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THE STABILIZATION OF THE FROBENIUS-HECKE TRACES
ON THE INTERSECTION COHOMOLOGY
OF ORTHOGONAL SHIMURA VARIETIES

by
Yihang Zhu

Abstract. — We study Shimura varieties associated with special orthogonal groups over
the field of rational numbers. We prove a version of Morel’s formula for the Frobenius-
Hecke traces on the intersection cohomology of the Baily-Borel compactification. Our
main result is the stabilization of this formula. As an application, we compute the
Hasse-Weil zeta function of the intersection cohomology in some special cases, using
the recent work of Arthur and Taibi on the endoscopic classification of automorphic
representations of special orthogonal groups.

Résumé. (La stabilisation des traces de Frobenius-Hecke sur la cohomologie d’intersec-
tion des variétés des Shimura orthogonales). — Nous étudions les variétés de Shimura
associées & des groupes spéciaux orthogonaux sur le corps des nombres rationnels.
Nous prouvons une version de la formule de Morel pour les traces de Frobenius-Hecke
sur la cohomologie d’intersection de la compactification de Baily-Borel. Notre résultat
principal est la stabilisation de cette formule. Comme application, nous calculons
la fonction zéta de Hasse-Weil de la cohomologie d’intersection dans certains cas
particuliers, en utilisant les travaux récents d’Arthur et Taibi sur la classification
endoscopique des représentations automorphes des groupes spéciaux orthogonaux.
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In the beginning,

All external vision and sound are suspended,

Perpetual thought itself gropes in time and space;

Then, the spirit at full gallop reaches the eight limits of the cosmos,

And the mind, self-buoyant, will ever soar to new insurmountable heights.
When the search succeeds,

Feeling, at first but a glimmer, will gradually gather into full luminosity,
Whence all objects thus lit up glow as if each the other’s light reflects. ()

Excerpt from Essay on Literature by LU Ji (261-303 AD)

1. Translated from Chinese by Chen Shixiang.






INTRODUCTION

Inspired by the early works of Eichler, Shimura, Kuga, Sato, and Ihara, the ongoing
study of expressing Hasse-Weil zeta functions of Shimura varieties through automor-
phic L-functions remains a focal point within the Langlands program. Langlands
approached this problem by proposing a comparison of the Frobenius-Hecke traces on
the cohomology of Shimura varieties with the stable Arthur-Selberg trace formulas, as
detailed in [71, 72, 73]. Kottwitz further formalized these ideas into precise conjectures
[60, 62]. In this paper, we confirm a version of Kottwitz’s conjecture specifically for
the intersection cohomology of orthogonal Shimura varieties.

The conjectures

Let (G,X) be a Shimura datum with reflex field E. For each sufficiently small

compact open subgroup K C G(Ay), we have the Shimura variety
Shx = Shk (G, X),

which is a smooth quasi-projective algebraic variety over E. Let Shx be the Baily-
Borel compactification of Shg. Let IH* be the intersection cohomology of Shx ® g E
with Q,-coefficients. (More generally, a non-trivial “automorphic” coefficient system
is allowed, which we ignore in the introduction.) Let p be a hyperspecial prime for K,
ie, K = K,K? with K, C G(Qp) a hyperspecial subgroup and K? C G(A’}) a
compact open subgroup. (Here AZ} denotes the finite adeles away from p.) Assume
that p # £. On IH*, we have commuting actions of Gal(E/E) and the Hecke algebra
H(G(AZ}) J K p)@l consisting of the Q,-valued smooth compactly supported KP-bi-
invariant distributions on G(A%). Fix fP>° € H(G(A}) J/ KP)g,, and let & = &, be a
geometric Frobenius at a place p of E above p. Let a € Z>;.

Conjecture 1 (Kottwitz, see [60, §10]). — The action of Gal(E/E) on TH" is unrami-
fied at p, and under simplifying assumptions of a group-theoretic nature, we have
(0.1) D> (DR T(f7 x @ | THF) = Y (G, H)STH (7).

k H
On the right, H runs through the isomorphism classes of elliptic endoscopic data of G.

For each H, STH () is the geometric side of the stable trace formula for H, and f¥ is
a function on H(A) determined by the Shimura datum, fP>°, and a.

SOCIETE MATHEMATIQUE DE FRANCE 2024



2 INTRODUCTION

In addition, Kottwitz also formulated the following conjecture for the compact
support cohomology H, of Shx ®gFE.

Conjecture 2 (Kottwitz, see [60, §7]). — The action of Gal(E/E) on H} is unramified
at p, and under simplifying assumptions we have

(0.2) D (EDFTr(f7 x @ | HE) = Y (G, H)STH (7).

k H
Here H and f¥ are the same as in Conjecture 1, while STH (-) is the elliptic part of
the geometric side of the stable trace formula for H.

The main result

Let (V, q) be a quadratic space over Q of signature (n,2), where n > 3. We assume
that V has a 2-dimensional totally isotropic subspace, which is automatic if n > 5.
Let G = SO(V, q). We have a natural Shimura datum (G, X’), where X can be iden-
tified with the set of oriented negative definite planes in V. This Shimura datum is
of abelian type (but not of Hodge type). The associated Shimura varieties are called
orthogonal Shimura varieties. They are n-dimensional varieties over the reflex field Q.

Theorem 1 (Corollary 8.17.5). — Conjecture 1 is true for the orthogonal Shimura va-
rieties associate to (V,q), for almost all primes p and for oll sufficiently large a.

We refer the reader to the statements of Theorem 1.8.4 and Corollary 8.17.5 for the
precise meaning of “almost all primes p”. Here we just mention that the set of primes
to be excluded should depend on a fixed element f* of the “full” Hecke algebra
H(G(Ay) /| K)g,, whereas f7°° in (0.1) should be the component of f** away from p,
after p has been chosen.

Some remarks

From a group-theoretic point of view, both sides of (0.2) are less complicated com-
pared to (0.1). In fact, the RHS of (0.2) has an elementary definition in terms of
stable orbital integrals. For the LHS of (0.2), Kottwitz computed it for PEL Shimura
varieties of type A or C in [62] by counting (virtual) abelian varieties with additional
structures over finite fields and using the Grothendieck-Lefschetz-Verdier trace for-
mula. He obtained:

(03) D (—DFTr(fP> x * |HE) = D (70,7,8)04(f7>)TOs(¢) Tr(0 | V).

k (70,7,9)
We do not explain the terms on the RHS in detail here, but only mention that they
are group-theoretic in nature and include orbital integrals O,(-) and twisted orbital

integrals TOs(+). In [60], Kottwitz conjectured that (0.3) should hold for general
Shimura varieties (at least under some simplifying assumptions of a group-theoretic
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APPLICATION: THE HASSE-WEIL ZETA FUNCTIONS 3

nature). In the same paper Kottwitz stabilized the RHS of (0.3), namely he found ®
the functions f¥ such that the RHS of (0.3) is equal to the RHS of (0.2). In [51],
both the formula (0.3) and the stabilization step are generalized to arbitrary Shimura
varieties of abelian type, and Conjecture 2 is proved for these varieties.

One should view Conjecture 1 as one step forward from Conjecture 2. From a
spectral perspective, it is STH rather than ST that sees the “whole picture”. More
specifically, STH has a spectral expansion, from which one can eventually make a link
to automorphic representations. By contrast it is unclear how STEH can be directly
related to spectral information in general.

We also mention that the expectation that the intersection cohomology is the
correct cohomology to insert in (0.1) is motivated by Zucker’s conjecture and Arthur’s
work on L2-cohomology, among other things. We refer the reader to [89] for a more
detailed discussion on these motivations.

Application: the Hasse-Weil zeta functions

In [60], Kottwitz showed that one can combine Conjecture 1 with the conjectural
framework of Arthur parameters and Arthur’s multiplicity conjectures to infer a de-
scription of the Galois-Hecke module IH*, and in particular a formula for the Hasse-
Weil zeta function associated to TH".

Currently some of these premises related to Arthur’s conjectures have been es-
tablished in special cases. Most notably, Arthur [12] has established the multiplicity
conjectures for quasi-split classical groups.® In fact, our interest in delving into
special orthogonal groups within this paper is driven by a desire to connect with
Arthur’s work. This intentional decision distinguishes our focus from similar groups
such as GSpin, whose Shimura varieties display a relative simplicity in various aspects,
for instance, being of Hodge type.

Unfortunately, when the rank is large the special orthogonal groups that have
Shimura varieties cannot be quasi-split even over R, because of the signature (n,2)
condition. Arthur’s work has been generalized to limited cases of inner forms by Taibi
[113] (building on earlier work of Kaletha [47, 46] and Arancibia-Moeglin-Renard [5],
among others). We combine Theorem 1 with Arthur’s and Taibi’s work to obtain the
following theorem. Here we state it only for odd n for simplicity.

Theorem 2 (Theorem 9.7.5, Remark 9.7.6). — Assume that n is odd, and that
G = SO(V, q) is quasi-split at all finite places. For any finite set S of prime numbers,
let ¢5(IH*,s) be the S-partial Hasse-Weil zeta function associated to TH*. When

2. The construction of fH relies on the Langlands-Shelstad Transfer Conjecture and the Funda-
mental Lemma, which were unproven at the time of [60]. They are now theorems thanks to the work
of numerous mathematicians, most notably Ng6 and Waldspurger.

3. The results in [12] are contingent on the release of several upcoming papers, including the
reference [A25], which have not appeared as of the time of writing.

SOCIETE MATHEMATIQUE DE FRANCE 2024



4 INTRODUCTION

S is sufficiently large, we have
log ¢S (IH", 5)
=3 ) > dim(r®) K m(x*°, 9, v)(—1)"v(sy) log LS (M (¥, v), 5).

P TP v
Here 1 runs through a certain set of Arthur’s substitutes of global Arthur parameters,
7 runs through the away-from-co global packet of ¥, and v runs through characters
of the centralizer group of ¢ (which is finite abelian). The three-fold summation is
over a finite range. The numbers m(w*>°,¢,v) € {0,1} and v(sy) € {£1} are de-
fined in terms of constructions in [12] and [113]. The term LS (M (v, v), s) is a finite
product of S-partial standard automorphic L-functions for general linear groups (with
some shifting in the variable s), and hence has meromorphic continuation to C. In

particular, the above formula implies that ¢°(IH*,s) has meromorphic continuation
to C.

In the proof of Theorem 2, one crucial ingredient is a relatively simple formula
for STH(fH) when the test function f¥ is stable cuspidal at the real place; see Hy-
pothesis 9.1.2. This formula follows from Kottwitz’s stabilization of the L? Lefschetz
number formula in his unpublished notes, and is also used in Morel’s work [90, 91].
A self-contained proof of this formula for STH (), from a different point of view, is
given in a recent paper by Z. Peng [93].

We also prove a refinement of Theorem 2 concerning the decomposition of IH* in
the Grothendieck group of Galois-Hecke modules, under the same assumption on G.
When n is odd (as well as in some cases when n is even), we express IH" in terms
of the known Galois representations associated to regular algebraic cuspidal auto-
morphic representations of general linear groups, with multiplicities given in a simi-
lar way as the multiplicities in Theorem 2. See Theorem 9.8.5, Corollary 9.8.8, and
Corollary 9.8.10. When n is even, both the computation of the partial Hasse-Weil
zeta function and the decomposition of IH* proved in this paper are weaker than
the conjectures in [60], in that a certain ambiguity up to outer automorphism is con-
stantly present. This is due to the extra ambiguity in the endoscopic classification
of representations for even special orthogonal groups in [12] and [113], which seems
intrinsic to the methods therein.

As a byproduct of our refinement of Theorem 2, we prove that if an Arthur param-
eter 1) contributes to IH", then the cuspidal automorphic representations of general
linear groups that constitute v all satisfy the Ramanujan-Petersson conjecture at al-
most all primes. These representations need not be regular algebraic, in which case
the conjecture was previously known. See Theorem 9.8.5 (3) and Remark 9.8.6.

Reduction to the stabilization of the boundary terms

We now discuss the structure of the proof of Theorem 1. For some period of time,
the study of the LHS of (0.1) had been restricted to sporadic low dimensional cases; see
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REDUCTION TO THE STABILIZATION OF THE BOUNDARY TERMS 5

for instance [78]. The essential tools for treating arbitrary dimensions were developed
by Morel [87, 88] (cf. [89]), who went on to prove Conjecture 1 for some unitary
similitude Shimura varieties and the Siegel modular varieties of arbitrary dimensions
in [90] and [91] respectively. We use Morel’s work to obtain the following result for
the orthogonal Shimura varieties associated to (V,q). We fix a minimal parabolic
subgroup of G = SO(V, q) and fix a Levi component of it. Thus we get a notion of
standard parabolic subgroups and standard Levi subgroups of G.

Theorem 3 (Theorem 1.8.4). — For almost all primes p, we have

(0.4) D (DR Ir(fP° x @ | THY) = Try,
k M

where M runs through the standard Levi subgroups of G.

Let us roughly describe the terms Try,. For M = G, we have

Tre = ) (~1)F Tr(f7* x 7 | H),
k
where H]Z is the compact support cohomology of ShK@. For a proper M, the
term Trps is a more complicated mixture of the following ingredients.

— The analogue of >_, (—1)* Tr(f»> x & | HY) for a boundary stratum in Shg.
In another words, an enumeration of points on the stratum fixed under certain
Frobenius-Hecke operators.

— The topological fixed point formula of Goresky-Kottwitz-MacPherson as in [34],
for the trace of a Hecke operator on the compact support cohomology of a certain
locally symmetric space.

— Kostant-Weyl terms. By this we mean characters for certain algebraic sub-
representations of Mp inside

H*(Lie Np, V),
where P is a standard parabolic subgroup of G containing M, and P = MpNp is
the standard Levi decomposition. These sub-representations are defined by cer-

tain truncations of weights, and can be understood in terms Kostant’s theorem
[53] describing H*(Lie Np, V).

As we have already mentioned, in [51] the term Trg is computed and stabilized
for all Shimura varieties of abelian type. Thus Trg is known to be equal to the RHS
of (0.2). In view of this, Theorem 1 follows from Theorem 3 and the following result,
which may be viewed as the “stabilization of the boundary terms”.

Theorem 4 (Theorem 8.17.2). — We have
(0.5) > Trw =Y UG H)STH () - ST (7).

MSa H
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Stabilization of the boundary terms

The method for proving Theorem 4 is by calculating the two sides of (0.5) and
matching the explicit expressions. To calculate the RHS, we use Kottwitz’s formula
in his unpublished notes, as mentioned below Theorem 2. According to this formula
(to be recalled in §8.3), we have an expansion of the form

STH(f) = STH(f) = Y STiL.(™),
M'#£H
where M’ runs through standard proper Levi subgroups of H, and each term ST{Z, (-
has a relatively simple expression.
Roughly speaking, we label the pairs (H,M’) appearing in the above summa-

tion by either a standard proper Levi subgroup M of G or the symbol ). We write
(H,M') ~ M, or (H,M') ~ 0. In order to prove Theorem 4, we need to show

(0.6) Try = Y, ST(f7),

(H,M')~M
where M is either a standard proper Levi subgroup of G or the symbol (§, and we
define Trp to be 0. The proof of (0.6) involves the following ingredients.

(i) Fixed point formula for a boundary stratum. — We need a formula that enumerates
points on a boundary stratum fixed under a Frobenius-Hecke operator, of a form
similar to (0.3). The boundary stratum in question is (a finite quotient of) either a
modular curve or a zero-dimensional Shimura variety, so such a formula is essentially
a classical result. However, the zero-dimensional case causes some extra complication.
We will come back to this technical point later in the introduction.

(ii) Archimedean comparison. — We need a series of identities between the
archimedean contributions to the two sides of (0.6). These are identities between
terms of two different natures, namely discrete series character values (which appear
on the RHS of (0.6)) and Kostant-Weyl terms (which appear on the LHS of (0.6);
see the discussion below Theorem 3). We establish such identities by explicit compu-
tation. On the discrete series side, we use formulas due to Harish-Chandra [39] and
Herb [42]. On the Kostant-Weyl side, we use Kostant’s theorem [53] and the Weyl
character formula.

We point out that a priori it is not clear which identities between the archimedean
contributions would eventually lead to the proof of (0.6). Finding the correct forms
of the archimedean identities seems to be a harder task than proving them. It would
be desirable to have a more conceptual understanding of how the archimedean com-
parison should be woven into the proof of (0.6) in general.

(iii) Computation at p. — We need to compute the p-adic contributions to the two
sides of (0.6) explicitly. A priori there are more p-adic terms on the RHS than the

ASTERISQUE 453



ZERO-DIMENSIONAL BOUNDARY STRATA AS QUOTIENTS 7

LHS. We will need to prove, among other things, that the extra terms eventually
cancel each other.

This finishes our discussion on the structure of the proof of Theorem 1. Next we
highlight three new features in the proof which did not show up in Morel’s work
[91, 90] for symplectic similitude and unitary similitude groups.

Arithmetic feature: Shimura varieties of abelian type

The orthogonal Shimura varieties are of abelian type and not of PEL type. In this
paper we take as a black box the main result of [51] that proves Conjecture 2 for these
Shimura varieties. In Morel’s work, the Shimura varieties are of PEL type, and for
them Conjecture 2 was already proved by Kottwitz.

The reason that Theorem 1 is proved only for primes outside an unspecified finite
set is also due to a certain lack of understanding of Shimura varieties of abelian
type. Ideally one would like to prove the theorem for all hyperspecial primes p, but
a prerequisite for that would be a robust theory of integral models of the Baily-Borel
and toroidal compactifications. Such a theory has been established by Madapusi Pera
[84] in the case of Hodge type. For the Baily-Borel compactifications alone, a “crude”
construction of the integral models in the case of abelian type has been given by Lan-
Stroh [70]. However, for the above-mentioned purpose the integral models of toroidal
compactifications are equally important, and this is currently unavailable beyond the
case of Hodge type. @

All the difficulty about integral models of compactifications can be circumvented
at the cost of excluding an unspecified finite set of primes, and this is the point of
view taken in this paper. We refer the reader to §3.1 for a more detailed discussion.

Geometric feature: zero-dimensional boundary strata as quotients of Shimura varieties

In general, the boundary strata of the Baily-Borel compactification are naturally
isomorphic to finite quotients of Shimura varieties at certain natural levels. Often
these quotients are isomorphic to genuine Shimura varieties. However this is not true
for the zero-dimensional boundary strata in the present case. From a group-theoretic
point of view, this issue corresponds to the fact that the orthogonal Shimura datum
does not satisfy Morel’s axioms in [90, Chap. 1]. As a result, in the proof of Theorem 3
we need to modify the axiomatic approach in loc. cit., and the terms Trys in (0.4) are
also given by formulas that are slightly different from those in [90, 91].

4. Added in proof: Peihang Wu’s recent thesis contains results on integral models of toroidal
compactifications of Shimura varieties of abelian type.
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8 INTRODUCTION

Endoscopic-theoretic feature: normalizing transfer factors

In the proof of (0.6), signs are utterly important. One source of signs is the differ-
ence between the normalizations of transfer factors at the real place. The necessity
of computing these signs was not emphasized in [90, 91]. For the orthogonal Shimura
varieties, these signs form a delicate pattern.

To understand these signs we need to compare the normalization A; g introduced
in [60, §7], and the Whittaker normalization. Here we explicitly fix Gg as a pure
inner form of its quasi-split inner form G and fix a Whittaker datum for Gj, so
the Whittaker normalizations for the transfer factors between Gr and its endoscopic
groups can be defined. The normalization A; g naturally shows up in the description of
the archimedean component of f¥. To compare these two normalizations, we compare
the corresponding spectral transfer factors that appear in the endoscopic character
relations and compute the sign between them.

Extra complication arises when G has more than one equivalence class of Whit-
taker data. This happens if and only if dim V is divisible by 4, when there are precisely
two equivalence classes. In this case, we need to study how the two (different) Whit-
taker normalizations relate to the explicit formulas of Waldspurger [121], the latter
having the merit of being easier to keep track of when passing to Levi subgroups.
In this direction we prove Theorem 6.3.11, which may be of independent interest in
representation theory.
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LEITFADEN

In §1, we recall the setting of orthogonal Shimura varieties and state Morel’s for-
mula in Theorem 1.8.4. The terms in this formula are defined in §2, and the proof is
given in §3. For a more detailed introduction to the structure of the proof see §3.1.

In §4, we carry out the archimedean comparison between the Kostant-Weyl terms
and the stable discrete series characters. The results proved in this chapter to be used
later are Propositions 4.4.2, 4.5.2, 4.6.12, 4.6.13, and 4.6.14.

In §5, we review the endoscopic data for special orthogonal groups and give explicit
presentations which are important for the later computations.

In §6, we compare different normalizations of archimedean transfer factors for spe-
cial orthogonal groups. The goal is to explicitly determine certain signs.

In §7, we calculate some Satake transforms at p that will be needed later in the
stabilization.

In §8, we prove the stabilization of the boundary terms by assembling the preceding
ingredients and explicit manipulation. We deduce the main Result Theorem 1 of this
paper in Corollary 8.17.5.

In §9, we apply our main result to the actual computation of Hasse-Weil zeta
functions in some special cases, after reviewing results of Arthur and Taibi on the
endoscopic classification of automorphic representations. The main results in this
chapter are Theorems 9.6.4, 9.7.5, and 9.8.5.
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CONVENTIONS AND NOTATIONS

— For z € R, we denote by |z]| the largest integer < z and denote by [z] the
smallest integer > z. If z > 0, we denote by z'/? the non-negative square root
of z.

— We denote i € C alternatively by v/—1.

— For any n € Z>1, we denote by [n] the set {1,2,...,n}. We denote by &,, the
symmetric group of the set [n].

— Let A be a subset of Z>;. For each i € Z>1, we set V;(4) = 11if ¢ € A, and
Vi(A)=-1ifi ¢ A.

— When the symbol + appears for multiple times in a single expression, it is un-
derstood that all possible combinations of the signs are considered. For example,
we shall write {+z & y} for the set {x + y,z —y, -z +y,—z — y}.

— A basis of a finite-dimensional vector space is always understood as an ordered

basis. We often just use the notation for a set such as {ej,...,eq} to denote a
basis, but the ordering is understood.

— For z1,...,z, € C*, we write symdiag(z1,...,z,) for the 2n x 2n diagonal
matrix diag(zy, ..., Tn, 2, ..., 27 ).

— For any square matrix A, we write AT for the transpose.

— If a group G acts on a set X, we write CentgX for the action kernel, namely
the largest subgroup of G acting trivially on X.

— When z is an element of a group, we write Int(z) for the automorphism
y— oy L.

— If ¥ is a finite set of prime numbers, we denote by Z[1/3] the ring Z[1/p,p € X].

— For a € Z>; and p a prime number, we denote by Qp. the degree a unramified
extension of Qp, and by Zy,. the valuation ring of Q,.. We denote by o the
arithmetic p-Frobenius acting on Qpa.

— If H is either a locally profinite group or a real Lie group, we write C°(H) for
the set of compactly supported smooth C-valued functions on H.

— We use the following abbreviations:

I'p = Gal(Q/Q), I, =Tq, = Gal(@p/(@p), I'w =T'gr = Gal(C/R).
More generally, if F' is a field, we write I'p for the absolute Galois group of F.
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14 CONVENTIONS AND NOTATIONS

— We say that a profinite Galois étale covering Y — X of schemes is a G-torsor,
where G is a profinite group, if G is the limit liﬂlie s G; of finite groups G;, and
Y — X is the limit of finite Galois étale coverings Y; — X that is a G;-torsor.

— By a reductive group, we always mean a connected reductive group.

— For a reductive group G over R and a maximal torus T in G defined over R,
we write Qc(G,T) for the complex Weyl group Norgc)(T)/T(C), and write
Qr(G,T) for the real Weyl group Norgg)(T)/T(R).

— For a reductive group G over R, we denote by G(R)° the identity connected
component of the real Lie group G(R).

— In the structural theory of reductive groups, the words “pinning,
and “épinglage” are synonyms. We use the word “splitting”.

— If P is a parabolic subgroup of a reductive group over a field, we write Np for
the unipotent radical of P. We reserve the notation Up for a different purpose.
We write Mp for P/Np. When it is clear from the context, Mp also denotes a
fixed Levi component of P.

— We freely use the language of abelianized Galois cohomology as developed in
[21] and [66]. For an overview, cf. [51, §1]. We also use Kottwitz’s more classical
formulation [58] in terms of centers of Langlands dual groups.

— Let G be a reductive group over Q. We denote by kerl((@, Q) the kernel set

ker(H'(Q,G) — H*(A,G)).

7,

splitting,”

It is well known that ker' (Q, G) has the canonical structure of an abelian group;
see for instance [21].

— When normalizing transfer factors, we use the classical normalization of local
class field theory as opposed to Deligne’s normalization, cf. [64, §§4.1-4.2].

— Names of Dynkin types are denoted by sans serif letters, e.g., A,, B,,, etc.

— We sometimes use the abbreviations “LHS” and “RHS” for “left hand side” and
“right hand side”.
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CHAPTER 1

THE ORTHOGONAL SHIMURA VARIETIES

1.1. General definitions concerning reductive groups

We collect some definitions that will appear repeatedly in the paper.

Definition 1.1.1. — Let G be a reductive group over a field F'. Let P be a parabolic
subgroup of G, with unipotent radical Np. Let M be a Levi component of P.

1.

We denote by A, the split component of M, namely the maximal F-split torus
in the center of M.

. Let Norg(M) be the normalizer of M in G. We denote by WY, the quotient

group Norg(M)(F)/M(F), and denote by n§, the cardinality of W;.
For any v € M(F'), we define

D§;(v) == det (1 — Ad(y) | Lie G/ Lie M) € F.
Assume that F' = Q, for a place v of Q. For any v € P(Q,), we define
dp@n)(7) = |det (Ad(y) | LieNp ® QU)|1} € Rso,

where |-|, denotes the usual absolute value on Q,.

Remark 1.1.2. — In Definition 1.1.1 (2), we in fact have Norg(M)(F) = Norg(An)(F),
and M (F) = Cent(Ap)(F). Hence W, is isomorphic to the image of Norg (A ) (F)
in Aut(Apy).

Definition 1.1.3. — Let G be a quasi-split reductive group over a field F. By a
Borel pair in G, we mean a pair (T, B) consisting of a maximal torus T in G
and a Borel subgroup B of G containing T'. Given a Borel pair (T, B), we denote
the sets of roots, coroots, positive roots, positive coroots by ®(G,T), ®(G,T)Y,
(G, T)t, ®(G,T)V"t respectively. We write BRD(T, B) for the based root da-
tum (X*(T),®(G,T),®(G,T)", X.(T),®(G,T)V,®(G,T)V""). We define the Weyl
denominator

Ap(v):= J[ (Q-a7'()€F, Vv € T(F).
aed®(G,T)+
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16 CHAPTER 1. THE ORTHOGONAL SHIMURA VARIETIES

Definition 1.1.4. — Let G be a reductive group over R. We denote by X the sym-
metric space associated to G, namely Xg = G(R)/KAg(R)?, where K is a maximal
compact subgroup of G(R). Thus X¢ is a smooth manifold. We let ¢(G) be the half
of the dimension of Xg.

Remark 1.1.5. — In Definition 1.1.4, K meets every connected component of G(R)
by Matsumoto’s theorem (see [20, 14.4]). Hence X is connected.

Definition 1.1.6. — We call a reductive group G over Q cuspidal if Gg contains elliptic
maximal tori and Z2 has equal Q-split and R-split rank. Equivalently, (G/Ag)r
contains R-anisotropic maximal tori, where A¢g is the split component of G over Q.

Remark 1.1.7. — In this paper, every reductive group over Q that appears will be a
direct product of special orthogonal groups and general linear groups. Thus the only
case where the center can have different Q-split and R-split ranks is when we have a
direct factor SOz which is non-split over Q but split over R.

Definition 1.1.8. — Let G be a reductive group over Q. We say that an element
v € G(Q) is R-elliptic, if there is an elliptic maximal torus T' in Gg such that v € T(R).

1.2. Generalities on quadratic spaces

1.2.1. — Let F be a field of characteristic zero, with a fixed algebraic closure F. In
this paper, all quadratic spaces over F' are assumed to be finite-dimensional and non-
degenerate. Let (V, ¢) be a quadratic space over F. We denote by [-,-]: V®V — F
the associated bilinear pairing, defined as [z,y]; = q(z,y) — ¢(z) — ¢(y). When no
confusion can arise we simply write V for (V, ¢), and write [-, ] for [-,];. Recall that
the determinant of q, denoted by det ¢, is the image in F'*/F*>2 of the determinant
of the matrix of ¢ under any basis of V. We define the discriminant of (V,q) to be

6= (—1)ldmV/2l det g € F*/F*2,
For m € Z>1, we write J,, for the m x m matrix
1
I, =
1
Definition 1.2.2. — Let (V,q) be a quadratic space over F of dimension d and dis-
criminant 6. Let m = |d/2]. We define the following notions.

1. A basis {e1,...,eq} of V is called hyperbolic, if the matrix ([e;,e;],) is of the
form

Im
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1.2. GENERALITIES ON QUADRATIC SPACES 17

for some x € F'* when d is odd, and is equal to

(Jm Jm)

when d is even. Note that when d is even, a hyperbolic basis exists only when
¢ is trivial.

2. Assume that d is even, and that § is non-trivial. In this case a basis {e1,...,eq}

of V is called near-hyperbolic , if the matrix ([e;, e;]4) is equal to

Jmfl
1
—z
Jm—l
for some x € F*. Note that x is a lift of 6 € F*/F*2. We say that x is the
discriminant of {e1,...,eq}.

Definition 1.2.3. — We call (V,q) quasi-split, if there exists a hyperbolic basis or a
near-hyperbolic basis of V. If there exists a hyperbolic basis we also say that V is
split; this is equivalent to requiring that V contains a totally isotropic subspace of
dimension |dim V/2].

Example 1.2.4. — Let F = R. Then a quadratic space over R of signature (p, q) is
quasi-split if and only p — ¢ € {1,—1,2}. For any p € Z>1, the quadratic spaces of
signature (p,p) and (p+ 1,p — 1) are both quasi-split, and their discriminants are 1
and —1 € R* /R**2 respectively.

1.2.5. — Let m € Z>;. We denote by RD(B,,) the standard type B,, root datum,
given by
(Z™ = spany, {€1,...,€ém}, R, Z™ = spany {e/,...,e.},RY),
where (e;,€/) = d; 5, and
RV ={£2¢/ [1<i<m}U{xe £ |[1<i<j<m}.
(If m =1, then R = {e1},RY = {2¢)}.) By the standard simple roots we mean the
following choice of simple roots:
€1 —€2,...,€Em—1 — €m, Em-

We denote by BRD(B,,,) the based root datum corresponding to the above choice of
simple roots, called the standard based root datum. The Weyl group of RD(B,,) is
naturally identified with {+1}" x &,,.
Similarly, for m € Z>1 we denote by RD(D,,) the standard type D., root datum,
given by
(Z™ R, Z™,R"),

SOCIETE MATHEMATIQUE DE FRANCE 2024



18 CHAPTER 1. THE ORTHOGONAL SHIMURA VARIETIES

where
R:{:l:ei:tej|1§i<j§m},
R ={x¢ £/ |1<i<j<m}.

(If m = 1, then R = RV = (.) By the standard simple roots we mean the following
choice of simple roots:

€1 —€2,...,€Em—1 — €m, Em—1 T Em.
We denote by BRD(D,,) the corresponding based root datum. The Weyl group

of RD(D,,) is naturally identified with ({£1}")" x &,,, where ({£1}"™)’ denotes the
kernel of the homomorphism {+1}"™ — {+£1} taking the product of the coordinates.

Definition 1.2.6. — Let o € F be an element such that o> € F* and a ¢ F.
Let U(1), be the norm-one subtorus of Resp(a)/r Gm. We have a canonical isomor-
phism U(l)af = G,, 7 corresponding to the inclusion F(a) — F. In particular, we
canonically identify X*(U(1),,) and X, (U(1),) with Z. We also have a canonical injec-
tive F-homomorphism ¢, : U(1), — GLg, which represents the multiplication action
of U(1), on F(a) under the F-basis {1,a} of F(a). f F =R, F = C,a = v/—1, we
simply write U(1) for U(1),.

1.2.7. — Let V = (V,q) be a quadratic space over F' of dimension d and discriminant
d. Let G = SO(V). Then G is a reductive algebraic group over F', and semi-simple if
d # 2. The absolute rank of G is m = |d/2].

Assuming that (V,q) is quasi-split, we shall obtain an explicit description of a
Borel pair in G and the associated based root datum as follows. There are two cases
to consider.

The first case is when V has a hyperbolic basis B = {e1, ..., eq}. We then identify G
with a subgroup of GL4 using the basis B. When d is odd, we obtain an F-embedding

. m : —1 —1
w: G — G, (215 -y 2m) — diag(z1, .-y 2Zm, 1,20, ooy 21 0 )-
When d is even, we obtain an F-embedding
- Gm ; -1 -1
w: G — G, (215 oy 2m) — diag(z1, -y Zm, 2y 5o e o5 21 )

For both parities of d, the image T of v is a split maximal torus in G. Also, the inter-
section of G with the upper triangular Borel subgroup of GL, is a Borel subgroup B
of G containing T'. Under ¢p, the based root datum BRD(T, B) is identified with the
standard based root datum BRD(B,,) (resp. BRD(D,,)) when d is odd (resp. even).

The second case is when d is even, § is non-trivial, and V has a near-hyperbolic
basis B = {e1,...,eq}. Let * € F* be the discriminant of B (see Definition 1.2.2),
and fix a square root o € F of z. We identify G with a subgroup of GL, using the
basis B, and obtain an F-embedding

tap: Gl xU(1)y — G

(21, -+ Zm—1, 2m) — diag(z1, .. .,zm_l,La(zm),z;il, .. ,zl_l)
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1.2. GENERALITIES ON QUADRATIC SPACES 19

Here U(1), and ¢q : U(1)q — GLg2 are as in Definition 1.2.6. The image T of o p is
a maximal torus in G. Recall from Definition 1.2.6 that X*(U(1),) and X.(U(1),)
are canonically identified with Z, so X*(G™~! x U(1),) and X.(G™~! x U(1),) are
canonically identified with Z™. Under ¢, 5, the root datum of (T, G) is identified
with RD(D,;,). The standard based root datum BRD(D,,) thus gives rise to a Borel
subgroup B of G containing T%. The I'p-action on X*(Gm~! x U(1),) & Z™
factors through Gal(F(«)/F'), and the non-trivial element of Gal(F(a)/F) acts by
7z —=7™, (a1,-..,4m) — (a1,...,8m—1,—0am). Hence the I'p-action preserves the
set of standard simple roots. It follows that Bz comes from a Borel subgroup B of G.
Thus (T, B) is a Borel pair in G, and ¢, induces an isomorphism between BRD(D,,,)
and BRD(T, B).

Proposition 1.2.8. — Let (V,q) be a quadratic space over F of dimension d and dis-
criminant §. Let G = SO(V'). Assume that d > 3. The following statements hold.

(1) The quadratic space V is split if and only if G is split.

(2) If d is odd, then G is split if and only if G is quasi-split.

(3) If d is even, then G is split if and only if G is quasi-split and § is trivial.

(4) Assume that d is even, § is non-trivial, and V is quasi-split. Then G is quasi-

split.

(5) Assume that d is even, § is non-trivial, and G is quasi-split over F. Then G is
split over F(a), for any a € F whose square is a lift of 6.

(6) Keep the assumptions in (5), and assume that F' is a non-archimedean local field
of characteristic zero. Then G is unramified if and only if F(«a) is unramified
over F, if and only if 6 € F* /F*? has a representative in (’);/O;’z.

(7) Suppose F = Qy, for an odd prime p. Then (V,q) is quasi-split if and only if the
Hasse invariant is (—1)%1”1’(5”%]. Here v,(8) is well defined in Z/27Z.

(8) Suppose F' = Q. Then (V,q) ®qg Q, is quasi-split for almost all primes p.

Proof. — (1) This is well known; see for instance [97, Prop. 2.14].

(2) This follows from the fact that the Dynkin diagram of type B(4_1)/2 does not
have non-trivial automorphisms.

(3) If G is split, then V is split by part (1), and so § is trivial. Conversely, assume
that G is quasi-split and § is trivial. By the abstract classification of quasi-split semi-
simple groups of type D,, (where m = g > 2), we know that the split rank of G is
at least g — 1. This implies that V is an orthogonal direct sum of g — 1 hyperbolic
planes and a 2-dimensional quadratic space Vp, by [97, Prop. 2.14|. The discriminant
of V4 is the same as that of V', which is trivial. Therefore there is a basis of V under
which the matrix of the quadratic form on V; is diag(a, —ab?) for some a,b € F*.
Clearly this implies that Vj is a hyperbolic plane. Hence V' is split, and therefore G is
split by (1).

(4) By §1.2.7, G admits a Borel subgroup over F.

(5) This follows from (3) by base changing both V' and G from F' to F(«).
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20 CHAPTER 1. THE ORTHOGONAL SHIMURA VARIETIES

(6) Since § is non-trivial, by (1) we know that G is non-split. By the abstract
classification of quasi-split non-split semi-simple groups of type D,, (with m > 2),
we know that G splits over a unique quadratic extension E/F inside F, and that
any splitting field of G inside F must contain E. Thus G is unramified if and only if
E/F is unramified. By (5), we know that £ = F(«). Thus G is unramified if and only
if F(«) is unramified over F', which is also equivalent to that ¢ has a representative
in 05 /02

(7) If (V, q) is quasi-split, then it has matrix representation

when d is odd and

_I 4o
when d is even, for some x € F* representing 0. Hence the Hasse invariant is
d-1 _ _

(z, —1),L7 e (_1)%1%(1”%]‘ This proves the “only if” direction. The “if” direc-
tion follows since two quadratic spaces over (9, with the same dimension, discriminant,
and Hasse invariant are isomorphic.

(8) For almost all p, v,(6) = 0 € Z/2Z and the Hasse invariant of (V,q) at p is
trivial. By (7) we know that (V,q) ®¢ Q, is quasi-split for such p. O

Remark 1.2.9. — From the assumptions that d is even, § is non-trivial, and
G = SO(V) is quasi-split over F, it does not follow that V is quasi-split. For example,
the quadratic spaces over R of signatures (n + 2,n) and (n,n + 2) define isomor-
phic special orthogonal groups, but only the former quadratic space is quasi-split;
cf. Example 1.2.4.

1.3. Generalities on Shimura data and rational boundary components

In this section we collect some general facts concerning the formalism of mixed
Shimura data and rational boundary components in [94].

1.3.1. — According to the definition of Pink [94, Chap. 2|, a mized Shimura datum
is a tuple (P,U,),h), where P is a connected linear algebraic group over Q, U is
a subgroup of the unipotent radical of P that is normal in P, ) is a left homoge-
neous space under the subgroup P(R)U(C) of P(C), and h is a P(R)U(C)-equivariant
map Y — Hom(Sc, P), satisfying the axioms in [94, 2.1]. (Here S := Resc/r Gp,.) If
h is clear from the context, we omit it from the notation. If U is trivial, we also omit
it from the notation. The mixed Shimura datum is called pure if P is reductive. Note
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1.3. SHIMURA DATA AND RATIONAL BOUNDARY COMPONENTS 21

that the notion of a pure Shimura datum according to Pink’s definition is less re-
strictive than Deligne’s definition in [30, 2.1], in that h is allowed to be non-injective,
cf. [94, 2.2 (d)]. In the sequel all pure Shimura data are understood in the sense of
Pink.

Some comments on the homogeneous space ) are in order. First, note that
P(R)U(C) is the preimage of (P/U)(R) along the map P(C) — (P/U)(C), since
H'(R,U) is trivial. It follows that P(R)U(C) is a closed Lie subgroup of the real Lie
group P(C). Recall that for any real Lie group G, a left homogeneous space under G
is a set S equipped with a transitive left action of G such that the stabilizers are
closed Lie subgroups of G. Then S has the unique structure of a smooth manifold
such that the G-action is smooth. In the definition of a mixed Shimura datum, ) is
required to be a left homogeneous space under the real Lie group P(R)U(C), and
so ) is canonically a smooth manifold. As explained in [94, 2.2], Y has finitely
many connected components, and the smooth structure on ) can be upgraded to a
canonical complex structure, which is invariant under P(R)U(C).

1.3.2. — By definition ([94, 2.3]), a morphism between two mixed Shimura data
(P,U,Y,h) and (P',U’,Y',h’) is a pair (7, F'), where 7 : P — P’ is a homomorphism
of Q-algebraic groups, and F : Y — )’ is a map, required to satisfy the following
conditions:

— m maps U into U’.

— F is equivariant with respect to the homomorphism P(R)U(C) — P'(R)U’(C)
induced by 7.

— For any y € ), the homomorphism h'(F(y)) : Sc — P is equal to the composite

homomorphism
h(y)

S¢c —> Pc 5 PL.
As shown in [94, 2.4], if (7, F) is a morphism as above, then F' is automatically
holomorphic with respect to the canonical complex structures on ) and )'.

1.3.3. — Let (P,U, Y, h) be a mixed Shimura datum. In [94, 2.9], Pink constructs the
quotient of (P,U,Y, h) by a normal subgroup Py of P. This is a mixed Shimura datum
for the group P/ Py equipped with a morphism from (P, U, Y, h) satisfying a universal
property. In the following, we give an alternative construction of the quotient in the
special case where Py is the unipotent radical of P.

Let W be the unipotent radical of P. We write G for P/W, and write m for the
projection P — G. Since H'(R, W) is trivial, and since W(R) and U(C) are con-
nected, the natural map P(R)U(C) — G(R) is surjective and induces an isomorphism
7o(P(R)U(C)) — mo(G(R)). In particular, mo(G(R)) acts on 7o ().
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Suppose we have a left mo(G(R))-set T' and a mo(G(R))-equivariant map A :
mo(Y) — I'. We define the map

HA : y — I'x HOHI(S(C,G(C),
y— (AM[y]), ™o h(y)).

We have a diagonal G(R)-action on I" x Hom(S¢, G¢), where the action on the second
factor is by conjugation. The map H) is equivariant with respect to the natural ho-
momorphism P(R)U(C) — G(R). Let X := im(H)). Let hy : X — Hom(Sc, G¢) be
the projection map to the second factor. It is easy to check that (G, Xy, hy) is a
pure Shimura datum, and that the pair (7 : P — G, Hy : Y — X)) is a mor-
phism (P,U, Y, h) — (G, X\, hy) between mixed Shimura data. Since H) : Y — X, is
surjective by the definition of X}, it induces a surjection m(H)y) : mo(Y) — 7o (Xy).

Lemma 1.3.4. — Let T and X be as above. The following statements hold.

(1) The map X\ — T given by the projection to the first factor induces an injec-
tion mo(Xy) — T

(2) The surjection mo(Hy) : mo(Y) — mo(Xy) is a bijection if and only if X is
injective.

(3) If X is injective, then the morphism (w,H,) : (P,U,Y,h) — (G, X, hy) identifies
(G, Xy, hy) with the quotient of (P,U,Y,h) by W.

Proof. — (1) A connected component of X is the same thing as a G(R)%-orbit in X},
but G(R)° acts trivially on T.

(2) The composition of m(H,) followed by the injection mo(Xy) — I' in part (1) is
equal to .

(3) Let (m,F) : (P,U,Y,h) — (G, Xaps, habs) be the abstract quotient by W,
which is characterized by a universal property and constructed in [94, 2.9]. By
the universal property, there is a unique G(R)-equivariant map j : Xaps — X
such that hy oj = haps and j o F = Hy. We only need to show that j is a bijec-
tion. Since Hy : Y — X is surjective, so is j. By part (2), j induces an injection
mo(Xabs) — mo(X)). It remains to show that the restriction of j to each connected
component of X,ps is injective. For this, it is enough to show that the restriction
of hy 0 j = haps to each connected component of X,s is injective. But this is [94,
2.12]. O

1.3.5. — We recall the formalism of rational boundary components developed in [94,
Chap. 4]. Let (G, X) = (G, X, h) be a pure Shimura datum. For simplicity, we assume
that G2¢ is Q-simple, which will suffice for our applications. We denote by AdmPar(G)
the set of admissible parabolic subgroups of G, namely G itself and the maximal proper
parabolic subgroups of G (defined over Q). For any P € AdmPar(G), Pink [94, 4.7, 4.8]
defines a canonical normal subgroup PY*¥ of P, and a canonical normal subgroup Up
of PPi"k contained in the unipotent radical of PPk, () As G is reductive, the proof

1. Our P, PPi"k and Up are denoted respectively by Q, P1, and U; in [94, 4.7, 4.8].
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of [94, 4.8] shows that the unipotent radical of PFik is equal to the unipotent radical
Np of P. In particular, the subgroup PF"® C G uniquely determines P. We shall
write Mp for P/Np and write Gp for PYi"k /Np.
We define

Wp 1= mo(X) x Hom(Sc, PE™¥),
equipped with the diagonal action of P(R)Up(C). Here the action on the first factor
is via mo(P(R)Up(C)) = mo(P(R)) — mo(G(R)), and on the second factor via conju-
gation. We write p!’ and pl’ for the projection maps from % to the two factors. In
[94, 4.11], Pink defines a canonical P(R)-equivariant map

wp: X — %p,

such that p!’ o wp is the natural projection X — mo(X).

