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CONFIGURATION SPACES OF MANIFOLDS WITH BOUNDARY

par Ricardo CAMPOS, Najib IDRISSI,
Pascal LAMBRECHTS & Thomas WILLWACHER

Abstract. — We study ordered configuration spaces of compact manifolds with bound-
ary. We show that for a large class of such manifolds, the real homotopy type of the
configuration spaces only depends on the real homotopy type of the pair consisting
of the manifold and its boundary. We moreover describe explicit real models of these
configuration spaces using three different approaches. We do this by adapting previous
constructions for configuration spaces of closed manifolds which relied on Kontsevich’s
proof of the formality of the little disks operads. We also prove that our models are
compatible with the richer structure of configuration spaces, respectively a module
over the Swiss-Cheese operad, a module over the associative algebra of configurations
in a collar around the boundary of the manifold, and a module over the little disks
operad.

Résumé. (Espaces de configuration de variétés a bord) — Nous étudions les espaces de
configuration de variétés compactes & board. Nous démontrons que pour une large
classe de telles variétés, le type d’homotopie réelle des espaces de configuration ne
dépend que du type d’homotopie réelle de la paire formée par la variété et son bord.
Nous décrivons de plus des modéles explicites pour ces espaces de configuration en
utilisant trois approches différentes. Pour cela, nous adaptons des constructions précé-
dentes pour les espaces de configuration de variétés compactes sans bord qui repo-
saient sur la preuve par Kontsevich de la formalité des opérades des petits disques.
Nous démontrons de plus que nos modéles sont compatibles avec la structure riche des
espaces de configuration, respectivement comme module sur 'opérade Swiss-Cheese,
comme module sur 'algébre associative des configurations dans un collier autour du
bord de la variété, et comme module sur 'opérade des petits disques.

© Astérisque 449, SMF 2024
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INTRODUCTION

Configuration spaces of points on manifolds are classical and yet intriguing objects
in topology. The ordered configuration space of k points on a space X is given by

Confy(X) = {(z1,...,z) € X* | z; # x;, for i # j}.

Despite the apparent simplicity of the definition, understanding their homotopy type,
or even their rational homotopy type, has been a long-standing endeavor.

The first results in this direction were obtained by Arnold [1] (in 2 dimensions)
and Cohen [13], who computed the cohomology of the configuration spaces of points
in R™. The real homotopy type of configuration spaces of points on smooth projective
varieties were independently computed by Kriz [33] and Totaro [52].

For closed simply connected manifolds, a way of computing the Betti numbers of
these configuration space has been described by Lambrechts and Stanley [35]. It has
been a long-established conjecture that for such manifolds, the rational homotopy
type of the configuration space depends only on the rational homotopy type of the
manifold [17, Problem 8, p. 518]. For non-simply connected manifolds, this conjecture
has a negative answer, as shown in [40]. Recently, three of the authors [9, 29] proved
that the conjecture is true when restricted to real homotopy types.

Studying configuration spaces of manifolds with boundary is in some aspects
harder, as the their homotopy type should a priori depend on the homotopy types
of the manifold, its boundary, and the inclusion between the two. Some results for
computing the Betti number of configuration spaces of manifolds with boundary are
known [45]. However, due to these difficulties, there has not been such a thorough
study of the homotopy theory of configuration spaces on manifolds with boundary
and in particular, the question of determining whether configuration spaces of com-
pact manifold with boundary is a homotopy invariant remains open. In this work,
we prove that, for compact, simply connected manifolds M with simply connected
boundary satisfying dim M > 4, the real homotopy type of Confy(M) only depends
on the real homotopy type of the pair OM C M.

In mathematical physics the study of configuration spaces on manifolds with bound-
ary is also very relevant. For instance, in the BV-BFV formalism [11, 12], in order to
perturbatively quantize gauge theory in the presence of a boundary, one needs a good
understanding of the real homotopy type of configuration spaces on manifolds with
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2 INTRODUCTION

boundary. The construction of propagators and the computation of integrals given by
Feynman rules admit parallels in these contexts.

The aforementioned results mostly focus on the algebro-topological properties of
the configuration spaces on their own. It has long been known, however, that config-
uration spaces carry rich algebraic structures using “gluing”.

More concretely, we consider the operad of little n-disks, initially introduced by
Boardman-Vogt [5], and which consists of configuration of disjoint n-disks (instead of
points) inside the unit n-disk. By considering the centers of each disk, we obtain a
homotopy equivalence between this configuration space and the configuration space
of points in R™. However, there is a new algebraic structure on configuration of little
disks, namely that of an operad. This operadic structure is given by “composition
products,” obtained by plugging a configuration of k£ disks inside one of the disks in
a configuration of [ disks, to obtain a configuration of k 4+ [ — 1 disks.

Here, for technical reason, we actually use a different model of the little
n-disks operad. We consider the Fulton-MacPherson compactification FM,, (k)
of Confy(R™) [2, 21], obtained by allowing points to become infinitesimally close.
The collection FM,, = {FM,,(k) }x>0 can be made into a topological operad, which is
equivalent in homotopy to the little n-disks operad.

For a closed parallelized manifold M, there exists a similar compactification FMj,
of the configuration space of points on M. This collection FM; carries the structure of
an operadic right FM,,-module, again using insertion of configuration. More generally,
for any M, one can define an operad FM,AL/I in topological spaces over M, built from
fiberwise configuration spaces. Even if M is not parallelizable, the collection FM,; is
endowed by the structure of an operadic right module over FMQ/I .

These various operadic structures on configuration spaces have received growing
interest over the decades. The configuration spaces of points on manifolds with their
operadic module structure have recently seen a surge in interest, due to their cen-
tral appearance in the Goodwillie-Weiss embedding calculus [7, 53] and factorization
homology [3]. These applications require understanding of the homotopy type of the
configuration spaces together with their natural operadic structures.

The first result in this direction was the rational formality of the little disks operads,
shown by Tamarkin [50] (for n = 2, over Q), Kontsevich [31] (for all n, over R), with
further contributions over the years [24, 36, 44, 20].

For closed connected orientable M, the real homotopy types of the configuration
spaces FMj, together with the operadic structure have recently computed by three
of the authors [9, 29], where “workable” combinatorial models were given. This paper
is a follow-up to these works, extending the methods and generalizing the results to
compact orientable manifolds with boundary.
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SUMMARY OF RESULTS 3

Summary of results

Let M be a compact orientable manifold with non-empty boundary 0 M. We study
configuration spaces of r points in the interior and s points on the boundary:

ConfT,S(M) = {(xla vy Ty Y1y e 7ys) X (8M)r X MS | T4 7é Zj,Yi 7é Yj for 4 7é ]}
There are essentially two approaches to defining algebraic structures on those
spaces: one that has to do with the action of the Swiss-Cheese operad, and one that
has to do with how configuration spaces behave when one glues manifolds along their
boundaries. We will describe “graphical” models for both approaches. We will also

define “small” models for configurations on the interior of M together with its action
of the little disks operad.

Graphical models: Swiss-Cheese action. — We can compactify Conf, ;(M) in the
spirit of Axelrod-Singer [2] to obtain a compact space SFMy; (7, s), cf. Section 3 below.
These compactified spaces come with a natural operadic right action of the fiberwise
Swiss-Cheese operad SCX (and the S in SFM stands for “Swiss-Cheese”).

More concretely, in the second color, the fiberwise little disks operad FM,AL/I acts
on SFMj, by insertion of configurations of points “infinitesimally close to” a given
point in the configuration. In the first color, we have a similar operation of insertion
of configurations of points on the upper half-space, fiberwise over 9M . The operations
are depicted in the following illustration:

J : ‘
</*/

- Je 2,/ od

Our first main result is the construction of a CDGA model SGraphs, 4, for the right
SFMY_module SFM;, where (A, Ap) is a CDGA model for (M, dM) (see Section 5.3
for what is precisely expected of (A, Ay)). The proof mostly follows analogous results
and constructions of Kontsevich, a strategy already used in previous works [9, 29].
Let us briefly describe this model. Elements of SGraphs 4 4, (7, s) are directed graphs
with vertices of 4 kinds: aerial external vertices, numbered from 1,..., s, representing
the s points in the interior of M terrestrial external vertices, numbered 1,...,r,
representing the r points on the boundary; and internal “unidentifiable” vertices, either
aerial or terrestrial. In addition, aerial vertices may be decorated by elements of A,

-,
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4 INTRODUCTION

and terrestrial vertices are decorated by elements of Ay. Note also that edges may
not start at terrestrial vertices. For detailed construction and some more technical
conditions we refer the reader to Section 6.

?Yj \ with a; € A,bj € As.
b

1 bo

We can define similarly a graphical model SGra phs;;1 of the fiberwise Swiss-Cheese
operad, and there is a coaction of SGraphsf on Graphs, 4, by explicit combinatorial
formulas on graphs. Furthermore, all graphical models have a natural dg commutative
algebra structure, given by gluing diagrams at external vertices.

Our first main result is then that these graphical objects are indeed models for the
topological configuration spaces, in the sense that they are quasi-isomorphic to the
CDGAs of differential forms on those spaces:

Theorem A (See Theorem 6.23). — Let M be an oriented compact manifold with bound-
ary OM # (). Then there is zigzag of quasi-isomorphisms relating the pairs

(SGraphsAAa,SGraphsf, Graphs?) ~ (Qpa (SFMys), Qpa (SFMM) Qpa (FMM))

compatible with all structures, i.e., with the dg commutative algebra structure and the
operadic action of the second member of the pairs on the first.

We note that the graded object SGraphs, 4, depends on M only through the
homotopy type of M, while that is certainly not true for the real homotopy type of the
configuration spaces. The dependence on M in Graphs;, comes from the differential.
More concretely, the differential, and hence all dependence on M, is neatly encoded
by a Maurer-Cartan element Z); in a certain graph complex. Physically, this Maurer-
Cartan element corresponds to the partition function in the underlying topological
field theory, taking values in the complex of vacuum Feynman diagrams. In this paper
we will hence call this special MC element Zj; that governs the real homotopy type
of our configuration spaces the “partition function,” although we will not discuss any
connections to physics.

The partition function can actually be evaluated under good conditions. In particu-
lar, if M and OM are simply connected, and dim(M) > 5, then the partition function
only depends on the real homotopy type of M:

Corollary B (Corollary 6.29). — If M and O8M are simply connected, and dim(M) > 5
then the real homotopy type of SFMys (as space, and as right module under the
fiberwise Swiss-Cheese operad) only depends on the real homotopy type of the map
oM — M.
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SUMMARY OF RESULTS 5

More concretely, the real homotopy type is precisely encoded in the tree piece of
the partition function. The above result hence means that there are no “quantum
corrections”.

Note that for dim M < 4, using the (generalized) Poincaré conjecture (see Freed-
man [18] for n = 4 and Perelman [43, 42| for n = 3), if M and its boundary are
simply connected then M is homeomorphic to D3 or D* (or, depending on conven-
tion, DY if & is considered simply connected). Therefore, in dimension < 4, if (M, 9M)
and (M',0M’) are homotopy equivalent, then they are homeomorphic. Since home-
omorphic spaces have homeomorphic configuration spaces, Corollary B thus holds
vacuously for the real homotopy type of the spaces SFMj,, as there is at most one
possible manifold in each dimension to consider. However, the right action of the fiber-
wise Swiss-Cheese operad depends on tangent spaces, and thus the diffeomorphism
types of the manifold. In dimension < 3, M must also be diffeomorphic to D3, so
Corollary B holds in full. The existence of exotic R* prevents us from concluding in
dimension 4 and we do not know if there exists a counterexample to real homotopy
invariance in dimension 4.

Graphical models: gluing at the boundary. — There is an alternative viewpoint on
the configuration spaces of points on manifolds with boundary, that both gives rise to
simpler models, and to algebraic structure which is not easily extracted from (although
contained in) the Swiss-Cheese action above. Let us now only consider configuration
spaces
Conf,.(M) = Confy (M)

of points in the interior, with no points on the boundary. Also consider the config-
uration space of points on OM x I, i.e., Conf, (OM x I), where I = (0,400). The
collection of the latter spaces (for various r’) naturally forms an algebra object (more
precisely, an Ej-algebra object), the product being the gluing of the intervals

o [ :
[ ] — N
([ J : : ([ J
° g

This E;-algebra naturally acts on Confs(r) by gluing at the boundary:

(= |

Understanding these gluing operations is of high importance, because they allow the
configuration space of points on a glued manifold X = M Ugy; N to be expressed
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[ INTRODUCTION

through the configuration spaces of the pieces, as a “derived tensor product”
Conf(X) ~ Conf(M) ®%onf(8M><I) Conf(N).

We refer the reader to [3] for more explanations.

The algebraic operations above (of algebra and module, by gluing at the bound-
ary) are encoded in our models in the Swiss-Cheese action, but not in an accessible
form. We may however describe simpler models in this case that capture those gluing
operations more nicely. To this end it is also suitable to define slightly different com-
pactifications mFMj; and aFMg), (where “a” stands for “algebra” and “m” for module,
see Section 3.7). The algebra and module structures described above are defined on
the nose for these models of the configuration spaces.

In this setting we can construct significantly simpler combinatorial models for our
configuration spaces mGraphs, and aGraphs 4, . Concretely, elements of mGraphs 4 ()
are directed graphs with only two types of vertices, external vertices numbered 1...,r,
and internal vertices. All vertices are decorated by an element on A.

°v‘° with ¢ € A.

ciC2

The construction of aGraphs 4, is similar.
All the algebraic operations may then be encoded combinatorially on these dia-
grams. Our second main result is then:

Theorem C (See Section 7). — For M a compact oriented manifold with boundary OM ,
we have a zig-zag of quasi-isomorphisms

(mGraphs 4, aGraphs 4, Graphs;}) =~ (Q2pa(mFMys), Qpa(aFMans), Qpa (FM21))

respecting all algebraic structures, i.e., the CDGA structures, the operadic Tight ac-
tions, and the E1-algebra and module structure obtained by gluing at the boundary.

Again, the objects here depend on a certain Maurer-Cartan element in a graph
complex called the partition function. This partition function can can be evaluated
under good conditions, just like for SFMj,;. The conditions here are weaker than
those of Corollary B (see page 85), which can heuristically be explained because
the graph complex for SFMj; depends on a model for Conf(dM), which requires
dimOM > 4 < dim M > 5.

Corollary D. — If M is simply connected, and dim(M) > 4 then the real homotopy
type of mFM s (as space, and as right module over aFMy ) only depends on the real
homotopy type of the map OM — M.

In Section 8.4, we connect the two models SGraphs, 4, (0,—) (all the external

vertices are in the interior) and mGraphs, as comodules over Graphstx . The only
possible manifold in dimension < 3 is D? by the Poincaré conjecture, so the corollary
holds vacuously in low dimensions.
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SUMMARY OF RESULTS 7

Small models and coaction of the cohomology. — Under some hypotheses about
the connectivity and the dimension of M, we will also find some “small” models
for Confy (M), inspired by the Lambrechts-Stanley models for configuration spaces
of closed manifolds (see [29] and [9, Appendix A]).

Suppose both M and OM are simply connected and that dim M > 7, so that
the pair (M,0M) admits a Poincaré-Lefschetz duality model, a notion we define
in Section 2, and let P be the resulting model of M. We may then use the same
construction as in [29] to get a CDGA Gp(k). If 8M = &, then P is a Poincaré
duality model of M and we recover the Lambrechts-Stanley model of Confy(M). We
show in Theorem 8.9 that there is an isomorphism of graded vector spaces between
H*(Gp(k)) and H*(Confy(M)) over Q, which generalizes the result of [35].

However, Gp(k) is not a CDGA model of Confy (M) in general. Instead we consider
a “perturbed” version Gp(k), which is isomorphic to Gp(k) as a dg-module but not
as an algebra. We show that Gp(k) is a CDGA model of Confj(M). Moreover, we
prove that Gp is a right Hopf e)-comodule if dM # &, and if M is framed then we
prove that the quasi-isomorphism Gp =~ Q%, (SFMy (@, —)) is compatible with the
comodule structures (over e, and Q4 (FM,,), respectively).

Theorem E (See Theorems 8.19-8.20). — Let M be a smooth, simply connected con-
nected compact n-manifold with simply connected boundary of dimension at least 5.
Assume that either M admits a surjective pretty model, or that n > 7 so that M
admits a Poincaré-Lefschetz duality model. Let P be the model built either out of the
surjective pretty model or the Poincaré-Lefschetz duality model.

Then for allk > 0, the CDGA Cp(k) is weakly equivalent to Q5,5 (SFM (0, k)), and
the equivalence is compatible with the action of the symmetric group Xy; in particular,
it is a model of Confy(M). Moreover, if M is framed, then the right Hopf comodule
(Gp,eY) is weakly equivalent to (U5, (SFMar(0, =), Q54 (FM,,)).

The same result holds with P = H*(M) for simply connected manifolds with simply
connected boundary satisfying dim M € {4,5,6}.

The advantage of this small model is that it can be used to do some computations,
e.g., of factorization homology (see [29, Section 5]) or embedding calculus. Note that
despite the notation, Gp depends not just on the model P of M but on the full
Poincaré-Lefschetz duality model of the pair (M, 0M).

Remark F. — All of our models are compatible with the symmetric group ac-
tions. Therefore, we obtain models of the unordered configuration spaces By(M) =
Confy(M)/Xk by considering the sub-CDGA of elements invariant under the sym-
metric group action. Note however that the unordered configuration spaces are not
simply connected even if M is (if dim M > 3 and M is simply connected then
m1(Br(M)) = Xi) so this may give less information than expected. This is still
sufficient to compute the cohomology, for example.
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8 INTRODUCTION

Outline
Closed mfd Swiss-Cheese Eq-algebra FE1-module

Compactif. local FM, §3.2 SFM,, §3.5 n/a n/a

fibered FMM §3.3 SFMM §3.5 n/a n/a

global FMj, §3.4 SFMys §3.6 aFMy s & mFMy, §3.7
Propagator local [31] [57] n/a n/a

fibered [8] §61 n/a n/a

global §4.1 §4.3 §4.4 §4.5
Model local Graphs, §5.1 SGraphs,, §5.1 n/a n/a

fibered Graphsﬂ 85.5 SGraphsﬁ §6.1 n/a n/a

global Graphs, §5.3 SGraphsAA3 86 aGraphsAa & mGraphs 4 §7.1
MC elements local pe GCY (5.2) c € SGCY (5.7) n/a n/a

fibered z€ AR GCY §5.6 29 € Ag ®SGCY §6.1 n/a n/a

global Z € GCY Z e SGCY!,AB §6.5 w € aGCXa W € mGCY, §7.2

Section 1: We recall some background on cooperads and comodules over them, operads over
spaces, the cohomology of compact manifolds with boundary, and pretty models.

Section 2 : We define Poincaré-Lefschetz duality models, a generalization of surjective pretty
models, and we prove that any simply connected manifold with simply connected
boundary of dimension at least 7 admits a Poincaré-Lefschetz duality model.

Section 3: We recall and define various compactifications for configuration spaces of Eu-
clidean (half-)spaces and manifolds with and without boundary, inspired by the
Axelrod-Singer-Fulton-MacPherson compactifications.

Section 4 : We explain how to construct the “propagators” which will be used to define inte-
grals on these compactified configuration spaces, using the usual Feynman rules.
Section 5: We recall the construction of models for configuration spaces of closed mani-
folds [9, 29] that we will generalized for compact manifolds with boundary. We also
explain in what sense the graphical models we build are “functorial,” which will be

used in the rest of the paper.

Section 6 : We build our first graphical model SGraphsAA87 and we prove that it is a model
of Conf, (M) as an operadic module over the Swiss-Cheese operad.

Section 7: We build our second graphical model, mGraphs 4, and we prove that it is a model
of Confo e (M) as a module over the Ej-algebra Confansxr. -

Section 8 : We build a first small dg-module Gp (k), and we prove that under some hypotheses,
it computes the Betti numbers of Confy (M ). We then prove that a “perturbed” variant
Gp(k) is a CDGA model for Confy(M) as a module over the cohomology e, of the
little n-disks operad. We also make precise the connection between SGraphs, ,, and
mGraphs 4.

Appendix : We compute the cohomology of several graph complexes that appear throughout
the paper.
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CHAPTER 1

BACKGROUND AND RECOLLECTIONS

We will generally work in the category of cohomologically graded cochain com-
plexes, with a suspension defined by (V[k])® = V**" and appropriate signs. A
“CDGA” will then be a (unital) commutative differential graded algebra in this cate-
gory.

We will typically aim to prove that two N-graded CDGAs are quasi-isomorphic,
i.e., connected by a zig-zag of CDGA morphism which induce isomorphisms on co-
homology. The intermediary CDGAs will sometimes be Z-graded; recall that if two
connected N-graded CDGAs are quasi-isomorphic in the category of Z-graded CDGAs,
then they are too in the category of N-graded CDGAs (see [29, Proposition 4]). The
same remark will also apply to Hopf cooperads below (see the discussion in [29, Sec-
tion 1.2]).

1.1. Colored (co)operads and (co)modules

We work with (symmetric) operads, which we will generally index by finite sets,
rather than by numbers. Thus, for us an operad P is a symmetric collection, i.e., a func-
tor from the category of finite sets and bijections to some symmetric monoidal category
(e.g., topological spaces, chain complexes. .. ), equipped with a unit 5 : 1 — P({x}) as
well as composition maps, for all pairs (U, W C U):

(1.1) ow : P(U/W)®P(W) — P(U),
where U/W = (U—W)U{x} is the quotient, satisfying the usual associativity, equivari-
ance, and unitality axioms. If we let K = {1, ..., k} then we recover the classical notion

by setting P(k) := P(k) and the composition maps o; : P(k) ® P(l) — P(k +1—1) are
given by og; i1}

A right module over an operad P is a symmetric collection M equipped with com-
position maps

(1.2) ow : M(U/W) ® P(W) — M(U)
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12 CHAPTER 1. BACKGROUND AND RECOLLECTIONS

satisfying the usual axioms. Cooperads and comodules are defined dually. We will add
the adjective “Hopf” to these dual structures when they are considered in the base
category of CDGAs.

We also deal with special types of two-colored operads, called relative operads [54],
or Swiss-Cheese type operads.

Definition 1.1. — Given an operad P, a relative operad over P is an operad in the
category of right P-modules.

Let us now give a concrete description of relative operad. We can encode a relative
operad over P as a bisymmetric collection Q, i.e., as a functor from the category of
pairs of sets and pairs of bijections to dg-modules. The first set in the pair corresponds
to open inputs, and the second to closed inputs. There is an identity 7, € Q({*}, @),
and the operadic composition structure maps are given by:

(1.3) or : Q(U,V/T)® P(T) — Q(U,V) TCV;
(1.4) owr : QU/W, V)@ QW,T) - QU,VuT) W cU.

As mentioned in the definition, we can equivalently view Q as an operad in the
category of right P-modules. The P-module in arity U is given by Q(U, —), and one

checks that the operad structure maps ow,_ : QUU/W, —) ® Q(W, —) — Q(U, —) are
morphisms of right P-modules.

Remark 1.2. — The data of a relative operad over P is also equivalent to the data
of an operad with two colors (traditionally called the “closed” color ¢ and the “open”
color o) such that operations with a closed output may only have closed inputs and
are given by P. Indeed, given a relative operad Q over P, we can define a colored
operad Q' by:

'&Q_{HW,ﬂU_Q

0, otherwise.

and conversely.

Given a (one-colored) cooperad C, a relative cooperad over C is defined dually as
a bisymmetric collection D equipped with structure maps (which are morphisms of

CDGAs):
(1.5) oy :D(U,V) — D(U,V/T) & C(W) TCV;
(1.6) oV.r: D(U,V UT) — D(U/W, V) & D(W, T) W CU.
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1.2. OPERADS OVER SPACES AND RIGHT MULTIMODULES 13

Finally, a comodule over a relative C-cooperad D is given by a bisymmetric collec-
tion N equipped with structure maps (which are morphisms of CDGAs):

(1.7) oY : N(U, V) — N(U,V/T) ® C(T) TCV;
(1.8) owr :NU,VUT)— NU/W,V)®D(W,T) W cU.

We can also define relative Hopf cooperads as relative cooperads in the category
of CDGAs.

1.2. Operads over spaces and right multimodules

Let X be a topological space. We will frequently consider operads, operadic right
modules and relative operads in the category Top/X of spaces over X, equipped
with the symmetric monoidal product the categorical product X x. Dually, for some
CDGA A, one may consider the under-category A/CDGA of CDGAs under A
equipped with the symmetric monoidal product ® 4, and then consider (relative)
Hopf cooperads in that category.

Next, let us recall the notion of operadic right multimodule from [8]. To this end
fix an operad P in spaces over X. A right operadic P-multimodule is a collection of
spaces M equipped with maps

(1.9) M(U) — XY,
and operadic right actions
(1.10) or : M(U/T) xx P(T") — M(U) TcCU,

where the fiber product is taken relative to the map M(U/T) — X corresponding to T'.
The maps or are required to satisfy natural compatibility relations, which are obvious
generalizations of the the axioms required from an operadic right action. Operadic
right P-modules are trivial special cases of operadic right P-multimodules, for which
the map (1.9) takes values in the diagonal X c XU.

Next consider a relative operad Q over P, such that the pair (P, Q) generates a
two-colored operad in the category of spaces over X. Then we may naturally extend
the notion of right operadic multimodule to the colored setting as follows. We say that
a (P-relative) right operadic Q-multimodule M is a right operadic Q-multimodule in
operadic right P-multimodules. More explicitly, such data consists of a bisymmetric
collection M, equipped with maps

M(U,V) - XY x XV,
and with right actions
(1.11) or : M(U,V/T) xx P(T) — M(U, V) TCV;
(1.12) ow,r : M(U/W, V) xx QW,T) - M(U,VUT) wcU.
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14 CHAPTER 1. BACKGROUND AND RECOLLECTIONS

Here the fiber products x x are taking relative to the map M(U,V/T) — X corre-
sponding to T', or respectively to the map M(U/W,V) — X corresponding to W. The
composition morphisms again are required to satisfy natural compatibility relations.

To avoid too clumsy notation, we will call M as above just a right (P, Q)-multi-
module for short.

Example 1.3. — For the purposes of this paper, the relevant examples of the notions
above are as follows. The fiberwise little disks operad FM' defined in Section 3.3 is
an operad in spaces over the smooth manifold X = M of dimension n. If M has a
non-empty boundary, then the half-space-configuration spaces of points in the tangent
spaces of boundary points may be made into a relative operad SFMTA{I for FM,AL/I . (Note
here that the maps SFMY (U/) — M take values in &M C M.) Finally the configu-
ration spaces of points on M can be compactified into a right (FM% , SFMQ/[ )-multi-
module.

The notions above have evident dualizations. Hence, given a CDGA A, a cooperad
C in CDGAs under A, and a relative cooperad D over C, we will use the notion of right
(P, Q)-multicomodules. Such a (P, Q)-multicomodule N is concretely a bisymmetric
collection of CDGAs equipped with maps

A®U ® A%V L N(U, V),
and furthermore coactions
(1.13) ot :N(U,V) = N(U,V/T) @4 C(T) TCV;
(1.14) oVW’T :NU,VUT) - NU/W,V)®4 DIW,T) WcU

satisfying natural compatibility relations.

1.3. A note on the cohomology of compact orientable manifolds with boundary

Lemma 1.4. — Let M be a compact orientable manifold with boundary OM # (.
Then there exist collections of forms {a;}i=1,.. k, {Bi}i=1,... ks {Vi}i=1,...1 on M with
the following properties.

— The oy and vy, together form (i.e., represent) a basis of H(M), and in particular
dOéi = d’yj =0.

— The (boundary values of ) a; and B; together form a basis of H(OM), in partic-
ular d,@’j|aM =0.

— The y; and dB; together form a basis of H(M,0M).

— We have Vil = 0. Together with the other properties above this means that
the maps in the long exact sequence

o H(M,0M) L H(M) L H(OM) 2 H(M,0M)[-1] — ---
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may be expressed in our basis as

(1.15) f(vi) =" f(dB;) = [dB;] =0
(1.16) g(ai) = o 9(v) =0
(1.17) h(Bi) = dp; h(e;) = 0.

— The choices above can be made such that the Poincaré duality pairing on H(OM)
and the Poincaré-Lefschetz duality pairing between H(M) and H(M,9dM) satisfy
the following.

(1.18) /aM Bjoi = /M dfjai = 04

(1.19) /E)M Qiay = /8M BiB; =0
(1.20) /M oo = /M Y = /M dBiv; = 0.

Proof. — We choose the «y; to be representatives of a basis of the image of f above.
We choose (closed extensions of representatives of) a basis «; of the image of g.
Irrespective of the choice of such representatives we have by Stokes theorem

/ ;0 = / d(aiaj) =0.
oM M

We may extend the set {a;}i=1, ., to a basis of H(OM) by adding elements repre-
sented by some forms {,Bj }jzl,m,k/. We understand these forms as boundary values
of forms (3; defined on M, by picking some (possibly non-closed) continuation to M.
By construction of the cohomology long exact sequence above the d3; then span the
image of h. We have thus constructed bases of H(M), H(M,0M) and H(OM) as
asserted above. The non-degeneracy of the pairing between H (M) and H(M,0M)
implies that the two spaces must be of equal dimension in complementary degrees,
and hence k' = k. Retrospectively, we may hence have picked the §; so as to form a
dual basis to the «;, i.e., such that (1.19) and the second equality of (1.18) hold. By
Stokes’ Theorem we also have that

(1.21) /M dﬁi’y]' =0.

