3.11 and Lemma 2.2.4(b), ¢) is isomorphic to a free
sheaf of left 7-modules of rank |G : N|. Because X,,(Z,G) is a coarser G-topology
than X, (), we may apply Theorem 4.2.3. O

Recall Z-accessible affinoid subdomains of X from Definition 4.2.7.

Definition 4.3.13. — X,.(Z,G) denotes the set of G-stable Z-accessible affinoid sub-
domains of X.

With our standing convention on G-topologies explained in Remark 4.3.4, [8,
Lemma 4.8(a)] and Lemma 4.3.2 imply that X,.(Z,G) is a G-topology on X.

Theorem 4.3.14. — Assume that [Z,7] C 77 and Z-c# C wc#, and let Y be a member
of Xoc(Z,G).
(a) Q(Y) is a flat right Q(X)-module.
(b) If {Y1,...,Y,,} is an X,c(Z, G)-covering of Y, then ;" O(Y;) is a faithfully
flat right Q(Y)-module.

Proof. — It follows from Proposition 4.3.11 that there is an isomorphism of left
J(Y)-modules Q(Y) ®@gxy M = T (Y) @ 7x) M for every left {(X)-module M.
But 7 (Y) is a flat right & (X)-module, and @;~; 7 (Y;) is a faithfully flat right
7 (Y)-module by Theorem 4.2.8. O
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Because () is a sheaf of rings on the G-topology Xa..(Z,G), we can make the fol-
lowing

Definition 4.3.15. — The localisation functor Locy from finitely generated Q(X)-mod-
ules to presheaves of Q-modules on X,.(Z,G) is given by

Locg(M)(Y) = Q(Y) Q® M forall Y € X,.(Z,Q).
(X)
The functor Loc # from finitely generated .7 (X)-modules to presheaves of .7-modules
on X,.(Z,G) is defined in a similar manner.

Lemma 4.3.16. — Let Y € X,..(Z,G), choose a G-stable and Z-stable affine formal
model 3 in O(Y), and let 7' := B Qg L.
(a) Xoe(Z,G) N Yy =Ya(T,G).

(b) The restriction of ¢ to X,.(Z,G) N Y, is isomorphic to % (Z')x xn G.

Proof. — (a) This is a straightforward (but long) exercise relying ultimately on some
properties of Z-accessible rational subdomains given in [8, Proposition 4.7].
(b) This follows from [8, Lemma 4.6] together with Proposition 3.2.15. O

Thus Y..(Z/, G) in fact does not depend on the choice of 3. Following [12, §9.4.3]
and [8, Definition 5.2], we make the following

Definition 4.3.17. — Let % be an X,.(Z, G)-covering of X. We say that a ¢-module
oM is U-coherent if for each Y € U, writing Y := Xac(Z, G) N Y, there is a finitely
generated ¢)(Y)-module M, and a Q|(z/ -linear isomorphism

Locg| (M) =, M),

%4-coherent 7 -modules on X,.(Z, G) are defined in a similar way.

Lemma 4.3.18. — Let M be a finitely generated ¢)(X)-module, and let L denote its re-
striction to .7 (X). Then Locy(M) is isomorphic to Locs (L) as a presheaf of .7-mod-
ules.

Proof. — Since Q(X) is a finitely generated .7 (X)-module by construction, it fol-
lows that M is also finitely generated as an 7 (X)-module. By Proposition 4.3.11,

o

there is an isomorphism .7 ® 7 x) Q(X) — @ of presheaves of (.7, (X))-bimodules
on X,.(Z,G). Applying the functor — ®gx) M yields an isomorphism

(7 ®7x) QX)) ®gx) M — Q @gx) M
of presheaves of .7-modules. Contracting the tensor product on the left hand side

gives the required .7-linear isomorphism Loc (L) =, Locy(M). O

Corollary 4.3.19. — Suppose that [Z,Z] C 7% and Z - # C wc/. Then the augmented
Cech complex C*"8(U,Locg(M)) is exact for every X,.(Z, G)-covering % and every
finitely generated ¢)(X)-module M.
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Proof. — The G-topology X,.(Z,G) is weaker than X,.(Z), so C*"8(%, Locs(N)) is
exact by Proposition 4.2.10. Now apply Lemma 4.3.18. U

o —

Recall that & denotes the restriction of the sheaf % (Z)k to X,c(Z). Note that in
this notation we have

y:&x

Proposition 4.3.20. — Let U be an X,.(Z, G)-covering of X, and let ¢/ be a 9U-co-
herent ¢-module on X,.(Z,G). Then there is a U-coherent §-module ¢/ on X,.(Z)
and a Z-linear isomorphism

ac(Z,3)"

ij|x — M.
Proof. — Let U ={Y1,...,Y,}, fix1 <4,j <nand write Y;; :=Y;NY;. We have
G-topologies U := Y, N Xuc(Z) and Y;j := Yij. N Xac(Z) and sheaves &; := & %
and &;; = & |% on them. Since oM is 9-coherent, oM (Y;) is a finitely generated
Q(Y;)-module, and hence also a finitely generated §'(Y;)-module. So we can define

o/Vi := Locg, (M(Y3)),
a coherent sheaf of §;-modules on ;. For every V € ¥;;, the map

SV)x M) — V) & HMYy)

(a,m) — a®m

ac(Z,G)

ij

is &' (Y;)-balanced and therefore descends to a well-defined ¢y (V)-linear map
(V) S(V) ® MY:)—S(V) @ MYy)
S(Y3) S(Yij)

J

Thus we obtain a morphism of presheaves of &;;-modules on ;;
¢;' 10 ® M(Y;) — oi; ® W(Yi]‘)~
S(Yq) S(Yij)

Since oM is U-coherent, we see that actually 1/);- is an isomorphism. In this way, we
obtain J;;-linear isomorphisms

$ij = (WD) T ol s My, — Ny,
and we omit the verification of the fact that these satisfy the cocycle condition
(¢jk)|yijk ° (¢ij)|%k = (¢ik)|yijk

where, of course, ¥;jr = (YiNY;NY})yNXac(Z). Therefore by [68, Lemma 7.25.4], the
sheaves o/V; glue together to give a sheaf o/} on X,.(7). Examining the construction,
we see that ¢/ is given by the formula

(4.2)

N (W) = ker (@ SWNY) & MY~ Pswny;) ® Jy;(Yij))

i=1 i<j §(¥is)
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for any W € X,.(Z). Using this description, it is straightforward to see that ¢/ is in
fact a sheaf of &-modules. It also comes together with a canonical &;-linear isomor-
phism
bi 2 NN los — M

which is given on local sections by projection onto the ith component.

Let %/G =Y N Xy/G, let T := Sy, /a, and let w; == ¢y, /- Since M is a
Q/-coherent .7 -module, we also have the canonical .7;-linear isomorphism

ci i My ja — My, o

Let W € ¥%,; N X,,/G and take an element

§=(sr®@my)i_; €N(W)C @C’S»(WQYT) CS’(% )W(Yr)~

r=1
Unraveling the notation, we see that for all ¢ and £ € /(W) we have
(ciow;) (&) =si- miw -

The expression for ¢/(W) given by formula (4.2) now implies that
(e owi),, = (cjowj)ly,
for any 4, j. Thus, these local Z;-linear isomorphisms
Ciow; JV|%_/G - W@/G
glue to give the required .7-linear isomorphism ¢/ Ix €.0) =, M. O

Theorem 4.3.21. — Suppose that [Z,7] C 77 and £ - A C weA. Let U be an
Xac(Z, G)-covering which admits an Z-accessible Laurent refinement, and let o be
a %U-coherent sheaf of Q-modules on X,c(Z,G). Then M (X) is a finitely generated
Q(X)-module and the canonical {-linear map Locg(cM(X)) — M is an isomor-
phism.

Proof. — By Proposition 4.3.20, we can find a 9/-coherent §-module oV on X,.(7)

2.6) =, oM. Let %) be an Z-accessible Laurent

refinement of /. Then ¢/ is also a U-coherent &-module, so oV (X) is finitely gener-
ated as an & (X)-module by Theorem 4.2.11. Since o/(X) is isomorphic to o#(X) as
a 7 (X)-module via p(X), we see that the .7 (X)-module o#(X) is finitely generated.
Therefore the Q(X)-module ¢#(X) is also finitely generated.

Finally, the diagram of sheaves of .7-modules on X,.(Z,G)

Locg(M(X))

|

Loc (N (X)) —————— |y

and a 7 -linear isomorphism ¢ : o/ Ix (

—— M,

%

ac(Z,G)

|7
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is commutative, the left vertical arrow is an isomorphism by Lemma 4.3.18 and the
bottom horizontal arrow is an isomorphism because the canonical map

Locg (N (X)) — N

is an isomorphism by Theorem 4.2.11. So the canonical map Locg(c#(X)) — oM is
also an isomorphism. O

4.4. Theorems of Tate and Kiehl in the equivariant setting
In this subsection, we give proofs of Theorem 3.5.11 and Theorem 3.7.1, and com-

plete the proof of Theorem 3.6.11.

Lemma 4.4.1. — Suppose that X is affinoid and that Z is a smooth ¢#-Lie lattice
in & (X) for some affine formal model ¢# in O(X). Let %/ be a finite affinoid covering
of X. Then there is a compact open subgroup H of G which stabilizes ¢, Z and each
member of U.

Proof. — This follows from Lemma 3.2.4, Lemma 3.2.8 and Proposition 3.1.10. [

—_

We now relate ¢)(—,G) and P4 (M) with the sheaves appearing in §4.3.

Proposition 4.4.2. — Suppose (X, G) is small. Choose a G-stable affine formal model
o/ in O(X) and a G-stable smooth ¢/Z-Lie lattice Z in & (X). Let (NN, be a good chain
for for Z, and let

—

On =% (m"L)k xN, G foreach n >0,
viewed as a sheaf of K-Banach algebras on X, (Z,G).
(a) There is an isomorphism of presheaves on X,,(Z, G)

060(_7 G)|Xw(Z,G) = (h_an

—_

(b) Let M be a coadmissible /)(X, G)-module, and define
My := Locg, (Qn(X) D5x.0) M) foreach n >0.
Then there is an isomorphism of presheaves on X,.(Z, G)

M(-,G) > lim M.

IX..(2,6)

Proof. — (a) This follows from Lemma 3.3.4.
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(b) Let M, :=Q,(X M and let U € X,.(Z,G). Then

®dx,6)
MU,G) = DU,G) ® M
DX,G)
= lm &(U)_® M
DX,G)

— ) 055 (
i M,

functorially in U € X,.(Z,G), and the result follows. O

Proof of Theorem 8.5.11. — Using Lemma 3.4.7, choose a U-small subgroup J of G.
Proposition 3.5.9 gives us an isomorphism

Px (M Ncc/}@(UJ)( U,J)@AJM)

of presheaves on U,,. By replacing G by J and M by c?/\)(U, J)@AJM, we can therefore
assume that (X, G) is small and A = C?/\)(X, G). Let M = PZ(M); it will suffice to
show that for any finite admissible covering %/ of X by affinoid subdomains, the
natural map M —s H°(%, M) is an isomorphism.

Choose a G-stable affine formal model ¢ in 0(X) and a G-stable free ¢#-Lie lattice
Z in & (X). By Lemma 4.4.1 and Lemma 3.5.10, we may assume that ¢, Z and each
member of %/ are all G-stable. By Corollary 3.5.6, it will therefore be enough to show
that the augmented Cech complex C, g (U, M(—,G)) is exact. by replacing Z by 7Z
if necessary, we may ensure that [Z,Z] C 72 and Z - A C 7. By the proof of [8,
Proposition 7.6], we may further replace Z by a sufficiently large m-power multiple
and thereby ensure that every member of 9/ is an Z-accessible affinoid subdomain
of X. Thus, without loss of generality, % is an X,.(Z, G)-covering. With the notation
from Proposition 4.4.2, we have isomorphisms

DOy g =m0 and M(—G = Jim M.

Nx.oz,0)

The augmented Cech complex Cong(U,eM,) is exact by Corollary 4.3.19. By [66,
Theorem BJ, lim WM, (X) = 0 and lim @M, (U) = 0 for each j > 0 and each U €

9. Consider the exact complex of towers of ()-modules Cg,, (%, (¢M,)). An induction
starting with the left-most term shows that <h_m () is zero on the kernel of every

differential in this complex, for all j > 0. Therefore lim Cong(U,M,) is exact. But
(U, M(-,G)). O

Proof of Theorem 3.7.1. — Choose an H-stable free ¢#-Lie lattice Z in & (X) for
some H-stable affine formal model ¢# in O(X). By rescaling £, we may assume

this complex is isomorphic to Cy,,
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that U is Z-accessible, that [Z,Z] C 77 and Z - ¢ C 7Z. Choose some good chain
(N, for Z, and recall the sheaf ¢),, := % (m"Z)k xn, H on X,(7"Z, H) from Proposi-
tion 4.4.2. By Lemma 3.3.4 there are compatible isomorphisms )(X, H) = (h_m Qn(X)

and ;@(U, H) = (h_an(U) , which give presentations of ;‘Z)(X,H) and @(U,H) as

Fréchet-Stein algebras. Now ¢),,(U) is a flat right ¢),(X)-module for each n > 0 by
Theorem 4.3.14(a), and @,,(X) is a flat right (X, H)-module by Theorem 3.4.8 and
[66, Remark 3.2], so ©),(U) is a flat right (X, H)-module for all n > 0. Hence

—

J(U, H) is a right c-flat (X, H)-module by [8, Proposition 7.5(b)]. O

We now work towards completing the proof of Theorem 3.6.11. We will establish
the following result, which can be viewed as being an extension of Kiehl’s Theorem

for coadmissible )-modules, [8, Theorem 8.4], to the equivariant case.

Theorem 4.4.3. — Suppose that (X, G) is small, and let o/ be a coadmissible G-equiv-

—

ariant /)-module on X. Then ¢}(X) is a coadmissible /)(X, G)-module, and there is
an isomorphism

Loc? ™9 (M(X)) =5 oM
of G-equivariant locally Fréchet &)-modules.

The proof will require some preparation, and we begin with some topological pre-
liminaries.

Lemma 4.4.4. — Let Ay be a dense K-subalgebra of a Fréchet-Stein algebra A. Let
M be a K-Fréchet space equipped with the structure of an Ap-module, and sup-
pose that 1 : N — M is a continuous Ag-linear isomorphism for some coadmissible
A-module N. Then

(a) there is a coadmissible A-module structure on M with respect to which % is
A-linear,

(b) the canonical topology on M induced by its structure as a coadmissible A-mod-
ule coincides with its given Fréchet topology,

(¢) the A-module structure on M is unique: it does not depend on .
Proof. — (a) Since % is a bijection, we can transport the A-module structure on N
to M via 1: that is, we define
aem:=vy(ay~(m)) forall ac A and m e M.

Then v is an A-linear bijection by construction, and hence M becomes a coadmissible
A-module.

(b) Since v is continuous by assumption, its inverse is also continuous by the
Open Mapping Theorem [61, Proposition 8.6]. Thus the given Fréchet topology on M
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coincides with the canonical topology on M induced by its structure as a coadmissible
A-module.

(c¢) Suppose w : L — M is another continuous Ap-linear isomorphism for some
coadmissible A-module L. Then w™! : M — L is continuous by the Open Mapping
Theorem, and hence w™' o1 : N — L is a continuous Ag-linear bijection between two
coadmissible A-modules. Since A is dense in A, w04 is also A-linear and it follows
that the two A-module structures on M transported from N and L respectively,
coincide:

Playp™H(m)) =w (W Py (m)) =w (aw YW~ (m))) = w(a w™(m))
foralla € A and m € M. O
Proposition 4.4.5. — Suppose that (X, G) is small. Let H be an open subgroup of G,

let M € %(X, )
of H-equivariant locally Fréchet )-modules on X.

and suppose that « : Locg(x’H)(M) =, oM is an isomorphism

—_

(a) For every U € X, there is a unique coadmissible &)(U, Hys)-module structure
on oM (U) such that

(i) vY(g) - m = g?(m) for all g € Hy and m € M(U),

(ii) the topology on ¢#(U) induced by this coadmissible )(U, Hys)-module
structure coincides with the given K-Fréchet topology on ¥ (U),

—

(iii) the L(U, Hy)-action on cM(U) extends the given )(U)-action on H(U).
(b) These @(U, Hy)-module structures on ¢#(U) do not depend on «.

(c) There is an isomorphism of H-equivariant locally Fréchet )-modules on X

6 : Locg ™™ (M(X)) = o,
whose restriction to X,, is given by

o) (s Bm) = 5 (m],)
for any U € X, s € @(U,HU) and m € M(X).

Proof. — (a) Suppose first that U = X and write o/ := LOCQ(X’H)(M). Lety : M —
M(X) be the composite of the canonical map M — N(X) and a(X) : HNX) —
M (X); it is a continuous isomorphism by Theorem 3.5.11 and the definition of the
topology on ¢/¥(X). Now I'(X, —) is a functor from H-equivariant )-modules on X
to )(X) x H-modules by Proposition 2.3.5, so the continuous map a(X) : N (X) —
M(X) is (X) x H-linear. Hence ¢ : M — oM(X) is also ¢)(X) x H-linear. Since
J(X) x H is dense in @(X7 H) by construction, we may apply Lemma 4.4.4 to ¢ :
M — M(X) to deduce that the )(X) x H-action on ¢#(X) extends to an action
of C@(X, H) which satisfies all the required properties.
The general case follows from this special case in view of (3.10).
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(b) This follows from Lemma 4.4.4(c).

(c) By part (a), we know that o#(X) is a coadmissible @(X, H)-module, and the
map ¢ : M — M(X) given by ¢(m) = a(X)(1 ®m) is a @(X,H)—linear isomor-
phism. Write 2 := @fg X-H) and consider the diagram

P(M)
P(M(X)) ; My s

where 0(U)(s@m) = s - (m|U) for U € X, s € @(U,HU) and m € M(U). We

identify J2(M)(U) with g/j(U, Hy) ® M for each U € X,, and compute
D(X,H)

—

(60 PW)(U)sBm) = 6(U)(s B (m)) =s-alX)(L
— 5-a(U)LEm) = a(U)(s- (1

= a(U)(s ® m).

—

We have used that a(U) is @(U, Hy)-linear, and also that o is a morphism of sheaves
on X,, in this calculation. Since (2(1)) and « are morphisms of sheaves on X,, and
since a(U) is an isomorphism, it follows that 6 is also a morphism of sheaves on X,,
and that the triangle above is commutative. Since % is an isomorphism, it follows
that 6 is also an isomorphism. By applying [8, Theorem 9.1|, we see that 6 extends

to the required isomorphism 6 : Locg(x’H)(oﬂ/l(X)) =, oM of sheaves on X, which
is H-equivariant, ¢/)-linear and continuous because 2(1) and ol both have these
properties. h O

Until the end of the proof of Corollary 4.4.16 below, we will assume the following
Hypothesis 4.4.6. — X is an affinoid variety,

— G is compact,

— oA is a G-stable affine formal model in 0(X),

— ¢ is a G-stable free ¢#-Lie lattice in & (X).

— [Z,7) C 77 and T - A C weH,

— U is a finite X,¢(Z)-covering of X,

— 9/ admits an Z-accessible Laurent refinement,

— H is an open normal subgroup of G which stabilizes every member of %,
— oM is a U-coadmissible H-equivariant &)-module on X.

Choose a good chain (N, in H for Z using Lemma 3.3.6.

Notation 4.4.7. — Let n > 0 and Y be an intersection of members of %/.
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(a) X = Xae(m"Z, H), a G-topology on X,

(b) U, :=Yae(n"Z, H) = ¥ N Y, a G-topology on Y.

(c) O := %(/WTE)K xn, H, a sheaf of K-Banach algebras on &y,
(d) Qoo := @(—, H), a sheaf of Fréchet-Stein algebras on X,,/H.

We refer the reader to Corollary 4.3.12 and Theorems 3.4.8/3.5.11 for assertions
(c) and (d) above. Recall that the G-topologies ¢Xj, become finer as n increases:

HoCH Cdp C---Cyp C--- CXy/H,

and that by Proposition 4.4.2(a) there is an isomorphism of sheaves on Xp
Qoolty — 1m Q.-

Since oM is U-coadmissible, it follows from Proposition 3.5.2(b) and Proposition 4.4.5
that oMy, /g is naturally a Qv z-module, for each Y € .

Lemma 4.4.8. — There is a unique structure of a {..-module on cﬂ/l|x /8 which

extends the .|y, /g-module structure on JZ|Y /a for each Y € .

Proof. — It follows from Proposition 4.4.5(b) that the action maps
ay iQoo|Yw/H X W|Yw/H — oﬂ/éyw/H for 'Y €U,

agree on overlaps: (ay)|YmY, = (ayx)|YmY, for all Y, Y’ € U. Since Quo|y,,/u and
QM'Y JH are sheaves and since each ay is a sheaf morphism, it follows that they

patch together uniquely to a sheaf morphism a : Qo XW|X a7 JVI|X e It is now
straightforward to verify that a defines the structure of a Q,-module on M Ix e O

Lemma 4.4.9. — Let n > 0 and let Y € .
(a) There is a presheaf 2, on &, of @,-modules given by

PoulZ)=Qn(Z) ® M(Z) forall Ze .

Qoo (Z)

(b) The canonical map Locy, (¢Pn(Y)) — ¢Pny, is an isomorphism.
(c) The restriction of 2, to U, is a sheal.
Proof. — (a) Note that ¢M(Z) is a Qoo(Z)-module for each Z € X;, C X,,/H by

Lemma 4.4.8, so the formula defining #,(Z) makes sense. Because @, Qooh% and
QJM| o, Bre all well-defined functors on &X,, the functoriality of tensor product ensures

that 2, is a presheaf.
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(b) Because o is U-coadmissible and Y € %/, we have at our disposal the isomor-

phism Oy : Locc?((Y’H) (M(Y)) = (JVZ|Y from Proposition 4.4.5(c). Let Z € ¥, and
consider the following diagram:

(7]
0(2) @ PulY) Pu(2)
H
0@ 3, (0.0 8, onv) 0.@ 8, H2)
EJ 2T1®6y(2)
W@ &, MY =———0() & (Q”(Z)Qﬁwejl{m) '

If b € Q,(Y) and m € M(Y), we have (b®m)|z = b|,,®m)|,, by definition. It follows

that the diagram commutes and hence the top horizontal arrow is an isomorphism.
(c) Since M(Y) is a coadmissible o, (Y)-module by Proposition 4.4.5(a), 2, (Y) is

a finitely generated ¢),(Y)-module. Now apply Corollary 4.3.19. O

Definition 4.4.10. — M, is the sheafification of the presheaf 2, on J,.