By definition ([94, 4.11]), a rational boundary component of (G, X) is a pair (P,)),
where P € AdmPar(G), and Y is any PFP"%(R)Up(C)-orbit in #p such that
YNim(wp) # 0. We denote by RBC(G,X) or simply RBC the set of all rational
boundary components. For each P € AdmPar(G), we denote by RBCp(G,X) or
simply RBCp the set of all rational boundary components whose first coordinate is
P. For (P,Y) € RBC, we write X? for the subset wp'()) of X. We have the following
facts (see [94, Chap. 4]):

(I) For (P,Y) € RBC, the PPK(R)Up(C)-action on Y and the map
p2P|y : Y — Hom(Sc, PY™™*) make the tuple (PY"% Up,Y) a mixed Shimura
datum.

(I) For (P,Y) € RBC, the set XY is the union of some connected components
of X. The map wp maps XY injectively and holomorphically into Y, inducing
a bijection

(1.3.5.1) vy : T (XY) =5 mo(Y).
Moreover, the map m(Y) — mo(&X') induced by pf|y : Y — mo(X) is the inverse
of Yy-
(III) For each fixed P € AdmPar(G), X is the disjoint union
(1.3.5.2) x= JI &
(P,Y)ERBCP

1.3.6. — We keep the setting of §1.3.5. Let P € AdmPar(G). For each (P,Y) € RBCp,
we let (Gp,Xy) be the quotient of the mixed Shimura datum (PF"% Up ) by the
unipotent radical Np of P (which is also the unipotent radical of PFi"k) and let
Fy : Y — Xy be the canonical PY"&(R)Up(C)-equivariant map. By Lemma 1.3.4, we
know that Fy induces a bijection between the sets of connected components.

Let 7y be the composition

F
Wy:wa—P>y—y>Xy.
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Then 7y is holomorphic and induces a bijection between the sets of connected com-
ponents, since both w P|yy and Fy have these properties. Moreover, 7wy is equivariant
with respect to the surjective Lie group homomorphism PF"¥(R)Up(C) — Gp(R). In
particular, 7y is a surjective submersion, since XY (resp. Xy) is a left homogeneous
space under PYnK(R)Up(C) (resp. Gp(R)).

Let Ap be the disjoint union

Xp = H Xy,
(PY)eERBCP

as a complex manifold with a Gp(R)-action. In view of (1.3.5.2), we have a map

Tp = H Ty X — Xp.
(P,Y)ERBCp
Then =wp is holomorphic, surjective, submersive, equivariant with respect to
PPk(RYUp(C) — Gp(R), and induces a bijection between the sets of connected
components, since each 7wy has these properties. When P = G, the map ng is an
isomorphism.
Consider the set-theoretic disjoint union (2

(1.3.6.1) x= JI 2= JI 2

PeAdmPar(G) (P,Y)ERBC
There is a natural G(Q)-action on X*, satisfying the following properties (see [94,
4.16, 6.2]):

— The action respects the stratification of X* by the subsets Xy .

— For g € G(Q) and P € AdmPar(G), we have g(Xp) = Xyp,-1. In particular,
Stabg(Q)Xp = P(Q)

— For P € AdmPar(G), the map np : X — Xp is P(Q)-equivariant. Here P(Q)
acts on X p since Stabg(g)Xp = P(Q). Moreover, the P(Q)-action on X'p factors
through the quotient map P(Q) — Mp(Q).

Let P € AdmPar(G). As discussed above we have an Mp(Q)-action on Xp. Since
Mp(Q) is dense in Mp(R), there is at most one way to extend this action to a continu-
ous Mp(R)-action. It is shown in [94, 3.6] that such an extension indeed exists. Since
we need to explicitly describe this Mp(R)-action later for the orthogonal Shimura
datum, we give its construction in the following proposition.

Proposition 1.3.7. — Keep the setting of §1.3.5, and let P € AdmPar(G). The follow-
ing statements hold.

(1) There is a unique extension of the Gp(R)-action on Xp to an Mp(R)-action
such that the map wp : X — Xp is equivariant with respect to the homomorphism

P(R) — Mp(R).

2. While we shall only consider X* as a set, there is a natural Satake topology on X*; see [94,
6.2]. Under this topology, X* contains X as a dense open subset.
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(2) The Mp(R)-action on Xp in (1) factors through the natural homomorphism
(1.3.7.1) Mp(R) — mo(Mp(R)) x Aut(GpRr)
m — ([m], Int m).

(3) The Mp(R)-action on Xp in (1) is transitive and continuous. Its restriction
to Mp(Q) coincides with the Mp(Q)-action discussed in §1.3.6.

Proof. — (1) The uniqueness immediately follows from the surjectivity of mp. We
prove the existence. Using the canonical isomorphism 7o(P(R)Up(C)) = mo(Mp(R)),
we view mo(X) as a mo(Mp(R))-set. In particular, 7o(X) is a mo(Gp(R))-set. To sim-
plify notation, we write Hp for the set mo(X) x Hom(S¢, Gpc), which is equipped
with the diagonal Gp(R)-action as in §1.3.3 (where we take I' to be my(X)). The
Gp(R)-action on Hp extends to an Mp(R)-action in the obvious way (using the nor-
mality of Gp in Mp). We have a natural map

Fp : Wp = mo(X) x Hom(Sc, PE™*) — Hp = mo(X) x Hom(Sc, Gpc)
([2],1) — ([a], (Sc = PE™ — Gpyo)),

which is equivariant with respect to P(R) — Mp(R).
Let (P,)) € RBCp. We denote by Ay the injective map
-1
~
(V) == mo(X”) < 7o (X),

where vy is as in (1.3.5.1). As in §1.3.3, Ay induces a map H, : ¥ — Hp, whose
image is denoted by &) ,,. By Lemma 1.3.4, we may assume that &7 is equal to &),
and that the map Fy : ) — Xy is equal to the map H,,. Then we have a commutative
diagram

Remark 1.3.8. — In the above exposition, we started with the rational boundary
components in the sense of [94], and used them to construct the Mp(R)-homogeneous
space Xp, the P(R)-equivariant map 7p : X — Xp, and the G(Q)-set X'*. This is the
approach taken in [94]. Alternatively, one could apply the classical (i.e., non-adelic)
formalism of rational boundary components in [14] to each connected component of
the Hermitian symmetric domain X in order to construct each connected component
of Xp and each connected component of X'*. One could then construct the whole Xp
and X* by taking suitable disjoint unions, and reconstruct the subsets Xy C Xp as
the Gp(R)-orbits in Xp. This alternative approach is the point of view taken in [95].
These two approaches are logically equivalent. Our usage of the notations X* and X'p
agrees with [95, §3.6] and [90, §1.1].

1.4. The group-theoretic setting

In this section we fix the group-theoretic setting for our discussion of orthogonal
Shimura varieties.
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1.4.1. — Let (V, q) be a quadratic space over Q, of signature (n,2). We always assume
that n > 3. Let d = dimV = n + 2, and let m = |d/2]. Let G = SO(V'). Throughout
the paper, we shall refer to “the odd case” and “the even case” according to the parity
of d.

Since n > 3, the maximal totally isotropic subspaces of Vg are of dimension 2.
Throughout the paper we assume that the maximal totally isotropic subspaces of V'
are also of dimension 2. If n > 5, this assumption is automatic by Meyer’s theorem
(see [102, §IV.3.2 Cor. 2]). We fix a flag

(1.4.1.1) ocVvicVacVi-cVitcy,
where V; is an i-dimensional totally isotropic Q-subspace of V. We set
Wi = V- /Vi,

for ¢ € {1,2}. Define
P, := Stabg (V) C G,
P, := Stabg (V1) C G,
P =P NP CAQG.
Then Pj5 is a minimal parabolic subgroup of G, and P; and P, are the only proper

parabolic subgroups of G strictly containing Pjo. If S is a non-empty subset of {1, 2},
we write Pg for the one of P;, P», and Pj5 corresponding to S.

1.4.2. — We fix once and for all a splitting of the flag (1.4.1.1). Then we obtain a
Levi component Mg of Pg for each non-empty S C {1,2}. We have

My = GL(V2) x SO(Wy),

My =2 GL(V4) x SO(Wh),
(1.4.2.1) Mo = GL(V7) x GL(Va/V7) x SO(Ws).

In the sequel we call parabolic subgroups of G containing Pj5 standard. For each

standard parabolic subgroup P, we denote by Mp the Levi component of P contain-
ing Mjs, also called standard, and denote by Np the unipotent radical of P. Thus

the standard proper parabolic subgroups are Py, Py, P, and for P = Pg we have
Mp = Mg. We also write Ng for Np,.

1.4.3. — We fix a basis {e1} of V5 and a basis {e2} of V5/V;. By the fixed splitting
of the flag (1.4.1.1), we can view e as a vector in Vo C V. Let €; € V/Vi+ and
eh € Vit /V5+ be determined by the conditions [e;,€}] = 1,7 = 1,2. We view e}, €} as
vectors in V' as well. Under these choices we have identifications

GL(V;) 2 GL;, i € {1,2}, and GL(V2/V1) = GLy,

which we shall use freely in the sequel. In particular, the decomposition (1.4.2.1)
becomes
M12 = Gm X Gm X SO(WQ)

ASTERISQUE 453



1.5. THE ORTHOGONAL SHIMURA DATUM 27

We shall refer to the factor corresponding to GL(V7) as the first G,,, and refer to the
factor corresponding to GL(V2/V7) as the second Gy,.

1.4.4. — Let M be a standard proper Levi subgroup of G. We set

GL(‘/2)a SO(WQ)’
MSY = ¢ GL(W), M5° .= { SO(Wy),
GL(V1) x GL(V2/W1), SO(Wa),
GL(V2), SO(W2),
Mh = GL(‘/l), Ml = SO(W1),
GL(W), GL(V2/V1) x SO(W2),

where the three cases are when M = My, My, and M, respectively. (Here h stands
for “hermitian” and [ stands for “linear”.) We have

M = MC" x MSO = M, x M;.

1.5. The orthogonal Shimura datum

1.5.1. — Let (V,q) and G = SO(V) be as in §1.4. In this paper we are concerned
with the orthogonal Shimura datum on G. In the following we recall its definition and
some basic facts. More details can be found in [83].

Consider the set X’ of oriented, negative definite, two-dimensional subspaces of V.
Then X is a left homogeneous space under the natural action of G(R). Moreover,
X has two connected components, and the action of mo(G(R)) = Z/2Z on 7 (X) is
the non-trivial one.

Let € X. For any re? € C* (with r € Rsg,0 € R), we let

h(z)(re”) € G(R)

be the element which acts on Vg = 2@z as the rotation on = by angle —26 (according
to the given orientation on z) and as the identity on z*. The map h(z) : C* — G(R)
comes from an R-algebraic group homomorphism

h(z) : S — Gk.

Moreover, the association z — h(z) is G(R)-equivariant and identifies X with a
G(R)-conjugacy class of homomorphisms S — Gg. The tuple (G, X,h) is a pure
Shimura datum, called the orthogonal Shimura datum. From now on we also denote
this Shimura datum by O(V). It is known that O(V) is of abelian type. In fact, the
pair (GSpin(V), X) can be upgraded to a Shimura datum of Hodge type, and O(V) is
the quotient of that by the central G,, in GSpin(V).

The Hodge cocharacter p : G,, — G of O(V) (well-defined up to G(Q)-conju-
gacy) is given as follows. Choose an arbitrary hyperbolic basis B of Vg, and let
i Gy — Gg be the embedding constructed in §1.2.7. Let {ey,...,¢;,} be the
standard basis of X,(G™). Then p is conjugate to tp o €. Moreover, it is possible
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to find a representative u : G, — G defined over Q. In fact, we may assume that
the first and the last vectors in B are respectively e; and e). Then tp o €} is defined
over Q. Consequently, the reflex field of O(V) is Q.

Next we determine some explicit information about the rational boundary compo-
nents of O(V). We follow the notation in §1.3. In the present case the set AdmPar(G)
consists of G and the G(Q)-conjugates of P; and Ps.

Proposition 1.5.2. — The following statements hold.

(1) For each P € AdmPar(G), the set RBCp(O(V)) is a singleton.

(2) Fori=1,2, we have PF"k = M, ,N;. In particular, Gp, = PF'™%/N; is natu-
rally identified with M; p.

(3) For i = 1,2, under the identification M, = GLs_;, the Shimura datum
(M; h, Xp,) is identified with the Siegel Shimura datum (GLs_;, Ha2—s)) (see
94, 2.7, 2.8]).

(4) The action of the subgroup My ;(R) C M;1(R) on Xp, is trivial.

(6) The groups mo(Man(R)), mo(M2;(R)), and mo(G(R)) are all isomorphic
to Z/2Z. The map

mo(Mz(R)) = mo(Ma,n(R)) x 70 (Mz,1(R)) — mo(G(R))
induced by the inclusion Mz(R) — G(R) is given by
7)2Z x 1.)27 — T,)2Z
(a,b) —> a+b.

The action of Ma(R) on Xp, as in Proposition 1.3.7 is given by the composite
map Ma(R) — 7o(M2(R)) — mo(G(R)) followed by the unique non-trivial action
of mo(G(R)) = Z /27 on the two-element set Xp, = Hy.

Proof. — Statements (1) (2) (3) follow from [43, Prop. 2.4.5]. To show (4), note

that M; ;(R) = SO(n —2,0)(R) is connected, and that it commutes with Gp, = My .

The statement then follows from Proposition 1.3.7 (2). We now show (5). We have
M n(R) 2 R™, M, (R) = SO(n —1,1)(R), G(R) = SO(n, 2)(R).

The first two statements in (5) follow from the standard description of the connected

components of special orthogonal groups; see for instance [52, 1.17]. The third state-

ment follows from the fact that the map np, : X — Xp, is Py(R)-equivariant and
induces a bijection mo(X) — mo(Xp,) = Xp,; see §1.3.6 and Proposition 1.3.7. [

1.6. Shimura varieties

From now on until the end of §1, we let O(V) = (G, X,h) be the orthogonal
Shimura datum fixed in §1.5. Let K be a neat compact open subgroup of G(Ay). (See
[94, 0.6] for the meaning of “neat”.) As usual we define

Shi (O(V))(C) = GQ\X x G(Ay)/K.
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This is the set of C-points of the canonical model Shg(O(V)), which is a smooth
quasi-projective variety of dimension n = d — 2 over the reflex field Q. As O(V) is of
abelian type, the existence of the canonical model follows from [30]. We write Shx
for Shx (O(V)).

Let K7 and K> be neat compact open subgroups of G(A¢), and let g be an element
of G(Ay) such that K; C gK2g~'. We have a finite étale Q-morphism

[‘g]Kl,Kz : ShKl - Sth
called a Hecke operator. On C-points, it is induced by
X x G(Ay) — X x G(Ay)
(z,k) — (2, kg).
When the context is clear we will simply write [-g] for [-g]k, x,-

We recall the following facts proved in [94, 12.3]. For any neat compact open
subgroup K C G(Ay), the Shimura variety Shx has the canonical Baily-Borel com-
pactification

j . ShK — ShK,
where Shx is a normal projective variety over Q, and j is a dense open embedding
defined over Q. At the level of C-points, we have
Shg (C) = G(Q\X™ x G(Ay)/K,

where X'* is the G(Q)-set defined in (1.3.6.1), and j is induced by wg : X — Xg — X*.
For K1, K>, and g as in the last paragraph, the morphism [-g] : Shk, — Shg, uniquely

extends to a finite Q-morphism [-g] = [-g]f, x, : Shx, — Sh,.

1.7. Automorphic \-adic sheaves

1.7.1. — Let V be a finite-dimensional vector space over a number field E equipped
with a G-representation, i.e., an E-algebraic group homomorphism Gg — GL(V). Let
A be a finite place of E. Then by a well-known construction, for any neat compact
open subgroup K C G(Ay) there is an Ey-sheaf on Shy associated to V, which we
denote by FXV. Moreover, for each Hecke operator [-g] : Shx, — Shg, (with Ky, K>
neat), there is a canonical isomorphism

(1.7.1.1) Fral . FKiy [_g]*}-KQV

We refer the reader to [95, §5.1] and [51, §1.5] for more details.

Let £ be the rational prime below A, and fix a Q-algebra embedding Ey < Q,. Let
K be as above. We view the Ey-sheaf FXV as a Q,-sheaf and keep the same notation.
We have the intersection complex

ICKV = (jl*((fKV) [n])> [-n] € DZ(Shr, Qy).

Here j is the open embedding Shx < Shg, and remember that n = dim Shg.
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1.7.2. — We have analogues of the canonical isomorphisms (1.7.1.1) for the intersec-
tion complexes, which we now explain. Consider a Hecke operator [-g] : Shx, — Shg,
and its extension [-g] : Shx, — Shg,. To ease notation we write g for [-g] and write
g for m For i = 1,2, we write F; and IC; for FXiV and ICX: V respectively, and
write j; for the open embedding Shx, — Shg,.

For any .# € D%(Shg,,Q,), we have the commutative diagram

§*RjoF — Rj1,19*F

| |

9" Rj2 7 — Rj1.9" 7,

where the horizontal maps are the base change maps, and the vertical maps are
induced by the natural maps Rj;1(-) — Rjs; (), ¢ = 1,2. Since g is finite (see §1.6),

g* is exact with respect to the (middle-perversity) perverse t-structures. Therefore
the above commutative diagram induces a natural map
(1.7.2.1) G j2 T — J19" F .
Taking .# to be Fz[n|, we obtain a map
g g2 (F2[n]) — jiug” (F2(n]).
The composition of the above map followed by jl,l*(}'[._gl]) gives a map
9" j2, (F2ln]) — jiu(Filn]).
Shifting by [—n] we obtain a map
(1.7.2.2) g 1Cy — 1C; .
Similarly, using the base co-change maps (see [2, XVIII|)
Rj1,9'F — §'Rj2.7,
Rj1.g'7, — § Rj2,+ 7,
we obtain a map
(1.7.2.3) J10x9'F — G o T

as a counterpart of (1.7.2.1). Note that because g is finite étale (see §1.6), we have
g' = g*. Again, taking .% to be F,[n] in (1.7.2.3), pre-composing with J1,0+(F.q)), and
shifting by [—n], we obtain a map

(1.7.2.4) IC; — §'IC,.

Now for Hecke operators [-g1|x’ k, and [-g2]k’ k,, We obtain a canonical cohomo-
logical correspondence

(1.7.2.5) Ay, go Ky Ko i ¢ GHICTTV — gh1cR2 v
by composing (1.7.2.2) for g = g1 with (1.7.2.4) for g = go.
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1.8. Intersection cohomology and Morel’s formula

1.8.1. — Keep the setting of §1.7.1. Let K be a neat compact open subgroup of G(Ay).
Define

IH*(Shg, V) := H}, (Shx ®¢ Q, ICK V),
H}(Shg,V) := H}, .(Shx ®¢ Q, F¥V),

which we view as graded Q,-vector spaces. We denote by H(G(Af) / K)g the
Hecke algebra of Q-valued smooth compactly supported K-bi-invariant distributions
on G(Ay). If we choose a Haar measure dg™ on G(Ay) that gives rational volumes
to compact open subgroups, then each element of H(G(Ay) // K)g can be uniquely
written as f°°dg>, where f* is a smooth compactly supported K-bi-invariant
function G(A;) — Q. We have commuting actions of Gal(Q/Q) and H(G(Ay) / K)o
on IH*(Shg, V) and H(Shg, V). Here the H(G(A}) // K)g-action on TH*(Shg, V) is
characterized as follows. For any g € G(Ay), the element

1k - volagee (K)7'dg™ € H(G(Ay) /| K)g

depends only on g and not on the choice of dg>°. We require that this element acts
on IH*(Shg, V) via the endomorphism induced by the cohomological correspondence

oy kkgkg-ink © g ICKV — T'ICK Y,
where the notation is as in (1.7.2.5).

By linearity, this determines the H(G(Af) // K)g-action on IH*(Shg,V). The
H(G(Ay) /| K)g-action on H(Shg, V) is characterized similarly.

If p is a prime and KP? is a compact open subgroup of G(A’;), we denote
by H(G(A%) /) K?)q the Hecke algebra of Q-valued smooth compactly supported
KP-bi-invariant distributions on G(A%}). Similarly as before, its elements can be
written as fP*°dgP*°, where fP*° is a function G(A?) — Q and dgP> is a Haar

measure on G (A’;) giving rational volumes to compact open subgroups.

Definition 1.8.2. — Let K be a compact open subgroup of G(Ay) and let p be a prime
number.

1. We say that p is a hyperspecial prime for K, if we have K = KPK,,, with K, a
hyperspecial subgroup of G(Q,), and K? a compact open subgroup of G(A’;).

2. Let f*dg>™ € H(G(Ay)// K)qg. We say that p is an unramified prime for f*dg>,
if p is hyperspecial for K, and we have f*°dg> = fP*°dgP*°1k, dg,, where
fr>°dgP> is an element of H(G(AY) / K?)q, 1k, : G(Qp) — Q is the char-
acteristic function of K, and dg, is a Haar measure on G(Q,) giving rational
volumes to compact open subgroups.

1.8.3. — Fix a neat compact open subgroup K of G(Ay), and fix
f*dg™ € H(G(Ay) /| K)q-
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32 CHAPTER 1. THE ORTHOGONAL SHIMURA VARIETIES

Let ¥ be the finite set consisting of the prime ¢, the primes not hyperspecial
for K, and the primes not unramified for f*°dg®>. For each prime p ¢ Xy, we write
K = KPK, and f*dg> = fP*°dgP*°1k,dg, as in Definition 1.8.2. Without loss of
generality, we may and shall assume that voly,, (K},) = 1 by rescaling fP*°dg?*°.

Recall from §1.7.1 that we have fixed an embedding E), — Q,. We now also
fix a field embedding E — C. For any endomorphism u of the graded Q,-vector
space IH*(Shg, V), we write Tr(u | IH*(Shg, V)) for the alternating sum

> (~)F Tr(u | TH*(Shg, V) € Q.
k

(The sum is finite, since the terms are zero unless 0 < k < 2dim Shg.) The same
convention is applied to H(Shg, V).

Theorem 1.8.4 (Morel’s formula). — In the setting of §1.8.3, there exists a finite set
of prime numbers ¥ = £(O(V),V,\, K, f>°) containing Lo such that the following
statements hold for all primes p ¢ X.
(1) The actions of Gal(Q/Q) on IH*(Shg, V) and on H}(Shk,V) are both unram-
ified at p.
(2) Let Frob, € Gal(Q/Q) be a geometric Frobenius at p. There ezists a positive
integer ag = ag(O(V), V,\, K, f°,p) such that for all integers a > ag we have

(1.8.4.1)  Tr(Froby x f*dg™ | TH"(Shg, V))
= Tr(Froby x f*dg™ | Hj(Shx,V)) + Y Tra(f7°dg”*, K, a).
M
Here in the summation M runs through the standard proper Levi subgroups of G,
and Trpr (fP°dgP >, K, a) will be given in Definition 2.4.3 below (which depends

on the embedding E — C). The two sides of (1.8.4.1) are a priori numbers in Q,
and C respectively, but they actually both lie in E.

The proof of Theorem 1.8.4 will be given in §3.

Remark 1.8.5. — We expect that Theorem 1.8.4 should in fact hold for ¥ = X,.
The proof of this would require a robust theory of integral models of the Baily-Borel
compactification and the toroidal compactifications of Shx at all hyperspecial primes,
which is currently unavailable. See §3.1 below for a more detailed discussion.
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CHAPTER 2

DEFINITION OF THE TERMS IN MOREL'S FORMULA

In this chapter we define the terms Trp,(fP*°dg? >, K,a) in Theorem 1.8.4. We
keep the setting in §1.4-§1.8. In particular, we fix E — C as in §1.8.3.

2.1. Truncated Lie algebra cohomology

Definition 2.1.1. — For i € {1,2}, let w; : G,, — M, be the weight cocharacter of
the Shimura datum (M; p, Xp,), and let t; = dim X'p, — dim X. (Here dim means the
complex dimension.)

Lemma 2.1.2. — The following statements hold.

(1) The cocharacter wy of My, = GL(V2) =2 GLg is given by z — diag(z, 2).

(2) The cocharacter @y of My, = GL(V1) & Gy, is given by z — 22.

(3) We havety =3 —d, and ta =2 —d.
Proof. — By Proposition 1.5.2, we have (M;n,Xp,) = (GLz_i, Haw2—s)). The
statements about w; and wy are clear. To determine t; and t5, we use that
dimX =n=d -2, dim&p, =1, and dim Xp, = 0. O

2.1.3. — Let S be a non-empty subset of {1,2}. By Kostant’s theorem [53] (cf. [33,
§11] or §4.3 below), the Lie algebra cohomology
H"(Lie(Ns)c, V &g C)

is a finite-dimensional algebraic representation of Mg¢(C), and is non-zero only for
finitely many non-negative integers k. For ¢ € S, since we have M; = M, x M,
and since w; is a central cocharacter of M; ; defined over QQ, we know that w; is a
cocharacter of the split component Ay, of M;, and a fortiori a cocharacter of the split
component Ay, of Mg.

Definition 2.1.4. — Let S be a non-empty subset of {1,2}. We write
H”(Lie(Ns)c,V ® C) g

for the maximal Mg(C)-sub-representation of H*(Lie(Ng)c, V®g C) on which w; has
weights strictly greater than ¢; for each i € S. (Here we say that a G,,-representation
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has weights greater than a number ¢ if all the appearing characters z — 2z* satisfy
k > t.) We define the virtual Mg(C)-representation:

RT(Lie N5, V)s¢s == Y _(—1)"H*(Lie(Ns)c, V @5 C)ss-
k>0

When P = Ps is fixed in the context, we also replace the symbol “> tg” by “> tp”.

2.2. The Kostant-Weyl term L,

In this section, let M be a standard proper Levi subgroup of G, i.e.,
M e {Ml,MQ,Mlg}.

Definition 2.2.1. — Let P(M) be the set of pairs (P, g), where P is a standard proper
parabolic subgroup of G, and g is an element of G(Q), satisfying the following condi-
tions.

1. We have M}, = Mp, and M; is a Levi subgroup of Mp;. In particular, M C Mp.
2. The element g centralizes M; C G, and normalizes M; C G. In particular,
g normalizes M C G.

Let ~ be the equivalence relation on P(M) such that (P, g) ~ (P’,¢’) if and only if
P =P and g € Mp(Q)g'M(Q). (Here Mp is the standard Levi component of P,
which may not be the same as M.) For any standard proper parabolic subgroup @
of G, let

P(M,Q) = {(P,g) € P(M) | P = Q} C P(M).

Definition 2.2.2. — Setmp; tobe 1if M = M;,and 2if M € {Ms, M;5}. For v € M(R)
and (P, g) € P(M), define the complex number

. 1/2
Lt pg(y) = myr (= 1) A/ Ae (nfge) =1 DY (gyg™") |

Sp(ry (979~ )2 Tr(gyg ™" | RT(Lie Np, V)5yp).

Here the terms nAAjI[P, D%P (+); 6p)(-) are all defined in §1.1, and RI'(Lie Np, V)5, is
as in Definition 2.1.4.

It is easy to see that Lys p4(7) depends on (P, g) only via the ~-equivalence class
of (P, g). We use this fact in the next definition.

Definition 2.2.3. — For v € M(R), define the Kostant- Weyl term

(2.2.3.1) Ly (y) = > |P(M,P)/~|"" Ly,pg(7) € C.
(Pg)EP(M)/~

Proposition 2.2.4. — Let i = 1 or 2. Then every element of P(M;) is ~-equivalent
to (P;,1). In particular, for v € M;(R) we have

LMi (7) = mMi(sPi(R) (’7)1/2 T‘I‘(’Y | RF(Lle Ni?V)>ti)‘
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Proof. — It is clear that (P;,1) € P(M;). Let (P,g) € P(M;). By condition (1) in
Definition 2.2.1, we have P = P;. Since M, j contains Ajy,, the centralizer of M;j,
in G is contained in M;. Hence by condition (2) in Definition 2.2.1, we have g € M;(Q).
It then follows that (P, g) ~ (P;,1). O

2.2.5. — Next we give an explicit description of the set P(Mi2)/~. Recall from §1.4
that we have identified V' with the orthogonal direct sum of spang {e1,€}} and Wy,
and identified W with the orthogonal direct sum of spang {ez, €5} and W5. Also recall
that MQ,l = SO(W1) C M2 = GL(Vl) X SO(Wl)

Definition 2.2.6. — Let M5 ;(Q)* be the set consisting of g € My ;(Q) satisfying the
following conditions:

L. g(e2) = €5, g(es) = ea.
2. g stabilizes W5, and g is an element of O(W5)(Q) with determinant —1.
2

Remark 2.2.7. — Since dim W5 = n — 2 > 1, the group O(W3)(Q) indeed contains
elements with determinant —1. It is then clear that M ;(Q)* # 0.

Proposition 2.2.8. — The set P(Mia, Py) is empty. Every element of P(Mia, Ps) is
~-equivalent to (P, 1). The set P(Mia, P12) is the union of exactly two ~-equivalence
classes, and they are represented by (Pi2,1) and (Pi2,g0), where go is any element

of Ms,;(Q)*.

Proof. — Since M2 is not contained in M ;, we have P(Mi2, P1) = 0. Since M;5 , =
GL(V1) = Ap,, by condition (2) in Definition 2.2.1 we know that any (P, g) € P(Mi2)
must satisfy g € Norys, (Mi2,)(Q). Conversely, for any g € Norz, (M12,)(Q), we have
(P2, 9), (P12,9) € P(Mi2). The statement about P(Ms, P») immediately follows.

To show the last statement about P(Mi2, P12), we know from the above discussion
that we have a surjection

Norag, (Mi2,)(Q) — P(Miz, Pr2)/~
g +— (P12,9)-
This surjection restricts to a surjection
Norag, ,(Mi2,)(Q) — P(Miz, Pr2)/~,

which induces a bijection (see Definition 1.1.1 for the notation)
M ~
WMlel e P(Mlg, Plg)/N.
Now note that GL(V,/V1) = G,, is the split component of M1z ;. As in Remark 1.1.2,
we have an injective homomorphism

Wikt Aut(GL(Va/Vh)) = Z,/2Z

g — Int(g)|GL(V2/V1).
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The desired statement follows from the fact that for all g € M ;(Q)*, we have

go € Noryy, ,(Mi2,)(Q), and Int(go)|GL(V2/V1) is non-trivial. O

2.3. Definitions related to Kottwitz’s fixed point formula

2.3.1. — Let M} be the reductive group GL; over Q, where i = 1 or 2. We equip
M, with the Siegel Shimura datum Hy;—;) (see [94, 2.7, 2.8]). We define some group-
theoretic terms that appear in Kottwitz’s fixed point formula for the Shimura varieties
associated to (M}, Ha(2—s)). The main reference is [60, Part IJ; see also [90, §1.6]. We
fix a prime p, and an integer a > 1.

Define a cocharacter p of Mj, as follows. When M} = G,,, let u be the identity
cocharacter. When M}, = GLo, let u be z — diag(z,1). Thus p is a Hodge cocharacter
for the Shimura datum (M}, Ha2—s))-

The following definition is equivalent to the standard definition as in [62, §19] or
[90, §1.6]; it appears simpler since in the group M), stable conjugacy is the same as
conjugacy.

Definition 2.3.2. — A Kottwitz triple in M} (of level p*, for the Shimura datum
(Mp, Ha2—3y)) is a triple (0,7,0), with 49 € Mp(Q), v € Mp(A%), & € Mp(Qpe),
satisfying the following conditions:

1. The element 7, is semi-simple and R-elliptic (see Definition 1.1.8).

2. The element 7 is conjugate to 7o in My, (A}).

3. The element N ¢ := 6o (3) - -- 0%~ 1(8) € Mp(Qpe) is conjugate to v in My (Qpa).

4. If My, = G,,,, then the p-adic valuation of § € Q;a is —1. If M, = GL3, then the
p-adic valuation of the determinant of § € GLg(Qpa) is —1.

Two Kottwitz triples (v9,7,9d) and (v§,7',9’) are said to be equivalent, if v is con-
jugate to vy in M (Q), and § is o-conjugate to §’ inside My (Qpa). In the sequel, it
is understood that whenever Kottwitz triples appear in a summation, they are taken
up to equivalence.

Remark 2.3.3. — Abstractly, condition (4) in Definition 2.3.2 says that the image of ¢
in 7y (Mp)r, under the Kottwitz map is equal to that of —pu.

2.3.4. — Let (v0,7,0) be a Kottwitz triple. Let Iy = Mj, o, be the centralizer (which
is connected) of g in M},. Define £(I5/Q) to be the finite abelian group consisting of
those elements of wo([Z(E))/Z(M\h)]F@) whose images in H* (T, Z(m)) are locally
trivial; see [58, §4.6]. In [60, §2] Kottwitz defines an invariant

a(’YOa s 6) € ‘R(IO/Q)D
of the triple (vo,7,d). Here £(Ip/Q)P is the Pontryagin dual of &(Ip/Q).

Lemma 2.3.5. — For My, = GL; or GLg, we always have £(Ip/Q) = 0.
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Proof. — If Iy = Mj, then obviously K(Ip/Q) = 0. Thus we may assume that
M}, = GL5 and that 7 in non-central. Then I; is a maximal torus T in GLy defined
over Q. In this case Z(Iy) = Iy = T. Since the Galois action on Z((?\Lg) is trivial, by
Chebotarev’s density theorem the only locally trivial element of H'(I'g, Z (6\112)) is
the trivial element. In view of the exact sequence

m0(Z(GL2)"?) — mo(T"¢) — mo(IT/Z(GLa)"?) — H' (Tg, Z(GLa)),
it suffices to show that
TTe ¢ Z(GLy).
Since 7y is R-elliptic, Tk is an elliptic maximal torus in GLg r. Hence there exists
an identification T = C* x C* such that the non-trivial element of I'o acts on T
by switching the two coordinates. It follows that '~ c Z (6\]:12), and a fortiori
Tre ¢ Z(GLy). O

2.3.6. — Let (y0,7,9) be a Kottwitz triple. By Lemma 2.3.5, the invariant (o, ", d)
automatically vanishes. Hence as in [60, §3|, there is an inner form I of I over Q
satisfying the following conditions.

— The group Iy is anisotropic modulo center.

— For any finite place v of Q not equal to p, Ip, is the trivial inner form of I g, .

— The inner form Iy, of Iy g, is isomorphic (as an inner from) to the o-centralizer
(Mp)ss of § in M), (which is denoted by I(p) in loc. cit.).

We refer the reader to loc. cit. for more details.

Fix Haar measures on I(Q,), I(A%}), and I(R) such that the product Haar mea-
sure on I(A) is the Tamagawa measure. Fix a Haar measure on M}p(Qpe) such
that Mj,(Zp.) has volume 1. Fix Haar measures on Mj(R) and Mj,(A%) arbitrarily.

Definition 2.3.7. — In the setting of §2.3.6, we define
C('YO, Y, 5) = (’707 s 6)02(’}/()’ Y 5)a

where
c1(70,7,68) = vol(I(Q\I(Ay)) = 7(I) vol(Axy, (R)\I(R))
co(70,7,90) = |ker(ker1(Q,IO) — kerl((@,Mh))| .

Here 7(I) is the Tamagawa number of I.

Definition 2.3.8. — In the setting of §2.3.6, we define the orbital integral along ~y to
be the functional

Oy : O (Mn(A})) — C

£ 0,(f) = / f(g~ "),

My, (AZ)\ My (A%)
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with respect to the fixed Haar measure on M}, (A%) and the Haar measure on Mp, , (A%)
transferred from I(A%). We define the twisted orbital integral along § to be the func-
tional

TO; : C2°(My(Qpe)) — C

J s TOs(f) = / f(g~"60(9)),

(Mh)éa(Qp)\Mh (Qp“)

with respect to the fixed Haar measure on Mp(Qp«) and the Haar measure
on (My)s,(Qp) transferred from I(Q,). For more details see [60, §3].

Definition 2.3.9. — Let ¢M» : M;(Qpa) — Q be the characteristic function
of My (Zpe)u(p) ™ Mu(Zyo).

2.4. Definition of Tr,,

In this section, let P be a standard parabolic subgroup of G, and let M = Mp be
the standard Levi component of P. We define the term Trp,(fP*°dg?>, K,a) in
(1.8.4.1).

Definition 2.4.1. — For vy € My(R) and v € M;(R), we write vg ~r 7L, if one of
the following conditions holds.

1. We have M) = GLs.
2. We have M}, = G, v0 € Mp(R)?, and v, € M;(R)°.
3. We have M}, = G, 70 ¢ My (R)?, and v, ¢ M;(R)°.

Remark 2.4.2. — When M = M;, we have M}; = GLs2, and so the condition vy ~g v
is by definition automatic.

When M = M5 or Ms, we have mo(Mp(R)) & mo(M;(R)) & Z/27Z. Thus the con-
dition v ~g 7z depends only on the M}, (R)-conjugacy class of vy and the M;(R)-con-
jugacy class of ~p,.

Definition 2.4.3. — Let K be a compact open subgroup of G(Af). Let p be
a hyperspecial prime for K, and let K,,K? be as in Definition 1.8.2. Let
frdgh> € H(G(AY) | KP)qg, and let a € Z>1. We define the complex number

(24.3.1)  Try(f7°dg">, K,a) == > M () 'x(Miy,)°) Y. (70,7, 6)

(70,7,6)
’ 5P(@p)(70)1/207m( 11\)/}00)0%(1Ml(Zp))T06(¢z]zVIh)LM(’YL’YO)a

where 77, runs through the semi-simple conjugacy classes in M;(Q) that are R-ellip-
tic (see Definition 1.1.8; if no such ~y, exists, then the sum is empty), and (vo,7,9)
runs through the equivalence classes of Kottwitz triples in M}, of level p® (see Defi-
nition 2.3.2) such that y9 ~g 75 (see Definition 2.4.1 and Remark 2.4.2). The other
terms are defined as follows:
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1. We write tMt(vyy) for |M17’YL (Q)/(Ml,%)o((@ﬂ.

2. We write x((M; 4, )°) for the Euler characteristic of the reductive group (M -, )°
over Q, as defined in [34, §7.10].

3. The term (0,7, 9) is as in Definition 2.3.7.

4. We let fy;° € C(M(A%)) be the constant term of P> as defined in [34,
§7.13]. This function depends on auxiliary choices, but its orbital integrals are
well defined once all the relevant Haar measures are fixed.

5. We have a canonical identification

C(M(AY)) = O (Mn(A})) ®@c CF (Mi(A})).

In view of this, we define the functional O, : C?(M(A’})) — C to be the
tensor product of the functional O, : C°(Mj (A?)) — C in Definition 2.3.8 and
the functional

(2432) 0., : CX(M(A})) — C
f— 0y (f) = / F(g 29)dg,
My, (AD\M(AT)

where the relevant Haar measures are to be specified in Remark 2.4.4 below.
6. We let M;(Z,) be the hyperspecial subgroup of M;(Q,) given by

(2.4.3.3) Mi(Zp) := [Kp 0 (Mi(Qp)Np(Qp))]/(Kp N Np(Qp))-
See Remark 2.4.5 below for more explanations.
7. We define
(2.4.3.4) O, (I (z,)) = / Loz, (97 vL9)dg,

Mi g, (Qp)\M1(Qp)
where the relevant Haar measures are to be specified in Remark 2.4.4 below.
8. The term TOs(¢M*) is as in Definitions 2.3.8 and 2.3.9.
9. The term Lj,(-) is as in Definition 2.2.3.

Remark 2.4.4. — We make precise the choices of various Haar measures in Defini-
tion 2.4.3. We choose an arbitrary Haar measure on M;(A%}), and choose arbitrary
Haar measures on M, ,, (A}) and M., (Q,) for each . We then define the Haar
measure on M(A%) = My(A}) x Mi(A%) to be the product of the Haar measure
on M; (Afc) chosen above and the Haar measure on M}, (A?) chosen in §2.3.6. We then
specify various normalizations:

1. Use the Haar measure on M (A%) as above and the Haar measure dg”> on G(A%)
to define the constant term f7,°°.

2. Use the Haar measures on Ml(Afc) and M, ., (AI}) chosen above to define
(2.4.3.2).

3. Use the Haar measure on M;(Q,) giving volume 1 to M;(Z,), and the Haar
measure on M; ,, (Qp) chosen above, to define (2.4.3.4).
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4. Use the Haar measures on M; ., (A%) and M., (Q,) chosen above to define the

product measure on (M, )°(As), and use the latter to define x((M;,)°) as
in [34, §7.10).

Remark 2.4.5. — We explain why M;(Z,) defined by (2.4.3.3) is a hyperspecial sub-
group of M;(Q,) by collecting standard facts about reductive group schemes from
[1, XXVI]. Since K, is a hyperspecial subgroup of G(Q,), there is a reductive group
scheme G over Z, with generic fiber Gg, such that K, = G(Z,) C G(Q,). By [1,
XXVI, Cor. 3.5], the parabolic subgroup Pg, of Gg, extends to a unique parabolic
subgroup P of G. Since parabolic subgroups are closed (see [1, XXVI, Prop. 1.2]),
we have P(Z,) = P(Q,) N K,. Now the reductive quotient M of P (see [1, XX VI,
Cor. 1.5, Prop. 1.6]) is a reductive group scheme over Z, whose generic fiber is M.
Since SpecZ, is affine, by [1, XX VI, Cor. 2.3] we know that P admits a Levi compo-
nent. It follows that the natural map P(Z,) — M(Z,) is surjective. Therefore, the sub-
group M(Z,) of M(Q,) is equal to the image of P(Q,) N K, under P(Q,) — M(Q,).
Now since M = M}, x M, any hyperspecial subgroup of M(Q,) (such as M(Z,))
must be the direct product of a hyperspecial subgroup of My (Q,) and a hyperspecial
subgroup of M;(Qp). Hence the kernel of M(Z,) — M(Q,) — My(Q,), which is
M;(Z,), must be a hyperspecial subgroup of M;(Q,).

Remark 2.4.6. — When M = M; or M3, every element of M;(Q) is semi-simple
R-elliptic, because M,k is isomorphic to either SO(n — 2,0) or G, g X SO(n — 2,0),
and SO(n — 2,0)(R) is compact. When d is even and M = M,, we know that
M;r = SO(n — 1,1) does not have elliptic maximal tori (as n is even and at least 4),
so there are no R-elliptic elements of M;(Q) in the sense of Definition 1.1.8. In this
case it is understood that Trp, (fP°dgP >, K,a) = 0.

2.5. An equivalent form of Morel’s formula

At this point we have defined the terms in (1.8.4.1). In this section we give an
equivalent form of (1.8.4.1). It is this equivalent form that we shall prove in §3. In
the following, we fix K, p, fP>°dg?”*>°, and a as in Definition 2.4.3, and we shall
omit them from the notation when convenient. For instance, we shall write Try,
for Trps (fP°dgP>, K, a).

25.1. — Let M € {Ml,Mz,Mlz}. We set

{Ml,l}» M= Mla
StdLev(Ml) = {M27l7M127l}, M = Mg,
{Miz,;}, M = My,.

Thus in each case StdLev(M;) is a set of representatives of the M;(Q)-conjugacy
classes of Levi subgroups of M;.
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Definition 2.5.2. — Let M € {M;, M2, M1} and let (Q,g) € P(M) (see Defini-
tion 2.2.1). We define Trys g 4 by the same formula (2.4.3.1) used to define Trys, but
with L (-) replaced by LM,Q,g(~) (see Definition 2.2.2). Thus

(2.5.2.1) Trarg,g = ZLML (1) " X (Miy,)°) > e(70,7,6)
(70,7,6)

'5P(@p)(’ro) Y2054 (£37°)04, (Lagyz,)) TOs (65 ) Laz,q,6(Y2.%0),

Deﬁnition 2.5.3. — For Q S {Pl,Pg,Plg}, we define
0= Z Trar,Q,1,
M

where the sum is over M € {My, My, M2} such that M; € StdLev(Mg ). Indeed, for
each such M, we have (Q,1) € P(M), and so Trys,¢,1 is defined as in Definition 2.5.2.