None of the above properties are altered if we add to the «; arbitrary linear combi-
nations of the «;’s and dg;’s. By (1.18) we may add suitable linear combinations of

the (3 to ensure that
/ a; 0 = 0.
M

(Here we denote the modified a; by «; again, i.e., we assume that suitable choices had
already been taken from the start.) Finally we note that by Poincaré-Lefschetz duality
and (1.21) the matrix (f,, v A 7;)i,; must be non-degenerate and hence we may add
suitable linear combinations of +;’s to the a;’s to ensure that (1.20) holds. O

SOCIETE MATHEMATIQUE DE FRANCE 2024






CHAPTER 2

POINCARE-LEFSCHETZ DUALITY MODELS

2.1. Motivation

The Lambrechts-Stanley model from [29] relied on a particular feature of closed
orientable manifolds: Poincaré duality, i.e., the fact that for all k& € Z, the pairing
HY(M)® H"*(M) — R given by 2@y + Jus Ay is non-degenerate. On the model-
theoretic level, a Poincaré duality CDGA is a CDGA P equipped with an orientation,
i.e., a chain map ep : P — R[—n] (in other words a linear map P" — R vanishing
on coboundaries) such that the induced pairing P* ® P" % - R, x ® y — ep(xy) is
non-degenerate for all k € Z. Lambrechts and Stanley [34] proved that any simply
connected manifold admits a Poincaré duality model.

The cohomology of a compact orientable manifold with boundary does not satisfy
Poincaré duality. Instead, it satisfies Poincaré-Lefschetz duality: for all k € Z, there
is a non-degenerate pairing H*(M)® H"*(M,0M) — R given by z @y + Sy zAy.
Cordova Bulens, Lambrechts, and Stanley [15] defined “surjective pretty models” to
encode such a duality, roughly speaking when M is obtained as the complement of a
high-codimensional sub-polyhedron in a closed manifold. In this section, we define a
more flexible notion of pairs of CDGAs satisfying an appropriate version of Poincaré-
Lefschetz, and which we call “Poincaré-Lefschetz duality pairs”.

The rough idea is the following. Suppose we have an orientable compact manifold
with boundary (M,0M). Then we first want a model of the pair, i.e., a model of the
inclusion, which should be given by a morphism of CDGAs A : B — By where B is a
model of M and By is a model of M. In Poincaré-Lefschetz duality, we want to say
something about the relative cohomology H*(M,dM). On the level of models, relative
cohomology would be represented by the homotopy kernel of A\. The homotopy kernel
is too big for duality, in general; however, if \ is surjective, then the homotopy kernel
is the kernel K = ker(\). We thus ask for A to be surjective. If dim By # 0 (i.e., if
OM # @), then dim K < dim B, and there is no way of producing a non-degenerate
pairing between K and B. As K is a sub-CDGA of B, we should morally be considering
a quotient P = B/I, where we kill enough elements to compensate what we have
removed from B to get K. Poincaré-Lefschetz duality is then the statement that we
can find an appropriate I such that the quotient map B — P is a quasi-isomorphism
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18 CHAPTER 2. POINCARE-LEFSCHETZ DUALITY MODELS

and such that the pairing between B and K descends to a non-degenerate pairing
between P and K. The final picture to keep in mind is the following;:

(2.1) P:=B/l +——>— B

In the next section, we formally define Poincaré-Lefschetz duality models and pairs,
and we prove their existence under good conditions.

2.2. Definition and existence

For convenience, we first define cones:

Definition 2.1. — The mapping cone of a chain map f : X — Y, denoted either
by cone(f) or Y &7 X[1], is given as a graded vector space by Y & X[1], and the
differential is given by d(y,z) = (dyvy + f(z),dxx).

The data of a chain map € : cone(f) — R is equivalent to the data of two linear
maps e : Y? - Rand es: X! — Rsuch that scgod=0and eod =es0 f, ie., the
“Stokes formula”. We will use the two points of view in the sequel.

Definition 2.2. — A Poincaré-Lefschetz duality pair (or “PLD pair” for short) of formal
dimension n is a CDGA morphism A\ : B — Bjy between two connected CDGAs,
equipped with a chain map ¢ : cone(\) — R[1 — n], and such that:

— The pair (By,ep,) is a Poincaré duality CDGA of formal dimension n — 1;
— Let K :=ker A, and let 85 : B — KV[—n] be defined by 05(b)(k) = e(bk); then
we require O to be surjective and to be a quasi-isomorphism.

The following proposition motivates the definition:

Proposition 2.3. — Let (B 2, By,e) be a PLD pair. Then the quotient map
B — P = B/kerp is a quasi-isomorphism. Moreover, the pairing P' @ K"™* — R,
given by x®k — ep(ak), is well-defined and non-degenerate for alli € Z; equivalently,
the map 0 : P — K" [—n] induced by 05 is an isomorphism of B®?-modules.

Proof. — Since 0p is a quasi-isomorphism, its kernel kerfp is acyclic, therefore
B — P is indeed a quasi-isomorphism. The map 6 : P = B/ker0g — KY[-n] is
clearly well-defined. It is surjective because fp is surjective, and it is injective be-
cause we modded out by the kernel. Hence it is an isomorphism. O
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2.2. DEFINITION AND EXISTENCE 19

Definition 2.4. — A Poincaré-Lefschetz duality model of (M,0M) is a PLD pair
A : B — By which is a model of the inclusion 9M C M, in the sense that we can fill
out the following diagram:

CET

Ba (-2 Ra % Q;A(aM)

Remark 2.5. — We can also assume that the maps f, fg factor through the sub-
CDGAs of trivial forms in order to integrate along the fibers of the canonical pro-
jections, see [9, Appendix C|. Indeed, this sub-CDGA is quasi-isomorphic to the full
CDGA Qfp(—).

Remark 2.6. — Given a PLD model as in the definition, we then have H*(P) 2
H*(M), H*(K) = H*(M,0M), and the isomorphism # induces Poincaré-Lefschetz
duality H*(M) = H,_,(M,dM).

Example 2.7. — Consider the manifold M = D™ with boundary OM = S~ !. Intu-
itively, we can see M as a sphere with a (thick) point removed. We thus get a PLD
model of (M,0M) as follows. The Poincaré duality model of M = S~ is merely
By = H*(S" ') = R1®Rv, where degv = n—1 and v? = 0. The model of M = D" is
given by B = R1 & Rv & Rw, with degw = n, dv = w, and all nontrivial products
vanish. The surjective model of the restriction, A\ : B — By, is given by A(1) = 1,
A(v) = v, and A(w) = 0. Finally the orientations are given by €5(v) = 1 and e(w) = 1.

The kernel K = ker()\) is then one-dimensional, spanned by w. The map
0p : B — KV[—n]| is given by 0p(1) = wY, 0p(v) = 0(w) = 0. It follows that the
quotient P = B/ker(fp) is also one-dimensional, spanned by the unit 1; in other
words, P = H*(D"). The induced non-degenerate pairing P’ ® K™ — R is the
obvious one.

Example 2.8. — We can generalize the previous example. Suppose that M is obtained
from a closed manifold N by removing an open disk. Suppose that N has a Poincaré
duality model Q. Then M = S~ ! and we can again take By = H*(S" 1) = R1®Rwv.
The model B is given by B = (Q®Ruv, dv = volg) where volg is the volume form of Q.
The map A is the sum of the augmentation of @ and of A(v) = v. The kernel K is thus
the augmentation ideal Q, while the quotient P is Q@/volg, and the non-degenerate
pairing between the two is induced from the non-degenerate pairing of () with itself.

Proposition 2.9. — Let M be a simply connected n-manifold with simply connected
boundary, and assume that n > 7. Then (M,0M) admits a PLD model.

The proof is heavily inspired from the proof of the main theorem of [34].
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20 CHAPTER 2. POINCARE-LEFSCHETZ DUALITY MODELS

Proof. — We start with some surjective model p : R — Ry and we will build a PLD
model out of it:

R —Z— Qb (M)

(2.2) lp lres

Ro —Z— Q5 (OM).

We keep the terminology of [34]. We can find a surjective quasi-isomorphism
go : Rs — By, where By is a Poincaré duality CDGA, by [34]. We let Kr be the
kernel of p’ := gg o p and we define the chain map e : cone(p’) — R[—n+ 1] as in the
previous section. Let 0 := ker 6}, C Kr be the ideal of “orphans,” i.e.,

(2.3) O:=ker0),={y € Kg |Vz € R, 0}%(y)(z) = er(zy) = 0}.
We could consider (for a moment) the new short exact sequence:
(2.4) 0— (K = Kgr/0) — (B = R/0) 2 By — 0.

There is an induced chain map ep : cone(\) — R[—n + 1], and 0%, : K — BY[-n] is
injective because we killed all the orphans. Thus we do obtain an isomorphism
B/ kerp = KV[—n] induced by 6.

The problem is that the ideal 0 is not necessarily acyclic, thus A is not necessarily
a model of (M,OM) anymore. Indeed, by Poincaré-Lefschetz duality, all we know is
that a cycle o € O is always the boundary of some element z € K; but one may not
always choose z € 0. The idea, just like in [34], is to extend the CDGA R by acyclic
cofibrations (over Bp) in order to make the ideal of orphans acyclic.

Thanks to our connectivity assumptions on the manifold and its boundary,
we can assume that the model p : R — Ry of (M,0M) and the chain map
er : cone(p’) — R[—n + 1] satisfy:

— p is surjective, hence so is p’ := gg o p, and we let K = ker(p');

— both R and Ry are of finite type;

— both R and Ry are simply connected, i.e., R® = Rg =R and R! = R}, = 0;
— we have R% C kerd and K? C kerd;

— the morphisms 6g, 0}, induced by e are quasi-isomorphisms.

Note that since we require p to be surjective, it is possible that not all elements
of R? are cycles, because some of the classes from H2(OM) may need to be removed
(see Example 2.7 for M = D3).

We say that the pair (p,eg) is a “good” pair if it satisfies all these assumptions.
Let us say that its orphans are k-half-acyclic if H*(0) = 0 for n/2 + 1 < i < k. This
condition is void when k = n/2, and if Kk = n 4+ 1 then Poincaré-Lefschetz duality
implies that O is acyclic (see [34, Proposition 3.6]).

We will now work by induction (starting at kK = n/2) and we assume that we are
given a good pair (p,eg) whose orphans are (k — 1)-half-acyclic. We will build an
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extension:

0 Kr R L5 Ry 0
(2.5) [~ £~ l:

0 Kr >, Ry 0

+{:g>

and an extension ég : cone(p’) — R[—n
orphans are k-half-acyclic.

We follow closely [34, Sections 4 and 5], adapting the proof where needed.
Let 1= dim(C* Nkerd) — dim(d(C¥~!)) and choose [ linearly independent cycles
ai,...,oq € 0% such that

(2.6) OF Nkerd = d(O*F 1Y) @ (ay, ..., ).

These are the obstructions to 0 being k-half acyclic. Because 0}, is a quasi-isomorphism
and 0} (c;) = 0, there exists v, € K*~! such that dv} = «;.

Let m = dim H*(R) = dim H*(Kg), and choose cycles hi,...,h,, € R such
that ([h1],...,[hm]) is a basis of H*(R). By Poincaré-Lefschetz duality there exists
cycles hy, ..., hy, in Kg such that e(h;h’;) = d;; (and these form a basis for H*(K)).
Let

(2.7) vi = — Ze('yl{hj)h;- e KF1,

J

1] of eg such that (p,é) is good and its

and let T' be the subspace of K*~! generated by the v;. Then a proof similar to
the proof of [34, Lemma 4.1] shows that dy, = «;, and if y € R is a cycle, then
e(viy) = 0¥ (7:)(y) = 0.

Now let

(2.8) R = (R®S(cl,...,cl,wl,...,wl),dci = q;,dw; = ¢; —'y,-),

where the ¢; and the w; are new variables of degrees k — 1 and k — 2.
Extend p to p: R — Ry by declaring that p(c;) = p(w;) = 0. It follows that

(2.9) IA(R = kerﬁ: (KR®S(Ci7wj)1§i,j§lyd)~

It is not hard to see that R < R is an acyclic cofibration (compare with [34,
Lemma 4.2]), and so is K — K. Finally, since all the ~; and «; are in ker p, one can
extend eg to ég : cone(p) — R[—n + 1] by formulas identical to [34, Equation 4. 5]
which works because n > 7. It is clear that (p,ég) is still a good pair. We let Or,
9V be the quasi-isomorphisms induced by the pairing, and we finally let 0 = ker HV

It remains to check that ( is k-half-acyclic, knowing that C is (k — 1)-half-acyclic.
First, we can reuse the proofs of [34, Lemmas 5.2 and 5.3] to check that if { > n—k+2
then O C O, and if i € {k — 2,k — 1} then (' Nkerd C * Nker d. The only difference
is that instead of the hypothesis d(R?) = 0, we instead have d(K%) = 0.

Now, just like [34], we have several cases to check. If we have k > n/2+ 2, or if we
have n odd and k = (n+1)/2+ 1, then the proof goes through unchanged up to slight
changes of notation. However, if n is even and k = n/241, more significant adaptations
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are needed, even if the idea is the same. We’d like to check that 0% Nkerd C d(@k_l).
We already know that

(2.10) 0" Nkerd C CF Nkerd = d(C* ") ® (a;).

Since 0k~ < (%! (the proof is identical to [34, Lemma 5.7]), it is sufficient to
check that 0*=1 N (q;) = 0. Let us write j : Kg — R for the inclusion, R := R/0,
Kr:=Kpr/0,n=2m and k =n/2+1=m + 1. Then we have long exact sequences
in cohomology and morphisms between them:

0 —— H™(R) —— H™(R) —>— H™"(0) —— 0

(211) q 1 1

0 —— H™(K) —— H™(Kg) —>— H™(0) —— 0.

The space H™T1(0) is generated by the classes of the a;. We obtain a section
o : H"t(0) — H™(KR) of & by letting o ([ei]) = [yi]-

Suppose that we have some nonzero element « € {(;); we’d like to show that it is
not in O%, i.e., that it is not an orphan in Kz. The pairing H™(Kgp)® H™(R) — R
induced by g is non-degenerate, and o(a) # 0, hence there exists some 3 € H™(R)
such that e(o(a)B) # 0. But as we saw before, for any [h] = > z;[h;] € H™(R),
er(o(a)h) = 0, because er(y;h;) = 0. It follows that eg(o(a)a(6(8))) = er(o(a)B) # 0.
If we write 6(8) = >_, B;v; € H™L(0), we can let w = > Bjw; € R, and then by
definition ég(aw) = er(o(a)o(6(8))) # 0, thus « is not an orphan. This completes
the proof that (¥~ N (oi;) = 0, and thus that 0% Nkerd C d(@k_l). We have thus
covered all the cases to prove that if 0 is (k — 1)-half-acyclic, then 0is k-half-acyclic.

By induction, we obtain a good pair (p : R — Ry, 2 r) whose ideal of orphans is
(n 4+ 1)-half acyclic (and hence actually acyclic), obtained by a sequence of acyclic
cofibrations from R. It then remains to define B := R/@ and ep to be the map induced
by £€r on the quotient to prove Proposition 2.9. O

Given a PLD model of (M,0M), we obtain a diagram (similar to Equation (2.1)):

e
a7 K ker A

» s
o
¢ ,/-\i\“

Lo \[
7/
W
B

(2.12) P = B/kerfp =

>
~
hS)
Q
-
o}
7]

B ~ Ry — Q5 (OM).

9o

[$9)

2.3. Diagonal classes

We now want to define diagonal classes in PLD pairs. Let us first quickly recall the
well-known case of closed manifolds. First, let us fix a Poincaré duality CDGA @ of
formal dimension n.
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Definition 2.10. — The diagonal cocycle Ag € Q®? of degree n is defined as follows.
If {z;} is a graded basis of Q and {z}'} is the dual basis (satisfying e(z;z}) = dy5),
then

(2.13) Ag =) (-D)"lz; @y

This definition is independent of the chosen basis.

Proposition 2.11 (See e.g., [22, Section 8.1.4]). — The diagonal cocycle satisfies
dAg =0, (z®1)Ag = (1Qx)Aq for all z € Q, and its image under the switch map:
(2.14) ()":Q®Q-Q®Q,zey— (-1)Eey gy,

satisfies AQQl = (—=1)"Aqg. Moreover, if volg € Q™ is the only element satisfying
eq(volg) = 1, then the image of Ag under the product ug : Q%* — Q is given
by x(Q) - volg, where x(Q) is the Euler characteristic.

Let us now fix until the end of the section a Poincaré-Lefschetz duality pair

(B 2, Bg,¢), with K = ker A. Recall that we write §: P — KVY[—n] for the iso-
morphism of B®2-modules induced by the surjective p : B — KY[—n], where
P = B/kerfg. We want to generalize the diagonal classes defined for surjective
pretty models.

Definition 2.12. — The volume form volg € K C B is the unique element satisfying
EB (VOIB) =1.

Proposition 2.13. — Let volg, be any lift of the volume form of By to B. Then we
have dvolp, = volg.

Proof. — This follows from the Stokes formula for PLD pairs and the uniqueness of
volume forms when the orientations are fixed. O

The multiplication ug : K®2 — K can be dualized, using 6, into a morphism
of B®2-modules

(2.15) §: P — P®*[—n].

Definition 2.14. — We define a representative of the diagonal class:
(2.16) Ap:=46(1p) € (P® P)".

Proposition 2.15. — The diagonal class satisfies Agl) = (-1)"Ap and:

(2.17) Yz € P, §(z) = (z®1)Ap = (1 ®x)Ap.
Proof. — This follows respectively from the graded commutativity of ux and the fact
that ¢ is a morphism of B®2-modules. O

SOCIETE MATHEMATIQUE DE FRANCE 2024
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Definition 2.16. — Let {z;} be some basis of K, and let {z)} be the dual basis of P,
satisfying e g (z;2)) = d;;. Then we define:

(2.18) Agp =Y (-1)"lz; @) € (K® P)".

It is clear that Agxp € K ® P is dual to the non-degenerate pairing K ® P — R.
The next proposition also follows directly from the definitions:

Proposition 2.17. — The cocycle Ap is the image of Axp under the composite map
Tot®id: K@ P —B®P — P® P. Moreover:
(2.19) Vo€ P, Y ep(alip)Afp ==.

(Akp)

Denoting by pp: P ® P — P the multiplication map, x(P) the Euler characteristic,
and volp the volume form, we have:

(2.20) up(Ap) = X(P)r(volp)

Corollary 2.18. — If OM # &, we have:

(221) pp(Ap) = 0.

Proof. — By degree reasons, volp is in the kernel of g : B — KV[—n] when OM # &.
Hence 7(volg) = 0 by definition. O
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CHAPTER 3

CONFIGURATION SPACES, THEIR COMPACTIFICATIONS,
AND ALGEBRAIC STRUCTURES

3.1. Semi-algebraic realization

Let M be a compact manifold with boundary. In order to apply the theory of PA
forms of [25] to M, we must endow it with a semi-algebraic structure, i.e., a smooth
embedding of M into RY for some (big) N such that M is defined by finite unions of
finite intersections of loci of polynomial (in)equalities.

To get such a diffeomorphic semi-algebraic realization of M, we first apply the
Nash-Tognoli theorem to the double M=M Ugam M, and we thus obtain some (semi-
)algebraic realization of M in RV [41, 51]. We have that M is singled out by the
equation f > 0, where f is some smooth function on a neighborhood of M inside RV,
regular at &M C M C RN. We then use Stone-Weierstrass to approximate f and
its first derivatives “closely enough” by an algebraic function g. Our semi-algebraic
realization of M is then given by the defining algebraic equations for our realization
of M, together with g > 0.

Alternatively, a C! realization as a semi-algebraic set may be defined as follows.
First M can be triangulated and is C'-diffeomorphic to some simplicial complex in
some RY. Each simplex is a semi-algebraic set, and there is a finite number of them
(because M is compact), hence M itself is semi-algebraic.

3.2. (Axelrod-Singer-)Fulton-MacPherson operad FM,,

The Axelrod-Singer-Fulton-MacPherson operad FM,, introduced by Getzler and
Jones [23] is an E,, operad defined by compactifying the configuration spaces of points
in R™. More concretely, one compactifies the quotient space by the group action of
scalings and translations

(3.1) FM,,(r) = Confgn (1) /R x R™.
The compactification is such that FM,, comes with a natural stratification, the strata

being indexed by rooted trees with leaf set {1,...,7}. Each tree here corresponds to
a piece of the boundary in an iterated bordification, see Figure 3.1 for an example.
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/s

3 XY

FIcure 3.1. Strata for FM,(r)

For the original definition and more details we refer the reader to [23]. More details
and a gentler presentation can be found in [47] or [29, Section 1.2].

3.3. Fiberwise little n-disks operad

There is a natural SO(n)-action on the operad FM,. Given any principal
SO(n)-bundle P — B, we may consider the fiberwise little n-disks operad

(3.2) FMY == P x50(n) FM,,.

This is an operad in the category of spaces over B. For example, if B = {*} is a
singleton (thus P = SO(n)), then we obtain FM{*} = FM,,.

A particular instance of this situation that will often be considered in this text is
the case where P is obtained as the oriented frame bundle FrY of a rank n vector
bundle R” — Y — B. In that case, we use the notation FM,}: = FMnFrY.

In particular, given an oriented manifold M denote by Fy; := FrT)y — M the
oriented frame bundle, and define

(3.3) FMM = FME

This is an operad in spaces over M, and can be understood as a version of the fiberwise
little disks operad in the tangent space of M. In [8], this operad is an important object
to understand in order to model the action of the framed little disks operad on the
configuration space of framed points of a closed manifold.

Remark 3.1. — Strictly speaking, we assume the vector bundles above to be endowed
with a metric so that we can consider the SO(n) principal frame bundle instead of
the GL(n) principal frame bundle.

Using such a metric, one can consider the sphere bundle Sy C Y consisting of
vectors of norm 1. One observes that this bundle is canonically isomorphic to the
space FMY (2) constructed above.
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Remark 3.2. — A this stage it is not essential to require the manifold M to be
oriented. In the unoriented case one just considers the full frame bundle F}/°" and
the associated operad FM% = F3[°" Xo(n) FMy, using the O(n) action on FM,,.

3.4. Compactified configuration space for closed manifolds

Let M be a closed manifold. We denote by FM,; the Axelrod-Singer-Fulton-
MacPherson type bordification of the configuration space of points on M defined
in [2]. The space FMys(r) is defined by an iterated blowup (or rather, bordification)
at the fat diagonal of M". If we choose an algebraic realization of M then FMy,(r) is
again a semi-algebraic manifold.

The space FMj;(r) comes with a natural stratification. Strata correspond to rooted
trees with leaves labeled 1, ..., r. The stratum corresponding to a given tree T is given
by configuration satisfying the following properties: points ¢ and j are in a subtree if
and only if they are infinitesimally close compared to the points outside this subtree.
See Figure 3.2 for an example of correspondence.

Ny

17 2 . ‘V/'/

FIcURE 3.2. Strata for FMy(r)

Recall from [8] that a right operadic multimodule X for an operad P in spaces over
some base B is a collection of spaces over powers of the base

(3.4) X(r) — B"
with a right X,-action and operations
(35) X(’I") X Br P(Sl) X oee- P(Sr) — X(sl + .+ 81")

satisfying the usual equivariance, commutativity and associativity conditions for an
operadic right action. The notion of operadic right multimodule should be considered
as “the correct generalization” of the notion of a right module for an operad over a
base B. (The alternative extension as an operadic right module in the category of
spaces over B is unnatural, at least in the present context.)

Note that the spaces FMy,(r) naturally assemble into a right operadic multimod-
ule over the operad FMnM . If the manifold M is parallelized, then the fiberwise op-
erad FM?[I can be identified with M x FM,,, and the right action gives rise to a right
FM,, action on FM,.
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3.5. Swiss Cheese operad and fiberwise Swiss Cheese operad

Given a manifold with boundary (M,0M) and finite sets U, V, define the colored
configuration spaces:

(3.6) Confyy (M) == {c € Confy vy (M) | ¢(U) C M, ¢(V) C M}.

In particular if M = H,, C R" is the upper half-space, then Confy y (M), after mod-
ding it out by the group of translations preserving H,, and positive dilatations, can
be compactified into a space SFM,, (U, V') [54]. It is a stratified manifold of dimension
n-#V + (n—1)-#U — n assoon as #U +2#V > 2, and it is reduced to a point oth-
erwise. One has homeomorphisms SFM,, (U, @) =2 FM,,_;(U) and SFM,,(1,1) = D"~}
and homotopy equivalences SFM,, (&, V) ~ FM,, (V).

In this way, one obtains a relative operad SFM,, over FM,,, weakly equivalent
to the Swiss-Cheese operad [54] where operations with no open inputs are allowed
(see |26, Section 3] or [28, Remark 2.2] for an explanation of the difference). Also note
that SFM,, comes equipped with a natural action of the orthogonal group O(n — 1),
compatible with all structures.

Now for a general oriented manifold with boundary (M,9M) of dimension n we
may define a relative version of the Swiss Cheese operad, akin to Section 3.3. First,
as above, we define the operad FMnM = Fryr Xgo(n)FMy, in the category of spaces
over M. Then we consider the collection

(3.7) SFM, == Fronr Xso(n—1)SFMy,.
It is naturally equipped with an operadic right action of FMQ/I , 1.e., with maps
(3.8) SFMM (u,7) x g0 FMM (s) — SFMM (u, 7 + 5 — 1)

satisfying natural compatibility relations. Furthermore, it carries a compatible struc-
ture of an operad in spaces over M, so that FM?L/I and SFM?L/I together assemble into a
two colored operad in spaces over M. (Here the maps SFMTAL/I (r) — M7 factor through
(OM)".) This will be our model for the fiberwise Swiss Cheese operad.

Finally, note that for the present discussion we may go without an orientation on M
by just replacing the oriented frame bundle by its unoriented version and replacing
SO(n — 1) by O(n — 1) above.

3.6. Compactified configuration space for manifolds with boundary

Let M now be a compact manifold with boundary dM . One may define an Axelrod-
Singer-Fulton-MacPherson type compactification SFMy; (U, V) of the configuration
space Confy v (M). This is a stratified manifold of dimension (n — 1) - #U +n - #V.

The quickest way to define it is the following:

We consider the double M = M Ugar MCP. The double comes with a natural ori-
entation reversing involution

(3.9) I:M — M
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interchanging M and M°P. The operation I induces a similar operation I : FM;; — FMy;
on the compactified configuration spaces of points.

We now define the compactification SFMy;(r, s) C FM;(2r 4 s) to be the subset
of configurations ¢ = (z1,...,Zm, &4, .., 20, y1,...,Ys) that satisfy:

— Ic=swap,(c) = (2],..., T, T1,- -, T, Y155 Ys)

— mjc € M C M, where m; : FM; — M is the projection onto the position of the

j-th point for 1 < j <r.

One can see that space SFM),; comes again with a natural stratification. The strata
are labeled by rooted trees with two kinds of edges, say “bulk edges” (drawn in full)
and “boundary edges” (dashed), such that every descendant of a bulk edge is again
a bulk edge. Once again, two points are in a subtree iff they are infinitesimally close
compared to all the other points. Figure 3.3 provides an example of the correspondence
of trees and strata.

FI1GURE 3.3. A tree indexing a stratum of SFMs(1,6) and a point in that stratum

The spaces SFMj; come equipped with a natural operadic right action of the rel-
ative Swiss Cheese operad using insertion of configurations.

(3.10) or : SFMu (U, V/T) x pr FMM(T) — SFMy, (U, V) TCV;
(3.11)  owp : SFMy (U/W, V) xop SFMM (W, T) — SFMy (U, VUT) W C U.
If M is framed, then this relative Swiss Cheese action gives rise to a to a right
SFM,,-action: 3

If we assume that we have chosen an algebraic realization of M such that I is
(semi-)algebraic, then SFM), is also a semi-algebraic manifold. We can thus apply

the theory of PA forms (see [25] or [29, Section 1.2]) and consider the collections of
CDGAs Q5 (SFMM) and Q% (SFMyy).

SOCIETE MATHEMATIQUE DE FRANCE 2024



30 CHAPTER 3. CONFIGURATION SPACES, THEIR COMPACTIFICATIONS...

Remark 3.3. — Even though the functor Q}, is contravariant, 5, (SFM,,) does not
form a Hopf cooperad, and 2, (SFMjs) does not form a Hopf right comodule, because
the Kiinneth quasi-isomorphism goes in the wrong direction. Cocomposition structure
maps are replaced by a zigzag of maps such as:

(3.12)  Qpa(SFMY (U, V) =5 Qs (SFM! (U, V/T) x 1 FM,!(T))
< Qpa (SEM, (U, V/T)) @y, (ar) Lpa (FMR (T)),

and similarly for the other structure maps. We can call such a collection of CDGAs
with such a structure a homotopy Hopf cooperad/comodule. Nevertheless, according
to [36, Section 3], we may define a CDGA model of SFMY (or SFMy,) as a col-
lection of CDGAs A(U,V) equipped with maps A(U,V) — Q5. (SFMM (U, V) (or
SFM; (U, V)) making the appropriate diagrams commute. We will call such a collec-
tion of maps an “almost morphism” of (homotopy) Hopf cooperads.