Corollary 4.4.11. — Let n > 0.
(a) oM, is a U-coherent ¢),-module on &X,.
(b) M, (X) is a finitely generated ¢, (X)-module.
(c) The canonical §,-linear morphism
on : Locy, (Mn(X)) — M,
is an isomorphism.
Proof. — Part (a) follows immediately from Lemma 4.4.9, and parts (b), (c) follow

from part (a) and Theorem 4.3.21, because we have assumed that %/ admits an Z-ac-
cessible Laurent refinement. 0

Lemma 4.4.12. — For each n > 0 there is a Qn—linear isomorphism

7o : Locg, (Qn(X) ®q, ., (x) Ma+1(X)) — Locg, (Ma(X)).

Proof. — For every Z € i, by the definition of 2, (Z) there is a canonical functorial
isomorphism

On(Z) 0.2 Pri1(Z) — Po(Z).

If Z happens to be contained in Y for some Y € %, then Lemma 4.4.9(c) induces a
functorial isomorphism

n(2) 0.2 Mn11(Z) — Mn(Z)
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which does not depend on the choice of Y and appears in the bottom row of the
following diagram:

Tn(Z)

Qn(z) ® (Qn (X) Qn+(?(x) G]Mn—t-l (X)>

n(X)

@) & ()

IR

Qn(Z) an?(z) (Qn+1(Z) an?(x) %+1(X)) ~ | o, (2)
1®0n+1(Z)J(
n(Z Z 7).
0(2) © Hn(2) - Pa(2)

All solid arrows in this diagram are isomorphisms, so we obtain the isomorphism
Gl2) B \ &0 g, By Hor &2 %

as the top dotted arrow in the diagram. This morphism is functorial in Z. Now
both @ (X) ®g,., Mnt1(X) and M, (X) are finitely generated ¢),(X)-modules by
Corollary 4.4.11(b) and % is an ¢Xj,-covering, so by Corollary 4.3.19 these 7,(Z)’s
patch together to give the required ¢),-linear isomorphism 7,,. O

Corollary 4.4.13. — The Q. (X)-module My, := (h_m%(X) is coadmissible.

Proof. — By Lemma 4.4.12, the maps 7,(X) induce @, (X)-linear isomorphisms

o

Qn(X) @0, +1(X) Mn11(X) — My (X) for each n > 0.
Therefore My is a coadmissible lim On(X) = Qoo (X)-module, by Proposition 4.4.2(a).
O

If Y € % then oM(Y) is a coadmissible @ (Y)-module by Proposition 4.4.5(a).
Hence the canonical map

HM(Y) — m Q.(Y) ® oH(Y)

&
Qoo (Y)
is an isomorphism, and we will identify M(Y) with (h_m (YY) ® M(Y).

Q

Lemma 4.4.14. — For each Y € U, there is a ) (X)-linear map

such that vy (m) =vy/(m) for all m € My, and all Y’ € %U.

|YﬂY’ |YﬁY’
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Proof. — Let m = (my,), € My where m,, € oM, (X), and define vy by
e (1) 1= (7))o
This is Qo (X)-linear because the restriction maps in oM, are ), (X)-linear. Now

VY(m)|YmY',n = (m"|Y)|YmY' = Mnlyny’ = (m”|Y')|YmY' = VY/(m)|YﬁY’,n
for all n > 0. Hence Ily(m)|YmYl = vy (m)|YnY, for all m € M. O
Proposition 4.4.15. — There is an isomorphism

LOCQ(X’H) (Ms) =, M

of H-equivariant locally Fréchet )-modules on X.

Proof. — Because LOCC)?(X’H)(MOO) and oM are sheaves, by [8, Theorem 9.1] it is
sufficient to construct an isomorphism of H-equivariant )-modules on X,,

o PR (Moo) = oM
Let Y € 9. Using Lemma 4.4.14, define

gy DY, H) ® My — M(Y)
DX,H)

by setting gy (s®@m) = s - vy (m). This is a @(Y, H)-linear map. The diagram

(YY) ® My chd M(Y)

im Qn(Y) ® Mu(X) im Q. (Y) ® M(Y)

IR

On(X) Qoo (Y)
Jim. ffn(Y)JE
lim oM, (Y) lim 2, (Y)
— = —

is commutative by construction. The bottom left vertical arrow is an isomorphism
by Corollary 4.4.11(c), and the bottom horizontal arrow is an isomorphism by
Lemma 4.4.9(b). Hence gy is an isomorphism. Now consider the following diagram:

P (Moo, o P My
MJ/ QTHY
PLYI( DY, H) B M) PLEM (M(Y)),
D(X,H) PL (gy)
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where the left vertical arrow is the isomorphism given by Proposition 3.5.9, and the
right vertical arrow fy is the isomorphism given by Proposition 4.4.5(c). The bottom
arrow is an isomorphism by Proposition 3.6.6, and thus we obtain the H-equivariant
D-linear isomorphism

DX, H o~
ay : P (M), =M,

which makes the diagram commute.

Recall from Proposition 4.4.5(a) that for any Z € Y,,, c#(Z) is naturally a coad-
missible /)(Z, Hz)-module. Using Corollary 3.5.6 to identify c‘/%ia(x’H)(Moo)(Z) with
A(Z,Hz) ® Mo, it is straightforward to verify that

c@(X’HZ)
ay(Z): D(Z,Hz)  ® M — M(Z)
D(X,Hz)

is given by
ay (Z)(s@m) = s - (Vy(m)|z) forall se€ @(Z,Hz) and m € M.
Using Lemma 4.4.14, we see that the local isomorphisms oy satisfy

(ay) = (aY’)|YmY' forany Y,Y' € U.

|Y|’1Y’

Since W|x is a sheaf by assumption and since CG/))?(X’H) (M) is a sheaf on X,, by
Theorem 3.5.11, the ay’s patch together to give the required isomorphism a. O

Corollary 4.4.16. — Suppose that (X, G, %, Z,U, H,cM) satisfies Hypothesis 4.4.6.
Then there is a coadmissible )(X, H)-module M, and an isomorphism

Locf/)g(x’H)(M) =M
of H-equivariant locally Fréchet )-modules on X.

—_

Proof. — M is a coadmissible Qoo (X) = (X, H)-module by Corollary 4.4.13. Now
apply Proposition 4.4.15. O

Proof of Theorem 4.4.8. — Let 9 be an admissible affinoid covering of X and let
M be a U-coadmissible G-equivariant )-module on X. By [12, Lemma 8.2.2/2],
9/ has a rational refinement. Using Lemma 3.6.9, we may replace %/ by this re-
finement and thereby assume that %/ is itself a rational covering of X. Using [12,
Lemma 8.2.2/3], we can now find a Laurent covering U = {V1,...,V,,} of X such
that for any ¢ = 1,...,m, the rational covering %lvi of V; is generated by units

in O(V;). We will first show that oM is V-coadmissible.
By [12, Lemma 8.2.2/4], for each ¢ we can find a Laurent covering %); of V; which
refines %|V‘. Because (X, G) is small, we can find a G-stable affine formal model ¢#

in 0(X) and a G-stable free ¢#-Lie lattice Z in & (X). By applying [8, Proposition 7.6],
we may replace < by a sufficiently large m-power multiple, and thereby ensure that
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every member of %/,%) and each U; is an Z-accessible affinoid subdomain of X. We
may also assume that [Z,Z] C 77 and Z - # C nc/. By Lemma 4.4.1, we can find an
open normal subgroup H of G which stabilizes ¢, £ and each member of %/, U and
of each UW;.

Fix 7 and let oM := W|vi,
&-module on V;. Using Lemma 4.3.5, choose an H-stable and Z-stable affine formal
model ¢% in O(V;) so that Z; := o ®g < is an H-stable ¢/;-Lie lattice in & (V)
by Proposition 4.3.6. By rescaling Z again if necessary, we may assume further
that [Z;, %] C 77 and Z; - A C woAs. Since %W; is now an Z;-accessible Laurent
refinement of GM| , the data (V;, H, %, Z,GM|V , H,cM;) satisfies Hypothesis 4.4.6.

Using Corollary 4.4.16, we see that oM is 9-coadmissible as claimed. But since U is
itself a Laurent covering of X, we see that the data (X, H, ¢#, Z, UV, H, M) also satisfies
Hypothesis 4.4.6. Applying Corollary 4.4.16 again together with Proposition 4.4.5(a,c)
shows that M := M (X) is a coadmissible @(X, H)-module, and that there is an
isomorphism

v -coadmissible H-equivariant

0: LOCQ(X’H)(M) = oM
of H-equivariant locally Fréchet )-modules on X, given by
B(U)(s Bm) = s-(m],,)

for any U € X, s € @(U, Hy) and m € M. We will now upgrade these statements
from H to G.

First, note that M is a )(X) x G-module by Proposition 2.3.5, and by Proposi-
tion 4.4.5(a), the actions of @(X, H) and /)(X) x G are compatible in the following
sense:

YH(R)-m =h?(m) forall he H and me M.
Thus the @?[)(X7 H)-action on M extends to an action of @(X, H)xgG= O?ZD(X, QG),
by Corollary 3.3.11. Since the restriction of M back to C%(X, H) is coadmissible, M is
necessarily coadmissible also as a O?Z)(X G)-module.

Note that by construction, Loc“ﬁ(X ) (M) = Loc;i()(x’H) (M) as H-equivariant lo-
cally Fréchet &)-modules on X. We will now verify that the isomorphism 6 is G-equiv-
ariant. To this end, fix U € X, and g € GG, and consider the diagram

M(U, Hy) i M(U)

glj\f,HUJ/ JQW(U)

M(gU,gHug™") M(gU).

0(gU)

Now oM(U) is a coadmissible @(U,HU)—module and oM(gU) is a coadmissible
pf/)(gU gHug™ 1)—module by Proposition 4.4.5(a ), and it is straightforward to see
that 9(U) is C,@(U Hy)-linear, whereas 0(gU) is ,@(gU gHug™1)-linear.
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o

Using the isomorphism gy gy, : :f[j(U,HU) — A(gU,gHUg_l), we can regard
M(gU) as a coadmissible @(U7 Hy)-module. Because ¢/ is a G-equivariant )-mod-
ule, it follows from Definition 2.3.4(a) that the map ¢o¥/(U) : oM(U) — M(gU) is
Q(U) % HU—linear Because it is also continuous by Definition 3.6.1(a), we see that it
is actually C@(U Hy)-linear. Similarly, regarding M (gU, gHyg™!) as a coadmissible
,f()(U Hy)-module via gu my, the maps g i, and 6(gU) become g{)(U Hy)-lin-
ear. Since the image of M in M (U, Hy) generates a dense Cf{)(U,HU)—submodule
in M (U, Hy), to show that the diagram commutes it is enough to verify that g@M(U) )
6(U) and 0(gU) o gII‘j{HU agree on this image, by Lemma 3.6.5. But

[¢"(U) 0 8(U)](1®m) = ¢(U)(my,) = ¢(X)(m)|,
= 0gU)1®g-m) = [0(gU)o gy, ](1®m)
for all m € M, which completes the proof. O

This completes the proof of Theorem 3.6.11.
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CHAPTER 5

BEILINSON-BERNSTEIN LOCALISATION THEORY

5.1. Invariant vector fields on affine formal group schemes

We begin by reminding the reader some basic facts from the theory of group
schemes, following Demazure and Gabriel, [22]. Let R be an arbitary commutative
ring. Recall that an R-functor is a set-valued functor on the category of (small, com-
mutative) R-algebras, and an R-group-functor is a group-valued functor on the same
category. We will always identify a scheme X over R with its R-functor of points
X = Schg(Spec(—), X).

Let G be an R-group-functor. By [22, Chapter 11, §4, 1.2], for every R-algebra S
we have the group

Zie(G)(S) = ker (G(S[r]) — G(5)),
where S[7] := S[T]/(T?) is the ring of dual numbers. This construction yields another
R-group functor Zie(G), and Zie(—) is functorial in G. If G is actually a group scheme
over R, then it is shown in [22, Chapter II, §4, Proposition 4.5] that Zie(G)(S) is an
S-Lie algebra for every R-algebra S. In this case, the Lie algebra of G is defined to
be Lie(G) := Zie(G)(R).

Let X be an R-functor. Its automorphism group Aut(X) is given by

St (X)(S) = Auts(X @ S)

for every R-algebra S. c#u(X) is another R-functor, and X ® g S denotes the base-
change of X to S [22, Chapter II, §1, 2.7]. Explicitly, X®pg S is simply the restriction
of X to the category of commutative S-algebras, and Autg(X ®g S) is the group of

invertible natural transformations X @ g S ZXe rRS.
By [22, Chapter II, §4, Proposition 2.4], there is homomorphism

Lie(cHut(X))(R) — Derg(Cx), ¢ — Dy

to the group of R-linear derivations Derg(Cx) of the structure sheaf Cx, [22, Chapter I,
§1, 6.1], of the R-functor X. It is given by the following formula:

(5.1) F(¢s(zsin)) = f(@) + 7D (Y)(f),

where S is an R-algebra, ¢ € Zie(cHAut(X))(R), ¢s is its image in Zie(Hut(X))(S), Y is
an open subfunctor of X, f € O(Y), = € X(S) and z g, is its image in X(S[r]).
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In the case where X is actually an R-scheme, Derg(Cx) is simply the space & (X)
of global vector fields on X.

Definition 5.1.1. — Let G x X — X be an action of the R-group scheme G on the
R-scheme X, and let ¢ : G — Aut(X) be the corresponding homomorphism. The
infinitesimal action of g := Lie(G) on X associated to ¢ is the R-linear map

¢ g — T (X)
given by ¢'(u) = D, where ¢ := Zie(¢)(R)(u™!) € Zie(HAut(X))(R).
Remarks 5.1.2. — (a) Note that our notation differs from the one used in [22, Chap-
ter II, §4, 4.4] because of the minus sign in the exponent of u. With this modi-
fied notation, [22, Chapter II, §4, Proposition 4.4] tells us that the infinitesimal

action ¢’ : g — & (X) is a homomorphism of R-Lie algebras, and not an anti-
homomorphism.

(b) The infinitesimal action is given by the intuitive formula

_ flg7lz) — f(=)

T

¢’ (9)(f)(z)

which may explain the phrase “differentiating the G-action on X”.

forall geg,felx and z€G,

Let ¢ : G — ¢Aut(X) be an action of the R-group scheme G on the R-scheme X.
The structure sheaf 0|X‘ on the underlying topological space |X| of the R-functor X is

then naturally G(R)-equivariant in the sense of Definition 2.3.1, and similarly the
tangent sheaf &/ |XI is also G(R)-equivariant. In this way, we obtain a group action

of G(R) on & (X) = & (|X]) by R-Lie algebra automorphisms, which is determined
by the following property:

(g-v)(g-f)=g-v(f)
whenever g € G(R), v € & (X), Y is an open subfunctor of G and f € O(Y). We will

call this the conjugation action of G(R) on & (X). On the other hand, recall from [22,
Chapter II, §4, 1.2] that we have the adjoint representation

(5.2) Ad: G(R) — Autg(LieG)

given by Ad(g)(u) :=g-u:=gu g for all g € G(R) and u € LieG. Here we abuse
notation and identify G(R) with its image inside G(R|[7]).

Lemma 5.1.3. — Let G x X — X be an action of the R-group scheme G on the
R-scheme X and let ¢ : G — ¢#u(X) be the corresponding homomorphism. Then the
infinitesimal action ¢’ : g — & (X) is equivariant with respect to the adjoint action
of G(R) on g and the conjugation action of G(R) on & (X).

Proof. — Let h€ G(R),g€ g, f € O|X| and = € X. Then

(h-¢'(9))(h-f)=h-¢'(9)(f)
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by the definition of the G(R)-action on & (X) given above, so

T(h-@'(@)h- @) = 7 (h-9'(9)(f)) (2)
T (9)(f) (R - z)
= flg7'ht2) = f(h! 2
= (h-f)lhg7th - 2) = (h- f)(2)
= (h-f)((h-g)~"-2) = (h- f)(z)
= 7¢'(h-g)(h- f)(x).
Because this is true for all z € X and because multiplication by 7 on R[r] induces

a bijection R — 7R, we deduce that (h-¢'(g9))(h-f) = ¢'(h-g)(h- f). Replacing f
by h=! - f, we conclude that (h-¢'(g))(f) = ¢'(h-g)(f) for all f € 0|X|. Therefore

h-¢'(g) = ¢'(h-g) as required. 0

Suppose now that ¢ : G — (X)) and ¢ : G — Awt(Y) are two actions of the
R-group scheme G on the R-schemes X and Y, respectively, and let £ : Y — X be
a G-equivariant map. Let H be an affine R-group scheme which is flat over R, and
suppose in addition that £ : Y — X is a Zariski locally trivial H-torsor in the sense
of [5, §4.3]. We assume that the G and H actions on Y commute. Because H is flat
over R, [S, Lemma 4.3] tells us that the pullback of functions map ¢* : Cx — (£.C0y)® is
an isomorphism of Ox-modules. Recall from [5, §4.4] that in this situation, we have
the anchor map

(5.3) a: (&%)H —
of the Lie algebroid (£,&)™, which is defined by the rule
(5.4) & (a(v)(f)) = v(€(f))

for any v € (&,v)™ and any f € Ox. This map allows us to relate the infinitesimal
actions of g on X and on Y in the following way.

Lemma 5.1.4. — We have ao ¢’ = ¢'.

Proof. — Note that the image of 9’ is contained in the H-invariants of £,&% because
the G-action on Y commutes with the H-action by assumption. Let U be an affine
open subscheme of X over which £ is trivialisable. Let g € g, f € O(U) and = € £-1(U).
Using the G-equivariance of £, we calculate using Definition 5.1.1 that

TP (9)EHN(@) = (g -2)—E(f)=) = fE@G" 2) - fE=)
flg7h-&(@) = féx) = T¢' (9 ()
and therefore that

a(¥'(9)(H(E(2)) = E (@' (9)(N)(@) = ¢¥'(9)(E())(2) = ¢'(9)(H)(E())-

Because £ is Zariski locally trivial, we deduce that oo v’ = ¢’ as claimed. O
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The group G acts on itself by left and right translations. The corresponding homo-

morphisms of R-group-functors

v:G — Juwt(G) and 6:G — Juw(G)
are given by the familiar formulas v(g)(z) = gz and §(g)(z) = zg~* for every g,z € G.
These actions induce G(R)-actions on O(G) by R-algebra automorphisms; see the end
of [40, 1.2.7] for a discussion. Abusing notation, we will denote the corresponding
group homomorphisms G(R) — Autg_a1s O(G) by 7 and 6, respectively: v(g)(f)(z) =
f(g7'z) and 6(g)(f)(z) = f(xg) for each f € O(G) and g,z € G.

Assume from now on that our R-group scheme G is affine. We will next give an
explicit formula for the infinitesimal actions associated -y and §, but first we need to
recall some language from the theory of Hopf algebras. The actions v and § induce
two right O(G)-comodule structures, otherwise known as coactions, on 0(G). Following
[40, 1.2.8], we denote these coactions by A, and Aj, respectively. Using the sumless
Sweedler notation A(f) = f1 ® fo for f € O(G) to denote the comultiplication map
A : 0(G) — O(G) ®r O(G) of the R-Hopf algebra O(G), it follows from [40, 1.2.8(5)
and 1.2.8(6)] that these coactions are given by

(5.5) Ay(f)=Ff2®0(f1) and As(f) = f1® fo,

where o : O(G) — O(G) denotes the antipode of O(G).

Let € : O(G) — R be the counit of the R-Hopf algebra O(G).
e-derivation is an R-linear map d : O(G) — R such that d(ab) = €(a
for all a,b € O(G). For every u € Lie(G) = ker (Hom(0(G), R[7]) —
there is a unique e-derivation u : O(G) — R given by the formula

(5.6) u(f) =e(f) + Tu(f) forall feOG).

It follows from [69, Theorem 12.2] that u — wu is a bijection from Lie(G) onto the set
of all e-derivations.

Recall that an

)d(b) + d(a)e(b)
Hom(0(G), R)),

Lemma 5.1.5. — Let u € g = Lie(G) and f € O(G). Then
Y (W) (f) =ule(f1))fz and &' (u)(f) = u(f2) fi.
Proof. — We will only deal with the first equation, because the second one is entirely
similar. Let ¢ := Zie(y)(R)(u™?), let z € G and let f € O(G); then abusing notation
and applying (5.1) we have
TDy(f)(x) = f(6(z)) — f(2) = f(u™ z) — f().

Using (5.6), we can re-write this as follows:

fw™lz) = f(z) = uw(f)z(f2) - f@) = (u(o(f) fa = @)
(elo(f1) + Tul(o(f1)) f2 = F)(2)

= (ru(o(f1)) f2)(z)
because € o 0 = € and because €(f1)fo = f. Hence
v (u)(f) = Dg(f) = u(o(f1)) fo forall fel(G). O
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Next, we remind the reader of some more standard definitions.

Definition 5.1.6. — Let C be an R-coalgebra, and let (M, par), (N, pn) be right C-co-
modules.

(a) A morphism of right C-comodules is an R-linear map & : M — N such that
prno&= (@ 1)0pu.

(b) We will denote the endomorphism ring of (M, pps) in the category of right
C-comodules by End(M, ppr).

(c) The set of left-invariant R-linear derivations of O(G) is
“T(G) :=J(G)NEnd (0(G),A,).
(d) The set of right-invariant R-linear derivations of O(G) is
g (G)® =g (G) N End (0(G), As).
Proposition 5.1.7. — There is a commutative diagram of R-Lie algebras
Lie(G)

g (G)° — T (G),

in which all arrows are bijective.

Proof. — By Definition 5.1.6(a), an R-linear map £ : O(G) — O(G) is a morphism of

right O(G)-comodules for the coaction A, if and only if A, o0& = (£ ®1) o A,. Using

(5.5), this is equivalent to

(5.7) §(f)2@0(&(f)1) =&(f2) ®o(fr) forall fel(G).