Lemma 2.5.4. — We have
Trar, + Trag, + Tragy, = T + T, + T, -

Proof. — By (2.2.3.1), for each M € {My, M5, M15} we have

Try =y, [POMLQ)/~ Traqy-
(Q.9)EP(M)/~
By Propositions 2.2.4 and 2.2.8, if (Q,g) € P(M), then (Q,1) € P(M). We
claim that in this case Trarg,y = Trarg,1- Indeed, by definition Lasq,q(vzv0) =
L.o.1(97.9 10), so it suffices to show that the expression

M(yn) T ((Mi,)°) O (F372) 04 (Lay 2,))

on the RHS of (2.5.2.1) is invariant under the replacement vz, — gyrg~'. The invari-
ance of 1™ (y1) and X((Ml 7L)O) follows from the fact that g normalizes M;. To show
the invariance of O, (f1;""), it suffices to show that f1;° and its composition with
the automorphism Int(g ) of M (Ap ) have equal orbital integrals at all elements. By
Kazhdan’s density result [49] it sufﬁces to check this only at regular semi-simple ele-
ments. Since orbital integrals are locally constant on the regular semi-simple locus, we
further reduce to (G, M)-regular semi-simple elements. That is, we only need to show
the invariance of O, ,(f}:°°) under v, — gyLg~' under the assumption that .7 is
(G, M)-regular. This follows from the descent formula (see [109, Lem. 6.1] or [31])

O’YL’Y( ;)= |D ('VL'Y)|1/2 O (f7%)
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and the fact that g normalizes M. ") Finally, to show the invariance of O, (1as,(z,));
it suffices to show that gM;(Z,)g~' is conjugate to M;(Z,) in M;(Q,). By the de-
scriptions in Propositions 2.2.4 and 2.2.8, we are left to show that for any hyperspe-
cial subgroup U C SO(W3)(Q,) and any =z € O(W3)(Q,) — SO(W2)(Q,), we have
zUz~! is conjugate to U in SO(W2)(Q,). For this it suffices to exhibit one element
of O(W3)(Q,) — SO(W2)(Q,) normalizing U. But U is the stabilizer of a Z,-lattice
A in Wy (cf. [82, §2]). Since p > 2, if we take v € A such that v,({v,v)) is minimal,
<(1;:'j>> v preserves A, and hence A is the orthogonal direct
sum of Z,v and its orthogonal complement in A. We can therefore take the desired
element of O(W3)(Q,) —SO(W2)(Q,) to be the reflection along v, which stabilizes A.
This finishes the proof of the claim.
By the claim we have

then the projection w +— w —

Try = Z Tra,Q,1,
Q

where the sum is over Q € {P;, P5, P12} such that P(M, Q) # 0. We finish the proof
by noting that for M € {My, My, M2} and Q € {Py, P2, P12}, we have P(M,Q) # 0
if and only if M; € StdLev(Mg,). O

Definition 2.5.5. — For Q € {Py, P,, P15}, we define
(2.5.5.1) Tg=my, Z (—1)dim Ac/Ang, (nIJ\J/[QJ)_l

LeStdLev(Mg,1)

L -1 0 1/2
3 ) X, ) |
YL

M,
Dy, ®'(yr) R

o0 Man
> 10,7, 8)00(e,) (10)204,4 (£2i2) 05, (1L(z,)) TOs (6a ")
(70,7,6)

S (7270) "/ Tr(v290 | RT(Lie Ng, V)st,).

Here, for each L € StdLev(Mg ), we let My, be the unique element of { M7, Mo, M2}
such that My; = L. In other words, My, = Mg x L. The second sum is over
all semi-simple conjugacy classes v in L(Q) which are R-elliptic in the sense of
Definition 1.1.8. (If no such element exists, then the summand labeled by L is zero.)
The third sum is over equivalence classes of Kottwitz triples (yo,7,d) in Mg, with
Yo ~r L. The definition of L(Z,) is given by (2.4.3.3) applied to M := My, All the
other terms are defined in the same way as in Definition 2.4.3.

Lemma 2.5.6. — For Q € {P1, P2, P12}, we have Ty = Tq.
Proof. — For each L € StdLev(Mg ), let Py, be the unique element of {Pi, Ps, P12}
such that Mp, = My, Combining Definitions 2.2.2, 2.5.2, 2.5.3, and using the fact

1. The above argument of reducing to the (G, M)-regular case and then applying the descent
formula is quite standard. In fact, one uses a similar argument to show, in the first place, that the
choices made in the definition of the constant term do not affect its orbital integrals; cf. [109, §6.1].
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that for L € StdLev(Mg ;) we have My, ,, = Mg 5, we obtain
I S S S

LeStdLev(Mg ;)

D E ) T ()

" 1/2
Dy ('YL’YO)‘R

> c10,7:8)8p,(a,) (1) 00 (£52°)On, (1Lz,)) TOs (S0 ")
(70,7,9)

So) (7270)? Tr(yy0 | RT(Lie Ng, V)stp)-

Here the three summations are the same as on the RHS of (2.5.5.1). To finish the
proof, we only need to check the following four identities for each L € StdLev(Mg,):

1. dlmAML/AMQ = dimAL/AMQ’l.

3. D32 (-) = Dp @ (-).

4. 0p(@,)(10) = dq(@,)(10)-
The first three identities follow from the fact that My, = Mg, x L and Mg = Mg, x Mg,.
For the fourth identity, we have Py, C @, and the subgroup Np, /Ng of Q/Ng = Mg is
contained inside Mg ; C Mg. Hence vy € Mg »(Q) acts trivially on Lie Np_ / Lie Ng,
and the desired identity follows. O

Proposition 2.5.7. — The formula (1.8.4.1) in Theorem 1.8.4 is equivalent to the fol-
lowing formula.

(2.5.7.1)  Tr(Froby x f*dg™ | IH"(Shg, V)) — Tr(Froby x f*dg™ | H(Shg,V))
= TPl +TP2 +TP12'
Proof. — This follows from Lemmas 2.5.4 and 2.5.6. O
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CHAPTER 3

PROOF OF MOREL’'S FORMULA

In this chapter we prove Theorem 1.8.4.

3.1. Introduction to the proof

3.1.1. — Our goal is to prove the formula (1.8.4.1). In Proposition 2.5.7, we have
shown that (1.8.4.1) is equivalent to (2.5.7.1). This last formula is a variant of [90,
Thm. 1.7.1], and our proof will be a modification of the proof in loc. cit..

First we review some key ingredients in [90, Thm. 1.7.1]. The proof is axiomatic
in nature, building on the earlier work of Morel [87, 88], and the work of Pink [95].
Other ingredients needed in this axiomatic approach include:

1. Deligne’s conjecture on local terms in the Grothendieck-Lefschetz-Verdier trace
formula, which was proved in special cases that are already enough for Shimura
varieties by Pink [96], and in general by Fujiwara [32] and Varshavsky [115].

2. The fixed point formula of Goresky-Kottwitz-MacPherson [34].

3. The fixed point formula of Kottwitz [62].

The ingredient (1) is of course still valid in our case. As regards (2), we will need the
original formula as well as a variant of it (see Proposition 3.2.3 below). As regards
(3), we will apply this formula to the boundary pure Shimura data (G,,,Ho) and
(GL2,H2). The Shimura datum (GL2, H2) gives rise to the usual modular curves, and
Kottwitz’s formula is valid. For (G,,, Hp), we need a version of Kottwitz’s fixed point
formula for certain variants of the usual zero-dimensional Shimura varieties associated
to the datum (see Proposition 3.3.14 below). Finally, note that in Theorem 1.8.4 we
have not provided a formula for the term Tr(- | H(Shgk,V)). Such a formula is
eventually needed in order to fully understand the LHS of (1.8.4.1). This ingredient
is provided in [51] (for all Shimura varieties of abelian type), and is treated as a black
box in the present paper when we prove Corollary 8.17.5 below.

3.1.2. — Let P be a standard proper parabolic subgroup of G. There are the following
differences between our T p in Definition 2.5.5 and Morel’s definition [90, p. 23]. We do
not explicitly assume that the Kottwitz triples should have trivial Kottwitz invariant,
but this is automatic by Lemma 2.3.5. Also, in the first summation in (2.5.5.1) we do
not explicitly assume that L is cuspidal (see Definition 1.1.6), but in our case if L is
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non-cuspidal then the sum over 7y, is empty. (Indeed, the possible choices of L are
M ;, M, Mi2;. In the odd case all of them are cuspidal. In the even case, M;; and
My, are cuspidal, whereas (M ;)r does not contain elliptic maximal tori, as noted in
Remark 2.4.6.) The sole essential difference is that we impose the condition vy ~g vz,
which is not imposed by Morel, and this is due to the fact that our orthogonal Shimura
datum O(V') does not satisfy the axioms in [90, §1.1].

Recall that Morel’s axioms require that for each P € AdmPar(G), the Levi quo-
tient Mp of P should admit a decomposition Mp = Gp x Lp such that Gp(R) acts
transitively on Xp and Lp(R) acts trivially on Xp, among other things. In our case,
by Proposition 1.5.2 (5), such a decomposition is clearly impossible for P = P,. This
is in fact related to the following geometric phenomenon. In general, each boundary
stratum of the Baily-Borel compactification of a Shimura variety can be identified
with the quotient of a smaller Shimura variety by the action of a finite group. If
Morel’s axioms are satisfied, then this finite quotient can be “absorbed” by a change
of level. By contrast, in our case, the zero-dimensional boundary strata corresponding
to P, cannot be identified as Shimura varieties without taking quotients.

To resolve this problem, we need to systematically modify the arguments in [90,
Chap. 1] whenever they concern zero-dimensional boundary strata. Roughly speak-
ing, Morel’s formula for Tp is a mixture of two formulas: the fixed point formula
of Kottwitz for a Shimura variety associated to Gp, and the fixed point formula of
Goresky-Kottwitz-MacPherson for a locally symmetric space associated to Lp. In our
case, we need to replace the “Shimura variety associated to Gp” by a finite quotient
of it, and meanwhile replace the “locally symmetric space associated to Lp” by a
finite covering of it. Fortunately, we only need these generalizations in very simple
situations, and the extra complication is mainly of a combinatorial nature.

3.1.3. — We now discuss another ingredient in Morel’s proof of [90, Thm. 1.7.1],
namely the construction of suitable integral models. In [90, §1.3] Morel provides two
approaches to the construction of the integral model of the Baily-Borel compactifi-
cation, for which Pink’s formula (see [90, Thm. 1.2.3] and [90, p. 8 item (6)]) holds,
among other things. The first approach, [90, Prop. 1.3.1], applies Lan’s work [69] to
construct the integral model away from a controlled finite set of bad primes. This
approach is valid in the PEL-type case. The second approach, [90, Prop. 1.3.4], is
applicable in much more general situations, but it only constructs the integral model
away from an uncontrolled finite set of primes. Although Lan’s work has been gener-
alized by Madapusi Pera [84] to the case of Hodge type, our Shimura datum O(V') of
abelian type is still beyond the applicability. (V- (?) Hence we have to follow Morel’s

1. In [70], Lan-Stroh have given a “crude”’ construction of the integral models of the Baily-Borel
compactifications in the case of abelian type. However, since good integral models of toroidal com-
pactifications are also implicitly needed in order to verify Pink’s formula, their construction does not
seem sufficient for our purpose.

2. Added in proof: Peihang Wu’s recent thesis contains results on integral models of toroidal
compactifications of Shimura varieties of abelian type.
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second approach, losing control of the set of bad primes. This explains why in Theo-
rem 1.8.4 the set ¥ is not made specific and may also depend on A and f°.

Nevertheless, we shall show (see Lemma 3.5.7 below) that the localizations to
almost all primes of the abstract integral models constructed by Morel’s second ap-
proach can be compared with other known integral models of Shimura varieties in the
expected way. In particular, for sufficiently large primes we are in a position to apply
the result of Lan-Stroh [70, Thm. 4.19], which relates the intersection cohomology
and compact support cohomology of the special fiber of the integral model to those
of the generic fiber respectively.

Outline of the proof. — In §3.2, we prove an analogue of the fixed point formula
of Goresky-Kottwitz-MacPherson for certain double coverings of locally symmetric
spaces. The main result is Proposition 3.2.3. In §3.3, we study certain finite quotients
of zero-dimensional Shimura varieties that will appear on the boundary of Shy. We
develop the analogues of various constructions in [90, Chap. 1] for these quotients.
The main results are Propositions 3.3.14 and 3.3.16. In §3.4, we explain how Morel’s
axioms in [90, §1.1] should be modified to suit our situation. In §3.5, we construct
the integral models away from an uncontrolled set of bad primes, and compare the
localizations of these models at almost all primes with other known integral models.
In §3.6, we assemble all the ingredients and explain how to modify the proof of [90,
Thm. 1.7.1] to prove our Theorem 1.8.4.

3.2. A fixed point formula for some double coverings of locally symmetric spaces

3.2.1. — Let L be a reductive group over Q. We assume that mo(L(R)) = Z/27Z. By
the real approximation theorem, L(Q)* := L(Q) N L(R)° is of index 2 in L(Q). We
also assume that a minimal Levi subgroup Lg of Ly satisfies mo(Lo(R)) & Z/2Z. Then
by Matsumoto’s theorem (see [20, 14.4]), for any Levi subgroup L’ of Lg, the inclusion
L'(R) — L(R) induces an isomorphism mo(L'(R)) — mo(L(R)). Now for each Levi
subgroup L’ of L defined over Q, we set
Q@ =L'@Q@nL®",
which is of index 2 in L'(Q).

3.2.2. — Let L be as in §3.2.1. Let K be a neat compact open subgroup of L(Ay).
Let X be the symmetric space associated to Ly as in Definition 1.1.4. We have the
usual locally symmetric space

M¥ = L(Q)\ XL x L(Ay)/K,

as considered in [34, §7] and [90, Chap. 1]. We shall consider the following variant
of MX:

M, == L(Q)"\ XL x L(Ay)/K.
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We call Mgf] a shallower locally symmetric space. Both M¥ and Mgf] are smooth real
manifolds, and the natural map MK — MX is easily seen to be a double covering.

Let W be an algebraic representation of Lc. Denote by FXW the sheaf on M¥ of
local sections of the map

LQ\(W x X1, x L(Ay)/K) — M~

Denote by RI'.(K, W) the virtual alternating sum of the compact support cohomology
H}(MX, FKW). Similarly, we let FXW be the sheaf on MX of local sections of the
map
LT (@QN\NW x Xz x L(Af)/K) — M,

and denote by RT' s, (K,W) the virtual alternating sum of the compact support
cohomology H} (MK, FEW), cf. 90, §1.2].

Fix g € L(Ay), and let K’ C L(Af) be another compact open subgroup such
that K’ C K NgKg~'. Analogous to [90, p. 22], we have finite étale Hecke operators

Ty, T, : MK — ME
As in [90, Thm. 1.6.6], the natural cohomological correspondence
T; FEW — T{FEXW

gives rise to an endomorphism ug of R g, (K, W). ®

Let Iy denote the non-trivial element of L(Q)/L(Q)*. We have a natural action
of L(Q)/L(Q)" on MX | induced by the diagonal left action of L(Q) on Xz x L(Ay).
Under this action the covering MX — MX is a L(Q)/L(Q)*-torsor. The sheaf
FEW has a natural L(Q)/L(Q)"-equivariant structure, and so ly induces an endo-
morphism, still denoted by ly, of RT'; ¢ (K, W). This endomorphism commutes with
ug. The following result is a variant of [90, Thm. 1.6.6], the latter being a special
case of [34, Thm. 7.14 BJ.

Proposition 3.2.3. — In the setting of §3.2.2, we have

(3.2.3.1)
Tr(ug | RTen (K, W) = 2> (=1)3m @A /A0 (n L) =1 3™ () 71y (L))
L v
O,(f79) [DE )| Te(y | W),
and
(3.2.3.2)
Tr(uglo | RTcan (K, W)) = 2) " (=1)3m(Ae /40 (n ) =13 F () =13 ((L])°)
L v
0, (15) | DE ()] Tr(y | W).
Here:

3. Note that Morel [90, Thm. 1.6.6] and Goresky-Kottwitz-MacPherson [34] follow different con-
ventions concerning the definition of ugy; see [90, Rmk. 1.6.7]. We follow Morel’s convention here.
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— In both (8.2.3.1) and (8.2.3.2), the first sum is over L(Q)-conjugacy classes of
Levi subgroups L' of L.

— In (3.2.3.1) (resp. (3.2.3.2)), the second sum is over L'(Q)-conjugacy classes
in I'(Q)% (resp. L'(Q) — L'(Q)") that are R-elliptic in L'(R) in the sense of
Definition 1.1.8.

— We denote by > the function 14k /vol(K') € C°(L(Ay)), and let f75 be the
constant term of f along L', cf. Definition 2.4.3.

— All the other terms on the right hand sides of (3.2.3.1) and (3.2.3.2) are defined
in the same way as in [90, Thm. 1.6.6], ¢f. Definition 2.4.3.

Proof. — The formula (3.2.3.1) follows from similar arguments as in [34, §7]. The
key point is that the main tools used in loc. cit., namely the reductive Borel-Serre
compactification and the weighted complexes on it, are still available in the current
setting. In fact, these objects were studied in [33] in the non-adelic setting, where
one is allowed to replace any given arithmetic subgroup by an arbitrary finite-index
subgroup. Hence by the standard translation between the adelic and the non-adelic
languages, we can consider the reductive Borel-Serre compactification of Mgl, as well
as weighted complexes on it. The arguments in [34, §7] can be easily transported to
this new setting.

We explain some more details. Fix a minimal parabolic subgroup F, of L, and fix
a Levi component Ly of Py. For any standard parabolic subgroup P of L (i.e., one
that contains P,), we denote by Lp the Levi component of P containing Lg, and
denote by Np the unipotent radical of P. As in [34, §7], the reductive Borel-Serre
compactification of the usual locally symmetric space M¥ has a stratification indexed
by the standard parabolic subgroups P of L. The stratum indexed by P is of the form

(3.2.3.3) Lp(QN\[(Np(Ap\L(Af)/K) x XLp].

In [34, §7], one considers the spaces Fix(P,zg,7), where P runs through the stan-
dard parabolic subgroups of L, xy runs through representatives of the double
cosets in P(Af)\L(Ay)/K’, and « runs through conjugacy classes in Lp(Q). Each
space Fix(P, zg,~) is of the form

Fix(P,20,7) = L, (Q\(Y'™ x Yao).

We refer the reader to [34, p. 523] for the definition of Y*° and Y.

For us, the reductive Borel-Serre compactification of Mg still has a stratification
indexed by the standard parabolic subgroups P of L, and the stratum indexed by P is
of the form

(3.2.34) Lp(Q)\(Np(A)\L(Af)/K) x Xp,].

Comparing (3.2.3.3) and (3.2.3.4), it is clear that if one is to count the fixed points of
the cohomological correspondence in the same way as in [34, §7], one should consider

(3.2.3.5) I Fix' (P, z0,),
P,zq,y
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where P runs through the standard parabolic subgroups of L, zy runs through repre-
sentatives of the double cosets in P(Af)\L(A;)/K’, y runs through conjugacy classes
in Lp(Q)", and

Fix' (P, z9,7) := Lp((@),j\(YOO X Yoo).
Here Lp(Q)? denotes the centralizer of v in Lp(Q)"

Let P be a standard parabolic subgroup of L. For v € Lp(Q)*, we say that v is
of first kind if Lp,(Q) C Lp(Q)*, and of second kind if otherwise. When + is of first
kind, the Lp(Q)-conjugacy class of « is the disjoint union of two Lp(Q)T-conjugacy
classes, and we have Fix'(P,x,7) = Fix(P,x,7). When ~ is of second kind, the
Lp(Q)-conjugacy class of « is the same as the Lp(Q)*-conjugacy class of v, and
Fix'(P, z,7) is a double covering of Fix(P, x¢,~). From this discussion, we see that
the space (3.2.3.5) is the same as

(3.2.3.6) [T Fix"(P,z0,7),

P,xq,y
where P and zy run through the same indexing sets as before, v runs through
Lp(Q)-conjugacy classes in Lp(Q)*, and Fix” (P, xq,~) is the disjoint union of two
copies of Fix(P, zg, ) if v is of first kind, and is equal to Fix'(P, x¢,) if 7 is of second
kind.

From the above discussion, the compact support Euler characteristic (see [34, §7.10,
§7.11]) of Fix" (P, zg,~) is equal to twice that of Fix(P, zg, 7).

In the qualitative discussion in [34, §7.12], the contribution from Fix(P,zg,~) to
the Lefschetz formula is a product of three factors (1), (2), and (3), where factor (1)
is the compact support Euler characteristic of Fix(P, zg,~). For us the contribution
from Fix" (P, zo,7) is also a product of three analogous factors, where our factors (2)
and (3) are identical to those in loc. cit., and our factor (1) is two times the factor (1)
in loc. cit. as we have already seen. Therefore, analogous to [34, (7.12.1)], we have the
following expression for the Lefschetz formula:

(32.3.7) . o(-pydmAvdimdne L, ()/LY(Q)] " x(LOLEM ()0, (fr),
P v

where « runs through the Lp(Q)-conjugacy classes in Lp(Q)T (instead of Lp(Q)),
and the other notations are the same as in loc. cit. except that we write LGKM(.) for
the function denoted by Lp(-) in loc. cit..

Now the rest of the arguments in [34, §7] that deduce [34, Thm. 7.14 B| from
[34, (7.12.1)] can be applied to (3.2.3.7). Also the elementary translation from [34,
Thm. 7.14 B, §7.17] to the formula of [90, Thm. 1.6.6] carry over to imply (3.2.3.1).

We have proved (3.2.3.1). We now prove (3.2.3.2). We claim that

(3.2.3.8) Tr(ug | RTesn(K, W)) + Tr(uglo | RTcsn (K, W)) = 2Tr(u, | RT (K, W)).

Here we abuse notation and write u, also for the endomorphism of RI'.(K, W) induced
by g. Once (3.2.3.8) is proved, the desired identity (3.2.3.2) follows from (3.2.3.1),
(3.2.3.8), and the formula for Tr(uy | RT'.(K, W)) given in [90, Thm. 1.6.6].

ASTERISQUE 453



3.3. CORRESPONDENCES ON ZERO-DIMENSIONAL SHIMURA VARIETIES 51

We now prove (3.2.3.8). Let 7 denote the double covering map MX — MX. We
write Fy, (resp. Z) for the sheaf FXW (resp. FXW) on MX (resp. M¥). Since
Fsn = ™ F, and since 7 is a finite covering, we have

(3.2.3.9) H: (MK, Z4) = H:(ME  7*.7) = H: (MY, m.10* 7).

For each character x of the deck group A = Z/2Z of 7, we let ¥, be the local system
on M¥ given by the covering m and the character x. Combining (3.2.3.9) and the
projection formula

T FETFQ EB Gy,
x:A—CX
we obtain a decomposition
H(MS, Za) = @ HI(MN,F709,).
x:A—CX
This decomposition is equivariant with respect to ug4, and the direct summand

H(MX, .7 ® 4,) corresponds to the x-eigenspace for the A-action on the left hand
side. The desired (3.2.3.8) follows. O

3.3. Cohomological correspondences on some zero-dimensional Shimura varieties

3.3.1. — Let (G, Ho) be the zero-dimensional Siegel Shimura datum as in [94, 2.8].
Recall that Hy consists of two elements, and G,,(R) acts on Hy via the unique non-
trivial action of 7y(G,,(R)) = Z/27Z. We now recall the construction of the associated
zero-dimensional Shimura varieties, following [94, 11.3, 11.4] and [95, §5.5].

As usual, we fix a neat compact open subgroup K of G,,(Ay), and define the set
of C-points of the Shimura variety as

Shx (C) = Shi (G, Ho)(C) := G (Q)\Ho X G (Ay)/K.

There is a natural action of 7o(G,,(A)/G,,(Q)) on the finite set Shi (C), from which
we obtain an action of Gal(Q/Q) on Shg(C) via the isomorphism

(3.3.1.1) Gal(Q*/Q) = 710(Gm(A)/Gn(Q))

from class field theory (normalized such that geometric Frobenius elements correspond
to uniformizers). The canonical model

Shx = Shg (G, Ho)

is by definition the finite étale Q-scheme corresponding to the Gal(Q/Q)-set Shg (C).

In fact, using the transitivity of the mo(G,,(A)/G,, (Q)) action on Shg (C), we can
describe Shy more explicitly as follows. The inclusion Z* C Gy,(A;) induces an
isomorphism Z* 5 79(Gp (A) /G (Q)). We thus identify Z* with Gal(Q?"/Q) via
(3.3.1.1). (According to our normalization, this identification is induced by the Gauss
isomorphisms (Z/mZ)* - Gal(Q(¢n)/Q), k+mZ +— ((m — CF).) Let Fx/Q be the
finite abelian extension corresponding to the open subgroup K C 7% = Gal(Q2*/Q).

SOCIETE MATHEMATIQUE DE FRANCE 2024



52 CHAPTER 3. PROOF OF MOREL’S FORMULA

Then we have a canonical identification
Shyi = Spec Fk.

From this description, it is clear that lgn K Shy = Spec Q2P.

Observe that the non-identity bijection Hg— Hy induces a bijection
Shg (C) — Shg(C) which is mp(G.n(A)/G,,(Q))-equivariant. From this we ob-
tain an automorphism of the Q-scheme Shy, denoted by o.,. If we identify Shy
with Spec Fx as above, then o is given by the complex conjugation acting on F.
Moreover, since K is neat, we have Q* N K = {1}, and it follows that o, is always
a non-trivial automorphism of Shy (or equivalently, Fx is always totally complex).

We denote by Shk}( the quotient of Shg by 0.. Thus Shz( 2 Spec Ffb(, where Flb( is
the maximal totally real subfield of F. Alternatively, Shz( is the Shimura variety at
level K associated to the Shimura datum (G, {NC/R :S — Gm,R}).

We shall need a common generalization of the (Q-schemes Shy and Sh;(. First we
define the generalization of a level subgroup.

Definition 3.3.2. — We say that a subgroup U of G,,(Ay) x Z/2Z is an admissible
level, if there are neat compact open subgroups K; and K; of G,,(Ay) such that

K1X{O}CUCK2XZ/2Z.

3.3.3. — Note that for any neat compact open subgroup K C G,,(Ay), we have
K C 7, and the element —1 € Z* is not in K. Thus K x Z/27Z can be identified with
a subgroup of ZX, where the non-trivial element of Z/27Z corresponds to —1 € 7% Tt
follows that every admissible level U as in Definition 3.3.2 can be canonically identified
with an open subgroup of Z* = Gal(Q*"/Q), and thus determines a finite abelian
extension Fyy/Q. We define

ShU = ShU(Gm,Ho) = Spec FU.
When U C G, (Ay), the current definition of Shy agrees with the one in §3.3.1. Also,
if K is a neat compact open subgroup of G,,(Ay), then K x Z/27Z is an admissible
level and we have Shy ,7/27 = Shi.
The usual Hecke operators can be generalized to this new setting as follows. Let
U be an admissible level, and let g € G, (A ) xZ/2Z. We shall define an automorphism
[-g]u : Shy — Shy .

For this we identify g with an element of G,, (A) by identifying Z/27Z with {£1} C R*.
Then g determines an element p(g) € Gal(Q**/Q) via the inverse of (3.3.1.1). We
define [-g]y to be the automorphism of Shyy = Spec Fyy corresponding to the restriction
of p(g) to Fy.
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If U’ is another admissible level contained in U, then we have a natural map
Shyr — Shy, and the two compositions

ShU/ I ShU ﬂ) ShU7

ShU/ M Sth i ShU

are equal. We denote them by [-glu' v.

If K is a neat compact open subgroup of G,,(Af) and g € G,,(Ay), then the
above definition of [-g]x recovers the usual Hecke operator on Shk. If € denotes the
non-trivial element of Z/27Z, then [-€]x is the automorphism o, of Shg as in §3.3.1.

For an admissible level U, we define

yU = yU(Gm,Ho) = Spec OFU,

and call it the canonical integral model of Shyy. The Hecke operators [-g]y and [-g]ur.u
as above uniquely extend to the canonical integral models.

Lemma 3.3.4. — Let Uy and Uy be two admissible levels with Uy C Us. Then the
following statements hold.

(1) The natural map Shy, — Shy, is a Galois covering and a Uy /U -torsor.

(2) Let p be a prime number such that Z; C Uy. (Here Z,; is viewed as a subgroup
of G (Ay) C G(Ay) x Z/27.) Then Sy, ®z L) are finite étale over Zy
fori=1,2. Moreover, the natural map Sy, ®z Ly — Sv, @z Lp) is a Galois
covering and a Uy /Uy -torsor.

Proof. — Statement (1) is just Galois theory. To show (2), we observe that p is
unramified in Fy, and Fy, by class field theory. O

3.3.5. — Let L be a reductive group over QQ, and fix a continuous action of L(R)
on the set Hy. We write L(Q)" for Centr,(g)Ho. Thus L(Q)% is a normal subgroup
of L(Q) of index at most 2. We have a canonical injection

(3.3.5.1) L(Q)/L(Q)* — Aut(H,) = Z/27Z.

Let M = G,, x L. Thus the group M (R) acts on Hy, where we let G,,(R) act as
in §3.3.1. Let K s be a neat compact open subgroup of M (Ay). Define

KM,<> = KM/(KM n L(Af))

We identify Kps, with the image of K under the projection M(Af) — G (Ay).
Since K is a neat compact open subgroup of M(Ay), we know that Ky is a neat
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compact open subgroup of G,,(Ay). Define the following subgroups ) of M (Ay):
(3.3.5.2) H = Kun N (Gn(Af)L(Q)),
(3.3.5.3) HY .= Ky 0 L(Q)E.
Note that H? is a normal subgroup of H. We define

H:= }:_I/I:IE
We have a natural homomorphism H — Gm(Ay) induced by the projection
map Ky — G (Ay), and a natural homomorphism H — Z/2Z induced by the

composition
3.3.5.1
Gm(A)L(Q) — L(Q) — LQ)/LQ) 2222 72/22,
where the first map is the projection to the second factor. Taking the product, we
obtain a homomorphism H — G,,(Af) x Z/27 which is injective. We use it to view
H as a subgroup of G,,(Ay) x Z/27.

Lemma 3.3.6. — In the setting of §3.3.5, the following statements hold.
(1) We have H. = Kj N (Cent pr()Ho)-
(2) The subgroup H of G,,(Af) x Z/27 is an admissible level.

Proof. — For (1), the containment I:IE C KnN(Centprg)Ho) is clear. For the reverse
containment, let g € G,,(Q) and I € L(Q) be such that gl € Ky N (Centyr(q)Ho)-
Then g € Karo NGy, (Q), which is the trivial group by the neatness of Ky . Hence
gl = 1, and I € L(Q)". This shows (1). For (2), we let K1 = Ky N G,,(As) and
Ky = Kpro. Then K7 and K, are neat compact open subgroups of G,,(Ay), and we
have K1 x {0} C H C Ky x Z/27. O

3.3.7. — We keep the setting of §3.3.5. By Lemma 3.3.6 (2), H is an admissible level.
Applying the construction in §3.3.3, we obtain a Q-scheme Shy and a Z-scheme .%.

By definition, the profinite Galois covering Spec Q** — Shy is a H-torsor. We
may thus construct étale sheaves on Shj associated to suitable H-modules. More
precisely, let Rep,, be the category of finite-dimensional algebraic representations
of M on Ey-vector spaces (where E and A are as in §1.7.1). Let D?(Rep,,) be the
bounded derived category of Rep,, (i.e., the category of graded objects of Rep,, of
finite length, as Rep,, is semi-simple). As explained in [90, §1.2] and [87, §2.1.4], we
have an additive triangulated functor

(3.3.7.1) FHRT(H?,—) : D*(Rep,;) — D2(Shy, E»).

Roughly speaking, to compute this functor at W € D®(Repy), one first applies the
right derived functor of HO(H i, —) to W to get a complex of H-modules, and then uses

4. In the application, typically M will be the Levi quotient of a parabolic subgroup P of a
reductive group G, and we reserve the notations H, HE for certain subgroups of P(A ) whose images
in M(Ay) are the subgroups A, Fli defined here, cf. §3.4.5.
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this complex and the H-tower Spec Q*® — Sh ;7 to construct a complex of Ey-sheaves
on Shy. We refer the reader to [87, §2.1.4, Généralisation]| for the precise construc-
tion. (®

Using (3.3.7.1), we define the following functor, which can be viewed as a compact
support analogue:

(3.3.7.2) FHRT (H?,-) : D*(Rep,;) — D’(Shy,,Ey),
W — D (]—'H RT(HY, W*)[2q(LR)]> ,

where D(-) denotes the Verdier dual, W* denotes the contragredient of W, and ¢(Lg) is
as in Definition 1.1.4.

Similarly, let Repg,, «7/22 be the category of finite-dimensional algebraic represen-
tations of G,, X Z/27Z on Ex-vector spaces, and let Db(RemeXz/QZ) be the bounded
derived category. (Here we view Z/2Z as a constant group scheme.) We have an
additive triangulated functor
(3.3.7.3)

FHaoxZ/2 () : D*(Repg,, xz/2m) — Db(Shi,y o xz/2z, Ex) = D2(Sh,, ., Ex)

given as follows. Let W € Repg,  ,7/97- First viewing W as an algebraic representation
of G,,,, we obtain the associated automorphic Ey-sheaf on Shg,, , as usual (see §1.7.1).
We then use the Z/2Z-action on W to define the descent datum with respect to the
double covering Shg,, , — ShZ(Mﬁo, and obtain an Ey-sheaf on Shz(M,o' Equivalently,
we let the Galois group I' of Spec Q2 — Sh%M ,» namely I' = Ky o X Z/27 C 7,
act on W via the projection I' — G, (Qy) x Z/ 27 followed by the canonical action
of G, (Qy) x Z/2Z on W. We then obtain an Ey-sheaf on Sh'}(M’<> via the I'-torsor

Spec Q*> — ShZ{M , and the I'-representation W.

3.3.8. — We keep the setting of §3.3.5. Let D®(Rep,,) and Db(RemeXz/QZ) be as in
§3.3.7. For any neat compact open subgroup U C L(Ay), we shall construct a functor

(3.3.8.1) RTy(U,—) : D*(Repy;) — D°(Repg,, xz/92)-

The construction is similar to the one described in [90, Rmk. 1.5.2 (1)]. Consider the
space
MY = L(Q)"\Xz x L(As)/U,

where X is as in Definition 1.1.4. Thus Méj is a variant of the usual locally sym-
metric space MY, cf. §3.2.2. We know that Méj is a smooth manifold, and the natural
map Mé] — MV is a covering map of degree [L(Q) : L(Q)"]. (In our later application,
L will satisfy the assumptions in §3.2.1 and we will have L(Q)% = L(Q)*, so Méj is
the same as MY discussed in §3.2.2.)

5. Tt is assumed in loc. cit. that L(Q) = L(Q)%, but this assumption can be removed without
affecting any of the arguments.
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Fix a system of representatives (I;);cr of the double cosets in L(Q)*\L(A;)/U.
Here the indexing set I is finite, since the set L(Q)\L(A;)/U is finite and
[L(Q) : L(Q)Y] < 2. Then we have

MY = HI‘i\XL,
i€l
where each T'; := LUI;' N L(Q)! is a neat arithmetic subgroup of L(Q). For
W € D°(Rep,,), we define

(3.3.8.2) RTy(U,W) := €D RT(;, W),

il
where each RT(T';, —) is the functor D®(Rep,;) — D’(Repg_ ) as in [90, Rmk. 1.2.2]
such that the cohomology of RT'(T;, W) computes the group cohomology H*(T';, W).

We further equip RI'y(U, W) with a Z/27Z-action as follows: If L(Q)/L(Q)* is trivial,
we define this action to be trivial. Assume that L(Q)/L(Q)* = Z/2Z. Then left-
multiplication by the non-trivial element of L(Q)/L(Q)% induces an involution on the
set L(Q)*\L(A;)/U, and hence an involution on I. If {i,5} is a size-two orbit in T
under the involution, then there is a canonical coset in I';\ L(Q) consisting of | € L(Q)
satisfying ll; € I;U. For any such [, the isomorphism W — W given by the action
of I intertwines with the isomorphism I'; — I'; given by Int(l), and we obtain an
isomorphism 7; ; : RT'(I';, W) — RI'(I';, W), which is independent of the choice of I.
Moreover, the isomorphism 7;; : R['(T';, W) — RI'(T';, W) obtained in the similar
way is inverse to 7; ;. Now consider a size-one orbit {¢} in I under the involution.
Then T; is a subgroup of [;Ul; * N L(Q) of index 2. For any I € (1,Ul; ' N L(Q)) — T,
the isomorphism W — W given by the action of [ intertwines with the isomorphism
I'; — TI; given by Int(l), and we obtain an automorphism 7; of RT(I';, W), which
is independent of the choice of [ and has order at most 2. The collection of 7; ; and
7; as above thus gives a canonical Z/2Z-action on RI'y(U, W), and we thereby view
RT', (U, W) as an object in Db(RemeXz/QZ).

At this point, we have constructed the desired functor (3.3.8.1), after fixing the
choice of a system of representatives (I;);cr. It can be checked that changing the
system of representatives does not change the functor up to natural isomorphism.

Using (3.3.8.1), we define the following functor as a compact support analogue:

(3.3.8.3) R (U,—) : D*(Repy) — D*(Repg,, «7/27)

W — (RO, 202 )
where * denotes taking contragredient, and ¢(Lg) is as in Definition 1.1.4.
Remark 3.3.9. — For W € Rep,,, the object RI',(U, W) (resp. RI'.;(U,W)) is an
incarnation of the cohomology (resp. cohomology with compact support) of the

space ng “with coefficients in W”. To explain this, fix a field embedding E, — C.
Then W determines an algebraic representation W¢ of L¢ over C. Consider the

ASTERISQUE 453



3.3. CORRESPONDENCES ON ZERO-DIMENSIONAL SHIMURA VARIETIES 57

sheaf F/ (W¢) of local sections of

L(Q)"\Wc x Xz, x L(Ay)/U — MY,
cf. [90, §1.2] and §3.2.2. Then for each k € Z, the base change to C of the k-th
cohomology of RT'y(U, W) (resp. RT.;(U,W)) is isomorphic to H*(M{, FV(W¢))
(resp. HE (M, 7/ (Wc))).

3.3.10. — We keep the setting of §3.3.5. Consider the following situation, which
is a special case of the situation described below [90, Notation 1.5.1]. Fix
m € G (Af)L(Q) C M(Ay). Let Kj, be a compact open subgroup of M (Ay)
such that

K} € Ky nmKym™ .
Let H' and (ﬁi)’ be defined by the formulas (3.3.5.2) and (3.3.5.3, but with K,
replaced by K/,. Note that we have H' C H N mHm L.

Let H' := I:I’/(FIE)’ Let 6, : H — H be the homomorphism induced by
Int(m~'): H — H, and let 6, : H — H be the homomorphism induced by the
inclusion H' C H. As a generalization of the functor (3.3.7.1), for i € {1,2} we have
a functor

(3.3.10.1) FHorRT(HY, —) : D*(Repy;) — DY(Shy., Ey).

To compute this functor at W € D?(Rep,,), roughly speaking one first applies the
right derived functor of H° (I:Ii, —) to W to get a complex of H-modules, then pulls
this complex back via 6 to obtain a complex of H’-modules, and then uses the last
complex and the H’-tower Spec Q2P — Shy;, to construct a complex of Ey-sheaves
on Sh,. The precise construction of (3.3.10.1) is along similar lines as the construction
of (3.3.7.1), for which we refer to [90, §1.5].
Let m be the image of m in G,,(A;) x (L(Q)/L(Q)%) C Gp(Af) x Z/2Z. As in
§3.3.3, we have Hecke operators
['ﬁl]g/Jq : Shy — Shy,
[-1]1:1/73 :Shy — Shy .
In the sequel we denote them simply by [-m] and [-1].
Let W € D®(Rep,,). Applying the functor (3.3.7.1) to W, we obtain
% = FHRD(H: W) € D(Shy,Ey).
As explained in [90, §1.5], it follows from [95, Prop. 1.11.5] that there are canonical
isomorphisms
FH0rRY(H? W) 2 [-m]* 2,
FH O3 RT(H? W) = [1]* ..
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Using these isomorphisms, as in [90, §1.5] one constructs a canonical cohomological
correspondence

(3.3.10.2) emy ML — [1]'Z =[1]"2.

(Both sides are complexes of sheaves on Shy;,.) Similarly, applying the functor (3.3.7.2)
we obtain }
.= FURD(HS, W) € DY(Shy, Ey),
and there is a canonical cohomological correspondence
(3.3.10.3) ema : [m)* L — [1]' L = [1]* Z..

Now let p be a prime number which is coprime to A and hyperspecial for Kj; (see
Definition 1.8.2). Assume in addition that m € G, (A%)L(Q). Then there exists K},
as in the above discussion such that p is also hyperspecial for K),. For such K},
it is clear from Lemma 3.3.4 (2) that the Hecke operators [-m] : Shy, — Shy and
[-1] : Shjz, — Shy extend to finite étale morphisms ., ®z Z,) — g ®z Ly (still
denoted by [-m] and [1]), that .Z and .Z. extend to complexes of lisse Ey-sheaves
on . ®z Z(y), and that the cohomological correspondences (3.3.10.2) and (3.3.10.3)
also extend. We denote by .Z (resp. .Z,) the pull-back to S ®z Fp, of the extension
of & (resp. Z.) over S ®z Z(p). As in [90, Notation 1.5.1], for any a € Zx; we
can twist the reductions of (3.3.10.2) and (3.3.10.3) over F,, by the a-th power of the
absolute Frobenius, and obtain cohomological correspondences

O [M]* L — [-1]!§,
D% [m]* %, — [1]'Z

Definition 3.3.11. — In the setting of §3.3.10, we define
Try(a,m, Kar, Kiy, W) = Y (1) Te(®%¢pn 1 | H¥ (S @2 F,, 2)),
k

Tryge(a,m, Ky, Ky, W) =) 0 (=1)F Tr(®%m,1 | HF (S 2 Fp, Z0)).
k

3.3.12. — We keep the setting of §3.3.5. Let U € Db(RemeXz/2Z). Applying the
functor (3.3.7.3) to U we obtain
M = fKM’OXZ/QZ(U) S DZ(ShKM,oXZ/2Z7E)\)'

Let p be a prime number coprime to A such that Z) C K. (For instance, if p is
hyperspecial for Ky, then Z) C Ky o.) Let g € Gm(A’}). As in §3.3.3, we have the
Hecke operator

[9lkaroxz/2z  Shiy oxz/22 — Shiy,  x2/22,

which we denote simply by [-g]. Similarly as in §3.3.10, we have a canonical cohomo-
logical correspondence

u(0,9) : [g]" M — M,
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and we can pass to the special fiber of the canonical integral model mod p, twist by
the a-th power of the absolute Frobenius (where a € Z>1), and obtain a cohomological
correspondence

(3.3.12.1) u(a, g) = ®*u(0,9) : [g]* A — M.

Definition 3.3.13. — In the setting of §3.3.12, we define

Tr(a, 9, Karo x Z/22,U) =Y (=1)* Tr(u(a, g) | B¥(k,, ,xz/22 @2 Fp, ).
k

The following result is a variant of [90, Rmk. 1.6.5].

Proposition 3.3.14. — Keep the setting of §3.3.12. We have

(33.14.1) Tr(a, g, Knro x Z/2Z,U) = Y ¢(70,7,8)05(f*)TOs(¢5™ ) Tr(70 | U).
(70,7,0)
Here the terms on the right are as follows.

(1) The summation is over Kottwitz triples (vo,7,9) in G, of level p®, as in §2.3.

(2) The terms c(v0,7,9), O~(-), and TOs(-) are defined as in §2.3.

(3) We define fP = 19K§4,0/V01(K§/1,<>) € O (G (AY)), where Ky, is the sub-
group of Gm(A?) such that Knro = Zy Kﬁ/l,o' The function ¢Sm is as in Defi-
nition 2.3.9.