3.7. Compactified configuration spaces and actions

3.7.1. Compoactification of Conf,(OM x I). — We consider Conf,(N x Rsq). This
space comes with a natural Rs¢-action by multiplication on the second factor(s). We
define a compactification (recall that the “a” stands for “algebra”):

(3.13) aFMpy (r) = Conf,(N x Rso)/Rsg

of the quotient as follows. Suppose we are given an embedding of N as a semi-
algebraic submanifold of RP for some big D. Let us define an embedding of
Conf,.(N x Rsg)/Rso into

(3.14) (52)®) x RP?)() x N7,
where the space S is the D-dimensional sphere viewed as ((R” x R) \ {6}) /Rso.
Moreover, RP? = SP/(Z/2Z) is the projective plane. Given some configuration
(z1,h1,...,2p, hy) € Conf,. (N x Rsp), its image in the space above is given by:
(315) H al] X H [Oéij L OG- aik] X H.’]Zi,

i<j levis | i<j<k

where we define vectors a;; = (h;jz; — hiz;) @ (h; — h;) as elements of RP @R = RP+!,
which we then project down to the sphere (and similarly for the other indices). The
space aFM () is then defined to be the closure of the image of this map.

The space aFMp (r) is a compact SA manifold. Just like the other compactifications,
it can be decomposed into strata. These strata correspond to rooted trees with leaves
labeled by {1,...,r, *}, where * is an extra index representing, roughly speaking, the
component N X co. As usual, two leaves belong to a subtree if they are infinitesimally
close compared to all the points outside this subtree. In particular, if leaf ¢ is in a
subtree with *, it means that h;/h; = +oo for all j outside this subtree, in other
words that the ith point is “infinitesimally close” to the component N x co compared
to the jth point.
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We have natural gluing maps
(3.16) aFMy(r) x aFMpy(s) — aFMpy (7 + s)

obtained by gluing the boundary component N x co of aFMy(r) with the boundary
component N X 0 of aFMy(s) (see the Introduction for a figure). This gluing is
naturally associative and gives the collection aFM the structure of an algebra object
in collections, with the unit given by the unique point of aFMy(0) = *. On strata, the
multiplication map corresponds to grafting the second tree on the leaf labeled by * of
the first tree.

Furthermore, we have a right operadic (multimodule-)action of the operad F
in spaces over N, compatible with the algebra structure. Hence, overall the collection
aFMpy becomes an algebra object in the category of right FMZN *R_multimodules.

TN xR
Mn

3.7.2. Compactifications of Conf, o(M). — Similarly we define compactifications
mFMj of Conf, o(M) (recall that the “m” stands for “module,” i.e., module over the
algebra aFM 4, ). To this end we fix a collar of the boundary N = OM. We think of
the collar as an “infinitely extruded” tube of shape N x Rs.

(3.17)

We then define the compactification mFMy(r) of Conf, o(M) by adding the usual
boundary pieces for strata corresponding to points bunching together in the interior
of M, and we compactify in a manner similar to aFMgj,; on the boundary. Formally,
this is constructed by considering a collar M and identifying it with OM x I and
identifying its complement with M° the bulk of M. This gives us a continuous bijection

£ || FMage (k) x aFMan (r — k) — mFMy (7).
k=0
The collection of spaces mFMj; has the following structure:
— A right FMY -action of the fiberwise little n-cubes operad.

— An action of the algebra object aFMy by gluing at the collar naturally compat-
ible with the right operadic FM'-action.

3.8. Comparison of compactifications: configuration spaces of two points

Of particular importance for us will be the spaces SFMy/(2,0), aFMy(2), and
mFM,(2), because our models will be built from forms pulled back from these spaces
via forgetful maps. For this reason, and as an example, we shall discuss these spaces
in detail in the present section.
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3.8.1. aFMy(2). — In the simplest case, aFMy(2), we have four strata (see Sec-
tion 3.7), corresponding to the trees of Table 3.1.

TABLE 3.1. Boundary strata of aFMy

Stratum I 11 111 v

0 1 1 1
1 2 * 2 * 1 * 1 2

Let us quickly recall the notation. The leaves 1 and 2 represent the two points of
the configuration, while the leaf labeled by * represents roughly speaking the compo-
nent N X co. Two leaves belong to a subtree if they are infinitesimally close compared
to all the points outside this subtree. Thus, stratum I is the interior of aFMy, with
the two points in general position. Stratum II represents (roughly speaking) config-
urations ((z1,t1), (z2,t2)) € (N x Rs)? where t,/t; is “infinitesimally close” to oco.
Similarly, stratum III represents such configurations with ¢5/t; infinitesimally close
to 0. Finally, stratum IV represents configurations with (z;,¢;) infinitesimally close
to (z2,t2). From these descriptions, it follows that stratum I is Confy(N x Rso),
strata Il and III are both NV x N, and stratum IV is the normal bundle of the sub-
manifold Ay x {1} C N? x Ry, where Ay C N? is the diagonal.

The poset structure between the different strata by inclusion is reflected in trees by
edge contraction, in the sense that a stratum corresponding to tree T contains that
corresponding to tree T” iff T may be obtained from T” by iterated edge contraction.
We may draw a schematic picture of aFMy (2) which reflects the adjacency correctly,
with the notation SN denoting the S™-sphere bundle in R x TN, see Figure 3.4. Mind
that of course all strata are compact, which is not reflected in the schematic picture.

More generally, strata of aFMy(r) are classified by rooted trees with r + 1 leaves
(one being labeled by * and the others by {1,...,r}). The algebra structure from
Equation (3.16) is given on strata by inserting a tree in the * vertex, while the FMZNX]R
operadic action is given on strata by inserting trees (with no * vertex) in one of the
numbered vertices.

Codim.

3.8.2. mFMj,(2). — Next let us turn to mFMj,(2). The trees describing the stratifica-
tion are depicted in Table 3.2. Again the inclusion relation between strata is captured
by edge contraction. The numbered leaves correspond to points of the configuration,
while * represents (roughly speaking) the component M x {oco}, and the black vertex
represents the bulk of M.
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111
~ N XN

v

I~ aFMN(2)

11
~ N XN

FIGURE 3.4. Adjacency of boundary strata in aFMy(2)

TABLE 3.2. Boundary strata of mFM;(2)

Stratum I II II1 v A% VI VII VIII

Codim. 0 1 1 1 1

2 2 2
1 2 * 2 * 1 * 1 2 * 1 2 2 * 1 * 1 2

We may draw a schematic picture capturing adjacency, where SM denotes the
sphere bundle in TM, and SOM is the restriction of this bundle to the boundary, see
Figure 3.5. We are not representing the interior (boundary stratum I) which touches
all the other boundary strata.

3.8.3. SFM,(0,2). — Finally let us turn to the space SFMj;(0,2), whose boundary
strata are in Table 3.3. The inclusion of strata is again determined combinatorially
by contracting edges.

TABLE 3.3. Boundary strata of SFM;(0, 2)

Stratum I 11 II1 v v VI VII VIII X X

Codim. 0 1 1 1 1 2 2
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11
~ M X M

VI @ ~ M x M

V ~ aFMg s (2)

FIGURE 3.5. Adjacency of boundary strata in mFMx(2)

We may draw a following schematic picture illustrating the inclusion of strata, see
Figure 3.6. The notation HS denotes the “half sphere bundle”. Notice that we have
not drawn the “big” stratum I ~ SFM,(0,2) including all others.

=
— | @
0
” |
¢ IV ~ SFM3M (0, 2)
I ~ SFM (1, 1) Vi
X | ~SoMm

III ~ SFM (1, 1)

FIGURE 3.6. Adjacency of boundary strata in SFM (0, 2)
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CHAPTER 4

CONSTRUCTION OF PROPAGATORS

4.1. The propagator for closed manifolds

The proof of [29, Theorem A] and the main results of [9]—in the case of closed
compact orientable manifolds M—relied on the existence of a “propagator” ¢. Let us
briefly recall its construction in this case, before going back to the case OM # &.

The propagator ¢ is an (n — 1)-form on FMj,(2) whose differential is the pullback
of the diagonal class of M2. Moreover, the restriction of the propagator to OFMj(2) is
a global angular form for the S”~!-bundle given by the projection FMy;(2) — M.
If M is framed, then this bundle is trivial since the operadic right module structure
map o; : M x S"~! — OFMy,(2) is an isomorphism of bundles. In that case, we
further assume that oj¢ is equal to 1 x vol,_;.

This propagator was constructed in several steps (see [9, Proposition 7] for the
details). We first consider a global angular form of the bundle 9FMy;(2) — M. We
then pull it back to a tubular neighborhood of the boundary dFMy,(2) C FM,(2). We
then multiply it by a bump function, and finally we extend it by zero outside of the
tubular neighborhood Moreover, it can be chosen so that it belongs to the subalgebra
Qf o (FMps(2)) € Q5 (FMps(2)) of “trivial” PA forms [9, Appendix C]. This implies
that it can be integrated along the fibers of the canonical projections py .

In more detail, let us fix representatives of the cohomology, i.e., a quasi-isomorphism
v: H(M) — Qpa(M). Let (v;) be representatives of some basis of H(M). Let also (}")
be the corresponding dual basis. Note that this fits into the framework of Lemma 1.4
(where there are no «;, 3; because 9M = @). This choice fixes a representative of the
diagonal:

(4.1) A= 30 u) % o(77) € Upa (M x ).

K3
As a convention, we will often write x for the coordinate of the first M and y for the
coordinate of the second M, so that e.g., the form A can be written as A(z,y).
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The natural pairing of differential forms then also defines a projection onto coho-
mology

p:QPA(M) —)H(M)

B Zv/ 7B

The propagator constructed in [9, Proposition 8] adapting earlier ideas in the lit-
erature [6] is a form

(4.2) ¢ € Q5 (FMu(2))
that satisfies the following properties:

— It is (anti-)symmetric:

(4.3) oy, x) = (-1)"¢(z,y).
— Its differential is the pullback of the diagonal class:
(4.4) dp(z,y) = A= yi(z)7} (¥)

— Its restriction to the boundary 0FMj,(2) (which consists of configurations of
points that are infinitesimally close) is a fiberwise volume form, i.e., of volume 1
on each fiber.

— For a suitable choice of representatives -y; as above and for all i, we have that:

(45) [ et =0
Yy
The propagator shall morally be thought of as defining a homotopy h through

(4.6) hB = / e(z,9)B(y)

that satisfies (dh + hd)(8) = 8 — tpB. Unfortunately, due to technical problems with
PA forms the fiber integral occurring here is not defined for all PA forms, but only
for B € Qiv(M).

4.2. Diagonal data

In the previous section, we saw that to fix the differential of the propagator on
a closed manifold, we needed a fixed diagonal class. We will also want to fix the
differential of our propagators on SFMy;, aFMg,s, and mFM,. To this end, we define
a general notion of “diagonal data” in the case of manifolds with boundary. We will
give examples of this notion below.

Definition 4.1. — Diagonal data consists in the following data:

— Two CDGAs A and Agp;
— a CDGA morphism (the “restriction”) p: A — Ap;
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— a closed element (the “diagonal”) Ay € A® A, such that:
0=(p®id)(Aa) € Ay ® A;
— an element (the “section”) 04 € A ® Ay, such that:
doa = (ld®p)(Aax) € A® Ap.
Morphisms of diagonal data are defined to be morphisms of pairs of CDGAs which
commute with the morphism and map the distinguished elements to the distinguished

elements. In particular, quasi-isomorphisms of diagonal data are morphisms of diag-
onal data which are quasi-isomorphisms on the underlying two pairs of CDGAs.

Given some diagonal data as in the definition above, we define as a shorthand the
following element:

(4.7) AA,AB = (id ®p)(AA) =dos € A® Aj.

Example 4.2. — The reader should keep two examples of diagonal data in mind.
Consider some compact manifold with boundary (M, 9M).

Combinatorial case : Let A = S(H(M) @ H(M,dM)) and Ay = SH(OM) with
the zero differentials. The map p is the map induced from the restriction
map H(M) — H(0M), with p(H(M,0M)) = 0. Recall the bases defined in
Section 1.3. The diagonal element is

Ag=> dBi@a;+ Y v ®v) € HM,0M)® H(M),
i J
considered as an element of A ® A. The “section” 04 is given by >, 6; ® a;.

Model case: Let A=R, Ay = Ry and p: A — Ag be CDGA models for M, M and
the inclusion 0M — M considered in Section 2, obtained from a PLD model
of M. The diagonal A4 is then the cocycle Ar defined in Lemma 4.3 below,
and o4 is the element op also defined below (4.9).

In Section 6.4 we explain the advantages of both approaches.

In order to define the elements of the second case, let us fix some PLD model of M
as in Equation (2.12). Recall that the diagonal class Axp € K ® P (2.18) is sent
to Ap € P ® P under the map K ¢ B = P.

Lemma4.3. — There exists an element Ar € R®R such that (id @7)g®2(AR) = Akp
and pr(Agr) = 0.

Proof. — The morphisms R — B and B — P are both surjective, and up(Ap) =0
when OM # 0 (Equation (2.21)). Thus the proof is identical to the proof of |29,
Proposition 3.3]. O

Definition 4.4. — For convenience, we define the cocycle Ap = g®?(Ar) € B®2.

Let us now choose a linear section s : By — B of p : B — By. It does not commute
with the differential, in general. However, s(dz) — ds(z) belongs to K = ker p for all
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x € B. Using the Poincaré duality of By, we can make s into an element o € B®Q By.
This element satisfies dog € K ® By. Using the fact that we have a surjective quasi-
isomorphism (thanks to the five lemma):

(4.8) cone(Rp ® ker p) — cone(B ® K),

we can find some element

(4.9) crRERI®R

with (9o ® g)(cr) = op and dogr € Ry ® ker p.

Definition 4.5. — Let M be a manifold with boundary, and let (4 £ Ay, A4) be

some diagonal data. We say that this diagonal data maps into M if we are given
maps g : A — Quiv(M) and gs : A — Quriv (OM) such that the diagram

A —L— Qui (M)

(4.10) l,, l
Ay 22 Qi (OM)

commutes, and such that g®2(A4) is a representative of the “diagonal” class in coho-
mology (defined using Poincaré-Lefschetz duality).

Both of our main examples (Example 4.2) map into M, either by definition in the
model case, or by choosing closed representatives as in Lemma 1.4.

4.3. The propagator on SFM,

The propagator ¢ € Qpa (SFM(0,2)) is constructed “as usual in physics” by the
method of mirror charges. The inspiration comes from the construction of SFM, itself
in Section 3.6.

Concretely, let us consider the double manifold:

(4.11) M = M Ugp M,

which is a closed compact oriented manifold. It comes with an orientation reversing
involution I : M — M that interchanges the two halves. We consider a propagator %)
on FM ;(2) as constructed in [9, Proposition 8] (see Section 4.1). In particular, we have
that @(z,y) = (—1)"@(y, ). Moreover, the element dg = A € Qpa (M) @ Qpa (M) is
a representative of the diagonal class in M x M. We then define:

(4.12) ' (z,y) = p(x,y) — g(Iz,y).

If 2 approaches the boundary OM, then ¢'(z,y) — 0.

Lemma 4.6. — The form dy' descends to Qpa(M,0M) ® Qpa(M) and it is a repre-
sentative of the “diagonal” element.

Proof. — The statement is independent of the choices involved in the construction
of ¢’, so we are free to make these choices conveniently. To this end we suppose that

ASTERISQUE 449



4.3. THE PROPAGATOR ON SFM, 39

we have chosen bases of H(M), H(M,0M) and H(OM) as in Lemma 1.4 above. The

cohomology of H(M) has then a basis represented by ~;, I*v;, &; = a; + [*ay, and

Bi = dB; — I*dB;. The diagonal in this basis is represented by (schematically)

(4.13) A=Y 7@vn+TveIyi+> &b+ 5 ®d.
i J
Subtracting (I* ® id)A and restricting to M x M C M x M, we obtain as desired:
(4.14) 2) v@v+2) df;®ay, =
i J

We use the previous lemma to show the following. Let us fix some diago-
nal data (A 5 Ay,As,04) that maps into M, with g : A — Op (M) and
go 1 Ag — QA (OM). Recall the description of the boundary strata of SFMy,(0,2)
from Section 3.8. In particular, we will denote by

(4.15) 7 :SFMus(1,1) — SFM (0, 2)

the “inclusion” whose image is the adherence of the boundary stratum II (see Sec-
tion 3.8) consisting of configurations where one point is infinitesimally close to the
boundary and the other remains on the bulk. This map j is defined using a collar
OM x [0,1) C M in order to infinitesimally “push” a point of the boundary inside M.

Proposition 4.7. — Let M be a compact orientable n-manifold with boundary, for
which we fix an algebraic realization as above. Let us also fix some diagonal data
which maps into M as above. Then there is a form ¢ € QU7 (SFMpr(0,2)) (the
propagator) with the following properties.

— ¢ vanishes on the boundary stratum III of FMps(2), using the notation of Sec-
tion 3.8;

— the restriction of ¢ to the boundary stratum V is fiberwise a volume form, and
moreover if M is framed then that restriction is given by 1 X volgn-1;

— we have dp = g®%(A4);

— the restriction j*p to the boundary stratum II is equal to (9® gs)(o4), while the
restriction to boundary stratum III vanishes;

— we have the following vanishing properties:

Va € A, / oy, x)aly) = O; V5 € ker(p), / o(@,9)B(y) = 0.

Y

Proof. — We start with the ¢’ as in Lemma 4.6, constructed using the method of
mirror charges. This form already satisfies the boundary conditions required from
our propagator. By Lemma 4.6 we can find some ¢ € Qpa(M,0M) ® Qpa (M) such
that dp’ + dip = A. We then define ¢” = ¢’ + 1. This addition does not alter the
desired boundary behavior and satisfies d¢’’ = A. It remains to modify ¢” so as to
also satisfy the last property. This can be done with a standard trick for “normalizing”
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homotopies as in [10, Lemma 3]. Concretely, we set

(4.16) @12 = ¢, —/8012/3A13—/<P/213013—/8011/3A23—/<P/113023
3 3 3 3

1 1 i 1
+ Agyp34A13 + / 024934813 + Aoyp34013 + / 024¥34013,
3,4 3,4 3,4 3,4

where by f” we mean the pushforward (integration along the fibers) along the SA
bundle which forgets the listed points, and e.g., A3 is the pullback pi5((9 ® g)(Aa))
(and so on).

A careful application of the Stokes formula shows that the differential of the cor-
rective term vanishes, which follows from general properties of the diagonal class
and the properties of " that were already proved. We can check on bases of the
cohomologies that the difference j*¢ — (g9 ® g)(or) is an exact form, say d¢ with
€ € QF,, (SFMar ({2}, {1})). The application j* is surjective (because im j is a subman-
ifold with corners of SFM (&, {1,2})), hence there exists some € such that j*¢€ = €. It
then suffices to replace ¢ by ¢ — dé , which still satisfies the first three properties. [

4.4. The propagator for aFM

We suppose that N = M is a closed compacted oriented (PA) manifold bounding
a compact orientable manifold M, with dim M = n. Again we fix some diagonal
data which maps into M, namely (A4 L Ay, A, 04, g,9s). For convenience we let

= (go ® 1)(04), which is, as we recall, “half” of the diagonal class of Ay (in the
sense that symmetrizing oy is equal to Ay,).

Proposition 4.8. — There is a form, the propagator

P € Qtrlv (aFMN( ))
with the following properties:

— we have dp = 0;

— the restriction to the infinitesimal boundary (stratum IV in the language of Sec-
tion 3.8) is a fiberwise volume form of volume one;

— on the two infinite boundary strata (respectively stratum II, where the second
point goes to infinity, and III, where the first point does) we have the following
behavior:

(4.17) Ploons = Plu =99 Plimon = Pl = 0

— we have that

(4.18) Ya € Ap, /cp(a:,y)a(y) =0.

Y

Proof. — Recall that the space aFMy(2) has three boundary strata, which we de-
scribed in Section 3.8. We begin by picking some extension ¥ € Quin (aFMy(2)) of a
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fiberwise volume form on the infinitesimal boundary stratum, supported in a neigh-
borhood of that stratum. We have that di is a closed form supported away from that
diagonal and the infinite boundary strata, and hence represents a cohomology class
in

(4.19) H(MxMxI,Mx M x{0,1}) = (H(M) ® H(M))[-1].

Note that representatives of classes on the right are v;(z)v;(y)dt, where ¢ is the coor-
dinate on I. We have a Poincaré-Lefschetz duality pairing with

(4.20) H(M x M x I) = H(M) ® H(M),

which is represented by classes v;(z)v;(x). We can hence compute the cohomology
class of di by using this pairing and Stokes’ Theorem

(4.21) / vi(@)v;(y)di(z,y) = / vi(@)v;(y)d(z,y) = £ / Vily,
MxMxI aFMx (2) N
where in the last step we used Stokes’ Theorem, that 1) vanishes on the infinite bound-

ary, and that 1 is a fiberwise volume form on the infinitesimal boundary stratum. We
hence find that

(4.22) dy £ Ay ANd(1—t)

represents the zero cohomology class in H(M x M x I). Hence we may find a
' € Qpa(M x M x I, M x M x {0,1}) such that

(4.23) o = — Y AN (1-t)

is a cocycle. Moreover, ¢’ has the desired boundary behavior, as 1’ vanishes on the
boundary, the term v has the desired behavior at the infinitesimal boundary while
vanishing at the infinite boundary, and the remaining terms contribute the desired
behavior at the infinite boundary, while not affecting the fiberwise properties at the
infinitesimal boundary.

Finally the last property can be ensured by a slight adaptation of a trick from [10].
More concretely, we define:

(4.24) P12 = <P/12i/90'13(06)32dti/90'23(06)31611545/ ¢34(06)23(00)14-

3 3 3,4
Note that the additions do not alter the boundary behavior due to the presence of
the dt-factors. O

4.5. The propagator for mFM,

We consider next our compact connected orientable manifold with non-empty
boundary M. We keep the same diagonal data (A4 2 Ay, Aa, 0,9, 99)-

Proposition 4.9. — There is a form, the propagator

(4.25) ¢ € QL (MM (2)),

triv
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with the following properties:

— we have
(4.26) dp = Ay;

— on the infinite boundary strata II, III and V (see Section 3.8 for this notation)
we have the following behavior:

(4.27) Ploasom = Pl =74
(4.28) o = Pl =0
(4.29) Plimnny = Ply = %o
where g € Qf ., (aFMapr(2)) is the propagator constructed in Proposition 4.8;

— the restriction Pl 1o to the infinitesimal boundary IV is a fiberwise volume form
of volume 1;
— we have that

(4.30) Vo € A, /go(x,y)a(y) =0.

Proof. — We first pick a form ¢ € Q"-'(mFM;(2)) that has the desired boundary

triv
behavior and continue it to the whole space mFMj;(2) as usual by considering a
neighborhood isomorphic to the normal bundle and extend it constantly along the

fibers. Then dv is supported away from diagonal and represents a class in
(4.31) H(M x M,0M x MUM x OM)=H(M,0M)® H(M,0M).

We may compute this class by using the Poincaré duality pairing with H(M)® H (M).
Recall the notations {a;, ;,vx} for the base elements of H*(M), H*(M,0M), and
H*(OM) from Lemma 1.4; we will use these to compute the cohomology class of di.
Using Stokes’ Theorem, we find that

/ s(@) o (u) iz, ) = / 1s(@) o (u) i ()
MxM mFM/(2)

I /3 o Q@)

=/ aiaj+/ Oézﬂk/ akaj+/ Oézﬂk/ a0
M oM M oM M

+ / i ()5 () (2, )
BFMN(Q)
—0+0+0+0=0.

Here we use the known boundary behavior of 1, and for the vanishing in the last line
the properties (1.19) and (4.18). Similarly one computes

[ a@mas) = [ w@a sy =0
MxM

Mx M

ASTERISQUE 449



4.5. THE PROPAGATOR FOR mFMj, 43

and
/ %(x)”rj(y)dw(x,y)=/ ViV = Yijs
M x M M

where ¢;; is matrix of the (non-degenerate) natural pairing on the image of
H(M,0M) — H(M). As above we hence find that there is a ¢’ vanishing on
the boundary such that

(4.32) o'=9p—9y

satisfies our boundary requirements and (4.26). We finally define ¢ by the same for-
mula as Equation (4.16). It is then clear that the propagator ¢ satisfies (4.30). Also,
at the infinitesimal boundary the additional terms are basic (independent of the fiber
coordinate) and hence ¢ is still a fiberwise volume form at that boundary, as ¢’ is.
Finally, a short computation shows that all the terms added to ¢’ are closed and
vanish at the infinite boundary, so that (4.26) and the infinite boundary conditions
continue to hold. O
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CHAPTER 5

GRAPHICAL MODELS—RECOLLECTIONS

5.1. Models for the little disks and Swiss-Cheese operads

We now quickly describe the Hopf cooperad Graphs,, constructed by Kontsevich [31]
to prove the formality of the little n-disks operad (see also [29, Section 1.3] for notation
that matches our conventions). The Hopf cooperad Gra,, is defined as

(51) Gran(V) = (S(evv’)v,v’EV/(evv’ — (_1)nefulru)7 d= O),
with the generators e, carrying cohomological degree n — 1.

This definition admits a graphical interpretation: a monomial in Gra, (V') can be
seen as a graph with vertices in bijection with V, and an edge between v and v’
iff e, appears in the monomial. The cocomposition o¥.(e,,) (for T C V) is given
by 1 ® ey if v,v" € W and by ef,,,; ® 1 otherwise, where [v] € V/T is the class
of v € V in the quotient. The element

(5.2) 1= efy

dual to the generator ejo € Gra,(2) is a Maurer-Cartan element in the deformation
complex Def(holie,, Gra,,). This allows us to produce a new Hopf cooperad Tw Gra,,
through a procedure called “operadic twisting” [56, 16]. Elements of Tw Gra,, (V') can
be seen as graphs with “external” vertices, which are in bijection with V| and in-
distinguishable “internal” vertices of degree —n (typically drawn in black). The co-
composition is induced by the cocomposition of Gra,, and the product glues graphs
along external vertices. Finally, we mod out by the bi-ideal of graphs with connected
component consisting exclusively of internal vertices (a.k.a. internal components) to
obtain a Hopf cooperad Graphs,,.

Theorem 5.1 (Kontsevich [31], Lambrechts and Voli¢ [36]). — There is a zigzag of quasi-
isomorphisms of Hopf cooperads:

H*(FM,,) <= Graphs,, = Q}, (FM,,).

The first map is given by the quotient by graphs containing internal vertices, and
the second map is given by an integral along the fibers of the canonical projections
FM,, (VU J) — FM,, (V) of explicit minimal forms.
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Remark 5.2. — Tt is usual to kill tadpoles (i.e., edges between a vertex and itself) and
double edges (i.e., two edges with the same endpoints) in Graphs,,, in other words to
mod out by (e,y, €2,,) in the definition of Gra,,. If we denote by Graphs,, the quotient of
our Graphs,, by tadpoles and double edges, then the quotient map Graphs,, — Graphs,,
is a quasi-isomorphism, see [56, Proposition 3.8] and [59, Theorem 2|. We keep the
tadpoles and double edges to remain consistent with the other graph complexes ap-
pearing in this paper. Note however that by symmetry, tadpoles vanish for even n,

and double edges vanish for odd n.

The Swiss-Cheese operad is not formal [37, 58], thus there can be no quasi-isomor-
phism between H*(SFM,,) and Q%, (SFM,,). Nevertheless, there is a model SGraphs,,
established in [57], which is similar in spirit to the cooperad Graphs,,. The cohomology
H*(SFM,,) & H*(FM,,) ® H*(FM,,_1) splits as a Voronov product (see [54] and [28,
Section 4.3]). The construction of SGraphs,, contains Graphs,, (as “aerial” graphs) and
Graphs,,_; (as “terrestrial” graphs), and “intertwines” the two in a way that corrects
the lack of formality. Let us now describe it.

Remark 5.3. — Our notations differ slightly from the notations of [57]. We call
SGraphs,, what is called Graphs; there, i.e., the space of operations with output of
“type 1”7 (which corresponds to “open”). This is a relative Hopf cooperad over Graphs,,
(which would be Gra phsi in [57], the space of operations with output of “type 2,” i.e.,
closed).

Let us assume from the start that n > 3 to avoid some difficulties that arise when
n = 2. If we had n = 2, then the description of “connected component” in SGraphs,,
would be slightly different.