By applying the invertible endomorphism a ® b — o~1(b) ® a of O(G) ®r O(G), we

see that (5.7) is equivalent to

(5.8) M e&(f)2=Ffo(f) forall felG),

or equivalently, to Ao& = (1®¢&) o A. This agrees with the definition of left-invariant

derivations found on [69, p. 92]. Now if u € Lie(G) then for any f € O(G) we have
(Ao &' (u)(f) = Alfrulfe)) = (f1 ® fo)u(fs) = f18'(u)(f2) = (1 ® 8" (w)A()

by Lemma 5.1.5. Hence &' (u) € ®F (G) for all u € Lie(G), and now the fact that ¢’ is
a well-defined bijection follows from the proof of [69, Theorem 12.2].
The antipode map can be viewed as an isomorphism of right 0(G)-comodules
71 (0(6), Ay) = (G(G), Ay).
To see this, let f € O(G) and apply (5.5) to obtain

(e @1)A(f) = (e @ 1)(f200(f1)) = 0(f2) @ o(f1) = o(f)1 ® ()2 = Asa(f)-
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We have used here the fact that o is an anti-coalgebra morphism—see [48, Proposi-
tion 1.5.10(2)]. It follows that £ — oo ~! is an R-algebra isomorphism

End (0(G), A,) — End (C(G), As) .

Because o is also an anti-algebra morphism by [48, Proposition 1.5.10(1)], it follows
that this isomorphism preserves the subspace of R-linear derivations:

oo (ab) = o (§(c™'b) o la+ 070 (07 a)) =a cfoT (b) + o€o " (a) b

whenever £(ab) = £(a)b + a&(b) for all a,b € O(G). Hence the bottom arrow of the
triangle is a well-defined bijection. Finally, we will show that

(5.9) o6’ (u)o™! =4'(u) for all wu € Lie(G).
Using (5.5) and Lemma 5.1.5, we see that for any u € Lie(G) and f € O(G),
a(' (W) (f) = ulo(fi))o(f2) = (w® 1)(o(f1) ® o(f2))
= @W®1)(o(f)2®a(f)1) =ulo(f)2) o(f)1 =" (u)(o(f))-

Thus o o ¥'(u) = ¢§'(u) o o which implies (5.9). So, the triangle in the statement of
the proposition commutes, and 4’ is a bijection. Finally, 4" and ¢’ are R-Lie algebra
homomorphisms by [22, Chapter II, §4, Proposition 4.4]. O

Recall [40, 1.7.9] that the group scheme G is said to be infinitesimally flat if I/1? is
a finitely presented and projective R-module, where I = kere is the augmentation
ideal of O(G). In view of [33, Corollaire 19.5.4], this is for example the case whenever
G is smooth over Spec(R).

Proposition 5.1.8. — The canonical 0(G)-linear maps
0(6)9r T (6)° — J(G) and O(G)®r T (G) — T (G)
are isomorphisms whenever G is infinitesimally flat.

Proof. — Write A = 0(G), let 7 : A — I/I? be the R-linear map given by 7(a) =
a — €(a)1 + I? and note that it is an e-derivation with values in I/I?:

mw(ab) = €(a)m(b) + w(a)e(b) for all a,be A.
It follows that there is an A-linear map 6 : Hompg(I/I?, A) — Derg(A), given by
0(f)(a) = a1f(n(az)) forall ae€ A.

From the proof of [69, Theorem 11.3], we deduce that 6 is in fact an isomorphism,
whose inverse is given by the explicit formula

0~(d)(a+ I*) = o(ay)d(az) for any a €.

Let Ad(o) : Endg A — Endgr A be the map £ — o&o~! and recall from Propo-
sition 5.1.7 that Ad(c) maps ©J (G) onto & (G)C. Consider the following diagram
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A®r I (G)® Derg(A)
o® Ad(a)T IAd(a‘)
A®RCT(G) . Derg(A)
19 a’owﬁ ETG
A®gHompg(I/I?, R) ———— Hompg(I/I?, A).

Here, p is given by u(a ® d)(b) = a d(b), 7* : Hompg(I/I?, R) — Lie(G) is the iso-
morphism given by 7*(f) = fom, and w is given by w(a ® f)(z) = a f(z). Using
Lemma 5.1.5, it is straightforward to verify that this diagram commutes. Now w is an
isomorphism because G is infinitesimally flat and §’ is an isomorphism by [69, Theo-
rem 12.2]. Since Ad(o) and o are also isomorphisms, p is also an isomorphism. [

We now specialize to the case where our ground ring R is complete with respect to
some nested family of ideals J;:

R =5 lim R/J;.
P
We will write
Ri:=R/J; and G;:=G Xgpec(r) SPeC(R;).

Lemma 5.1.9. — Suppose that G is infinitesimally flat over R.

(a) For any index i, all arrows in the commutative diagram

p1,c01

Lie(G) ®g R; I (G)® ®g R;
Lie(Gy) oo T (Gy)®

are isomorphisms.

(b) The natural map Lie(G) — lim Lie(G;) is an isomorphism.

Proof. — (a) We identify Lie(G) with Hompz(I/I?, R) where I = ker ¢ is the augmen-
tation ideal of O(G). The discussion in [40, 1.7.4(1)] shows that

Lie(G ®r S) = Lie(G) ®r S

for any commutative R-algebra S, using the fact that G is infinitesimally flat over R.
Hence the vertical arrow on the left is an isomorphism, and in particular, G; is in-
finitesimally flat over R;. The result now follows from Proposition 5.1.7.
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(b) The required map fits into a natural commutative triangle

Lie(G) lim Lie(G;)

/

lim Lie(G) ®r R;.

Because R is complete, every finitely generated projective R-module is also complete.
Since G is infinitesimally flat over R, Lie(G) is a finitely generated projective R-mod-
ule, so the first diagonal map in the diagram is an isomorphism. The second diagonal
map is an isomorphism by part (a). O

Definition 5.1.10. — (a) We denote the completion of G by G. This is an affine
formal scheme whose coordinate ring

= 0(G) = lim 0(G;)

is the completion of the R-algebra O(G).
(b) Let & (@) := Derg(c#) denote the set of R-linear derivations of ¢/.
Proposition 5.1.11. — Suppose that G is infinitesimally flat. Then the natural maps
B:9(C) — lImg(G) and O@)®rT(C)" — g (©)

are isomorphisms.

Proof. — These maps appear in the commutative diagram
0(C) &r T (G)° J(G)
. o~ G )
lim (C(G) ®r I (G)°) @r R 8
lim 0(Gy) ®r, T (Gi)® lim 7 (G;).

Suppose that 3(9) = 0 for some 9 € g’(@) Then B(c#) C Jic# for all i. Because the
topology on ¢/ is separated, we see that § is injective.

Because G is infinitesimally flat, & (G)® is a finitely generated projective R-mod-
ule by Proposition 5.1.7. Hence 0(@) ®r I (G)® is a finitely generated projective
O(ZG)—module7 and is therefore complete. Hence the first vertical arrow on the left is
an isomorphism. Now Lemma 5.1.9(a) implies that the second vertical arrow on the
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left is an isomorphism, and the bottom horizontal map is an isomorphism by Propo-
sition 5.1.8. Because [ is injective, it follows that in fact all arrows in this diagram
are isomorphisms. O

The coactions
Ay :0(G) = 0(G) ®r 0(G) and A : O(G) — O(G) @ O(G)
from (5.5) can be completed to obtain R-algebra homomorphisms
Ayl — ABRA and As i T — HABR.
Definition 5.1.12. — Let J (G)® := {€ € T(G) : As o0& = (€31) o As} denote the

—~

R-Lie algebra of right-invariant derivations of G.

Proposition 5.1.13. — Suppose that G is infinitesimally flat. The the natural map

I(6)° — g ©)F
is an isomorphism.
Proof. — Consider the following diagram:
Lie(G) lim Lie(G;)
Wl,z;h l}l_m PLG;
G ; NG
T(©) lim 7 (G)
\ /
g ©)°

The vertical arrows are isomorphisms by Proposition 5.1.7, and the top horizon-
tal arrow is an isomorphism by Lemma 5.1.9(b). So the middle horizontal arrow is
also an isomorphism. Because the restriction of the map § from Proposition 5.1.11
to & (G)C is injective, the bottom triangle now implies that & (G)® — & (G)® is an
isomorphism. O

Lemma 5.1.14. — Suppose that G is integral and of finite type over R, and that R is
a complete valuation ring of rank 1. Then the natural maps

0(G) — 0@G) and g (G) — I (G)
are injective.
Proof. — Let A := O(G) and fix a non-zero non-unit 7 € R. We have to show
that (|7™A is zero. Because of the assumptions imposed on R and because A is
a finitely generated R-algebra, [1, Corollaire 1.12.14(i)] implies the ideal A satisfies

the strong Artin-Rees condition—see [1, Definition 1.8.25(a)]. Let a € (7™ A; then
by [1, Lemme 1.8.27] there exists b € A such that a(1 —7b) = 0. Note that 1 — b # 0
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as otherwise €(b) would be an inverse to 7 in R. Because G is integral, we deduce
that a = 0. The second statement is now clear. U

Remark 5.1.15. — The first condition on G in Lemma 5.1.14 cannot be replaced with
the weaker condition that G is reduced. To see this, let A be the finitely presented
R-algebra A := R[v]/{v—mv?). We may view A as an R-subalgebra of the group ring
K[Cs3)] := K|g]/{g? — 1) of the cyclic group of order two over K, via the R-algebra
embedding which sends v to 12_79. It follows that A is isomorphic to R x K, so A is
reduced and flat over R, but it is not integral. Now K[Cs] is a K-Hopf algebra in
a standard way, where the element g is grouplike. We can then calculate that the
structure morphisms €, and A on K[Cy] satisfy

e(w)=0, ow)=v, and A@W)=vR1+1Q®v—-2mvQu.
It follows that A is an R-sub-Hopf algebra of K[C5]. Hence G := Spec(A) is a reduced,
affine group scheme of finite presentation over R. However, because v = 77"+ € 7" A
for any n > 0, the kernel of the natural map A — A is the non-zero ideal vA. The
group scheme G above is even infinitesimally flat because Av? C Av = Anv? C Av?.

Thus Proposition 5.1.13 is applicable in this case, even though both arrows appearing
in the statement of Lemma 5.1.14 fail to be injective.

5.2. The algebra 9)(G, G)®

We will assume from now on that R = SR is a complete valuation ring of rank one
and mixed characteristic (0,p), and work under the following

Hpypothesis 5.2.1. — G is an affine group scheme, smooth over ‘R,
— @ is a compact p-adic Lie group,

— 0:G — G(R) is a continuous group homomorphism.

We always write g := Lie(G) to denote the Lie algebra of G. We equip G(cR) with
the congruence subgroup topology from Definition 3.1.11. For example, if G is defined
over the ring of integers (r, of some finite extension L of @Q, contained in K, then
o could be the inclusion of G(0r) into G(R).

Since G is smooth over (&, G is locally finitely presented over SR. Because G is also
affine, the JR-algebra O(G) is finitely presented by [68, Lemma 28.20.2|. Also, O(G) is
flat as an R-module because G is smooth over . Passing to the m-adic completion
shows that o7 := 0/(@) is an admissible R-algebra, so G= Spf @ is an affine formal
scheme of topologically finite presentation, and its rigid generic fiber G := @rig of G is
a smooth affinoid rigid analytic variety over K. Since G is infinitesimally flat by [33,
Corollaire 19.5.4], we will use Proposition 5.1.13 to identify I (G)® with the (R-Lie
algebra & (@)G of right invariant derivations of G.

Next, we have the group homomorphism 7 : G(R) — Aut(@, Oz) from the proof
of Proposition 3.1.12(b), arising from the left-translation action v of G on itself.
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Because G is affine, we may identify Aut(@, Oz) with the group ((c#) of ;R-algebra
automorphisms of ¢Z = 0(@) as in §3.2, via (i, p*) — I'(p*)~!. Thus we obtain the
continuous group homomorphism p : G — ((c#) given explicitly by

p(9) =T(Fo(9)") ™" : OG) — O(G).
Via the natural embedding rig : {(c#) — Autx(0(G)) appearing in the discussion
following Lemma 3.2.3, this gives us a continuous action of G on the K-affinoid algebra
O(G) by K-algebra automorphisms, which we still denote by p:

p: G — Autg (0(G)).

By Definition 3.3.1, we now have at our disposal the algebra

DG, G)
and our aim is to define its subalgebra of right G-invariants @(G,G)G. However,
because we will need to know its structure quite explicitly, we will give a definition
which does not require making the notion of “right G-invariants” completely precise.
Recall that we have at our disposal the action Ad oo of G on g by R-Lie algebra
automorphisms.

Definition 5.2.2. — (a) A Lie lattice in g is a finitely generated R-submodule &/
of g which is stable under the Lie bracket on g and which contains a m-power
multiple of g.

(b) The Lie lattice ¢/ is G-stable if it is preserved by Ad(o(g)) for all g € G.

Lemma 5.2.3. — Let &/ be a Lie lattice in g, and let Z := o7 - v'(&/).
(a) &/ is free of rk g as an R-module.
(b) Z is free of rank rk g as an ¢#Z-module.
(c) Z is an ¢#-Lie lattice in & (G) = Derg O(G).
(d) If &/ is G-stable, then so is Z.

Proof. — (a) Because G is infinitesimally flat, its Lie algebra g is a finitely generated
projective JR-module. Since A is a local ring, it is actually free of finite rank. Because
SR is a valuation ring, the same is true of any Lie lattice &/ in g.

(b) This follows from part (a) together with Proposition 5.1.11.

(¢) It is straightforward to verify that £ = ¢# - 7/(¢/) is closed under the Lie
bracket. It follows from Proposition 5.1.11 that & (G) = Derg (c#) = A - 7' (9)-
Because §/ contains a w-power multiple of g, it follows that Z contains a m-power
multiple of & (@)

(d) By Lemma 5.1.3, the R-Lie algebra homomorphism 4’ is equivariant with
respect to the adjoint action of G on g and the conjugation action p of G on & (@)
So v/(&/) is stable under p. Now

pg)(a-v) = p(g)(a) - p(g)(v) forall aecZveq(9),9€C
so L = c# -~ (&) is also stable under p as required. O
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Let &/ be a G-stable Lie lattice in g, and let Z := oZ - 7/(¢/). Then Z is a free
cA-module of finite rank by Lemma 5.2.3(b), so U(Z) is a flat ¢#Z-module by [56,
Theorem 3.1]. In particular it is flat as an JR-module, so the algebra %/ appearing

in Lemma 3.2.10 is just U(Z). By Definition 3.2.11, we now have at our disposal the

map
X

By = () op: Gy = p~ ' (exp(p°)) — UE)

which is a G-equivariant trivialisation of the Gg-action on U(Z) by Theorem 3.2.12.
On the other hand, by functoriality, the JR-Lie algebra homomorphism v’ : §/ — £
extends to an R-algebra homomorphism

—

0:=U):UJ) - U@D).
Proposition 5.2.4. — Let ¢/ be a G-stable Lie lattice in g and let Z := 7 - v/(&/).
(a) The map 0 is injective and G-equivariant.

(b) For every g € Gy there is a unique element v € ¢/ such that
p(g) = exp(p™y'(v)) and fz(g) = O(exp(pi(v)))-

—

(c) 6~! o By is a G-equivariant trivialisation of the G-action on U(&/).

Proof. — (a) By Propositions 5.1.7 and 5.1.11, the map 1 ® 7' : ¢# Q5 ¢/ =T is
an ¢/#-linear isomorphism. By Lemma 5.2.3(a), we can choose a basis {v1,...,v4}
for &/ as an (R-module. Let w; := 7/(v;) € Z; then {ws,...,wq} is a basis for T as
an ¢Z-module. Now it follows from Rinehart’s Theorem [56, Theorem 3.1] that every
element of U/(§) can be written uniquely as a restricted power series in vy,...,vq

with coefficients in &, and also that every element of U/(E) can be written uniquely
as a restricted power series in wy, ..., wq with coefficients in ¢#. Since R embeds into
o/ and since 1 ® v/ maps v; to w;, we conclude that @ is injective.

The G-equivariance of 6 follows from Lemma 5.1.3.

(b) Let g € G4 so that p(g) = ¥y (exp(pi(u))) = exp(pfu) for some u € Z. Because
the left translation action of G on itself commutes with the right translation action,
p(g) : A — oA is a morphism of topological right ¢#-comodules, in the sense that the
following diagram is commutative:

7 p(g) g

The same is then true for the endomorphism log(p(g)) = pu of ¢#. It follows
that p‘u € & (G) is a right-invariant derivation of G. Since ¢# is flat over (R, this
implies that u is also right-invariant: u € & (G)®. Hence, by Propositions 5.1.13 and
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5.1.7, there exists v € g such that 7/(v) = u. Because T = ¢Z ® v'(¢/), in fact v must
lie in ¢/ C g. Using equation (3.2) we see that

Bz(g) = (exporologop)(g) = exp(p“(y'(v))) = O(exp(p“L(v)))-

The uniqueness of v follows from the injectivity of 6, established in part (a) above.
(c) Let ¢ € G4 and let h € exp(pe(&/)) be such that By(g) = 6(h). The g-action

on U(Z) is given by conjugation by 6#(h) by Theorem 3.2.12(b), and the map 6 is

G-equivariant, so §(hah™') = g-6(a) = 6(g - a) for all a € /(0% So the g-action

on U(&/) is given by conjugation by h, by part (a). Finally, 8, is G-equivariant by
Theorem 3.2.12(b) and @ is G-equivariant, so ! o 3 is also G-equivariant. O

We can now mimic Definition 3.3.1 and make the following

Definition 5.2.5. — We define the completed skew-group algebra

—_ —

DG, G)¢ = lm U(J)x »n G.

The inverse limit is taken over the set (G) all pairs (§/, N), where &/ is a G-stable
Lie lattice in g and N is an open normal subgroup of G contained in Gg.,(g)-

—

The G-equivariant trivialisation of the N-action on U(¢/)k is understood to be the
restriction to N of the map 6! o 84.,/(g) from Proposition 5.2.4(c).

Recall the definition of good chains from Definition 3.3.3.

Proposition 5.2.6. — Let U,, := U@K, let % = O(G) and let (N, be a good chain
for the ¢#Z-Lie lattice ¢ - 7/(g) in & (@) Then there is an isomorphism

—

DG, G)C = lim U, 1y, G.

Proof. — Each 7"g is evidently a G-stable Lie lattice in g, so (7"g, N,,) € £(G) for
each n > 0. The proof of Lemma 3.3.4 implies that the set of these pairs is in fact
cofinal in #(G). O

—_

Theorem 5.2.7. — (G, G)€ is Fréchet-Stein.

Proof. — Let &/ := n%g. This is a G-stable Lie lattice in g which satisfies [¢/,5/] C
72§/. We may view &/ as an (R, R )-Lie algebra with the trivial anchor map. Then for

L —

each n > 0, 7™/ also satisfies all these conditions, so in particular U, := U(n"¢/)k is
Noetherian by Corollary 4.1.10 and U, is a flat U,;-module for each n > 0 by
Theorem 4.1.11. Furthermore, the image of U, ;1 is dense in U,, because it contains
the dense image of U(gx) in U,. Now choose a good chain (N for ¢ - 7'(¢/) using
Corollary 3.3.7 and apply Proposition 5.2.6 to find an isomorphism

—_

DG, () = lim U, 1y, G.
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The same argument appearing in the proof of Theorem 3.4.8, using [59, Lemma 2.2],

now completes the proof. U
Lemma 5.2.8. — Let H be an open normal subgroup of G. Then there is a natural
isomorphism

DG, &) = (G, H)C xy G.
Proof. — Follow the proof of Corollary 3.3.11. O
We will now impose the following additional hypotheses on G.

Hypothesis 5.2.9. — B is a closed and smooth R-subgroup scheme of G,
— X := G/B is a scheme, smooth over R,
— the canonical map £ : G — X is a Zariski locally trivial B-torsor.
Since B and X are smooth over (R, they are in particualr flat and locally of finite

presentation over J&. We are interested in the m-adic completion X of X which is an
admissible formal JR-scheme, and its rigid generic fiber

X := Xrig~
Because X is assumed to be smooth, we see that the rigid K-analytic variety X is

also smooth. The group G acts continuously on X by Proposition 3.1.12.

Theorem 5.2.10. — Assume that Hypotheses 5.2.1 and 5.2.9 are satisfied. Then

—_

D(G,G)C acts on X compatibly with G in the sense of Definition 3.4.9.

We begin the proof of this result by fixing the following data:
— an affinoid subdomain U of X,

— an open subgroup H of Gy, and

— an H-stable affine formal model 3 in O(U).

Because £ : G — X is a Zariski locally trivial B-torsor by assumption, we have at our
disposal the anchor map « : (£,55)® — & from equation (5.3). Let

av : J(G)° - J(U)

be the composite of the maps

IEF -J @GP BIX-g® —gX —IUu).
In what follows, if H is acting on an affinoid variety Y we will denote the corresponding
action of H on 0(Y) by
pY : H — Autg O(Y).
The actions p& and pY preserve the affine formal models o7 = 0(@) and 3, respec-

tively. On the other hand, we have at our disposal the congruence subgroups pe (c#)
and (e (cB) defined just before Lemma 3.2.5.

ASTERISQUE 423



5.2. THE ALGEBRA 9(G, )% 109

Lemma 5.2.11. — Let N be the intersection of the subgroups (&)~ (Cye(c#)) and
(pY) 7 (Cpe (:B)) of H. Then ay o log opG|N = log opU|N

Proof. — We fix an affine covering {Xi,...,X;,} of X over which ¢ is trivialisable,
let X; := X; and U; := X; N U for each 4, so that {Uy,...,U,,} is an admissible
affinoid covering of U. Because N < (j¢(c/#), it acts on each O(X;) and these actions

are trivial modulo p<0(X;). So % = B - O(X;) is an N-stable affine formal model
in O(U;), and N acts trivially on ¢/ /pc/#; for each i.

Recall from Proposition 5.2.4(b) that the image of log opG|N lies in 9(@)@
Let Y; := p~1(X;) and let Y, := Y/Y\mg. Let us also write

= logop|; N - J(Y)

whenever this makes sense. We may now consider the diagram

J(U) I (©)¢
\ / m}g
/ \ %

g (Uy)

Now, U; is an affinoid subdomain of both U and X;, and Y; is an affinoid subdo-
main of G. Therefore, the three triangles in this diagram that contain an unlabeled
arrow commute by Lemma 3.2.14. The outer pentagon in this diagram commutes
because ay and ax, both factor through & (X) by definition. Because the map
9(U)/—>\@i9(Ui) is injective, to show that ay o ug = pu it remains to show

that a(X;) o py, = pux,. We will drop the subscript ¢ to aid legibility.