(4) For any v € G, (Q) = Q*, we set

Tr(yo | U), if 70 > 0,

0o 0= {TT(WO xe|U), if <0,

where € denotes the non-trivial element of Z/27Z.
Proof. — We write K for Ky, and write S for the set yKM)OXz/QZ(Fp). We identify
the three sets S, Sh’ (C), and Gm(Q\Gm(Ay)/K = Q*\AF /K. Let ® be the endo-
morphism of S induced by the absolute Frobenius on the F)-scheme Sk,  «z/22. We
denote by p;, the image of p under the embedding Q, — A; . Then the endomorphism
%o [.g] of S is given by the multiplication by pjg on QX\A; /K. Similarly, we write
S for .7k (Fp), and identify it with Shx (C) = Q*\Ho x A} /K = Qs0\A} /K.

Since we are in the zero-dimensional case, we can compute Tr(a, g, Ko X Z/27,U)
by summing the naive local terms over the fixed points of S under ®° o [-g].

Let z € S be a fixed point under ®* o [-g]. Then z has a representative # € A}
for which there exists fo € Q* satisfying foZ € ppgZK, or equivalently fo € pygK.
Hence the set of fixed points is non-empty if and only if Q* NpggK # (), and when it
is non-empty it is equal to S.

If Q*NpsgK = 0, then Tr(a, g, Ko X Z/2Z,U) = 0 since there are no fixed points.
In this case it is straightforward to check that the RHS of (3.3.14.1) is also zero.
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Assume that Q* NppgK # (. In this case, this set has a unique element fy, since
we have Q* N K = {1} by the neatness of K. We have seen that in this case every
point in S is a fixed point. There are two cases to consider.

First suppose that fo > 0. Then every point in S is fixed by ®“ o [-g]. Write
g¢ € G, (Qy) for the ¢-adic component of g. In this case, the naive local term at each
point in S is equal to the naive local term at any one of the two lifts of that point
in S, and the latter is equal to the trace on the algebraic G (Qg)-representation U
of the product of g;l and the /-adic component of f; 1pgg € K (cf. the argument
on [62, p. 433]). Hence the native local term is equal to Tr(f; 1| U), which is equal
to /’f;(fo_l | U) since fo > 0.

Now suppose that fo < 0. Then for every point in S, the two lifts of it in S are
permuted non-trivially by ®® o [-g]. In this case, the naive local term at each point
in S is equal to the trace on the algebraic G,,(Q) x Z/2Z-representation U of the
product of g[l and the projection to Q) x Z/27Z of fo_lpgg x € € K X Z/2Z, which
is Tr(fo ! x €| U) = Te(fy " | U).

We conclude that in both cases the naive local term at each point in S is equal
to "I‘lrv(f(;1 | U). Hence

Tx(a,g, Ko x Z/22,U) = Te(fo* | U)|S].
To compute the RHS of (3.3.14.1), we note that every Kottwitz triple (vg,~,d) that
makes a non-zero contribution must satisfy vo = f; 1 (In fact all Kottwitz triples

satisfying this condition are in one equivalence class.) On the other hand, by [90,
Rmk. 1.6.5] we know that

1~
> 0,700, () TOs(65) = 5 |3
(70,7,6)
which is nothing but |S|. Hence the RHS of (3.3.14.1) is equal to Tf(fgl | U)|S] as
well. The proof is complete. O

3.3.15. — We now state a variant of [90, Prop. 1.7.2]. We keep the setting of §3.3.5. Let
p be a prime number which is coprime to A and hyperspecial for Kj;. Fix m € M (A?)
(not necessarily in G,,(A%})L(Q)). Let K}, be a compact open subgroup of M(Ay)
such that p is hyperspecial for K, and such that

Ky € Ky nmKym™*.
Fix a system of representatives (m;);c; of those double cosets e in
G (Ap)L(Q\M (Ay)/ Ky
satisfying
emKy = eKyy.
For every i € I, let g; € G, (Ay) and I; € L(Q) be such that
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We may and shall assume that m; € M(A%) and g; € G, (A}) for each i € 1.
Let W € D®(Rep,,), and let

U = RTy(Kar N L(Ag), W) € D*(Repe,, «z/22),
Ue i= RT.q(Ka N L(Ag), W) € D*(Repe, 220,

where the notations are as in (3.3.8.1) and (3.3.8.3). The following result is a variant
of [90, Prop. 1.7.2].

Proposition 3.3.16. — Keep the setting and notation of §3.3.15. Write g for the pro-
jection of m in Gy, (A%), and write Ky, for Ky /(Kjy N L(Ay)).
Assume that [L(Q) : L(Q)Y] = 2. Then for each a € Z>1 we have

(33161) ZTr'H(a‘vgiliamiKMmi_lamiKMmi_lvw)
el
= Tr(a,g,KM’o X Z/2Z, U) - [KM,O : K;V[,o]v

and

(3.3.16.2) Z'I‘r%c(a, gils, miKymit mi Kjymy ™t W)
iel
= Tr(a’g7KM,<> X Z/2Z, Uc) : [KM,O : Kf\/[’o]-
Here the terms Try(---), Tryo(--+), and Tr(---) are as in Definitions 3.8.11 and
3.3.15.

Remark 3.3.17. — The RHS of (3.3.16.1) is indeed the analogue of the RHS of [90,
Prop. 1.7.2 (1)]. We have the seemingly extra factor [Ks o : K}, ], but this is due to
the fact that in our definition of the cohomological correspondence (3.3.12.1) we used
the Hecke operator [-g] as an endomorphism of Sh,, . «x7z/2z, as opposed to using the

correspondence Shg,,  xz/22 JLa ShK;\MxZ/M i, Shg s oxz/22-
Similarly, the RHS of (3.3.16.2) is the analogue of the RHS of [90, Prop. 1.7.2 (2)].

Proof. — By duality, (3.3.16.1) implies (3.3.16.2). The proof of (3.3.16.1) is essentially
the same as that of [90, Prop. 1.7.2(1)], the only difference being that we need to
modify Morel’s functor RT'(K s, —) (and its analogue for K,). Below we explain this
modification.

Consider the space

MM = M(Q)\(Ho x X1, x M(Ay))/Kn = (CentargyHo)\ X1 x M(As)/Ku,
where M (Q) acts on Ho x X1, x M (Ay) diagonally, and for the action of M (Q) on Hg
both the factors G,,(Q) and L(Q) act non-trivially. (The action of L(Q) on Hy is

via the unique non-trivial action of L(Q)/L(Q)* = Z/27Z.) Thus MfM is a double
covering of the usual locally symmetric space

MFM = M(Q\Xr x M(Ag)/ K,
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where Xy = X, since Xg,, is a point. Let RT'y (K5, W) be the “cohomology of MnKM
with coeflicients in W” (cf. Remark 3.3.9). Namely, we write Mf M as

H (anMnj_l N CentM(Q)'Ho)\XL,
jeJ
where (n;);cs is a system of representatives of the double cosets in
(Cent s Ho)\M (Ag)/ K,
and define
RTy (K, W) := @D RT(n; Km0 Cent ay(g)Ho, W)
jeJ
inside the derived category of finite-dimensional [Ey-vector spaces.
Observe that we have a fibration
(3.3.17.1) M — Gr(Q\Gm(Af)/ Ko

induced by the projection Hg x X x M(Af) — G,(Ay). The fibers of (3.3.17.1) are
naturally identified with

L(Q)\Ho x X1 x L(Ay)/(Km N L(Ay)),

which we observe is the same as M defined in §3.3.8, since [L(Q) : L(Q)"] = 2.
The base of the fibration (3.3.17.1) is identified with Shg,,  xz/22(C). Hence we have
identifications

(3.3.17.2)

RTy (K, W) = RT(Shg,, , xz/22 ®C, . #) = RU (I,  xz,/22 Oz Fp, A ),

where .# = FXmeXZ/22(U) and .4 is the reduction of .# (cf. §3.3.12).
On the other hand, we have a fibration

(3.3.17.3) MhKM — G (Af) LQ\M (Af)/Kn

induced by the projection Ho x Xy, x M(Ay) — M(Ay). For each e € M(Ay), we
denote by Mf“ (e) the fiber of (3.3.17.3) over the double coset of e. Then MfM (e) is
identified with

KMﬂL(Af)

Gm(Q\Ho x G (Af) x Xr/He,

where H, := eK e 1N(G,,(As)L(Q)) is the analogue of H in §3.3.5 with eKre~! re-
placing the role of K, and the right action of H, on Ho x G,,(Ay) x X, is given as
follows. The action of H. on Ho x G, (Ay) is the restriction of the G,,(Af)L(Q)-ac-
tion, where G,,,(Ay) acts on G,,(Af) by multiplication and L(Q) acts on Hy via the
non-trivial action of L(Q)/L(Q)%. The action of H, on X, is given by the restriction
of the projection map G, (Af)L(Q) — L(Q) followed by the inversion on L(Q) and
followed by the natural left L(Q)-action on X7,.

Let Ei,e = eKpye 'NL(Q)! and H, := _e/f_li’e, which are the analogues of }_IE
and H in §3.3.5 with eKjse~! replacing the role of Kj;. Then we have a fibration

(3.3.17.4) M (€) — Gm(Q)\Ho X G (Af)/H,,
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where the H,-action on Hy X G, (A #) is induced by the H,-action on Ho x G, (Af) x X,
in the above. The fibers of (3.3.17.4) are identified with XL/HE&, while the base is
identified with Shy (C). Hence we have an identification

(3.3.17.5) RTy(Kun, W) = P RT(Shy, ®qC, Z(e)) = @) RISy, @2 Fp, Z(e)),

where e runs through a system of representatives of the double cosets in
G (Ap) L(Q\M (Af)/ K,
and for each e we define .Z(e) := FHe Rf(ﬁiye, W) and define Z(e) to be its reduction
(cf. §3.3.10).
In view of (3.3.17.2) and (3.3.17.5), we can replace Morel’s functor RI'(Kps,—)

by RT (K, —) (and also for K),;) and proceed in exactly the same way as in [90,
Prop. 1.7.2] to conclude the proof. O

3.4. Modifying Morel’s axioms

3.4.1. — Let (G,X) be a pure Shimura datum. We keep the notation in §1.3. We
replace the axioms on p. 2 of [90] by the following axioms:

A0. — For each P € AdmPar(G), the Levi quotient Mp of P admits a decomposition
Mp = Gp X Lp, where Gp is the image of PPink = P a5 in §1.3.

Al. — For each P € AdmPar(G), the set RBCp(G, X) is a singleton. In particular,
Xp is equal to Xy for the unique element (P,Y) € RBCp(G,X), and we have a
Shimura datum (Gp, Xp); cf. §1.3.6.

A2. — For each P € AdmPar(G), the action of Lp(R) on Xp (see Proposition 1.3.7)
is trivial unless Xp is zero-dimensional.

A3. — For each P € AdmPar(G), let Lp(Q)* := Centr,,q)Xp. For each neat com-
pact open subgroup Kjs of Mp(Ay), we have Ky N Centyr, () Xp = Ky N Lp(Q)t.

Remark 3.4.2. — Our axiom A0 is slightly more restrictive than the first two condi-
tions on p. 2 of [90], where Gp is allowed to be different from the image of PFink,
Assuming A0, our axiom Al is equivalent to the first part of the fourth condition
in loc. cit., and our axiom A2 is weaker than the second part of that condition. Our
axiom A3 is identical to the fifth condition in loc. cit.. We have deleted the third
condition in loc. cit. from the axioms as a general correction. Indeed, this condition is
neither used in [90] nor satisfied by any of the Shimura data considered in [90], [91],
or the present paper.

3.4.3. — From now on we assume the axioms in §3.4.1. Let P € AdmPar(G) and
g € G(Ayf). On p. 2 of [90], Morel defines the groups Hp, Hr,, Kg, Kn associated to

SOCIETE MATHEMATIQUE DE FRANCE 2024



64 CHAPTER 3. PROOF OF MOREL’S FORMULA

the pair (P, g). We define:
Hp := gKg~' n P(Q)P"™k(Ay),
Kg:=gKg'n PPink(Af),

HY = gKg~' N Lp(Q)'Np(Ay),
Ky = gl(g_1 N Np(Af).

Our Hp,Kqg, KN are the same as Morel’s definitions, and our HE is equal to
Morel’s Hy, (defined to be gKg~! N Lp(Q)Np(Af)) when Lp(Q) = Lp(Q)" (which
is always true under Morel’s axioms). In general, HE may be different from Hjp,
and HE is the correct replacement of Hj in the discussion on the structure of the
boundary strata in [90, Chap. 1]. The point is that under the axioms in §3.4.1, the
group HE is always equal to Pink’s group H¢ in [95, §3.7], which has a canonical
definition. More precisely, as on p. 2 of [90], the boundary stratum in the Baily-Borel
compactification corresponding to (P, g) is of the form (®

(3.4.3.1) Shk,/kx(Gp, Xp)/Hp,

and the action of Hp factors through the finite quotient group Hp /HEKQ (instead
of HP/HLKQ).

In Table 1 we compare Pink’s notation in [95, §3.7], Morel’s notation in [90, p. 2],
and our notation. The symbols in the first column all have canonical definitions,
independent of the axioms in [90] or §3.4.1. Under the axioms in §3.4.1, the three
symbols in every row denote the same object, with the only exception that Morel’s Hy,
is not equal to Pink’s H¢ in general.

TABLE 1. Comparison of notations

Pink’s notation Morel’s notation Our notation

Q P P
P, Qr pPink
Wi Np Np
G1 Gp Gp
X Xp Xp
Xo Xp Xp
Stabg(q) X1 P(Q) P(Q)
Ho Hp Hp
HC HL 2 Hi
Kw Kn Kn
Kp Ko Ko

m(Kp) = Kp/Kw

Kq/Kn

Kq/Kn

2: Hp # Hi unless Lp(Q) = Lp(@)h.

6. We systematically replace Morel’s notation MEq/Kn (Gp, Xp) for the Shimura variety by the

notation ShKQ/KN (GP, XP)
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3.4.4. — We make the following crucial assumption CA, in addition to the axioms in
§3.4.1.

CA. — If P € AdmPar(G) is such that Xp is zero-dimensional, then the Shimura
datum (Gp,Xp) is the Siegel Shimura datum (G,,,Ho). For such P we also
assume that Lp satisfies the assumptions in §3.2.1. Namely, we assume that
mo(Lp(R)) = mo(Lo(R)) = Z/2Z, where Ly is any minimal Levi subgroup of Lpg.
Moreover, for such P we assume that mo(Lp(R)) acts non-trivially on Hy. In
particular, we have Lp(Q)% = Lp(Q)".

3.45. — Under CA, we know that for any P € AdmPar(G) such that Xp is zero-
dimensional, and for any g € G(Ay), the boundary stratum (3.4.3.1) corresponding
to (P, g) is related to the generalized Shimura varieties in §3.3.3 in the following way.
In §3.3.5, we identify G,,, with Gp, and take L = Lp, M = Mp. Let K); be the image
of gKg~—' N P(Ay) under the projection P(As) — M(Ay), and define H, Hi, H as in
§3.3.5. Then H (resp. I—_IE) is the image of Hp (resp. HE) under P(Ay) — M(Ay),
and (3.4.3.1) is the same as Shy defined in §3.3.7.

3.4.6. — Our orthogonal Shimura datum O(V) satisfies A0-A3 in §3.4.1, and CA in
§3.4.4. Indeed, it suffices to verify these conditions for the standard maximal proper
parabolic subgroups P;, i = 1,2. We take Lp, to be M; ;. Then the desired conditions
follow from Proposition 1.5.2 and Lemma 3.3.6 (1).

3.5. Integral models

3.5.1. — We now turn to construct the integral models of the Baily-Borel compact-
ification Shx and its strata. For this let us specialize to the orthogonal Shimura da-
tum (G, X) = O(V). Recall that the standard maximal proper parabolic subgroups
of G are P; and P,. We write (G;, X;) for the Shimura datum (Gp, = M, Xp,)
for ¢ € {1, 2}, and write (Go, Xp) for (G, X). (Our numbering of the P; and G; is the
same as the abstract numbering in [90, §1.1].) For ¢ € {1, 2}, we set Lp, to be M, ;. In
accordance with loc. cit., we define Lp,, to be Mz, so that M;s is the direct product
of Gy and Lp,,.

Without loss of generality, we assume that the function f°° in Theorem 1.8.4 is of
the form 1x 4/ vol(K NgKg™') for some fixed g € G(Ay). Since O(V) is of abelian
type, we can apply [90, Prop. 1.3.4] to construct the following objects:

— a finite set ¥ of prime numbers containing ¥y (where ¥ is as in §1.8.3).

— a set K; of neat compact open subgroups of G;(Ay) for ¢ € {0,1} such that K
and K NgKg~! are elements of K.

— a set Ky of admissible levels, in the sense of Definition 3.3.2.

— a subset A; of G;(Ay) for i € {0,1,2} such that 1 and g are elements of Ay.
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a smooth quasi-projective scheme 7 (G;, X;) over Z[1/X] with generic fiber
Shy (G4, X;), for each ¢ € {0,1,2} and each U € K,;. Here when ¢ = 2, the
Shimura variety Shy (Ga, Xs) at the admissible level U is understood as in §3.3.3.
a normal projective scheme .77, (G;, X;) over Z[1/%] containing .7 (G, &;) as a
dense open subscheme, whose generic fiber is the Baily-Borel compactification

Shy (G, X;) of Shy (G, X;), for each i € {0,1} and each U € K;.

These objects should satisfy all the requirements in [90, Prop. 1.3.4] and the paragraph
following it. To be more precise, the formulations of these requirements need to be
suitably modified when they concern zero-dimensional boundary strata. In the above,
we have already modified the formulation of [90, Prop. 1.3.4] when it concerns Ko,
i.e., our Ky is a set of admissible levels, which are more general than neat compact
open subgroups of G2(Af) = G,,(Ay). The conditions (a), (b), and (1)—(7) in [90,
§1.3] also need to be modified as follows.

In condition (a), if 5 = 2, we need to replace Lp/(Q) with Lp/(Q)*. (Here
P’ is either P, or Py, and Lp/(Q)" is the same as Lp/(Q) N Lp,(Q)%.) After
this replacement, the quotient group in question is naturally a subgroup of
G2(Ap) X Z/2Z = Gy, (Ay) x Z/27Z, and the requirement is that this subgroup
should be a member of 5.

As in the paragraph following [90, Prop. 1.3.4], we may and shall assume that
the KC; are minimal in the following sense. We assume that Ky is the union of
the G(Af)-conjugacy class of K and that of K N gK g~ 1. Then we determine
K1 as the minimal set that is stable under Gi(Af)-conjugacy and such that
condition (a) is satisfied for (¢,7) = (0,1). Having determined Ky and K;, we
determine Ko as the minimal set such that the modified version of condition
(a) as above is satisfied for (i,5) € {(0,2),(1,2)}. In particular, K; is finite
modulo G1(Ay)-conjugacy, and /s is finite.

In condition (b), if 7 = 2, we still keep Lp(Q), and do not replace it with
Lp(Q)*.

In conditions (3) and (4), if ¢ < 2, then the relevant requirements about zero-
dimensional boundary strata should be reinterpreted in the obvious way, taking
into account that in the generic fiber these strata are given by the generalized
Shimura varieties Shy (G, Ho) at admissible levels U; cf. §3.4.5.

In conditions (5)—(7), for ¢ = 2 and U € K3, the sheaves on the integral model
S (G2, X3) in question should be extensions of those sheaves on the generic
fiber Shy (Ga, X3) that are constructed by the functors (3.3.7.1), (3.3.7.2), and
(3.3.7.3). (Indeed, by the minimality of Ko assumed above, each U € Ky is of
the form either I:I/Hi or Ky, for a suitable choice of L and K/ as in §3.3.5;
cf. §3.4.5.)

With the above modifications, the same proof of [90, Prop. 1.3.4] still goes through.

Remark 3.5.2. — The construction in §3.5.1 can be easily generalized to an arbitrary
abelian-type Shimura datum satisfying A0-A3 in §3.4.1 and CA in §3.4.4.
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Next we would like to to compare the localizations of the integral models con-
structed in §3.5.1 with other known integral models, at least at almost all primes. We
need some preparations.

Definition 3.5.3. — Let S be a scheme of finite type over Q.

1. By a family of local integral models of S, we mean the choice of an integral
model S, of S over Z, (i.e., a Z,-scheme with generic fiber S ®g Q,) for almost
all primes p. Two such families (S,)ps0 and (S})ps0 are called equivalent, if for
almost all p there exists a Z,-isomorphism S, — S, extending the identity on
the generic fiber.

2. Given a finite-type Z-scheme S with generic fiber S, we obtain a family of local
integral models (S®zZ,)ps-0 of S. Any family of local integral models equivalent
to such a family is called eventually globalizable.

Remark 3.5.4. — By the “spreading out” property of isomorphisms (see [35,
Thm. (8.10.5) (i)] or [98, Thm. 3.2.1]), the eventually globalizable condition charac-
terizes the family of local integral models up to equivalence.

Lemma 3.5.5. — Let R be an integral domain, with fraction field F'. Let Y be a scheme
flat and locally of finite presentation over R. Let X be a scheme over F, and let
m:YRrF — X be an F-morphism. Then there exists at most one separated R-scheme
X with generic fiber X such that w extends to an fppf R-morphism my: Y — X.

Proof. — Let X and X’ be two separated R-schemes with generic fiber X, together
with fppf R-morphisms 7p : Y — X and n| : Y — X’ extending 7. We claim that
7, factors uniquely through mg. The lemma follows from the claim by symmetry.

To prove the claim, form the fiber product Y x y ) with respect to my : Y — X.
Since g is an fpqc covering and therefore a universal effective epimorphism, it suffices
to check the equality of the two morphisms

gi Y xx Y 2Ly Iy i=1,2.

Since both 7y and the structure morphism ) — Spec R are flat and locally of finite
presentation, the same holds for the structure morphism ) x y Y — Spec R, which
implies that it is open. Hence the generic fiber of ) X x )V is dense in ) X x Y. Since
the R-morphisms g; and g2 agree on the dense generic fiber, and since the target X’ is
separated over R (which implies that the locus where g; = g5 is closed), we conclude
that g1 = g2 on a closed subscheme of Y X y Y whose underlying topological space is
that of J x ¥ V. In particular g; and g5 induce the same map at the level of topolgical
spaces. To finish the proof, we can reduce to the affine case, namely we can replace
X' by an affine R-scheme Spec A, and replace ) X ¥ )V by an affine R-scheme Spec B
flat over R. We know that g1,g92 : A — B induce the same map A ®r FF — B ®gr F.
Hence we can conclude that g1 = g2 since B — B ®pg F' is injective. O
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3.5.6. — We keep the notation in §3.5.1. In the following, by “enlarging ¥ we always
mean replacing ¥ by a finite set of primes containing . Also, when we write p ¢ &
it is understood that p is a prime.

Let (GSpin(V),X’) be the GSpin Shimura datum associated to the quadratic
space V', which is of Hodge type and has reflex field Q. The natural homomorphism
GSpin(V) — G extends to a morphism (GSpin(V),X’) — (G, X) of Shimura data,
inducing an isomorphism between the adjoint Shimura data. For more details see [83,
§3].

We fix a neat compact open subgroup K C GSpin(V)(Ayf) such that its image
in G(Ay) is contained in K. We denote by Shy the canonical model over Q of the
Shimura variety associated to (GSpin(V),X’) at level K, and denote by Shy the
Baily-Borel compactification over Q. Thus Shy is smooth quasi-projective over Q,
and Shy is normal projective over Q. There are natural Q-morphisms 7 : Shz — Shg
and 7 : % — Shg.

Note that 7 is finite étale surjective. Indeed, by fpqc descent, it suffices to check
these properties for the base change of 7 to C, which is clear from the adelic description
of the Shimura varieties over C and Hilbert 90 applied to ker(GSpin(V) — G) = G;
cf. [83, §3.2].

Recall that K € Ko. We let Sk, = Sk (G, X) be the smooth quasi-projective
scheme over Z[1/%] with generic fiber Shx as given in §3.5.1. By standard “spreading
out” (see [98, Thm. 3.2.1]), we may and shall assume that the following objects exist
after enlarging X:

— a smooth quasi-projective scheme .7 over Z[1/3] with generic fiber Shy;
— a normal projective scheme .#; over Z[1/X] with generic fiber Shy;

— a dense open embedding .¥; — ¥ extending the embedding Shz < Shg;
— a finite étale surjective morphism m : /z — Sk extending 7.

We also enlarge 3 so that the following condition holds:

— For each p ¢ X, there are reductive group schemes g} and G, over Z, with
generic fibers GSpin(V')q, and Gg, respectively such that the homomorphism
GSpin(V)q, — Gq, extends to a homomorphism g}, — Gp. Moreover, we
have K = G,(Z,)K? and K = G,(Z,)K? for some compact open subgroups
KP C GSpin(V)(A%) and K? C G(A}).

Lemma 3.5.7. — In the setting of §3.5.6, it is possible to further enlarge ¥ and find
a number field F' unramified outside ¥ such that the following conditions hold for
all p ¢ ¥. Here all isomorphisms between integral models are required to extend the
identity on the generic fiber.

(1) For each U € Kq, Sy (G2, Xs) ® Zy is isomorphic to the base change to Z, of
the canonical integral model of Shy (Ga, X2) in §3.3.7.

(2) For each U € Ky, Sy (G1,X1) ® Zy is isomorphic to the canonical hyperspecial
integral model over Z, of the modular curve Shy (G, X1).
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(3) The integral model S5 ® Z, (resp. S ® Zy) is isomorphic to the canonical
hyperspecial integral model Yf(’p’can (resp. S
(resp. in [84]).

(4) The integral model Sk Q@ Z,, is isomorphic to the canonical hyperspecial integral
model Pk pcan OvVer Ly constructed in [50].

(5) For each place v of F above p, Sk ®z O, is isomorphic to the base change

to Op,, of the integral model over Z, of Shi constructed in [70, Prop. 2.4].

p.can/) over Zy constructed in [S0]

Proof. — First note that for (1) and (2) it suffices to show that we can enlarge ¥
for each U separately, since K; is finite modulo G1(Af)-conjugacy and /s is finite.
(Indeed, as is implicit in the proof of [90, Prop. 1.3.4], the integral models at conjugate
levels are by construction isomorphic to each other.)

For (1)—(3), we know that the canonical integral models in each case form an
eventually globalizable family of local integral models (Definition 3.5.3) as p varies.
We are done by Remark 3.5.4.

For (4), we would like to apply Lemma 3.5.5 to characterize #k , can in terms
of S% , can- Let p & X. By the construction in [S0] (cf. [70, Prop. 2.4, Remark 2.6|)
and by the surjectivity of 7, the morphism 7q, : Shz ®qQ, — Shx ®Q, extends to
a finite étale surjective (hence fppf) morphism YKncan — K pcan- We also know
that % ., is flat of finite presentation over Z,. By [70, Prop. 2.4], K p.can is
quasi-projective and hence separated over Z,. By part (3), we may assume that
yk,p,can = Y% ®z ZLy. Since S Qz L, — Sk @z Ly is also finite étale surjective
and since Sk ®zZ, is also separated over Z, (as it is quasi-projective), we know from
Lemma 3.5.5 that .k @z Z,, is isomorphic to #x p can s integral models of Shy.

For (5), we let (Cjgeom)icr be the connected components of @ ®p Q, and
let (Djgeom)jcs be the connected components of Shx ®g Q. For each i € I, let

c? be the intersection of C;geom With Shjz ®¢Q, and similarly define D?

i,geom j,geom*

The morphism 7 : % — Shg induces a surjection I — J, which we still denote
by 7. As in the proof of [70, Prop. 2.4], we know that for each ¢ € I, the mor-
phism C; geom — Dr (i) geom induced by 7 is the quotient by a finite group A; acting
on C; geom, in the sense of [70, Rmk. 2.6]. Moreover, A; acts freely on C? and the

i,geom
Galois étale cover C7 oo, — D'(/)T-(i) geom 18 & Aj-torsor. We pick a number field F* such

that each C; geom is the base change of a connected component C; of %@Q F, and
such that the action of A; on Cj geom descends to C;. For each ¢ € I, define D; to be
the quotient C;/A;, in the sense of [70, Rmk. 2.6]. We fix a section ¢ : J — I of the
surjection I — J. Then it is clear that Shx ®g F' can be identified with H]EJ D, ;).

Since our choice of F' is independent of ¥, we can enlarge ¥ such that F' is unram-
ified outside X. After further enlarging ¥, we may and shall assume that each C; is
contained in a unique connected component %; of 7[{ ®7 Or, and that the action
of A; on C; extends to %;. Since the formation of the quotient of a quasi-projective
scheme by the action of a finite group commutes with flat base change, we know
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that the generic fiber of [],c; Z.(;) is the same as ][, ;
ready identified with Shx ®q F'. Thus HjeJ 9,(;) and Sk ®7 O are two finite-type
OFr ®yz Z[1/%]-schemes with the common generic fiber, and we can hence enlarge &
to assume that they are Op-isomorphic. It is then clear from parts (3) and (4) above,
and the construction in the proof of [70, Prop. 2.4], that the condition in (5) holds
for all p ¢ ¥ and all places v of F' above p. O

D, ), which we have al-

3.6. Finish of the proof

Essentially all arguments in [90, Chap. 1] can be easily modified to suit our new
axiomatic setting (i.e., A0-A3 in §3.4.1 plus CA in §3.4.4). With each appearance
of Hy, replaced by HE, the results of [90, §1.4, §1.5] all carry over. More precisely,
in [90, Prop. 1.4.5], if the index n, corresponds to zero-dimensional boundary data,
then we replace the functor F#/#r RT'(H /Ky, —) with the functor (3.3.7.1) (applied
to M = Mp, H = the image of H under P(Ay) — Mp(Ay), and I:IE = the intersection
of H with L,, (Q)*). We then modify [90, Cor. 1.4.6] correspondingly (by replacing the
functor FH/Hr RT'.(Hy, /K, —) with the functor (3.3.7.2)), and modify the definitions
of Le, and Le, on pp. 17-18 of [90, §1.5] correspondingly.

Let .k be the integral model constructed in §3.5.1. We now explain the modifi-
cation of the proof of [90, Thm. 1.7.1], applied to the special fiber of ., modulo a
prime p ¢ 3, where ¥ is as in Lemma 3.5.7. We follow the notation in loc. cit. Mod-
ifications are only needed when n, corresponds to zero-dimensional boundary data.
In this case, the definitions of v;, and uys need to be modified in accordance with the
modifications in [90, Cor. 1.4.6, §1.5] mentioned above. To get the relation between
Tr(vy) and Tr(up/), we need to apply Proposition 3.3.16 in place of [90, Prop. 1.7.2].
Finally, in the calculation of Tr(vy) on the bottom of [90, p. 25|, we apply Proposi-
tion 3.3.14 in place of [90, Rmk. 1.6.4, Rmk. 1.6.5], and apply Proposition 3.2.3 in
place of [90, Thm. 1.6.6]. Note that Proposition 3.3.14 is applicable thanks to condition
(1) in Lemma 3.5.7. Also, the fixed point formula of Kottwitz for the one-dimensional
boundary strata is applicable thanks to condition (2) in Lemma 3.5.7.

After calculating Tr(vp,), the same arguments as those on pp. 26-27 of [90] lead to
a modified version of [90, Thm. 1.7.1], where the right hand side of the equality in
that theorem is replaced by

Tr(Froby x f*dg™ | Hi (S« ®2Fp, FXV)) + Tp, + Tp, + Thy,,

with the terms Tp,, Tp,, and Tp,, as in Definition 2.5.5. (7 From this, we deduce the
analogue of the identity (2.5.7.1) for the special fiber. Namely we have proved (2.5.7.1)
for a sufficiently large, but with Shx and Shx replaced by the mod p reductions of
the integral models.

7. Note that the factor mp; in Definition 2.5.5 comes from the factor 2 in Proposition 3.2.3, which
is an analogue of [90, Thm. 1.6.6]. By contrast, in Morel’s case the extra factor 2 comes from [90,
Rmk. 1.6.5].
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To prove (2.5.7.1) itself, we apply [70, Thm. 4.19]. This result confirms Theo-
rem 1.8.4 (1) and asserts that the terms Tr(--- | IH*(Shg, V)) and Tr(--- | H}(Shg, V))
in (2.5.7.1) are unchanged if we replace Shx and Shx by the mod p reductions of
the integral models.® Indeed, by [70, Thm. 4.19] and conditions (4), (5) in
Lemma 3.5.7, we know that the compact support cohomology and the intersection
cohomology (with coefficients in V) of Sh kg, are respectively isomorphic to those
of ijp under the canonical adjunction morphisms (which are Hecke-equivariant

and Gal(Q,/Qj)-equivariant). Note that in Lemma 3.5.7 (5) we only compare the
integral models over an extension of Z,, but this already suffices for the current
purpose since whether the canonical adjunction morphisms are isomorphisms is
insensitive to finite base change. This finishes the proof of Theorem 1.8.4 (1) and
(2.5.7.1). In Proposition 2.5.7, we have already proved that (2.5.7.1) is equivalent to
the identity (1.8.4.1) in Theorem 1.8.4 (2).

Finally, we explain why the two sides of (1.8.4.1) lie in E for all sufficiently large
a. In the above proof of (2.5.7.1), it is already implicit that the LHS of (2.5.7.1) lies
in the algebraic closure Q of Q inside Q,, and that the equality holds when we view
the LHS as a number in C by choosing an arbitrary E-algebra embedding Q — C.
(Remember that at the outset we fixed field embeddings Ey — Q, and E — C,
and that the RHS of (2.5.7.1) is a number in C.) Since the definition of the RHS of
(2.5.7.1) depends only on the embedding E — C but not on the choice of Q — C, we
see that both sides of (2.5.7.1) are in E since they must be fixed by Gal(Q/E). Thus
it remains to check

Tr(Froby x f*dg> | H;(Shk,V)) € E.

But this follows from the point counting formula in [51].
The proof of Theorem 1.8.4 is complete.

8. In [70, §3], an extra assumption is made on the relation between the level K and the prime £.
This assumption can be easily removed if we consider the system of levels in [95, §4.9] instead of the
system H(£"),r > 0 in the notation of [70, §3].
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CHAPTER 4

COMPARISON WITH DISCRETE SERIES CHARACTERS

4.1. Elliptic maximal tori in Levi subgroups

4.1.1. — We now pass to a local setting over R. The symbols V, V;, W,, G, Ps, and
Mg will now denote the base change to R of the corresponding objects in §1.4. We
note that over R, Pj5 is still a minimal parabolic subgroup of G, and Pis, Py, P> are
still the only proper parabolic subgroups of G containing P;s. Also note that the split
component of Mg over R is just the base change to R of the split component over Q.
For this reason we still use the notation Ay, for the split component over R.

Note that Wy and W, are quadratic spaces of signatures (n — 2,0) and (n — 1,1)
respectively. We have

M1 = GLQ X SO(WQ), M2 = GL1 X SO(W1), M12 = ng X SO(WQ)

Hence M; and M5 always contain elliptic maximal tori (over R), whereas Ms contains
elliptic maximal tori if and only if d is odd (recall that when d is even we assume
that n = d—2 > 4). We fix an elliptic maximal torus Ty, in SO(W3). We then obtain
elliptic maximal tori:

T, = Tcs;t]i X TWQ Cc M; = GL2 X SO(WQ),

T := G%l X TW2 C M, = G72n X SO(WQ),
where

Ted ={(2}) €GLy |a=d,b= —c}.
When d is odd, we also fix an elliptic maximal torus Ty, in SO(W;), and obtain

an elliptic maximal torus Ty = G,,, X Tw, in My = G,,, x SO(Wy).

4.1.2. — We define a maximal torus 7" in G¢ as follows. Remember that V is the
orthogonal direct sum of span {e1, €| }, span {es, 5}, and Wy. We choose a hyperbolic
basis (see Definition 1.2.2) B = {f1,..., fa} of the quadratic space V¢ over C such
that

fi=e, fa = eq, fa=el, fa—1 = €.
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As in §1.2.7, from B we obtain an embedding

LB : Gz,c =T C G,
and a Borel subgroup B of G¢ containing T”. By construction, T” is contained in M¢
for each M € {My, My, M15}, and B is contained in P¢ for each P € {Py, Py, Pyo}.
Moreover, (g identifies the first two copies of G,, with the split component
G, = GL(V1) x GL(Va/V1) of Mis.

Let S be a non-empty subset of {1,2} and assume that S # {2} if d is even.
We fix an element gs € Mg(C) such that Int(gs)(Ts,c) = T'. Denote the standard
characters of G%,(C ~ T’ by €1,.-.,€m, and the standard cocharacters by €, ..., €Y.
We transport them to T ¢ using Int(gs), and retain the same notation.

For S as above, we let Rg be the subset of ®(Gc,Ts,c) consisting of real ele-
ments, and similarly we define R C ®(Gc,Ts,c)Y. We view Rg and RY as subsets
of X*(Anmg) and X, (Ap) respectively. In Tables 2 and 3 below, we determine Rg
and RY explicitly in the odd and even cases respectively. In the last rows of the two
tables, we record the type of the root datum (X*(Aa), Rs, X«(Ans), RY).

TABLE 2. Real root systems in the odd case

s m 2) (1,2}
Rs {:l:(€1 +62)} {61} {:|:€1,:|:62,:|:61 :|:€2}
RY {£(&f +€¥)} {27} {F2¢7,+£2ey,+ef F ey}
X*(Amg)  3Z(ex +e2) Zer Zer @ Zes
X (Amyg) Z(eY +€3) ZeY ZeY ® Zey
type Ay Ay B2

TABLE 3. Real root systems in the even case

s {1} (1,2}
Rs {£(e1 + €2)} {*e te}
R {(e +e)} {el £}

X*(Amg) %Z(el + €2) Ze1 @ ZLea

X.(Amg)  Z(ef +€¥) ZeY @ Zey

type A A1 x Aq

4.2. Stable discrete series characters

4.2.1. — We keep the setting of §4.1. Fix an irreducible algebraic representation V
of G¢. This gives rise to an L-packet II(V) of discrete series representations of G(R).
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Let © = Oy be the stable character associated to II(V), i.e., the sum () of the char-
acters of the members of II(V).

Let S be a non-empty subset of {1,2}, and assume that S # {2} if d is even.
Let M := Mg. In §4.1 we fixed an elliptic maximal torus Ts in M. In the sequel,
unless otherwise stated, we call an element v € Ts(R) regular if it is regular in G,
ie., if a(y) #1 for all @ € ®(G¢,Ts,c)-

The normalized stable discrete series character ®$;(-,0) is defined and studied
in [7] and [34]; see also [90, §3.2]. It is a continuous function Ts(R) — C such that

25;(.0) = [P (" 6()
for all regular v € Ts(R). In the following we recall a formula for ®¢,(y, ©), for regular
v € Ts(R).

4.2.2. — In §4.1 we fixed a Borel pair (77, B’) in G¢, an elliptic maximal torus Ts
in M, and an element gs € M (C) such that Int(gs)(Ts,c) = T”. We now denote by B
the Borel subgroup Int(gs)~!(B’) of G¢ containing Ts c. Remember that Psc D B.
We let By := Mc N B, which is a Borel subgroup of Mc. We make the following
definitions:

— Denote by ®* the set of B-positive roots in ®(Gc, Ts,c)-

— Denote by @X}I the set of Bjs-positive roots in ®(Mc, Tsc).

— Denote by p € X*(Ts) ® 27 the half sum of the elements of ®.

— Denote by A € X*(Ts) the highest weight of the Gc-representation V with
respect to the Borel pair (Ts ¢, B) in Gc.

— Denote by  the complex Weyl group Q¢ (G, Ts).

— For w € €, denote by wB the Borel subgroup wBw~™
w € Norg(c)(Ts) is any representative of w.

— Denote by Ajp; the Weyl denominator of M¢ with respect to the Borel
pair (Ts,c, Bar) in Mc; see Definition 1.1.3. Thus Ay = Ha€<1>‘1'\'4(1 —a™h).

— For w € Q, define

L of G¢, where

P(w) =@ N (-wd"),
lw) = [®(w)],
e(w) := (—1)!),
Thus /(w) and e(w) are the length and sign of w respectively.

1. Our definition of the stable character is the same as [91], whereas in [34] a sign (—1)2(%) is
included.
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Recall that in §4.1 we explicitly identified the set Rg of real roots in ®(G¢, Ts,c).
Since S is currently fixed, we simply write R for Rg. For v € Ts(R), we define

Ry:={aeR|a(y) >0},
RI:={a€R|a(y)>1},
er(y) = (—D)FNEED] = (Lpy#{eceTnRI0<a(m) <1}

Then by the work of Harish-Chandra [39] and Herb [42], we have the following formula
for ®§, (v, ©), for regular v € Ts(R):

(4.2.2.1) 05(7,0) = (~1)"Deg(1)8pe ) (1) /2 Anr(y) !
D ewn(v,wB)wN@) [ o'

weN acd(w)
See also [34, §4] and [91, Fait 3.1.6]. Here ¢(G) and dpy(r) are defined in §1.1, and
n(v,wB) are certain integers, whose definition we now explain following [34, §4].
Let G5 be the simply connected cover of G, and write im(GSC(R)) for the image
of G3¢(R) — G(R). Firstly, if v ¢ Zg(R)im(GSC(R)), then n(y,wB) = 0 for all
w € Q.

Remark 4.2.3. — In our case Zg(R)im(G5C(R)) = G(R)°. In fact, since G is semi-
simple, we have im(G5¢(R)) = G(R)° by the connectedness of GSC(R). Now in the
odd case Zg is trivial, and in the even case Zg(R) = {£idy} is contained in G(R)°
(see [52, 1.17]).

4.2.4. — We now assume that v € Ts(R) is regular and lies in Zg(R)im(GSC(R)),
and explain the definition of n(v,wB) in this case. First we need some preparations.

Let E* be a finite-dimensional R-vector space, and U C E* a root system. Let E,
denote the dual vector space of E*, and let UV C E, be the set of coroots. As-
sume that U spans E*, and that the Weyl group of U contains —1 € GL(E,). Let
Eireg C Ex and Ef,, C E* be the regular loci with respect to U and U V respectively.
One associates to the datum (E*,U) a function

(4.2.4.1) cy : E*,reg X E;keg — 2.

This function appeared in the work of Herb [42], and can be inductively characterized
by the properties (1)—(5) listed in [34, §3]. We will give explicit formulas for ¢y in
some special cases in Lemmas 4.2.8 and 4.2.10 below. Later in the paper (§§8.15 and
8.16), we will recall Herb’s close formula for ¢y in more complicated situations.

Now we write X*(AM)R and X*(AM)R for X*(AM) ®7 R and X*(AM) ®7 R re-
spectively, and identify X,.(Ap)r with Lie(Ap). We view the Weyl group of the
root system R, as a subgroup of GL(X,(An)r). Let Xy (Arm)r reg C X«(An)r and
X*(Am)rreg € X*(Apm)r be the regular loci, with respect to the root systems R,
and RY, respectively.
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Lemma 4.2.5 ([34, p. 499]). — For regular v € Ts(R) which lies in Zg(R) im(G5€(R)),
the Weyl group of R, contains —1 € GL(X,(Am)r)- O

4.2.6. — Keep the setting of §4.2.4. In view of Lemma 4.2.5 and the general construc-
tion (4.2.4.1), we obtain a function

ER'Y : X*(AM)]R,reg X X*(AM)]R,reg — 7.
We can now define the integers n(y,wB) in terms of the function cg_ . Let T's(R); be
the maximal compact subgroup of T's(R). We have a canonical decomposition
Ts(R) = Ap(R) x Ts(R);.
We write the projection of v € Ts(R) in Ay (R)? as exp(z,), with z,, € Lie(Ay) =
X«(Ap)r. Our assumption that v is regular ensures that
Ty € X*(AM)]R,reg-

Let p : X*(Ts)r — X*(An)r be the natural restriction map. Then for any w € Q we
have

p(wA +wp) € X (Arr)R,reg-
Define

(4.2.6.1) n(y,wB) 1= Cr. (T, p(wA + wp)).
This finishes our explanation of (4.2.2.1).

Corollary 4.2.7. — Let vy € Ts(R) be a regular element such that the Weyl group of R,
does mot contain —1 € GL(X.(An)r). Then ®§;(v,0) = 0.

Proof. — By Lemma 4.2.5, we have 7 ¢ Zg(R)im(GS®)(R). Hence n(vy,wB) = 0 for
all w € Q, and we have ®%,(v,0) = 0 by (4.2.2.1). O

In the sequel we will need explicit descriptions of the function ¢y for certain root
systems U in R! and R2. For i € {1,2}, we use the standard inner product on R to
identify R* with its own dual space.