The idea is to construct a relative Hopf cooperad SGra,, over Gra,,, with two types
of vertices: aerial ones, corresponding to closed inputs, and terrestrial ones, corre-
sponding to open inputs. Edges are oriented, and the source of an edge may only be
an aerial vertex. More concretely, one defines:

(5.3) SGra, (U, V) = S(evu)ucuwev ® S(€vw)vrev,
where the generators all have degree n— 1, and the cooperad structure maps are given
by:
oy : SGra, (U, V) — SGra,(U,V/T) ® Gra,(T)
(5.4) {1 ® eyyr ifv,' €T}
vv!

€yy > € ® 1.
€] ® 1 otherwise. [v]u

ow.r :SGra,(U,V UT) — SGra,(U/W, V) ® SGra, (W, T)

ey ®1 ifv, v €V, e @1 ifveV;

(5.5)
o P (1 ®eyy fv,0 €T ey {$1®ey, ifuecWveT;

0 otherwise. 0 otherwise.
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A monomial in SGra,(U,V) can be seen as a directed graph with two kinds of
vertices: aerial and terrestrial. The set U is the set of terrestrial vertices, and the
set V is the set of aerial vertices. A generator e;; corresponds to an oriented edge
from vertex i to vertex j, and an edge always starts at an aerial vertex.

This allows us to produce a first morphism w’ : SGra, — Qp, (SFM,,). One can
define, for v,v’' € V, w'(eyy) = pf, (vol,_1), where

(5.6)  vol,_1 € QL H(SFM, (2, {v,0'})) ~ QR (FM,, ({v,v'})) =~ QR (S™ 7).

Recall that SFM,,({u}, {v}) is homeomorphic to D"~ and we write ﬁz_l for the
(n — 1)-form on SFM,,({u},{v}) obtained by pulling back the volume form of S™~!
along the map D"~! — S"~! given by the hyperbolic geodesic (see [57, Equation (8)]).
Then for u € U and v € V, define w’(eyy) = pZ, (vol,_;).

If T € SGra, (U, V) is a graph, let

(5.7) e(l) = /SFMH(U)V) W'(T).

Note that these are analogous to the coefficients that appear in Kontsevich’s [32]
universal Lo, formality morphism Tpo1y — Dpoly, defined for n = 2.

The cooperad SGra,, is then twisted with respect to the sum of the Maurer-Cartan
element y € Def(holie, — Gra,) with the Maurer-Cartan element defined by ¢, to
obtain a relative Hopf cooperad Tw SGra,, over Tw Gra,,.

Concretely, Tw SGra,, (U, V) is spanned by graphs with 2 x 2 = 4 types of vertices:
they can be either aerial or terrestrial, and either internal or external. Internal terres-
trial vertices are of degree 1 —n and indistinguishable among themselves, and internal
aerial vertices are of degree —n and indistinguishable among themselves. Edges remain
oriented and of degree n — 1. External terrestrial vertices are in bijection with U, and
external aerial vertices are in bijection with V. The cooperad structure maps collapse
subgraphs, and the product glues graphs along external vertices.

U1 V2 )=

%

(w) o

FIGURE 5.1. A colored graph in Tw SGra, ({u}, {v1,v2}). Terrestrial ver-
tices are drawn on a dotted line to distinguish them, even though they are
not ordered. This graph is of degree 5(n — 1) —n — (n —1).

The differential has several summands:

— A first summand (corresponding to u) contracts edges between two aerial ver-
tices, with at least one being internal.

— A second summand is given by contracting subgraphs IV C T with at most one
external vertex, which must be terrestrial, to obtain I'/T”, with coefficient ¢(I").
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One should note that in I'/T”, the new vertex representing the collapsed sub-
graph is terrestrial, even if I is fully aerial.
— Finally, a third summand is given by forgetting some internal vertices and keep-
ing a subgraph IV C T', with coefficient ¢(I'/T”).
In the second and third cases, if the graph I'/T” contains an edge whose source is
terrestrial, then the summand is defined to be zero (see [32, §6.4.2.2]).
One then checks that there is an extension w : Tw SGra,, — Qp, (SFM,,). Given a
graph I' € SGra,,(UU I,V U J) C TwSGra, (U, V), then w(T) is given by:

w(I) = / W (L) = (puy )= (' (T)-
SEM,, (UL, VUJ)—SFM,, (U,V)

It remains to mod out by the bi-ideal of graphs with internal components to obtain
a Hopf cooperad SGraphs,,, and to check that w factors through the quotient.

Theorem 5.4 ([57]). — The morphism w : SGraphs, — Qf,(SFM,) is a quasi-
isomorphism of relative Hopf cooperads.

5.2. Graph complexes GC,, and SGC,,

Let us now introduce several Lie algebras that stem from Kontsevich’s proof of the
formality of FM,, and from the model of the Swiss-Cheese operad. Later on, we will
introduce decorated variants that will be endowed with actions of the non-decorated
complexes.

Let us define

(5.8) fGC,, .= Tw Gra, (@)[—n]

to be the full graph complex. It is spanned by graphs containing only internal vertices,
with a degree shift: if v € fGC,, is a graph with k edges and [ vertices, then its degree is
k(n—1)—In+n. The differential is given by contracting edges. Its suspension f{GC,,[n] is
a CDGA, and the product is the disjoint union of graphs. Since the differential cannot
create new connected components, this a free CDGA, and we have:

(5.9) fGC,, = S(GC,[n])[—n],
where GC,, is the submodule of connected graph. The dual GC,, is a (pre)Lie algebra

using insertion of graphs. The variants GC% (where bivalent vertices are allowed but
univalent vertices forbidden) and GC% (where loops are allowed) are defined similarly.

Remark 5.5. — Our notations are slightly nonstandard. It is often the dual com-
plex GCY which is called the graph complex, with a differential that is dually given
by creating internal vertices. This dual is a Lie algebra using insertion of graphs.

The homology of this dg-module is particularly hard to compute. It is known
that H°(GCy) is isomorphic to the Grothendieck-Teichmiiller Lie algebra grt; and
that H<°(GCy) = 0 [56]; it is a conjecture that H'(GCy) = 0. The vanishing
of H*(GC?") in some degrees shows that the operad of little n-disks is intrinsically
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formal as a Hopf cooperad [20]. And this homology computes the homotopy groups
of the space of rational automorphisms of the little n-disks operad [19].

There is also a Swiss-Cheese version of that graph complex appearing in the de-
scription of the model for the Swiss-Cheese operad from [57]:

(5.10) fSGC,, := Tw SGra, (&, @)[1 — n] = S(SGC,[n — 1])[1 — n]

is the full Swiss-Cheese graph complex, a symmetric algebra on its subcomplex of
connected graphs. The dual

(5.11) KGC,, = SGCY

is a (pre)Lie algebra, using insertion of graphs, as well as a module over the Lie algebra
GC,. The Kontsevich integrals ¢ € KGC,, (see Equation (5.7)) define a Maurer-
Cartan element in this Lie algebra.

5.3. Model for configuration spaces of closed manifolds

Let us recall the construction from [29, 9] for configuration spaces of closed oriented
manifold M. Our aim, in this work, will be to generalize these two constructions for
manifolds with boundary, in a framework that encompasses the two approaches.

In [9], one defines a sequence of CDGAs Graphs,; that model the real homotopy
type of the configuration spaces of points M:

(5.12) Graphs,;(n) = Qpa(FMys(n)).

Remark 5.6. — In [9], the notation Graphs,, was used for the dual of what we call
Graphs,,, and *Graphs,; was used for what we call Graphs,,;. We exchanged the nota-
tions to be coherent with the rest of the paper, where cooperads/comodules appear
far more often than their duals.

As a vector space, Graphs,,(n) is spanned by graphs with n labeled external vertices
and an unspecified number of indistinguishable internal vertices such that every vertex
is decorated by an element of the unital symmetric algebra of the reduced cohomology
of M, S(H(M)), under the condition that there are no connected components without
external vertices. A typical element of Graphs,;(n) is represented in the following
picture, where black vertices are internal, the others are external, and the decorations
are denoted by dotted edges (with the w; € S(H(M))):

w w
w4 1 1

“’2__: ‘ - Graphs,,(4).
(5.13) & © Phenr(4)

The degree of a graph is (m — 1)#edges — m#int. vertices + deg. of decorations
and the commutative product is given by the union of graphs with superposition of
external vertices.
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The differential § splits as § = dcontr + dcut, Where eontr contracts edges adjacent
to at least one internal vertex and d.,: splits any edge into two decorations given by
the diagonal class of M. Notice that due to the constraint of not allowing connected
components without external vertices, d.,; might create forbidden graphs and in those
cases such connected components are replaced by their image under the partition
function Zyr: GCr(pry — R.

Let us now describe the map w : Graphs,;(n) — Qpa(FMps(n)).

Let p;;: FMas(n) — FMps(2) (resp. p; : FMa(n) — M) be the projections that
forget all but two (resp. one) vertices, for 1 < 4,5 < n, and recall the propagator ¢
from Section 4.1. The sub-CDGA of graphs with no internal vertices is generated
by edges and decorations. The map w sends an edge connecting vertices ¢ and j
to ¢i; = pj;¢p, and it sends a decoration o € H(M) c S(H(M)) on vertex i to p!(c).

The extension of this map to the whole space Graphs,;(n) is given by the usual
Feynman rules. Let I' € Graphs,;(n) be a graph with k internal vertices. To define wr,
we first define a graph IV € Graphs,,(n+ k) obtained from I" by replacing the internal
vertices by external ones. We get a form wrs € Qpa (FMys(n+ k)) using the definition
above. We then consider the projection FMps(n + k) — FMjs(n) which forgets the
additional k points, and we define wr to be the integral of wr/ along the fibers of this
projection. We can summarize this procedure by the formula:

(5.14) I'—wr= / /\ .
fiber /. .
(3,)
Theorem 5.7 ([9]). — The prescription above defines a quasi-isomorphism of differen-
tial graded commutative algebras

Graphs;(n) — Qpa(FMas(n)).

Given a trivialization of the tangent bundle of M, one can consider the right
operadic action of FM,, on FM,;. At the level of Graphs,, this can be expressed
as a right Graphs,, comodule structure given by collapsing subgraphs containing the
desired external vertices.

Theorem 5.8 ([9]). — For M be a parallelized manifold, the previous map induces a
quasi-isomorphism of Hopf comodules

(Graphs,;, Graphs,,,) — (Qpa(FMys), Qpa(FM,,)) .

Remark 5.9. — Let us denote A = Graphs,,(1) (or, if desired, its genus 0
part), which is a model for M. The previous theorem gives us a model for
the right action of the fiberwise little disks operad since for M parallelized
FMi\L/l = M x FM,. The result above can be restated as a quasi-isomorphism
from the A-multicomodule (Graphs,;, A ® Graphs,,) to the Qpa(M)-multicomodule
(QPA(FMM),QPA(M X FMm)) .

In [29], one must assume that M is simply connected. Then one starts from a
Poincaré duality model of M, say P, connected to Qp, (M) via some CDGA A.
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This Poincaré duality model A is used to build a “small” model for Confy (M), the
Lambrechts-Stanley model:

(5.15)  Gp(k) = (P®* ® H*(Conf,(R"™))/(p}(z) - wi; = P} (x) - wyj), dwi; = Ap),

where H*(Confy(R™)) is generated by the classes w;; € H"!(Confy(R")) satisfying
the classical Arnold relations [1,13], Ap € (P®P)™ is a representative of the diagonal
class of M (defined using the Poincaré duality of P) and, for x € P and 1 < ¢ < n,
we have p} () = 1® - - ®1®2®1® - ® 1 € P®* with x in position i.

One also build a graphical comodule Graphs,, similar to Graphs,, above, but
vertices are decorated by elements of A rather than elements of S(H*(M)). There
is a quasi-isomorphism (or really, a zigzag, due to technicalities of PA forms)
Graphs 4, — Qf, (FMjys), and under the assumption that dim M > 4 and M simply
connected, a quasi-isomorphism Graphs, — Gp. These maps are compatible with the
symmetric group actions; moreover, if M is framed, they are compatible with the
action of the operad FM,,. Thus:

Theorem 5.10 ([29]). — Let M be a smooth, simply connected, closed manifold of
dimension at least 4. Then we have a zigzag of quasi-isomorphisms, compatible with
the symmetric group actions:

Gp(k) ~ Qpa (FMps(K)).

Moreover, if M is framed, then Gp is a right Hopf H*(FM,,)-comodule, and the zigzag
is compatible with the actions of H*(FM,,) and Q%4 (FM,,) using the zigzag between
these two Hopf cooperads defined by Kontsevich formality [31].

5.4. Functoriality of the models

The graphical models above depend on several choices: the choice of CDGAs which
are models for the base manifold, and the choice of some Maurer-Cartan elements,
namely the partition functions and the MC elements used to twist the base cooperads.
We now make precise the notion that the models are “functorial” in terms of these data,
and that “weak equivalences” (quasi-isomorphisms or gauge equivalences) produce
quasi-isomorphic objects.

We will make extensive use of this functoriality in the rest of this paper and will
not repeat the arguments. In our notation for our different models (SGraphs, 4,,
mGraphs 4, etc.) we will not write down the Maurer-Cartan elements, with the un-
derstanding that the object still depends on them—it will be clear from the context
what the (gauge equivalence classes) of the Maurer-Cartan elements are.

Let us first deal with the Maurer-Cartan elements. Two kinds of Maurer-Cartan
elements appear in the discussions above:

— a first kind is used to twist (co)operads and comodules over them in the sense
of [56, 16];
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— a second kind of used to remove “vacuum type” components (connected compo-
nents with only internal vertices).

We will write our arguments in a general setting which will then be applicable to our
graphical models.

Suppose first we are given a cooperad C equipped with a morphism to the cooperad
of shifted homotopy Lie algebras hoLie) . Using the general framework of [56, 16], this
morphism correspond to a Maurer-Cartan element p in the deformation complex
g = Def(C, hoLie)). It can be used to produce a “twisted” cooperad Tw, C, whose
coalgebras are of the form (A4, d+ [z, —]), where A is a C-coalgebra and z is a Maurer-
Cartan element in A (one must take special care of duals in order to make sense of
this). Moreover, if M is a cooperadic right comodule over C, then it can be twisted
into a right comodule Tw,, M over Tw, C.

We now reuse the arguments of [9, Section 7.2] in order to show that two gauge
equivalent Maurer-Cartan elements u ~ p’ produce quasi-isomorphic twists. By defi-
nition, u and u’ are gauge equivalent if there exists a Maurer-Cartan element

(5.16) Q€ glt,dt] = g ® Q*(A'),
where Q*(A') = k[t, dt] is a path object for k in the model category of CDGAs, such
that ﬂ|t:0 = u and ﬂ|t:1 = . This is equivalent to the existence of an element

v € expg in the exponential group (equal to g with product given by the Baker-
Campbell-Hausdorff formula) and such that the flow of v sends p to p/, i.e.,

(5.17) p' =y p=exp(ad,)(u) = p+ad,(p) + %adi(u) + ().

This flows induces an isomorphism of twisted Lie algebras g+ = g"/. One then checks,
as is done in [9, Section 7.2], that this induces an isomorphism of twisted cooperads
and comodules:

(5.18) Tw, C=Tw, C, Tw, M = Tw, M.
This can be applied to C = Graphs,,, M = Graphs,,, for example, and takes care of
the first kind of Maurer-Cartan elements.

Let us now deal with the second kind of Maurer-Cartan elements. Let us assume
that we are given

— a Hopf cooperad C and a Hopf right comodule M;

— a Lie algebra V'V, which can equivalently be seen as a quasi-free CDGA fV =
(S(V[1]),d) such that §(V) C V & S?(V);

— an fV-module structure on each M(k) such that the comodule structure
maps oy, : M(U) — M(U/W) @ C(W) preserve this module structure;

— a Maurer-Cartan element Z € MC(VY), or equivalently a CDGA morphism
Z : fV — k; this makes k into a left fV-module.

Then we can define the “reduced” C-comodule Mz, given in each arity by:

(5.19) Mz (k) == M(k) ® v k.
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Now let us assume that Z is gauge equivalent to some other Maurer-Cartan Z’.
Suppose moreover that M(k) is cofibrant as an fV module. This is for example the
case if M(k) is quasi-free as an fV-module and is equipped with a good filtration.

We then use a proof technique similar to what is done in [29, Section 4.1] to show
that My is quasi-isomorphic to Mz:. The gauge equivalence Z ~ Z’ can be seen as a
homotopy between the two CDGAs morphism Z and Z':

—2 QO A1 Kk[t, dt]

We can thus define a third Hopf right C-comodule M by l\7|(k) = M(k) ® v Q*(A),
where the action of fV on Q*(A!) is induced by h. We also have morphisms of
comodules My «— M — M z/, induced by evaluation at ¢ = 0 and ¢ = 1. Because
we have assumed that each M(k) is cofibrant as a right fV-module, the functor
M(k) ® pv — preserves quasi-isomorphisms, hence both morphisms of comodules are
quasi-isomorphisms in each arity.

It then remains to show that the models are functorial in terms of the CDGA
models for the base manifold. The following general method will work for all of the
graphical models we build. Let f : A — A’ be a quasi-isomorphism of CDGAs which
sends the MC element in A to the MC element in A’. It induces a morphism between
the corresponding graphical models, by applying f to the labels of all the vertices.
We can filter the graphical model by the total number of vertices, as the differential
always decreases it. The morphism f being a quasi-isomorphism, we obtain an iso-
morphism on the E! pages of the associated spectral sequences. Standard arguments
(the filtration is bounded in each degree for a fixed number of external vertices) then
show that f induces a quasi-isomorphism on the graphical models.

We must also deal with the choice of MC elements corresponding to the partition
function for this case. If we are given an MC element z with values in A, then we
can simply apply f to it to obtain an MC element 2z’ = f(z) with values in A’.
Conversely, if we are given an MC element 2z’ with values in A’, then we apply the
Goldman-Millson theorem to show that 2’ is gauge equivalent to f(z) for some MC
element with values in A. As we have already proved that gauge equivalent elements
yield quasi-isomorphic objects, we then obtain a zigzag (and not necessarily a direct
map) of quasi-isomorphism between the model defined by (A, z) and the one defined
by (A, 7).

5.5. Model for the fiberwise little n-disks operad

Recall from [8] the construction of a model of the action of the fiberwise little
disks operad on FMj; for non-parallelized manifolds (see Section 3.3 for the definition
of FMM).
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For n = dim M, and a CDGA A one defines a symmetric sequence of graded
commutative algebras

(5.21) GraZ(r) := A® Gra,(r).

Suppose we are given a CDGA map f : A — Qpa(M) and a fiberwise vol-
ume form ¢ € Qv (FM2(2)) on the sphere bundle of M, which we assume to be
(anti-)symmetric and such that dp = f(E), with E € A. Note that for n even we can
assume E = 0. Then, using the usual Feynman rules, we can define a map of Hopf
symmetric sequences

(Gra? d4 + d + ET-) — Qpa(FMM)

NN T
(ij)€Er

(5.22)

where the operation T'- is the action of the tadpole

(5.23) 7= & € GCY,

removing one edge from the graph.

Remark 5.11. — Here we do not allow tadpoles in graphs in Gra,. We could however
extend the formula to graphs with tadpoles as follows. Note that the action T+ does
not remove tadpole edges, so that the “differential of a tadpole edge” is zero. Hence
we may consistently understand pj;¢ = 0 in the above formula, to extend it to the
tadpole case.

Also note that the map (5.22) is compatible with the cooperad structures on both
sides. (L.e., the structure of a cooperad in CDGAs under A is intertwined with the
structure of almost cooperad in CDGAs under Qpa (M), using the map f from A
to Qpa (M), see Remark 3.3.)

We may now twist the map (5.22). This is done by formally introducing an
additional arity-zero cogenerator to Graf producing the collection of CDGAs
A ® Tw Gra, (1) built from graphs with numbered external and unnumbered “inter-
nal” vertices. The map to Qpa(FMys) is extended by taking a fiber integral over the
positions of the points corresponding to internal vertices

A ® Tw Gra,, — Qps (FMM)

(5.24) a®@T —aA / /\ Dy -
fiber (ij)€Er
We mind that this map is a priori not compatible with the differential as is, due
to boundary terms resulting from applying the fiberwise Stokes’ formula. More con-
cretely, for A = Qpa (M), the arity zero piece produces a Maurer-Cartan element

(5.25) 2o =ET+) < /ﬁ

/\ p%cp) ® 7 € Qpa(M) ® GCY.

ber ;e ET
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such that (only) twisting with this MC element makes the above map compatible with
the differential. Fortunately, there is the vanishing Lemma:

Lemma 5.12. — In the situation above, zq = ET.

Sketch of proof, recollected from [9]. — This vanishing result is shown in the follow-
ing way (see [9] for details): If the graph ~ has a vertex of valence 1 (or 0), then a
simple degree counting argument asserts that the integral is zero. If the graph has a
vertex of valence 2, then using the symmetry property (4.3) one can show that the
integral vanishes by a reflection argument due to Kontsevich. Hence we may assume
that v has no vertices of valence < 2. But then if n > 3 the integral vanishes again
by a simple degree counting argument. If n = 2 one needs to use a more sophisticated
vanishing Theorem of Kontsevich. O

We finally pass to the quotients:

(5.26) Graphs? (r) := A ® Graphs,, (1)
and equip it with the differential
(5.27) da+d+ET - (-).

One can show in particular:

Proposition 5.13. — If f : A — Qpa(M) is a quasi-isomorphism of CDGAs, then
the map Graphs;;1 — QPA(FMTJ\L/I) is a quasi-isomorphism of collections of CDGAs,
compatible with the (almost) cooperad structures (see Remark 3.3).

One can furthermore show that the action of the fiberwise little disks operad FM2!
on FMj; naturally intertwines with the right coaction of Graphsﬁ on Graphs,,

A;: Graphs — Graphs, ®4 (Graphs?)
I Y. T/UVea(wr eI,

I'” subgraph at 4

(5.28)

where wr represents the cohomological decorations of IV. Here we assume that one
makes choices so that Graphs, supports an A-action.

Proposition 5.14 ([8]). — Let M be a closed oriented manifold. There ezists a quasi-
isomorphisms of right comultimodules

(GraphsA,Graphsf) — (QPA(FMM),QPA(FM%))

extending the map from Theorem 5.7.

5.6. The local Maurer-Cartan element I

We want to highlight one particular aspect of the constructions recalled above, and
slightly generalize the setting. To this end, suppose more generally that R® — Y — B
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is a bundle of n-dimensional oriented vector spaces over a connected base B. The
example to keep in mind should be B=M and Y =TM.

We may form the associated sphere bundle S*~! — Sy = B. We choose a fiberwise
volume form on Sy, that is, an element w € Q" 1(Sy) such that fﬁberw =1 and
dw = 7*E for some E € Q"(B). By definition E is the Euler class of Y. Also, w is
unique up to addition of exact elements and basic forms, i.e., pullbacks under 7 of
closed forms representing elements in H"~!(B).

For simplicity (though this is not strictly necessary) we furthermore assume
that w is (anti-)symmetric under the involution I of the spheres:

(5.29) Fw=(-1)"w.

This can always be achieved by symmetrization w — (w 4+ (—1)"I*w)/2. (If we did
not ask for (5.29), then we would just replace GC,, by the quasi-isomorphic complex
of directed graphs.)

Using the usual configuration space formulas, we create an element

(5.30) 2o =E® ‘e +Z(/ /\Tr;;w)emeQPA(B)@ch,
y fi

ber ij

where we integrate over the fiber in FMX7 the fiberwise configuration space of points
on Y modulo scaling as defined in Section 3.3. Notice that there is an identification
of B-bundles FMZ(?) = Sy. By the Stokes formula, zq is a Maurer-Cartan element.

We may now essentially repeat the constructions of Section 5.5. Suppose a
f: A— Qpa(B)is a CDGA quasi-isomorphism, and suppose further that z € AQGC,,
is a Maurer-Cartan element satisfying f(z) = zq. Then, as above, we may construct
a quasi-isomorphism of collections of CDGAs

(5.31) Graphs? := (A ® Graphs,)* — Qpa(FMY)

compatible with the cooperadic cocompositions. It is also clear that in this form the
construction is naturally functorial in (A4, z). Furthermore, changing the MC element 2z
by gauge transformations produces quasi-isomorphic collections of CDGAs. Hence we
are interested in determining the gauge equivalence class of z or zg. Unfortunately,
the simple argument of Lemma 5.12 fails in general, if the dimension of the base is
greater than n.

Let us nevertheless note:

Lemma 5.15. — The gauge equivalence class of zq is independent of the choice of w.

Proof. — Changing the propagator by some exact form 3, we may just apply the con-
struction to the propagator w+d(t(3) for the bundle Y x I — B x I (with I = [0, 1] the
interval) to find an explicit gauge equivalence. Changing the propagator by 7*a, with

« a closed basic form, changes m by gauge transformation with Q a. (Attention:
Here it is important that we include the tadpole in our complex.) O

ASTERISQUE 449



5.6. THE LOCAL MAURER-CARTAN ELEMENT I 57

The above construction is furthermore functorial in the bundle Y. Hence we im-
mediately arrive at:

Proposition 5.16. — Let 7: M — BSO(n) be the classifying map of the frame bundle.
We have that zq as above is gauge equivalent to 7*z,, where

z, € H*(BSO(n)) ® GCY/

is the universal Maurer-Cartan element constructed in [30].

Remark 5.17. — The universal Maurer-Cartan element 2, can equivalently be seen
as applying the above construction for the universal bundle

(Y — B) = (ESO(n) — BSO(n)),
which governs the SO(n)-action on the little n-disks operad.

Remark 5.18. — The careful reader might object that in the universal case we apply
the construction to the infinite dimensional base BSO(n), then we pull back forms.
However, all constructions here can be conducted in finite dimensions effectively,
using the standard “Chern-Weil’-type map from the equivariant forms on a space to
the forms on the associated bundle.

Concretely, for the equivariant forms (i.e., forms on the universal sphere bundle) we
may take the Cartan model Acartan = (S(g*[—2]) ® Q(S"1))¢. An explicit formula
for the propagator there has been given in [30, Appendix A].

Choose some g-valued connection A € Q'(FY) on the frame bundle Y, ie., 1, A =z
for all x € g and A is G-invariant. Then we have a map

ACartan - Q(FY X Sn_l)

a +— exp(titld)a(F),
where F' = dA+[A, A]/2 is the curvature, to be “inserted” in the factors g*. One checks
that the resulting form is G-basic and hence descends to a form on the quotient Sy .

This is the desired propagator. As in [30, Section 6] one checks that the resulting MC
element is precisely the pullback of the universal one as stated.

(5.32)

By the above, it suffices to understand the universal MC element m,. This has
been done in [30, Theorem 7.1] with the following result.

Theorem 5.19 ([30]). — The element z, is gauge equivalent to

E Q for n even,

J
21 Tanct m (2j + 1 edges)  for n odd,

where pa,_o € HE8(BSO(n)) is the top Pontryagin class.

From this we can immediately (re)derive a weaker version of Lemma 5.12:
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Corollary 5.20. — If dim(B) = n, then zq is gauge equivalent to E Q .
For later purposes let us give yet another proof of the result, that generalizes well.

Elementary-independent proof of Corollary 5.20. — For our purposes it in fact suf-
fices to record that, using the O(n) D SO(n)-action on S™"~!, the element m,, is
Zs = me(0(n)) = O(n)/SO(n)-invariant, with Zs acting on GC,, by multiplication
by (4)leop number " Thig jnvariance statement is shown by a simple and elementary
reflection argument, cf. [30, Lemma D.1]. One merely notes that w can be taken re-
flection anti-invariant, and hence the integrals inherit that property. Recall also that
the Zg-action on H(BSO(n)) is trivial on all Pontryagin classes and is the sign action
on the Euler class. Finally it is known that the k-loop part (with k£ > 2) of H(GC,)
satisfies the following degree bounds (cf. Lemma A.10)

(5.33) H W9 0=973(Ge,) = 0

In particular, if dim(B) = n > 3, then only 1-loop classes can occur in the MC
element m by degree reasons. By the above parity argument the coefficient of such
1-loop classes must involve one copy of the Euler class at least (since all Pontryagin
classes are even) and hence by degree reasons there are no further possible corrections
on top of the leading term, and we hence arrive at the conclusion that

ZNEQ. ]

Remark 5.21 (A remark on tadpoles). — We note that using the definitions of [9]
tadpoles, i.e., edges connecting a vertex to itself are not allowed in graphs in Graphs,,.
We use different conventions, tadpoles are generally allowed in all graphs and graph
complexes. We extend the Feynman rules (5.14) by assigning to a tadpole the zero
form, so that eventually the construction of [9] is recovered. However, this rule might
seem inconsistent at first sight, because the piece d.,; of the differential of a tadpole
edge should formally map a tadpole to a representative of the FEuler class, which is
generally not exact. But note that this piece of the differential is precisely canceled
by the action of the Maurer-Cartan element z above, which removes a tadpole and
replaces it by (a representative of) the Euler class, making all formulas formally
consistent.