Because ¢ is trivialisable over X, by [5, Lemma 4.3] we have the isomorphism
q := &4(X) : O(X) — O(Y)®. Passing to the m-adic completion gives us the N-equivari-
ant map § : O(X) — O(Y), so that p¥(n) 0§ = go p*(n) for all n € N. It follows
that

~

logp¥ (n)og= gologp®(n) forall n € N.

Finally, let n € N and write v := log p¥ (n) € & (Y) and a := oz/(i). Then appealing
to equations (5.3) and (5.4), we see that

dla(v)(f)) = v(@(f)) = log P (n)(f)) for any f € O(X).

Since O(X) and O(Y) are flat as JR-modules, we see that g is injective, and it follows
that a ologopY = logop® as required. O
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Let ¢ : G — Aut(X) denote the action of G on X, and consider the JR-Lie algebra
map ¢y : g — & (U) that is the composite of the following natural maps:

Puig T X — T X — T X)) — T ().
It follows from Lemma 5.1.3 together with the functorialities of w-adic completion

and the rigid generic fiber functor that the map ¢f; is H-equivariant.

Proposition 5.2.12. — Let (¢/,J) be a B-trivializing pair. Then there is an H-stable
Lie lattice ¢/ in g and an open normal subgroup N of Hg.,/ (g contained in J such
that the map

U(SDU) xH:U(gk) x H — U(C’?)K Xy H
factors through U ((%) K XN H.
Proof. — By Definition 3.2.13, §/ is an H-stable 3-Lie lattice in & (U) and J is
an open normal subgroup of H contained in Hg. Because g has finite rank as an

JSR-module and because ¢y; is H-equivariant, we can find a m-power multiple ¢/
of g contained ™ in the preimage (¢f;) (&) of &/ in / in g. Then @% is an H-stable Lie

lattice in g, and we have a K-algebra map ¢, f : U((%)K — U(e°7)K Let o7 = 0( ),

Z = A (H), Ho = (0) 7L (Gpe (HA)) N (pY) 7! (Cpe (:B)) and consider the subgroup
N :=HyNJNHy of H. It is open and normal in H, is contained in J and satisfies

G _ U
(5.10) ay ologop™| =logop™|

— X
by Lemma 5.2.11. Now, 610 8y : N — U(S#)x is an H-equivariant trivialisation
—_— — X
of the N-action on U(¢#)x by Proposition 5.2.4(c), and By : J — U(¢/)k is an
H-equivariant trivialisation of the J-action on U(¢/)x by Theorem 3.2.12(b). We aim

to apply Lemma 2.2.7 to the ring homomorphism w/{J;, the identity map 1: H - H
and the normal subgroups IV and J of H. The first condition holds because N < J
and the second condition holds because ¢y, is H-equivariant. To satisfy the third
condition, we have to show that

—X
(5.11) Yux ©0 " ofs =By
Let n € N so that Bz(n) = exp t(u) where u := log p&(n )E%Cg( ). Here we
abuse notation and use ¢ to denote the inclusions of ¢#, Z and ¢/ into U (¢# ( VK (%)

and U(Q°7)K, respectively. By Proposition 5.2.4(b), we know that u = §(w) = 7' (w)
for some w € &/. Hence

“H(Bz(n)) = 07 (exp L(B(w))) = exp ¢(w).
Similarly, 8g(n) = expt(v) where v :=log pY(n) € & C & (U). Now
Pu(w) = au(v'(w)) = au(u) = ay(log p°(n)) =log p” (n) = v

1. If ¢’ was known to be injective we could simply take ¢/ to be this preimage. But without this
hypothesis this preimage contains a K-line and therefore cannot be a finitely generated <R-module.
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—

by Lemma 5.1.4 and equation (5.10). Because PuxoOL=1t0 ¢y, We see that

/

(For 007 o)) =Py (exp () = exp Uiy (w)) = exp 1(v) = By (n)

for any n € N, which proves equation (5.11). Now we may apply Lemma 2.2.7 to
obtain a K-algebra homomorphism

— —

YuX1:UH)k »v H—U( )k s H

—

which extends ¢y f : U@\)K — U@TK and 1: H — H. O

—_

Proof of Theorem 5.2.10. — Let A := O(G,G)G. There is a canonical group ho-
momorp/liism n : G — A*. For every compact open subgroup H of G, we define
A = D(G,H)G. We see from Definition 5.2.5 that this is a K-subalgebra of A,
which is Fréchet-Stein by Theorem 5.2.7.

Now fix a compact open subgroup H of G and U € X,,/H. Fix an H-stable affine
formal model .3 in O(U) and let (&/, J) be a B-trivializing pair. Then Definition 5.2.5

and Proposition 5.2.12 give a K-algebra homomorphisms

—_ o — o —

DG, H)G — UH)x xy H— U )k xs H,

where §# < (¢5)71(&) is some H-stable Lie lattice in g and N is the open normal
subgroup H ../ NJ N Hy of H. Here Hy is some open normal subgroup of H which
does not depend on (¢/, J). Choosing a different H-stable Lie lattice ¢#' with these

properties will yield the same composite homomorphism ;@(G, H)® — Tg\)K Xy H
because both candidates will factor through U @T) x Xnr H for SH' = SENSEH and
N" =N N Hg. - If (&', J') is another J3-trivializing pair such that ¢/’ < ¢/ and
J' < J, then we can choose the corresponding pair ($#', N') to satisfy S#' < $# and
N’ < N. Thus we obtain the commutative diagram

—_— - o —

DG, H)S —— U )k xn H——U()x x; H

] T

—_— —

U(QG]ﬂ)K XN’ H%U(&’)K X g H.

We may now pass to the inverse limit over all .B-trivializing pairs (5/,J) to obtain
the continuous K-algebra homomorphism

o1 (U): Ay = DG, H)® — (U, H).
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required by Definition 3.4.9. Let V be an H-stable affinoid subdomain of U and
consider the diagram

D(U) x H D(U, H)
\ 1 (U)
Ulgr) x H ——— (G, H)S Y
_ ey
AD(V) x H DV, H).

The two trapezia commute by definition of ¢ (U) and ¢ (V). The outer rectangle

commutes by definition of the restriction map 7y : (U, H) — (V, H) given in
Lemma 3.4.2, and the triangle on the left commutes because ¢{; (v) lv = @y (v) for any

v € g. Hence 77 0 (U) agrees with ¢ (V) on the image of U(gx ) x H in @(G, H)SG
Because this image is dense and Athese two maps are continuous, it follows that they
are equal. Hence ¢ : Ay — (—, H) is a morphism of presheaves of K-Fréchet
algebras on X,,/H.

We must now check that axioms (a)-(d) of Definition 3.4.9 are verified for these
data. This verification is quite similar to the one carried out in the proof of Proposi-
tion 3.4.10; it ultimately relies on Lemma 5.1.3 and on a modified version of Propo-
sition 3.3.10. We leave the details to the reader. U

5.3. 5[) -affinity of the flag variety

In [5], we constructed a sheaf )} , on the flag variety G/B over & in the case
where the ground ring R was assumed to be Noethem'an We proved that G/B was

—

>‘ x-acyclic whenever A\ was p-dominant, and that it was @A -affine whenever \ was

p—domlnant and p—reglﬁr\ We also related the global sections of this sheaf to affinoid
enveloping algebras U(g),,x under the hypothesis that the prime p is very good. In
this subsection, we will revisit |5, §4,5,6] in order to remove this assumption on p and
remove the Noetherian assumption on SR from all of these statements.

We begin by recalling the main Beilinson-Bernstein construction from [5, §4]. Let
G be a connected, simply connected, split semisimple, affine algebraic group scheme
over an arbitrary commutative base ring R, for now. Let B be a closed and flat Borel
R-subgroup scheme of G, let U be its unipotent radical and let H := B/U be the
abstract Cartan group. Note that B and U are smooth over R, being direct products
of finitely many copies of G,’s and G,,,’s. Choose a Cartan subgroup T of G comple-
mentary to U in B, and let ¢ : T — H be the natural isomorphism induced by the
inclusion of T into B. Let g,b,n, h and t be the corresponding R-Lie algebras, and let
Pt — h be the isomorphism induced by i : T =, H. The adjoint action of T on g
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induces a root space decomposition g = n®t®n*. The adjoint action of G on U(g) is
by ring automorphisms, and we have the invariant subalgebra U(g)®. We call the
composite of the natural inclusion of U(g)® < U(g) with the projection U(g) — U(t)
with kernel n U(g)+U(g) n* the Harish-Chandra homomorphism ¢ : U(g)® — U(t).

Let &8 = G/B be the flag variety and 8 = G/U the base affine space of G. The groups

G and H act on A by left and right translations respectively, and these actions com-
mute. Applying Definition 5.1.1, we obtain the infinitesimal actions g — 5:% and

h— 5@3 The natural projection ¢ : 33 — B is a Zariski locally trivial H-torsor, and

T = (@%)H is a Lie algebroid on 3. Because the actions of G and H commute with

the action of H on 53, the infinitesimal actions of g and b on 0%’ thereAfgre descend to
give homomorphisms of (R-Lie algebras ¢ : g — & and j:h — & The algebra
U(Y) is isomorphic to the relative enveloping algebra ) = &U(%) from [5, §4.6].
By [5, Lemma 4.10], these maps fit together into the following commutative diagram

(5.12) U@’ — U

| Lo

Uls) 5 U&).

Put another way, the restriction of U(y) to U(g)® is equal to j o i o ¢.

Next, we specialize to the case where R = A is a complete valuation ring of rank
one and mixed characteristic (0,p) and recall some definitions from [5, §3|. Let A be
a positively Z-filtered JR-algebra with FyA an JR-subalgebra of A. We say that A is
a deformable R -algebra if gr A is a flat R~module. A morphism of deformable R ~al-
gebras is an JR~linear filtered ring homomorphism. The n-th deformation of A is the
R-subalgebra

A, = ij"FjA CcA
j=0
of A. Tt becomes a deformable R-algebra when we equip A, with the subspace filtra-
tion arising from the given filtration on A. By [5, Lemma 3.5], multiplication by 77"
on graded pieces of degree j extends to a natural isomorphism of graded R -algebras
gr A =, gr A,,. The assignment A — A, is functorial in A. For example, when-
ever g is an R~Lie algebra which is free as an R-module, the PBW-theorem implies
that its enveloping algebra U(g) is deformable, and U(g),, = U(n™g). Evidently these
concepts only depend on the ideal 7R in R.
Applying the deformation functor to diagram (5.12) produces

(5.13) (U(@)%)n 22 U(1),

| L

U(@)n ——— Dn.
@n 5D
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Let A : 7"h — R be a linear form. It extends to an A -algebra homomorphism
U(h), — U(r™h) — R and gives AR the structure of a U(h),-module which we
denote by Rx. Recall from [5, Definition 6.4] the sheaf

Do =Dn ® Ra.

U(b)n

Let 3" be the basis for .3 consisting of open affine subschemes of 3 that trivialize the
H-torsor £ : &3 — 3. It contains each Weyl-group translate of the big cell in 3.

Lemma 5.3.1. — Let Y € &.
(a) (02) |, is isomorphic to (pf/)n)|Y as a sheaf of filtered R-algebras.

(b) D2 is a sheaf of deformable (R-algebras.
(c) There is an isomorphism of graded R-algebras gr 2, = Sym; & on 5.

(d) 7 is a quasi-coherent C-module.

Proof. — In the case where & is Noetherian, parts (a,b,c) are |5, Lemma 6.4(a,b,c)].

The proof of [5, Lemma 6.4] in fact does not use the Noetherian assumption. By

part (c), &) is the direct limit of its subsheaves F;)), which are finite iterated

extensions of the O-modules Symé & . Therefore ;) is O-quasi-coherent by [68, §25.24,

(9), (6) and (4)]. O
DA

Definition 5.3.2. — 23 := lim D /m* D and D . == D @ K.
— ’ 2

As in [5], we regard these objects as sheaves on the R-scheme .3, supported only
on the special fiber of (3. As such, they are also naturally sheaves of Oﬁ—modules on

the m-adic completion 3 of .3, but this structure will only come into play later.

Our first task will be to compute the derived global sections of ) , in our general
setting. We begin by computing higher cohomology locally.

Lemma 5.3.3. — HI(Y,23) = HI (Y, ) = 0 for all j > 0 whenever Y € &.

Proof. — We will apply [32, Chapter 0, Proposition 13.3.1] to the inverse system
(F2)aen of abelian sheaves on Y, where &%, is the restriction of )\ /7% to Y. Take
the basis 9B for Y be the set of affine open subschemes of Y; then H?(U, %) = 0 for
all j > 0 and all U € (3 by [32, Proposition 1.4.1] because each ¢, is O-quasi-coherent
by Lemma 5.3.1(d). This implies condition (ii) holds. Now ) (U) & U(x"& (U)) for
any U € B by Lemma 5.3.1(a). Since this is a flat ;R-module, we have the short
exact sequence 0 — o1 — ofar1 — ofa — 0 for each a > 0. This gives condition (iii),
and also implies that the maps T'(Y,#11) — T(Y, %) are surjective for all a € N.
Thus (T'(Y, ¢%))aen satisfies the Mittag-Leffler condition which yields condition (i).

We conclude that HI (Y, 9}) — lim HY(Y, ) = 0.
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For the second part, note that @’\ x 1s the inductive limit of the system (0})a>0
where each transition map is multlphcatlon by 7. Because Y is an affine scheme, [68,

Lemma 20.20.1] implies that H7(Y, (527\}() = lim H7(Y, @\%) for all j > 0. O
Let gx := g®g K. We write Z(gx) to denote the center of U(gx).
Lemma 5.3.4. — (U(9)%)n, ® 4 K = Z(gk).

Proof. — By [40, 1.2.10(3)] we have (U(g)®), ®4 K = U(g)® ®% K = U(gk)®*.
Because K is a field of characteristic zero, it follows from [40, 1.7.10(1), I1.1.9(4),
11.1.12(1) and 1.7.16] that U(gx)®% equals the algebra of gg-invariants in U(gx)
under the adjoint representation. But this is just Z(gx). O

The linear form A : 7"h — R extends to a R-algebra homomorphism A o ¢ :
(U(9)®), — R, and hence to a K-algebra homomorphism Ao ¢ : Z(gx) — K. This
gives K the structure of a Z(gx)-module, which we denote by K.

Theorem 5.3.5. — (a) There is an isomorphism U(r"g)x & K» — T'(B, D ).
Z(9K)

(b) f‘l ;¢ has vanishing higher cohomology.

Proof. — Let 9 be the finite affine covering of .3 given by the Weyl-translates of the
big cell in 3. Because every finite intersection of members of %/ lies in &, the Cech-
to-derived functor spectral sequence [68 Lemma 21.11.6] together with Lemma 5.3.3
implies that H7 (.3, (@ K)—HJ(% Cf{) x) =0 forall j > 0.

Consider the Cech complex C* := C"(%, 2D2), and write U,, := U(g),. The map
U(pn) : Up — @n induces an R-algebra homomorphism

b U@ — C° a0 Ulp)n(z)®1 €Dy .8 R = D

Let my be the kernel of the K-algebra homomorphism Ao ¢ : Z(gx) — K. Choose a
finite set of generators X C m, for the ideal U(gx)m) in the Noetherian ring U(gg).
By Lemma 5.3.4, we may assume that in fact X C (U(g)®), N my. Diagram (5.13)
implies that ¥ (X) = 0, so we have the augmented complex

D'::[0—>Un'X—>UnLCO—>CI—>-~—>C‘1—>O],

where d = |2/| — 1. On the one hand, because ), ® % K is isomorphic to the usual
sheaf of twisted differential operators @}; on the generic fiber By of 3, applying the
functor — ® ¢ K produces the complex

0—-U(gg) mx — U(gg) — C.(%M‘ED;\()’

which is acyclic by classical results in characteristic zero—see [9, Lemme 2.3] and
[67, Théoréme 3.2(iv)]. It follows that the complex D* has m-torsion cohomology. On
the other hand, because ;) is C-quasi-coherent by Lemma 5.3.1(d), we have by [32,
Proposition 1.4.1] that H/(C*) = H) (U, D)) = H(B,D;) for all j > 0. Provided
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R is Noetherian, this is a finitely generated U,-module by [5, Proposition 5.15(b)].
Because H (D) = ker¢ /U, - X is a finitely generated U,-module being a subquotient
of the Noetherian R-algebra U,, we conclude that the complex D*® has bounded
m-torsion cohomology whenever (& is Noetherian.

Let hq,...,h; € b be the simple coroots corresponding to the simple roots in b7
given by the adjoint action of H on g/b. Note that because G is assumed to be simply
connected, the Lie algebra b is generated as an R-module by the h; by [40, IL.1.6,
I1.1.11]. Using the elementary Lemma 5.3.6 below, we can find a complete discrete
valuation subring R/ of R containing the finite set {A(h1),...,A(h;), 7}; then X is
defined over R/ in the sense the restriction A’ of A to 7R’ takes values in R/ .
Let G',g’,K’, my, and X' be the corresponding objects defined over R’ instead
of JR. The isomorphism U(gl/) Q' K =, U(gk) carries my/ into my, and in fact
my = my - K. It follows that X’ generates U(gx)m, as a left ideal so we may assume
that X = X'. Because m € SR/ by construction, we can also form the sheaves C@fgl

and Cf/);\L' x on the flag variety /3" defined over R/, which has the covering %/ by the
Weyl-translates of the big cell.

Consider the Cech complex of (f/);\LI with respect to the covering %/'. Forming the
augmented complex D'* as above, there is an evident map D*® s K — D*® which
is in fact an isomorphism because X’ = X. We may now use the flatness of & as an
R/-module to conclude that H7(D*) = H/(D'*) ® 4, R Because R/ is Noetherian,
we see that D® has bounded m-torsion cohomology, in general. Since D*® consists of
torsionfree R-modules by construction, we conclude from [8, Lemma 3.6] that D* K is
acyclic. This implies that

—

— - U, —
(B, D) i) = HO(C*x) = ="~ = U(m"g)x _® K,
nK Z(gk
and also that H7 (B, D i) = HI(U, Dy i) = 0 for all j > 0. O

Lemma 5.3.6. — Let X be a finite subset of J&. Then there is a complete discrete
valuation subring R/ of SR containing X.

Proof. — The subring S of & generated by X is Noetherian, being a homomorphic
image of a polynomial ring over Z in finitely many variables. On the other hand it
is a domain. Let m be the maximal ideal of R, so that m N S is a prime ideal of S.
Because & is a local ring, the localisation T" of S at m N S is contained in R. It is a
local Noetherian ring with maximal ideal J, say; because p € mN S and because T is
a ring of characteristic zero, we see that J cannot be zero. Let F' be a finite generating
set for J as an ideal in T'. Because SR is a valuation ring, we see that J- R = F- R is
principal. Because principal ideals are totally ordered in a valuation ring, we can
choose a non-zero element 7’ € F such that J - R = n'R. Now (J/7n'T) @7 R =0
implies that (J/7'T) ®1 R /m = 0. Since JR/m is a field extension of T'/J, it is
faithfully flat as a T'/J-vector space. Hence (J/n'T) ®p (T/J) = 0 which forces
J = 7'T by Nakayama’s Lemma, since J is finitely generated. Because NJ" = 0 by
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Krull’s Intersection Theorem, we see that T is a discrete valuation ring with maximal
ideal 7'T. Finally, since 7’ is a non-zero non-unit in &, & is 7’-adically complete,
which implies that the 7'-adic completion &’ of T embeds into & . This &/ is the
required complete discrete valuation ring such that &' 2T 2> S D X. O

Our next task will be to exhibit a well-behaved countable family of generators for

the category of coherent Ci/)i; -modules on 3. This will extend [5, Theorem 6.3] to
our non-Noetherian setting. First, we must recall some terminology due to Fujiwara
and Kato [28].

Definition 5.3.7. — Let I be a finitely generated ideal in the commutative ring A.
(1) (A,I) is adhesive |28, Chapter 0, Definition 8.5.1] if:
(a) the scheme Spec A \ V(I) is locally Noetherian, and
(b) for any finitely generated A-module M, its I-torsion submodule
Mj_tor :={m € M : for all a € T there exists n > 0 such that a"m = 0}
is again finitely generated.
(2) (A,I) is universally adhesive [28, Chapter 0, Definition 8.5.4] if for all n > 0,
(A[X4, ..., X,], TA[X,...,X,)]) is adhesive.
(3) A is I-adically topologically universally adhesive [28, Chapter 0, Defini-
tion 8.5.17] if (A,I) is universally adhesive, and if the I-adic completion
of (A[X1,...,X,],TA[Xy,...,X,]) is again universally adhesive for all n > 0.
(4) A is universally coherent [28, Chapter 0, Definition 3.3.7] if every finitely pre-
sented A-algebra is coherent.

We begin with a generalization of Serre’s Theorem.

Lemma 5.3.8. — Let Z be a closed subscheme of Pg(g) and let ¢ be a coherent
Oz-module. Then for sufficiently large n € N, the Serre twist o7 (n) of of is I-acyclic
and generated by finitely many global sections.

Proof. — We may assume Z = Pg(g). By [28, Chapter 0, Corollary 9.2.7], & is
mR~adically topologically universally adhesive. Because it is also m-torsion-free, |28,
Chapter 0, Theorem 8.5.25(1)] implies that & is universally coherent. In particular,
the polynomial algebra B := S(g) is also universally coherent. In this situation, [28,
Chapter I, Proposition 8.2.2] tells us that for every coherent Cpy-module ¢f, ¢f (n) is
T-acyclic for sufficiently large n and HY(PY, ) is a finitely presented B-module for
all ¢ € N. On the other hand, [31, Corollaire 2.7.9] tells us that ¢¥(n) is generated by
finitely many global sections for sufficiently large n. O

The scheme (73 is projective over (& by [40, I1.1.8]. Fix an embedding ¢ : 3 — ]P’PI/{V%
into some projective space over R and let £ := +*O(1) be the corresponding very
ample invertible sheaf on J3. For any Og-module ¢} and any s € Z, we let cM(s) :=
oM ®g,, £ denote the Serre twist of o}. Let ¢ be one of the sheaves of rings ),
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3)\% or Cy)v)\z,K and define 78 ;= ¥®s ®0, A R0, #®(=5) Asan Og-module this sheaf
is isomorphic to ¢#, but it is also naturally a sheaf of rings which is not isomorphic
to ¢#. For every ¢Z-module ¢V, the twisted sheaf (s)oV := £®* ®0$07\/ is naturally an

Z*)-module by contracting tensor products. We retain the notation ¢#(s) to mean
the left ¢Z-module ¢/ ®gy, L ®s with o7 acting on the left factor.