Lemma 4.2.8. — Let € be the basis vector 1 of R'. The Weyl group of the root system
U = {%e} contains —1. The regular loci in R' with respect to U and with respect
to UV are both R* — {0}. The function ¢y : (R* — {0}) x (R! — {0}) — Z is given by:

oo ) 2, ifxy <O,
cy(ze, ye) =
vire ¥ 0, ifzy > 0.
Proof. — This follows from a direct computation based on properties (1)—(5) listed
in [34, §3]. O

4.2.9. — We now consider certain root systems in R%. Let {€; = (1,0),e2 = (0,1)} be
the natural basis of R2, and let 2; and z, be the two coordinate functions on RZ2.
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Let @
Uodd := {£e1, tea, +e1 T 62},
Uegs := {£€1, Lea}
Ueven := {x€1 L ea}.

For each subscript ? € {odd, eds, even}, U is a root system in R2. The regular locus
in R? with respect to U is equal to the regular locus with respect to Uy’. We denote
this locus by R2.

Explicitly, R%,, is the complement of the two coordinate axes and the two di-
agonal lines. Thus it is the disjoint union of eight open cones. We label the cone
{(z1,22) | 0 < 2 < 1} by the symbol (Z), and label the other cones counterclock-
wise, by (ZI), (ZZZ), ..., (VIII). See Figure 1.

Z2
(ZIT)| (I7)
zv) (Z)
x1
V) (VITT)
VI) |(VIT)

Ficure 1. Labeling of the eight open cones complement to the two coor-
dinate axes and the two diagonal lines in the x1-x2-plane. The union of
the cones is denoted by R2,,.

Similarly, R?,, is the complement of the two coordinate axes, and R2,, is the
complement of the two diagonal lines x; = +x5. We label the four open cones con-
stituting R2 . counterclockwise, starting with the cone {(z1,%2) | 1 > |72|}, by the
symbols (&), (£), (€),(2). See Figure 2.

We shall use the same symbols (Z), (ZZ),..., (<), (#),..., to denote the charac-

teristic functions of the corresponding open cones.

2. Here the subscript eds stands for “endoscopic”.
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Z2
Tl = —Ty T1 = T2

€

(2)

FI1GURE 2. Labeling of the four open cones complement to the two diagonal
lines in the z;-z2-plane. The union of the cones is denoted by R2,.,.

For each subscript ? € {odd,eds,even}, the Weyl group of U: contains
—1 € GL(RR?). Hence we have the associated function

cu, : RF x R3 — Z.

The following lemma describes this function. For each fixed z € R2, we let
f, . : R? — Z be the function that sends 2’ € R? to ¢y, (z,z').

L]

Lemma 4.2.10. — The following statements hold.

(1) If z € (V), then
1

(4.2.10.1) Zfodd,x = (Z7) + (VIZII).
If x € (ZV), then
1
(4.2.10.2) foddz = (7) + (VII).
2) The function ¢ :R2, x R2, — 7Z is given by
eds eds eds
(4.2.10.3) co (@, 7) 4, ifx and x' lie in opposite quadrants,
.2.10. c T,x') =
Ueas 0, otherwise.
In particular, if x € (V), then
1
(4.2.10.4) Fleasalp. = (I) +(IT).
odd
If x € (IV), then
1
(4.2.10.5) —f, = (VII)+ (VIII).

eds,z
gredelee,,
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(3) If x € (¥), then

1
(42106) Zfeven,m = (d)
Proof. — This follows from a direct computation based on properties (1)—(5) listed
in [34, §3]. O
Remark 4.2.11. — The complete descriptions of ¢y, ,, and ¢y, , follow immediately

from Lemma 4.2.10 and the Weyl invariance of these functions (see property (5) in
34, §3]).

4.3. Kostant’s theorem

We apply Kostant’s theorem [53] to compute the character of the virtual represen-
tation in Definition 2.1.4.

Let S be a non-empty subset of {1,2}, and let M := Mg. Assume that S # {2}
in the even case. Let Ts be as in §4.1. We fix V as in §4.2.1, and continue to use the
notations introduced in §4.2.2. Let RI'(Lie Ng, V)~, be as in Definition 2.1.4. Let @y
and wsy be as in Definition 2.1.1.

Lemma 4.3.1. — For v € Ts(C) regular in G (or more generally, regular in M ), we
have

Tr(y | RU(Lie N, V)5ts) = Ap(7) ™! > @M I a7t

weN a€d(w)
(w(A+p),w;)>0, VieS

Proof. — The proof is the same as a computation in the proof of [91, Prop. 3.3.1].
Let Qg := Q¢(M,Ts), which is naturally a subgroup of Q. For w; € Qg we define
I(wy) and e(w;) = (=1)"®) by viewing w; as in Q; as a standard fact I(w;) is also the
length of w; in g with respect to the simple roots in <I>;\r/1. Consider

5= {w € Q| ®(w) C {roots of Ts,c on Lie(NS)C}}

={weQ|®w) N}, =0}.
Then Qf is the set of minimal length representatives of the cosets in Qg\; see [53,
p. 361] or [33, p. 165|. In particular, multiplication induces a bijection
(4.3.1.1) Qs x Qs = Q.
We have fixed the positive system ®7, inside ®(Mc,Ts,c). As usual, we say that
an element \' € X*(Ts) is M -dominant, if the pairing of X\ with any positive coroot

in ®(Mc, TS,C)V is non-negative. For such X, we let Vi s be the irreducible algebraic
representation of M (C) of highest weight \'.
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As recalled on p. 1700 of [91], Kostant’s theorem states that as an algebraic repre-
sentation of M (C), we have

H"(Lie(Ns)c, V) = D Virewogp—p
w'EQ'S
(w')=k
Consequently,
H"* (Lie(Ns)c, V)siq = @ VM o' (A+p)=p-

w'GQfS
I(w)=k

(W' (A +p)—p,mi)>t;, VieS

By a simple computation, we have ¢;

(4.3.1.2) H" (Lie(Ns)c, V)t

(—p,w;) for i = 1,2. Hence we have

@ VM,w’(>x+p)—p'
“’I§QZS
l(w)=k
(w' (A +p),™;)>0, VieS

By the Weyl character formula (see for instance [91, Fait 3.1.6 ]), for any M-dom-
inant A € X*(Ts) we have

(4.3.1.3) Tr(y | Vara) = Apr(y) ™! Z €(wr) (w1 N)( H a”
w1 €QRs ae<1>(w1)
(Here we have used the fact that for each w; € Qg, the set ®(w;) = @+ N (—w, ®7T) is
also equal to @1, N (—w1®4,).)
Combining (4.3.1.2) and (4.3.1.3), we obtain
TT(’Y | RF(Lie(NS)7V)>ts) = Z (_l)l(w ) TT(V | VM,w’()\—i-p)—p)

w' €y
(w' (A +p),:)>0, VieS

= > e(w)Ap(y)
w'eQy
(w'(A+p),mi)>0, VieS

Foloworn-o)o I oo

Since w; is invariant under (g for every ¢ € S, and since we have the bijection
(4.3.1.1), the above is equal to

Y @A) @) (wp —p1(W)p> @ I e,

Q 1
(W) o) >0, VieS acpi(w))

where for each w € Q we set p;(w) to be the unique element of g such that
w € p1(w)Q. To finish the proof, we just need to check that for all w € 2, we have

wp) —pm@W)p)— Y, a=— Y a

a€®(p1(wi)) acd(w)
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But this follows from the identity

p_a(p): Z a,

acd(0)
which holds for arbitrary 6 € €. O

4.4. Kostant-Weyl terms and discrete series characters, case M

4.4.1. — We keep the notations in §4.2 and §4.3. We take S = {1} and M = M;.
Recall from §4.1 that we have fixed an elliptic maximal torus 77 = T&tﬁiz x Ty, in M.
Consider a regular element v € T1(R). We write

v=((%2) ) € TEE, (R) x Tyw, (R),
with a,b € R and a? + b2 # 0. Note that (e; + €2)(7) = a® + b?. Hence we have
R’Y = {:':(61 + 62)} .
Let Lys(7y) be as in Definition 2.2.3.

Proposition 4.4.2. — Suppose a® 4+ b> < 1. Then we have
i (7,0) = 2(=1)" D Ly ().

Proof. — We first compute ®§,(v,0) using (4.2.2.1). Clearly T1(R) is connected.
Hence v € G(R)?, and so the integers n(7y,wB) in (4.2.2.1) are defined by (4.2.6.1).

The subgroup Ay (R)° C T1(R) consists of (59) € T (R),z € Rso. The sub-
group T1(R); € T1(R) is U(1)(R) x Tw, (R), where U(1)(R) consists of

(2L, 2) eTed (R), 21,20 ER, 22+ 22 = 1.
Hence the projection of v in A (R)? = Ry is va2 + b2, and
z = log \/m € R~ Lie(Ay) = Xu(Anm)r.
Since a? + b < 1, we have
Ty € Reo 2 Ruo(—€f —€3).

Since R, = {*(e1 + €2)}, by Lemma 4.2.8 we have

_ 2, if x € R>0(61 + 62),
CR»Y (:E‘WX) = .
0, if X € R>0(—61 — 62).
Hence by the definition (4.2.6.1), for w €  we have
2, if pw(A+p)) € Rsoler + €2),
n(y,wB) = .
0, if p(w(A+p)) € Roo(—€1 —€2).
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Now the term eg(v) in (4.2.2.1) is —1. By the above computation and by (4.2.2.1),
we obtain

(44.2.1) G,(7,0) = 2(—1>q<G>+lapl<R>< )WAM( >—1

Z w)(wA)(y H a”

weN aed(w)
p(w(A+p))ER>o(e1+€2)

Next we compute 2(—1)4)+1L,, (). By Proposition 2.2.4 and Lemma 4.3.1, we
have

(1422) 2= Ly () =2<—1>q<G>“6P1<R>< Y12 A7)t
>, e I o).
weN oz€<I>(w)
(w(A+p),1)>0

Comparing (4.4.2.1) and (4.4.2.2), we see that the proof reduces to checking that for
all w € 2, we have

WA+ p), 1) > 0= pw(A + p)) € Rooler + ).
This is obvious. O

4.5. Kostant-Weyl terms and discrete series characters, odd case M,

4.5.1. — We keep the notations in §4.2 and §4.3. We take S = {2} and M = M.
Assume that d is odd. Recall from §4.1 that we have fixed an elliptic maximal
torus Ty = G,,, X Ty, in M. Consider a regular element v € T5(R). We write

v = (a,7mw,),

with @ € R*. If @ > 0, then R, = {+e;}. Otherwise R, = (. Let Ly () be as in
Definition 2.2.3.

Proposition 4.5.2. — When a < 0, we have @%(7, 0) =0. When 0 < a < 1, we have
05 (7,0) = (—1)*DH Ly ().

Proof. — When a < 0, we have R, = (. It follows from Corollary 4.2.7 that
5§, (v,0) = 0, as desired.

Now assume that 0 < a < 1. We first compute ®$,(y, ©) using (4.2.2.1). We have
Ty = G, x UL)™ L, and Ay = G, T2(R); = {£1} x U(1)(R)™ L. Hence the
projection of v in A/ (R)? = Ry is a, and

z, =loga € R = Lie(An) = X (Am)r-
Since 0 < a < 1, we have
Ty € Reg 2 Ruo(—€y).
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Since R, = {+e1}, by Lemma 4.2.8 we have
27 X € R>O(€1)7

Cr.(Z~, =
(%) {o, X € Roo(—e1).
Hence by the definition (4.2.6.1), for w €  we have
2, if A eR ,
oy < {2 PO+ 0) € Roler)
0, if p(w(X +p)) € Rug(—e1).

Now the term eg(v) in (4.2.2.1) is —1. By the above computation and by (4.2.2.1),
we obtain

(4.5.2.1) 0§;(7,0) = 2(=1)1 D5, oy (1) /2 Aps () 7
> )@@ [ a7 ().

weN a€d(w)
p(w(A+p))E€R>0(€1)

Next we compute (—1)4*1L,/(y). By Proposition 2.2.4 and Lemma 4.3.1, we
have

(4.5.2.2) (—1)1DFLL () = 2(=1) 1D 6 p, 5y (1) V2 A0 ()}
> N ] ot
weN a€P(w)

(w(A+p),@2)>0

Comparing (4.5.2.1) and (4.5.2.2), we see that the proof reduces to checking that for
all w € 2, we have

(WA +p),m2) > 0 <= p(w(A+ p)) € Rsoler).

This is obvious. O

4.6. Kostant-Weyl terms and discrete series characters, case M5

4.6.1. — We keep the notations in §4.2 and §4.3. We take S = {1,2} and M = My,.
(We drop the assumption that d is odd made in §4.5.) Recall from §4.1 that we have
fixed an elliptic maximal torus Ths = G,, x G, X Ty, in M. Consider a regular
element v € T12(R). We write

Y= (a’aba 7W2)7

with a,b € R*. Let Ly(v) be as in Definition 2.2.3. We fix an element gy € M»;(Q)*,
as in Definition 2.2.6.
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Lemma 4.6.2. — We have
(4.6.2.1) Ly(7) = 6py,ry(v)/? Tr(y | RT(Lie N12,V)5e,,)
+ 0py, (k) (90790 1)/? Tr(govgs ' | RT(Lie N2, V)se,,)

1/2 )
— DX, e ()2 Tx(y | RO (Lie N2, V) ts).

Proof. — The lemma follows from Proposition 2.2.8, the fact that dim A /A, = 1,
and the fact that n%z = 2. Here n%z is clearly equal to the cardinality of WAAZ2’l, and
we already showed in the proof of Proposition 2.2.8 that this group is Z/2Z. O

Definition 4.6.3. — When d is odd, let
wo 1= S, € €,
W1 1= Sy —e, € 1,
Wy =S¢, € L.

When d is even, let
WO i= SeptesSeq—es € 1.

Here s, denotes the reflection in Q corresponding to o € ®(Gc, Ti2,c).
The following lemma is similar to an argument on p. 1702 of [91].

Lemma 4.6.4. — Let s € {wp,w1,ws} if d is odd, and let s = wq if d is even.

(1) The automorphism of T1o ¢ induced by s is defined over R.
(2) Let v € T12(R) be regular, and let 7' := s(vy) € T12(R). For any w € Q we have

§P12(R)(7/)1/2 Hae{)(w)a_l(’yl) _ H |Oé(’7/)|_1/2

(4.6.4.1) 73 — = —7 1L leM) a(.
OPa@ () [lacon @710 0 la()™ 24
Here |-| denotes the usual absolute value on C, and as usual ®(s) denotes
Ot N (—sd™).
Proof. — (1) The automorphism in question is given by

($7y’ Z) — (y7 x? Z)7 V(x7y) e G’IQ’?’L7 z e TW27(C’
when s = wy, and is given by
($7y’ Z) — (:Ll_l’y7z)’ v(x’ y) E G?ﬂ’ z 6 TW2)C7

when s = wq. In these cases the claim is obvious. When s = wy, the automorphism in
question is of the form

(z,y,2) — (2,57, f(2), (2,9) € G}y, 2 € Tw, e,

for some automorphism f of Ty, c. Since Ty, = U(1)™~2, every automorphism
of Ty, ¢ is defined over R. This proves the claim.
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(2) Note that ®* is the disjoint union of @L and the set of roots of T12,¢ acting
on Lie(N12)c. Hence

Spe @) =[] le@)| ] le@)™", VveTn(R).

acdt aE<I>+

For any w € Q, we have

S T o()

a€P(w)
1 2 —1/2 _
= II leeH"? IT le(™? I o)
acdt agd], a€dTN(—wdt)
—-1/2 _
= II le@ IT letH™*  II o',
acsdt a€¢>+ a€sdtN(—swdt)

Also we have

bro? I o7'o) =TT le™* I le) ™ JI  o7'(n.

a€P(sw) acdt aGCI>+ aedtN(—swdt)
Hence
3pu@ () Maca@wy @ ()
3P (R) (N Taca(swy @ ()

1 2 Taessr [e? Taesarn-swen @)

OzE@L |Oé(’7)|71/2 Ha€¢>+ |a(7)|1/2 HaE‘P‘*’ﬂ(—swtp-*—) Ot_l(’y)

To finish the proof, we note that

1/2 1/2
Mecoos 072 Tacornsar [0 Tae_a e I et

2 1/2 2
Mocor e Tacornsas 16 Hacae e Zat
and that

Ha€s<1>+ﬂ(fsw<1>+) o™ (v) _ HQE(*q)Jr)ﬂs{)Jrﬂ(*ng{)*) a'(7)

Hae@*ﬂ(—w.:@*) ail(’}/) Haeberﬂ(—sber)ﬂ(—swber) ail(fY)

Hae@(s)ﬁ(sw<1>+) O‘(’Y)

HaE‘P(s)ﬂ(—sw@‘*‘) a_l(’}/)

=[] et.

a€e®(s)
The desired (4.6.4.1) follows. O

Lemma 4.6.5. — For any go € M>,;(Q)* (see Definition 2.2.6), there erists
g € SO(W2)(R) C G(R) such that ggo normalizes T12 and the image of ggo in Q is
wo as in Definition 4.6.3.
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Proof. — Recall that T12 = G2, x Ty,, where G2, = GL(V1) x GL(V,/V;), and

Tw, is an elliptic maximal torus in SO(W2). From the definition of M, ;(Q)*,
we know that gy normalizes G2, stabilizes Wy C V, and restricts to an element
9ol € O(W3)(R) — SO(W3)(R). Since all elliptic maximal tori in SO(W2) over R are

conjugate under SO(W5)(R), there exists g € SO(W2)(R) such that ggo normalizes
T12. We let h denote (ggo)|W2, which is an element of O(W3)(R) — SO(W2)(R)
normalizing Ty, .

If d is odd, we can take g to be —idy, -(gO|W2)_1. Then ggo permutes {es,eh}
non-trivially, fixes e; and e}, and acts as —idw, on Ws. It follows that the image
of ggo in 2 is wy, as desired.

Assume that d is even. Then m = d/2 > 3. By our definition of the Z-basis
{e1,...,€m} of X*(T12), we know that {es, ..., €y} is a Z-basis of X*(Ty, ). Moreover,
O(SOWa)c, Tw,c) ={teit¢; |3<i<ji<m}.

It is easy to check that there exists an element h' € O(W5)(C) — SO(W3)(C) nor-
malizing Ty, ¢ such that the automorphism ¢’ of X*(Tw,) induced by h’ satisfies
o'(e3) = —e3 and o'(¢;) = ¢; for 4 < i < m. Denote by o the automorphism
of X*(Tw,) induced by h. It suffices to show that

(s QR(SO(WQ),TW2)0', C Aut(X*(TWZ)).

Here Qr(SO(W3),Tw,) is the real Weyl group Norgow,) ) (Tw,)/Tw, (R), viewed
as a subgroup of Aut(X*(Tw,)). Since h and h’ differ by left-multiplication by an
element of SO(W2)(C) normalizing Ty, ¢, we have o € Q¢ (SO(W2), Tw, )o’. We finish
the proof by noting that Q¢ (SO(W2),Tw,) = Qr(SO(W2),Tw,), since SO(W3) is
anisotropic over R. O

Definition 4.6.6. — For w € (Q, define
1, if (wW(A+p),w;) >0fori=1,2,
M) = { (WA + p), @)

0, otherwise,

1, if (wA+ p),wow;) >0 fori=1,2,
0, otherwise,

1, if (w(A+p),@2) >0,

0, otherwise.

Here wy is as in Definition 4.6.3.

Lemma 4.6.7. — Let v = (a,b,vw,) be a regular element of T12(R). The quantity
Ly () == Ly (y) - (6pp®y (02 A0 () ™1) ™! can be computed as follows.
(1) If d is odd, then

i)=Y [M(w)—sgn(b)%(w)—sgn(l—b-l)N3<w>]e<w)<wA><v> T o',

weN aed(w)
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(2) If d is even, then

L) =Y [M(w) T Ny(w) - Ns(w)]e(W)(wA)(v) I o).

wEeN aed(w)

Proof. — Our starting point is (4.6.2.1). Let v/ = wp(7). By Lemma 4.6.5, we may
replace goygy ' in the second summand on the RHS of (4.6.2.1) by 7/. Now we would
like to rewrite the third summand. Define

!
o= I m

+ +
aE<I>M2 —<I>M

Then arguing as on p. 1701 of [91], we have

| DM () Y S )2 (1) ™ = (1), (1) 2 At (1)
Hence we can rewrite (4.6.2.1) as follows:
(4.6.7.1) Las(7) = py,my (7)Y Tr(y | RT(Lie N1z, V)se,,)
+ 0@ (7)/? Tr(y' | RT(Lie Ni2,V)54,,)
= 3PN 2AM (1) A, (7)12(y) Tr(y | RT(Lie Na, V)5, ).
Using Lemma 4.3.1 to compute the Tr(---) terms in (4.6.7.1), we get

Lar(7) = 6piy()?An (7)™ Z e(w)(wA)(v) H a”'(v)
<W(A+p),wf>e>%, vie{1,2} 2€®(w)
+ 0P (V)P AM () Z e(W)(wN) () H ot ()

weN acd(w)
(w(A+p),@;)>0, Vie{1,2}

—Op@MPAMM) () Y. e wN() [ .

weN acd(w)

(w(A+p),@2)>0

By Lemma 4.6.4, the second summand in the above is equal to
Spa) (N2 An (1) T A, ) > WG I e,
weN ) a€P(wow)
(w(Ap),w:)>0, Vie{l,2}
where 1
Apr(y a(¥)|~ aly
M) ot 1 acaun
Therefore we have
Lu(y) = > e@@NM I o't
weN acd(w)

(w(A+p),w;)>0, Vie{1,2}
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+A(7,7) > N I 't

wEeN a€P(wow)
(wW(A+p),w;)>0,Vie{1,2}

—m@) Y ew @) [ o

wWEN a€EP(w)
(w(A+p),@2)>0

Making the substitution w — wow in the second summation and using the following
obvious relations:

we obtain
Lu(y) = > e @My ] «'()
weN aed(w)
(w(A+p),w;)>0, Vie{l,2}
+ e(wo)A(7,7") > @@ [[ o'
(w(A+p),w0:sz€i)Q>0,Vie{1,2} ac®(w)
—m@) Y. @) J[ o'
weN aEd®(w)
(w(A+p),@2)>0
4612 =3 [Malw) + o)1 1Naw) - 1) Vol

weN
Jereonm) iy o).

To finish the proof it remains to compute the quantities e(wg), A(7y,7'), and n2(7),
which we carry out separately in the odd and even cases.
First assume that d is odd. Then

(4.6.7.3) €(wp) = —1.
To compute A(7y,v’), first note that Aps(v)/An(y') and
-1 1
IT 1et")I7 et
ae@}&
are both 1, since 7!+ lies in the center of M. To compute
-1
II et e,
a€®(wo)

we have ®(wg) = {ea} U {e2 L €; | j > 3}, and we know that e; + ¢; is the complex
conjugate of eo — ¢; for j > 3, with respect to the real structure of T15. (In fact, the
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complex conjugation acts on X*(Tyw,) = spany {€s,...,€en} as —1.) Hence we have
(4.6.7.4) A= T le)I™ a() = le() ™" e(7) = sen(b).
a€P(wo)

We are left to compute 72 (7). We have &3, —®}, = {e2} U{ez +¢; | j > 3}. Since
€2 + €; is the complex conjugate of e — €; for j > 3, we have

_ =&
(4.6.7.5) n2(y) = =T

The proof is finished by combining (4.6.7.2), (4.6.7.3), (4.6.7.4), and (4.6.7.5).
Now assume that d is even. Then e(wg) = 1. To finish the proof it suffices to check

that A(7,7) = n2(7) = 1.
We compute A(v,7"). Let z; :=¢;(7),1 < j < m. We have

=sgn(l—b"1).

Awm(y) 1-a"'(7) L-a”'(3)
(4.6.7.6) = == I ==

Au(y 1—a-1(y e

M(’Y ) acdt, @ (’Y ) acf{este;|j>4} “ (’7 )
1 —z3 asj
_ T3
]];[41—ng1 1 —z3z; H
Also
(4.6.7.7)
L 1-1/2

T3 @ Ty T
T

=] l=s*.

j24

al~ -1/2 al~ —1/2
H la(?)] _ H | (’Y)||_1/2 :H

~1/2
acat, [2(7)] aefeateslizay 10(7) i34

T3T; xgx;

To compute
—1
[ elaml™,
a€®(wo)
we have
D(wo) ={e2te€j| >3 U{este|j>4}.

Note that €3 + ¢; is the complex conjugate of €3 — ¢;, for j > 3. Hence we have

TIT;TIT; 2
wers) I 22— I Y iR,
acson [P crieysa @ (’Y i |x3w3x | s |zl
Combining (4.6.7.6) (4.6.7.7) (4.6.7.8), we conclude that A(y,7') =1, as desired.
We are left to check that n2(y) = 1. We have <I>]J\r/[2 — @}, ={eate;|j>3}) As
we observed before, €3 + €; is the complex conjugate of e; — ¢; for all j > 3. Hence
n2(y) = 1 as desired. O

4.6.8. — Keep the setting of §4.6.1. In the following we compare Ljps(y) with
®§,(7,0). We will also introduce and study a variant of ®§(v,©), denoted
by <D]\GJ('77 6)eds~
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We have Ay = MCL = G,,, x G, and T12(R); = {£1} x {£1} x Ty, (R). The
projection of v in Ay (R)? 2 Ryo x Rsg is (Jal, |b]), and
z., = (log|a|,log|b|) € R? = Lie(An) = Xu(Au)r-
Let p be the natural restriction map X*(Ti2)r — X*(Anr)r. We identify X*(Ap)r
with R?, and let RZ  ,R2, [R2 = Dbe the subsets of R? defined in §4.2.9. Note that

when d is odd (resp. even), we have p(w(A+ p)) € R2,, (resp. € RZ ) for all w € .

Suppose f is a function R?;; — C (resp. R2,,, — C) when d is odd (resp. even). We
write [f] for the function

[f1:@—C

wr— f(p(wr +p))).
Recall from §4.2.9 that (7), (ZZ),...,(VIZZ), (<) denote the characteristic func-
tions of some open cones in R2.

Lemma 4.6.9. — When d is odd, we have the following identities between functions
on Q:

Ni(-) = [(Z) + (ZT) + (VIZIT)],
No(-) = [(Z) + (VIT) + (VIZIT)],
N3(-) = [(Z) + (ZT) + (VIT) + (VIII)].
When d is even, we have the following identities between functions on ):
Ni(-) = [(«) + (ZT)],
No(-) = [(«) + (VIT)],
Ns3(-) = [() + (ZT) + (VIT)].

Proof. — This follows immediately from Definition 4.6.6. U

4.6.10. — Recall from §4.2 that ®§;(v,©) can be computed by (4.2.2.1). Using the
notation [f] introduced in §4.6.8, we recall the definition of n(vy,wB) appearing in
(4.2.2.1) as follows:

_ Jer, (24, )](w), ifyeGR),
n(v,wB) = {0, if v ¢ G(R).

Let Regs := {Fe€1, €2} C X*(Apr)r. Under the identification X*(Axr)r = R?, the
subset Reqs is identified with the root system Ueqgs considered in §4.2.9. In particular,
the Weyl group of R.qs contains —1, and the function ¢gr_, associated to Reqs is
identified with the function ¢y, : R%;, x R, — Z considered in §4.2.9.

When d is odd, we define

S

[Req. (24, )](w), if a,b >0,

4.6.10.1 Neds (Y, wB) :=
( ) as(¥ ) {0, otherwise,

for w € Q. Here [eg,,.(2+,")] is well defined because R?,;, C R2,..
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Analogous to (4.2.2.1), we define, when d is odd,

(4.6.10.2) (7, ©)eas = (—1)1Der(1)0p, ) (1) /> Ana (y )_1
’ Z €(W)neds (7, wB)(WA)( H o
weN ae@(w)

Lemma 4.6.11. — For both parity of d, let v = (s,t,u) € T12(R) = R* x R* x Ty, (R)
be an element with s,t < 0. Then v € G(R)°.

Proof. — Since Tw,(R) is connected (being a product of copies of U(1)), we know
that v is in the same connected component of G(R) as

V] = (—1, -1, 1) € Tlg(R)
It remains to show that v; € G(R)°. We know that v; acts as —1 on RX; + RX, and
on RY; + RYs, where X; = ¢; + ¢ and Y; = e; — e}. Now RX; + RX> is a positive
definite plane and RY; + RY5 is a negative definite plane, and v; acts on both of them
with determinant 1. Also v; acts as the identity on the orthogonal complement of
these two planes. This implies that v; € G(R)?, by the standard description of the
connected components of indefinite special orthogonal groups (see [52, 1.17]). O

Proposition 4.6.12. — Assume that d is odd. Let v = (a,b,yw,) € T12(R) be a regular
element. Let (z1,22) = (log|al,log|b|). When ab < 0, we have
5 (7,0) = 2§ (7, ©)eas = 0.
When ab > 0, assume that z1 < — |z2|. Then we have
4(=1)"D Ly (y) = 85 (7,0) + 85 (7, O)eas-

Proof. — We first treat the case ab < 0. Then ®¢, 5 (7, ©)eds = 0 since all neqs(7y, wB)
vanish by definition. To show ®§;(vy,0) = 0, note that R, = {£e;} or {£ez}. Thus
the Weyl group of R, (as a root system in X*(Ap)r = R?) does not contain —1. By
Corollary 4.2.7, we have ®%,(,©) = 0.

We now treat the case ab > 0. First assume that a and b are both positive. Under
our assumption that z; < — |x2], there are two cases to consider, namely 0 < a < b < 1
or 0 <ab<1<b. (Here b# 1 since vy is regular.) We have

) 1, if0<a<b<l,
€ =
BYZN21, ifo<ab<1<b.

Comparing Lemma 4.6.7 with (4.2.2.1 and (4.6.10.2), we see that the current propo-
sition reduces to the following two statements:

— When 0 < a < b < 1, we have

(4'6'12'1) i(n(/va-B) + neds(’YaWB)) = Nl(w) - NQ("‘)) + N3(w)a Vw € Q.
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— When 0 < ab < 1 < b, we have
(4.6.12.2) i(n(’y,wB) + Negs(7,wB)) = —Ni(w) + Na(w) + N3(w), Yw € Q.
Since obviously v € T12(R)? C G(R)?, we have
n(v,wB) = [er, (z,")](w), YweQ,

by definition. Since R, = {%e1,+ez, te; £ €2} = Uoaa, We have g, (74,-) = fodd,z, -
(See §4.2.9 for the notation.) In other words we have

(4.6.12.3) n(v,wB) = [fodd,z, [(w), Yw e Q.
Similarly we have
(4.6.12.4) Neds (7, WB) = [fods,e, ] (W), Yw € Q.

When 0 < a < b < 1, we have z, € (V). By (4.2.10.1), (4.2.10.4), (4.6.12.3), and
(4.6.12.4), we have

in(’y,wB) = [(ZZ) + (VIII)](w),

Jreas(,wB) = [(D) + (D] @)

Thus the LHS of (4.6.12.1) is equal to [(Z) +2(ZZ) + (VIZZ)](w). On the other hand,
by Lemma 4.6.9, the RHS of (4.6.12.1) is also equal to [(Z) + 2(ZZ) + (VIZII)](w).
Hence (4.6.12.1) holds, as desired.

When 0 < ab < 1 < b, we have z, € (ZV). By (4.2.10.2) and (4.2.10.5), we have

12009B) = [(@) + (VID](w),

Jreas(,0B) = [(VIT) + (VIZD)](@).
Thus the LHS of (4.6.12.2) is equal to [(Z) +2(VZIT)+ (VIZZ)](w). By Lemma 4.6.9,
the RHS of (4.6.12.2) is also equal to [(Z) + 2(VZZ) + (VIZIZ)](w). Hence (4.6.12.2)
holds, as desired.

We now assume that a and b are both negative. In this case @%(’y, O)edas = 0 by
definition. We have eg(y) = 1. Comparing Lemma 4.6.7 with (4.2.2.1), we see that
the current proposition reduces to the following identity:

1
(4.6.12.5) Zn('y,wB) = N1(w) + Na(w) — N3(w), Yw e Q.
By Lemma 4.6.11, we have v € G(R)?, and so
n(fY’WB) = HERW (%’7, )]](LU), Vw € Q:

by definition. Since R, = {#e1 + €2} = Ueven, We have Cr_ (7,,-) = foven,z,. (See
§4.2.9 for the notation.) Thus

(4.6.12.6) n(y,wB) = [feven,z, (W), Vw € Q.
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Since z1 < —|z2| < 0, we have z, € (ZV) U (V) C (¥). Hence by (4.2.10.6) and
(4.6.12.6), we have

172009B) = (@) = (D) + (VITD)] @)

By Lemma 4.6.9, the RHS of (4.6.12.5) is also equal to [(Z) + (VZZZI)](w). Hence
(4.6.12.5) holds, as desired. O

The following proposition will also be needed in §8.12 below.

Proposition 4.6.13. — Assume that d is odd. Let v = (a,b,vyw,) € T12(R) be a regular
element, with ab > 0. Let w1, ws be as in Definition 4.6.3, and let

7, = wl(’y) = (baaa’YWz) S T12(R)a
V"= wa() = (a7 b, 7w,) € Tha(R).

Then we have

(4.6.13.1) 3§, (v,0) = 8§, (+v,0) = o%,(7",0),
(4.6.13.2) €R(1)€Rs. (NB$ (7, O)eds = —€r(Y)eRon, (V)OS (Y ©)eds
(4.6.13.3) €R(7)€Rua. (NP5 (7, O)eds = €r(YeRe, (V)G (Y, ©)eds.

Here eg_, () is defined to be

(_1)#{a€¢>+ﬂReds\0<a('y)<1}’

and similarly for eg_, (') and eg_,. (7).

Proof. — The equalities in (4.6.13.1) hold because w; and wy can be represented by
elements of (Norg M)(R), and ®§,(-,©) is invariant under (Norg M)(R).

We now prove (4.6.13.2). We have Aps(y) = Ap(y') because v~ !4/ lies in the
center of M. Also eg_,.(7) = €r.,.. (7). Hence we have reduced the proof to showing
that

(4.6.13.4)
dpm) (Y 7)1/2 Ze (W)neds (7, wB) (wA)( H a”
a€<I>(w)
= —dp,m®) (Y Z WNeds (Y, wB) (w)( H a (Y.
w aE@(w)

We claim that for all w € Q, we have neqs(y',wB) = Neds(y, wiwB). Indeed, if a
and b are both negative, then both sides are by definition zero. If a and b are both
positive, then our claim follows from the following property:

CRoae (U5 V') = Crou W1y, w1Y), Vy,y € RZy,,

which is a direct consequence of (4.2.10.3).
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By the claim and Lemma 4.6.4, the RHS of (4.6.13.4) is equal to

—0pu@ ()2 ) €W)neas(v, w10 B) (WA) ()

o1 la(y)I” a(v)
H () H Z H | K

ac®(wiw) acd}, ()] ac®(wy)

[Sld I

Under the substitution w — wjw in the summation, the above becomes

6P12(]R) /2 Z neds 77“)3)(‘*})‘)( )

_1
I oo II la(y)] " 11 a(y)
-1 :

a€Ed(w) a6<1>1\+4 |Ol(’}/)| 2 a€d(wr) |Oé(’7)|
To finish the proof of (4.6.13.4) it suffices to check

la(v)]”? ay)
11 o AL =

aEd}; |a(7)| z a€®(wy)

Since vy~ 14/ lies in the center of M, the first product in the above is equal to 1. The sec-
ond product is also equal to 1, because ®(w1) = {e1 — €2}, and (e1 — €2)(y) = a/b > 0.
We have thus proved (4.6.13.4). As we have already seen, this implies (4.6.13.2).

We now prove (4.6.13.3) in a completely analogous way. We have A/ (v) = Ay (),

and eg_,. (7) = —sgn(a)er.,.(7'), so we need to check
(4.6.13.5)  Op,m)(7)"? Z w)neds(v,wB)WN)(y) [] o
aefb(w)
= —sgn(a)épm(R)(*y”)l/QZ €(W)neds(7, wB) (W) (y H a ' (y").
w a€¢>(w)

Again it easily follows from the definition of neqs and (4.2.10.3) that negs(y”,wB) =
Neds (7, wewB), for all w € Q. By this fact and Lemma 4.6.4, the RHS of (4.6.13.5) is

equal to

—sgn(a)dp,,m) (Y /Z w)MNeds (7, w2wB) (W) (v")

L la(y")|"? a(y)
II 7o) 11 Vet

a€P(waw) agdl, |Ol(’7)|_7 a€P(w2)

Under the substitution w — wsw in the summation the above becomes

sgn(a)dp,, ) (1) | e(W)neas(v, wB) (wA)(7)

o ja(y")| "2 a(v)
[T o 15 O AL wer

acd(w) acd], ()] a€®(wy)
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To finish the proof of (4.6.13.5), it suffices to check

[ e e

acat, @) acaus) (V)]

Again the first product in the above is equal to 1, so we need to check that the second
product is equal to sgn(a). For this, we may replace the product over all & € ®(ws)
by the product over those oo € ®(ws) that are real. This is because ®(ws) is stable
under complex conjugation, and we obviously have

a(y) a(y) _
la()] a(v)]
for any a, @ € ®(wq) that are complex conjugate to each other. Now the real roots
in ®(w2) are €1, €1 + €2,€1 — €2. Hence
H a(y) H a(y) a ab ab~! a
la(7)]

as desired. We have thus proved (4.6.13.5). As we have already seen, this implies
(4.6.13.3). O

= — 1, = 7 = sgn(a),
la(v)|  lal ab] lab=t]  |a

a€d(ws2) a€{er,e1te2,61—€2}

The following proposition is the counterpart of Proposition 4.6.12 in the even case.

Proposition 4.6.14. — Assume that d is even. Let v = (a, b, yw,) € T12(R) be a regular
element. Let (z1,22) = (log|al,log|b|). When ab < 0, we have

®§(7,8) =0.
When ab > 0, assume that x1 < — |z2|. Then we have
4(-1)"D Las(y) = 85 (1,0).

Proof. — When ab < 0, we have R, = ). Thus ®$,(v,©) = 0 by Corollary 4.2.7.
Assume that ab > 0. Under our assumption that z; < — |z2|, we have eg(y) = 1.
In view of Lemma, 4.6.7, to prove the current proposition it suffices to prove

(4.6.14.1) in(”y,wB) = N1(w) + Na(w) — N3(w), Yw e Q.

By Lemma 4.6.11, we have v € G(R), and so n(y,wB) = [¢g, (z4,")](w), Vw € Q,
by definition. Since R, = {#e€1 + €2} = Ueven, We have g (74,-) = foven,z,. (See
§4.2.9 for the notation.) Thus

(4.6.14.2) n(y,wB) = [feven,z, (W), Vw € Q.
Since z1 < — |x2|, we have z., € (¥). By (4.2.10.6) and (4.6.14.2), we have

100B) = [()](w).

Now by Lemma 4.6.9, the RHS of (4.6.14.1) is also equal to [(#/)](w). Hence (4.6.14.1)
holds, as desired. O
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CHAPTER 5

ENDOSCOPIC DATA FOR SPECIAL ORTHOGONAL GROUPS

In this chapter, let F' be a local or global field of characteristic zero. Let V = (V, q)
be a quadratic space over F of dimension d and discriminant ¢ (see §1.2). Let
G =8S0(V). Let m = |d/2], which is the absolute rank of G. As usual, we refer to
“the odd case” and “the even case” according to the parity of d.

5.1. The quasi-split inner form

We need to explicitly fix an inner twisting between G and a quasi-split inner form.
For this, let V. = (V/, q) be the unique (up to isomorphism) quasi-split quadratic space
over F' of dimension d and discriminant 4.

Definition 5.1.1. — We fix an isomorphism of quadratic spaces over F:

ov:(V,q) @r F — (V,q) ®F F.

If F = R, we may and shall assume that ¢y satisfies the following condition: Let
(a,b) be the signature of (V,q). If a > b (resp. a < b), then there exists an orthog-
onal basis {v1,...,v4} of V, and an orthogonal basis {v;,...,v,;} of V, such that
for each 1 < j < d, we have q(v;),q(v;) € {£1}, and ¢v(v;) = v; ® A; for some
Aj € {1,v/—1}, with A\; = /=1 only if g(v;) = 1 (resp. only if g(v;) = —1).
5.1.2. — Let G* := SO(V, q), which is quasi-split over F' by Proposition 1.2.8. Using
¢y as in Definition 5.1.1, we define the isomorphism
’(/JV . Gf ;> G%
g — dvgdy'
Define the function
uy FF h— GL(Z ®F F)
pr— vyt
Clearly the image of uy is contained in O(V)(F). If we fix F-bases of V and V, then
since ¢ and ¢ have the same discriminant, the square of the determinant of the matrix
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of ¢y lies in F*+2, which implies that the determinant of the matrix of ¢y lies in F.
Hence uy (p) has determinant 1 for each p € I'p. Thus the image of uy is contained
in G*(F). Note that we have

(5.1.2.1) Ppyipyt = Int(uy (p)) € Aut(G%), Vp€Tp.

It follows that 1y is an inner twisting.

Remark 5.1.3. — If we view SO(V') and SO(V) as abstract reductive groups over F,
then in the odd case there is a unique SO(V)(F)-conjugacy class of inner twistings
SO(V)# — SO(V)F, whereas in the even case there are two such conjugacy classes,
interchanged under the conjugation by any element of O(V)(F) — SO(V)(F). If we
change the choice of ¢y to some ¢}, then ¢}, = g o ¢y for some g € O(V)(F). The
inner twisting v}, arising from ¢/, stays in the same SO(V)(F)-conjugacy class as ¢y
if and only if g € SO(V)(F'). Thus for the purpose of realizing G* = SO(V) as an inner
form of G, it suffices to remember ¢y up to replacing it by g o ¢y for g € SO(V)(F).

Remark 5.1.4. — The pair (¢, uy) realizes G as a pure inner form of G* in the sense
of Vogan [118]; cf. the introduction of [46]. The pair (¢y,uy ) itself is called a pure
inner twist; cf. [45, §2]. Fixing such a pure inner twist (or rather its G*(F')-conjugacy
class, see below) is more refined than just fixing G* as an inner form of G, and it plays
an essential role in normalizing transfer factors when F' is a local field. Specifically,
suppose (H, Ly ,8,1) is an elliptic endoscopic datum for G, and suppose we have fixed
a normalization of transfer factors between H and G*. Then the datum (¢y,uy)
allows one to “transport” that normalization to a normalization of transfer factors
between H and G, as observed by Kottwitz and explained in [45, §2.2]. For this
purpose, it actually suffices to just remember ¢y up to replacing it by g o ¢y for g €
G*(F) = SO(V)(F), which will result in (1)v/, uy) being replaced by (Int(g) oty p —
Pguy (p)g~—1) and will not change the transported normalization between H and G. By
contrast, if one abstractly modifies (1, uy ) by keeping ¥y unchanged and replacing
uy by p — Pguy(p)g~! for some g € G*(F), the resulting normalization of transfer
factors between H and G can change, as observed in [121, §1.11 (4)].

Definition 5.1.5. — When d is even and § is trivial, we fix an SO(V)(F)-orbit of
hyperbolic bases (Definition 1.2.2) of V once and for all, denoted by [By]. When d is
even and § is non-trivial, we fix a € F such that z = o® € F* is a lift of §, and we
fix an SO(V)(F)-orbit [By] of near-hyperbolic bases of V such that all members of

this orbit have discriminant z (see Definition 1.2.2). If F = R, we identify F with C
and take a = v/ —1.

5.2. Some matrix groups over C

5.2.1. — We define some algebraic groups over C, which we also identify with their
C-points. Let N be a positive even integer. Let {é; |1 < k < N} be the standard
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basis of CV. Define two N x N matrices

Iy = -1 R sy UL Iy.
. —Iny2

1

Thus I and I define a quadratic form and a symplectic form on CV respectively.
We use these forms to define the groups Oy (C), SOx(C), and Spy(C), as subgroups
of GLy(C). By convention, SO¢(C) = Spy(C) = GL(C) = {1}.

We introduce a short-hand notation in order to conveniently denote certain diag-
onal matrices. For z1,...,2, € C*, we write symdiag(z1,...,z,) for the 2n x 2n
diagonal matrix diag(xy,...,Tn, 2,1}, ... ,a:l_l).