ASTERISQUE 449



CHAPTER 6

A MODEL FOR SFM,,

6.1. The local Maurer-Cartan element II and models for the fiberwise Swiss-Cheese op-
erad

We can repeat the discussion of Section 5.6 in the local case “with boundary”. More
precisely, we now consider an oriented vector bundle

(6.1) R" — Y|BB — 0B,

where 0B is the boundary of some manifold B and Y is a vector bundle on B. The
most notable example for us will be 0B = 0M and Y = TM.

Let H,, be the upper half-space of R™, which we consider with its natural
G = SO(n — 1)-action. The group G acts on Fr Y|aB naturally. To Y we may then
associate the half-space bundle

(6.2) FrY|,, xa Hn.

By analogy with Section 5.6, we may consider compactified fiberwise configuration
spaces of points

(6.3) SFM,, (r,s) = FrY|, . Xs0(n-1) SFMn(r, s)

in these half-spaces, which form a colored operad in spaces over 0B.

If (r,s) = (0,2), each fiber is a “Kontsevich eye” [32, Section 5.2], i.e., the
space SFM,,(0,2) (see Figure 6.1 adapted from [32]). To explain the figure, note that
up to translation and rescaling, we can fix the first point (e.g., at (0,...,0,1) € H,,).
Then the second point moves in H, with that first point removed. It can either
come infinitesimally close to the first point (the “iris”), to R"~! x {0} C R™ (the
“lower 1id”), or go to infinity, which can equivalently be seen as the first point being
infinitesimally close to R™~! x {0} (the “upper lid”).

Proposition 6.1. — There exists a “propagator”
@ e Q" H(SFMY (0,2))
satisfying the following properties:
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upper lid
iris

lower lid

FIGURE 6.1. The Kontsevich eye for n = 2

— restricted to each fiber (Figure 6.1) the propagator becomes a volume form at
the iris (point 2 is infinitesimally close to point 1), and zero on the lower lid
(point 2 is infinitesimally close to R"~1);

— at the iris, the volume form is (anti-)symmetric;

— dw =0.

Proof. — The first property is achieved by the local construction of the propaga-
tor [57] which is given as a pullback of the volume form on S"~! and is therefore
closed. One can then follow the usual globalization argument using the Cech—de Rham
complex of a good cover on B and we get that the obstruction to globalize the propa-
gator to a closed form is the Euler class of Y| xR — B. This class vanishes because
the latter bundle has a nonzero global section. O

The boundary value at the iris of a propagator @ is a “non-boundary-case”-
propagator w € Q"_I(Sy| ) in the sense of Section 5.6. Therefore it gives rise to a
OB

MC element

(6.4) 2q € Q*(0B) & GC).
We may extend this to a Maurer-Cartan element in the semi-direct product:
(6.5) za + 28 € *(B) & GCY x Q*(dB) & SGCY,
where
(6.6) 28 = Z(/ﬁb [\ ;@) ® T € Q*(0B) & SGCy,.
T er ij

Remark 6.2. — Applied to the trivial bundle over B = H,,, this yields the Kontsevich
coefficients ¢ € SGC,, of Equation (5.7).

We also note that, since SFM,,(2,0)/(lower lid) ~ S™~!, picking a propagator in
the boundary case is topologically the same as picking a propagator in the previous

subsection. We then have the result analogous to Lemma 5.15:

Lemma 6.3. — The gauge equivalence class of the Maurer-Cartan element zg + zg i
independent of the choice of ©. O
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The construction is functorial in Y. We have a result analogous to Proposition 5.16:

Proposition 6.4. — Let 7: M — BSO(n) be the classifying map of the frame bun-
dle. We have that the Maurer-Cartan element zq + zg above s gauge equivalent to
(24 + 22), where

2y 4+ 28 € H*(BSO(n — 1)) & GCY x H*(BSO(n)) ® SGC)/

is the universal Maurer-Cartan element, constructed as above for (Y — B) =
(ESO(n) — BSO(n)), governing the SO(n)-action on the little n-disks operad. O

Remark 6.5. — The universal propagator @, in the boundary case can be constructed
by the method of “mirror charges” from the “no boundary” universal propagator w,,
whose explicit formula is given in [30], (restricted to SO(n —1) C SO(n)). Concretely,
(with slightly imprecise notation)

L:Ju(ﬂj,y) = (wu(w,y) - wu(Ix,y))|

)
$0n—1

where I is the reflection of R™ at the boundary.

We would now like to proceed as in Section 5.6 to evaluate z,, +z3 . Unfortunately, a
result analogous to Theorem 5.19 is currently not available (although it could be done
if necessary). Fortunately, however, the short independent proof of Corollary 5.20 still
can be transcribed to the “boundary”-situation.

Proposition 6.6. — In the case that dim 0B =n — 1 and n > 4, we have that
zg—|—z8~0—|—zg+z?

where:

zgzzzl' , z?::E-(Z :i:Z >,
n>0 n n>0 n>0

R — [ — R —
nx nx nx

and E € Q""(B) is (a representative of) the Euler class of Y.

Before we give the proof, let us check:

Lemma 6.7. — The element above is indeed a Maurer-Cartan element.

Proof. — We have E? = 0 by degree reasons. Therefore we just have to check
that 62§ + £[28,28] = 0 and that 29 is 2§-closed, ie., 62 + [2§,2?] = 0. Both
facts are easy explicit computations. O

Proof of Proposition 6.6. — We will first consider the universal MC element z, + Z,
from [30] (see Proposition 5.16; the piece z, may in fact be evaluated by using Theo-
rem 5.19, but we shall not need to use it here.) As has been shown in Proposition A.11,
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we have that
(6.7) H*(SGCY*) = H(GC,)[~1] & H(GC,_1).

By the same reflection argument as in the elementary proof of Corollary 5.20, we see
that any odd-loop-order graph must have a coefficient divisible by the Euler class,
which is of degree n — 1. In particular, pulling back via H(BSO(n — 1)) — Q(B), by
degree counting we see that the 1-loop graphs do not contribute to the MC element
except possibly for the 1-loop graph in GC,,_; with one vertex, which corresponds to
the term 29 above.

By the degree bounds (5.33), however, we find that higher loop classes can also not
contribute non-trivially, using that n — 1 > 3. This shows that the loop order zero
piece 0+ zg is deformable in at most one direction, namely 2?. One then shows by an
explicit integral computation (which we leave to the reader) that the pieces 2§ and
29 indeed occur with the weights shown. O

We can now mimic the constructions of Sections 5.5 and 5.6 and build models of
the fiberwise Swiss Cheese operad (FMY SFM). To this end we consider models A
and Ay for M and OM, fitting into a commutative diagram:

A—— QPA(M)

(6.8) l l

Aa —_— QPA(GM).

We can then consider the collection of CDGAs Ay ® SGra,,. It comes equipped with
maps of CDGAs

(Ap ® SGra,,,da, + d) — Qpa (SFMY).
These maps are compatible with the cooperad structures and the right coaction of
A ® Gra,, (respectively Qpa (FMM)).

Again we may twist the map, extending the twist discussed in Section 5.5. We
assume that were are given MC element (z,2°) € A ® GC,, x A5 ® KGC,, mapping
to (zg,zg) above under the given maps A — Qpa (M), As — Qpa(OM). Then we
obtain a map of collection of CDGAs

(6.9) SGraphs? == (45 ® SGraphsn)Z’z6 — Qpa (SFMM)
compatible with the cooperadic structure and with the right action of SGraphsﬁ CIf

the horizontal arrows in (6.8) are quasi-isomorphisms, then we obtain accordingly a
quasi-isomorphism of colored Hopf (almost, see Remark 3.3) cooperads

(6.10) (Graphs?!, SGraphs:*?) — (Qpa (FMys), Qpa (SFMM)),

which provides our desired combinatorial model for the fiberwise Swiss Cheese operad.
Furthermore the construction is functorial in the pair A — Ay, and changing the MC
element (z,29) to a gauge equivalent one produces a quasi-isomorphic colored Hopf
cooperad, see Section 5.4. We may hence assume that the MC element has the simple
form discussed above.

ASTERISQUE 449



6.2. COLORED LABELED GRAPHS 63

6.2. Colored labeled graphs

We now introduce a colored version of the graph comodules from Section 5.3.
Definition 6.8. — Given diagonal data (A, Ay, p, Aa,c4) (see Section 4.2), we define
the CDGA of (A, Ag)-labeled graphs on the finite sets U, V as:

(6.11) SGraa, 4, (U, V) = ((A5)®Y ® A®Y ® SGra,(U,V),d)
with differential defined by

v’ A ! V7
(6.12) de,, = L (Ba) vFVE

0 v=1v eV.
(6.13) deyy = tou(Daa,), ueUveV.

Remark 6.9. — The fact that the differential of a tadpole edge is zero should be
understood as being due to the action of the MC element ET. More precisely, the
above definition is reasonable if we assume below that the distinguished element £ € A
of Section 5.5 is equal to the image (say E’) of Ay € A® A under the multiplication
map AR A — A. More generally, we would define the differential of the tadpole edge
to be E — E’. In either case, we can show the following result.

Proposition 6.10. — The bisymmetric collection SGrag a, s a Hopf right
(Gra?, SGra?)-comodule.

Proof. — The proof is similar to the proof of [29, Proposition 3.8]. General
considerations imply that if we forget the differential d, then the collection
{(A5)®Y ® A®V ® SGra, (U, V)}u,v is a Hopf right (GraZ,SGra*?)-comodule. Thus
it is sufficient to check that the comodule structure maps are compatible with the
differential on all the generators. This is clear on the generators coming from A and
Ay, and we have defined the differential on the edges precisely so that it is compatible
with the structure maps. O

We note that the construction of Gragpa is evidently functorial in the data
(A, Aa, P, AA).

This comodule has a graphical description similar to SGra,,. The difference is that
aerial points (corresponding to the interior of M) are labeled by A, while terrestrial
points (corresponding to the boundary) are labeled by As.

Given a graph I'; the differential dI' is a sum over the set of edges of I". For each
summand, one removes the edge from the graph and multiplies the endpoints of the
edge by either A, (if both endpoints are aerial) or A4 4, (if one endpoint is aerial
and the other terrestrial). We call this “splitting” the edge, see Figure 6.2. Recall that
we write Ag = 3 5, A ® A € A®2

The product glues graphs along their vertices (multiplying the labels), and the
comodule structure collapses subgraphs, multiplying the labels and applying p to
them if necessary.
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. y sA, YA
> < = 2 (an) >l <

FIGURE 6.2. The splitting differential of SGraa, 4, (a gray vertex can be
of any kind).

Definition 6.11. — Let M be a compact oriented semi-algebraic manifold with bound-
ary M. We define M-realized diagonal data to be diagonal data (A 2> Ay, A4, 04)
mapping into M through (g, gs) (see the end of Section 4.2), together with a propaga-
tor p € Q. (SFMs(0,2)) as built in Proposition 4.7. In particular, dp = (g®g)(Aa).

Note that in the definition above, we use the inclusion j : SFMj;(1,1) — SFMy,(0, 2)
defined using a collar M x [0,1) C M around the boundary.

Proposition 6.12. — Given M -realized diagonal data (A 2 Ay, A, 04,9, 90, ©), there
is a morphism of bisymmetric collections ' : SGrag a, — Qp(SFMys) characterized

by

W' (ty(2)) = py(9(x)) veV, z €A,

W' (tu()) = pi(9a(x)) weU, z € Ay,
W' (evvr) = Dy () v,v €V,

w'(epy) = Pvu(j*(w)) welU veV.

The morphism ' is naturally compatible with the action of the fiberwise Swiss-Cheese
operad, and we can extend w' by the maps of Section 6.1 to a Hopf (relative) comodule
map

W' : (SGraa a,,Gra2,SGra?) — (Qha (SFMys), 5, (FMM), 05, (SFMM)),

Proof. — Due to the description of SGraga, 4,, it is clear that we can get an algebra
map with the prescribed behavior on the generators. The properties of ¢ (see Propo-
sition 4.7, most notably the fact that dp = A4) and the fact that g, g9 are CDGA
maps also show that this map is compatible with the differentials on both sides.

It remains to check that this is a morphism of comodules. This is clear on the gener-
ators coming from A and Ay. For edges, we use again the properties of the propagator.
Note that for odd n, when we apply the comodule structure map to the propagator
© € Q21 (SFMps(0,2)), we get a sum of the local propagator ¢ € Qb (FM,,(2))
plus the Euler class of M, which is consistent with the fact that applying the
comodule structure map Ozz to the edge e;a € SGrag a,(9,2) produces a sum
1® e12 + e ® 1 € SGrag a,({*}, ) ® Gra,(2) and that tadpoles are sent to the
Euler class of M. For even n there is no such difficulty (and tadpoles are mapped to
Z€ero). O
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Next we want to extend the operadic twist from (Gra,SGra??) to
(Graphsﬁ,SGraphsf"’) discussed above to also include SGray a4,. Again we may
proceed by passing to a collection of CDGAs Tw SGraa 4, obtained by formally
adding a zero-ary cogenerator. From Sections 5.6 and 6.1, we have that that M-real-
ized diagonal data produces Maurer-Cartan elements:

(6.14) 2o + 28 € O (M) ® GCY x QF (M) & SGCY.

We assume that we are given MC elements

(6.15) 24272 € AQGCY x Ay & SGCY,

mapping to zq + 2§ under the given map A — QF, (M), Asg — QF, (0M). The

triv triv

following definition will depend on this choice, although we will suppress it from the
notation.

Definition 6.13. — The twisted colored labeled graph comodule Tw SGraya, 4, is the
Hopf right Tw(A ® Gra,,, Ag ® SGra,,)-comodule obtained by twisting SGraa, 4, with
respect to the Maurer-Cartan element (z, zg).

Let us give a graphical description of the module Tw SGra 4, (U, V). It is spanned
by graphs with four types of vertices: external aerial, internal aerial, external terres-
trial, internal terrestrial. Recall that aerial vertices are labeled by A while terrestrial
ones are labeled by Ay. External aerial vertices are in bijection with V', while external
terrestrial vertices are in bijection with U. Internal aerial vertices are of degree —n,
while internal terrestrial vertices are of degree —(n—1). Both kinds of internal vertices
are indistinguishable among themselves. Finally, edges are of degree n — 1, and the
source of an edge may only be aerial. See Figure 6.3 for an example.

Y1 Y2 s
(x1,72 € Ap and y1,y2,y3 € A)
] T2

FIGURE 6.3. A colored labeled graph in Tw SGraa,a, ({u}, {vi,v2}).

The product glues graphs along external vertices (multiplying the labels). The
comodule structure maps collapse subgraphs, and the label of the collapsed subgraph
is the product of all the labels inside that subgraph (applying p : A — Ap as needed).
Finally, the differential has several parts (in addition to the internal differentials of A
and Ap):

— a first part comes from SGrayg 4,: it splits edges between vertices of any type,
and then multiplies the endpoints of the removed edge by either A4 or Ay 4,;
— a second part contracts a subgraph IV with only aerial vertices, at most one of
them being external. The result of that contraction is an aerial vertex (external
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if I contained one, internal otherwise). The label of that vertex by the products
of all the labels in I, multiplied by z(I'), where I” € GC,, is I with all the
labels removed. See Figure 6.4 for an example;

— a third part contracts a subgraph I'” with at most one external vertex. The label
of the contracted subgraph is the product of all the labels inside it, multiplied
by 29(I'""), where T € SGC,, is the subgraph with the labels removed. If the
result contains a “bad edge” (whose source is terrestrial), then the summand
vanishes. Again, see Figure 6.4.

az

arazasz(T) @

p(az)bibyz®(T)

FIGURE 6.4. Second and third part of the differential in Tw SGraa, 4,

Remark 6.14. — The second part of the differential has often a simpler description.
Assume that z € Q*(M) ® GC) is simply the Maurer-Cartan element given by 1® u,
where p € GC) is the graph with two vertices and one edge as usual (see Equa-
tion (5.2)). Then that second part of the differential simply contracts an edge between
an (aerial) internal vertex and an aerial vertex of any kind, multiplying the labels.
Note that this includes dead ends (i.e., edges connected to a univalent internal vertex),
unlike the differential in SGraphs,,.

Remark 6.15. — Note that there are several differences compared to the description
of the differential from Section 5.1: dead ends are contractible, and the last part of
the differential which forgets some internal vertices is not present. This comes from
the fact that in the definition of the twisting of a right comodule over a cooperad, the
Maurer-Cartan element z + 22 can only act from the right on the comodule.

Remark 6.16. — One should not forget that when a subgraph I C T' with only
internal vertices is contracted (the third part), the result may be a terrestrial vertex
even though the subgraph contains only aerial vertices, see Figure 6.5.
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o=

p(z)
(]

FicURE 6.5. Collapsing an aerial vertex into a terrestrial vertex

Proposition 6.17. — The morphism w' : SGrag a, — Qpa (SFMas) of Proposition 6.12
extends to a morphism of bisymmetric collections w : TwSGrag 4, — Qpa (SFMyps),
given on a graph I' € SGrag 4, (U U I,V UJ) C TwSGrag 4,(U,V) by:

w(T) = (py ) (W (1)) = /S )

FM s (UUT,VUJ)—SFMas (U, V)
This morphism is compatible with the fiberwise Swiss Cheese action, i.e., we have a
map of relative right Hopf multimodules

w: (TwSGraa a,, Tw GraZ, Tw SGra??) — (25 (SFMyy), Qpa (FMM), Q5 (SFMM)).

Proof. — We have chosen the propagator ¢ so that it is a trivial form, and we have
assumed that the morphisms A — Qp, (M) and Ag — Qp, (OM) factor through the
sub-CDGAs of trivial forms. Hence for any graph T', w/(T") is a trivial form and can
be integrated along the fiber of py v .

We can now reuse the proof of 29, Proposition 3.14]. The difference is the descrip-
tion of the decomposition of the fiberwise boundary of pyy used to show that w is
a chain map through the application of Stokes’ formula. This description is simi-
lar to the one implicitly used by [57] (see also [32, Section 5.2.1]) with some varia-
tions accounting from the fact that no normalization is done to compactify M (see
the discussion before the proof of [29, Lemma 3.18]). More concretely, the boundary
of SFM (U, V) is given by:

OSFMy (U, V) = | Jim(or) U | Jim(ow,7),
TeBS (V)  (WI)eBFS (U;V)
where:
BF' (V) ={T CV | #T > 2},
BF(U; V) ={(W,T) |W CU, TCV, 2 -#T +#W > 2}.
Note that in the description of OSFM,,(U,V), there is an additional condition
WUT CUUV. Indeed in SFM,, the normalization by the affine group prevents

the points from becoming infinitesimally close all at once; in SFMj;, no such
normalization occurs.

(6.16)

Then the fiberwise boundary of the canonical projection py,y is given by:

(6.17) SFMY, (U, V) = | Jim(or) U|Jim(ow,r) € SFMp (U LT,V L),
TeBF (V,J) (W, T)EBFS" (U.I;V,J)
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where the subsets B (V,J) € BF (VU J) and BF" (U, I;V,J) € BF (UL V UJ)
are defined by:

T eBS (V,J) < #(TnJ)<1,
W, T) e BT (U, LI;V,J) < VNT =2, #UNW)<1.

One can then check that the boundary faces of that decomposition correspond to
the summands of the differential. O

(6.18)

Definition 6.18. — Define the full colored graph complex to be:
fSGCA’Aa =Tw SGraA,Aa (@, @).

This is the CDGA of colored, labeled graphs with only internal vertices. The prod-
uct is the disjoint union of graphs, thus fSGCy4 4, is free as an algebra, generated
by the graded module SGCy4, 4, of connected graphs. Each TwSGras 4,(U,V) is a
module over the CDGA fSGC4 4, by adding connected components.

Remark 6.19. — Since fSGCy 4, is a CDGA, the dual module SGC} 4, is naturally
an holiej-algebra. The differential of £SGCy4, 4, cannot create more than two con-
nected components, thus SGCX, 4, 1s actually a Liej-algebra. The differential blows
up vertices (like in GCY) and joins pairs of vertices by an edge, while the Lie bracket
joins two graphs by an edge.

We may consider the differential graded Lie algebra

(6.19) 9404 =SGC4 4, ¥ SGCA? x GCA.
A CDGA morphism
(6.20) fSGCA’A8 (@, @) — k

may be interpreted as an extension of the Maurer-Cartan element 22 + z to a Maurer-
Cartan element

(6.21) Z+22+2€ga0a.

The universal example of such a MC element, in some sense, is given by the following
definition.

Definition 6.20. — The colored partition function Zg, : fSGCQ:riV( M), — R is

triv(9M)

the CDGA morphism given by the restriction in empty arity
Zq = w|(g ) : TwSGrag, ., (m),0x. (9:m) (D, D) — Qpa(SFM (9, 2)) = Qea({x}) =R.

triv

We will next assume that we are given a Maurer-Cartan element (the partition
function) Z 4+ 22 + z € ga,04 that maps to Zg + zg + 2o under the given maps
A— Qtriv(]u'); A8 - Qtriv(aM)~
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Definition 6.21. — The reduced colored labeled graph comodule SGraphs, 4, is the
bisymmetric collection given in each arity by:
SGraphsy 4, (U, V) == R ®tscca, 4, TWSGras 4, (U, V),

where we understand R as an fSGC 4, 4,-module via the given partition function Z.

Proposition 6.22. — The bisymmetric collection SGraphs 4 4, forms a Hopf right mul-
timodule over (SGraphsfa,Graphsf), and the map w : TwSGrag a4, — Q5 (SFMyy)
factors through a Hopf right comodule morphism:

w : (SGraphs 4 4, ,SGraphs,?, Graphs,) — (54 (SFMar), Qpa (SFMAT), Qf 4 (FM21)).

Proof. — This is identical to the proof of [29, Proposition 3.23] and follows from
the general properties of integration along fibers, most prominently the double-
pushforward formula of [25, Proposition 8.13]. O

6.3. Cohomology and quasi-isomorphism theorem

One of the main results of this paper is the following, more precise version of
Theorem A:

Theorem 6.23. — Suppose we are given realized diagonal data (A 2, Ay, A4, 04,9, 99, )
fitting into a commutative diagram (4.10), as well as a Maurer-Cartan element
Z4+2°24z2¢€ 94,4, mapping to the canonical Maurer-Cartan element from Defini-
tion 6.20. Suppose that the horizontal maps in (4.10) are quasi-isomorphisms. Then
the map

w : (SGraphs 4 4, , SGraphs,,?, Graphs;,) — (5 (SFMar), QA (SFMAT), Q5 (FMAT)
of Proposition 6.22 is a quasi-isomorphism. The same result holds in the “combinato-

rial” case A = S(H*(M) ® H*(M,0M)), Ag = S(H*(OM)) from Ezample 4.2.

The construction of (SGraphsA’Aa,SGraphsﬁa, Graphsﬁ) is functorial in A — Ay,
see Section 5.4. Hence it sufficient to consider the universal case with A = Qi (M),
Ay = Qiyiv(0M) and the Maurer-Cartan element equal to the universal one.

We will need the following technical result:

Proposition 6.24. — Suppose we have a commutative diagram of augmented CDGAs

A= A

|,

B 1, p.

Suppose that in addition the induced map between the derived tensor products

Be4ik — B ®%k
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is a quasi-isomorphism. Suppose further that A is cohomologically connected (so that
there is a unique augmentation up to homotopy) and of finite cohomological type.
Then f is a quasi-isomorphism.

Proof. — The proof is essentially done by using the Serre spectral sequence. We may
pick a resolution C' — A which is connected. It suffices to show that the middle arrow
in the following zigzag is a quasi-isomorphism:

(6.22) BEBeLC — B ®5C S B.
To this end we realize the derived tensor products by using normalized bar resolutions
(6.23) M ®g M =B,(M,C,M") = (M & (C[1)*" @ M’,d),

n>0

where C = ker(C — k).

We filter B®% C and B’ ®% C by the cohomological degree of the last factor C. The
associated graded is identified with (B ®% k) ®x C and (B’ ®¢ k) ®x C respectively.
By our assumption, the map is an isomorphism on the E'-page, and moreover our
filtration is exhaustive and bounded below, whence the claim follows. O

Proof of Theorem 6.23. — We only need to show that the map of the theorem,
SGraphsy 4, — Qpa(SFMyy), is a quasi-isomorphism. We use a proof technique by
induction similar to [36, Chapter 8], with some extra work to “push” the decorations
away from a given external vertex (similar to [29, Lemmas 4.27-28]), adapted to the
Swiss-Cheese case.

More concretely, we proceed by an induction on the arities r (in the boundary)
and s (in the interior). Say we begin with s. For the induction step, we apply the
Proposition 6.24 to the diagram

SGraphsy 4, (r,s) ———— Qpa(SFMy/(r, s))

(6.24) l l

SGraphsy 4, (r,s +1) —— Qpa(SFMys(r, 5 +1)).
Note that
(6.25) Qpa(SFMp(r, s +1)) ®H§sz(SFMM(r,s)) k

is a model for the homotopy fiber SFM (7, s+1) — SFMy;(r, s), and since this map is
a fibration, we obtain a model for the fiber. This fiber is homotopy equivalent to M\ s,
i.e., the manifold M with s points removed from the interior.

Using the Mayer-Vietoris exact sequence inductively on the number of removed
points one computes

(6.26) H*(M\ s) = H*(M) @ (R[1 —n])°.
On the other hand let us compute
— L
(6.27) V = SGraphs 4 4, (r,s+1) ®SGraphs s 4, (r.5) k.
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The module SGraphsy 4, (r, s +1) is free over the algebra SGraphs, 4, (7, s), therefore
the derived tensor product agrees with the ordinary one. As a graded vector space,
this tensor product can be represented by graphs in which the (external aerial) vertex
labeled by 1 is > 1 valent, together with a copy of R in degree zero accounting for
the remaining graphs using the evaluation map SGraphs, 4,(r,s) — R. As a chain
complex, whenever the differential produces a “forbidden” (0-valent on vertex 1) graph,
one replaces it by its evaluation.
To compute the cohomology of V', we split the complex into pieces

n_.non
(6.28) V=W @& Vg @& Vi & V1.
~

The splitting depends on whether we are in the model-theoretic case or the combina-
torial case A = S(H*(M) ® H*(M,0M)). We have:

— Vp is the piece where vertex 1 has valence zero and is decorated by the unit
1€ A%

— Vg is the piece where vertex 1 has valence zero and is either decorated by an
element of A>° (in the model case), or by a single element of H*(M) and not
H*(M,0M) (in the combinatorial case);

— Vin is the piece where vertex 1 has valence one, the edge is incoming, and it is
decorated by the unit in A°;

— V>1 consists of all other graphs.

Clearly Vy = A% = R and Vj is either A>0 or H *(M). There are various pieces of the
differential between the summands as shown by arrows above.

Let us filter Vj, Vu, and Vi, by the number of edges, and V>; by the number
of edges shifted by 1. Then in the associated spectral sequence, the first differential
is the one pointing furthest right in (6.28), i.e., the map from Vi, — V>1 given by
the contraction of the edge at vertex 1. All the other parts of the differential strictly
decrease the filtration and thus vanish.

This map is surjective. Its kernel is composed of graphs where either

(i) the edge is connected to another external vertex, necessarily aerial;

(ii) the edge is connected to an internal vertex, decorated by an element of H*(M)
in the combinatorial case;

(iii) the edge is connected to an internal vertex of valence 2, with one incoming and
1 outgoing edge.

The next page’s differential comes from the piece of the differential in (6.28) map-
ping the summands to themselves, and is only non-trivial on the Vj, factor. One can
check that this differential kills all remaining terms in the Vi, except for the graphs
where vertex 1 is connected to one external vertex. The spectral sequence converges
here to (6.26): elements of H(M) are represented by Vi (i.e., vertex 1 is decorated
by 1 or H(M)) and the classes of R[1 —n]* are represented by elements of the form e;;
of Vi, where 1 is connected to another external vertex j. The classes of H(M) are
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by definition sent to representatives in Qpa (M) (pulled back to Qpa(SFMps(r, s+ 1))
and then restricted to the fiber). The element e;; is sent to the propagator, whose
restriction to the fiber we consider here is assumed (Proposition 4.7) to be a volume
form of the sphere obtained by letting point j rotate around point 4, which is pre-
cisely the class found by the Mayer-Vietoris argument above. So we have finished the
induction step on r.

We are thus reduced to the case s = 0, i.e., all the (external) vertices are on the
boundary. Next we proceed with the induction on . We proceed in the same manner
as above, starting with the diagram

SGraphs 4 4, (r,0) ———— Qpa(SFMyp(7,0))
(6.29) l J
SGraphsy 4, (r +1,0) —— Qpa(SFMps(r +1,0)).

The fiber of FMp;(r + 1,0) — FMj,(r,0) is homotopy equivalent to M minus r
points, with cohomology

(6.30) H<""YoM) & (R[1 —n])""".
We have to compare this to the cohomology of
(6.31)

SGraphsA,A@ (’f‘ + 1a 0) ®%GraphsA1Aa (r,0) k= SGraphsA,Aa (’f‘ + 1a 0) (X)SGraphsAH48 (r,0) k.

The latter space can again be identified with graphs “modulo” internally connected
components not connected to external vertex 1 (note that it is now terrestrial).