Lemma 5.3.9. — Write R = R /TR and B:=3 =3 R, and suppose that n > 1.
(a) DN /7Dy = Sym%(%) as sheaves of graded R/ R-algebras.

(b) Let oM be a coherent Sym%(%)—module. Then for all sufficiently large inte-
gers s, (s)eM is T-acyclic and generated by finitely many global sections as a
Sym%(%)—module.

(c) @5 is a coherent sheaf.

(d) Every coherent [.,?[)Z—module is m-adically complete.

~

Proof. — (a) Recall from Lemma 5.3.1(c) that we have an isomorphism gr )} =
Symg & of graded R-algebras on 3. Because each graded piece of gr ) is flat as an
HR-module, gr(Dn /D) = (gt D)) @z R = (Symp ) ®gp R X Symp,_ Iz

(b) Let 8 : T*B — B x g* be the closed embedding provided by the infinitesimal
action of g on B3, and let p : B x g* — B be the projection onto the first factor.
Because Sym%(gc}@) = p*ﬁ*OT*g, there is a coherent (g, ,«-module ¢/¥, killed by ,
such that oM = p.e/.

Let B := S(g) and let tp : B X g* = B®p B — PN ®% B = P} be the base
change of ¢ to B. It is still a closed embedding, and LEOPg (1) @ p*.Z is a very ample
line bundle on (8 x g*, so we may define //(s) := N ®p,,, .. (p*L)®* for each s € Z.
In this situation [30, §0.5.4.10] implies that p.(cV gy o p L) = pilN ®py L, 80

P«(cH(s)) = M(s)

for all s € Z. Because p is an affine morphism, [32, Corollaire II1.1.3.3] tells us
that H' (B, M(s)) = H (B, p« (N (5))) = H (Bxg*,eN(s)) for all i and s. So oM(s) is
I'-acyclic whenever ¢/V(s). Finally, if 67 is a coherent Ug, ,--module which is generated
by finitely many global sections, then p.cf is a coherent Ug ®  B-module generated
as such by finitely many global sections. We can now apply Lemma 5.3.8.

(c) Berthelot’s [10, Proposition 3.1.1] has the following weaker form: if 7 is a
sheaf of rings on a topological space X and if & is a basis for X such that Z(U) is
a left coh/er\ent ring for each U € &, then Z is left coherent. So it is enough to
see that @%(}()\ is left _coherent for each Y € &§. By Lemma 5.3.1(a), there is an
isomorphism ) (Y) & ), (Y), and this JR-algebra satisfies Hypothesis 4.1.3/\1:)ecause
n > 1. Now Theorem 4.1.4 implies that every finitely generated left ideal in ), (Y) is

finitely presented so @:(Y) is left coherent.
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(d) Let Y € & and let D = 2, (Y). We will first show that the functor
M — M2 := lim &, ®p (M/7*M)
am

is exact on finitely presented D-modules. Let 0 — A — B — C — 0 be an exact
sequence of finitely presented D-modules. For every D-module M, the isomorphism
Dn@pM = OyQpvyM of sheaves of left Oy-modules shows that the functor (), ®p— is
exact on D-modules. Therefore the sequence of towers of ),-modules
A+ 7B } [ B ] [ C }

L7 2 = — 0

T B = [Dn & T B a_) Dn ®p meC a_>
is exact. The maps in the left-most non-zero tower are surjective, so it satisfies the
Mittag-Lefler condition. Taking inverse limits gives a short exact sequence

A “B
0 — lim 9, ®p A+mE
— B

0— c@n®D

a

— B2 C?=0.

We saw in the proof of part (c) that D satisfies Hypothesis 4.1.3. Because B is a finitely
generated D-module, it follows from Theorem 4.1.4 that we can find an integer ng
such that 7%A C AN7*B C 7" ™A for all n > ng. Therefore the natural map

. . a . . .
A? = lim D b ﬁ — lim & ®p A:JBB is an isomorphism, and the functor

M — M? is exact as claimed. .

We will next show that every ﬁni/tgly presented ),-module ¢/ on }(\is m-adically
complete. So ¢V is the cokernel of a &),,-linear map u between two free ),,-modules of
finite rank. Let D := :@: (Y); then DA = :@: , and it follows from the above paragraph
that o/ = N2 where N is the finitely presented D-module coker (Y, u). Now, the

sequence N4 ™ NA (N/meN)» — 0 is exact, so
N/l 2 N*/n* N2 2 (N/n*N)® = D, @9, v) N/m*N
~ A 1 a ~ 1: a
for any a > 1. Hence oV &2 N2 = <h_mf/)n ®9,(v) N/m*N = (ll_m(JV/ﬂ' M.

Finally, the definition of coherent modules from [34, Chapitre 0, § 5.3.1] together
with the fact that .3 admits a basis of quasi-compact open subsets in & implies that

we can find an §-covering of 3 on which our coherent ))-module M is finitely
presented. The restriction of the canonical map M — (h_m M /T M to each member

of this covering is an isomorphism by the above, and therefore the map is itself an
isomorphism. O

Theorem 5.3.10. — The sheaves {(@;\L K (8) : 8 € Z} generate the category of coherent

—_—
D -modules whenever n > 1.

Proof. — Write ¢/ := cf//)Z to aid legibility. Let oM be a coherent ¢#x-module. By
the proof of [10, Lemma 3.4.3], we can find a coherent ¢Z-submodule ¢/ of oM
such that oM = oV ®p K. Using Lemma 5.3.9(a,b), we can find an integer s such
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that (s)(c/V/meV) is T-acyclic and generated as an ¢Z(®)-module by its global sec-

tions. Because ¢/ has no w-torsion, the sequence 0 — N /meV -, N/m N —
N/meN — 0 is exact for all i > 0. Since also H'(B, (s)(cV/meV)) = 0, twist-
ing this sequence by .#®* on the left and taking cohomology shows that the arrow
(B, F/mHLF) — T(B, K/ E) is surjective for all i > 0, where & := (s)c/V. Be-
cause ¥ is a coherent ¢Z(*)-module, it is 7-adically complete by Lemma 5.3.9(d). Thus
we find an ¢Z(*)-linear map 6 : (0%7(8))‘1 — & which is surjective modulo 7.&. So C :=
coker () satisfies C = w(C. Because ¢/ is a coherent ¢Z-module by Lemma 5.3.9(c), we
see that C is a coherent ¢Z(*)-module, so C is m-adically complete by Lemma 5.3.9(d).
Therefore C = 0 and  is surjective. Twisting back by .Z®~% on the left, we find a
surjective map ((—s)cZ())* — oW of left ¢ZZ-modules. But (—s)cZ(*) = 7(—s) as left
oA-modules, so we obtain a surjective map (¢#Z(—s))* — oV of c#-modules, and after
inverting 7 a surjective map (c#Zx (—s))* — oM of oAx-modules, as required. O

Let hy,...,h; € b be the simple coroots corresponding to the simple roots in b7
given by the adjoint action of H on g/b, let wy,...,w; € b be the dual basis
to {h1,...,h;} and recall that p :=wy + ... + w;.

Definition 5.3.11. — Let A € b} = Homg (b, K).
(a) X is said to be integral if A(h;) € Z for all 3.
(b) X is dominant if A(h) ¢ {—1,—2,—3,...} for any positive coroot h € §.
(¢) Ais p-dominant if A + p is dominant.
(d) X is regular if its stabilizer under the action of the Weyl group is trivial.

(e) X is p-regular is A + p is regular.

Theorem 5.3.12. — Suppose that n > 1 and that X is p-dominant and p-regular. Then

/\ o —

K generates the category of coherent c@;\L x-modules.

Proof. — By Theorem 5.3. 10 it will be enough to show that for each s € Z there

is a surjection ), — f/)n x(8) for some a € N. Because )% (s) is a coherent
SP-module and because ) is p-dominant and p-regular, we can find a surjection
(D)* — D (s) for some a € N, by paragraph (iv) of the proof of [9, Théoréme
Principal|. By clearing denominators, we can find a )}-module homomorphism 6 :
(D) — Do (s) with m-torsion cokernel C say. Because ) (s) is locally on & a free
Cf/]i;—module of rank 1 and because . is quasi-compact, we see that in fact C is bounded
m-torsion. .
If0 - A— B — C — 0 is an exact sequence of JR-modules, then 0 — A-B—
C —0is again exact whenever C' is eithera ﬁ—tors@—\free, or bounded w-torsion. It
follows from this that the sequence (Q)A( ) — DN(s)(Y) — @ — 0 is exact for

any Y € §. Therefore O : pf[) K = @n x(8) is surjective. O
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Recall from [5, Definition 5.1] that a sheaf of rings 2 on a topological space X is
said to be coherently Z-affine if for every coherent Z-module oM, oM is generated by
its global sections, oM is I-acyclic, and oM(X) is a coherent 2(X)-module.

Theorem 5.3.13. — Suppose that n > 1 and that X is p-dominant and p-regular. Then
B is coherently Cf/):; -affine.

Proof. — Let oM be a coherent (@AK—module. It follows from Lemma 5.3.9(c)

— —

that ), j is also a coherent 7)) ;-module. Using Theorem 5.3.12, we can find a res-

olution - - - — Py L} 2N LY Lo — M — 0of M, where each P; is a free @—module
of finite rank. A dimension shifting argument together using Theorem 5.3.5(b) now
implies that H?(B,cM) = H'T"(B,imd,.) for any j > 1 and r > 1. This vanishes
whenever r > dim 3 by [35, Theorem II1.2.7], so ¢ is T-acyclic. Hence im d,. is also
I-acyclic for each 7 > 1, and it follows that o is generated by its global sections.
We also obtain the exact sequence --- — T'(B,P1) — (B, L) — T(B,eM) — 0

—

of (B, Dy i )-modules. Because I'(:B, 0 ) is Noetherian by Theorem 5.3.5(a) and
Corollary 4.1.10, it follows that I'(8,c#) is a coherent I'(B, &), x)-module. O

Corollary 5.3.14. — Suppose that n > 1 and that X is p-dominant and p-regular. Then

(B, —) is an exact equivalence between the category of coherent @C[)i‘b x-modules and

the category of finitely generated U(n"g)x-modules killed by m.

Proof. — This follows from Theorems 5.3.13, 5.3.5(a) and [5, Proposition 5.1]. O

5.4. The localisation functor is essentially surjective

We continue with the notation and hypotheses of §5.3. Thus, G is a connected,
simply connected, split semisimple affine algebraic group scheme over & and B is a
closed and smooth Borel (R~subgroup scheme of G. In [40, I1.1.10], Jantzen shows
that the flag variety X admits a finite Zariski covering by open affine subschemes each
isomorphic to an affine space A? over R, which trivializes the B-torsor £ : G — X :=
G/B. This means that Hypothesis 5.2.9 is satisfied ® for the data (B, X, ¢).

Recall from Definition 3.1.11 that G, (-R) denotes the congruence kernel

Gan (R) = ker(G(R) — G(R/7"R)).

By definition of the topology on G(2), these form a descending chain of open normal
subgroups in G(R). We will assume that we are given a continuous group homomor-
phism from a compact p-adic Lie group G to the first congruence kernel

0:G — G (R).

2. The smoothness of the flag variety X also follows from [21, Chapter III, §3, Proposition 2.7].
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Certainly then Hypothesis 5.2.1 is satisfied. By Theorem 5.2.10, we know that the
K-algebra A := D(G, G) acts on the rigid analytic flag variety X := X,ig compatibly
with G. Hence, by Proposition 3.6.8, we have at our disposal the localisation functor

Locy : Ca — Cx/a-

For each K-linear character A : hx — K, we have a K-algebra homomorphism Ao ¢ :
Z(gx) — K, and we will denote its kernel by my. We are concerned here only with
the case where A is the zero map.

Theorem 5.4.1. — The localisation functor Locé : Ca — Cx /¢ is essentially surjective
on objects.

We now start working towards proving Theorem 5.4.7 below, which states
that I'(X, Loci (M)) & M /mg - M for every coadmissible A-module M. Our first task
is to extend the sheaves appearing in Definition 4.3.8 to certain affinoid subdomains
of the rigid analytic flag variety, which is itself not affinoid. Because our ultimate goal
is to relate this construction with the material in §5.3, we will work on the (special
fiber of) the R~-scheme X for simplicity.

Recall from §5.2 that o/ = 0(@) and that g = Lie(G). For each n > 1, we define
Gy := 071 (G (R)) and note that

G=G1>2G2>2 -+

is a descending chain of open normal subgroups of G since o is continuous.

Lemma 5.4.2. — Let Y € &, write Y = Y, and T (Y) :=Derg (0(Y)). Then
(a) O(%), I (Y) and Y, are G-stable.

Suppose further that the integer n is large enough so that 7™ € p*®. Then
(b) pG(Gn) < Gpe () and p#i=(Gr) < Gpe (O(Y)), and
(©) Gn < Gy (nng) N Gang (-

Proof. — (a) We saw in the proof of Lemma 3.1.4 that the open affine subscheme ¥
of X is (}W(X)—stable. Because o(G) C Gr(cR) by assumption, the image of G
in ¢(X) lands in {,(X), so Y is G-stable. Therefore O(Y) and the affinoid subdomain
Uig of X are also G-stable. The O(¥)-Lie lattice & (¥) in & (Yig) is G-stable by
Lemma 3.2.8(a).

(b) The first inclusion follows directly from the assumption 7" € p°R. Now,
£€71(Y) is an open affine subscheme of G equipped with a B-action from the right, and
£€~1(Y) is non-canonically isomorphic to Y x B because Y € &". Therefore O(£~1(Y)) is
an O(B)-comodule-algebra, and the corresponding subring of invariants is precisely
O(Y). These statements hold over a general base ring, and in particular, over & /pR.
Now G, acts trivially on O(¢~"(Y)) ® 2 R/p°R, and this action respects the O(B)®q
R/ p°R-comodule structure. It follows that G,, also acts trivially on O(Y)® ¢ /PR
as required.
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(c) Let g € Gy,. Then log p©(g) = n"u for some right-invariant (R-linear derivation
u: A — A Now u = 7/(v) for some v € g by Propositions 5.1.13 and 5.1.7. So
log p®(g) € # -+ (7"g) and hence g € G ./ (xnq) as required. Now by Lemma 5.2.11
(which is applicable in view of part (b)), and Lemma 5.1.4 we have

log p%i%(g) = asy,, (log p%(9)) = ay,, (1" (v)) = ¢y, (7"v).
Therefore log p%is(g) € 7" (Y) and g € Grng (- O

By Lemma 5.4.2(c), (7" (¥), Gy,) is an O(Y)-trivializing pair in O(%;,), so we may

¢ —

form the crossed product U(m" (¥))kx X, G whenever Y € §.

Corollary 5.4.3. — For each integer n such that 7 € pR, there is a unique sheaf
of K-Banach algebras

c@n,K XaG, G
on X whose value on Y € & is U(n"¥ (¥))k xa, G, where Y = Y. It is a finitely

generated free @—module of rank [G : G,,].

Proof. — It follows from Lemma 5.4.2 and Proposition 3.2.15 that this construction
is functorial in Y € & and therefore defines a presheaf @\K Xg, G of K-Banach
algebras on & Since U(W"/\@/))K = @(Y), it follows from Lemma 2.2.4(b) that
@,\K X @, G is finitely generated and free of rank [G : G,,] as a presheaf of E,L,\K—mod—
ules. But @L\K is a sheaf on &, so m X @, G is also a sheaf on & Since & is a base
for the Zariski topology on X, (5,;\;( X @, G extends uniquely to a sheaf of K-Banach

algebras on X, which we will also denote by 57; Xa, G. O
In order to aid legibility, we will also denote this sheaf on X by
Qn = ﬁl\x Xa, G.
Theorem 5.4.4. — X is coherently (),,-affine.
Proof. — Tt follows from Definition 5.3.1i_t£at A = 0 is p-dominant and p-regular.
Therefore X = G/B = B is coherently ), k-affine by Theorem 5.3.13. Now (), is

a free ETL,\K—module of finite rank by Corollary 5.4.3. It follows in a straightforward
manner from |5, Definition 5.1] that X is also coherently ¢),,-affine. O

We assume henceforth that 7™ € p¢R. It follows from Lemma 5.4.2 and Proposi-
tion 5.2.6 that the algebra A = (G, G)® admits a presentation of the form

o —

A%(li_mAn, where A, :=U(r"g)k xg, G,

and by Proposition 5.2.12, there is a K-algebra homomorphism A4, — @, (Y) for
each Y € &.
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Given a coadmissible A-module M, we may on the one hand form the finitely
generated A,-module M,, := A, ® M and then form the sheaf of ¢),-modules on X
A

(’]anQn(@AnMn:Qna?M

On the other hand, we have the coadmissible G-equivariant )-module ¥ :=
Loc’;((M ) on X. These constructions are related in the following way.

Lemma 5.4.5. — For each coadmissible A-module M and each Y € & there is an
A-linear isomorphism

M (Trig) 2 lim M, (¥),
which is functorial in Y.
Proof. — This is just a matter of decoding the definitions. Because (ﬁi\(rig, Q) is small,

by Definition 3.5.12 and Corollary 3.5.6 we have
M(Yiig) = P (M) (Yrig) 2 M (Yrig, G) = D(Yrig, G)§M -

Now @(?rig, G)= (h_an(Y) and A = hﬁ A, so

D(Vrig, G) ® M = lim Qu(Y) @4 M = lim o), (V).
These isomorphisms are functorial in Y. O

Lemma 5.4.6. — The algebra Z(gx ) remains central in A, so J- A is a two-sided ideal
of A whenever J is an ideal of Z(gk).

Proof. — The G-action on U(gk) relevant to Definition 5.2.5 is given by the adjoint
action of G(R) on U(gk). Hence G fixes Z(gx) pointwise under this action, so
Z(gk) is central in the skew-group algebra U(gx) X G. The result follows because

U(gr) ® G is dense in A = @(G, G)@ by construction. O
Theorem 5.4.7. — Let M € C4. Then I'(X, Locyg (M)) = M/mg - M as A-modules.

Proof. — Choose an &-covering U := {Y1,...,Y,,} of X and let Y, := ?i,rig. Then
Urig == {Y1,..., Y} is an X, (& )-covering of the rigid analytic flag variety X.
Letting o := Loci (M), Lemma 5.4.5 then implies that

T'(X, M) = HQUig, M) = HO (U, lim oM,) = lim HO(U, M) = lim T(X, ).
— — —
Now, by imitating the proof of Lemma 4.3.18 we see that the ¢),,-module ¢}, is isomor-

phic to Dk ® M, as a D, x-module. Because the zero weight is p-dominant,
U(rmg)k
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we may apply Corollary 5.3.14 and Theorem 5.3.5(a) to deduce that

F(X)Cﬂ%) = c@n,K(X) & Mn = Mn/mOMna
U(rmg)k

as @L,\K(X)—modules for all n, and is it straightforward to see that the composite
isomorphism I'(X,M,) & M, /moM,, is in fact A,-linear. Since myA is a two-sided
ideal in A by Lemma 5.4.6, mgM is an A-submodule of M. By choosing a finite
generating set for the Z(gx)-ideal mgy, we have an exact sequence M* — M —
M/mgM — 0 of A-modules, and because A is Fréchet-Stein by Theorem 5.2.7, it
follows from [66, Corollary 3.4(ii)] that M /moM is a coadmissible A-module. Hence

M/m()M = (h_mAn DA (M/m()M) = (h_m Mn/moMn.
Putting everything together, we find an A-linear isomorphism
M/moM = (li_mMn/mgM = <li_mI‘(X,@ﬂfﬁn) ~T(X,cM). O

We now start working towards proving Theorem 5.4.1. The proof is very similar to
that of Proposition 4.4.15 but we give the details for the convenience of the reader.

Notation 5.4.8. — U := {Yyz : Y € §}, a subset of X,,(F).
— Qo (Y) := @(?rig, G) foreach Y € &

— oM is a coadmissible G-equivariant )-module on X.

— The integer n satisfies 7" € p*R.

Let Y € . Then @714|Y € Cy,g by Proposition 3.6.10, so by Theorem 3.6.11,

—_

M(Y) is a coadmissible )(Y, G)-module and there is an isomorphism

Locg ™ D (M(Y)) = oM,

of G-equivariant locally Fréchet )-modules on Y.

Lemma 5.4.9. — There is a coherent sheaf o}, of Qn—modules on X, whose values
on Y € & are given by

M (Y) = n(Y) 020 M (Yrig)-

Proof. — The formula on the right hand side of the displayed equation is evidently
functorial in Y € & and thus defines a presheaf o}, of @,-modules on &. Let
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UY € & be ﬁxed with U C Y. By the remarks made above, there is an isomor-
phism M (Uig) = Qoo (U) ® M(Y,ig). Therefore
)

OO(

Qn (U) QOS%U) W(Urig)

(5.14) & (U) QOQ(X()U) (Qoi (U)Qﬁy)W(Yrigo
Q”(U) Qoo@()Y) W(Yrig)

@n(U) Q,%) M (Y).

M (U)

IR

Now @rig is a G-stable affinoid subdomain of Y := ?rig by Lemma 5.4.2. Because
U is an affine Zariski open subscheme of Y, it is a ﬁmte union of basic open subsets,
and it follows directly from Definition 4.2.7 that Ung isan & := 7" ( )-accessible

affinoid subdomain of Ymg Recall the sheaf §) := % %) k Xg, G on Yae(Z,G) from
Definition 4.3.15. Now, formula (5.14) shows that the presheaf ¢/V := Locg (e, (Y))
on Y,..(Z,G) is related to the restriction of ¢}, to Y via

N(Usig) 2 Mp(U) forall Ue§ such that UC Y.

It now follows from Corollary 4.3.19 that ¢}, is a sheaf on ¢. Because & is a basis
for X, oM, extends to a sheaf of ¢),,-modules on X, which is coherent in view of formula
(5.14). O

Lemma 5.4.10. — There is a (),-linear isomorphism

Tn ' Yn n X ® Oﬂﬁn ) — n X .
¢ o0 (Q ( )Qn+1( X) +1( ¢ Qn(X) )

Proof. — We omit the details which are very similar to the proof of Lemma 4.4.12. [J

Corollary 5.4.11. — The Qoo (X)-module My, := (h_mdl/ln(X) is coadmissible.