Definition 5.2.2. — Let m = d/2. In the reductive group Spy(C) (resp. SOn(C)), we
fix once and for all a Borel pair (7, B), together with an isomorphism (C*)™ = 7T,
as follows. Let 7 be the intersection of Spy(C) (resp. SOn(C)) with the diagonal
torus in GLx(C), and define the isomorphism (C*)™ -~ 7T by

(t1,...,tm) — symdiag(ti, ..., tm)-

Using this isomorphism we identify X*(7) and X.(7) with Z™. The root datum
of Spy(C) (resp. SON(C)) on (X*(7),X«(7T)) is dual to the standard root da-
tum RD(B,,) (resp. RD(D,,)) as in §1.2.5. We define B by the condition that the
based root datum BRD(7,B) is dual to the standard based root datum BRD(B,,)
(resp. BRD(D,,,)) as in §1.2.5. We call (7, B) the standard Borel pair.

5.3. Fixing the L-group

5.3.1. — Let BRD(G) be the canonical based root datum of G, namely the projective
limit
BRD(G) = lim BRD(T, B),
(T,B)

where (T, B) runs through the Borel pairs in G, and the transition maps are the
canonical isomorphisms induced by inner automorphisms of G'z. Since G is defined
over F, there is a canonical action of I'r on BRD(G); see [18, §1.3]. Recall that the
L-group of G consists of the following data (cf. [18, §2], [63, §1.2]):

1. a reductive group G over C,

2. a Borel pair (7,B) in G,

3. an action of I'r on G via algebraic automorphisms such that there exists a
I'p-stable splitting extending (7, B). In particular, I'r acts on the based root
datum BRD(7, B),

SOCIETE MATHEMATIQUE DE FRANCE 2024



100 CHAPTER 5. ENDOSCOPIC DATA FOR SPECIAL ORTHOGONAL GROUPS

4. a I'p-equivariant isomorphism

(5.3.1.1) v : BRD(G) — BRD(T,B)",

where BRD(7,B)Y denotes the dual of BRD(7, B).
Given the above data, one defines

Lg.=Gx I,

where I" is taken to be one of the following groups depending on the context: If F' is a
number field, we typically take I to be I'r or a sufficiently large finite quotient of it.
When F' = R, we typically take IV to be the Weil group Wy, which acts on G through
the map Wg — I'r. When F' = C we take I to be trivial. (This case will never be
considered in the paper.) When F' is a non-archimedean local field of characteristic
zero, we typically take IV to be the Weil group W acting on G through Wr < I'r, or
a sufficiently large (finite or infinite) quotient of Wx. Here “sufficiently large” always
means that I should admit a quotient Gal(E/F'), where E/F is a Galois extension
sufficiently large such that the I'p-action on G in (3) above factors through Gal(E/F).
As a result, IV acts on G. For our specific G, this means that when d is even and § is
non-trivial, IV should admit Gal(F(«)/F') as a natural quotient, where « is as in
Definition 5.1.5.

We have a canonical I' p-equivariant isomorphism between BRD(G) and BRD(G*)
(coming from the fixed G*(F)-conjugacy class of inner twistings Gz — G repre-
sented by y). Thus if G and (7, B) are as in (1), (2), (3) above, then specifying b
as in (4) is equivalent to specifying a I' p-equivariant isomorphism

(5.3.1.2) v* : BRD(G*) = BRD(T, B)".

In other words, fixing an L-group of G is equivalent to fixing an L-group of G*.

5.3.2. — We now explicitly present the L-group of G. We take G to be Spy_1(C)
(resp. SO4(C)) as in §5.2 if d is odd (resp. even). Define the action of I'z on G as
follows. The action is trivial unless d is even and ¢ is non-trivial. In the latter case, we
define the action to factor through I'r — Gal(F(«a)/F) (see Definition 5.1.5 for «),
and let the non-trivial element of Gal(F(a)/F) act on G = SO4(C) by conjugation by
the permutation matrix on C? that switches é,, and ém+1 and fixes all the other é;’s.

We take (7,B) to be the standard Borel pair fixed in Definition 5.2.2. Then it
is easy to check that the condition in (3) in §5.3.1 is indeed satisfied. To complete
the presentation of the L-group, we have yet to specify (5.3.1.1). As we have already
noted, this is equivalent to specifying (5.3.1.2).

Under the isomorphism (C*)™ -~ 7 specified in Definition 5.2.2, the based
root datum BRD(7,B)" is identified with the standard based root datum BRD(B,,,)
(resp. BRD(D,;,)) in the odd (resp. even) case. Moreover the I'p-action on BRD(B,,)
or BRD(D,,) induced by the I' p-action on G fixed above is the trivial action unless

d is even and § is non-trivial, in which case it is given by the unique non-trivial action
of Gal(F(a)/F) = Z/2Z on BRD(D,,).
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Hence to specify (5.3.1.2), it suffices to specify a I'p-equivariant isomorphism v*’ :
BRD(G*) — BRD(B,,) or v*’ : BRD(G*) — BRD(D,,), where 'z acts on the
right hand sides in the way just described.

In the odd case, there is a unique choice of v*'. In the even case, remember that
when § is trivial (resp. non-trivial), we have fixed [By]| (resp. @ and [By]) in Defi-

nition 5.1.5. Any member By of [By] gives rise to a Borel pair (T, B) in G*, and it
together with a gives rise to an isomorphism BRD(T, B) — BRD(D,,), as in §1.2.7.
We thus obtain an isomorphism BRD(G*) — BRD(D,,), which we easily check is
I' p-equivariant, and depends on By only via [By/]. This specifies 0*'.

The presentation of the L-group of G is complete.

5.3.3. — Suppose F = Q, and let v be a place of Q. Fix a field embedding Q — Q,,.
Then our above presentation of the L-group of G naturally gives rise to a presentation
of the L-group of Gg,. On the other hand, if (V, q) is the quasi-split quadratic space
over Q fixed in §5.1, then V5 = (V,q) ®q Q, is up to isomorphism the unique quasi-
split quadratic space over QQ,, of dimension d and discriminant §. Thus one could choose
the data as in Definitions 5.1.1, and 5.1.5 with respect to the base field Q, and with
V and V replaced by Vg, and Vg , say ¢y, , [BK@,U], and a,, and obtain from these
data a presentation of the L-group of Gg, = SO(Vgp,) by going through the above
constructions again. These two presentations of the L-group of G, are identical in
the odd case, and in the even case they are identical as long as the following conditions
are satisfied:

1. we have ¢y, = g, o (¢v ®gidg ) for some g, € G*(Q,),

2. the isomorphism BRD(G*) — BRD(D,,,) arising from [By| and « is compatible
with the isomorphism BRD(G} ) = BRD(SO(Vy, )) — BRD(D,,) arising
from [By, | and a.

In the rest of the paper these compatibility conditions are always implicitly assumed
when we simultaneously deal with Q and its localizations; note that when ¢y is
given, there indeed exists ¢y, satisfying simultaneously (1) in the above and the
extra condition in Definition 5.1.1. By contrast, we will not assume that the local
data ¢y, , [BZ@ ], &, are induced by the global data ¢v, [By |, on the nose. Under

condition (1) we also know that the inner class of the inner twisting ¢y : Gg — GT@
(arising from ¢y ) induces the inner class of the inner twisting ¥y, : G@ = GT@

(arising from ¢y, ) via base change.

5.4. The elliptic endoscopic data

5.4.1. — Keep the setting of §5.3. Denote by &(G) the set of isomorphism classes of
elliptic endoscopic data for G, in the sense of [63, §2.1]. In the following we construct
explicit representatives of &(G), following [121]. Recall from [63, §2.1] that in general,
the category of elliptic endoscopic data for G is a full subcategory of the category of
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endoscopic data for G, and the latter is a full subcategory of the groupoid category
described as follows:

— The objects are tuples (H,H,s,n), where H is a quasi-split reductive group
over F', H is a group containing Hasa subgroup, s is an element of G , and n is
an injective group homomorphism H — £G.

— An isomorphism from (H,H,s,n) to (H',H',s',n') is an element g € G such
that gim(n)g~! = im(n’) and gsg~! = s’ mod Z(é)

We do not recall here the conditions characterizing the subcategories of endoscopic
data and elliptic endoscopic data.

In the following, all our explicit representatives of &(G) will be of the form
(H, g ,8,m). Thus in the terminology of [45], we represent each isomorphism class
of elliptic endoscopic data by an extended endoscopic triple. The advantage of doing
so is that we could avoid introducing z-extensions, which is in general a necessity for
the theory of endoscopy when G9°' is not simply connected; cf. [113, §2.3].

We first define a set of numerical parameters that will be used.

Definition 5.4.2. — Let V be a quadratic space over F' of dimension d and discriminant
0. Define a set &y, as follows.

1. When d is odd, we let &y be the set of pairs (d*,d™) of positive odd integers
such that d* +d~ = d+ 1. We define an involution sw on &y (called swapping)
by sending (d,d~) to (d—,d™).

2. When d is even, we let £y be the set of quadruples (d*,6%,d™,d7), where:

— d* and d™ are non-negative even integers such that d* 4+ d~ = d,

— 67 and 6~ are elements of F'*/F*2 such that 6+§~ = ¢,

— neither of (d*,8%) and (d=,67) is equal to (0,z) for any non-trivial
x € FX/F*2 If d > 4, then neither of (d*,0%) and (d=,67) is equal
to (2,1).

We define an involution sw on %y, by sending (d*,6",d~,67) to (d=,5~,d*,6T).

When d is odd, we sometimes write elements of &y also as (d,d%,d~,67), under-
standing that 6+ =6~ = 1.

5.43. — Fix an element (d*,d%,d™,67) € Py . We shall construct an elliptic endo-
scopic datum for G = SO(V') associated to this parameter. The endoscopic datum
will be of the form (H,H,s,n), where
— His given as H = HT x H™, with H* = SO(V*), where V¥ are the unique
(up to isomorphism) quasi-split quadratic spaces over F of dimension d* and
discriminant 6*; remember that §* are understood to be trivial in the odd case,
— H ="H is the L-group of H;/(\:f. the discussion in §5.4.1,

— s is a semi-simple element of G,
— nis an L-embedding 'H — LG.
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To be more precise, in the even case, we fix similar choices as in Definition 5.1.5
for V*, which we shall denote by a® and [By +]. (Here a* is only needed when 6% is
non-trivial, and similarly for a~.) We then use these choices to specify the analogues
of (5 3.1.2) for H* in both the odd and even cases, and present the L-groups L+
as HE x I’ as in §5.3, where H* are the matrix groups Spy+_1(C) (resp. SO4+(C))
in the odd (resp. even) case. In the even case, I'' needs to be large enough so as to
admit Gal(F(a™)/F) (resp. Gal(F(a™)/F), resp. Gal(F(at,a™)/F)) as a quotient
when 61 is non-trivial (resp. 6~ is nontrivial, resp. 67 and §~ are both non-trivial).

We present the L-group “H of H as the fiber product of “H* and “H~ over I".
Thus U'H is a semi-direct product

(HY xH ) =T,
and H = H+ x H- is equipped with the standard Borel pair
(TI’_I,BI’_I) = (Tv+ X Tv—,Bv+ X Bv—).

Here (77, +, By +) are as in Definition 5.2.2 for the matrix groups o+

We now specify the components s and 7. The element s € G will always be
a diagonal matrix, with +1’s on the diagonal. We write s = diag(s1,...,84—1) or
diag(s1,...,84), when d is odd or even respectively.

For w € IV, we write (")

n(w) = (p(w),w) € “G =G xT".
To specify the map 7 : “H — LG it suffices to specify the map Mg H — G and the
map p: I’ — G.
We now specify the numbers s; € C*, and the maps Mg and p.

5.4.8.1. The odd case. — Write m* := |d*/2]. Define

1, ifm +1<k<d-—-m~ —1,

Sk =
—1, otherwise.

Define the map
Mg * H=HtxH- = Spg+-1(C) x Spg-_1(C) — G= Spa-1(C)

1. In practice, it can happen that L H is presented as H x Ty whereas L@ is presented as G x 'y,
for different quotient groups F}I and F’G of the absolute Galois (or Weil) group of F'. For instance,
in the even case, when § is trivial and T and 6~ are both non-trivial, we can take Iy to be
Gal(F(at,a™)/F) and take I'f; to be trivial. In all cases, we may and shall assume that I'f; is
always a quotient of I';;. Then the formula n(w) = (p(w),w) is understood as n(w) = (p(w), w(w)),
where 7 is the quotient map I}, — I"/G. In the text we slightly abuse notation to write I'’ for both
Iy and T'g;.
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to be the restriction of the map GLg4+_1(C) X GL4-_;(C) — GL4—1(C) given by the
identification
Cd+—l X Cd7—1 AN (Cd_l
(ékao) — éker*
é if k<m~
(O, ék) — ?k) 1 =m ,
€prgr—1, fm~+1<k<d —1.
Finally, define p to be trivial.
5.4.8.2. The even case. — Write m¥* := d* /2. Define

{1, fm-+1<k<d—m",
Sk ‘=

—1, otherwise.

Define the map

Ny H=HT x H= =804+ (C) x $04- (C) — G = 804(C)
to be the restriction of the map GL4+(C) x GL4- (C) — GL4(C) given by the identi-
fication

(5.4.3.1) C

+ -~
d X(Cd _)(Cd

(ék7 O) [ — ék—}-m* )

(Ué )'_) ék, ifk<m~—,
ok Cppar, ifm-+1<k<d .

We define p : TV — G as follows. First we define a matrix S € GL4(C). If d™ # 0,
we take S to be the permutation matrix that switches é,,- and é;_,,- 1, switches
ém and é,,41, and leaves all the other &;’s fixed. If d* = 0, we take S to be I;. Thus
in all cases we have S € G. We then let p: TV — G be the map

{1, if w) . =id,
(5.4.3.2) w —> F(a™)
S, otherwise.
Here remember that o~ is a fixed square root in F of a fixed lift of 6~ in F'* when
0~ is non-trivial. If §~ is trivial, we understand F(a~) as F. The above formula
(5.4.3.2) makes sense because when ¢~ is non-trivial we have assumed that IV admits
Gal(F(a~)/F) as a quotient.

5.4.4. — In both the odd and even cases, the construction in §5.4.3 associates to each
parameter p € Hy an elliptic endoscopic datum

ep = ep(v) = (H7LH7S7TI)
for G. Moreover, the construction p — e, induces a bijection

Py [su = E(G).
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These facts are well known (see [121, §1.8] or [113, §2.3]) and can be proved similarly
as [91, Prop. 2.1.1].

5.4.5. — Let p € Py. The outer automorphism group Out(e,) of the endoscopic
datum e, = (H,“H,s,n) is defined in [63, §2.1]. Note that the group Z discussed
on p. 19 of [63] is trivial, as Z(G) is contained in n(H). Hence Out(e,) is iso-
morphic to Aut(ep)/ﬁ (where Aut(e,) denotes the automorphism group of e, in
the category of endoscopic data), and can be naturally viewed as a subgroup of
Outr(H) := Autp(H)/H*(F); see loc. cit. for details.

In the odd case, Out(e,) is trivial unless p = sw(p), in which case we have
Out(ep) = Z/2Z, with the non-trivial element acting by swapping H* and H~.

In the even case, write p = (d*,6%,d~, 87 ). Then Out(ey) is trivial when d*d~ = 0.
When dt = d~ = d/2 and § = 1, we have Out(e,) = Z/2Z x Z/2Z, where the
non-trivial element of the first Z/2Z induces simultaneously non-trivial outer auto-
morphisms on H' and H~, and the non-trivial element of the second Z/27Z acts
by swapping H* and H~. In the remaining cases, we have Out(e,) = Z/2Z, with
the non-trivial element acting by the simultaneously non-trivial outer automorphisms
on H* and H™.

5.5. The endoscopic G-data for Levi subgroups

5.5.1. — Let M be a Levi subgroup of G. The notion of an endoscopic G-triple for M
is introduced by Kottwitz in his unpublished notes, and recalled in [90, §2.4]. (For
G = M, this is the usual notion of an endoscopic triple for M, as in [57, §7.4].)
Given an endoscopic datum (M', M’ syr,mar) for M, we shall say that it is an
endoscopic G-datum for M, if (M’,sM,nM|M\/) is an endoscopic G-triple for M in
the sense of [90, Def. 2.4.1]. By an isomorphism between two endoscopic G-data
(M, M, spm1,mm1) and (M4, Mb, spr2,ma,2) for M, we mean an element g € M
such that gim(na1)g™" = im(nar2) and gspr19~" = sy mod Z(G). Here Z(G) is
canonically embedded in Z (M\ ).

We mention that the category of endoscopic G-data for M (where the morphisms
are the isomorphisms) is in fact equivalent to the category of endoscopic G-pairs
for M in Kottwitz’s unpublished notes.

It is easy to see that the association (M', M’  spr,nar) — (M, SMa77M|A7,) defines
a bijection

{endoscopic G-data for M} /isom — {endoscopic G-triples for M} /isom.
We also have a similar bijection
{endoscopic data for G} /isom — {endoscopic triples for G} /isom.
As recalled in [90, §2.4], Kottwitz constructs a map

{endoscopic G-triples for M} /isom — {endoscopic triples for G} /isom.
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We thus obtain a map
{endoscopic G-data for M} /isom — {endoscopic data for G} /isom.

We say that an endoscopic G-datum for M is bi-elliptic, if both the underlying en-
doscopic datum for M and the associated endoscopic datum for G (well-defined up
to isomorphism) are elliptic. We denote by &g (M) the set of isomorphism classes of
bi-elliptic endoscopic G-data for M. Thus we have natural maps ég(M) — &(G) and
Ea(M) — &(M).

In the following we construct explicit representatives of &g (M ). For later purposes,
it suffices to consider only certain Levi subgroups M specified as follows.

5.5.2. — Consider a subspace W of V such that the quadratic form on V is non-
degenerate on W and such that the orthogonal complement W+ of W in V is even-
dimensional and split as a quadratic space. We write dyy for the dimension of W, and
let n = |dw/2]. Recall that V has dimension d and discriminant §, and as always m
denotes |d/2]. Clearly the discriminant of W equals 0, and dy has the same parity
as d.

Fix r,t € Z>o such that m = n +r + 2t. Thus dim W+ = 2(r + 2t). We fix a
hyperbolic basis (Definition 1.2.2)

IBWJ- = {f].a ) f2(7‘+2t)}
of W+, which exists since W+ is split. Using this basis, we identify SO(W+) as a
subgroup of GLy(,24), and define an embedding

(5.5.2.1) Gr, x GLLY — SO(WH)
by sending (21, ..., 2, w1,...,w;) to the block diagonal matrix
diag(z1, ..., 2, W1, ..., we, Jo(w] ) Vg, .o Jo(w! ) o, 2t 20,
where
Ja=(9¢)-

We denote the image of (5.5.2.1) by M %, and define M to be M St x SO(W), viewed
as a subgroup of G. Then M is a Levi subgroup of G. We also write M5© for SO(W).

5.5.3. — We proceed similarly as before to fix the quasi-split inner form of SO(W),
present the L-group of SO(W), and fix explicit representatives of the isomorphism
classes of the elliptic endoscopic data for SO(W). We need to fix notation and impose
some compatibility conditions. Since dy, has the same parity as d, in the following we
shall still refer to the “odd case” and the “even case” unambiguously. As in §5.1, we fix
the unique (up to isomorphism) quasi-split quadratic space W over F of dimension dy,
and discriminant § (which is the common discriminant of V' and W) and fix an
isomorphism
ow WRrF = WpF

ASTERISQUE 453



5.5. THE ENDOSCOPIC G-DATA FOR LEVI SUBGROUPS 107

of quadratic spaces over F, from which we get the inner twisting
Yw : SO(W)z — SOW)
g — dwydy -

Note that as quadratic spaces over F', V is isomorphic to the orthogonal direct sum
of W+ and W. We fix such an isomorphism

Sw WHeW SV,
and use it to obtain an embedding
(5.5.3.1) MCL x SO(W) — G*,

whose image is a Levi subgroup.

We remind the reader that when F' = R we require both ¢y and ¢w to satisfy the
extra condition in Definition 5.1.1. In general, we assume the following compatibility
condition, which can obviously be arranged by adjusting ¢w .

1. The diagram

=

Wtew)e F

Ve
- T
Wrew)eF --ve
commutes up to an element of G*(F) = SO(V)(F).

Bl

As a consequence of this condition, we know that the diagram
Mf _ (MGL % SO(W))f inclusion Gf
(id,9w) J/wv

(5.5.3.1) 8
(MCL x SO(W))7 GF

commutes up to an inner automorphism of G*F'

In the odd case, we present the L-group ©SO(W) as in §5.3. In the even case, we
make similar choices as in Definition 5.1.5 for W, to be denoted by aw (needed only
when § is non-trivial) and [By], and use them to present the L-group “SO(W) as in
§5.3. We may and shall assume the following compatibility conditions:

2. There is a member By € [Byy] such that ¢}, sends the ordered basis (Byy 1, Bw)
to a member of [By].
3. When § is non-trivial, the choices aw and a are equal.

Note that the above two conditions are consistent: if (2) is already arranged then we

have a? = a2, when § is non-trivial, and so we can arrange (3).

In both the odd and even cases, we canonically identify MS" with Gy, x GL%
via (5.5.2.1), and canonically present MGL as (C*)" x GL2(C)!. We now present the
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L-group of M as

EM = MSL x Lsow).
The above compatibility conditions (1)—(3) ensure that the canonical é—conjugacy
class of maps “M — L@ arising from the fact that M is a Levi subgroup of G is
represented by the following map:

(5.5.3.2) M = (C)" x GLy(C)! x SOW) % T 3 (g1,---,gr b1y .- he k) 3 T
|—>diag(gl,...,gr,hl,...,ht,k,hi,...,h]{,gr_l,...,gfl) X T
celG=Gx~T,
where we define
(5.5.3.3) A= (, 1) (") (1Y), VheGLy(C),

(i.e., h' is the adjoint of h~! with respect to the symplectic form defined by (1 -1 ))
We now construct explicit representatives of &g (M).

Definition 5.5.4. — Let &y be as in Definition 5.4.2 with respect to the quadratic
space W, and for each positive integer x we write [z] for the set {1,2,...,z}. Also
set [0] = 0. We define the following objects.

1. Let &, ; be the set of pairs (A, B), where A is a subset of [r] and B is a subset
of [t]. For (A, B) € £, ., we write A° for the complement of A in [r] and write
Be¢ for the complement of B in [t].

2. Let &, x" Pw be the subset of &, x P consisting of those

(A,B,d*,67,d,67) € P, x Pw,
such that the quadruple
(At +2|A|+4|B|,0",d” +2]|A°|+4|B°|,67)
belongs to #y. (In the odd case, we understand that 67 = §~ = 1, and note
that P, X' Pyw = Py x Pw.)

3. Note that (A, B,p) — (A°, B¢ su(p)) is an involution on the set &7, x' Py .
We denote this involution still by sw.

Definition 5.5.5. — Let A be a subset of Z>;. For each i € Z>1, we define

1 ifie A
Vid)y=q 0 ST

-1, ifi¢ A
5.5.6. — Fix an element (4, B,p) € P+ x' Pw. In the following we construct an
endoscopic G-datum for M associated to this parameter, denoted by e p . From
p € Pw we obtain the endoscopic datum e, (W) for SO(W) as in §5.4, which we

write as

(MI,SO’ LMI’SO7 SSO, nSO . LMI,SO N L SO(W))
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We then set
€A Bp = (M’,LM',SM,nM EM S LM)
with components given as follows. Let
M’ = MS" x M"SO,
Let sp; be the element of M = ]\/4-& X ]\71-5\0 whose component in ]\75\0 is s50 and
whose component in MGl = (C*)" x GLy(C)* is
(5.5.6.1) s = (V1(A),...,V.(A),Vi(B)Ia,...,Vi{(B)L).
We present the L-group “M’ of M’ as
Ly — ]\7& % LM/,SO’
and define n)s to be the map
v = (id7nso) : LM/ = Jm X LM/’SO — LM = ]@ X LMSO.
For each p € Py, we also set
ep(M) := (M, "M, s, ),

where M’, LM’ ',n are as above, and s/, is the element of M = MGL x M5O whose

component in M MSO is s5© and whose component in M MG is the trivial element. Then

ep (M) is an elliptic endoscopic datum for M.

Proposition 5.5.7. — For each (A, B,p) € Py x' Pw, the tuple ea By is a bi-elliptic
endoscopic G-datum for M whose underlying endoscopic datum for M is isomorphic
to ey (M). The construction (A, B,p) — ea B,p tnduces a bijection

<=@r,t x/ 9W>/sw = éog(M)
Moreover, for (A,B,d",67,d™,67) € P, X' Pw, the image of ea p g+ 5+ .d- 5~
under the map ég(M) — &(G) is represented by

€d++2|A|+4|B|,6+,d=+2|Ac|+4]|Be|,6— -
(Remember that if the common parity of dw and d is odd, then we keep the convention
that 0% =1 as in Definition 5.4.2.)

Proof. — This can be checked in a similar way as the proof of [91, Lem. 2.3.3]. The
key point is that MS" is a product of copies of G,, and GLj, and these groups do
not have any non-trivial elliptic endoscopic data. O

5.5.8. — Let (A, B,p) € P,y x' Pw. Write e4g 5y as (M’,LM/,SM,T]M). We define
the outer G-automorphism group of e4 gy to be

Outg(ea,p,p) == Autg(ea py)/ M,

where Autg(ea,B,p) denotes the automorphism group of e4 p , in the category of en-
doscopic G-data for M (see §5.5.1). We make two remarks on this definition. Firstly,
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Outg(ea B,p) is naturally isomorphic to the outer automorphism group of the endo-
scopic G-triple (M’ sy, nM|1’vT') defined in [90, §2.4]. (This is explained in Kottwitz’s
unpublished notes.) Secondly, Outg(ea,p,p) is naturally isomorphic to a subgroup
of the outer automorphism group Out(ea,pp) of the underlying endoscopic datum
for M. (See §5.4.5 for the latter.)

We now explicitly determine Outg(ea,p,p). In the odd case, we always have
Outg(ea,Bp) = {1}. In the even case, write p = (d*,6%,d,67). Then Outg(ea 5,p) is
trivial if d*d~ = 0. In the remaining cases, we have Outg (e, p,p) = Z/2Z, where the
non-trivial element acts via the non-trivial outer automorphism on ML, and via
the simultaneously non-trivial outer automorphisms on the two special orthogonal
groups constituting M5O,

5.5.9. — Let (A, B,d",6%,d~,67) € P, x Py . We have the endoscopic G-datum
ea,Ba+ s+ ,d- - = (MM spmar - PM — P M)
for M, and the endoscopic datum
Cd+ 42| A|+4|B|.6+ d-+2)Ac|+aBe| - = (H,"H,s,n: "H - Q)

for G. Thus the isomorphism class of (H, Ly, s, n) in &(G) is equal to the image of the
isomorphism class of (M’,“M’, spr,mar) in (M), by Proposition 5.5.7. As explained
on p. 43 of [90], the endoscopic G-datum (M’,“M’, syr,mar) for M determines an
H (F)-conjugacy class of Levi subgroups of H, all of which are isomorphic to M’. In the
following we upgrade this construction to an H (F')-conjugacy class of F-embeddings
M' — H with images Levi subgroups (This depends on our explicit presentation of
the groups.) As a result we obtain a H -conjugacy class of embeddings “ M’ — L H. Our
construction will be such that the following diagram commutes up to G-conjugation:

(5.5.9.1) g " .1lg
LMI 1M LM

Here the vertical arrow on the right is canonical up to @—conjugation, arising from
the fact that M is a Levi subgroup of G (cf. (5.5.3.2)).

Recall from §5.5.2 that MG is a subgroup of SO(W+), and that W+ is equipped
with a hyperbolic basis {fl, ey f2(r+2t)} . Let

. =
(W) 4,5 = span{f;, fo(r+20)+1-i | i € A or [T1 € B},

. 1—7T .
(WL)AC,BC = span{fi, f2(r+2t)+l—i | 1€ A€ or [T-I €B }

The natural action of MSY on W+ stabilizes (W) 4 5 and (W) 4 ge. Let M§Y
(resp. MSCL,BC) be the maximal quotient of MSL acting faithfully on (W4)4 p
(resp. (W™)ac pe). Concretely, if we write A = {i1,...,4,} and B = {j1,...,J»}
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where i; < i3 < -+ < 4y and j; < jo < -+ < jy, then Mg"% is identified with
G, x GL3, and the quotient map
MSt > Gl x GLy — M§; = GY, x GL3
is given by
(215 oy Zry Wiy oo W) > (Zigy oo s Zigy Wiy o v o, W ).
Similarly we have a concrete description of the quotient map MSY — MSCL Be-

We now specify the H(F)-conjugacy class of embeddings M’ — H. First consider
the odd case. Choose an isometric isomorphism f* from the orthogonal direct sum
of (Wt)a 5 and W7 to V*. (Such f* indeed exists since both quadratic spaces are
split and have dimension d* + 2|A| + 4|B]|.) This choice, together with the natural
action of M§'; on (W) 4 p and the natural action of SO(W*) on W, determines
an embedding

£ M§% x SOW ') — SO(VH).
We claim that the SO(V1)(F)-conjugacy class of f;" is independent of the choice of £T.
Indeed, the O(V*)(F)-conjugacy class of £ is clearly independent of the choice of £*.
The element of O(V1)(F) acting as 1 on f¥((W1)4 ) and as —1 on f+(W™) has
determinant —1 and centralizes f;F. Hence the O(V ™)(F)-conjugacy class of £ is in
fact equal to the SO(V1)(F)-conjugacy class of f;F. Our claim follows.

Similarly, we choose an isometric isomorphism f~ from the orthogonal direct sum
of (W) 4c e and W~ to V~. We then obtain an embedding

f7: M§- g x SOW™) — SO(V™),
whose SO(V ™) (F)-conjugacy class is independent of the choice of £~. Taking the
direct product of fJ and f, we obtain the desired embedding M’ — H which is
canonical up to H(F)-conjugacy.

We now consider the even case. Since the orthogonal direct sum of (WL) A,B and
W+ is a quasi-split quadratic space of the same dimension and discriminant as VT,

we can choose an isometric isomorphism f between them just as in the odd case. We
then obtain the embedding

£ MG x SOW ) — so(VH).

At this point, only the O(V™)(F)-conjugacy of f; is well defined. We explain how
to narrow this down to an SO(V™)(F)-conjugacy class. As before we canonically
identify M§'; with G% x GLj (where u = |A| and v = |B]). Consider the canonical
embedding (G5 : G — M§'; given by

Zu+1 Zu420—1 )
Zu42 )9 Zu+2v .

We divide our discussion into the cases where 6T is trivial and non-trivial.

Suppose 6T is trivial. As in §5.4.3, W is equipped with an SO(W ™)(F)-orbit
[Byw+] of hyperbolic bases, and VT is equipped with an SO(V*)(F)-orbit [By+] of
hyperbolic bases. They determine an SO(W ™) (F)-conjugacy class of embeddings

L+ = B, Gf,:rﬂ — SO(W™)

(21, -+ Zutaw) — (zl,...,zu,(
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and an SO(VT)(F)-conjugacy class of embeddings
Ly+ =B, Gﬁj/%““” — SO(V)
(cf. §1.2.7). We impose the condition that the embedding
£ 0 (1§ X i+ ) : GEF2 x G /2 — SO(VT)
should be SO(V*1)(F)-conjugate to ty+ under the obvious identification
Gum+2v % G;i:/z -~ sz/2+u+20
((z1, 225 .. .), (w1, wa,...)) —> (21, 22, ..., W1, W3, .. .).

This extra condition narrows the O(V™T)(F)-conjugacy class of f} to an
SO(V™*)(F)-conjugacy class.

Now suppose d7 is non-trivial. In this case, W is equipped with an SO(W *)(F)-or-
bit [By+] of near-hyperbolic bases, and we have fixed a square root o™’ € F of
the common discriminant of members of [By,+]. Similarly, VT is equipped with an
SO(VT)(F)-orbit [By+] of near-hyperbolic bases, and we have fixed a square root
at € F of the common discriminant of members of [By +]. (Here o™ may not be equal
to at.) These extra data determine an SO(W)(F)-conjugacy class of embeddings

bt = tat sy P G 2T X U(1) g — SO(WH),
and an SO(V™)(F)-conjugacy class of embeddings
i = tar g, G PP X U1)ar — SO(VF)

(cf. §1.2.7). Note that U(1),+ is canonically identified with U(1),+, since the
fields F(a™’) and F(a™) are the same. We impose the condition that

£ 0 (G X tw+) : G420 x G4 /27 x U(1) g4 — SO(VH)
should be SO(V T)(F)-conjugate to ty,+ under the obvious identification
GF2 5 G /271 X U(1) g — GET/2H0+20-1 5 (1) o
((zlv 22y .. ')7 (wlawZa .. )?y) — (Z]_,Zz, e, W1, W2, .. ay)
This extra condition narrows the O(VT)(F)-conjugacy class of f to an
SO(V+)(F)-conjugacy class.
We have specified an SO(V ) (F)-conjugacy class of embeddings
M§% x SO(W) — SO(VH).
Similarly, we specify an SO(V ~)(F)-conjugacy class of embeddings
M§E . x SO(W™) — SO(V™).
Taking the direct product we obtain the desired embedding M’ — H which is canon-
ical up to H(F)-conjugacy.

Write A = {il,.. ’Lu} B = {j17~~-7jv} A = {p]_,...,pT_u},
={q1,...,q—v} with increasing ordering (ie, i1 < -++ < i, etc.). In both
the odd and even cases, the H-conjugacy class of embeddings Iy — g arising
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from our construction is represented by the map
(5.5.9.2)

LM’ = (C*)" x GLy(C)* x SO(W+) x SO(W—) x I
3(g1y--esGrshiye e hiy KT ET) X T —
diag(gil,...,giu,hjl,...,hjv,k"',h;r.v,...,h;l,glzl,...,gi_ll)

X diag(gpl,...,gprfu,hql,...,hth,k—,hj;tw, .. .,h;l,g;iu, ... ,g;ll) X T
celH=HYxH =T,
where the notation f is as in (5.5.3.3). Using the formulas (5.5.3.2) and (5.5.9.2), one
sees that the diagram (5.5.9.1) indeed commutes up to G-conjugation.

5.6. Admissible isomorphisms and embeddings

5.6.1. — Keep the setting of §5.4. For any torus T over F, we denote by T the
dual torus over C, whose group of characters is canonically identified with X, (7). If
f :T1 — T3 is a homomorphism of tori over F', we denote by f the dual homomorphism
T, - T

For any Borel pair (T, B) in G and any Borel pair (T, B) in G%, the fixed iso-
morphisms (5.3.1.1) and (5.3.1.2) give rise to isomorphisms T —> 7 and T - T of
tori over C. We denote these isomorphisms by 0p 5 and dp 5 respectively.

Now consider an elliptic endoscopic datum (H,LH, s,n) for G as in §5.4.3. Given
a Borel pair (T, By) in Hy, there is a similar isomorphism

DBH,Bﬁ : f']\{ AN Tﬁ.
Here (75, Bg) is the standard Borel pair in H as in §5.4.3. Note that n : “H — LG

maps 75 isomorphically onto 7. Hence we obtain isomorphisms

. o~
05 p°Nodpy B, T — T,

—~

GEB °nodp, By Tn — T,
or equivalently, isomorphisms
J: Ty = TcC Gf,
i Ty = T C G*F
We call j an admissible isomorphism between Ty and T, and an admissible embedding
of Ty into G; cf. [76, §1.3]. Similar terminology applies to j. We shall also say that j is
associated to the Borel pairs (T, By) and (T, B), and say that j is associated to the

Borel pairs (Ty, By) and (T, B).
The following facts are well known and straightforward to verify.
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Lemma 5.6.2. — Fiz mazimal tori Ty C Hi, T C G, and T C G*F'

(1) The set of admissible isomorphisms between Ty and T (resp. between Ty and T')
is a torsor under the Weyl group of (G, T) (resp. the Weyl group of (G3,T)).

(2) The set of admissible embeddings of Ty into G5 (resp. into G*F) is a single orbit
under G(F)-conjugation (resp. G*(F)-conjugation).

(3) Let j: Ty — G and j : Ty — G% be arbitrary embeddings such that

j=Tut(g)o vyt o

for some g € G(F). (Here vy is the fived inner twisting between G and G*; see

§5.1.) Then j is admissible if and only if j is admissible.
O
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CHAPTER 6

TRANSFER FACTORS
FOR REAL SPECIAL ORTHOGONAL GROUPS

6.1. Cuspidality and transfer of elliptic tori

6.1.1. — We keep the notation in §5, specialized to F' = R. Thus (V, q) is a quadratic
space over R of dimension d and discriminant §, and G = SO(V,q) is a reductive
group over R. We are interested in the case where G contains anisotropic maximal
tori. When d is odd, this is always the case. When d is even, this is the case if and only
if § = (—1)%2 € R*/R*2. (Note that if (d,8) = (2,1), then G = G,, contains elliptic
maximal tori but not anisotropic maximal tori.) In the following we assume that
G contains anisotropic maximal tori. We discuss a systematic way of parameterizing
anisotropic maximal tori in G. As usual, we let m := |d/2]. Our assumption clearly
implies that V' admits an elliptic decomposition defined as follows.

Definition 6.1.2. — By an elliptic decomposition of V, we mean an ordered tuple
(V;,05)1<j<m, where Vi, ..., V,, are mutually orthogonal definite planes in V, and o; is
an orientation on Vj. Thus the orthogonal direct sum of Vi,...,V,, is a hyperplane
in V (resp. equal to V) when d is odd (resp. even). We denote by ED(V) the set of
all elliptic decompositions of V. By abuse of notation, we often write (V;); for an
element of ED(V'), understanding that each V; is equipped with an orientation.

Definition 6.1.3. — By a parameterized anisotropic mazimal torus in G, we mean an
anisotropic maximal torus T in G together with an isomorphism U(1)™ — Tg.

Definition 6.1.4. — By a fundamental pair in G, we mean a pair (Tg, B), where T is
an anisotropic maximal torus in G, and B is a Borel subgroup of G¢ containing T c.

Remark 6.1.5. — Since any two anisotropic maximal tori in G are conjugate under
G(R), the number of G(R)-orbits of fundamental pairs in G is equal to the cardinality
of Qc(G,Te)/Or(G,Tg), where T is an arbitrary anisotropic maximal torus in G.

6.1.6. — Given D = (V;); € ED(V), we obtain a parameterized anisotropic maximal
torus from the embedding

fo: U™ = Tp C G,
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where the j-th copy of U(1) acts by rotation on the oriented definite plane V. The
(absolute) root datum of G on

(X*(Tp), X.(Tp)) f%; (X*(UMW)™), X.(U(1)™)) = (2™, 2™)

is the standard root datum RD(B,;,) or RD(D,,,) when d is odd or even. Hence the
standard based root datum BRD(B,,,) or BRD(D,,,) gives rise to a Borel subgroup Bp
of G¢ containing Tp ¢. Thus we obtain a fundamental pair (Tp, Bp) from D € ED(V).

6.1.7. — Recall from §5.1 that we have fixed a quasi-split quadratic space (V,q)
and fixed an isomorphism ¢y : V ®r C — V ®g C of quadratic spaces over C. By
definition we have G* = SO(V). We have the obvious analogues of Definitions 6.1.2,
6.1.3, 6.1.4, and the constructions in §6.1.6, with V and G replaced by V and G*.
Note that our assumption that G contains anisotropic maximal tori implies that G*
also contains anisotropic maximal tori, since these conditions both boil down to the
numerical condition that either d is odd or d is even and § = (—1)%2. In particular
ED(V) # 0.

Recall from Definition 5.1.5 that when d is even and when § is trivial (resp. non-
trivial), we have fixed a G*(R)-orbit [By ] of hyperbolic bases (resp. near-hyperbolic
bases) of V. Note that all members of [By| induce the same orientation on V. We
denote this orientation by oy . Still under the assumption that d is even, we define an
orientation oy on V as follows. Let (a,b) be the signature of V. Since § = (—1)%2,
both a and b are even. Also V has signature

(a%,0%) = (2[d/4],2[d/4]).
We define oy to be (—1)(*=2")/2 times the pull-back of oy along the R-linear isomor-
phism
Ny ATV 25 ATV

Here /\d¢v is indeed defined over R because V and V have the same discriminant.

When d is even, every elliptic decomposition of V (resp. V) gives rise to an orien-
tation on V (resp. V). We define ED(V, ov) to be the set of elliptic decompositions
of V that induce the orientation oy, and similarly define ED(V, 0y ). In order to have
uniform notation in the odd and even cases, we set

ED(V)° = ED(V), if d is odd,
- ED(V,ov), ifd is even,

and
ED(V), if d is odd,
Ep(vy .= { LPV), - ifdiso
ED(V,oy), ifd is even.
Lemma 6.1.8. — Assume that d is even. Let {vy,...,v4} be an orthogonal basis of V
and {vy,...,v,4} an orthogonal basis of V_satisfying the condition in Definition 5.1.1.
Then {v1,...,vq} induces the orientation oy if and only if {v,,...,v,} induces the

orientation oy .
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Proof. — Comparing the signatures we see that the cardinality of the set
{i11<j<d ¢(v;) =v; ® V-1}

is congruent to b — b* (mod 2). Hence the determinant of the matrix of ¢y under the
given bases is equal to (—1)(*=*")/2_ The lemma, follows. O

6.1.9. — Consider an elliptic endoscopic datum (H,LH,s,n) for G. We assume
that it is one of the explicit representatives constructed in §5.4. Recall that
H =80(V*t) x SO(V™), where V* are quasi-split quadratic spaces over R. In
the even case, we denote by oy« the orientation on V* determined by [Byx].
(See §5.4.3 for [By+].) We assume that H contains anisotropic maximal tori, or
equivalently, that both SO(V*) and SO(V ™) contain anisotropic maximal tori. In
particular, ED(V*) are non-empty. Similarly as in §6.1.7, we set

ED(V4)? = ED(V¥), if d* is odd,
ED(VE,oy+), if dt is even.
Let m* := |d*/2]. We fix an element
Dy = (D}, Dy) € ED(VT)° x ED(V™)°.
Then we get a parameterized anisotropic maximal torus
o s UM™ x U™ =5 Ty x Tpy- = Tp,, CSO(V*) x SO(V™) = H,

and a fundamental pair (Tp,,Bp, ) in H, by the obvious generalization of Defini-
tions 6.1.3 and 6.1.4. We also fix D € ED(V)° and D € ED(V)°. Let

fo:U(L)™ = Tp C G¥,

fo:U()™ = TpC@G
be the associated parameterized anisotropic maximal tori, and let (Ip, Bp), (T'p, Bp)
be the associated fundamental pairs in G* and in G. We define the following composite
maps with Convention 6.1.10 below in force:

-1
fDH

Joup : Toy —25 UM)™ x U™

1%

u)™ 2 1,

fal _
joup  Toy 225 U1)™ x UQ)™ 2 U1)™ 22 Tp.

1%

Convention 6.1.10. — We identify U(1)™" x U(1)™  with U(1)™ by the isomorphism
((gla'-'7gm+)a(hla-"7hm*)) — (h’la-'-ahm*7glv"-agm+)'

Our next goal is to show that jp, p and jp, p are admissible isomorphisms, in
the sense of §5.6.

Lemma 6.1.11. — In the setting of §6.1.9, the following diagram commutes:
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Proof. — In the odd case, V is split, so we can fix a hyperbolic basis B of V. In the
even case, we fix a member B of the G*(R)-orbit [By] of bases of V in Definition 5.1.5.
When V is split (i.e., when either d is odd or d is even and ¢ is trivial), B is a hyperbolic
basis, and we let 1 : G]* < G* be the associated embedding as in §1.2.7. When V is
not split (i.e., when d is even and § is non-trivial), B is a near-hyperbolic basis, and we
let tp : GM~! x U(1) — G* be the associated embedding as in §1.2.7. In all cases we
write T}, for the image of 3. We view the base change of ¢p to C as an isomorphism
w,c : G ¢ = Tg ¢ (as we canonically identify U(1)c with G, c). Now we claim
that there exists g € G*(C) such that the diagram

fo.c

(6.1.11.1) U —=Tpc

1/ Wlnt(g)

LB,C
me—Thc
commutes. Here the left vertical arrow is the canonical isomorphism.