We want to compute the cohomology of that space by splitting it as above. First
let us define “wedges,” which are bivalent aerial internal vertices, decorated by the
unit of A and connected to two terrestrial vertices; and stubs, which are univalent
aerial internal vertices, decorated by an element of ker(A — Ag) and connected to a
terrestrial vertex. See Figure 6.6 for examples.

a € ker(A — Ap)

: e

(A) Stub (B) Wedge

FIGURE 6.6. Wedges and stubs

We may now split our complex as:
T

VS
(6.32) W=W, & Wag & W, & Wsi,
~~_—

where:
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— Wy = k are graphs for which vertex 1 has valence zero and is decorated by the
unit 1 € AY;

— W4 are graphs where vertex 1 has valence zero and is either decorated by an
element of A7 (in the model case) or by a single element of H*(9M) (in the
combinatorial case);

— W, is the piece where 1 has valence one, is decorated by the unit 1 € Ag, and
is either connected by a wedge to some other terrestrial vertex or to a stub;

— W, are all remaining graphs.

Again we take a spectral sequence such that the leading differential is the piece
“pointing the most right” in (6.32), i.e., the piece W,, — W>;. This is the piece
contracting our wedge (unless at the wedge there is another wedge, or an A-decoration,
or a stub). The map is surjective, and its kernel consists graphs of the following types:

| ’

(6.33) /\ L
@ <i§

The next differential consists of the pieces acting on each summand in (6.32) sepa-
rately. For W4 the piece of the cohomology is H (OM). For W, only the piece remains
where vertex 1 is connected to one other external vertex via a wedge. The remaining
differentials in the spectral sequence then let one of the wedges to an external vertex
kill the piece of H(W4) = H(M) corresponding to the decoration by the top class.
Together we reproduce (6.30) and hence we are done. O

6.4. Small model and canonical combinatorial model

Note that the models discussed above depend on the following data:

(i) a CDGA model A — Ay for the map oM — M;
(ii) a Maurer-Cartan element z + 2% + Z € ga 4, (see Equation (6.19)).

We thus obtain two different kinds of similar but different models for Conf, ;(M),
both derived from the two examples of diagonal data in Example 4.2.

In the first case, we assume that (M,0M) admits a Poincaré-Lefschetz duality
model as in Section 2. We may then take our diagonal data to the the CDGAs
(B, By) together with their diagonal classes, and we obtain a gauge equivalence class
of Maurer-Cartan elements in z + 29 + Z € gp p,. The advantage of this model is
that it is rather smaller than the next one, and can be used to obtain the general-
ization of the Lambrechts-Stanley model of configuration spaces [29] in Section 8. Its
disadvantage is its cost in terms of connectivity and dimension assumption on M.

In the second case, we take the diagonal data obtained by setting
A= S(H*(M)& H*(M,dM)) and Ay = S(H*(OM)). The construction of SGraphs 4,
then depends on the choice of the Maurer-Cartan elements z + 2% + Z € ga,a, as
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before. While this model is much bigger than the previous one (A and Ay are infinite
dimensional), it has advantages for several purposes:

— we only need to assume that M is compact and orientable and that dim M > 3
(for dim M = 2 the boundary is a union of circles, which can be handled by the
constructions of [9]);

— it agrees with spaces of Feynman diagrams of AKSZ theories studied in physics,
and thus gives a topological meaning to these objects;

— the collection SGraphs, 4, consists of quasi-free algebras, which is important
for example when computing homotopy automorphisms of these objects.

We shall also see that the tree (i.e., 0-loop) piece of the Maurer-Cartan element Z
precisely encodes the real homotopy type of the map OM — M.

Remark 6.25. — Since the combinatorial model is cofibrant as an algebra, we can
get a direct quasi-isomorphism from the combinatorial model to the small model in
each arity, by general theory. However, the small model is not fibrant as a Hopf right
comodule, so these general arguments do not necessarily produce a direct map of
Hopf right comodules. To get a direct map between the two, we can proceed as in the
following sketch of proof. Let A = S(H(M)®H (M,0M)) and Ay = H(OM). Picking a
Poincaré-Lefschetz duality model (B, Bp), we can define SGraphsg g (g, like we had
done for SGraphs, ,,. By picking representatives of cohomology classes, we can get a
quasi-isomorphism SGraphsy 4, — SGraphsgg) g(p,)- The latter model depends on a
certain partition function, which can be reduced to its tree piece as in the next section.
As explained in the next section, this tree piece encodes Massey products of (B, By),
but since (B, Byp) is already a model for (M, M), all these Massey products vanish, so
the partition function is trivial up to gauge equivalence. Using the general arguments
of Section 5.4, we can thus replace the partition function by the trivial one and
obtain an isomorphic model SGraphs%(B%S(Ba) & SGraphsg(p) s(B,), Which can then
be projected down to SGraphsg 5, by a quasi-isomorphism.

6.5. The global Maurer-Cartan element and homotopy invariance

In this section, we use the “canonical combinatorial’ model approach, i.e., we
use the diagonal data obtained by setting A = S(H*(M) ® H*(M,dM)) and
Ay = S(H*(OM)), see Example 4.2.

Due to its definition as an integral, the Maurer-Cartan element Z € SGCX 4, de-
pends, a priori, on more than just the cohomology type of M and the classes of the
maps H(BSO(n)) — Q(M) and H(BSO(n — 1)) — Q(8M), but it is not necessar-
ily clear how much information about M it “knows”. We now show that Z actually
captures all the information about the real homotopy type of M. We moreover show
that under good conditions, the real homotopy type of (M, 9M) determines the gauge
equivalence class of Z, and thus the real homotopy type of SFMy, (including the real
homotopy type of configuration spaces of M).
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We generally cannot give an explicit formula for the integrals defining this MC
element, except perhaps in simple enough cases. However, one can understand the
loop order zero piece of Z, i.e., the “classical piece” in the physics slang. As shown in
Corollary 6.28 below, this piece just encodes the real homotopy types of the spaces M
and OM and the real homotopy type of the inclusion OM — M. Furthermore, if M
and OM are simply connected and n = dim M > 5, then we will see that the classical
piece is already not deformable and fully determines the MC element Z.

6.5.1. Loop order zero (classical) piece of Z. — For ease of notation we will define the
Lie algebra (with A = S(H*(M)® H*(M,0M)), Ag = S(H*(OM)) the diagonal data
of the canonical combinatorial model):

(6.34) KGCy = SGC} 4,
We first consider its quotient
(6.35) KGCY7® = KGCy/1,

where [ is the ideal spanned by all graphs with at least one loop. Our MC element
Z € KGC)y projects onto an MC element Z'® ¢ KGCY7°.

Let Coms, = (Comi) be the operad governing commutative and homotopy asso-
ciative algebras (also known as C..-algebras), obtained by Koszul duality from the
operad Com of commutative and associative algebras.

Consider the Lie algebra g which governs (i.e., whose Maurer-Cartan elements are)
the following data: a Comuo-structure on H(M); a Com, structure on H(OM); an
oco-map H(M) — H(OM) between these Comy, algebras. More concretely,

g = Harr(H (M), H(M)) @ Harr(H (M), H(OM)) @ Harr(H(0M), H(OM)),

where we work with the normalized Harrison complexes for simplicity (the map from
the unnormalized one is a quasi-isomorphism [38, Proposition 1.6.5]). We write g,
g2, g3 for the three summands in the definition of g.

Using Poincaré duality, g may as well be interpreted as a graph complex, whose
elements are:

1. rooted trees with leaves labeled by elements of H,(M) and root labeled
by He(M,0M), governing the Comq-structure on H (M),

2. similar rooted trees, but with root labeled by He(0M), governing the map, and

3. rooted trees with leaves labeled by f].(@M ) and root by He(0M), governing
the Comq-structure on H(OM).

Keep in mind that the trees in the Harrison complexes are “Lie trees” in the sense
that they are 3-valent and satisfy the IHX relations.
We claim that we have a map

(6.36) MC(KGCEe?) — MC(g).
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Concretely, given a Maurer-Cartan element on the left we may produce a Maurer-
Cartan element on the right as follows. First recall that given a contraction data

(6.37) H(M) ? Qpa (M), :Dh

we may put a Comg,-structure on H (M) by the homotopy transfer theorem, and si-
multaneously extend the morphisms p and ¢ to Com,-quasi-isomorphisms, see [39,
Section 10.3] or [4]. Furthermore, the Com, structure and the morphisms are given by
explicit combinatorial formulas built from ¢, p, h only. For example, the Com, opera-
tion associated to a rooted tree is obtained by interpreting the tree as a composition
tree, with a map h applied on any edge, and multiplication in Qpa (M) on vertices,
see loc. cit. for details.

In particular, given contraction data for Qpa (M) and Qpa (OM) as above, we may
build a MC element in g, such that the Comy,-structures on H(M) and H(OM) are
those given by transfer, and the Com,, map is the composition of Com,-morphisms

(6.38) H(M) — Qpa (M) — Qpa(OM) — H(OM).

Furthermore, note that we may interpret the homotopy on M as an edge, the homo-
topy on OM as a boundary edge. Hence the Com,, map is combinatorially completely
determined by the numeric values of tree graphs such as occurring in Z§°°. This de-
fines the map (6.36). Note that it is given by explicit combinatorial formulas, whose
precise form will not be too relevant for us.

Given (6.36) we may use graded polarization as in [19, Section 1.3] to obtain an
L., map

(6.39) KGCiree — g.

We will not need the explicit combinatorial formula for the map (6.39). Let us
describe the leading order pieces, which will be enough to prove that we have an L.,
quasi-isomorphism:

— the coefficient of a rooted tree T' € g; is the same as the coeflicient of the
identical tree in KGC,;, with all edges oriented towards the root;

— the coeflicient of a rooted tree T' € g3 is the same as the coefficient of the identical
tree in KGCj;, where all vertices are terrestrial and edges are interpreted as
wedges in the sense of Figure 6.6;

— the coefficient of a rooted tree T € go is a sum of coefficients of various trees
in KGCj;, but the piece with fewest terrestrial vertices is the same tree as T,
with edges oriented towards the root, and with the root connected to a single
terrestrial vertex with the root decoration. For example:

(6.40) - +(...), acH*OM).

a
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Furthermore, let us consider the MC element m € g which is the image of Z €
MC(KGCyy), and the twisted Ly, morphism

(6.41) KGCioZ — (g™,

where (g™)’ is the Lie subalgebra in which the products and lowest component of the
map are fixed.
Knowing the leading order terms above suffices to show:

Proposition 6.26. — The map (6.41) constructed above is a quasi-isomorphism.
For this we consider the following lemma from [9, Section 8§].

Lemma 6.27 ([9, Definition/Proposition 61]). — The quotient map
GCYee — Harr(H(OM), H(OM))

is a quasi-isomorphism.

Proof. — The map can be written as a composition of two quasi-isomorphisms
(6.42) acyee 4 Gk, 5 Harr(H(OM), H(OM)),

tree

where the space of rooted Lie trees GC,'f;i;, is the quotient of GCyj; by graphs that
are > 4-valent and by the IHX relations.

Let us first check that the quotient map ¢ : GCYse — GCYS, is a quasi-
isomorphism. We can first filter both complexes by deg T—# Er for T' € GCr?, GCg‘fM,
the map g being obviously compatible with this filtration. On the associated graded,
the differential increases the number of vertices by exactly one. We can then filter
both complexes by the number of decorations. The associated graded of the first
complex is then isomorphic to the complex €, - Lies (k)z/(k+1)z, While the second
is isomorphic to @, Lie(k)z/(k+1)z, where the action of Z/(k + 1)Z is given by
the cyclic structures of the operads Lies, and Lie (permuting the root with the other
vertices in a circle). The map ¢ induces the usual quotient map Lie,, — Lie. Since
this map is a quasi-isomorphism, we can deduce that ¢ is a quasi-isomorphism.

The map r sends a graph to the sum over all possible ways of rooting a decora-
tion in H(OM). One sees that this is a quasi-isomorphism by considering a spectral
sequence in which the first differential sees only the splitting of a vertex decorated
by w € H(OM) into a 3-valent vertex decorated by a and (3, where a8 = w. A second
filtration by the number of non-unital decorations gives us the result. O

Proof of Proposition 6.26. — We start by considering a filtration by the number of
aerial vertices. We split KGCYf® = GChts @ A, where A is spanned by all other
graphs. On the associated spectral sequence, if we restrict to the piece of the map
from GCYse — Harr(H(OM), H(OM)), we obtain the projection from the previous
lemma which is a quasi-isomorphism.

On the second page it remains

(6.43) H(A,dy) — Harr(H(M), H(M)) ® Harr(H(M), H(OM)),
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where the differential d; that creates a single aerial vertex now acts by producing Lie
trees with decorations in H(M).

Next, by the same argument as Lemma 6.27 we obtain (after taking the corre-
sponding spectral sequence) cyclic Lie trees on the left hand side.

Finally, the identification is given by the «-decorations contributing to the remain-
ing piece of g; and simultaneously the a-decorations giving the remaining map piece
of g2. O

As a consequence, we find that the Maurer-Cartan elements up to gauge equivalence
are in 1:1 correspondence and hence arrive at the following corollary:

Corollary 6.28. — The tree level part Z%¢ of the MC element Z encodes precisely the
(naive) real homotopy type of the inclusion OM — M.

6.5.2. Higher loop orders in high dimensions and homotopy invariance. — Let us as-
sume now that n = dim M > 5, and that M and M have no rational homology in
degree 1. Then by the Proposition A.20 we see that there is no cohomology in KGC,,
in higher loop orders in the relevant degrees, i.e., the map

(6.44) KGC)y — KGChee
induces an isomorphism on cohomology in degrees > 0. We find that in this case the

spaces of MC elements modulo gauge in KGCI\Z/[ and KGC;}SG’Z are isomorphic.

The last thing left to check is the dependence on the Euler class, which appears in
the expression of z{ in Proposition 6.6. Given a CDGA model for the pair (M,9M),
the cohomology class of the Euler class is only defined up to a nonzero scalar. Given
two Euler class E and E’, we can first apply a rescaling by the loop order, sending
a graph T' to A9T (where g is the genus of the graph) for some A € R\ {0}. The
element zJ is invariant under this gauge equivalence, and choosing \ correctly it sends
E’ to E+da for some «. Then we can use « to produce a second gauge equivalence and
show that, whichever Euler class we choose, we get quasi-isomorphic graph complexes
SGraphs,,.

We therefore obtain Corollary B:

Corollary 6.29. — If n = dimM > 5 and H'(M) = H*(OM) = 0 then the (naive)
real homotopy type of SFMy; depends only on the real homotopy type of the inclusion
oM — M.
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CHAPTER 7

A MODEL FOR mFM;; AND aFMyy,

The goal of this section is to construct a graphical model for the spaces mFM; of
Section 3.7.2, i.e., for the configuration space of points in the interior of a manifold M
with non-empty boundary M. Our model will be compatible with all algebraic struc-
tures, in particular with the action of aFMgjs, a model for which we construct as well.
We will not write the constructions in full detail, as they are quite similar to the con-
structions of Graphs, and SGraphs, 4, that we already carried out.

7.1. Graphical models aGraphs 4, and mGraphs 4

Throughout this section, we choose some diagonal data (A £ Ay, Aa,04,9,95)
which maps into M (see Section 4.2 for the definition). We also choose some compati-
ble propagators on aFMgy; and mFM); as in Sections 4.4 and 4.5. We will also define
oy to be the image of o4 in A?Q, recalling that it is “half” the diagonal class of OM
(i.e., Ag, =05+ Ugl).

7.1.1. Graphical model for aFMgy;. — We define a graph complex aGraphs,, (r)
spanned by graphs of the following type:

— there are 7 numbered (“external”) vertices and a finite but arbitrary number of
“internal vertices”;

— each vertex is decorated by an element of Ay;

— edges are directed and have degree n — 1, internal vertices have degree —n, and
we add the degrees of the decorations to the degree of the graph,;

— there are no connected components with only internal vertices.

We moreover have the following algebraic structures on aGraphs,, :

— the right coaction of Graphsﬁ o

tion at an external vertex;

— the coproduct, which corresponds to the algebra structure on configuration
spaces (by gluing), is obtained by decomposing the graph in two parts, and
then replacing any edge connecting the two parts by os;

is given by multiplication and subgraph contrac-
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— we obtain a corresponding graph complex aGC,4, of connected graphs with
no external vertices; the coalgebra structure yields a Lie bracket on the dual
complex aGCXa, which acts on on aGraphs,, .

Finally, the differential is defined as follows. The usual configuration space integral
formulas give rise to a Maurer-Cartan element w € aGCXa, to be defined precisely
in Equation (7.3) below. The differential on aGraphs,, is given by edge contraction,
plus a twist by w (see Figure 6.4 for an idea of how this works). If anything produces
a graph containing an internal component (i.e., a connected component with only
internal vertices), then this component is replaced by a real coefficient given by w.

Note that this construction is functorial in terms of the diagonal data (see Sec-
tion 5.4). Using the propagator of Section 4.4, we may build maps

(7.1) aGraphs,, — Qp, (aFMans)

which are compatible with the algebraic structures (CDGA, module over the Fulton-
MacPherson operad, Eq-algebra).

7.1.2. Graphical model for mFMj;. — We now consider a graph complex mGraphs 4(7),
spanned by graphs of the following type:

— there are 7 numbered (“external”) vertices and an finite but arbitrary number
of “internal vertices”;

— each vertex is decorated by an element of A;

— edges are directed and have degree n — 1, internal vertices have degree —n, and
we add the degrees of the decorations to the degree of the graph.

— there are no connected components with only internal vertices.

The following algebraic structures are defined on mGraphs 4:

— aright coaction of GrapthLx , given by subgraph contraction at an external vertex
using the multiplication from A;

— a coaction of aGraphs 4, , corresponding to the module structure on configuration
spaces (again, by gluing), obtained by decomposing the graph in two parts,
replacing any edge connecting the two parts by either o4 if the tip of the edge
goes to the boundary and zero otherwise, and applying p : A — Ay to all the
labels in the graph going to the boundary;

— we obtain a corresponding graph complex mGC 4 of connected graphs as above
with no external vertices; the dual space is a dg Lie algebra mGC® which comes
with an action of mGCy,, i.e., we have a Lie algebra mGCY x aGCI\fla, which
acts on mGraphs 4.

Finally we describe the differential. The usual configuration space integral formulas
give rise to a Maurer-Cartan element W € mGC;, see Equation (7.8)—more precisely,
w+ W is a MC element in the semidirect product mGC) x aGC} - Lhe differential
on mGraphs 4 is given by edge contraction, plus replacing one edge by A 4, plus a twist
by w4+ W.
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Remark 7.1. — 1If we consider the combinatorial diagonal data
A= S(H*(M)® H*(M,0M))

(see Section 4.2), then we may define an undirected version of the graph complex. In
this version, edges are undirected (formally an edge is identified with (—1)" times its
opposite), and decorations may only be in H*(M), not H*(M,dM). The differential
of the edge is A4, and the boundary value of all edges is 04, regardless of whether
the shaft or the tip of the edge goes to the boundary.

This construction is again functorial in terms of the diagonal data, and using the
propagator of Section 4.5, we build maps:

(7.2) mGraphs 4 — QF (mMFM )

which are compatible with all the algebraic structures (CDGA, module over the
Fulton-MacPherson operad, module over the E;-algebra aFMgyy).

7.2. The Maurer-Cartan element

7.2.1. Boundary. — For convenience, we let N := OM. Using the usual Feynman
rules and the propagator, we can define a Maurer-Cartan element:

(7.3) w = Z(/ /\ o(zi,x;)) -y € aGCY, .

VN (ig)
We have w = wg + (- -) is a sum of

;B

(7.4) wp=» @,

plus terms with at least one edge or more than two decorations.

Note that the dg Lie algebra aGCy , is equipped with a descending complete filtra-
tion ¢#? by loop order. In particular, we note that the tree part wyce of w determines
a Maurer-Cartan element in

(7.5) aGCly, /o 'aGCY, .

The piece wyree encodes precisely the cyclic Com,-structure on H(N), i.e., the real
homotopy type of N (cf. [9, Section 8|, where one finds an analogous computation).
A priori, there might be higher loop pieces in w. We will next show, however, that
they vanish up to gauge equivalence.

We consider first the case dim N = 1. Since N is compact, we have N = S'LJ---LUS™.
In fact, it is sufficient to consider N = S*, as the MC element for a union of circles
is essentially just a sum of MC elements for each circle separately. For N = S,
we have that aFMpy is homotopy equivalent to the configuration space of points on
the cylinder. The spaces aFMy and graphical models for them have been constructed
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in [55]. Among other things, it was shown there that for a suitable choice of propagator
w
(7.6) w= @,
where w is a volume form on S*, representing the top cohomology class.
Next consider the case dim N > 2. Recall from Proposition A.12 that the dg Lie
subalgebra

(7.7) aGCy>° C (aGCY,, 8 + [wo, —)),

spanned by diagrams all of whose vertices have valence at least 3, is quasi-isomorphic
to the full dg Lie algebra in degrees > 1. It follows that, up to gauge equivalence, we
may assume that our MC element w takes values in this dg Lie subalgebra. However,
by the degree counting result of Lemma A.13, we see that aGC) , has no elements
in degree 1 in loop order > 1. Hence, we find that the tree piece of our MC element
already agrees with the MC element.

Let us summarize these findings:

Proposition 7.2. — The gauge equivalence class of the MC element w is encoded by
and encodes the real homotopy type of N. Furthermore, the MC element w above is
gauge equivalent to a Maurer-Cartan element

/
Wo + Wirees

where W}, € aGCZl’azg C (aGCl},,8 + [wo, —]) contains no graphs of loop order > 1.

7.2.2. Bulk. — We may also define an element:
(7.8) W= Z(/ /\ ¢(zi,z;)) - T € mGCY,
T mFM s (i)
so that the pair (w, W) € aGC)y s X mGC}, is a Maurer-Cartan element. Concretely,
W has the form W = Wy + (- - ), where

Vi

(7.9) Wo=) e,

and (---) are terms with at least one edge or three or more decorations.

Once again the complex mGC is equipped with a descending complete filtra-
tion ¢#P by loop order. The tree piece Wi e extends wic. above to encode a Maurer-
Cartan element in the complex
(7.10) aGCY, x mGC4/ " (aGCY, x mGCY).

This tree piece can be seen (as in Section 6.5 above) to encode the real homotopy
type of the map

(7.11) OM — M.
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Furthermore, we have the subcomplex of graphs all of whose vertices are at least
trivalent

(7.12) aGCy~° x mGCY=® C (aGCY, x mGCY, 20 + Zo).

Proposition A.16 shows that the inclusion is a quasi-isomorphism in degrees > 0, so
that we may in particular gauge change our MC element w — wg + W — W}, deforming
wo + Wp to one which is contained in the subcomplex. But then, if H!(M) = 0 and
dim M > 4, the degree counting argument of Lemma A.17 shows that there are no
elements in that subcomplex of degree 1 and loop orders > 1. It follows that our gauge
changed MC element is in fact equal to the tree piece. We summarize this as:

Proposition 7.3. — If dim M > 4 and H*(M) = 0, then the gauge equivalence class
of the Maurer-Cartan element w + W € aGC)fla X mGC4 encodes and is encoded by
the real homotopy type of the inclusion OM — M. We can find representative without
terms of loop order > 1, and all vertices in graphs at least trivalent, with the exception
of those occurring in wg + Wy.

7.3. Cohomology, and proof of quasi-isomorphism property

Proposition 7.4. — The map aGraphs,, — Qpa(aFMy) of the preceding section is a
quasi-isomorphism.

Proof. — We proceed by an induction on the arity r, using a proof technique similar
to the one of Section 6.3. For the induction step, we apply Proposition 6.24 to the
diagram

aGraphs 4, (1) ———— Qpa(aFMy (7))
(7.13) l J
aGraphs,, (1 +1) —— Qpa(aFMy(r +1)).
Note that
(7.14) Qea(@FMN (7 + 1)) @5, army () K

is a model for the homotopy fiber, but since aFMy (r + 1) — aFMy(r)) is a fibration
it is a model for the fiber. This fiber is just N x I \ ", the manifold N x I with
r points removed. As in (6.26), the cohomology is easy to compute by an Mayer-
Vietoris inductive argument and agrees with

(7.15) H(N) @ (k[1 — n])®".
On the other hand we compute
(7.16) aGraphs , (r + 1) ®£‘GraphsA8 n k-

Since the left-hand side is a free module over the algebra, the homotopy tensor product
agrees with the ordinary one. This in turn can be identified with graphs, where graphs
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which have internally connected components not connected to vertex 1 are evaluated
using the map aGraphs,(r) — k.

To compute the cohomology of that complex (say V'), we take a filtration by the
number of edges. All pieces of the differential reduce that number. The differential on
the first page of the spectral sequence is given by the piece of the differential killing
exactly one edge. It has two pieces: The contraction of an edge, plus letting a vertex
attached to a single edge go to infinity.

We next mimic the trick of [36]. We impose another filtration by the arity of the
first vertex.

(7.17) V=VyeV,a Vs,

Asin loc. cit. the piece of the differential V; — V> is surjective, and the kernel consists
of graphs such that the first vertex has valence 1 and is connected to either another
external vertex or is decorated by Ago. Note also that Vo = k. The spectral sequence
abuts here, so we that H(V) agrees with (7.15). Hence invoking Proposition 6.24 we
are done. O

Remark 7.5. — Together with the characterisation of the MC element w in Propo-
sition 7.2 the above result shows in particular that the real homotopy type of the
configuration space of points on N X I only depends on the real homotopy type of N,
without further conditions on N. It is interesting to compare this result to the main
result of [46], who show that the homotopy type of (a space related to) the configura-
tion space of two points on N x X, for X contractible and not equal to a point, is a
homotopy invariant of V. Both results are not true without taking a product with the
contractible space I or X [40]. Hence both results confirm the picture that thickening
our manifold takes away the “interesting information” in the homotopy type of the
configuration space.

We now turn our attention to configurations in M.

Proposition 7.6. — The map mGraphs, — Qpa(mFMys) defined above is a quasi-
isomorphism.
Proof. — We proceed as in the “boundary-case”proof of the preceding section, by an

induction on the arity r. For the induction step, we now apply the Proposition 6.24
to the diagram

mGraphs 4 (1) ———— Qpa(mFM (1))
(7.18) l l
mGraphs 4 (r +1) —— Qpa(mFMy,(r + 1)).

The fiber of the map mFM;(r+1) — mFM;(r) agrees with M with r points removed.
The cohomology is hence

(7.19) H(M) & (k[1 —n])®".
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On the other hand let us compute
(7.20) mGraphs 4 (r + 1) ®ﬁGraph5A(T) k = mGraphs 4 (r 4 1) ®mGraphs , () k-

Again the right-hand side can be identified with graphs, where graphs which have
internally connected components not connected to vertex 1 are evaluated using the
map mGraphs 4 (r) — k.

To compute the cohomology of that complex, we take a filtration by the number of
edges. All pieces of the differential reduce that number. The differential on the first
page of the spectral sequence is given by the piece of the differential killing exactly
one edge. It has now three pieces: the contraction of an edge; letting a vertex attached
to a single edge go to the boundary; a term replacing an edge by the section 4.

We next mimic again the trick of [36]. We impose another filtration by the arity of
vertex 1.

(7.21) V=VheViels:.

As above, one can check that H(V') agrees with (7.19). Indeed, if we filter by loop
order, then on the first page of the associated spectral sequence we get the same
complex but without edge cutting in the differential. Hence invoking Proposition 6.24
we are done. O

This ends the proof of Theorem C.

Proof of Corollary D. — The idea is the same as the one in Section 6.5. The key
point of the proof is Proposition 7.3, i.e., the vanishing results of Corollaries A.14
and A.18. O
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CHAPTER 8

RELATION AND SMALL MODELS FOR “GOOD” SPACES

From now on, let us assume that M is a smooth, simply connected manifold with
simply connected boundary, such that n = dim M > 7. We fix a Poincaré-Lefschetz
duality model of M (see Section 2.2).

We will use the notations of Equation (2.12). Let B 2, By be the model of
OM — M, e : cone(A\) — R[—n+1] be the orientation inducing the Poincaré-Lefschetz
pairing, K = ker(A) be the model for Q*(M,0M), P = B/kerfp be the model
for Q*(M), and 0 : P = KV[—n] be the isomorphism of Poincaré-Lefschetz duality.
We also recover diagonal data as in Example 4.2.

8.1. The dg-module model of Conf; (M)
Given a finite set V and an element v € V, define the canonical injection
Ly : P — P® by
(8.1) W) =18 1® z 1R - 1.
Definition 8.1. — Define a symmetric collection of CDGAs Gp by:
Gp(V) = (P®V @ e} (V)/(to(T) - Wprr = Lo (T) - Wopr)y A(Wowr) = (o - L) (AP))

with the obvious actions of the symmetric groups.

This definition also makes sense when OM = @, and it yields the symmetric col-
lection of CDGAs considered in [29].

When M is a closed manifold, as soon as its Euler characteristic x(M) vanishes,
then there is a structure of Hopf right eY-comodule on Gp |29, Proposition 2.1], with
cocomposition structure maps characterized by (compare with the definition of Gra,,
at the beginning of Section 5.1):

o (Wyp) = 1 @ Wyyr, if {v,v'} C T;
(8:2) op(Wyv') = Wiyl ® 1, if {v,v'} ¢ T;
op(o(z)) = L) () forre A, veV,
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where [v] € V/T is the class of v in the quotient.