Proof. — By Lemma 5.4.10 and Theorem 5.4.4, the maps 7, (X) induce §), (X)-linear

isomorphisms ¢, (X) ®Qp 11 (X) Min+1(X) =, M (X) for each n. Therefore M, is a
coadmissible lim Qn(X) = Qoo (X)-module. O

IfYedandY = ?rig, then M(Y) is a coadmissible Q) (Y) = (@({X\'ﬂg, G)-module
by Proposition 4.4.5(a). Hence the canonical map

M) — Im Qu(¥) & H(Y)

is an isomorphism, and we will identify o}(Y) with (h_an(Y) ® M(Y).
Qoo (Y)
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Lemma 5.4.12. — For each Y € U, there is a Q) (X)-linear map

such that vy (m) for all m € My, and all Y’ € %U.

lyny: = VY (m) Iy v

Proof. — Let m = (my,),, € M where m,, € M, (X), and define vy by
e (1) 1= (710 -
This is Qo (X)-linear because the restriction maps in ¢}, are M, (X)-linear. Now
v (Mly oy = Maiy)lyqy, = Moy = (Mayr)ly (g, = v (Mg oy,

for all n > 0. Hence Vy(m)|YnY/ = vy (m)|YnY, for all m € M. O

Proof of Theorem 5.4.1. — Let oM be a coadmissible G-equivariant )-module on X.
We have constructed a coadmissible Qo (X)-module M, above in Corollary 5.4.11.
We will next construct an isomorphism of G-equivariant )-modules on %

@ PR (M), — M),

U
Let Y € & so that Y := YA{'rig € . Using Lemma, 5.4.12, define

gy : D(Y,G) ® Moo — M(Y)

by setting gy (s®m) = s - vy (m). This is a @(Y, G)-linear map. The diagram

QoY) © Moo —— H(Y)

ln G (V) & oM (X)

r

lim e, (Y) +————— lim @y (Y) 0 ®(Y) M(Y)

IR

is commutative by construction. Now ¢/, is a coherent ¢),,-module by Lemma 5.4.9,
so the bottom left vertical arrow is an isomorphism by Theorem 5.4.4. The bottom
horizontal arrow is an isomorphism by the definition of ¢}, given in the proof of
Lemma 5.4.9, and the vertical arrow on the right is an isomorphism by the remarks
made just before Lemma 5.4.12. It follows that gy is an isomorphism.
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Now consider the following diagram:

PR, B "My,
%J %Tﬁ(
PID (DY, G)D M) _ PO (YY),
A %(Y'G) (9v)

Here the left vertical arrow is the isomorphism given by Proposition 3.5.9, and the
right vertical arrow 6y is the isomorphism given by Proposition 4.4.5(c). Because gy is

an isomorphism, the bottom arrow is an isomorphism because 0?3“;‘? Y& is a functor
by Proposition 3.6.6. Thus we obtain the G-equivariant )-linear isomorphism

ay : PEM)|, —> M),
which makes the diagram commute.

By Proposition 4.4.5(a), ¢#(U) is naturally a coadmissible )(U, Gy)-module for

any U € Y,,. Identifying ¢ (My)(U) with ;@(U,GU)A ® M, using Corol-
D(X,Gu)

Yo

lary 3.5.6, it is straightforward to verify that the map
ay (U) : P% (Mu)(U) — HM(U)
is given by
(5.15) ay(U)(s®@m)=s- (Vy(m)|U) for all se€ @(U,GU) and m € M.
Using Lemma 5.4.12, we see that the local isomorphisms ay satisfy

(ay) = (ay’) for any Y,Y' € %.

|YﬁY’ |YﬁY’

Since LOC%(MOO) and ¢/ are sheaves on X and %/ contains an admissible covering
of X, the ay’s patch together to the required isomorphism « : LOCQ(MOO) — oM. O
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CHAPTER 6

EXTENSIONS TO GENERAL p-ADIC LIE GROUPS

6.1. The associative algebra F'(G)

Let G be a group, and let k be a commutative ring. We fix a set C of subgroups
of G which is closed under finite intersections and conjugation. It may help to keep in
mind the basic example where G is a p-adic Lie group and C is the set of its compact
open subgroups.

We will view C as a partially ordered set, ordered by inclusion, and hence as a
category whose Hom-sets have at most one member. Let k-Alg denote the category
of associative unital k-algebras, and let

F:C— k-Alg

be a covariant functor. We will write F'(a) for the image of a € F(J) in F(H) under
the canonical map F(J) — F(H) whenever J < H are members of C. A basic example
of such a functor is afforded by the group ring functor

k[-]:C — k-Alg,

which sends H € C to the subalgebra k[H] of k[G]. Suppose further that we are given
a morphism

L k[-]— F

of functors C — k-Alg as above. Whenever J < H are members of C, the natural
square in k-Alg

k[J] —— k[H]
[
F(J)—— F(H)

turns F'(H) into a F(J)-k[H]-bimodule, and there is a natural map

trg o F(J) @y k[H] — F(H)
a®b —  F(a)tg(b)
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of F(J)-k[H]-bimodules. There is also a unique F'(J)-k[G]-bimodule map
QjH F(J) ®k[J] k[G] — F(H) ®k[H] k[G]
a®b — F(a) ®b,

which makes the following diagram commute:

g H

F(J) Qk[J] k|G F(H) ®k[H] k[G].

= %
(F(J) @) k[H]) @iz KIG).
The functoriality of F' makes it clear that

QjHOQL g =OaLH

whenever L < J < H are members of C. In this way, H — F(H) ®yz) k[G] becomes
a covariant functor from C to the category of right k[G]-modules.

Definition 6.1.1. — (a) Let V denote the right k[G]-module
V.= 11111 F(H) Ok[H] k[G].
Hel

(b) For every H € C, let 7y : F(H)®y ) k[G] — V denote the structure morphism
of the direct limit.

(c) We will work inside the k-algebra & := End(V|k[G]).

Definition 6.1.2. — We say that (F,.) is sheafy if t; g is an isomorphism whenever
J < H are objects of C.

Remark 6.1.3. — 1If (F,.) is sheafy, the maps a7 g are all isomorphisms, and it follows
that the structure morphisms 7y : F(H) ®pa) k[G] — V are also isomorphisms of
right k[G]-modules, for any H € C.

Suppose that (F,:) is sheafy. By transport of structure, V' becomes naturally an
F(H)-k[G]-bimodule for every H € C, if we define

a-7g(b®c) :=71g(ab®c) forall a,be F(H) and ce€ k[G].
In this way, we obtain a family of k-algebra homomorphisms

given by pp(a)(v) = a-v for all a € F(H) and v € V. These homomorphisms are
naturally compatible in the following sense.

Lemma 6.1.4. — Suppose that (F,:) is sheafy and let J < H be in C. Then
ps(a) = pug(F(a)) forall ae€ F(J).
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Proof. — Let b € F(J) and ¢ € k[G] so that 7;(b®¢c) = Tu(asu(bQc)) = T (F(b) ®

¢). Then a-7;(b®c) = 15(ab® ¢) = T (F(ab) ® ¢) = 7g(F(a)F(b) ® ¢) = F(a) -
Ta(F(b)®c) = F(a) - 1;(b®c) so that ps(a)(v) =a-v=F(a) - v=pg(F(a))(v) for
allv=71;(b®c) e V. O

Definition 6.1.5. — We say that (F,.) is G-equivariant if for all g € G and H € C,
there is given a k-algebra homomorphism

¢q(H): F(H) — F(gHg™),
such that
(a) wg(hRHh ') o pp(H) = @gn(H) for all g,h € G and H € C,

(b) the diagram

‘Py(‘]) 1
F(J) —————— F(¢Jg™)

| |

F(H) ————— F(gHg™")
g (H)

commutes for all J < H in C and all g € G, and
(¢) tgrg-1(g9ag™) = @4(J)(¢s(a)) for all g € G, J € C and a € k[J].
We will abuse notation and write 9a to mean ¢, (H)(a) for any g € G, H € C and
a € F(H). Thus, (F,¢) is G equivariant if and only if
I(ha) = 9"a, F(%a) =9F(a) and 1s7(%) =91s(a)
for all g,h € G, J < H in C and a € F(J). We will also abbreviate gHg~* to 9H.
Remark 6.1.6. — We could enhance the category C by adding an arrow H —s gHg ™!
for each H € C and g € G. Formally, we could define
Home(J,H) :={g € G:g9 'Jg < H}

and define composition using the multiplication law in G. With this terminology, we
see that (F,:) is G-equivariant if and only if ¢ : k[-] — F is a morphism of functors
from C to k-Alg. However, we will not need to use this formalism.

Lemma 6.1.7. — Suppose that (F,:) is sheafy and G-equivariant. Then there is a
well-defined left G-action on V given by

9-mi(a®b) = 7011 (“a ® gb)

forall g € G, H € C, a € F(H) and b € k[G]. This action commutes with the right
G-action on V.

Proof. — We first show that the map Q : (a,b) — 7oy (Ya® gb) is k[H]-balanced. But
if x € k[H] then 9z € k[9H], so using Definition 6.1.5(c) we see that

Y ag(z))@gb=a%py(z)®gb=Ya tag(‘z) @ gb =7a ® Iz gb = Ya ® gzb.
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Hence Q(ax,b) = Q(a,zb) as claimed. Next, we must show that
g -TH(v) =g-75(w) whenever 7g(v) =T (w).

Because C is stable under finite intersections, we may assume that J < H. Since 7y
and 7; are isomorphisms, we see that ayy(w) = v. Without loss of generality, we
can assume that w = a ® b for some a € F(J) and b € k[G]. We must then have
v=oayg(w)=F(a)®b. Now,
g-a(v) = g-7a(F(a)®D)

= 7o (F(a) ® gb)

= TgH(F(ga) ®gb)

= TyH(()éJ7H(ga ® gb))

= 7y(fa®gb) =g-715(w),
where we have used Definition 6.1.5(b) on the third line. In view of Definition 6.1.5(a),
we now have a well-defined left G-action on V, and the last assertion is clear. O

Corollary 6.1.8. — 1If (F,.) is sheafy and G-equivariant, then there is a well-defined
k-algebra homomorphism

n:k[G] — &
given by n(g9)(v) =g-vforallge Gandv e V.

Definition 6.1.9. — We define F(G) to be the k-subalgebra of £ generated by the
image of i, and the images of pi as H runs over all members of C.

The images of  and the py inside £ are related in the following manner.

Lemma 6.1.10. — Suppose that (F,:) is sheafy and G-equivariant. Then
n(9)pr(a)n(g)™ = psg(®a) forall H€C,ac F(H) and ge€G.

Proof. — Let b€ F(H) and ¢ € k[G]. Then

(n(g)opu(a)oty)(b®c) = g -Ta(ab®c) 7o (?(ab) ® ge)
= 1ag(Ya%b®gc) = (psm(Ya)on(g)oTa)(b®c).

Hence n(g) o p(a) oty = psg(9a) on(g) o Ty and the result follows because 7g is an
isomorphism. O

We will need the following stronger version of Definition 6.1.5(c).
Definition 6.1.11. — (F, 1) is good if (F,¢) is sheafy, G-equivariant, and

Ya=15(9) ar(g)™

whenever H € C,g € H and a € F(H).
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Lemma 6.1.12. — Suppose that (F,¢) is good. Then
Mygay = Pt L

for all H € C.

Proof. — Let g € H, a € F(H) and b € k[G]. Then

g-TH(a®b) = TH(%a® gb) = 75 (ta(9)arm(g)™* @ gb)
= 7u(tr(g9)a® g 'gb) pr(tr(9))(TH(a ® b))

so n(g) oty = pu(tg(g)) o Te. The result follows because 7y is an isomorphism. [J

Corollary 6.1.13. — Suppose that (F,t) is good. Then for every H € C there is a
well-defined morphism of F'(H)-k[G]-bimodules

pr ®@n: F(H) ®km k[G] — €.
Proof. — This follows immediately from Lemma 6.1.12. O
Definition 6.1.14. — Let ¢/g denote the image of py ® 7 inside €.

Theorem 6.1.15. — Suppose that (F,¢) is good, and let H € C.

(a) A = Ay for all J € C.

(b) ¢/ is an associative k-subalgebra of €.

(c) The map pg ®n: F(H) Q) k[G] — An is bijective.
Proof. — (a) Since C is closed under finite intersections, we may assume that J < H.
But now the diagram

Qg H

F(J) kL] k[G] —————— F(H) Qk[H] k|G

M M
'

is commutative, because pj(a) = pg(F (a)) by Lemma 6.1.4. Thus ¢#; = ¢/ because
oy g is an isomorphism.
(b) Since py and 7 are ring homomorphisms, it is enough to show that
n(9)pm(a) € A

for any g € G and a € F(H). However, Lemma 6.1.10 implies that

n(g)pmu(a) = psu(a)n(g)

and this lies in oA . Now use part (a).

(¢) The map py ® 7 is surjective by the definition of ¢#y, so suppose that
€= >i—1a; ® g; lies in the kernel, where we may assume that g; € G for all i. Then
on the one hand,

(pr @n)(E)(TH(1®1)) =0,
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and on the other hand,

(pr@n)(E)(ra(1®1)) = iy pa(ai)n(g:)(tr(1®©1))
>iz1 pu(ai) o (1® gi)
= Yiipa(a)tH(1® gi)
= Yiti7a(ai ® gi) = Tu(§).
Since 7y is an isomorphism, we conclude that £ = 0 as required. O
Corollary 6.1.16. — Suppose that (F,t) is good, and fix H € C.

(a) There is an associative k-bilinear product x on F'(H) ®z) k[G], uniquely de-
termined by the rule that

(a®g)*(b®h) = Za%'@gh’

where a,b € F(H), g,h € G and
Tait(b® h) = Zb’@h’

for some b, € F(HY) and h} € G.

(b) The map pg ® n: F(H) @) k[G] — F(G) is a k-algebra isomorphism.
Proof. — (a) We can transport the k-algebra structure on ¢#g to F'(H) ®ym) k[G]
using the bijection pg ® 1, in view of Theorem 6.1.15.

Letz = a®g,y =b@hand y’ = 3, b:®h, = T7a7u(y) as above. Let J := HNHY,
and let y" € F(J) ®[s) k[G] be such that
y=asu(y’) and y' =asm(y’).
We saw in the proof of Theorem 6.1.15(a) that

(pr ®n)oaym =ps@n.
Hence
(br®@n)(y) = (pr@n)(Y) = (pr ®@n)(asa(y”))
= (pr@n)¥") = (prs @N)(Y).
Hence, using Lemma 6.1.10 we see that
(pr @m)(x) o (pr ®@M)(y) = 3 pu(a)n(g)pms (bi)n(hi)
= Yipu(a)pu(?b))n(g)n(h;)
= Yipu(ab)n(gh;)
= (pa®n) (Xia%;®ghi) = (pu @n)(z*y).
We are done because py ® 7 is a bijection and ¢#y is an associative k-algebra.

(b) It remains to observe that F(G) = ¢#y for any H € C. O

This construction was known to Emerton. A concise explanation of the particular
example where F'(H) is the Iwasawa algebra A(H) can be found at [42, p. 6].
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Example 6.1.17. — Let L be a finite extension of @@, let G be a locally L-analytic
group and let C be the set of compact open subgroups of G. For each N € C, let
ty : K[N] — D(N, K) be the inclusion of the group algebra of N into the algebra
D(N, K) of locally L-analytic distributions on N. Then (D(—, K),¢) is good and the
algebra D(G, K) given by Corollary 6.1.16 agrees the algebra of locally L-analytic
distributions on G.

6.2. The algebra U (g, G)

We will assume from now on that R = (R is a complete valuation ring of rank one
and mixed characteristic (0,p), and work under the following

Hypothesis 6.2.1. — G is an affine algebraic group of finite type over K,
— @ is a p-adic Lie group,

— 0: G — G(K) is a continuous group homomorphism.

We write g := Lie(G) to denote the Lie algebra of G, and we equip G(K) with
the topology where a fundamental system of neighborhoods of the identity element is
given by the subsets Y (K) of G(K), as Y ranges over the affinoid subdomains of the
rigid analytification G := G"® of G containing the identity. Recall the adjoint action
Ad of G(K) on g by K-Lie algebra automorphisms.

Definition 6.2.2. — (a) A Lie lattice in g is a finitely generated ;R-submodule Z of g
which spans g as a K-vector space and which is closed under the Lie bracket.

(b) Let H be an open subgroup of G. We say that the Lie lattice Z is H-stable if it
is preserved by Ad(c(g)) for all g € H.

Lemma 6.2.3. — Let H be a compact open subgroup of G. Then g has at least one
H-stable Lie lattice.

Proof. — Fix a basis {x1,..., 24} for the K-vector space g, and let Z be the JR-sub-
module spanned by this basis. By replacing each x; by a sufficiently large m-power
multiple, we may assume that Z is a Lie lattice. We can find an affinoid subgroup H
of GLZ{gK such that H(K) = GL4(R) is the stabilizer of Z in GL4(K). The analyti-
fication Ad™® of the adjoint representation Ad : G — GL, is continuous, so we can
find an affinoid subdomain Y of G containing the identity such that Ad"8(Y) C H.
Therefore the subset 0 ~1Y (K) of G is open, and as H is an open profinite subgroup
of G we can find an open subgroup J of H such that o(J) C Y(K). This J then
stabilizes the Lie lattice £ under Ad oo, and J has finite index in H because H is
compact. So the H-orbit of Z is finite, and the intersection ),y Ad(o(h))(Z) of
members of this orbit is an H-stable Lie lattice in g. O
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Now let H be an open subgroup of G and let Z be an H-stable Lie lattice in g.
The Campbell-Hausdorff-Baker formula converges on the (2-Lie algebra pZ and de-
fines a group operation * on this set. The adjoint representation ad : £ — Derg(Z)
exponentiates to a group homomorphism

expoad : (p°Z, %) — Autg _1:.(Z).

Definition 6.2.4. — Let H be an open subgroup of G and let £ be an H-stable Lie
lattice in g. We define Hy to be the pullback of the two maps

H ™25 Autg_130(2) "2 (02, %),
Thus we have the commutative diagram of groups and group homomorphisms

(6.1) Hy —— s (p°2, %)

J{ lexp oad

H ﬁ Aut[%_Lie (.EZ)

Letting ¢ : £ — U(Z) denote the canonical inclusion of € into its enveloping algebra,
the group (p°Z, *) is also isomorphic to the subgroup exp(p:(Z)) of the group of units

of the m-adic completion U(Z) of U(Z).
For convenience and simplicity, we will work under the following

Hpypothesis 6.2.5. — The center Z(g) = kerad of g is zero.

Under this hypothesis, the map expoad : pC — Autp_1;.(Z) is injective, and we
see that Hy is a subgroup of H.

Proposition 6.2.6. — Suppose Z(g) is zero, let H be an open subgroup of G and let
< be an H-stable Lie lattice in g. Then

(a) Hgy is a normal subgroup of H,

— X

(b) the map exporody : Hy — U(Z)k is an H-equivariant trivialisation of the
H-action on U(Z) k-
Proof. — (a) Let h € Hy and let ¢ € H. Letting u := d4(h) € p*Z, we have
Ad(o(h)) = exp(ad(u)). Now the adjoint representation of G preserves the Lie bracket
on g:
Ad(9)([u,v]) = [Ad(g)(u), Ad(g)(v)] forall g€ G(K) u,veg
and it follows that Ad(g) o ad(u) o Ad(g)~! = ad(Ad(g)(u)) for all g € G(K) and
u € g. Therefore, if v := Ad(c(g))(u) = g - u then
Ado(ghg™!) = Ad(o(g)) o exp(ad(u)) o Ad(a(g))™"
— exp(Ad(0(g)) o ad(u) o Ad(o(g)) ") = exp(v).
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Because u € p°Z and Z is H-stable, we see that v € p°Z. So ghg~! € Hy and
dz(ghg™") = g - d7(h).

(b) Let h € Hy and let u = d4(h) € p°Z, so that Ad(c(h)) = exp(ad(u)). Let v € Z.
Then e - (w) - e = e (w) = (2™ (v)) by applying [23, Exercise 6.12] to
the K-Banach algebra U/(i\K)7 and using the fact that ¢ is a m-adically continuous
R-Lie algebra homomorphism. Because €3 (v) = Ad(c(h))(v) = h - v, we see
that e - (w) - e'* = 1(h-v) = h-(v) for all v € Z. Because Z generates (@ as a
topological K-algebra, we deduce that the h-action on @( is given by conjugation

— X
by exp(t(d4(h))). Thus exporody : Hy — U(Z)k s a trivialisation of the Hy-action

on U(Z)k. It is H-equivariant because the map &, satisfies 6z (ghg™!) = g - dz(h) as
we saw above. O

We can now mimic Definition 3.3.1 and make the following
Definition 6.2.7. — Suppose that Z(g) = 0 and that H is a compact open subgroup
of G.

(a) Let §/(H) denote the set of all pairs (Z, N), where Z is an H-stable Lie lattice

in g and N is an open subgroup of Hy which is normal in H.
(b) For each (Z,N) € &/(H), the restriction to N of the map expot o §; from

Proposition 6.2.6(b) is an H-equivariant trivialisation of the N-action on U(Z) g,
and we use this trivialisation to define the algebra

—

U(.‘Z)K AN H.
() Ulg,H):= lim U@)x xn H.
(Z,H)ed/(H)

Remark 6.2.8. — We will see shortly that ﬁ(g, H) is closely related to the algebra

@(G, H)© which appeared in §5.2. However it is important to note that ﬁ(g, H) only
depends on the K-group G and not on any particular affinoid subdomain of G™& such
as G.

Theorem 6.2.9. — ﬁ(g, H) is Fréchet-Stein for every compact subgroup H of G.

Proof. — g admits at least one H-stable Lie lattice, by Proposition 6.2.3. Now the
proof of Theorem 5.2.7 works with obvious modifications. O

We will now use the formalism of §6.1 to glue the algebras ﬁ(g, H) together, as H
varies over all compact open subgroups of G.

Lemma 6.2.10. — Let J < H be compact open subgroups of G. Then ¢/(H)N¢/(J) is
cofinal in ¢/(H) and in ¢/(J).

Proof. — Tt follows from Definition 6.2.4 that J; = Hy N J for any R-Lie lattice <
in g. Now the proof of Proposition 3.3.10 works with obvious modifications. O
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Proposition 6.2.11. — Let C denote the set of compact open subgroups of G.
(a) H— ﬁ(g, H) is a functor from C to K-algebras.
(b) There is a natural transformation ¢ : K[—] — ﬁ(g, -).

—~

(¢) The pair (U(g,—),¢) is good in the sense of Definition 6.1.11.