To prove the claim, first we observe that the truth of the claim does not depend
on the choices of B and D (as long as they both induce the correct orientation oy in
the even case). Using this observation, we easily reduce the claim for both the odd
and even cases to the even case where V has signature (2,2). In this case, take a basis
{u1,ug,us,us} of V under which the quadratic form has matrix diag(1,1,—-1,—1).
Without loss of generality we assume that this basis induces the orientation oy . Let
V1 be the oriented plane spanned by {u1,us}, and let Va2 be the oriented plane spanned
by {us,us}. Then (V1,V2) € ED(V, 0oy ). Define

1
T = §(U1+u3), Y1 = U1 — Uz, T2 = 5(’“2—u4), Y2 = Uz + Uq.
Then {z1, z2,y2,¥1} is a hyperbolic basis of V, and it induces the orientation oy. We
may and shall assume that D = (V1,V3) and B = {21, 22,2, ¥1}-
Let g € End(V ® C) be given by

A 5(“1 —iug), Y1+ U1+ iU, Tg+— —5(U3 —iug), Y2 > ug + iuy.

Then g € O(V)(C), and the diagram (6.1.11.1) commutes. We have detg = 1 by
direct computation, which proves the claim.

Now by the definition of Bp, we know that fp pulls back the based root datum
BRD(Tp,c, Bp) on (X*(ITp), X«(Tp)) to the standard based root datum BRD(B,,)
or BRD(D,,) on (Z™,Z™). By the commutative diagram (6.1.11.1), we know that
the isomorphism BRD(Tp ¢, Bp) — BRD(B,, or D,,) induced by fp is equal to the
isomorphism v*’ fixed in §5.3. The lemma then follows from the definition of d Bp,B-

O

Lemma 6.1.12. — In the setting of §6.1.9, jp,, p is admissible, and it is associated to
the Borel pairs (I'p,, c,Bp,) and (I'p,c, Bp).
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Proof. — The map n: “H — LG restricts to an isomorphism T =Ty+ xTy- =T.
This isomorphism is given by

(CX)m+ % (CX)m_ SN ((CX)m
((glv'~-7gm+)7(h‘la"'7hm_))'—>(hla”'ahm_’glw"agm‘*)’

under the identifications 7y+ & (C)™" Ty~ = (CX)™ |, T = (C*)™ as in Defini-
tion 5.2.2. This fact, together with Lemma 6.1.11 (applied to V and V*), implies the
current lemma. O

1%

—_

Lemma 6.1.13. — In the setting of §6.1.9, jp, p is admissible.

Proof. — Since ED(V)° is a single G(R)-orbit, the truth of the lemma does not
depend on the choice of D € ED(V)°. Let {v1,...,vq} be a basis of V and {v,,...,v,}
a basis of V, satisfying the condition in Definition 5.1.1. Let m = [d/2]. Up to
reordering, we may assume that g(v;) = ¢(v;41) for all j € {1,3,...,2m — 1}. When
d is even, we may further assume that {vy,...,v4} induces the orientation oy (because
we may switch the order of v; and ve without changing the other conditions). For
each 1 < j < m, let V; be the oriented plane spanned by {ve;_1,v2;}, and let V; be the
oriented plane spanned by {vy;_1,v5;}. Then (V;); € ED(V)° and (V;); € ED(V).
By Lemma 6.1.8, we have (V;); € ED(V)°. In §6.1.9, we can take D to be (V;);, and
take D to be (V;);. By Lemma 6.1.12, we know that jp, p is admissible. In view of
Lemma 5.6.2 (3), we complete the proof by noting that jp, p = 1/)‘71 © jDy,D- O

6.2. Transfer factors, when d is not divisible by 4

6.2.1. — We keep the setting of §6.1, and in particular keep the assumption that G and
G* contain anisotropic maximal tori. By an equivalence class of Whittaker data for G*,
we mean a G*(R)-conjugacy class of pairs (B, \) consisting of a Borel subgroup B
of G* defined over R and a generic character A : Ng(R) — C*, where Np denotes the
unipotent radical of B. See [63, §5.3] for more details. It is a standard result that the
set of equivalence classes of Whittaker data for G* is a torsor under the finite abelian
group G*24(R)/G*(R).

Assume that d is not divisible by 4. Then the map G*(R) — G*24(R) is surjective,
which can be seen by noting that ker(H'(R, Zg-) — H'(R,G*)) is trivial. Hence
G* has a unique equivalence class of Whittaker data. As in §6.1.9, we fix an elliptic
endoscopic datum (H,“H, s,n) for G, assumed to be one of the explicit representatives
constructed in §5.4. Thus we have H = SO(V*) x SO(V ™), where V* is quasi-split
and has dimension d* and discriminant 6*. As usual, both V* are split in the odd
case. We write m = |d/2|,m* = |d*¥/2]. We assume that H contains anisotropic
tori.

In this paper, unless otherwise stated, “transfer factor” always means “absolute
geometric transfer factor”.
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The Whittaker normalization of the transfer factors between H and G* was defined
by Kottwitz-Shelstad in [63, §5.3] (in the general setting of twisted endoscopy), and
a correction was later made in [64]. In this paper, we always use the classical nor-
malization of local class field theory as opposed to Deligne’s normalization; see [64,
§§4.1, 4.2]. Thus among the four A, A’, Ap, A’ discussed at the end of [64, §5.1], we
only consider A and A’. Moreover, since we always have s = 1, we have A = A’. We
shall call the transfer factors A/ (-,-) given in [64, (5.5.2)| the Whittaker-normalized
transfer factors. By the discussion at the end of [64, §5.5] and by s? = 1, we have

A\ = e (V,9) A = e (V,9) Ao,

where Ay is the Langlands-Shelstad normalization defined on p. 248 of [76].

In the following we denote the Whittaker-normalized transfer factors between H
and G* by Ay, (). Also, having fixed ¢y : G — G* and uy : I'no — G*(C) as in
§5.1, we can derive from Ay, (+, ) a normalization of the transfer factors between H
and G as in Remark 5.1.4, to be denoted by Awn(:,-). (See §6.2.7 below for more
details.)

In [60, §7], another normalization A; g(-,-) of the transfer factors between H and
G is considered, which is associated to a certain datum (j, B). The goal of this section
is to compare the two normalizations Awy and A; p.

In the following we assume that V is of signature (p,q) with p > q, and that
d = p+ q is not divisible by 4.

Transfer factors between H and G*

Definition 6.2.2. — We define a subset ED(V){;;,, of ED(V) (see §6.1.7) as follows.
When d is odd, let ED(V)%, consist of those (V,)i<j<m € ED(V)? = ED(V) such
that V; is (—1)’*! sgn()-definite for each 1 < j < m. When d is even (but not
divisible by 4), let ED(V){y, consist of those (V;)1<j<m € ED(V)? such that V; is
(—1)7+1 definite for each 1 < j < m.

Remark 6.2.3. — Let (V;); be an arbitrary element of ED(V)°. Recall that V_ has
discriminant § and determinant (—1)™4. In the odd case, V has signature (m + 1, m)
when § > 0, and signature (m,m + 1) when § < 0. Therefore there are precisely
[m/2] (resp. |m/2]) positive definite planes among the V;’s when 6 > 0 (resp. when
6 < 0). It follows that there exists o € &,, such that (V,;)); € ED(V)%,,. In
the even case, there are precisely [m/2] positive definite planes among the V,’s no
matter what ¢ is, so again there exists o € &,, such that (V,;)); € ED(V){y,,. (Here
(V4(;)); automatically induces the same orientation on V as (V;); does.) Moreover, in
both cases ED(V)$y,, is a single G*(R)-orbit with respect to the natural G*(R)-action
on ED(V)°.
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Lemma 6.2.4. — Let D € ED(V)%,. Let (I'p, Bp) be the associated fundamental
pair in G*, as in §6.1.6. Then every Bp-simple root in X*(Tp) is (imaginary) non-
compact. In other words, (I'p, Bp) is a fundamental pair of Whittaker type in the
terminology of [107].

Proof. — Let {€},..., €y} be the standard basis of X, (U(1)™), and let {ey, ..., en} be
the standard basis of X*(U(1)™). Let fp : U(1)™ — Tp be the parameterized
anisotropic maximal torus associated to D, as in §6.1.6. We identify X*(Tp) with
X*(U(1)™) via fp. Then the Bp-simple roots are a; = €; —€j4+1,1 < j <m—1, and
Q= € (T€SD. @y, = €—1 + €,) in the odd (resp. even) case. Denote the complex
conjugation by 7. It suffices to check that for each 1 < j < m and for one (and hence
any) root vector E; of o, we have

[Ej,TEj] = C(EJ)HJ € LieG*
for some C(E;) € Rso. Here H; is the coroot oz]V viewed as an element of Lie G*.
Write D = (Kj)j. Since D € ED(V)$y,,, there exists an integer r such that V,is
(—1)"*J-definite for each 1 < j < m. Moreover, we have (—1)" = —sgn(J) when
d is odd, and (—1)" = —1 when d is even. For each 1 < j < m, let {f;, f;} be an
orthogonal basis of V ; inducing the given orientation on V ; such that

a(fy) = a(f)) = ().
Let
ej =fi®l-fi®icV®C,

1
e = (=1)"" §T(ej) evVeC

In the odd case we also fix a non-zero vector | € V. which is orthogonal to each V;,
and satisfies ¢(I) € {£1}. Thus ¢(I) is the sign of the determinant of the quadratic
space V, which is (—1)"sgn(6) = (—1)" T+,

Now {e1,...,em,€l,..., e, 1} (resp. {e1,...,em,€},...,e,}) is a C-basis of V.®C
in the odd (resp. even) case, and we have

lej, ex] = €}, ex] = [ej,1] = [¢},1] =0, lej,ex] = dj k-

Note that for each 1 < j < m, the cocharacter fp o e;-/ of G* acts on V with weight 1
on ej, weight —1 on e}, and weight 0 on e, e} for all k£ # j. In the odd case, it also
acts with weight 0 on [.

For 1 < j <m —1, we define E; € End(V ® C) by

e; — 0, €j+1 — €5, e} — —e;+1,
e;+1»—>0, ex, e, — 0 for k ¢ {j,5+1},
l— 0 (if d is odd).
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It is easy to see that E; € Lie G{: and that it is indeed a root vector of a;. We compute
that 7E; is given by
ej — €j41, ej41+— 0, e; — 0,
€ > —€, ek, e, — 0 for k ¢ {j,5+ 1},
l— 0 (if d is odd).
Then [E;, TE}] is given by
ej — e, €j+1 — —€jt1, e; — —e
€ €5y ek, €y, — 0 for k & {j,5 + 1},
l— 0 (if d is odd).
Thus [E;, TE;] = H;j, as desired.
In the odd case, we define E,, € End(V ® C) by

L — em, €}, — —q(l) "1 = (~1)"*™,
ep— 0for 1 <k <m, e, —0for 1 <k<m-1.
Then E,, € LieG{ and it is a root vector of o,,. We compute that 7E,, is given by
l— (=1)™*7"2¢! | em — 21,
exp—0for 1 <k<m-—1, e, — 0 for 1 <k <m.

Then [E,,, TEy,] is given by

l— 0, em — 2€em,

e, — —2en, ek, e, — 0 for 1 <k <m-—1.

Thus [E,,, TE,,]| = Hp,, as desired.
In the even case, we define E,, € End(V ® C) by

/ ’
m ? €m—1, €m—1 > —€m,

ep— 0for 1 <k <m, e, —0for 1 <k<m-—2.

€

Then E,, € Lie G and it is a root vector of au,. We compute that 7E,, is given by

/
m—1

ex—— 0for1<k<m-2, e, — 0for 1 <k <m.

/
em — —e €m—1FH— €,

Then [E,,, TE,,] is given by

E€m €, €m—1 > €ém—1,
! ! A I
€m —C€m> €m—1 —Cm—1>
ek,e%r—>0f0r1§k§m—2.
Thus [E,,, TE,,]| = Hp,, as desired. O

6.2.5. — As before, we fix the standard Borel pair (7, B) in G, and the standard
Borel pair (Ty+ x Ty, By+ x By-) = (Tg,Bg) in H = SO(VF) x SO(V-); see
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Definition 5.2.2 and §5.4.3. We extend (7,B) to a I'-stable splitting splx, and
extend (75, Bg) to a I'-stable splitting splg.

Note that 1 : “H — LG maps (Tg,Bg) into (7, B). Given this property, and given
the choices spls and sply, we have the following constructions (see [108, §§7.3, 8.1],
[106, §7], [105, §3]):

— Inside each equivalence class ¢ of discrete Langlands parameters for G*, there
is a canonical 7-conjugacy class of parameters, whose elements we shall call
almost canonical representatives. Similarly, inside each equivalence class of dis-
crete Langlands parameters for H, there are almost canonical representatives.

— Let ¢ be as above. Consider the set of equivalence classes of discrete Lang-
lands parameters for H that induce ¢ via n : “H — “G. Then this set is
non-empty (because H contains anisotropic maximal tori), and it contains a
canonical element gy, called well-positioned, which is uniquely characterized
by the following property: For one (and hence any) almost canonical represen-
tative wg of ¢ g, the composition 77 o g is an almost canonical representative
of ¢.

We now choose an arbitrary equivalence class ¢ of discrete Langlands parameters
for G*, and obtain g from ¢ as above. Choose an almost canonical representative g
of wm, and let ¢ := no py. Thus ¢ is an almost canonical representative of ¢. By
construction, the Borel pair in G (resp. H ) determined by ¢ (resp. ¢g) as on p. 182
of [60] is (7', B) (resp. (75,Bg)).

Let 7o be the unique generic member (with respect to the unique equivalence class
of Whittaker data) of the L-packet II,; see [54] and [116]. As proved by Shelstad in
[104] (see [105, Thm. 3.6]), we have

(6251) é%svic(goH,’ﬁo) =1.

Here AWy (+,-) are the (absolute) spectral transfer factors between H and G*, un-
der the Whittaker normalization. (In fact, (6.2.5.1) holds for all discrete ¢ g induc-
ing ¢, not just the well-positioned one; cf. [46, §5.6]. We will not need this.) By
[106, Lem. 12.3|, the transfer factors AWy (+,-) are compatible with the Whittaker-
normalized transfer factors Ay, (-, ), in the sense that the endoscopic character rela-
tions defined by the former are satisfied when the test functions satisfy orbital integral
relations with respect to the latter.

We now fix D and Dy as in §6.1.9, and assume that D € ED(V)%,,. We keep
the notation in §6.1.9. By Lemma 6.1.12, the map jp, p constructed in §6.1.9 is an
admissible isomorphism. We note that (jp, b, Bp,Bp,) is aligned with ¢ g in the
sense of [60, p. 184], which follows from our assumption that g is well-positioned.
In the following, we abbreviate jp, p as j, and abbreviate Bp as B.

In [60, §7], a normalization B

G’

AjB()
of the transfer factors between H and G* is defined. Write A;pgc( -) for the spectral
transfer factors normalized compatibly with A; p(-,-). Then since (j, B) is aligned
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with ¢ g, we have (see [60, p. 185])
(6.2.5.2) AP (pm,m(p,w ' B)) = (aw, s),
for all w € Q¢c(G*,Tp). Here a,, is defined in [60, §5], and we shall not need the
definition of (a,,, s) except the fact that
(a1, sy = 1.
Now by Vogan’s classification theorem for generic representations [116, Thm. 6.2] and

by Lemma 6.2.4, we know that 7o = 7(p, B). Hence by setting w = 1 in (6.2.5.2) we
obtain

(6253) Aj‘?gc(‘pHyﬂ-O) =1.
Comparing (6.2.5.1) and (6.2.5.3), we see that
(6.2.5.4) Ay =AY

Now as we recalled above, AW}  is compatible with Ayy,. Hence it follows from
(6.2.5.4) that
Ag‘ B =Awy.

We record this in the following lemma.

Lemma 6.2.6. — Let D € ED(V)%y, and Dy € ED(V*)? x ED(V™)°. Let j = jp, p
and let B = Bp. Then Ay, = Aj B. =

Transfer factors between H and G

6.2.7. — Recall from §5.1 that we have fixed an isomorphism ¢y : V@ C =V @ C
between quadratic spaces over C, and used ¢y to define the inner twisting
Yy : Gc — G¢ and the cocycle uy : T'oo — G*(C), satisfying (5.1.2.1). As we
have explained in Remark 5.1.4, these extra data allow us to derive from Ay (-,-) a
normalization of the transfer factors between H and G, which we denote by Awy (-, -).

We now recall the characterization of Awy, in terms of Ay, following [45, §2.2].
Let Ty, T, and T be anisotropic maximal tori in H, G, and G*, respectively. (Recall
that H, G, and G* all contain anisotropic maximal tori.) Assume that uy takes
values in T(C). (We shall see in §6.2.15 below that this can indeed be arranged.)
Let j : Ty,c — Tc and j : Ty,c — T be arbitrary admissible isomorphisms; see §5.6.
Note that Ty, T, and T are all isomorphic to U(1)™, and so j and j are necessarily
defined over R. Let v# € Ty (R), and let

yi=3i("), v=i0".
Assume that v and v are strongly regular. Then Ay, is characterized by the following
formula:

(6.2.7.1) Awn (Y, 7) = Awn (VT (v (7, 7), 84 4) 7,

where inv(y,v) and s,u , are defined as follows.
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— Define inv(v,7) to be the image of the cocycle (p +— uy(p)) under the Tate-
Nakayama isomorphism H'(R,T) —> I/-\I_I(I‘OO,X*(I)). In our case, since
T = U(1)™, the norm map on X,(T) is zero, and so ﬁ_l(Fm,X*(z)) is
simply X.(T)r.,

— Define s.u ., to be the image of s € Z(H) (which is part of the endoscopic
datum) under the composite map

Definition 6.2.8. — We call Awy(+,-) as in (6.2.7.1) the Whittaker-normalized transfer
factors between H and G.

Definition 6.2.9. — Let ED(V)gy, 4, be the set of tuples (V;,Aj)1<j<m, where
(V,); € ED(V)3y, (see Definition 6.2.2), and A1,..., Ay € {1,/—1}, satisfying the
following conditions.
1. For each 1 < 57 < m, we have qb‘_/l(zj) cCVe® )\j_l.
2. There exists jo € Z such that for each 1 < j < m, we have \; = v—1 if and
only if V; is negative definite and j < jo.
3. If d is odd, then the restriction of gi)‘_/l :V®C — V ®C to the orthogonal
complement of @Tzl V,; in V is defined over R.

Remark 6.2.10. — The set ED(V)3yy, 4, is non-empty. This follows from the con-
dition in Definition 5.1.1, the fact that V and V have the same discriminant, and
Remark 6.2.3.

6.2.11. — Let (V;,};); € ED(V)$y, 4, as in Definition 6.2.9. We construct an el-
ement (V;); € ED(V)? as follows. For each j, let {f;, f;} be a basis of V; induc-
ing the given orientation on V;. Then the vectors )\j¢_1(fj),>\j¢_1(f]{) eVeC
lie in V ® 1. We identify V ® 1 with V, and let V; be the oriented plane spanned
by {X;j¢71(f;), Xj¢~(f])}. Then (V}); is an element of ED(V). By Lemma 6.1.8, we
have (V;); € ED(V)°. The construction (V;, A;); — (V;); gives a map

(6.2.11.1) ED(V)%n.4, — ED(V)°.
Definition 6.2.12. — We define a subset ED(V)?

odd, we let ED(V)2;..
exists jo € Z such that

{j|1<j<m,V; is negative definite} = {j | 1 < j <m,j > jo, and (—1) =sgn(d)}.

When d is even (but not divisible by 4), we let ED(V)%, . consist of those
(V;); € ED(V)° for which there exists jo € Z such that

{j|1<j<mV1snegat1vedeﬁn1te}—{]|1<]<m]>]0, and ( ]—1}

%:ce of ED(V)° as follows. When d is
consist of those (V;); € ED(V)° = ED(V) for which there

Example 6.2.13. — Let D = (V;); be an arbitrary element of ED(V)°. Recall
that V has signature (p, q). If d is odd and ¢ = 2, then D is in ED(V)?, . if and only

nice
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if V,,, is negative definite. If d is odd and ¢ < 1, then D is automatically in ED(V)2, ..
If d is even (but not divisible by 4) and ¢ = 2, then D is in ED(V)?,., if and only if
Vin—1 is negative definite. If d is even (but not divisible by 4) and ¢ = 0, then D is

automatically in ED(V)?

nice*

Lemma 6.2.14. — The image of the map (6.2.11.1) is contained in ED(V)?

nice*

Proof. — This is clear from the definitions. O

nice

under the map (6.2.11.1). Write D for the element (V;); € ED(V)3,, and write D
for the element (V;),; € ED(V);,.. Write X for the tuple (Aj);- Let

nice*
fo:U)" —Tp
be the parameterized anisotropic maximal torus in G* associated to D, and let
fo:U(L)™ — Tp

be the parameterized anisotropic maximal torus in G associated to D. Also, let
(Tp, Bp) be the fundamental pair in G* associated to D, and let (T'p, Bp) be the
fundamental pair in G associated to D. We abbreviate (Tp, Bp) as (I, B), and ab-
breviate (Ip, Bp) as (T, B).

Note that we have

(6.2.15.1) fo=1vvo fp,

which is clear from the definition of ¢y in §5.1.2. In particular, the cocycle uy takes
values in T'(C). More precisely, for p = 7 the complex conjugation, uy (7) acts as —1
on V; for those j such that A; = v/—1, and acts as the identity on the orthogonal
complement of these V,’s. It follows that uy (7) € T(R). Another consequence of
the relation (6.2.15.1) is that 1y sends the Borel pair (T¢, B) in G¢ to the Borel
pair (T, B) in G§.

Take any Dy € ED(V1)° x ED(V™)°, and define

6.2.15. — Now let (V;,);); be an element of ED(V){y, 4, , with image (V;); € ED(V);

jpu.p Tpy — TIp
ipu,p  Tpy — Tp
as in §6.1.9 (where D and D are fixed in the last paragraph.) We abbreviate jp, p as j,
and abbreviate jp, p as j. Let (Ip,,, Bp, ) be the fundamental pair in H associated
to Dy. We abbreviate (I'p,,, Bp, ) as (T, Bu).
Take a test element v € T, (R), and let

),

v =3y v =3j(").

Assume that v and v are strongly regular.

Lemma 6.2.16. — Keep the setting of §6.2.15. Let (inv(v,7),s
defined in §6.2.7. Then we have

vH ) be the pairing

(inv(y,7), $ym 5) = (=1)Fm™%)
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where

k(m™ N =#{j|1<j<m™,\=v-1}.

Proof. — By [45, Lem. 2.3.3], the element inv(v,v) € X.(T)r., is equal to the image
of any element p € X, (T) such that u(—1) = uy (1), where 7 is the complex conjuga-
tion. We identify X, (T) with Z™ via fp : U(1)™ — T, and let {€Y,... €} be the

natural basis. By the description of uy (7) in §6.2.15, we can take p to be
D
1<j<m A\ =v—1

On the other hand, if we identify 7' with (C*)™ under ]57 then the element s, u , € T
is given by B

(—1,...,-1,1,...,1) e (C)™

\“,_—/ \“:-—/
(Remember that Convention 6.1.10 is in force in the definition of jp, p in §6.1.9.)
The lemma follows by evaluating u at the above element. U

Lemma 6.2.17. — Keep the setting of §6.2.15. We have
Aj (v7,7) = (~1)1DTIEIA; p(yH ).
Here A; g (resp. Aj ) is the normalization of the transfer factors between H and

G* (between H and G), associated to (4,B) (resp. (j,B)), as defined in [60, §7]. The
numbers q(G) and q(G*) are as in Definition 1.1.4.

Proof. — By the formula for A; g on p. 184 of [60], we have
AZ,Q(WHal) _ (_1)q(G*)+q(H)XG*,H(l)A§(1_1)ABH((’YH)_l)_l
Aj (v ) = (DI g (1A AR, (V)T

Here Ap, Ap, and Ap,, are as in Definition 1.1.3, and we do not explain the definitions
of xg+.m and x¢,m. Since ¥ sends the Borel pair (I, B) to (L, B), we know that
Ap(y™H) =Ap(y).
It remains to show that
xXe+u () = xc,1(7)-
Unraveling the definitions of these terms on p. 184 of [60], we are reduced to checking
that the following diagram commutes up to G-conjugation:

Corollary 6.2.18. — Keep the setting of §6.2.15, and keep the mnotation in Lem-
mas 6.2.16 and 6.2.17. We have

Ajp= (_l)q(G>+q(G*)+k(m*X)AWh.
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Proof. — Comparing (6.2.7.1) with Lemmas 6.2.16 and 6.2.17, we have
Bwh _ (_1ya(@)+a(G ) +k(m™ ) AW
Ajp Ajp
By Lemma 6.2.6 we have Ay, = A; p. The corollary follows. O

Recall that V has signature (p, g), with d = p + ¢ not divisible by 4.

Lemma 6.2.19. — We have

(_1)q(G)+q(G*) _ (—1)(%], if d is odd,
1, if d is even.

Proof. — For any signature (a, b), we have ¢(SO(a, b)) = ab/2. In the odd case, V has
signature (p, q) = (p,2m+1—p), and V has signature (m+1,m) or (m, m+1). Hence
N m+1m p2m+1-—-p

o) () = MU _PEmA Lo P
_(m=p)(m+1-p) _ mep

2 o 2
In the even case, our assumption that G and G* contain anisotropic maximal tori
implies that the signatures of V and V are pairs of even numbers. Hence ¢(G) and
g(G*) are both even. O

1 mod 2.

Proposition 6.2.20. — Keep the running assumption that V' has signature (p, q), with
p > q and d = p+q not divisible by 4. Let D be an arbitrary element of ED(V), .. (see
Definition 6.2.12), and let Dy € ED(V)°xED(V ™). Define jp, p and (Ip,,Bp,)
as in §6.1.9. We abbreviate (jp, p,Bp,) as (j, B). Let A; p be the normalization of
the transfer factors between H and G associated to (j, B), as defined in [60, §7].

(1) Assume that d is odd. In this case, either assume that q is even and
q/2 < [m*/2], or assume that q is odd and (q —1)/2 < |m™*/2|. Then

A (_1)f%T+T§THm;”AWh, if q is even,
j,B — m m m—
i (DL T2 A if g s odd.

In particular, we have

(-1) §WAWh, when ¢ = 0 and m™ is arbitrary,
Ajp= (_1)L§JAW}“ when ¢ =1 and m™ is arbitrary,
(_1)1+|—§-‘AW}1, when ¢ =2 and mt > 0.

2) Assume that d is even. Thus is even since G contains anisotropic maximal
q P
tori. We have

AL {(—1>WAWh, if /2 < |m* /2],
3B =

(-1)"" Awn, ifmt=1andq=2.
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In particular, we have

(—1)L%JAWh, when ¢ = 0 and m* is arbitrary,
A;p= (—1)L%JAW}1, when ¢ =2 and mt > 2,

(—1)" " J Ay, when g =2 and mt =

Proof. — First note that under the natural action of G(R) on ED(V)°, the sub-
set ED(V)2,., of ED(V)® is a single orbit. Thus A, g is in fact independent of the
choice of D € ED(V)9,... Hence we may assume that D is the same as the element
introduced in §6.2.15. In view of Corollary 6.2.18 and Lemma 6.2.19, to prove the

k(m™ %) in each case. We recall that

km=, ) = #{j|1<j<m™,\ = vV-1}.
(1) Let N be the number of negative definite planes among the m™ planes
Km_-%-17zm—+27 LV

By Definition 6.2.2, V., is negative definite if and only if V' has positive determinant,
which happens if and only if ¢ is even. Hence we have N = [m™ /2] when ¢ is even, and
N = |m™ /2] when ¢ is odd. Thus our assumption on g can be rewritten as |¢/2] < N.

If there exists 1 < j; < m™ such that Zjl is negative definite and A\;, = 1, then
the integer jo in condition (2) in Definition 6.2.9 would be strictly less than j;, from
which it easily follows that the number of negative definite planes among V3,...,V,, is
at least N + 1. Thus ¢ > 2(N + 1), a contradiction. Hence such j; does not exist.
Then by condition (2) in Definition 6.2.9, we have

k(m™, X) =4 {j | 1 <j <m™,V; is negative deﬁnite} .

proposition it suffices to compute the sign (—1)

m*

When q is even, we have

> {[m/ﬂ, if m is odd

k(m™,\) = = [m/2] + [m*/2] mod 2.

|m~/2], if m is even
When q is odd, we have
> {Lm_/2j, if m is odd

k(m™,\) = |m/2| +|m*/2] mod 2.

[m~—/2], if m is even

We conclude the proof by combining the above computation of k(m™, X) with Corol-
lary 6.2.18 and Lemma 6.2.19.

(2) Since d = 2m is not divisible by 4, we know that m is odd, and by Defini-
tion 6.2.2 we know that V. is positive definite. Hence among the m™ planes

Ve 1.V y2e sV

y—m>

the number of negative definite planes is [m™*/2]. When ¢/2 < |m™ /2], by the same
argument as in part (1) we have

k(m_,X) =#{j|1<j<m”,V; is negative definite},
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and this is equal to [m~/2]. When m™ =1 and ¢ = 2, we easily see that
- m—1

E(m=,\) = ———1.

(m=. %) ="

In both cases we conclude the proof by combining the computation of k(m ™, X) with
Corollary 6.2.18 and Lemma 6.2.19. O

6.3. Transfer factors, when d is divisible by 4

6.3.1. — We keep the same setting as in §6.2.1, except that now we assume that d is
divisible by 4. We keep the assumption that G and G* contain anisotropic maximal
tori, which forces the signature of V' to be a pair of even numbers. In particular,
0 is trivial, and so V and G* are split. We would like to establish analogues of the
results in §6.2 in the current case. The new feature is that there are now two different
equivalence classes of Whittaker data for G*. As in §6.2.1, we fix (H, LH,s, n), with
H containing anisotropic maximal tori.

In the following we assume that V is of signature (p,q) with p > q, and that
d =p+ q is divisible by 4.

Transfer factors between H and G*

Definition 6.3.2. — We define two subsets ED(V)$,,, 1 and ED(V)$y,, 1 of ED(V)°
(see §6.1.7) as follows. Let ED (V)%  consist of those (V;); € ED(V)? such that V; is
(—1)7*'-definite for each j. Let ED(V){, 1 consist of those (V;); € ED(V)° such
that V; is (—1)’-definite for each j.

6.3.3. — Let (71, B1) (resp. (12, B2)) be the fundamental pair associated to an el-
ement of ED(V)$,,, 1 (resp. an element of ED(V)$,, 7). Then (11, B2) and (T3, Ba)
both satisfy the condition that every simple root is non-compact, which can be proved
in the same way as Lemma 6.2.4. As in [112, §4.2.1], the two pairs (T}, B1) and (T3, Bs)
correspond to two different equivalence classes of Whittaker data toy and rwy; of G*
respectively, characterized by the condition that in any L-packet of discrete series rep-
resentations of G*(R), the element corresponding to (T4, Be) (resp. (T, Bs)) is generic
with respect to toy (resp. wyr). Then to; and toy; exhaust the equivalence classes of
Whittaker data. We call o the equivalence class of type-I Whittaker data, and call
o1 the equivalence class of type-II Whittaker data. See loc. cit. for more details.

Definition 6.3.4. — We denote by Ay, (+, -) the Whittaker-normalized transfer factors

between H ~aund G* with respect to tvr, called the type-I Whittaker normalization.
Denote by Ay, (-, +) the analogous objects with respect to toyy.
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Lemma 6.3.5. — Let D € ED(V)$y, 1, and let Dy € ED(V*1)° x ED(V™)°. Let j,
(Tw, Bg), and (T, B) be the objects associated to D and Dy as in §6.2.5. We have

(6.3.5.1) Awn = 4,3,
(6.3.5.2) Ay = (-1)™ A; 5.

In particular,
Awn = (=1)" Ay

Proof. — The proof of (6.3.5.1) is the same as the argument in §6.2.5 leading to
Lemma 6.2.6. For (6.3.5.2), by the same argument we are reduced to checking that

(6.3.5.3) (ag,s) = (=)™ |
where w € Qc(G*,T) is an element such that (T,wB) is the fundamental pair as-
sociated to an element of ED(V)%, ;- (Such w is unique up to right multiplication
by Qr(G*,T).) We can take

w=(12)(34) -+ (m — 1,m) € &y, C Qc(G",T),
and then the class a, € H'(R,T) (defined in [60, §5]) is represented by the cocycle
sending the complex conjugation to —1 € T(R). This implies (6.3.5.3). O

Transfer factors between H and G

Definition 6.3.6. — As in §6.2.7, having fixed 9y and uy, and having fixed the Whit-
taker datum g, we obtain a normalization of the transfer factors between H and G,
called the type-I Whittaker normalization. We denote this normalization by Ayyy,.

Remark 6.3.7. — Analogously we also have the type-II Whittaker normalization be-
tween H and G. By (6.3.5.2), it is equal to (—1)™ Awp.

Definition 6.3.8. — We let ED(V)2. . be the subset of ED(V)° consisting of

nice

those (V;); for which there exists jo € Z such that
{j |1 <5 <m,V; is negative definite} = {j |1<j<m,j>jo, and (—1)7 = 1}.

Recall our running assumption that V' has signature (p, q), with p > g and d = p+q
divisible by 4. Recall that p and q are even since G contains anisotropic maximal tori.

Proposition 6.3.9. — Let D € ED(V)?,.. and Dy € ED(V')° x ED(V™)°. De-
fine jp, p and (I'p,,Bp,,) as in §6.1.9. We abbreviate (jp, p,Bp,) as (§,B). Let
A,  be the normalization of the transfer factors between H and G associated to (j, B),
as defined in |60, §7|. When q/2 < [m™* /2], we have

Aj,B = (_1) L%J AWh-
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In particular, we have

A (—1)L%JAWh, when ¢ = 0 and m™ is arbitrary,
B = m=
! (- JAwn, when ¢ =2 and m* > 1.

Proof. — The proof is the same as Proposition 6.2.20. Note that the bound
q/2 < |m* /2] in Proposition 6.2.20 (2) is replaced by q/2 < [m™/2] here. This is
because in the current case, for any (Kj)j € ED(V)yn1r V., is always negative
definite. O

Comparison with Waldspurger’s explicit formula

6.3.10. — We fix the additive character ¥ : R — C*,z — €>™*® in all the discussion
below. Given any Borel subgroup By of G* defined over R, by the general construction
in [63, §5.3] we have a canonical map (depending only on %)

(6.3.10.1)

{R- splittings of G* relative to By} — {generic characters Np,(R) — C*},
where the left hand side is the set of R-splittings of G* of the form (Tp, Bo, {Xa}). In
our particular situation, since G* is split, R-splittings of G* are the same as splittings.

We denote by Split(G*) the set of G*(R)-conjugacy classes of (R-) splittings of G*,
and denote by Whitt(G*) the set of equivalence classes (i.e., G*(IR)-conjugacy classes)
of Whittaker data for G*. The map (6.3.10.1) induces a canonical bijection (depending
only on 9):

WG Split(G*) = Whitt(G).
Here both sides are torsors under the abelian group G*24(R)/G*(R) = Z/2Z.

The two elements of Whitt(G*) are of course w1 and torr; see §6.3.3. On the other
hand, there is an independent way to label the two elements of Split(G*). Recall that in
[121, §1.6], Waldspurger associates an element n € R* /R*2 =2 {41} to the quintuple
(G*,spl,V, q, psta), where spl is an arbitrary element of Split(G*) and pgq is the
standard representation G* — GL(V). This gives rise to a map
(6.3.10.2) v : Split(G*) —> {1}

spl — 1(G*,spl,V, q, psta)-

This map is easily seen to be surjective, and hence bijective. Thus we can use it to
label the two elements of Split(G*).

The following result will be used in the proof of Proposition 8.9.5 below, and it
may be of independent interest in representation theory.

Theorem 6.3.11. — Let spl; = ny,' (—1) € Split(G*). Then #' %" (spl;) = .

Proof. — Write 1o’ for #/¢” (spl;). Consider an elliptic endoscopic datum
ea+ s+,a-5- = (H,"H,s,n)
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such that H contains anisotropic maximal tori. As in §6.1.1 we have 6% = (—1)¢ /2,
Let m* := d* /2. Let Ay, and Ay, be the transfer factors between H and G* as in

Definition 6.3.4. By Lemma 6.3.5 we have
Awy = (_l)m_AWh‘

Hence it suffices to show that Ay, is equal to the Whittaker normalization A,
defined by the Whittaker datum w’, for one single choice of (d*,d~) with m™ odd.
In the following we show that

without assuming that m™ is odd.

Let D = (Kj)j and Dy be as in Lemma 6.3.5, and keep the other notations in
that lemma. As usual, we use the isomorphism fp : U(1)"™ — T associated to D to
identify X*(T") with Z™. By Lemma 6.3.5, we have

(6.3.11.2) Awn =4,

We now recall the explicit formula for A; g given in [60, §7], cf. also [91, §3.2]. @
Let A be the set of B-positive roots for (G¢,T¢) which do not come from H via j.
Namely,

A:{ei+ek,ei—ek|1§i§m*, m*+1§k§m}.
Fix a strongly regular element y € T(R), and let v := j7'(y) € Ty (R). Then
(6.3.11.3)
Ajp(Y,y) = ()75 () TT (1 - () = xe() [T 1 - a(),
aEA acA

where xp is a quasi-character on T'(R) whose definition is recalled in [91, Def. 3.2.1].
In [91, Ex. 3.2.4] Morel proves, in a special case, the following formula:

(6.3.11.4) XB = (pBY ol’*l)pél,

where pp and pp,, are defined to be the half sums of the B-positive roots and the
Bpy-positive roots respectively, and they are actual (as opposed to square roots of)
quasi-characters in the special case considered in loc. cit. In our case, pp and pp,
are again actual quasi-characters. We explain why (6.3.11.4) still holds in our case. In
fact, in the proof of (6.3.11.4) in loc. cit., the only special property being used is that
the cocycle a € Z 1(WR,i) used to define xp could be arranged so that it sends the
element 7 € Wy (see the beginning of [91, §3.1]) to 1 € T'. In our case, this condition
is not even needed. This is because T = U(1)™, and so the image of a in H' (WR,i),
which determines xr via the local Langlands correspondence for T, only depends
on a|WC We — f Hence Morel’s proof of (6.3.11.4) remains valid in our case.

1. Note the following typo in [91, §3.2]: The term (1 — a(y~!)) there should be (1 — a(7y)).
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By (6.3.11.4), we have

(6.3.11.5) XB = —mte —mTey — - —mTe,,-.
Having identified both T and Ty with U(1)™ (via fp and fp,, respectively), we write

Y =5=(y1,92, -+ Ym)
with each y; € U(1)(R) € C*. In conclusion, by (6.3.11.2), (6.3.11.3), and (6.3.11.5),

we have

(6.3.11.6)
A" = I w'Q-wy 0 - = J[ 2R - Rue).
1<i<m™ 1<i<m™
m~+1<k<m m~ +1<k<m

We now compute Ay, . Let Ay be the Langlands-Shelstad normalization associated
to the splitting spl;. In [121] Waldspurger gives an explicit formula for A, exclud-
ing the factor Ajy. Let us denote the value of Waldspurger’s formula by Awai, so
that Ag = AwaAry. Thus we have (see [63, §5.3], [64, §5.5])

(63117) Am/ = GL(U,¢)A0 == EL(U, ’(ﬁ)AwalAjv,

where U is the virtual I'oo-representation X*(7p) @ C — X*(Tu,) ® C, with T a
maximal split torus in G* and Ty, a maximal split torus in H, and ez (-, %) is the
local epsilon factor (according to the “Langlands normalization”; see [63, §5.3]) defined
using the additive character ¢ : R — C*,z — 2™ and the usual Lebesgue measure
on R (which is self-dual with respect to ). Since G* is split, Ty is necessarily split,
so X*(Tp) is a direct sum of trivial representations of I's,. As for X*(Th ), it is a
direct sum of trivial representations when m™ is even, and a direct sum of trivial
representations and two copies of X*(U(1)) when m~ is odd. Therefore, by [114,
(3.2.4), (3.4.1)] we have

(6.3.11.8) er(U,p) = (=)™ .
By definition we have
-1/2
6.311.9)  Anv(T ) =[] la| ™ 1-e)|= [ 2Ry — Rl
aEh 1<i<m™

m~ +1<k<m

Waldspurger’s explicit formula reads (see [121, §1.10])

(6.3.11.10) Awa(v?,7) = | | sgn <77v(sp11)ci(1 + Ry;) | | (Rys — éﬁyk)>,
i=1 1<k<m
ki

where ¢; € {1} is such that V; is ¢c;-definite. Recall that (V;); € ED(V)$y;, 1, which
implies ¢; = (—1)i*1. Note that 1 + Ry; > 0, and we have
I sen(®yi — Rye) = (1) (" =072 = (—1)lm /2,

1<i,k<m™
ik
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[Tsene: = [T~ = (~p)bm /2L,
i=1 i=1
Therefore (6.3.11.10) can be rewritten as follows (remember that ny (spl;) = —1)

(6.3.11.11) Awa(Y", ) =(D™ I sen(Ry: — Ruw).
1<i<m™
m~ +1<k<m
Combining (6.3.11.6) (6.3.11.7), (6.3.11.8), (6.3.11.9), and (6.3.11.11), we obtain
(6.3.11.1), as desired. O
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CHAPTER 7

TRANSFER MAPS DEFINED BY THE SATAKE ISOMORPHISM

In this chapter, we fix an odd prime p.

7.1. Recall of the Satake isomorphism

We recall the Satake isomorphism, following [24, 18, 36, 109]. Let F' be a finite
extension of Q. Let g be the residue cardinality of F' and let wr be a uniformizer
of F. In this section we let G be an arbitrary unramified reductive group over F.

7.1.1. — Let K be the hyperspecial subgroup of G(F') determined by a hyperspecial
point vg in the building of G. Let S be a maximal split torus in G whose apartment
contains vg, and let T be the centralizer of S in G. Let Q (resp. Q(F)) be the absolute
(resp. relative) Weyl group of G defined using T' (resp. S). In other words,
Q := Norg(T)/T,
Q(F) := Norg(S)/T.
There is a natural T'p-action on €2, and Q' = Q(F). See [18, §6.1] for more details.
We equip G(F') with the Haar measure giving volume 1 to K. Let H(G(F) J/ K) be
the Hecke algebra of C-valued compactly supported locally constant K-bi-invariant
distributions on G(F'). Using the fixed Haar measure, we identify H(G(F') // K) with
the set of C-valued compactly supported locally constant K-bi-invariant functions
on G(F). In the same way we define H(T'(F') j/ T(F) N K), and we simply write it
as H(T'(F)/T(F) N K) since T(F) is abelian. For any choice of a Borel subgroup B
of G containing T', the Satake isomorphism is the following C-algebra isomorphism:

(7.1.1.1)
S§s: M(G(F) | K) = H(T(F)/T(F)n K)**)

f o fro fr(t) = Sp ()72 /N  fnan, vt e T(E)
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where Np is the unipotent radical of B, and we normalize the Haar measure dn
on Np(F') such that Ng(F) N K has volume 1. It is known that SI%S depends only
on K and S, not on B (see for instance [109, §6.1]).

7.1.2. — We explain how to make both sides of the Satake isomorphism more canon-
ical, that is, independent of the choices of K and S. First note that we have canonical
isomorphisms

H(T(F)/T(F)n K) = H(S(F)/S(F) N K) = C[X.(5)];

see [18, §9.5] and cf. [24, §7.2]. Moreover, if S” is another maximal split torus in G,
then there is a canonical isomorphism

C[X.(9)]2F) =5 C[X, ()] E)

induced by conjugation by any g € G(F) such that gSg~! = S’. (Here Q'(F) denotes
the analogue of Q(F) with S replaced by S’.) Let

: Q

g = lim C[X, ()%,

s
where the projective limit is over all maximal split tori S in G, and the transition
maps are the above-mentioned canonical isomorphisms. For our fixed vy and K, the
Satake isomorphisms (7.1.1.1) for various choices of S whose apartments contain vg
induce the same isomorphism

(7.1.2.1) SC H(G(F) ) K) = .

This is because any such S extends to a maximal split torus in the reductive model
of G over Op corresponding to vy, and hence any two such choices of S must be
conjugate by an element of K; cf. [1, XXVI, Prop. 6.16].