Proposition 8.2. — If OM # O, then the symmetric collection of CDGAs Gp forms a
right Hopf eY -comodule, with the same formulas.

Proof. — Comparing with the proof of [29, Proposition 2.1|, we see that almost all
the arguments are the same. The only difficulty is to check that the cocomposition is
compatible with the differential, which required that the Euler characteristic vanished
in the boundaryless case.

It is immediate to check that d(oy.(ty())) = of.(d(ty(x))) = tu)(dz), thus it suffices
to check that the same equality holds on the generators w,,. If either v € T or v’ € T,
this is again immediate; hence it suffices to check that

d(0F (Wyer)) = 0f(d(wyyr)) for v,0" €T

The LHS of that equation always vanishes. On the other hand, the RHS is equal
to t«(up(Ap)), where pup : P ® P — P is the product. But by Equation (2.21),
/J,P(Ap) =0. O

Example 8.3. — Recall from Example 2.7 the model for (D", 8" 1), with P = R,
and Ap = 0. It follows that in this case, Gp is isomorphic to e seen as a Hopf right
comodule over itself. This is not surprising, given that FM,, is formal as an operad,
and hence as a module over itself, and that SFMp= (&, —) is weakly equivalent to FM,,
as a right FM,,-module.

8.2. Computing the homology

We now prove that Gp has the right cohomology, in the spirit of [35] and using the
methods of [14] to deal with manifolds with boundary. From then on and until the
end of this section, we fix some integer & > 0. We can work over Q in this section.

The general idea goes as follows. If W is a manifold with boundary, and X C W is
a sub-polyhedron, then by [14], it suffices to know a CDGA model of the square of
inclusions

oW —— W

(8.3) T T

OwX =XNOW —— X

to obtain a complex computing the cohomology of W — X.
Therefore, to compute the cohomology of Confy (M), we need to find such models
for W = M* and

(84) X = A(k) = U Aij,
1<i,j<k
where A;; = {z € M* | 2; = z;}. Since the sub-polyhedron A, can be decomposed

into the sub-polyhedra A;;, we can use the techniques of [35] to further simplify the
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description of the dg-module model as a “total cofiber” indexed by graphs, which will
be isomorphic to G 4.

Let us now give the details. Let E = {(4,5) | 1 <4 < j < k} be a set of pairs,
and let I' be the poset of subsets of E ordered by reverse inclusion. We can see an
element v € " as a graph on k vertices, with an edge between i and j iff (¢,5) € 7.
In particular @ € I is the “empty” graph with no edges (but k vertices). Using this
point of view, we can define the “zeroth homotopy group” mo(y) of a graph v € T,
which is a partition of {1,...,k}.

We obtain a functor V from I' to the category of topological spaces defined by
(8.5) v V() =[] Ac c M,

eckE,

where A(; ;) is simply the small diagonal A;;. Note that V(@) = MPF, and that if
7' D 7 then there is an inclusion V(7’) C V(v). The space V(v) is homeomorphic to
the product M™ (") and under these homeomorphisms, the inclusion V(v') C V() is
the cofibration induced by iterations of the diagonal map M — M x M. We thus obtain
that:

(8.6) A= |J Ay = colimer V(7) = colimyer M™0).

1<i<j<k

Lemma 8.4. — The space Ay, is the homotopy colimit of v — M7oM),

Proof. — We are going to check that the functor V = M™ (=) is cofibrant in the
(Reedy) category (see e.g., [27, Section 5] for details). Let v € T be some graph. The
latching space L,V is defined as:

(8.7) L,V = colimysy, 4z, M™O),
and we have to check that the canonical map L,V — V(v) (induced by the inclusions
V(y') C V(y) for v/ D ) is a cofibration. We can either have L,V = V(v) if mo(7) is

just a point (i.e., all the vertices are connected in 7), and the map is just the identity,
which is a cofibration. Otherwise, if m(y) has at least two components, then we have

(8.8) L,V 2 {zeV(y) =M™ |3[i] #[j] € mo(y) st. z; = 2;}.

In other words, L,V is the subspace of M ™ (") of configurations where at least two
coordinates are equal. The inclusion is clearly a cofibration (for example, it is a union
of submanifolds that intersect transversally). O

We will first aim to build a CDGA model for the square (8.3) (with W = M*
and X = A) out of the diagram (2.12). The previous description of Ay as a
homotopy colimit tells us that a model for A is given by the homotopy limit
holim.y crop B®m0(") where the maps in the diagram are induced by iterations the
multiplication pup of B. Since up is surjective and the limit is directed, this homo-
topy limit is actually equivalent to the classical limit. The inclusion Ay C M ks
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modeled by the canonical map from B®¥ = B®™0(?) to the limit, obtained by patching
together the various maps B®F — B®mo(7),

It remains to find a model for Oy X = Ay N d(M*) and models for the inclusion
maps. The morphism B — By is surjective, hence By is isomorphic to B/K where
K = ker(B — Bj). We get:

Lemma 8.5. — For all i > 0, the left-hand side square is a CDGA model for the
right-hand side square, where the horizontal maps are the diagonal maps:

B« e poi M —"— M’
l l is a model for ]\ ]\
(4) .

B/K <2 B®i/K®: OM 2 9(M?).

Proof. — The idea is the same as in [14, Proposition 5.1]. We work by induction.

The case i = 1 is obvious (as By = B/K), and they prove the case ¢ = 2. Now let
us assume that the proposition is true for a given ¢ > 2. There is a diagram, where
all the inclusions are either induced by diagonal maps or induced by OM C M:

M x M* M

]

(8.9) O(M x M) «—— M x 9(M?)

]\ (ho. pushout) ]\
(OM) x M* +—— (0M) x (8(M?)) +—— OM.
The diagram of the proposition is the “outer” diagram, and the bottom left square is
a (homotopy) pushout.
Let P be the (homotopy) pullback in CDGAs of
By ® B® — By ® (B®'/K®") — B® (B®'/K®").

Then the induction hypothesis and the fact that homotopy pushouts of spaces become
homotopy pullbacks of models imply that the following diagram is a CDGA model of
the previous one (where the maps are either induced by up : B®2 — B or A\ : B — Bp):

B ® B®! B

|

(8.10) P—— B® (B®/K®%)

J{ (ho. pullback) J{

By ® B® By ® (B®i/K®i) — Bp.

Now, as in the proof [14, Lemma 5.3|, it is clear that the natural map B®(+1) — p
is surjective and that its kernel is K®(+1) in other words that P & B®(+1) / g®(i+1),
The proposition then follows immediately. O
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The space A ;) NO(M*) admits a description as a colimit similar to the one Equa-
tion 8.6. Indeed, a point of M” is in the boundary iff one of the coordinates is in the
boundary of M. Now if a point is in both V() and d(MF¥), then at least one of the
coordinates (say z;) is in the boundary, and thus all the points indexed by some j in
the same connected component as ¢ in «y is also in the boundary. We then obtain:

(8.11) Ay NA(M*¥) = colimyer colimy s g (y) (OM)S x MmN =S

For a fixed 7, the inner colimit is precisely the image of &(M 7™ (")) under the diagonal
embedding M ™) — MF*. Combining this with the previous lemma, we then obtain:

Proposition 8.6. — A model for the square (8.3), with W = M* and X = Ay, s
given by:

B®k Yk B®k/K®k

Je !

lim,ye]jop R®7TO ™ i} limwepop R®WO(’Y)/K®WO ™ .

The map o« is surjective, thus we have a canonical quasi-isomorphism
ker a, = K®*% =5 hoker a.. Therefore, by [14, Proposition 3.1]:

Corollary 8.7. — The cohomology of the cone
cone((hoker ;)" [— nk] =5 (K®F)Y[—nk))

of the map induced by & on the kernels is isomorphic, as a graded vector space, to
the cohomology of Confy (M) = M* — Ay - O

Armed with this corollary, we can now define a cubical diagram C, (see [35, Sec-
tion 7]) whose total cofiber computes the cohomology of Confy (M) as a graded vector
space. Given v € I', we define the chain complex

(8.12) C, = (K®mM)V,

Note in particular that Cy = (K®*)V. If 4/ D =, then the map Cy~, : Cy — C, is
induced by the dual of the multiplication of K.
Recall that the total cofiber of C, is given by the chain complex [35, Definition 7.2]:

(8.13) TotCof C, = (@ Cy - Yy, D),
yel
where y, is some variable of degree —#F.,, deg(x - y,) = deg(x) + deg(y,), and
(8.14) D(z-y,) = £(dz) -y, + Z Cyo9T) “ Yy—e-
ecE,

Proposition 8.8. — The total cofiber of Cy computes the cohomology of Confy(M) as
a graded vector space, up to suspension by nk.

SOCIETE MATHEMATIQUE DE FRANCE 2024



92 CHAPTER 8. RELATION AND SMALL MODELS FOR “GOOD” SPACES

Proof. — The proof is almost identical to the proof of [35, Theorem 9.2|. First define
an auxiliary cubical diagram C} just like C,, except for Cp which we set equal
to (hoker 8;)V. The maps C! -y are induced by the inclusions K®m() _, B®m()
which go through the definition of hoker 8x. By Poincaré-Lefschetz duality,
(hoker B;)" is a model for Ayy = U, V(7), each C, is a model for V(v),
and the maps between the C! are models for the inclusions by Lemma 8.5. We thus
obtain that TotCof C/, is acyclic by [35, Proposition 9.1] and the homotopy invariance
of total cofibers.

The morphism C’,’Y — C,, is given by the identity if v # @, and it is given by 5_,\: if
~ = &. This yields a morphism of cubical diagrams C, — C,. Define C/ to be the
object-wise mapping cone of C, — C,, so that there is a short exact sequence

(8.15) 0—C,—C,— Cl —0.

For v # @, the map C/, — C, is the identity, hence C! is acyclic. It follows
that TotCof CY is quasi-isomorphic to the cone of £’ : C,; — Cy, which computes
the cohomology of Confy (M) by Corollary 8.7.

There is a long exact sequence between the homologies of the total cofibers CY,
C,, and C/: total cofibers commute with mapping cones up to homotopy, because
both are types of homotopy colimits. The proposition then follows from the fact
that H,(TotCof C}) = 0. O

Theorem 8.9. — Let M be a simply connected manifold with simply connected bound-
ary and which admits a Poincaré-Lefschetz duality model. Let P be the model of M
obtained from this PLD model (see Section 2). Then there is an isomorphism of graded
vector spaces between H*(Gp(k); Q) and H*(Confy(M); Q).

Proof. — There is in fact an isomorphism of dg-modules
(8.16) Gp(k) = (TotCof C,)[—nk].

For k = 1, this is the Poincaré-Lefschetz isomorphism 6 : P — KV[-n], and more
generally for k£ > 2 it is induced by this isomorphism. We use the crucial fact that the
multiplication of K is dual, under this isomorphism, to the map P — P®2 defined
by z — (z®1)Ap = (1®x)Ap (which is true by definition of Ap in our setting). The
proof is then similar to the proof of [29, Lemma 5.2|, and is carried out by comparing
the standard bases of the components of the Lie operad and its dual cooperad. O

In other words, Gp (k) is a dg-module model of Confy (M ). Unfortunately, in general
it OM # & then Gp(k) is not an actual model of Confy(M): the algebra structure
is not the correct one. This is not surprising: Gp(k) only depends on the homotopy
type of M, whereas it is known that the homotopy type of Conf (M) should depend
on the homotopy type of the map OM — M.
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8.3. The perturbed model

We define now a “perturbed” version of Gp(V'), which will be the actual model
for Confy (M), and we will prove that it is isomorphic to Gp(V') as a dg-module.
Recall the construction of the element o € B® By from Section 4.2, defined using
a section of B — By and such that dop = Ap p,. Let
N
(8.17) op=(r®1)(op) =Y 0,®0] € PR By.
i=1
We define the perturbed model to be:
(8.18) Gp(V) = (P?Y @ 8(@uor)orev [, didpy = (1 - 1) (AP)),

where the ideal of relations is generated by ©2,, = 0 and, for all b € B and all
subsets T' C k of cardinality #T > 2:

819) S t(@®) - [ ow)+ Y ealo®) [T o) I tolor)-
veT vV €T Tl yeeslke veT veT
Note that these relations are precisely the ones obtained by considering the differential
of a graph in mGraphs 4 (k) with exactly one internal vertex.
The relations for #7 = 2 are perturbations of the symmetry relation of Gp(V), in
the sense that it is the sum of the standard relation and terms which have a strictly
lower number of generators @, ):

(8.20) 1 (D)drz — (—1)"1a(b)aar + Y £ea(p(b)ol'o})o} ® o = 0 € Gp(2).

0,J
Note in particular that if we take b = 1, we see that @,, is not necessarily equal
to £@,,,. Similarly, the relations for #7 = 3 are perturbations of the Arnold relations
in e/ (V).

Remark 8.10. — The relations for #71" > 4 can actually be obtained from the relations
for #T € {2,3}, which simplifies the presentation of Equation (8.18) (but makes
the relationship with mGraphs (k) less immediate). This can be proved “by hand”
(but tediously) using the properties of the section op and its relationship with the
evaluation €5. An alternative easy way to see it is to consider a graph in mGraphs 4 (k)
with exactly two connected internal vertices, apply the differential twice (thus getting
zero) and projecting the result onto G p (k). Precisely one term of d? will be the desired
relation (the one starting by contraction of the connecting edges) while the other ones
can be expressed using smaller relations. For example, let b € B and let Rr(b) be the
relation of Equation (8.19) for some T'. If we apply this procedure to the following
graph (for b € B):

ONONONON
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we find that the relation Ry 23 4)(b) is equivalent up to signs to:

11(0)t2(09) Ryz,43(03)ea(boy 05 03) + Ry 2y (bos)ea(0y 0503 )iz(07 ) ta(os)
+ 11 (b)D12 Ry 3,43 (1) + 12(b)021 Ry2 3,43 (1) + Ry1,2,33 (0)@34 + Ry1,2,4) (b)Das3.

Example 8.11. — Let us consider M = S! x [0, 1] (even though it doesn’t satisfy our
assumptions about connectivity). We can find a PLD model for M where:

— By = H*(0M) is four-dimensional, generated by 1, ¢, dp, and tdy with ¢ being
idempotent;

— P = H*(M) = H*(S') is two-dimensional, generated by 1 and d;

— K = H*(M,0M) is two-dimensional, generated by dt and dt A d.

Then one of the nontrivial relations in Gp(2) is given by
(dp ® 1)1 + (1 @ dp)w12 + (dp @ dp) = 0.

To obtain some intuition about this relation, consider that Conf,(M) ~ Confy(R? — {0})
is homotopy equivalent to Confz(R?) (by the Fadell-Neuwirth fibration, which has
a contractible base in this case). The element dp correspond to the two points are
rotating around the origin. Thus we can identify @1 with wio, € H*(Confz(R?)),
dy®1 with wy3, and 1®dp with wss. The perturbed relation in CA(Q) is then nothing
but the usual Arnold relation in ey (3) = H*(Conf3(R?)).

Proposition 8.12. — There is an isomorphism of dg-modules between Gp(V) and
Gp(V).

Proof. — Let us fix V = {1,...,k} for some k£ > 0. Consider the standard basis
of e (k) given by monomials of the type:

(821) Wiyjp o+ Wipges

with 1 <4y < --- <4, <r and 4 < j for all . By choosing some basis {z1,...,Zm}
of P, we obtain a basis of Gp(k) by labeling the last element of each connected
component of such a monomial by some x;.

We claim that if we replace all the w;; by @;; in this basis, then we obtain a basis
of Gp(V). Using the perturbed Arnold relations, it’s clear that any element of Gp (V')
can be written as a linear combination of these elements. Moreover, using the same
argument that proves that there is no nontrivial relation between the elements of the
standard basis of ey (k), we can prove that there is non nontrivial relation between
the elements of our claimed basis.

There is thus a linear isomorphism Gp(V) — Gp(V) which is defined on the basis
by replacing all the w;; by @;;. It’s then clear that this map preserves the internal
differential of P and the part of the differential which splits an w;,;, (which can be
written down explicitly in the basis: it merely splits a connected component into
two). O
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Corollary 8.13. — There is an isomorphism of graded vector spaces
H* (Conty(M)) = H* (Gp(K)).

Proof. — This follows immediately from the previous proposition and Theorem 8.9.
O
Remark 8.14. — 1Tt is often the case that Gp and Gp are actually equal. For example,

if M is obtained by removing a point from a closed manifold, then By = H*(S""!) =
S(v)/(v?), and op = 1®v. Then in all the “corrective terms” in the definition of Gp(V),
v appears at least twice, hence the summand vanishes.

In particular:

Example 8.15. — If M = D™ and we use the PLD model of Example 2.7, then
Gp = Gp (see Example 8.3).

8.4. The connection between SGraphs 4 4, and mGraphs 4

We now compare our two graphical models, before going back to the comparison
with our small model. We first deal with the “local” case, i.e., SGraphs,, and Graphs,,.

Let us apply the constructions of Section 6.1 to a trivial bundle over a point:
we then obtain the cooperad SGraphs,, of Section 5.1. The Maurer-Cartan element
z+ 22 € GC) x SGC,/ is then equal to u + ¢, where p is the graph with two vertices
from Equation (5.2), and ¢ is given by the Kontsevich coefficients of Equation (5.7).
By the arguments of Section 6.1, ¢ is gauge equivalent to zg +0- 22 (the Euler class
of H,, vanishes). For convenience, we will use the notation

(8.22) co =20,

and we assume in this section that cg is used to construct SGraphs, instead of c. As
usual, since the two elements are gauge equivalent, this produces a quasi-isomorphic
Hopf cooperad (see Section 5.4).

By considering graphs with no terrestrial external vertices, we obtain a Graphs,,-co-
module SGraphs,, (&, —). This comodule is not isomorphic to Graphs,, seen as a comod-
ule over itself, because its graphs can contain internal terrestrial vertices. However,
SFM,, (@, {*}) is a point, and there is a weak equivalence of FM,-modules given by:

(8.23) FM,, (U) = SFM,, (2, {*}) x FM,,(U) 2% SFM,, (2, ).
This is modeled by the following proposition. Let us define the map
(8.24) v : SGraphs,, (&, V) — Graphs,, (V)

as follows. Given some I' € SGraphs,, (&, V), if I" only has univalent terrestrial vertices,
then v(T") is the graph with these univalent vertices and their incident edges removed.
Otherwise, if I has terrestrial vertices of valence greater than one, then v(I') = 0. Note
that I" cannot have isolated terrestrial vertices, as they are all internal. See Figure 8.1
for a sketch of the map v.
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-, ~
/ \

I\ ")/ /l
/\[ \‘ € SGraphs, (@,V) — ~ "€ Graphs, (V)
s -

F1cURrE 8.1. Sketch of the map v

Proposition 8.16. — The maps v : SGraphs, (&,V) — Graphs, (V) define a quasi-
isomorphism of Hopf right Graphs,, -modules.

Proof. — For a given V, the map is the composite of two quasi-isomorphisms of
CDGAs (hence it is itself a CDGA map and a quasi-isomorphism):

— the comodule structure map
(8.25) oy, : SGraphs, (@, V) — SGraphs, (2, {*}) ® Graphs,, (V),

which is a quasi-isomorphism because it models the weak equivalence
FM,, (&, {*}) x FM,,(V) — SFM,, (&, V);

— the map ¢¢ : SGraphs, (&, {*}) — R. This is a quasi-isomorphism because
SGraphs,, (&, {*}) is a model for SFM,, (&, {x}), which is a point, and ¢¢ is a
nontrivial cocycle.

The fact that SGraphs,, is a relative operad over Graphs,, also shows that this is a
morphism of Graphs,-comodules. O

We now get back to the global case. We still assume that the Maurer-Cartan
element z + 29 + Z € ga a, (see Equation (6.19)) used to define SGraphs, 4, is
equal to the simpler one u + 2§ + E29 + Z, in order to have a simpler descrip-
tion for the map described below. We also assume that the Maurer-Cartan element
w+ W € mGC}, x aGC} used to define mGraphs 4 (see Section 7.2) is also equal to
the simple one wy + Wy.

For each finite set of external vertices V, there is a map

(8.26) va : SGraphsy 4, (2,V) — mGraphs 4 (V)

defined as follows. Given some graph I' € SGraphsy 4, (2,V), we remove all the
edges from an aerial vertex to a terrestrial vertex and we multiply their endpoints
by 04 € Ag ® A. We then obtain a graph where all the terrestrial vertices are zero-
valent, and we identify those with the real number given by the integral over OM of
their labels. In this way, we obtain an element of mGraphs4(V'), and it is not hard to
check that this produces a morphism of CDGAs.

Proposition 8.17. — The maps va : SGraphs, 4 (2, —) = mGraphs 4 define a quasi-
isomorphism of Hopf right Graphsﬁ-comodules.
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Proof. — We use an argument similar to the one of [29, Section 4.2]. Filter both
complexes by the number of edges minus the number of vertices. The only part of the
differential which remains on the E° page is the contraction of aerial edges and the
contraction of a subgraph into a terrestrial vertex induced by zg , which is nonzero on
trees only (see Proposition 6.6), while the summand induced by Ez{ vanishes because
it strictly decreases the filtration.

It follows that both complexes split as a direct sum in terms of connected compo-
nents, just like in [29, Lemma 4.21]. We can now reuse the same “trick” we used for
the proof of [29, Lemma 4.28], to show that in cohomology, there is only one label for
each connected component.

We thus reduce to the morphism v : SGraphs,, (&, V) — Graphs, (V) from Propo-
sition 8.16 tensored with the identity of A for each connected component. Since that
morphism is a quasi-isomorphism, we obtain that the induced morphism on the E!
page is an isomorphism. It follows by standard spectral sequence arguments (the fil-
tration is bounded below for a fixed V') that the morphism of the proposition is a
quasi-isomorphism. O

8.5. Comparison with the perturbed model and proof of Theorem E

We consider the diagonal data (B 2, By, Ap,op) obtained from the Poincaré-
Lefschetz duality model of M (see Section 2). In particular we let P be the quotient
of B by the orphans, which is also a model for M. We would now like to connect
mGraphsg (V) with Gp (V).

Recall that we can assume that the Maurer-Cartan element w + W used to define
mGraphsg is the simple one wy + Wy, see Section 7.2. Note that since we are in the
“model-theoretic” case, the pieces Wiree, Wiree vanish as they encode higher Massey
products—they only appear in the “canonical combinatorial” case.

It is not necessarily the case that the two morphisms ¢,¢’ : cone(p) — R[—n + 1],
defined respectively by the composites ([, 9(=), [5,,90(—)) and (esf,eB,fa),
are equal. Nevertheless, up to rescaling £ and ey (which induces an automor-
phism of mGraphsg), they induce the same map up to quasi-isomorphism, because
H"!(cone(p)) is one-dimensional. Therefore we can further assume (using a gauge
equivalence, see Section 5.4) that the Maurer-Cartan element is compatible with the
Poincaré-Lefschetz duality of (B, By).

Although the pair (P, By) is not an example of diagonal data (there is no direct
map P — By in general, much less a surjective one), we can still mod out the graphs
in mGraphsg which contains vertices labeled by an element of ker(B — P), which we
check forms a dg-Hopf comodule bi-ideal. We then obtain a graph complex mGraphsp,
similar to mGraphsp except that the vertices are labeled by elements of P. The de-
scriptions of the differential and the comodule structure are similar (they are induced
by the structure maps on mGraphsg and they are compatible with the quotient).
Moreover, the quotient map mGraphsg — mGraphsp is a quasi-isomorphism: we can
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filter by the total number of vertices both complexes, and thus obtain an isomor-
phism on the E' pages of the associated spectral sequences, following from the fact
that B — P is a quasi-isomorphism. This filtration is bounded in each degree, hence
the initial map is a quasi-isomorphism by standard spectral sequences arguments.
We can now define a morphism Graphsp, — Gp which maps all graphs with internal
vertices to zero, and which sends an edge e,, between external vertices to Wy, .

Proposition 8.18. — This defines a quasi-isomorphism of right Hopf comodules:

(mGraphsp, Graphs,) — (Gp,eY).

Proof. — We can mimic the proof of [29, Proposition 4.13] in a straightforward way.
Indeed, as soon as we filter by #edges — #vertices, the perturbed relations of Gp
become the usual relations of Gp, and the rest of the argument is identical. O

Then the first case of Theorem E follows:

Theorem 8.19. — Let M be a simply connected, smooth, compact manifold with
boundary of dimension at least 7. Let P be the CDGA model built from any Poincaré-
Lefschetz model. Then the symmetric collection of CDGAs Gp is quasi-isomorphic
to Q5 (SFM (@, —)). If moreover M is framed, then the Hopf right comodule
(Gp,eY) is quasi-isomorphic to (25, (SFMps(2, =), Qs (FM,)). O

Let us finally deal with simply connected manifolds with simply connected bound-
ary of dimension dim M € {4,5,6}. It is known that such a manifold is formal (see
e.g., 22, Proposition 2.99]), thus as a model for M we may simply take H*(M). Note
however that while 9M is formal too, the inclusion dM — M is not formal in general
(take e.g., M = S% x S?\ D*), and the restriction map H*(M) — H*(OM) is not
surjective anyway.

Consider the model mGraphs, of Confe(M) built in Section 7, where A is some
cofibrant model of M part of some diagonal data. As M is formal, there exists a
quasi-isomorphism A - H*(M), necessarily surjective. We define CH*(M)(T‘) to be
the quotient:

(8.27) GH*(M)(T) := mGraphs 4 (r)/1,

where I is the CDGA ideal generated by graphs with internals vertices and graphs
containing a label in the kernel of A — H*(M). This CDGA admits a description
similar to Equation 8.18: Gg«(ar)(r) can be seen as the subcomplex of mGraphs 4 ()
of graphs with no internal vertices, modded out by differentials of graphs with exactly
one internal vertices (as the differential decreases the number of internal vertices by
at most one). Note that G (M) forms an e, -comodule, and that the quotient map
(8.28) (mGraphs 4, Graphs,,) — (G (ar), €1))

defines a morphism of comodules.

ASTERISQUE 449



8.5. COMPARISON WITH THE PERTURBED MODEL AND PROOF OF THEOREM E 99

Theorem 8.20. — Let M be a simply cqnnected manifold with simply connected
boundary, with dimM € {4,5,6}. Let Gg~(p) be the collection of CDGAs de-
fined above. Then each CH*(M)(T) is a CDGA model of Conf,(M). If moreover
M is framed, then the Hopf right comodule (CH*(M),e,Vl) is a quasi-isomorphic
to (Q;’A(SFMM(Qa _))aQ;A(FMn))'

Proof. — Given that (mGraphs 4, Graphs,,) is known to be a model by Section 7, this
is a simple matter of checking that the ideal I is acyclic, using the same methods
developed above for dim M > 7. O

Example 8.21. — We can apply this to M = D", using the PLD model from Ex-
ample 2.7. Recall that in this case, P =R, A4 =0, 04 = 0, and Gp is isomorphic
to e,/ as a Hopf right comodule over itself (see Example 8.15). We then “recover” the
already known fact that FMp~ is (Hopf) formal as a right FM,,-module—though that
“proof” is of course circular.

The Hopf right Graphs,-comodule mGraphsp is isomorphic to Graphs, seen as a
comodule over itself. The augmentation eg : B — R[—n + 1] yields a Maurer-Cartan
element z. in the abelian hoLie,-algebra mGC} (see Remark 6.19), given in the dual
basis by the graph with a single vertex labeled by vol,,. The twisted hoLie,-algebra
mGC},* is then isomorphic to a shift of GC) from Section 5.2—the twisting ensures
that dead ends are not contractible.
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APPENDIX

COHOMOLOGY OF SOME GRAPH COMPLEXES

In this section, we obtain bounds on the cohomology of the various graph complexes
which appear in this paper.

A.1. Directed and undirected graph complexes

We call a stub a univalent vertex with incoming edge:
(A1) —e

Let us consider three versions of graph complexes GC,,, dGC,,, dGC!, of undirected
graphs, directed graphs, and directed graphs modulo graphs with stubs. We work here
with connected graphs, but allow all valences of vertices.

We recall:

Lemma A.1 ([56, Appendix K]). — The map GC,, — dGC,, sending a graph to the
sum of all graphs obtained by adding directions is a quasi-isomorphism of complezes.

One may also show the following.

Lemma A.2. — The quotient map dGC,, — dGC,, is a quasi-isomorphism of com-
plexes up to one class of degree zero represented by a zero-valent vertezx, i.e.,

(A.2) H(dGC,) @ k = H(dGC)).