Proof. — Only the third statement requires proof. Fix compact open subgroups
J<H of G, and let (Z,N) € §J(H) N (J). Because U(Z)kx xn J is a crossed
product of U(Z)k with J/N by Lemma 2.2.4(b), the canonical map

(62) (V@ »#xT) ® K] — U@k <y H
K[J]

is a bijection. Now consider the following commutative diagram:

- trm —_

Ule,7) @ K ' Ota. 1)

lim <(@ iy J) K@{@J}K[H]) S (li_mUTEZ)\K iy H.

Here, the bottom horizontal arrow is the inverse limit of the maps in (6.2), taken
over all possible (Z,N) € §/(H) N &/ (J); therefore it is a bijection. Since J has finite
index in H and inverse limits commute with finite direct sums, using Lemma 6.2.10
we see that the left vertical arrow is a bijection. The right vertical arrow is also a
bijection, again by Lemma 6.2.10. So the top horizontal arrow t; f is an isomorphism,
so that (ﬁ(g, —),¢) is sheafy in the sense of Definition 6.1.2.

Now fix g € G. Then there is a bijection §/(H) — ¢/(9Hg~') which sends (Z, N)
to (7',gNg~1) where Z' := Ad(c(g))(Z). The R-Lie algeﬂra\isomorp/hiﬂn Ad(a(g)) :
Z — 2’ extends to a K-Banach algebra isomorphism U(Z)x = U(Z')k, which we
will also denote by Ad(c(g)). Letting Ad, : H — gHg ™! denote conjugation by g, it
follows from Lemma 2.2.7 that there is an isomorphism

o — o —

Ad(O’(g)) X Adg : U(%)K xy H— U(ﬁZ’)K XgNg—1 gHg_l.
Passing to the limit over (Z, N) € ¢/(H) induces a K-algebra isomorphism
¢g(H) : U(g, H) — Ulg,gHg ™).

It is now straightforward to verify that these maps satisfy Definition 6.1.5, as well as
Definition 6.1.11. O

Because of Proposition 6.2.11 we may now apply Corollary 6.1.16 and conclude
that the tensor product

—_

U(g, H) o K[G]
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carries the structure of an associative K-algebra, which contains both (ff\(g,H ) and
K|[G] as K-subalgebras whenever H is a compact open subgroup of G.

Definition 6.2.12. — We define ﬁ(g,G) to be the K-algebra ﬁ(g,H) ® KIG], for
K[H]

any choice of compact open subgroup H of G.

It follows from Theorem 6.1.15 that this algebra is independent of H in the sense
that it is isomorphic to the subalgebra of

End (1;96(9,151) ® K[G])
HeC K[H] KI[G]

generated by the left-action of K[G] and the left-action of U (g, J) as J varies over all
compact open subgroups J of G.

6.3. Continuous actions on analytifications of algebraic varieties

In Proposition 3.1.12 we saw that if G is an R-group scheme which acts on a
flat R-scheme X of finite presentation and o : G — G(cR) is a continuous group
homomorphism from some topological group G, then G acts continuously on the rigid
generic fiber X := g of . This was our first example of continuous group actions.
We will now give a second example.

In preparation for this, we have the following useful result which tells us in partic-
ular that it suffices to verify continuity on an affinoid covering.

Proposition 6.3.1. — Let {X;} be an admissible covering of a rigid analytic
space X by qcgs admissible open subsets. Let G be a topological group and let
p: G — Aut(X,0x) be a group homomorphism. Suppose that for each i we have

(a) Gx, is open in G, and
(b) Gx, — Aut(X;,0x,) is continuous.

Then G acts continuously on X.

Proof. — Let U be a qcqs admissible open subset of X, and choose an admissible
affinoid covering {Uj;;}; of each U N X,. Since U is quasi-compact, we can find a
finite subset {V1,...,V,} C {U;;} which forms an admissible covering of U. For
each k =1,...,n, choose indices 75 such that V,, C X;, =:Y.

Now Gy, acts continuously on Y}, by assumption (b) and Proposition 3.1.10. Hence
(Gy,)v, is open in Gy, and the map (Gvy,)v, — Aut(Vy,Cyv,) is continuous. Since
Gy, is open in G by assumption (a) and since (Gy,)v, = Gy, N Gv, is contained
in Gv, we see that G, is open in G. Hence Gy is open in G because it contains the
open subgroup (\;—; Gv,.-

Because U is qegs, by [13, Lemma 4.4], we can find a formal model % for U
together with an open covering {1, ...,U,} such that Uy g = Vi for each k. By
Theorem 3.1.5, it will suffice to show that the map Gy — Aut(U,Cy) is continuous
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with respect to the $&y-topology. Write Vy; := U N, and Vi := VNV, for each k, 1,
and define H := (;_; Gv, N Gy,, an open subgroup of Gy by the above. Note
that each V} and each Vj; is then H-stable. Let 0 : H — Aut(U,Cy), o : H —
Aut(Vg,0Ov,) and ok : H — Aut(Vi,Ov,,) denote the actions of H on U,V and
Vit respectively. It follows from Lemma 3.1.9(a) that H acts continuously on each Vj
and Vj;, so the group homomorphisms o and oy; are continuous. Now for each r > 0,
define

Jr =) 0% Cur (Vi) N () 0% Crr (Vi)
k=1 k<l
an open subgroup of H. Since (. is a sheaf on % by Lemma 3.1.4, we see that
Jr <0710 (U). Hence 0710+ (U) is open in H (and therefore also in Gy) for
each r > 0. So Gy — Aut(U,Cy) is continuous as required. O

Let G be an affine algebraic group of finite type over K. By [11, Proposition 1.5.4/4],
G admits a rigid analytification G := G''&. Because rigid analytification preserves
fiber products by [43, Satz 1.8], the underlying set of G forms a group. Suppose also
that a : G x X — X is an action of G on a scheme X, locally of finite type over K.
Applying the rigid analytification functor, we obtain an action a™® : G x X — X of
the rigid analytic group G on X := X', Let g -z = a8(g,x) for g € G and z € X,
and let T, := K(y1,...,Yn) denote the Tate algebra.

Proposition 6.3.2. — Let Y be an affine open subscheme of X, let K[y1,...,yn]/a =
O(Y) be a presentation of O(Y) and let U be the affinoid subdomain Sp(T,,/aT},)
of Y := Y8 C X. Then there is an affinoid subdomain T of G containing 1 such
that T-U C U.

Proof. — By replacing G by the connected component of the identity, we may assume
G to be connected. Therefore it is irreducible by [69, Theorem 6.6]. Let W be the fiber
product of the inclusion Y — X and the action mapa: G xY — X:

GxY—2* X

| |

W—-—Y.

Then W is an open subscheme of the affine scheme G x Y containing the closed
subscheme {1} x Y. Write W = UW; as a union of basic open sets. Since this closed
subscheme is isomorphic to Y and is therefore irreducible, we see that it is already
contained in some W;. Write W; = D(f) for some f € O(G x Y) and note that
restriction r(f) of f to {1} x Y must be a unit. The augmentation map ¢ : )(G) — K
is split by the inclusion of the ground field K into O(G), and it follows that the
restriction map 7 : (G x Y) — O({1} x Y) is a split surjection with right-inverse s,
say. By replacing f by f/s(f), we may assume that r(f) = 1. Choose a generating
set {c1,...,cq} for the ideal kere in O(G); then its image in O(G x Y) generates the
ideal ker r and we deduce that f — 1 lies in S>% ; O(G x Y)¢; = kerr.
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Now, consider the pullback of functions map a : O(Y) — O(W;) = O(G x Y);.
The restriction of the action map W; — Y to {1} x Y is the projection onto the
second component, so a’(y;) —y; € Zle O(W;)c; for each j = 1,...,n. Because also
f=1eX%,0(G x Y)¢; and the y;’s generate O(Y), we may write

(), a
Yji + > aene Fa'y

14 S penn GPye

where Fo(,j), G,(lj) € kere = Zle O(G)c; and only finitely many of these are non-zero.
Because the c¢;’s generate O(G) as a K-algebra, we can choose N € N sufficiently
large so that each F\/m and GY/r lies in the R-subalgebra of ((G) generated
by ci1 /7, ..., cq/m. If we now take T to be the affinoid subdomain of G defined by

C1 Cd
71_N7"'57I_N>?

T .= 0(G)(

then we see that Féj),Gg) € ©0(T)° for each j = 1,...,n and @ € N". Then
f € O(T x U)* so the restriction map O(G x Y) — O(T x U) factors through O(W,) =
O(G x Y) . Because the elements a¥(y;) now all lie in O(T x U), we see that the action
map a®"8 : O(Y) — O(W;-ig) extends to an action map O(U) — O(T x U). Now by
definition, U is the subset of Y defined by the inequalities {|y1| < 1,..., |yn| < 1}; if
t € T and u € U then y;(u) € SR for each i and Féj)(t) € rR and GY(t) € =R for
each j, a by construction, so

Y () + Yaens F& (#)y(u)®

L+ Saens G (Hy(u)®
for each j = 1,...,n. We conclude that T - U C U as required. O

yi(t-u) = a*(y;)(t,u) =

Remark 6.3.3. — The analogue of Proposition 6.3.2 does not work in the Zariski
topology: there may not be any open neighborhood U of the identity element in G
such that U-Y C Y. For example, let G be the additive group G = G, = Spec K]
acting on the projective line X = P! via the rule c-y = y/(cy + 1), where y is a local
coordinate on X. Then if Y = Spec K|[y] is the affine open subset of X where y is
regular, we find that W = Spec K{c, ycy+1 cannot contain an open subset of the form
U x Y for some open neighborhood U of the identity element in G. To see this, write
U = G\V(I) for some ideal I in K[c] and suppose for a contradiction that UxY C W.
Then V(cy+1) = G x Y\W is contained in the closed subset V(I) of G x Y. Therefore
I is contained in (cy + 1) by the Nullstellensatz. Since (cy+ 1) N K[c| is zero, it follows
that U is the empty set and does not contain the identity element.

We can now give our second example of continuous group actions.

Theorem 6.3.4. — Let G be an affine algebraic group of finite type over K, acting on
a scheme X which is locally of finite type over K. Then G(K) acts continuously on
the rigid analytification X := X"is,
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Proof. — By [11, Lemma 1.5.4/2], the canonical map G(K) — G(K) is a bijection,
and we will equip G(K) with the topology where a fundamental system of neighbor-
hoods of the identity element is given by the subsets T(K) of G(K), as T ranges over
the affinoid subdomains of G containing the identity. The action G x X — X induces
a homomorphism of group functors G — ¢#4(X), which in turn induces a group
homomorphism G(K) — Aut(X,Cx). On the other hand, the functoriality of rigid
analytification gives a group homomorphism Aut(X,0x) — Aut(X,Cx) and therefore
an action G(K) — Aut(X,Cx) of G(K) on X. Of course the action of G(K) on the
underlying set of X agrees with the restriction of the action of G on X to its subgroup
of K-rational points G(K) = G(K) C G.

Let {Y,} be an affine covering of X with each Y, of finite presentation, and for
each index j fix a presentation K[ygj), ... ,y,(l?]/aj ~ ((Y;). Then for each N € N,

Uj,N =SpK <7rNy§j)a ce 77TNy1(’)i-)> /(aj>
is an affinoid subdomain of Y; := Y;ig C X and {U;, y} forms an admissible affinoid
covering of X. Fix the index j and the natural number N, write U := U; x and drop
the subscripts and superscripts j from the notation. By Proposition 6.3.1, it will be
enough to check that the stabilizer G(K )y of U in G(K) is open in G(K), and that the
map G(K)uy — Aut(U,Cy) is continuous. Now, because K[rNyy,...,7Vy,]/(a) is
still a presentation of (Y), Proposition 6.3.2 gives an affinoid subdomain T of G
containing 1 such that T -U C U. We also see from the proof of this proposition that
the image of the resulting map T(K) — Endg O(U) consists of invertible elements
that preserve the closure of the R~subalgebra of O(U) generated by yi,...,¥n. It
follows that T(K) is contained in G(K )y and that the map T(K) — Aut(U,Cy) is
continuous. O

6.4. The Localisation Theorem for ﬁ(g, QG)

Let Gg be a connected, simply connected, split semisimple affine algebraic group
scheme over (R and let G := Gog ® 4 K be its generic fiber. Let G be a p-adic Lie
group and let o : G — G(K) be a continuous group homomorphism.

Because G is semisimple, the center of its Lie algebra g is zero. Thus we see that
Hypotheses 6.2.1 and 6.2.5 is satisfied, so we have at our disposal the completed skew-
group algebra ﬁ(g, G) from Definition 6.2.12. On the other hand, whenever Gy is a
compact open subgroup of 0 'Gg(R ), Hypothesis 5.2.1 is satisfied for (G, Gy, o)
and thus we have at our disposal the completed skew-group algebra @(GO,GO)GD
from Definition 5.2.5. We will now relate the two constructions. ,\

We continue with the notation from §5.2, so that Gg := (Go)yig is an affinoid
suP\domain of the rigid analytic group G := G"8 and ¢#Z denotes the R-algebra
0(Go).
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Lemma 6.4.1. — Let H be an open subgroup of Gg, let §/ be an H-stable Lie lattice
in g contained in gg, and let £ = o# - v/'(¢/). Then

(a) Hy < Hg, and

(b) the restriction of expot o dy to Hy equals 67! o (3.
Proof. — Let h € Hy. By Proposition 5.2.4(b), there is a unique v € & such
that p(h) = exp(p+'(v)) and Bz (h) = O(exp(pci(v))). Now if w € &/, then

7 (Ad(e(h))(w)) = p(h) o' (w)o p(h)~*
exp(py'(v)) 0 7' (w) o exp(—p*y'(v))
exp(p©ad(v'(v))) (7' (w))
= 7 (exp(p°ad(v))(w)).
Here we have used Lemma 5.1.3 on the first line, [23, Exercise 6.12] on the third line
and the fact that 4’ is an JR-Lie algebra homomorphism on the last line. Since 7’ is
injective by Proposition 5.1.7, we deduce that Ad(o(h)) = exp(p®ad(v)). Applying
Definition 6.2.4, we see that h € Hg and dg(h) = p°v. Therefore
exp(1(6g(h))) = exp(u(p“v)) = 07" (Bz(h))

as required. O

Proposition 6.4.2. — There is a continuous K-algebra isomorphism
wa = Ug, H) = D(Go, H)S
for every compact open subgroup H of 0 1Gg(R), such that the diagram

U(g,J) ——— (Go, J)S°

| |

Ulg, H) ————— D(Go, H)S°
commutes whenever J < H are compact open subgroups of Gy.

Proof. — Let (¢/,N) € JH(H), where J(H) is the indexing set appearing in Defini-
tion 5.2.5. Thus, ¢/ is an H-stable Lie lattice in g contained in go and N is an open
normal subgroup of H contained in Hg.,/(g). Hence N < Hg by Lemma 6.4.1(a), so
(&/,N) € J(H) in the notation of Definition 6.2.7. Thus, #(H) C §/(H).

Now if (7, N) is some other member of §/(H ), then because g is finite dimensional
over K, "% C go for some n > 0. Therefore

(’%(H) > (7[-"%7 NN HQ%"y’(w"fZ)) < (ZZ, N)

which means that JZ(H) is cofinal in ¢/(H). Finally, for any (¢/, N) € JZ(H), the two

possible trivialisations of the N-action on U(¢/)k appearing in Definitions 5.2.5 and
6.2.7 agree by Lemma 6.4.1(b). The result now follows easily. O
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We now recall a well-known relationship between the Raynaud generic fiber of the
formal completion of an JR-scheme, and the analytification of its generic fiber.

Proposition 6.4.3. — Let X be an R-scheme locally of finite type and flat over JR.

(a) There is a canonical open immersion of rigid analytic spaces

~

L : Xrig — (XK)rig_
(b) This immersion is an isomorphism whenever X is proper over &
Proof. — See the discussion at the end Part II, §7.2 in Bosch’s lecture notes [11]. O

We fix a closed smooth Borel JR-subgroup scheme By of Gy, and we set B :=
BO ®U73 K. Let XO = GO/BO, X:= G/E, XO = (Xo)rig and X := Xrig.

Corollary 6.4.4. — The canonical map tx, : Xg — X is an isomorphism.

Proof. — We saw at the start of §5.4 that the flag variety X is smooth over . In
particular, it is flat and locally of finite type. On the other hand it is well known
that X, is a projective JR-scheme—see [40, I1.1.8]. Hence it is proper over & by [68,
Lemma 28.41.5], and we may apply Proposition 6.4.3. O

We will henceforth identify Xy with X via the isomorphism ¢x, .
Theorem 6.4.5. — ﬁ(g, G) acts on X compatibly with G.

Proof. — By Theorem 6.3.4, G(K') acts continuously on X. Since ¢ : G — G(K) is
continuous, it follows from Definition 3.1.8 that G also acts continuously on X. By the
construction of ﬁ(g, G)—see Corollary 6.1.8—there is a canonical group homomor-
phism 7 : G — ﬁ(g, G)*, and by Theorem 6.2.9, the subalgebra ﬁ(g, H) of ﬁ(g, G) is
Fréchet-Stein whenever H is a compact open subgroup of G.

Fix a compact open subgroup G of 0~ 10y(R). Then Hypotheses 5.2.1 and 5.2.9
are satisfied by the affine in—\group scheme G and the continuous homomorphism
o : Gy — Go(R). Therefore (G, Go)S° acts compatibly on X, by Theorem 5.2.10.

By Proposition 6.4.2, there is a continuous K-algebra isomorphism s¢, : ﬁ(g, Go) =,

—_

D(Go,Go)G0 which sends Ul(g, N) onto J(Gg, N)G° for every compact open sub-
group N of Gy. Hence U(g, Gp) acts on Xy compatibly with Gy. Since X = X by

—

Corollary 6.4.4, it follows that U(g, Go) acts on X compatibly with Gg. Thus we have
a continuous homomorphism % : ﬁ(g, N) — 57)(—, N) on X,,/N whenever N is an
open subgroup of Gj.

Fix a compact open subgroup H of G and an H-stable affinoid subdomain U of X.
Then H N Gy is open in H. For any open normal subgroup N of H contained in Gy,
we have isomorphisms

— —_

Ulg, H) = U(g,N) xy H and D(U,H)=(U,N)xy H,
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the first by Proposition 6.2.11(c) and the second by Corollary 3.3.11. Using
Lemma 2.2.7, we may therefore unambiguously define

o™ (U): U(g, H) — (U, H)

to be ¢ (U) x y 15 for any choice of open normal subgroup N of H contained in Gy. It
is now straightforward to verify that these maps commute with restrictions in X,,/H,
and that conditions (a)-(d) of Definition 3.4.9 are satisfied. O

Next, we record a general topological fact about coadmissible G-equivariant
&-modules.

Lemma 6.4.6. — Let Y be a smooth rigid analytic variety with a continuous action of
a p-adic Lie group H, let Z be a quasi-compact open subset of Y and let o € Cy /.

(a) The K-vector space oM (Z) carries a canonical K-Fréchet topology such that the
restriction maps oM (Z) — M(U) are continuous for any U € Z,,.

(b) For any f: M — o/ in Cy g, the map f(Z) : JM(Z) — ¢N(Z) is continuous.

Proof. — (a) Because Z is quasi-compact, we can choose a finite Z., (& )-covering
 of Z. Now, it follows from Theorem 3.6.11 that the restriction maps M (U) —
oM(V) are continuous for any U € Z,(J) and V € U,,. Because % is finite and
because oM(U) is a K-Fréchet space for each U € 9 by Definition 3.6.1, we see
that HO(, M) is the kernel of a continuous map between two K-Fréchet spaces.
Using the isomorphism M(Z) — HO(?, M) we can therefore equip o#(Z) with a
K-Fréchet topology. It is easy to check that this topology is independent of the choice
of V.

(b) This follows immediately from the construction of the topologies on ¢#(Z) and
N(Z) in part (a) together with the fact that f(U) : M (U) — N (U) is continuous
for each U € X,,(¥) by Definition 3.6.1(b). O

Proposition 6.4.7. — Let H be a compact open subgroup of G, let M € (=

T (o, H) and

suppose that o : Locg(X’H)(M ) =, oM is an isomorphism of H-equivariant locally
Fréchet &)-modules on X.

(a) There is a unique coadmissible ﬁ(g, H)-module structure on o#(X) such that
(i) n(g) -m = g?(m) for all g € H and m € M(X),

(ii) the topology on ¢M(X) induced by this coadmissible ﬁ(g,H )-module
structure coincides with the canonical K-Fréchet topology given by
Lemma 6.4.6(a),

(iii) the ﬁ(g,H )-action on oM (X) extends the natural )(X) x H-action
on oM (X) given by Proposition 2.3.5.

(b) This ﬁ(g, H)-module structure on o#(X) does not depend on «.
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(c) There is an isomorphism of H-equivariant locally Fréchet )-modules on X

8 : Locl®™ ()/(X)) = o,

whose restriction to X,, is given by

0 (s Bm) = 5 (m],)
for any U € X, s € @(U,HU) and m € M(X).

Proof. — (a) Because the rigid analytic flag variety X is quasi-compact, the space
of global sections oM(X) carries a K-Fréchet space topology by Lemma 6.4.6(a). On
the other hand, oM(X) is a )(X) x H-module by Proposition 2.3.5, and hence also
a U(g) x H-module.

Write oV := Loc;(g’H)(M) and let ¥ : M — M(X) be the composite of the
canonical map M — ¥ (X) and a(X) : N (X) — M (X). Because the maps M —
M (U) are continuous for each U € X,,(§), we see that 1 is continuous. It is also
U(g) x H-linear by construction.

Because U(g) x H is dense in ﬁ(g,H), we may apply Lemma 4.4.4 to the map
¥ M — M(X) to deduce that the U(g) x H-action on ¢M(X) extends to an action
of ﬁ(g, H) which satisfies all the required properties.

(b) This now follows from Lemma 4.4.4(c).

(c) After replacing @(X, H) with ﬁ(g, H), the proof of Lemma 4.4.5(c) carries over
word for word. O

Theorem 6.4.8. — Let oM be a coadmissible G-equivariant )-module on X. Then
M(X) is a coadmissible U(g, G)-module, and there is an isomorphism

Lock®D) (M(X)) = oM

of G-equivariant locally Fréchet )-modules on X.

Proof. — Note first of all that ﬁ(g,G) acts on X compatibly with G by Theo-

rem 6.4.5, so the localisation functor Loc}U((El '9) is defined—see Definition 3.5.12—and

it sends coadmissible ﬁ(g, G)-modules to coadmissible G-equivariant )-modules on X
by Proposition 3.6.8.