Proof. — The proof uses essentially the same techniques as the proof of [56, Proposi-
tion 3.4]. Concretely, let us abbreviate U = dGC,, and V = dGC/,. These complexes
decompose into a direct sum of subcomplexes

(A3) U= Ulin D Ulgop D U3 V= ‘/lin D ‘/loop ® ‘/37

which consist of loop order zero graphs with at most bivalent vertices, loop order 1
graphs with only bivalent vertices and graphs with at least one trivalent vertex. The
quotient map U — V clearly maps each subcomplex of U to its counterpart in V. Also
note that Uioop = Vicop. The spaces Uy, and Vi, are spanned by linear, i.e., strings

SOCIETE MATHEMATIQUE DE FRANCE 2024



102 COHOMOLOGY OF SOME GRAPH COMPLEXES

of consecutive edges. We next claim that H(U),) = 0. To shows this, first write
(A.4) Uiin = (Ullin)sz

where U, is the space of linear graphs with labeled endpoints, and the Zj-action
swaps the endpoints. Since we are working over a field of characteristic 0, It suffices
to show that H(U},,) = 0. We say that the antenna at the first endpoint are all
consecutive edges of like direction starting from that endpoint. For example, the
antenna in the following graph has length 2.

*—0—0—0—+0

P

( A. 5) antenna

We filter by the number of non-antenna vertices and consider the associated spectral
sequence. The associated graded complex splits into two subcomplexes of graphs such
that (i) the antenna is the whole graph or (ii) the antenna is not the whole graph.
In the subcomplex of such full-antenna graphs the differential makes the graph one
longer if it has an odd number of vertices, and maps it to zero otherwise. The resulting
complex is acyclic. In the other subcomplex the differential maps an antenna of odd
length to a one longer antenna, and the graph to zero otherwise. The complex is also
acyclic. Using that our filtration is complete and bonded above we are hence done
and can conclude that H(Uy,) = 0.

For Vji, we proceed in exactly the same way. Just note that in the graphs the edges
at the endpoints must now all be inwards oriented, so that now the subcomplex of
full-antenna graphs is one-dimensional, spanned by the graph

(A.6) o

Hence the subcomplex of full-antenna graphs has now 1-dimensional cohomology, so
that at the end H(V) = k.
We next claim that the quotient map

(A7) Us — Vs

is a quasi-isomorphism. We call an outwards antenna a string of consecutive outwards
pointing edges starting at a valence one vertex.

S

(A.8) outwards antenna

Of course, in V3 all graphs that have such antennas are declared zero. We filter Us
(and trivially V3) by the number of vertices not in outwards antennas and consider the
associated spectral sequence. The first differential makes some outwards antenna by
one longer. By a slight variation of the argument from before (see also the proof of [56,
Proposition 3.4]) one shows that the subcomplex of graphs with inwards antennas is
acyclic. Hence one concludes that the map Us; — V3 is indeed a quasi-isomorphism as
desired. O
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A.2. Decorated graph complex

Consider a finite dimensional graded vector space V. Consider a graph complex
GC,, v of undirected graphs, defined just as GC,,, but with graphs whose vertices
can be optionally decorated by zero, one or more elements of V' (formally, an element

of S(V))

(A.9) viva  withv; € V.

The differential splits vertices, and distributes the decorations in all possible ways on
the two vertices created (i.e., it uses the cocommutative coproduct on S(V)).

Remark A.3. — This complex is not the same as the complex of V-hairy graphs which
occur in the rational homotopy theory of string links [49]. The difference is that here
the differential may create vertices with one decoration and one incident edge—in
other words, “hairs”—whereas in the complex from the theory of string links, the
hairs and their colors is fixed.

‘We have:

Proposition A.4. — The cohomology of GCy satisfies:
(A.10) H(GC,v)=H(GC,)aYV,

where the first summand is represented by graphs without any decoration, and the
second by a graph consisting of a single V -decorated vertez.

Proof. — Clearly GC,, v splits into subcomplexes according to the number of deco-
rations by V. The piece with zero such decorations is isomorphic to GC,,, and gives
rise to the piece H(GC,,) in the statement of the proposition. We claim that the
remaining piece of graphs with at least one decoration has cohomology V', meaning
in particular that all subcomplexes with more than one decoration are acyclic. To
this end it in fact suffices to consider the case that graphs are decorated by &k > 1
identifiable decorations, say e1,...,e,. We say vertex 1 is the one decorated by e;.
Then one may copy a trick of Lambrechts-Voli¢ [36] and decompose our complex as

L L
(A.11) U © U @ U, D

where U; is spanned by graphs where vertex one has valence 1 (i.e., nothing else
than e; is connected to it, which means that by connectedness the graph has one
vertex, no edge and k = 1), Us is spanned by graphs where vertex 1 has only one edge
incident to it, and U, is spanned by the remainder of graphs. The arrows indicate
the pieces of the differential between the subspaces. By picking a bounded filtration
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we arrive at a spectral sequence whose first differential is f. The map f is surjective,
the kernel is spanned by graphs such that the vertex at which the unique edge at
vertex one ends is incident to exactly one edge (and no decoration) or two edges and
no decoration. One easily check that that complex becomes acyclic on the next page,
e.g., by filtering on the number of vertices not in a “string” starting at 1. We hence
see that U; spans the cohomology as claimed. O

We will also consider the version of the above graph complex allowing non-
connected graphs fGC,, /. Clearly, this is just a free shifted symmetric algebra on
the connected part:

Corollary A.5. — We have the following isomorphism:
(A.12) H(fGC,v) = ST(H(GC,)[-n] ® V[-n])[n].

A.3. Decorated M -relative graph complex

Let again V' be some vector space of additional decorations. We want to consider
a graph complex similar to GCps (M closed), but with additional decorations by V.

To this end, we assume we picked some finite dimensional dg vector space A with a
degree n non-degenerate pairing. We suppose furthermore that A = k@ A has a “unit”
(see [9] for details). We may build the graph complex GC 4, whose vertices may be
A-decorated, and whose differential will have a piece that denoted by V connecting
two vertices, using the pairing on A.

Moreover, let us suppose that Z is a Maurer-Cartan element of GC 4. If we twist
the Lie algebra GC 4 by Z, the differential of a graph will have a new piece “gluing”
(the summands of) Z to the graph along decorations via the pairing in A. In the
discussion that follows one can assume that GC4 is twisted by a non-trivial Maurer-
Cartan element.

Define the graph complex GC 4, to be composed of A-decorated graphs as before,
but additionally vertices may again be decorated by elements of V. Bear in mind that
decorations in A and V are not on the same footing. For instance, there is a piece in
the differential creating a V-decorated stub, but non creating an A-decorated stub.

Note that GC4 is a dg Lie subalgebra of GC4,y trivially. Furthermore, A® V is a
subcomplex, understood as graphs with one vertex. In the discussion that follows one
can also assume GC 4,y to be twisted by Z € GC4 C GC4,y. We have the following:

Proposition A.6. — We have
(A.13) H(GCay)=H(GCA)® HA)®V.

Proof. — The complex GC 4,y again splits into subcomplexes according to the num-
ber of decorations in V. The subcomplex with zero decorations is isomorphic to GC 4
and hence produces the first term in the statement of the proposition. To compute the
cohomology of the remaining complex, we use the complete filtration by the number
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of loops. The first differential in the associated spectral sequence will not see the part
joining two decorations into an edge. It will also not see the non-tree part of Z.

Filtering again by the number of vertices and taking another spectral sequence
we can next replace A by H(A) and restrict to the piece of the differential creating
exactly one vertex, by splitting an edge, or joining the one-vertex piece of Z. We can
now run an argument similar to that of the proof of Proposition A.4. First we may
assume that the decorations in V are, say ey, ..., ek, each occurring exactly once. We
call the vertex decorated by e; the first vertex and decompose our complex as

Q /f\i
(A.14) u. & U & U, D

where U; consists of graphs with a single vertex decorated by e; and an element
of H(A) (including 1), U; consists of graphs for which the first vertex has valence 2
and precisely one incident edge and wu, consists of all remaining graphs. Again the
map f is surjective, a one sided inverse being given by contracting the edge. The
kernel consists of graphs for which the first vertex has precisely one incident edge,
and the vertex it connects to has valence at most 2, with no V-decorations. Again
this complex can easily seen to be acyclic. O

We also consider a non-connected version fGC 4,y of the graph complex GC4 v,
i.e., we now allow also disconnected diagrams. Note that (-in contrast to the previous
section-) this complex is not merely the symmetric product of the connected graph
complex, because the term V of the differential can connect two different connected
components.

For technical reasons we will also temporarily consider a version

fGCy = k ® GCav[—n],

where we shift the degree and add an element representing the empty graph, so that,
as graded vector spaces

(A.15) fGCy v = S(GCav).

Note also that this notation allows us to write the differential on fGC;LV as
(A.16) § =e Zdye?,

where

(A.17) do = dspris + V. with V = Z e, a ; +da

is the untwisted differential. We claim that we have a map of complexes
(A.18) F:5(V®A)®fGC), — fGC y.

To define this map F' we consider elements v ® a € V ® A as derivations of f{GC/, y,
which remove one decoration dual to a and replace it with a decoration v, formally
0

A.19 .
( ) ”aa*
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These derivations all commute, hence we can naturally associate to an element f €
S(V ® A) an operator Dy by composing the derivations. We then define the map F
above as

(A.20) F(f®z):=e ?Dse?x.
We check that this map commutes with the differentials, using (A.16):
SF(f®x) = 6e_ZDercc = e_ZdoneZ:c
=e ?(Dydo+ Dy, p)e’s = e ?Dse?e ?doe?x + e ? Dy, e’z
=F(f®dz+daf® ).

Here we also used that all operators (A.19), and hence also Dy, commute with the
operations dgpiit and V in (A.17).
We note that by the quantity

(A.21) #edges — #vertices

we obtain a descending complete filtration on fGC;LV. We call this filtration the
EC (Euler characteristic) filtration. We note that the differential on the associated
graded does not “see” the pieces V and the non-tree parts of Z. Below we shall need
the following result:

Lemma A.7. — The map (A.20) induces a quasi-isomorphism on the associated graded
complexes with respect to the EC filtration.

Proof. — It follows from the same argument used in the proof of Proposition A.6
above. O
Remark A.8. — It does not readily follow from the lemma that F is a quasi-

isomorphism, as the EC filtration is not exhaustive. However, the map (A.20) cannot
increase the number of connected components. It is therefore defined on the non-
complete (wrt. the number of connected components) analogs of the complexes, even
though on these complexes the expression eZ is not defined. Lemma A.7 does imply
that the map F' is a quasi-isomorphism on the non-complete complexes.

A.4. The cohomology of KGC,,

Let n > 3. Recall the graph complex KGC,, := SGC/ from Equation (5.11) and the
Maurer-Cartan element z§ € MC(KGC,,) from Proposition 6.6. We want to compute
here the cohomology of

(A.22) KGC? = (KGCy, d + [22, ).
First, note that one has a right action
o : (KGC,,0) ® (GC,,d) — (KGC,,J)

by Lie algebra derivations, through the insertion of a graph at aerial vertices (cf.
also [55]). It follows that for the (or in fact any) MC element 2 € (KGC,,§) we
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obtain a map of complexes
(A.23) 20 o — : GC,[-1] = (KGC,,, 8 + [z, —]).

Concretely, to see that this map respects the differentials, one just acts with ey (for
some v € GC,,) on the MC equation and uses the derivation property to obtain:

(A.24) 0= (628 + [2,201/2) o v = 6(2§ @) + 2§ @ 6y + [z, 25 o).
Next, we define a map of complexes

(A.25) 7 (KGCy,, 8 + [28,—]) = (GCp_1,0)

as follows:

— we say that a wedge is an aerial vertex connected to two terrestrial vertices and
no other vertices:

a0 .

— if ' € KGC,, contains any aerial vertices which are not wedges, then we
set 7(I") = 0;

— if T' € KGC,, contains only wedges, then we set m(I") to the graph in GC,_;
with the vertices the same as the terrestrial vertices of I', and with every wedge
in I replaced by an edge in 7 (T').

The map 7 respects the differentials: the only terms in the differential that are not
mapped to zero by 7 stem from the bracket with the wedge piece in z(‘? , and those
terms precisely reproduce the differential on GC,,_;.

Finally, for technical reasons, let us also consider the quasi-isomorphic subcomplex

(A.27) Gc S Gao,,

spanned by graphs with at least two edges. Concretely, the subcomplex GCff c GC,
has codimension 2, with the two “missing” dimensions spanned by the graphs @ and
0.

The subcomplex is chosen so that the composition of maps

20e— T
(A.28) GC2[-1] == KGC,, & GC;!,
is zero, as is easily verified.
The main result is now the following:

Proposition A.9. — The total complex of (A.28) is acyclic.

Proof. — Let T be the total complex (i.e., the mapping cone) of KGC,, — GC,,_;.
We will show equivalently that the induced map

(A.29) H(GC,) — H(T)

is an isomorphism. We will filter T' by the total number of non-wedge aerial ver-
tices and take the associated spectral sequence. Here we understand graphs in the
piece GC,,_1 as containing no such vertices.
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The first differential is composed of the piece of [W, —] creating a wedge, and
the map between KGC,, and GC,,_;. We note that KGC,, with the first piece has
the shape of a decorated graph complex in the sense of Section A.2, where we have
(possibly disconnected) graphs of terrestrial vertices, the edges being the wedges, and
the decorations the incident edges from the rest of the graph. Using this identification
and replicating the proof of Proposition A.4 one sees that the cohomology of KGC,,
with that differential is composed of one piece of shape GC,,_1 and another one which
is spanned by “hairy wedgeless graphs,” i.e., graphs with only univalent terrestrial
vertices and no wedges. Hence we find that H(grT) is precisely the space of such
hairy wedgeless graphs. We filter the next page in the spectral sequence again by the
total number of vertices (aerial and terrestrial alike). The differential on the associated
graded is [/, —], which makes one hair into a stub. It is more or less obvious that the
cohomology of that piece is the same as hairless graphs, modulo stubs. The only
caveat is that by removing the graph which is a single wedge from our complex we
retain an additional class

(A.30) X =
[ J
4.7

We hence find (on the next page of our inner spectral sequence) a complex which

is isomorphic to dGC/,, cf. Section A.l1. Using Lemma A.2 we hence see that our

cohomology on the subsequent page is

(A.31) H(GC,) e kU & kX,
where

[
(A.32) U=____

The classes in the piece H(GC,) stem from the map GC, — KGC,, hence have
representatives closed in the full complex, and hence all further differentials in our
spectral sequences will be zero on them. Finally, one easily checks that on the next
page of the outer spectral sequence U Kkills X, and hence the proposition follows. [

One can then consider the long exact sequence associated to (A.28) (see [56,
Lemma 5.6])

(A.33) - - — H(GC,)[-1] — H(KGC,) — H(GCp_1) — H(GC,)[~2] — - --

Furthermore we see that all maps respect the (complete) grading by loop order, so
that we may always consider subcomplexes of fixed loop order g. First consider loop
order 1. Suppose n is even. Then the 1-loop classes in H(GC,,) live in degrees 1 —n+4j,
7=0,1,2,... If nis odd they live in degrees 3—n+4j, 7 = 0,1,2,... This means that
the 1-loop classes in H(GC,,_1) live in degrees 4 — n +4j is n is even and 2 — n + 4j
if n is odd. Hence in either case the live in degrees of opposite parity, so that the
map H(GC,,_1) — H(GC,)[—2] must necessarily be trivial in loop order 1.
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Lemma A.10. — 1In loop order g > 2 the cohomology of H(GC,) is concentrated in
degrees

(A.34) {-g9(n—-2),...,—g(n—3) —3}.
Proof. — The upper bound is due to the fact the we may consider at least trivalent
vertices, so that, in the extreme case one has

e=3v/2 g=e—v+1 d=nv—-1)—(n—1)e,

which one easily solves for the degree d to yield the desired bound (see also [19,
Section 9.4]).

The lower bound comes from the quasi-isomorphic identification of GC,, with the
complex of (Hopf-)biderivations of the homology operad of the little n-disks operad,
see [56]. The biderivation complex there has the given lower degree bound, which
hence is also valid for H(GC,,).

More concretely, recall from [56, Section 5] the identification between the homology
of Der(en) = [Iy (en(N) ® €n(N) ® sgn®™[(1 — N)n])s" and H(GC,). Under this
identification the genus is given by genus of the graph we obtain by drawing a line
with N vertices, a graph representing a Gerstenhaber word of arity N above the line
(i.e., multiple Lie trees whose leafs form a subset of the N vertices) and a similar
below the line.

Then, on a graphical representation I' of an element of Der(e,,) and denoting by c its
the number of connected components, e its number of edges, v its number of vertices,
and g its genus we obtain

(A.35) degl’ = (e —v)(1 —n) —n(l — N)

(A.36) =(e—v—-N)1-n)+N(1—-n)—n(l—-N)

(A.37) =(@g—c(l—-n)+N—-n

(A.38) =—gn—2)+(c—1)(n—1)+(N —g—1).
=0

The conclusion follows from noting that since the graph would have genus zero
after deletion of the N middle vertices, then N > g + 1. O

We also note that in loop order g = 2 there is cohomology in GC,, only for n even,
and only one class spanned by the theta-graph, in degree n —3(n — 1) = —2n + 3.

Overall we find that the cohomologies of H(GC,,_1) and H(GC,,)[—2] occupy dis-
joint degree regions, and hence the map between them in the long exact sequence
(A.33) has to be trivial. Hence we conclude from this long exact sequence the follow-
ing.

Proposition A.11. — We have that
(A.39) H(KGCy, 6 + [2§, -]) = H(GC,)[-1] ® H(GCp_1).
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A.5. The cohomology of aGC 4,

We next consider the graph complex (dg Lie algebra) (aGCl},,8 + [w, —]), where
w = wgy + --- is the Maurer-Cartan element constructed in Section 7.2. We will be
mostly interested in (aGC;,, 6+[wo, —]), of which the above complex is a deformation.
First note that we have an obvious map of complexes

(A.40) GC)/[l —n] — aGCY,
by simply mapping a diagram to itself. We also have a map in the other direction
(A.41) (aGCXB,é + [wo, —]) — GCY[1 —n]

projecting onto diagrams without decoration. To see that this is indeed a map of

complexes, note that the twist piece of the differential does not have a piece adding

two edges joined by an undecorated vertex, owed to the fact that wy does not have

pieces with two «; or §; decorations. Mind however that the w-term in wg can create

more than one edge, eventually owed to our conventions regarding decorations by 1.
This shows that we have a direct sum decomposition

(A.42) (aGCXa,é + [wo, —]) £ GCY[1 —n] & X,
where X is the subcomplex spanned by graphs with at least one decoration in H (N).

This subcomplex X has also been considered previously. It is closely related to the
hairy graph complexes with hair decoration in H(N), considered for example in [48,

Section 2].
We will not try to make this link more precise, but just state some results. Let
(A.43) aGCy =" c aGCY,

be the subcomplex spanned by graphs all of whose vertices have valence > k, with
k = 2,3. (We leave it to the reader to verify that this subspace is indeed closed under
the differential.)

Proposition A.12. — The inclusion

(A.44) aGCyZ? C (aGCa,, d + [wo, —])
is a quasi-isomorphism. The inclusion

(A.45) aGCy=° C (aGCa,,d + [wo, —])

is a quasi-isomorphism, up to the cohomology of the 1-loop part of GC,[1 — n|, living
in the cohomology of the right-hand side.

Proof. — For the first statement one takes a spectral sequence from the filtration
on the number of “non-antenna vertices,” similar to the proof of [55], or Lemma A.2
above. For the second statement one similarly filters on the number of non-bivalent
vertices. U

Finally we want to note that the complex (aGC;,, 8 + [w, —]) is naturally filtered
by loop number. A simple counting argument shows:
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Lemma A.13. — Graphs in aGCX’EB of loop number | have degree
(A.46) <—-({-1)(n-3).
Proof. — For the following argument we ignore symmetries of graphs. Suppose we

are given a graph of loop order ! of maximal degree. We may assume that all vertices
are exactly trivalent, for otherwise splitting higher valent vertices would produce a
graph of higher degree. In case there is a vertex with 3 decorations in H (N), this is
the whole graph, and | = 0. The degree of such a graph is at most

(A.47) n(# vertices)— (n—1)(# edges)— (degree of decorations) <n—0—3 =n—3,

in accordance with the formula. Next suppose there is a vertex with exactly 2 deco-
rations. Then performing the substitution

ab
A A

at most increases the degree. We may hence assume that there are no vertices with
exactly two decorations. Next suppose we have a vertex with exactly one decoration.
Then the substitution

a
(A.49) ——— —
can at most increase the degree. Note that this substitution can be performed iff the
two edges incident at the vertex on the left are distinct, i.e., if the graph is not equal
to the following

a

(A.50) 6 )

In this latter case [ = 1 and the graph has degree at most n — (n —1) — 1 =0, in
accordance with the claim in the lemma. For higher [ > 2 it hence suffices to consider
trivalent graphs without any decorations. Such graphs have degree

(A.51) n(2l—2) — (n—1)(3—3) = —(I — 1)(n — 3). 0

Note also that the loop order 1 part of GC,,[1 — n] is concentrated in non-positive
degrees.
Hence we obtain:

Corollary A.14. — If dim N > 2, then the graded vector space glaGCXa does not
contain elements of positive degrees. O

A.6. The cohomology of mGC 4

We may discuss similarly the cohomology of the complex mGC 4, or rather extend
the discussion of the complex aGC4, from the preceding section to the semi-direct
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product dg Lie algebra
(A.52) aGCy, x mGCy4.

Again we have the descending complete filtration ¢f? by loop order. The associated
graded space can again be related to (a twisted version of) the hairy graph complexes
occurring for example in [49].

We have a Maurer-Cartan element w + W = wo + Wy + (- -+ ), cf. (7.4), (7.9).

We note that in (mGCy, § + [wo + Wy, —]) we have classes represented by the loop
graphs

(A.53) Ly = (k vertices)

with

(A 54) k _ 13579)13,--- for n even,
' B 3,7,11, ... for n odd.

The Ly have cohomological degree k + 1. It is easy to check that the Ly are closed,
reminding the reader that here we consider only the differential arising by twisting
with the leading term wqg + Wy of the MC element w + W.

Lemma A.15. — The Ly, for k as in (A.54), represent non-trivial cohomology classes
in (mGCy,d + [’wo + W, _])

Proof. — We filter the complex by loop order and consider the associated spectral
sequence. We note that the associated graded differential leaves invariant not only the
loop number, but also the number of decorations in H (M).

The cohomology in the associated graded in loop order 0 is a free cyclic Lie al-
gebra generated by H (M), represented by trivalent diagrams with leaves decorated
by H (M), modulo IHX relations. In particular all such diagrams with v vertices must
have v 4 2 decorations in H(M). The differential on the next page (increasing the
loop order by one) adds one edge, removing one or two decorations. So it is clear that
only diagrams with at least one decoration (even per vertex) can be produced in this
way. In particular all the Ly must survive in the spectral sequence, and hence give
rise to non-trivial cohomology classes. U

We will again consider bivalent and trivalent versions, in which graphs are required
to contain only vertices of valence at least k, k = 2 or 3:

(A.55) aGCy 7" x mGC3" C (aGCY, x mGCY, 6 + [wo + W, —)).

Note in particular that we consider the right-hand side as twisted with the leading
piece of the MC element, which does not live in our subcomplexes.
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Proposition A.16. — The inclusion

(A.56) aGCy”? x mGCYy=? C (aGCY, x mGCY,d + [wo + Wo, ).
is a quasi-isomorphism. The inclusion

(A.57) aGCY=* x mGCYy=® € (aGCY, x mGCY, 6 + [wo + Wo, —)).

is a quasi-isomorphism up to the 1-loop classes living in H(aGCy,) as in Proposi-
tion A.12, and the 1-loop classes in H(mGC4) as in Lemma A.15. Both statements
continue to hold for the associated graded complexes under the filtration by loop order.

Proof. — We first filter both sides by loop order and consider the associated spectral
sequence. This removes the term from the differential that creates an edge by joining
two «yj-decorations. Afterwards the proof proceeds as that of Proposition A.12. O

We also have an analog of Lemma A.13.

Lemma A.17. — If H'(M) = 0 then graphs in mGCX’23 of loop order | have degree
(A.58) <—-({l-1)(n—-3)+1.

Proof. — The proof is identical to the one of Lemma A.13, with the caveat that
the formula for the degree of a graph has an extra “+1” in the present case, thus
accounting for the different degree bound in this case. O

Corollary A.18. — If n = dim M > 4 and if H*(M) = 0, then the graded vector
space &anCX’23 is concentrated in non-positive degrees.

Proof. — From Lemma A.17 it follows immediately that 57 1mGrC>/1’23 is concentrated
in non-positive degrees, even without the condition on H'(M). In loop order one, the
proof of Lemma A.13 shows that the graphs of the highest possible degree 1 have all
decorations in H'(M). Hence if H'(M) = 0, then these graphs are no longer present
in the complex and the highest possible degree is (at most) 0. O

Remark A.19. — The discussions in the present and the previous subsections provide
a quite satisfying picture of the cohomology and the MC spaces of the graph complex
aGCYy 0 X mGC. Essentially, what we have shown is the following. The graph complex
is quasi-isomorphic to a similar graph complex built from a diagram whose vertices are
all at least trivalent. Under suitable conditions, this new graph complex does not have
elements of positive degrees in positive loop orders. It follows that its Maurer-Cartan
space is completely controlled by its tree part, which is easier to compute: as evidenced
by Corollary 6.28, it simply encodes the real homotopy type of the underlying manifold
and its boundary. Furthermore, there is a spectral spectral sequence exhibiting those
complexes as deformations of hairy graph complexes. These hairy graph complexes
have been used and computed in various settings (see e.g., [49]) and we can therefore
use these results to obtain information on aGC}, x mGC}.
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A.7. The cohomology of KGCj,

Let us next consider the complex KGC,s = SGCX, Ap» OF rather the semi-direct
product A ® KGC,, x KGC,,.

We have a Maurer-Cartan element Z + 22 = Z'® + 28 + 29 4 ... as constructed
in Section 6.

We will derive degree bounds on the cohomology of the complex KGC,; by con-
sidering various spectral sequences. First, note that—as with all complexes in this
paper—we have a descending complete filtration by loop order. We consider the asso-
ciated spectral sequence, whose first differential does not create loops. Note that this
“removes” the pieces of the differential coming from the higher loop part of the MC
elements Z and zj, and also the differential V replacing two decorations by a new
edge, either in the bulk or on the boundary.

Secondly, let us filter KGCj; again by the number of aerial vertices. The differential
on the associated graded has two terms. The first term connects the tree piece of Z
without aerial vertices to our graph:

Y Y2 (1 Ya  c------

(A.59) -y

1 T2 (Ztree)

X1 Xro % c Ztree

The second term splits boundary vertices, creating one boundary edge, or joins two
boundary decorations by H (OM). We filter again by twice the number of boundary
edges, plus three times the number of bulk edges. On the associated graded complex we
see only the edge splitting piece of the differential. By Proposition A.6 the cohomology
of this complex can be identified with the space of graphs all of whose external vertices
have exactly one incident edge and at most one decoration by H (M), plus a space of
“boundary” graphs without aerial vertices, quasi-isomorphic to GCgps. On the next
page we see the following piece of the differential, which a decoration by d3; upstairs
and links it to a boundary vertex.

Y Y

- ——
Bj

(A.60)

The cohomology with respect to this differential can be identified with the space of
hairy graphs, whose hairs are not decorated by 3;’s, and whose aerial vertices are not
decorated by df;’s. At this stage, our innermost spectral sequence abuts.

The differential on the following page of the next outer spectral sequence increases
the number of aerial vertices by one. To compute the cohomology of this second page
we filter our complex yet again by the total number of vertices (aerial + terrestrial).
The differential on the first page of the resulting spectral sequence removes a terrestrial
vertex, making it an aerial vertex. There is only one such piece in the differential
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contributed by the bracket with the leading term of zJ, namely
[

(A.61) S

The bracket with this term lifts a terrestrial vertex decorated by a; (or nothing) to
an aerial vertex:

(A.62) ——— —

@
(It should be noted that there are further terms that do not create vertices, however
they raise the loop order, and hence are not seen here.) The cohomology of that
differential can be identified with non-hairy graphs, modulo oj-decorated stubs, i.e.,
modulo vertices of the form

® o
(A.63) -

including undecorated such vertices (i.e., decorations by a; = 1).

The differential on the next page creates one aerial vertex and increases the number
of vertices by one. There are two such terms: One arises from the splitting of vertices,
and one arises from the part of zg containing only one vertex, which is of aerial.
Also recall that at this stage our complex consists of directed graphs, with only aerial
vertices, which may be decorated by o, «y; or 4;, modulo a-stubs.

To compute further we filter by the number of vertices of valence > 3. The first
differential on the spectral sequence will create one at most bivalent vertex. As in the
proof of Proposition 7.2, one can see that the cohomology of this differential can be
identified with a sum of two spaces: (i) 1-loop graphs of undirected bivalent vertices
and (ii) undirected graphs all of whose vertices are of valence > 3, with decorations
in H (M). We hence can use the degree counting argument of Lemma A.10 and below
to conclude the following.

Proposition A.20. — Suppose that dim M > 5 and H' (M) = H'(OM) = 0. Then the
cohomology of the higher loop part

(A.64) FKGCyy

is concentrated in non-positive degrees. O
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des espaces de configuration, respectivement comme module sur
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