Fix a compact open subgroup H of 0~ 'Gq(R). Then oM € Cx,;u by Proposi-
tion 3.6.10(a), so there is a coadmissible J)(Go, H)S°-module M,, and an isomor-
phism Locg(GO’H)GO (M) =, M in Cx/ua by Theorem 5.4.1. Using the isomor-
phism Ky : f]\(g,H) — D(Gyo, H)G° from Proposition 6.4.2, we find a coadmissible

ﬁ(g,H)—module M and an isomorphism Loc)U((g’H)(M) =, M in Cx/p. Now, by
Proposition 6.4.7(a), the U(g) x H-module structure on ¢#(X) and the canonical
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topology on ¢M(X) given by Lemma 6.4.6(a) extend to a coadmissible U (g, H)-mod-
ule structure. Moreover, by Proposition 6.4.7(c), there is an isomorphism

0 : Locl ™™ (X)) = oM
in Ox /g given by the explicit formula
O(U)(s B m) =5 (m)

for any U € X, s € CG/AD(U,HU) and m € M(X).

By Proposition 2.3.5, cM(X) is a )(X) x G-module and therefore a U(g) x G-mod-
ule. The restriction of this U(g) x G-module back to U(g) x H agrees with the re-
striction of the U(g, H)-module to U(g) x H. Therefore the ﬁ(g,H) and K|[G]-ac-

tions on M (X) extend to an action of U(g, G). Since the restriction of oM(X) back
to U(g, H) is coadmissible, o#(X) is coadmissible also as a U(g, G)-module. Note
that by construction, Loc)U((El ’G)(M )= Locgjc(g H) (M) as H-equivariant locally Fréchet
J0-modules on X. Finally, the exact same argument used in the proof of Theorem 4.4.3
at the end of §4 shows that 0 is in fact G-equivariant. O

We can finally state and prove our main result.

Theorem 6.4.9. — Let G be a connected, simply connected, split semisimple affine
algebraic group scheme over K, and let X be the rigid analytification of the flag
variety of G. Let G be a p-adic Lie group and let 0 : G — G(K) be a continuous
group homomorphism. Then the localisation functor

Ba.C
Locg((g ), {M € Gﬁ(g,G) :mo - M =0} — Cxq
is an equivalence of categories.

Proof. — By the classification of connected split semisimple algebraic groups, it is
known [40, II.1] that G extends to an affine algebraic group scheme Gg over R
satisfying the conditions given at the beginning of §6.4, so that G = Go ® ¢ K is
the generic fiber of Gy. Now in view of Theorem 6.4.8, it remains to show that the

restriction of Locg((g’a) to the full subcategory of Gﬁ(g o) consisting of objects killed

by my is fully faithful. Let M, N € Gﬁ(g7G) ;J((Q’G)’

M := Loc(M) and ¢V := Loc(N). For any U(g, G)-linear morphism f : M — N we
have the commutative diagram

be killed by mg, and write Loc := Loc

| |
M(X) —— oz N (X),

where the vertical arrows are bijective by Theorem 5.4.7. It follows immediately
that Loc is faithful.
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Suppose next that o : ¢ — ¢/ is a morphism in (x /. Then because the rigid
analytic flag variety X is quasi-compact, a(X) : M(X) — N (X) is continuous. On
the other hand, it is follows from Proposition 2.3.5 that it is U(g) x G-linear. Since
U(g) x G is dense ﬁ(g, @) and since oM(X) and ¢/(X) are coadmissible ﬁ(g, G)-mod-
ules by Theorem 6.4.8, it follows that a(X) is U (g, G)-linear. Now let f : M — N be
defined by the commutative diagram

M N

IR
<;
IR

%
s

a(X)

Then f is ﬁ(g,G)—linear, and we claim that Loc(f) = «. To see this, let U €
X (&) be arbitrary and choose a compact open subgroup H of G such that (U, H) is
small, using Lemma 3.4.7. By construction, a(U) and Loc(f)(U) agree on the image
of M in o#(U). Since both maps are @(U, H)-linear and since this image generates
M(U) as a @(U,H)—module, we deduce that «(U) = Loc(f)(U). Since ¢/ and
o/ are sheaves and since X, (/) is a basis for X, it follows that o = Loc(f) as
claimed. U

Remark 6.4.10. — Following a suggestion of the referee, it can be shown that in the
setting of Theorem 6.4.9, every o € (x,; has vanishing higher cohomology: use
Theorem 6.4.8, the Cech-to-derived functor spectral sequence [68, Lemma 21.11.6]
and Lemma 3.7.4, then extend the proof of Theorem 5.4.7 using Theorem 5.3.13.

6.5. Connection to locally analytic distribution algebras

Our goal in this subsection is to establish the following

Theorem 6.5.1. — Let L be a finite extension of Q, contained in K and let G be an
affine algebraic group of finite type over L with Lie algebra g, such that Z(g) = 0.
Let G be an open subgroup of G(L) and let D(G, K) denote the K-algebra of locally
L-analytic distributions on G. Then there is a continuous K-algebra isomorphism

ne : D(G,K) = Ulgx, G),

where g :=g®1 K.

We fix the field L, the algebraic group G, its Lie algebra g and the open subgroup G
of G(L) for the remainder of §6.5.

Recall from e.g., [49, Remark 2.2.5(ii)] that a uniform pro-p group N is said to be
L-uniform if the Q,-Lie algebra Q, ®z, Ly is in fact an L-Lie algebra, and if the
Z,-Lie algebra Ly is an Or-submodule of Q, ®z, LN
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Lemma 6.5.2. — Every compact locally L-analytic group has at least one open normal
L-uniform subgroup N.

Proof. — This is [49, Lemma 2.2.4]. O

We begin the proof of Theorem 6.5.1 by explaining how to remove the restriction
p # 2 from the material in [6, §5]; recall from §3.2 that € := 1 if p is odd and € := 2 if
p = 2. Let N be an L-uniform pro-p group; we will denote its dimension as a locally
L-analytic group by dim, N. On the one hand, its Z,-Lie algebra Ly is powerful, and
on the other hand, it is an Or-module, by definition. We define the R-Lie algebra
associated with N to be

1
O P

Note that Ly is a Z,-module of rank dimp N - dimg, L, and an Or-module of
rank dimy N. Thus, Zy is an R-module of rank dim; N. Because Ly is powerful,
Zn is also an R-Lie algebra. Recall from [66, §4] that the algebra D(N, K) of K-val-
ued locally L-analytic distributions admits K-Banach space completions D, (G, K)
for each real number 1/p < r < 1. We have the following version of the famous
Lazard isomorphism.

Theorem 6.5.3. — Let N be an L-uniform pro-p group and let Zn := R ®p, I%LN.
Then there is a natural isomorphism of K-Banach algebras

vN : Dyp(N,K) = U(Zn) k-

Proof. — When p is odd, this is precisely [6, Lemma 5.2]. We indicate how to extend
the argument given there to the case where p is also allowed to be 2.

Suppose first that L = Q,. Let |- | : K — R be the norm which induces the
topology on K, normalized by |p| = 1/p. Because N is uniform, we can regard N as
a p-saturated group in the sense of Lazard, by setting

w(g) :=sup{m eN:ge NP} +¢ foreach ge N.

Fix a minimal topological generating set {gi,...,g4} for N, where d := dimg, N,
and write b; := g; — 1 as usual. Then {g1,...,94} is an ordered basis for N such
that w(g;) = eforalli =1,...,d. Now, because L = Q,, it follows from the description
of D,.(G, K) given on [66, §4, p.162| that D, (N, K) consists of all formal power series
A=Y send Aab® in by, ..., by with coefficients A, € K such that [A,|(1/p)<l?l — 0
as |a| — oco. In particular, for each A\ € Dy,,(N, K),

Illyp == sup [Xal(1/p)!

a€eNd
is finite. Thus, Dy /,(N, K) = K@A@p (N,w) where Ag,(N,w) is the Banach Q,-al-
Q»

gebra completion of the group ring Qp[N] introduced in [62, §30, p209]. This
algebra contains the elements u; := log(g;)/p¢ for i = 1,...,d, and it follows from
[23, Lemma 7.12| that there is an isomorphism log between the Z,-Lie algebra
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Ly = (N,+,[,]) and the Z,-submodule of Ag,(N,w) generated by {pui,...,p“uq}
which sends g; to pu; for each i. Letting v; := 1 ® ¢;/p® € T for i = 1,...,d, this
isomorphism extends to a K-Banach algebra homomorphism

—

U(‘%N)K e K§AQP (N, w),

which sends v; to u; for each ¢ = 1,...,d. Because L = Qp, {v1,...,vq} is a basis

_—

for Zy as an JR-module, so U(Zn)k consists of power series > ,cne paV® where

to — 0 as |a| — oco. On the other hand, it follows from [62, Theorem 31.5(ii)] that

every element of K @AQP (N,w) can be written uniquely in the form >, cna pou®
Qp

with coeflicients po € K such that |u,| — 0 as |a| — oco. So the displayed map is an
isometric isomorphism and we can take vy to be its inverse.

To deal with the case of an arbitrary finite extension L of QQp, follow the last part
of the proof of [6, Lemma 5.2] using [57, Lemma 5.1] and [10, §3.2.3(iii)]. O

Corollary 6.5.4. — Let N be an L-uniform pro-p group and let Zn := R ®g, I%L N-
Then there is a natural isomorphism of K-Banach algebras

—

Unpn Dl/p(anaK) = Uy x
for each n > 0.

Proof. — This follows immediately from Theorem 6.5.3 because N?" is again L-uni-
form with e = p"Zy, for each n > 0. O

We now fix an L-uniform open subgroup N of G until the end of the proof of
Corollary 6.5.12.

Proposition 6.5.5. — There is an N-equivariant isomorphism of L-Lie algebras
0:L®p Ly — g,

where N acts on g via the adjoint action of G(L) on g, and by conjugation on L.

Proof. — Note that the group G(L) is locally L-analytic. Because G is smooth over L,

it follows from the Jacobian criterion for smoothness and a version of the implicit

function theorem (see, e.g., [14, 5.8.10, 5.8.11]) that the canonical map g = Lie(G) —

Lie(G(L)) is a bijection.

Since N is open G which is open in G(L), the Lie algebra Lie(N) of N as a
locally L-analytic group coincides with Lie(G(L)). On the other hand, by [23, Theo-

rem 9.11(iii)] there is an isomorphism Lie(N) — L ®¢, Ln. It is straightforward to
check that the composite map

g — Lie(G(L)) = Lie(N) — L ®p, Ly

respects Lie brackets and the given N-actions, and we take 6 to be the inverse of this
map. O
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We also use the letter 6 to denote the induced isomorphism

K®pIn =Ko (L®, Ly) — K ®L g =gk

With this notation, we see that for each n > 0, p"0(Zy) is a Lie lattice in gx in the
sense of Definition 6.2.2(a).

Lemma 6.5.6. — Write ¢/ := 6(Zn). Then for every n > 0 there is a commutative
diagram of groups

n

Np >ancﬁ]

(pn+6‘c’zN) *) (anrECG]’ *)

exp o adl J/exp oad

Autg_ri(p"ZN) PP Aut g _rie(P"¢/)

% M

N N.

Proof. — We begin by explaining the various objects and solid arrows in this diagram.
The group (p" %y, *) is obtained from the powerful JR~Lie algebra p"**Zy by means
of the Campbell-Baker-Hausdorff formula, and the map &, sends z € N?" = p"Ly
to1®z € R®p, p"Ln = p"*Zn. Adx denotes the conjugation action of N on p"Zy,
o denotes the inclusion of N into G(L) and Ad : G(L) — Autg _1:(p"¢/) denotes
the base change to K of the adjoint representation Ad : G(L) — Aut(g) from (5.2).
The trapezium on the right hand side is an instance of diagram (6.1).

Now, 8 : p"Zn — p"&/ is an isomorphism of (R-Lie algebras by Proposition 6.5.5.
It follows that the middle square commutes. The trapezium on the right com-
mutes by definition of the group Nyng. The bottom trapezium commutes because
0:K®g In — gx is N-equivariant by Proposition 6.5.5. Finally, the commutativity
of the trapezium on the left can be deduced from [23, Exercise 6.12]. Therefore the
restriction of Ad oo to NP" agrees with expoadof o d,, so the universal property of
the pullback N,y gives the horizontal dotted arrow at the top of the diagram. [

Corollary 6.5.7. — With the notation of Lemma 6.5.6, we have N?" < Nyng.

Proof. — The dotted arrow is injective because both §,, and 6 are injective. O

The subgroup N?" is normal in N, and the conjugation action of N on N*" extends
by functoriality to an action of N on Dy ,(N K ) by K-Banach algebra automor-
phisms. The inclusion of N*" into Dl/p(an , K) is an N-equivariant trivialisation of

this action in the sense of Definitions 2.2.1 and 2.2.3(b), so using Definition 2.2.3(a)
we may form the crossed product algebra

Dy /p(NP", K) xpn N.
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Proposition 6.5.8. — Let ¢/ := 0(Zy). Then for each n > 0, the isomorphism vpp»
from Corollary 6.5.4 extends to an isomorphism of K-Banach algebras

Ounon yen 1y 2 Dyjp(NP" K) xyon N =5 U(pnd) i xﬁdfv

—

Proof. — The isomorphism 6 induces an isomorphism 6 : U(p"Zn)x — U ( RIS

of K-Banach algebras, by functoriality. Let ¢ : p"¢/ — U(p™¢/)k denote the natural
inclusion. Examining the construction of v~ given in Proposition 6.5.3, we see that

the composite map §ovppn : Dl/p(Np" , K) =, U(p"¢/) k is given on group elements
as follows:
Ovnon (z) = (exporof)(z) forall ze NP,
Because 6 is N-equivariant by Proposition 6.5.5, we see that
Ounom (g2g™) = g - Quypn (z) forall z€ NP° and ge N.

For any fixed g € N, both sides of this equation are continuous functions in z. Since
K[N?"] is dense in Dy /,(N?", K), it follows that

Ovnom (grg™') = g - Ouyon () for all z € Dl/p(an,K) and g€ N.

On the other hand, by Lemma 6.5.6, we have §,»g(z) = 0(z) if we identify 2 € N?"
with its image 8, (z) =1 ® z in p"**Zy. Hence

B () = (exp o0) () = (exp o0) (G ().

The last two displayed equations are exactly the conditions needed to apply
Lemma, 2.2.7, which shows the existence of the required map

Ovnom X ypn 1y 2 Dy (NP K) 3 ypn N — U( "Nk XN N

This map has to be an isomorphism of K-Banach algebras in view of Proposition 6.5.5
and Proposition 6.5.3. O

Corollary 6.5.9. — There is an isomorphism of K-Fréchet algebras
lim Dy (N?", K) 3 ypm N — Ul(gx, N).

Proof. — Apply Proposition 6.5.8 and Definition 6.2.7(c). O

In order to relate the inverse limit appearing on the left hand side of the isomor-
phism in Corollary 6.5.9 to locally analytic distribution algebras, we will need the
following elementary result on the p-adic valuations of binomial coefficients.

Lemma 6.5.10. — Let n and j be integers such that n > 1 and 1 < j < p” — 1. Then

n " .
pv . = €],
p((ﬂ))

with equality if and only if p = 2 and j = 2"~ 1.
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Proof. — Suppose first that p > 2. Then the binomial coefficient is always divisible
by p so p"v, ((”Jn)) > p" > j = €j. Now suppose that p = 2 so that ¢ = 2. By [15,
Chapter II, §8.1, Lemma 1|, we know that vy(j!) = j — s(j) where s(j) is the sum of
the 2-adic digits of j. Therefore

V2 ((2;>) =2"=1-(—s() = (2" =5) = 52" = J)) = s(j) +s(2" —j) — 1.

Now s(j) > 1, with equality if and only if j is a power of 2, and the only way of writing
2" as a sum of two other powers of 2 is 2" = 2"~1 + 2"~1 Hence s(j) + s(2" — j) is
at least 3 unless j = 2"~! when s(j) + s(2" — j) = 2. So when j # 2"~! we have

2n
2%2<< >) >2"(3-1) =21 > 25 = ¢j,
J

and when j = 27!, the left hand side is equal to 2" which is precisely €j. O
Next, we extend the results of Schmidt [57, §6], [59, §5] to include the case p = 2.

Theorem 6.5.11. — For each n > 0, there is a continuous K-algebra isomorphism
Dy p(N?" K) xtypn N — D, (N, K)
where 7, 1= *\/1/p.

Proof. — As in the proof of Theorem 6.5.3, the statement reduces to the case where
L = Qp. As the statement is trivially true when n = 0, we may assume that n > 1.
Let {g1,...,94} be a minimal topological generating set for N, let b; := g; —1 € K[N]
and ¢; := g’ —1¢€ K[N?"] foreachi=1,...,d.

Recall the notion of degree functions from [5, §2.2|. By the definitions given in [66,
§4] and the discussion in [5, §10.7] (extended naturally to include the case p = 2 as
well as the case of an arbitrary p-adic coefficient field K'), the algebra D, (N,K) =
K gDT” (N,Q,) is the completion of the rational Iwasawa algebra KN with respect

to the degree function deggzb) given by

deg]()(zl) ( Z )‘O‘ba> = min{p"v,(Aa) +elal : @ € N}

a€eNd

where v, denotes the valuation on K normalized by v,(p) = 1. Similarly, the algebra
Dl/p(an,K) is the completion of the K N?" with respect to the degree function

p" deggn) given by

p" deggn) ( Z )\aca> = p" min{v,(\s) + €|a| : & € N9},

a€eNd
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Consider the inclusion ¢ : KN?" < KN. It sends ¢; to (14 b;)?" — 1, and

0 0 n n_ n n_ -
degyy! (9(cr) = degy (0" + 301" (7)8" )
(6.3) = min{p"v, (%)) +e- (" —35): 0<j<p" -1}
> ple
= p"degt" (c:)

by Lemma, 6.5.10. It follows that K N?" < KN is a morphism of filtered K-modules
with respect to these degree functions, in the sense of [44, 1.2.1.4.1]:

deggi) & (O aend AaC®) = min{degl(,g)()\a) + degég)(cﬁ(ca)) o € N}
min{p” - v,(Aa) + Zle ;- degz(ﬁ) (#(c)) : a € N}
min{p" - v,(A\y) + p"e - |a| : @ € N4}
p" deg{"” (3 qera Aac®)
Now, it follows from [44, Théoréme II1.2.3.3] and the discussion in [66, §4| that

gr Dy, (NP, K) = U(gr N?") ®g,7, gr K.

VoV

Since n > 0, the Lie algebra gr N?" is commutative, so the algebra on the right hand
side is a polynomial ring over k := R//pR in d + 1 variables. More precisely:

grDl/P(anaK) = (ng)[yla s 7yd] = k[S, Sil»yla cee )yd]a
where y; is the principal symbol of ¢; for each i and s is the principal symbol of p.

Note that because we are working with p" deg&") as opposed to deggn), the degrees of

the graded generators of this algebra are as follows:

'3

deg(s) =p™ and deg(y;) =ep™ for each 1.

Next, because r, > 1/p as n > 0, it follows from [66, Theorem 4.5(i)] that
grD,. (N,K) = (gr K)[z1,...,zq) = k[s, s ,21,...,24),

where x; is the principal symbol of b; for each i. Note that we have

" and deg(z;) =€ for each .

deg(s) =p
Now, the associated graded morphism
gré:grDy (NP, K) — gr D, (N, K)

sends s to s, and by Lemma 6.5.10 and the calculation performed in (6.3), we have

z?" if p>2
6.4 T i) = Zn n—
for each i. Consider the restriction of gr ¢ to k[s, y1, . . .,y4]. The above formulas show

that this restriction sends y? " to z¥ " modulo s for each 1, so this restriction is injective
modulo s. It follows easily that gr ¢ is also injective, and hence

deg% (¢()) = p" deg{(\) forall A€ Dy, (N", K).
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Thus the inclusion ¢ : KNP" — KN is an isometry, so it extends to an inclusion
¢:Dyp(N?" K) < D, (N,K),
which extends to a continuous K-algebra homomorphism
®: Dy /p(N?",K) xtyom N — D, (N, K).

Let N, := {a € N: a < p}. Using (6.4) we also see that gr D, (N, K) is a finitely
generated free Dl/p(an,K)—module of rank p? via gr ¢, with basis {x® : a € Ng}.
As grb® = x® for each a € N¢, [44, Théoréme 1.2.3.17] implies that D, (N, K) is
a finitely generated free D;/,(N?", K)-module with basis {b* : a € N¢}. Using [23,
Lemma 7.8|, we see that

D, (N,K)= P Dy/,(N*",K) - g*.

aeNd
Using Lemma 2.2.4(b) we conclude that & is a K-algebra isomorphism. O
Corollary 6.5.12. — There is an isomorphism of K-Fréchet algebras
nw = D(N, K) = Ulgx, N)-
Proof. — Since 7, — 1 as n — oo, the discussion at [66, §4, p.162] shows

that D(N,K) = (h_m D, (N, K). Now compose the continuous isomorphisms

D(N,K) = lim D, (N, K) = lim Dy ;,(N*", K) xp,n N = U(gx, N)

given by Theorem 6.5.11 and Corollary 6.5.9. O

Proof of Theorem 6.5.1. — Let C denote the set of open L-uniform subgroups of G.
It is non-empty by Lemma 6.5.2, and it is straightforward to see that it is stable under
conjugation in G and finite intersections. For any H < N in C, consider the following
diagram:

D(H,K) " Ulgx, H)
D(N, K) — U(gk, N).

Each arrow in this diagram is a continuous K-algebra homomorphism. For each h € H,
the images of ng (h) and nx () in U(gx, N) coincide. Since K[H] is dense in D(H, K),
it follows that the diagram commutes.

Let ¢y denote the inclusions of K[N] into ﬁ(gK, N) and D(N,K). The pair
(ﬁ(gK,—),L) is good in the sense of Definition 6.1.11 by Proposition 6.2.11, and
the pair (D(—, K),¢) is good by Example 6.1.17. The result now follows from Corol-

lary 6.5.12. O
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Proof of Theorem C. — The ideal mg from the proof of Theorem 5.3.5 consists of
the central elements of U(gx) that annihilate the trivial representation of gx; now it
follows from [66, Theorem 6.3] that the category appearing on the left hand side in
Theorem C is anti-equivalent to the category of coadmissible D(G, K)-modules killed
by my. We can finally apply Theorem 6.5.1 and Theorem 6.4.9. O
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