If K and K; are two different hyperspecial subgroups of G(F'), we have a canonical
isomorphism

(S%,) 7 o 8§+ H(G(F) [ K) = H(G(F) /| K21),

where S and S% are as in (7.1.2.1). In fact, this isomorphism can be described more
concretely as follows. Recall that all hyperspecial subgroups of G(F') are conjugate
under G*4(F). For any g € G(F) such that Int(g)(K;) = K, we have an isomor-
phism H(G(F) /K) — H(G(F)/ K1) sending each f to foInt(g). We claim that this
isomorphism is equal to (SIG(I){l o SIG(7 and is in particular independent of the choice
of g. To verify this, choose S with respect to K as in §7.1.1, and let S; := Int(g~1)(S).
Then 57 is a maximal split torus in G whose apartment contains a hyperspecial point
defining K. Let T (resp. T1) be the centralizer of S (resp. S1). By the functoriality
of the definition (7.1.1.1), we only need to check that the map

H(T(F)/T(F)n K)*F) — H(T(F)/Ty(F) N Kp)*F)
f+— folnt(g)

is compatible with the canonical isomorphisms

H(T(F)/T(F) N K)*F) = o7 = H(Ty(F)/Ty(F) N Ky) 5.
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For this, it suffices to check that the isomorphism C[X,(S)]*() = C[X.(S;)]¥)
induced by Int(g) : S — S; is the same as that induced by Int(gg) : S — S; for
any go € G(F) with Int(go)(S) = S1. We can further reduce to the case where S = S,
and then it suffices to check that v = Int(g)|s € Aut(S) comes from Q(F'). This is
true because 7y lies in €2 and it stabilizes S. The claim is proved. We let

H™ (@) = im H(G(F) | K),
K

where the projective limit is over all hyperspecial subgroups K and the transition
maps are the canonical isomorphisms.

In conclusion, the Satake isomorphism can be viewed as a canonical C-algebra
isomorphism

(7.1.2.2) SYHY™(G) = o,

where both sides are canonically associated to G, not depending on any extra choices.

7.1.3. — Asin [18, §6], the C-algebra o7z has an alternative interpretation in terms of
the L-group of G. To explain this, fix a finite unramified extension F’/F splitting G,
and let o be the arithmetic Frobenius generator of Gal(F’/F). Since F” splits G, we
may form the L-group of G using Gal(F’/F). We use the symbol “G"" to denote this
version of the L-group, i.e.,

Lgu .= G x Gal(F'/F) = G x (oF).

Inside the C-algebra of C-valued functions on the set of semi-simple @—conjugacy
classes in G x op, we let
Cleh(*G™)]

be the sub-algebra generated by the restrictions of characters of finite-dimensional
representations of “G". Then there is a canonical isomorphism
(7.1.3.1) g = Clch(*G™)]
characterized as follows. Let f € ;. Fix a maximal split torus S in G, and let
T be the centralizer of S. Then @z = C[X,(S)]*F) C C[X.(T)], so we can view
f as a function on the C-torus T. As usual (ctf. §5.3.1), G is equipped with a Borel
pair (7, B) and an isomorphism BRD(G) — BRD(7, B)". In particular, if we choose
a Borel subgroup B of G containing T, then we get an isomorphism of C-tori T 7.
In this way we obtain from f a function f7 : 7 — C. The construction f — f7 is
independent of the choices of S and B. The image of f under (7.1.3.1) is characterized
by the condition that its value at the @—conjugacy class of t X oF is equal to fr(t),
forallt e 7.

In the sequel, we shall often make the identification (7.1.3.1) without explicitly
mentioning it. Thus we can evaluate an element of @75 at a semi-simple @—conjugacy
class in G oF to get a complex number.

SOCIETE MATHEMATIQUE DE FRANCE 2024



140 CHAPTER 7. TRANSFER MAPS DEFINED BY THE SATAKE ISOMORPHISM

In view of (7.1.3.1), we can also view the Satake isomorphism as a canonical iso-
morphism

(7.1.3.2) SC: H™(G) = Clch(*G™)).

7.1.4. — Next we recall a result of Kottwitz. Let A\ be a cocharacter of G defined
over F'. Assume that A is minuscule, in the sense that the representation Ad o A
of G, on Lie Gz has no weights other than {—1,0,1}. Let K and S be as in §7.1.1,
and assume that A factors through S. Denote by Q(F')-\ the Q(F)-orbit of A in X, (.5).
Let fx x € H(G(F) J/ K) be the characteristic function of KA(wp)K inside G(F'). By
the Cartan decomposition, the dependence of fx x on A is only through the set Q(F)-A.

Theorem 7.1.5 (|56, Lem. 1.1.3, §2]). — We have
S%s(Fren) = gPrem) 370 N] € CIXL(8)]7F),
N EQ(F)-A
where p is the half sum of a fized set of positive (absolute) roots in X*(Zg(9)), and
Adom 15 any element of Q(F') - A which is dominant with respect to the same choice of

positive Toots.
Moreover, the element of @g corresponding to S%S(fK)\) € C[X.(9)])?F) depends

only on the G(F)-conjugacy class of \, not on K or S. O
Definition 7.1.6. — Let X\ be a minuscule cocharacter of G defined over F'. We write
fr e HY(G)

for the element corresponding to fx x € H(G(F) J/ K), for some choice of K and S
as in §7.1.1 such that X factors through S. By Theorem 7.1.5, f depends only on the
G(F)-orbit of A\, not on any extra choices.

7.1.7. — We now discuss the compatibility between the Satake isomorphisms and the
constant term maps. Let K, S, and T be as in §7.1.1. Let M be a Levi component of
a parabolic subgroup P of G. Assume that M D T. Let Np be the unipotent radical
of P. Then M(F)N K is a hyperspecial subgroup of M(F). We define the constant
term map

(7.1.7.1)
()ar : H(G(F) | K) — H(M(F) | M(F) N K)

s ) = Sy [ fumydn, m e MP),
where the Haar measure dn on Np(F') is normalized by the condition that Np(F) N K
has volume 1.

Remark 7.1.8. — The constant term map can be defined more generally for C2°
functions; see for instance [34, §7.13] or [109, §6.1]. In [109] the map (7.1.7.1) is called
the partial Satake transform. When M = T, the map (7.1.7.1) is the same as Sg’s in
(7.1.1.1).
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Lemma 7.1.9. — In the setting of §7.1.7, let Qp(F) be the relative Weyl group of M
defined using S. Then Qp(F) is a subgroup of Q(F) when both groups are viewed as
subgroups of GL(X,(S)). Moreover, we have a commutative diagram:

G
SK,S

H(G(F) ]| K) CLX. (8)9)

() J/

SAA//[[(F)DK,S

H(M(F) ) M(F) N K) —————= C[X.(5)]% ("),

where the right vertical arrow is the inclusion.

Proof. — This is well known. See for instance [36, §12.3] or [109, §2, §6]. O

Proposition 7.1.10. — In the setting of §7.1.7, the constant term map (7.1.7.1) induces
a canonical map

(7.1.10.1) () s HY(G) — HY (M),
which depends only on M, not on K, S, P.

Proof. — This follows from Lemma 7.1.9, and the fact that for all maximal split
tori S in M, the inclusion maps C[X,(S)]?¥) — C[X,.(S)]?» ) induce the same

map Fg — Dyp. O
Remark 7.1.11. — There is a canonical @—conjugacy class of embeddings “ M — LGur,
and these embeddings induce via pull-back a common canonical map

(7.1.11.1) C[ch(*G™)] — Clch(*M™))].

Under the canonical Satake isomorphism (7.1.3.2) and its analogue for M, the canon-
ical constant term map (7.1.10.1) corresponds to (7.1.11.1); cf. [109, Rmk. 2.8|. From
this description, one sees that (7.1.10.1) depends on the embedding M — G only up
to G(F)-conjugacy.

7.2. The twisted transfer map

We recall the formalism of the twisted transfer map. We keep the notation and
setting of §7.1. We still let G be an arbitrary unramified reductive group over F'. Fix
a positive integer a and let F}, be the degree a unramified extension of F.

7.2.1. — We first recall some facts concerning Weil restriction of scalars.
Let R := Resp,/pG. Then R together with the Gal(F"'/F)-action on it

can be identified with [, @, on which the arithmetic Frobenius generator op
of Gal(F"*/F') acts by

or(Z1,...,%4) = (0p(22),...,0r(Te—1),0r(x1)).

We have a canonical isomorphism @/ = @7, , where /g, is formed with respect
to Gp, over the base field F, instead of F. This isomorphism is characterized as
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follows. Let S’ be a maximal Fy-split torus in G,. Then Resp, ;r S’ is an F-rational
torus in R, and its maximal F-split subtorus U is a maximal F-split torus in R. We
have
(ResFa/F Sl) Qp F, = H S’
LEGal(F, /F)

Let m : (Resg,/rS') ®F F, — S’ be the projection to the factor corresponding to
id € Gal(F,/F). Composing the inclusion map U < Resp,,r S’ (or more precisely,
its base change to Fy,) with m, we obtain a map Up, — S’, which is in fact an F,-iso-
morphism. The resulting isomorphism X, (U) — X,(S’) then induces the canonical
isomorphism @/r = g, .

Under the isomorphism @/ = o/, , suppose an element f’ € @/g corresponds
to f € g, . We would like to have a formula, in terms of f, for the evaluation of f’
at an element

(91,---+9a) @ oF € "R = ([[ G) = (o),
=1

where g1,...,9, are arbitrary semi-simple elements of G. (Here (oF) is understood
as either the unramified Weil group Wi or a sufficiently large finite quotient of it. In
all cases o is a generator.) Working through the definitions, we obtain the desired
formula as follows:

(7211) f/((gla s 7ga) A UF) = f(glU(QZ) e Ua_l(ga) A U%‘)'

Here, g10(ga) - - - 0% 1(ga) X 0% is an element of “(Gf, )" = G (0%), the unramified
Langlands dual group of G, formed with respect to the base field F, (so the Galois
part is generated by 0%), and hence we can evaluate f at this element.

7.2.2. — Cousider an endoscopic datum (H,H,s,n) for G. For simplicity, assume
that H = “H and s € n(Z(H)Tr); these assumptions will be met in our applications.
We assume that (H, g ,8,m) is unramified, meaning that the following two conditions
are satisfied:

1. The group H is unramified over F'. In particular, the action of I'r on H factors
through Gal(F"*/F).

2. The map 7 : LH — L@ is induced by an L-embedding “ H"™ — LG, Here “ H™
and G denote the L-groups formed with I, where I" is either the unramified
Weil group W or a sufficiently large finite quotient of it. In all cases we denote
by o the arithmetic Frobenius generator of I".

Let R = Resp, /r G. Define a homomorphism

i PH™ = H % (op) — 'R™ = (H é) X (oF),
i=1

by R
H>z+— (n(x),...,n(z)) %1,
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and
(7.2.2.1) 1xop+— (s n(op)ont,nlor)opt,...,n(or)opt) x op.
Let

7* : Clch(¥*R™)] — C[ch(*H"™)]
be the map induced by the pull-back along 7. As we have explained in §7.1.3, the
source and target of 7* are canonically identified with &g and 7y respectively. Also,
as in §7.2.1 we have @/r & @/, . We can thus view 7 as a map

ﬁ* : JZ/GFQ — JZ%H

We call this map the twisted transfer map. If we identify the two sides with H* (G F,)
and H"(H) respectively using the canonical Satake isomorphisms, we obtain a
map H"(Gp,) — H"(H) which is also called the twisted transfer map.

Lemma 7.2.3. — Let f € g, , and let x be a semi-simple element of H. Write
nxXop)®=2zx0o%, with z € G.
Then the evaluation of 1*(f) € oy at x x op € LH" is equal to
f(s7lz x o).
Here we have s~z € G, and sz x 0% is an element of “(Gp, )™ = G (o%), so we
can evaluate f at s71z x 0.

Proof. — Write y for n(z x op)0;1 € G. Let f' € or be the element corresponding
to f under &g = @, . We compute
i (f)@xor) = f'(i(zxor)=f((s"'yy,...,y) x o)
= f(styo(y) -0 (y) % oF)
= f(s'z x 0%).

Here the third equality follows from (7.2.1.1). O

Remark 7.2.4. — 1In the above definition of 77 we have taken advantage of the simpli-
fying assumptions H = “H and s € n(Z(H)'). For the definition in more general
situations, see [60, §7] or [51, §7.4]. Under our simplifying assumptions, the formula
(7.2.2.1) can also be replaced by

1Xop+— (tln(O'F)O'El,tQT](UF)O'El, e ,taT](O'F)O'El) X O

for any choices of t1,...,t, € n(Z(Ef)FF) such that tity---t, = s~1. In fact, such a
replacement does not change the conclusion of Lemma, 7.2.3. We have chosen t; = s~ 1
and t5 = -+ =t, = 1 for definiteness.

7.2.5. — As a special case of the twisted transfer map, consider the trivial endoscopic
datum (G, La,1, id) for G, which makes sense since G is quasi-split. Then we obtain
the so-called base change map

DGy, — Ya,
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also viewed as a map
HY(GF,) — HY(G).

7.3. Explicit description of the twisted transfer map

We now make the construction in §7.2 explicit for unramified special orthogonal
groups.

7.3.1. — We first make explicit the group &/ and the evaluation of its elements at
semi-simple @—conjugacy classes in G x OF.

We now keep the setting and notation of §5, specialized to the case where F' is a
finite extension of Q. In particular, G denotes SO(V') where V is a quadratic space
over F' of dimension d and discriminant §. As always we write m for |d/2|. Assume
that G is unramified over F'. By Proposition 1.2.8, if d is odd, or if d is even and
0 is trivial, our assumption implies that G is split. If d is even and ¢ is non-trivial,
our assumption implies that § has a representative in O/ O;’z, and that G is split
over F(a); here recall that o € F is a fixed square root of a fixed lift of § in F'*.

To simplify notation, for each positive integer n we define

(X1, ..., X,] = C[XTEL, ..., XFEL XS
(X1, ..., Xn] = CIX, ..., XF{FD) %60,

Here the group {#+1}" x &, acts on C[X' ..., X*!] as follows. The non-trivial
element of the i-th copy of {£1} acts by swapping X; and Xi_l, and G, acts by
permuting the n variables X1, ..., X, (and simultaneously permuting X;*,..., X 1).
As usual, ({£1}")’ is the kernel of the multiplication map {£1}" — {£1}. When
n = 1, by definition we have .o[X;] = C[X:F].

First assume that d is odd. Then G is split. Fix a Borel pair (T, B) in G. We then
get an isomorphism BRD(T, B) — BRD(7,B)Y from the L-group datum fixed in
§5.3. The right hand side is canonically identified with BRD(B,,,). Thus we get an

isomorphism X, (T) — Z™, and an isomorphism
o = CIXL (D = TP = (X, X,

which is independent of the choice of (T, B). If an element of &/ corresponds
to F(Xq,...,Xm) € oB[X1,...,Xm;m], then the evaluation of this element at
symdiag(t1,...,tm) X op € T x oF (see §5.2.1 for the notation) is given by F(t1,...,tn) € C.

If d is even and § is trivial, then G is still split, and similarly as in the odd case we
have a canonical identification

o = X, ..., Xm].

(This is true for m = 1 as well.) As in the odd case, the evaluation of an element of @z
corresponding to F(Xq,...,Xm) € #b[X1,..., X at symdiag(t,...,t,) Xorp € T Xop
is given by F'(t1,...,tm).
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Now consider the case where d is even and ¢ is non-trivial. Let S be a maximal split
torus in G, let T" be the centralizer of S, and let B be a Borel subgroup of G containing
T. We then get an isomorphism BRD(T, B) — BRD(7, B)" from the L-group datum
fixed in §5.3. The right hand side is canonically identified with BRD(D,,). We thus
get an isomorphism X,(7T) — Z™. Under this isomorphism, X,(S) = X,(T)'r
corresponds to the subgroup Z™~! x {0} = {(x1,...,2m_1,0) | x; € Z} of Z™, and
the Q(F)-action on X,(T) corresponds to the natural action of ({£1}") x &,,_1
on Z™, that is, the non-trivial element of the i-th copy of {1} acts by multiplication
by —1 on the i-th coordinate, and &,,,—1 acts by permuting the first m —1 coordinates.
We have natural identifications

R 0 L PP R S
Hence we obtain an identification
o = X1, ..o, Xm—1].

As in the previous cases, this identification is independent of the choices of S and
B. If an element of /; corresponds to F(Xi,...,Xm-1) € #B[X1,...,Xm-1],
then the evaluation of this element at symdiag(¢1,...,tm) X op € T X op is given
by F(tl, .o ,tm,]_).

7.3.2. — Let G be as in §7.3.1. In §5.4, we constructed representatives eq+ s+ g 5— of
the isomorphism classes of elliptic endoscopic data for G, where (d*,5%,d~,67) be-
longs to a set Py as in Definition 5.4.2. In order to ensure ellipticity, in the definition
of Py we have the condition that if d is even and at least 4 then neither of (d*,d™)
and (d~,67) is equal to (2,1). We now take a quadruple (d¥,56",d™,d7) satisfying
all the conditions in the definition of &y except the condition just mentioned. The
construction in §5.4 still applies to (d*,d%,d~, ) and yields an endoscopic datum

g+ 6+t,d—,6— = (H7 LHa Sﬂl)

for G, which may no longer be elliptic. In fact, the non-elliptic endoscopic data for G
arising in this way account for all the non-elliptic endoscopic data (up to isomorphism)
that can possibly appear as the localization of global elliptic endoscopic data, in the
case where G is the localization of a special orthogonal group over a number field.

Throughout we assume that d* # 0. We now assume that F' = Q,, and write o
for op. We keep assuming that G is unramified. As in §7.2.2, we assume that the
endoscopic datum eg+ s+ q- ¢- is unramified. In the odd case the last assumption
is automatic, and in the even case it implies that 6T and 6~ both have (unique)
representatives in Z /Z;’Q, in view of Proposition 1.2.8. It is easy to check that the
converse is also true. Note that Z /Zlf’2 =~ 7./27 as p is odd. Hence each of §,6%,85~
can take only two values: the trivial or the non-trivial element of Z,/ Z;f’z.

Fix a positive integer a. We still write F, for the degree a unramified extension
of F' = Q,. We now make explicit the twisted transfer map 7* : @, — “u defined
in §7.2.2. As always we write m for |d/2], and write m* for |d*/2].
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7.3.2.1. The odd case. — In this case, @/, is identified with @g[X1,..., X,,], and
Ay = g+ Qc Ay is identified with

beB[Zl, ceey Zm+] Kc JZ{B[Yl, - ,me],
which we identify with a C-subalgebra of C[Z{™,..., ZX1 Y™, ..., Y!]. Consider

mt?
an element

ty = (symdiag(ty,...,tn+),symdiag(uy, ..., Uy, -))
of the maximal torus 75 = Ty + X Ty - in H. We have
n(tg » o) = symdiag(uy, ..., Up—t1,.. ., tm+) X0 €T X 0.
Since o acts trivially on 7', we have
n(tg » o)* = symdiag(uf, ..., up, -, t7,...,ty ) x o,
s_ln(tﬁ x 0)® = symdiag(—uf,...,—us _,t7,..., 0 +) X o
Suppose f € g, corresponds to F(Xy,...,Xn) € @[X1,...,X;]. By Lemma 7.2.3,
the evaluation of 77*(f) at t5 % o is equal to
F(—uf,...,—ud _,t3,...,t2 1).
Thus the map 77* is explicitly given by
B[ X1, .o, X — B[ Z1,. ..y Zp+| Qc B[Y1, -y V-]
F(X1,...,Xm)— F(-Y,...,=Y2_ [ Z¢, ..., Z% ).
7.8.2.2. The even case, with trivial 6T and trivial 5~. — In this case, ¢ is also trivial

since § = §t5~. We have
Dap, = [X1,. ., Xm],
and
Gy = g+ Qc Y- = |21y Zm+] c D[Y1, - Y]
By similar computation as in §7.3.2.1, we find that * is explicitly given by

ﬂD[Xl,...,Xm] —_ ﬂD[Zl,...,Z"ﬁ] Rc %D[Yl,...,ym—]

F(X1,...,.Xpn)— F(=Y", ..., =Y Z¢, ..., 25 1).
7.8.2.8. The even case, with non-trivial 67 and trivial 6~. — In this case, ¢ is non-

trivial in Z /ZX*?. It is a square in F,* if and only if a is even. Thus we have
o JapXa, ., X, if a is even,

DGy, = .

X1, .., Xm-1], if ais odd,

and
MH = MH‘F ®(C MH_ = %B[Zl’ sy Zm+—1] ®(C dD[Yly e )Ym_]'
Consider an element

ty = (symdiag(ty, ..., ty+),symdiag(us, ..., uy-)) € T = Ty+ X Ty -.
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Since §~ is trivial, o belongs to the first case in (5.4.3.2). Hence

n(tg x o) = symdiag(uy, ..., Uy-,t1,...,tm+) X0 €T X 0.

147

Now the action of o on 7 sends symdiag(z1,...,%m,) to symdiag(x1, ..., Tm_1,T,);

cf. §5.3.2. We introduce the notation

_(=DHt4a

7.3.2.1 o
( ) v 2

Hence
n(tg x 0)* = symdiag(uf, ..., up -, t7,. .., by _1,t% ) x 0%,
s_ln(tﬁ X 0)" = symdiag(—uf,...,—up, ,t7,...,t0 4, t/% ) X 07,
7.3.2.3.1. Suppose a is even. — Suppose f € g, corresponds to
F(Xy,...,.Xn) € b X1, .., Xm]-
By Lemma 7.2.3, the evaluation of 77*(f) at t5 x ¢ is equal to
F(—uf,...,—up 0, ... t0 1, 1).
Thus the map 77* is explicitly given by
X1,y X — [ 21, o, Zpr—1] O D[Y1, -+, Yin-]
F(X1,...,Xp)— F(-Y*,...,=-Y o Z%,...,Z8+_1,1).
7.3.2.3.2. Suppose a is odd. — Suppose f € g, corresponds to
F(X1,...,Xm-1) € B[X1,..., Xm-1]
By Lemma 7.2.3, the evaluation of 77*(f) at t5z x ¢ is equal to
F(—uf,...,—ud _,t$, ...t ).
Thus the map 7* is explicitly given by
X1,y Xm—1] — B[ 21, Zpr—1] Qc D[V, .-y Y- ]
F(X1,..., X)) — F(-Y",..., =Y _Z},.. ., Z3 ).

7.8.2.4. The even case, with trivial 5T and non-trivial §~. — In this case, § is non-

trivial. We have
~ B[ X,y Xl if a is even,

G = {MB[Xl,...,Xml], if a is odd,
and
Gy = S+ Qc G- = B[ 21, .., Zm+] Qc BIY1, .-, Y- _1]-
Consider an element
ty = (symdiag(ty, ..., tn+),symdiag(uy, ..., up-)) € Ty = Ty+ x Ty -.
Since §~ is non-trivial, we are in the second case in (5.4.3.2). Hence

Nty x o) = symdiag(uy, ..., Uy, t1,.. ., tym+) S X0 € Lgur,
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where S is the permutation matrix switching é,,- and é;_,,- 11, and switching é,,
and é,,11. The conjugation action of S x o on 7 is given by

. . 1
symdiag(z1, ..., Tm) — symdiag(21, ..., Tpm-1,T, = g1y > Tm)-

Moreover, (S x 0)* = 5% x 0%, and S is of order 2. Therefore, with the notation
(7.3.2.1), we have

—1 a . a a Va a a Va a
sTn(tg x 0)* = symdiag(—uf, ..., —up, - _y, —ure  t7, ..., b0 ) - SY x ot

If a is even, the above element lies in 7 x¢o®. If a is odd, the above element is conjugate
by some g € G to the element

s a a a a a a a
symdiag(—u$,. .., —up_ _j,to 10, e, Uy ) X 0% €T X ot

For instance, one can take g to be the permutation matrix in G switching é,,- and

m- +ms
€m+1-

=g, (Sxo%)g=gx0o% and

ém and switching é;_,,,- 11 and (—1)
Indeed, we have g~ !

g- Symdiag(_ulllv SERE) —U%—_la _um_,tllla s 7t$n+) g
= Symdiag(_utllv LR _u%l—_p gn-%—a (11» ce at;ln+_17 — U - )
7.3.2.4.1. Suppose a is even. — Suppose f € g, corresponds to

F(Xy,...,.Xn) € b X1, .., Xm]-
By Lemma 7.2.3, the evaluation of 77*(f) at t5 % o is equal to
F(—uf,...,—up -, —1,87,...,t0 ).
Thus the map 77* is explicitly given by
[ X1, s Xm]) — |21,y Zp+ ] Qc DB[Y1, -, Yi-1]
F(Xy,...,Xp)— F(-Y",...,= Yo |, —1,Z%,...,Z 1).
7.3.2.4.2. Suppose a is odd. — Suppose f € g, corresponds to
F(X1,...,.Xm-1) € B[X1,..., Xm-1]
By Lemma 7.2.3, the evaluation of 77*(f) at t5z x ¢ is equal to
F(—uf,...—up 4, t0 o 1, b ).
Thus the map 77* is explicitly given by
W[ X1,y Xm—1] — B[ 21, ..., Zp+] @c HB[Y1, .-, Yi-1]
F(Xy,...,Xpn1)— F(-Y{,...,-Y2 N/ AN I

m——11 Lm+s
7.8.2.5. The even case, with non-trivial 5 and non-trivial 6~. — In this case, ¢ is
trivial. We have
dGFa NP, ST, ¢
and
Ay = A+ Qc Py- = |21, .., Zm+_1] Oc DB[Y1,. .., Y- _1].
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Consider an element
ty = (symdiag(ty,. .., t,+),symdiag(ui, ..., um-)) € T = Ty+ X Ty -.
Since §~ is non-trivial, we are in the second case in (5.4.3.2). Hence
Nty x o) = symdiag(uy, ..., Uy, t1,.. ., tm+) S X0 € Lgur,

where S is the permutation matrix switching é,,- and é;_,,- 11, and switching é,,
and é,,,1. Since J is trivial, the action of o on G is trivial. We know that S? = 1, and
the conjugation action of S on 7 is given by
symdiag(z1,...,Ty) — symdiag(zy,...,Tm-1, x;ll, T 1y Tmo1, T )

Hence with the notation (7.3.2.1) we have

siln(tﬁ x 0)* = symdiag(—uf, ..., —up -y, —u et .. th gt ) - SV xo®.
If a is even, the above element lies in 7 x ¢%. If a is odd, we claim that the above
element is G-conjugate to

symdiag(—u{,...,—up 1, —1,t7,.. . th 4+ 1, 1) xo® €T xo.
To show the claim, it suffices to show that symdiag(z1,...,Zm—, Y1, -+, Ym+) + S is

@—conjugate to symdiag(x1, ..., Zm-—1,—1,Y1,- -+, Ym+_1, 1) for arbitrary z;,y; € C*.
Let J be the special orthogonal group of the 4-dimensional quadratic space
span{€,,-, ém,; €m+1,Eq4_m-+1} over C. We write elements of J as 4 x 4 matrices
using the given basis. We identify J as a subgroup of @, by letting elements of J
act trivially on é; for all i ¢ {m~,m,m +1,d —m~ + 1}. Then S € J, and the 4 x 4
matrix of S is

1

1
Let U and K be elements of J whose 4 x 4 matrices are symdiag(z,,-,ym,+) and
symdiag(—1,1) respectively. Now since US is semi-simple (as can be easily seen
in GLy4), it must be conjugate in J to some element of the diagonal maximal
torus {symdiag(a,b) | a,b € C*} in J, which must be either K or —K by considering
the characteristic polynomial. But K and —K are actually conjugate in J. Hence
US is conjugate to K in J. Now inside G we have

Symdiag(mla ey T =5 Y1y -0y ym*)s
= Symdiag(xla sy Tm——1, ]-)yla sy Ymt -1, 1)U‘Sa
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and symdiag(z1,...,Zm-—1,1,Y1,-- -, Ym+—_1,1) commutes with 7. Hence the above
element is G-conjugate to

symdiag(ml, sy Tmm——15 ]-)yla cey Ymt—1, 1)K
= Symdiag(xla sy Tm——1, _17y1» sy Ymt -1, 1)7
as desired. Our claim follows.

Now suppose f € g, corresponds to F(Xy,...,X,) € @p[Xi,...,Xn]. By
Lemma 7.2.3 and the above claim, the evaluation of 7*(f) at t5 x o is equal to

F(—u®, ... —u® | =1t . %, 1)

for both parities of a. Thus the map 7* is explicitly given by
JZ{D[)(l) s 7Xm] — Q{B[Zla R Zerfl] ®c JZ{B[lea s 7Ym*1]

F(Xq,...,Xn)— F(-Y", ..., =Y, —1,2Z¢,...,Z7+_4,1).
7.3.3. — In the following, we collect the explicit description of 7* in all the cases

obtained in §7.3.2.
7.8.3.1. The odd case. — We have
.Q/B[Xl, .. ,Xm] —_— ﬂB[Zl, ey Zm+] Kc JZ{B[Yl, e ,Ym—]

F(X1,...,.Xn)— F(=Y", ..., =Y _Z¢,..., 25 1).
7.8.8.2. The even case, with trivial 617 and trivial §~. — We have
,!ZVD[Xl, R ,Xm] — ,SZVD[Z;[, e ,Zm+] ®c ,SZ%D[Yl, R ,me]
F(X1,...,Xn)— F(-Y",...,=Y2_Z}, ..., Z% ).

7.8.8.8. The even case, with non-trivial 6T and trivial 5~
7.3.3.3.1. Suppose a is even. — We have
[ X1y, Xm] — B[ 21,y Lt —1) Oc DD[Y1, -y Y- ]
F(Xq,..., X)) — F(-Y",...,-Yo _ Z%,...,Z% _1,1).
7.3.3.3.2. Suppose a is odd. — We have
X1,y Xme1] — H[Z1, .- s Zpr—1] Qc D[V, .-y Y- ]
F(X1,...,. X)) — F(=Y", ..., =Y 28,20 ).
7.8.8.4. The even case, with trivial 67 and non-trivial 5~
7.3.3.4.1. Suppose a is even. — We have
[ X1, s Xm]) — |21, ..., Zp+] Qc HB[Y1, - -, Yi-1]
F(Xq,...,Xm) — F(-Y¢,...,-Y2 -1,2¢,...,Z2 ).

y T dm——1»
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7.3.3.4.2. Suppose a is odd. — We have
[ X1y, Xmo1] — D[ 21, s Zp+| @c DBV, -, YVin-1]

FX1,...,.Xmo))— F(-Y",..., =Y | Z8  Z¢,..., 2 ).
7.8.8.5. The even case, with non-trivial 57 and non-trivial 6—. — We have

D[ X1,y s Xm) — IB[Z1, .., Zp+—1] Qc DB[Y1, ..., Yi-1]

F(Xq,...,Xm)— F(=Y", ..., =Y, —1,2¢,...,Z+_4,1).

7.4. Computation of twisted transfers

7.4.1. — We keep the setting of §7.3.1, assume that F' = Q,, and import the con-
structions and notations in §§5.5.2-5.5.3. In particular, we fix W, r, ¢, and a hyperbolic
basis By, . of W+, and from these data we obtain a Levi subgroup M C G (defined
over Q). Since G is by assumption unramified over Q,, so is M.

Let p = (d*,8%,d™,67) be a quadruple satisfying all the conditions in the def-
inition of the set Py, except that even when dim W is even and at least 4 we
still allow (d¥,6%) = (2,1) or (d~,6~) = (2,1) (or both); cf. the discussion at the
beginning of §7.3.2. Let A be a subset of [r] and B be a subset of [t]. Although
(A,B,d*,6%,d™,07) is more general than an element of &, x’ Py as in Defi-
nition 5.5.4, the construction in §5.5.6 still applies to it and yields an endoscopic
G-datum for M :

eanp =M "M sy,nu),
which may no longer be bi-elliptic. Also, we obtain an endoscopic datum for M :

ep(M) = e g+ a5~ (M) = (M', " M’, sy, 1ar)
and an endoscopic datum for G:

Cdt 2| A|+4|B|,6+ d- +2Ac|+4|Bel,5- = (H,“H,s,m),
both of which are possibly non-elliptic (due to the possible appearance of (2,1) in the
subscripts). Note that the last two endoscopic data are unramified if and only if both
6% and §~ have even p-adic valuations. (In the odd case this is automatic.) In the
following we assume that this is the case.
Fix a positive integer a. As in §7.2, we have the twisted transfer map induced by
the unramified endoscopic datum (H, Ly, s) for G:

b:H"(Gg,.) — H™(H).

Let p be the cocharacter of G such that the G,,-action on V via p has weight 1
on fi € By ., weight —1 on fy,12;) € By 1, and weight zero on the orthogonal
complement of these two vectors. Thus u is given by

Gy — G7 x GLY 222D, somwt) — @
ZP—>(Z,].,...,].,I2,...,I2)
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if » > 0, and is given by

G — GL, 22D somwty — @
z — (diag(z,1),Io,...,I2)
if r =0. Let
fop € H™(Go,)
be as in Definition 7.1.6, with F' = Qp« and A = —p. Define
P = b(f-) € W ().

The construction in §5.5.9 still applies to the current slightly more general situation
(with the possibly non-elliptic data). Hence M’ is identified with a Levi subgroup of H
(up to H(F)-conjugation). We have the canonical constant term map (see Proposi-
tion 7.1.10):

(Ve HY(H) — H™(M).
In the following we describe (fH)y.

Recall from §5.5.2 that M = ML x M5O where M S is identified with G7, x GL

via (5.5.2.1), and MS© = SO(W). The maximal split torus in MS" given by the

product of G}, with the diagonal tori in the copies of GLj is naturally identified
with G72t. Correspondingly, the algebra .«7y;c1 is naturally identified with

Cii ®c -+ &c CleF! ®c CI¢EY, %2 ®c - - - ®c C¢EL 1, 6512,

(Here &5 acts on each (C[Cji, Cﬁ_l] by swapping (; and ¢;+1.) In the sequel we shall view
elements of the above algebra, such as (; + (2, as an element of .@%;c1. or H™ (MEL).
We have M’ = MGL x M"5© (see §5.5.6), and correspondingly we have

Hur(M/) _ Hur(MGL) ®c Hur(M/,SO)-
We retain the notation V;(-) as in Definition 5.5.5.

Proposition 7.4.2. — The element p®C=D/2(fH) 1, € HY(M') is of the form
KA, B ®1+1@h,

with k(A, B) € H™(MCY) and h € H"(M"SO). The element h depends only on the
parameter p = (d,8%,d™,67), not on (A, B). The element k(A, B) is given by

t
k(A, B) = Zv (A)EF+E) + D V(B + Gy + 685 + G5

j=1

Proof. — Write F, for Qpa. Fix a maximal Fi-split torus S in G,. In this proof we
omit notations for the Satake isomorphisms. We use Theorem 7.1.5 to compute (the
Satake transform of) f_,,. We have (p, (—tt)dom) = (d — 2)/2, and so

PP = YT N eCX(9)"P) = g,
AEQ(F)-(—p)
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by that theorem. Let m = |d/2] be the absolute rank of G. As in §7.3.1, @, is
identified with one of the three algebras

JZ{B[)(l""a)(m]a JZ{D[)(lv"-a*Xv'm]a JZ{B[)(ly"'7)(777.—1]-
Correspondingly, we have

X+ X7 X+ X e[ X, X,

prPD2f =X+ X X 4+ X2 € [ X, X,

X+ X7 X + X € B[ X, X
For any positive integer [, we introduce short-hand notations
V] = BY1,..., Y], V] == bV, .., Y],
2] = |2, ..., 2], 2] = b2, ..., Z1),
and
l l
VE=) Y4l Zp=> Z0+ 27"
i=1 i=1

We then compute, according to §7.3.3, that (the Satake transform of) p*(2—4)/2fH
in @7y is given by:

(7.4.2.1)
—VO 40 € ] ® [V, d odd
Vo _+ 2%, € Bp[Z,+] @ [ Vim-] deven,dt =6" =1,
Vo420, 1+ (1) € B2+ 1] @ D[ V-], deven,dt #1,67 =1,
=YV + 20 —1—(-1)* € @p|Z,+] @ B[Vn-1], deven, 6t =1,0" #1,
SV 4 E € [ Eme 1] ® SV, d even, 5+ £1,6- # 1.

Recall that M5O = SO(W*) x SO(W~). Write n* for the absolute rank
of SO(W). Similar to @7+, we identify 0w+ With one of
MB[ZnJr]v "Q%D[Zrﬁ]’ %B[Zn+,1],

in the odd case, in the even case with 7 = 1, and in the even case with §* # 1
respectively. Similarly, we identify 50w -) with one of

JZ7B[yn*]v JZ{DD)TL*]? JZ{B[ynffl]a

in the odd case, in the even case with 6~ = 1, and in the even case with 6= # 1
respectively. The constant term map /g — @7 is of the form

B2+ @ [ Vim-] = Hpror @ HB[Z,+] @ BB[V,-],

D[ Zm+] ® [ Vim-] — e @ p[Z,+] @ V-],

D[ 2+ 1] @ W[ Vim-] = Hyrer @ | Zn+_1] @ [ Va1,

o[ 2+ ] ® g[Vin-1] = Fpror @ Dp[Zn+] @ Fa[Vn-1],

A Z e+ 1] ® B[ Vin—1] = Fagor ® F[Zn+ 1] @ [ V-1,
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where the division into the five cases is the same as in (7.4.2.1). In each case, using
Lemma 7.1.9, we see that the map is determined by the following rule: Write

A={iy,... i}, A°= {1, .. ir—u},
B = {jl)""jv}v B¢ = {317"'73t—v}'

We send Zi,...,Z, to &,...,&,, send Y1,...,Y,, to & ,...,&§ , send
Zu+1, ceey Zu+2U to

C2j1—1’ C2j1 ) C2j2—17 Csza ceey <2j1,—1a C2j/,,7
send Yr—u-ﬁ-la tee Y;—u—i—2t—2v to
Coji—15Ga7rr C2ja—10 Cafar -+ GaFey— 19 C2j,
send the remaining Z;’s to Z1, Zs, ..., and send the remaining Y;’s to Y1, Y5, ... From

this description of the constant term map and the previous computation (7.4.2.1)
of p?2=d/2 fH "we see that p2(2=D/2(fH) 1, € H™(M') is of the form

kE(A,B)®1+1®h,
where k(A, B) is given as in the statement of the proposition, and

h € Dsow+) ® Dsow-)

is given by
—Vi + 20, € Ap[Z,+] Q@ BV,
Vo + 2%, € p|Z,+] @ B Vn-],
=Yoo+ 20+ 14 (1) € B2, 1] @ D [Va-],
Ve 4+ 2% —1— (1) € @p[Z,+] ®@ DB[Vn-1],
V-1t Zniq € D[Zp+ 1] © [ V-1l
in the five cases as before. Clearly h depends only on p, not on (A, B). O

ASTERISQUE 453



CHAPTER 8

STABILIZATION

8.1. Standard definitions and facts on Langlands-Shelstad transfer

8.1.1. — For any field F' of characteristic zero and homomorphism I — J of algebraic
groups over F', we write
D(I,J; F) := ker(H'(F,I) — H'(F, J)).

Now let F' be a non-archimedean local field of characteristic zero, and G a reductive
group over F. We recall the definition of x-orbital integrals in the fashion of [66, §2.7].
Let v € G(F) be a semi-simple element, and write I, for (G,)°. Recall from [66, §2.3]
that there is a natural surjection from ® (I, G; F') to the set of conjugacy classes in
the stable conjugacy class of -y, which is a bijection if I, = G.,. We have a short exact
sequence of pointed sets

(8.1.1.1) 1 — I(F)\G(F) — H(F,I,\G) — D(L,,G; F) — 1,
and a natural map (see [66, §1.8])
H'(F, 1,\G) — HY, (F,L,\G),

where HYy (F,I,\G) is a locally compact topological abelian group. Denote
by &(I,,G; F) the Pontryagin dual group of Ho, (F, I,\G). ®

Choose Haar measures on I,(F) and on G(F'), and equip D(I,,G; F) with the
counting measure. Then the short exact sequence (8.1.1.1) defines a measure dz
on H(F,I,\G); see [66, §2.7]. For f € C°(G(F)) and k € &(L,,G; F), define the

k-orbital integral

0% (f) == / eIy 1.0)() () de,
©€HO(F,I,\G)

where e(I,-1.,) is the Kottwitz sign of I,-1,, (see [66, Def. 1.7.1]). Also define the
stable orbital integral

SO,(f) = 05(f)-

1. Under the assumption that F is non-archimedean, £(I,G; F) is isomorphic to the group
R(I,/F) defined in [58, §4.6].
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Remark 8.1.2. — We give a more concrete description of O%(f).
For each [z] € D(I,,G; F), fix an element z € G(F) mapping to [z] under the
composite map
G(F) — H°(F,L,\G) — D(I,,G; F).
Then v, = z~'yz is in G(F) and Int(z) induces an inner twisting I, — I, . In
particular, the Haar measure on I, (F') transfers to a Haar measure on I,, (F'). Using
this and the fixed Haar measure on G(F'), we define the orbital integral

0.1 = [ S 9a).
T€ Ly, (FO\G(F)

o5(f)= " Y. elly,)r(z)04, (f).

[m]eg(I’WG;F)

Then we have

8.1.3. — Fix an inner twisting ¥ : G — G* with G* quasi-split, and fix an L-group
datum for G, as in [76]. Let (H,H, s,n) be an endoscopic datum for G. For simplicity,
we assume that H = “H (cf. the discussion in §5.4.1). The notion of when a semi-
simple element vy € H(F') (not necessarily G-regular) is an image of a semi-simple
element v € G(F) is defined in [77, §1.2].

Under the additional assumption that G9°* is simply connected, Langlands-
Shelstad [77, §2.4] have defined transfer factors for (G, H)-regular elements. Thus
after fixing a normalization we have a number

A(ym,v) €C,

for each semi-simple (G, H)-regular vg € H(F) and each semi-simple v € G(F).
Moreover, A(vyg,v) depends on g (resp. ) only via its stable conjugacy class
(resp. conjugacy class) over F, and we have A(vg,y) = 0 unless vy is an image
of .

Since we have assumed that H = “H, we can in fact define A (v, ) for (G, H)-reg-
ular vy without assuming that G9¢ is simply connected. In the more restrictive
G-regular case, this is done in [76]; below we explain the (G, H)-regular case. For
this, consider a z-extension 1 — Z — G; — G — 1. This determines a central ex-
tension 1 — Z — Hy — H — 1 as in [76, §4.4]. As explained in loc. cit., we have a
homomorphism 7; : LH1 — LG1 such that (Hl,Lﬂl,s,nl) is an endoscopic datum
for G;. The restriction of 7; to I-/fl is canonical, but 7; itself is canonical only up to
twisting by a cocycle in the center of f/I\l In our current situation (with H = Ly ),
we can take n; such that the diagram

(8.1.3.1) ) ; e

.
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commutes, where the vertical arrows are the natural ones associated to Hy — H
and G; — G. This pins down 7; canonically. We then define A(yg,~) to be zero
if vy is not an image of v, and otherwise to be A(yg,,71) where vy, € H;(F)
(resp. 71 € G1(F)) is a lift of vy (resp. ) such that vy, is an image of 7;, and
A(vH,,7v1) is defined with respect to the endoscopic datum (Hl,LHl,s,m) for G
as in [77, §2.4]. In the latter case, the pair (ym,,71) always exists, and is unique
up to simultaneous translation by Z(F'). To show that this definition of A(yg,7) is
independent of the lifts, it suffices to check that A(zvgy,,271) = A(yg,,71) for all
z € Z(F). For this it suffices to treat the case where ~yy, is strongly G;-regular. Then
the desired statement is proved on p. 254 of [76] (with A = 1). One can also check
that the above definition is independent of the choice of the z-extension G;. For this,
using the standard fact (see [55, Lem. 1.1]) that any two z-extensions of G can be
dominated by a third z-extension, one is reduced to checking that when G9°" is simply
connected, for strongly G-regular vy € H(F'), the definition of A(yg,7y) as above
(i.e., A(ym,7) := A(ym,,v1) with a given z-extension G and with 7; pinned down as
above) agrees with the original definition of A(vyg,) in [76]. This is a routine exercise
which involves checking suitable functorial properties of all the terms Ay, ..., Ajy in
loc. cit.

The Langlands-Shelstad Transfer Conjecture and the Fundamental Lemma are
now unconditional theorems thanks to the work of Ngo [92], Waldspurger [119, 120],
Cluckers-Loeser [29], and Hales [38]. We recall these statements in the following the-
orem @, taking into account the extension to (G, H)-regular elements in [77, §2.4].

Theorem 8.1.4. — Let G be a reductive group over a non-archimedean local field F' of
characteristic zero. Let (H, Ly, s,m) be an endoscopic datum for G.

(1) (Langlands-Shelstad Transfer.) Fiz a normalization of the transfer factors, and
fix Haar measures on G(F) and H(F). For any f € C°(G(F)), there exists
fH € C*(H(F)), called the Langlands-Shelstad transfer of f, with the following
properties: For any semi-simple (G, H)-regular vy € H(F'), we have

0, vy 18 not an image from G,

Hy _
(8.1.4.1) SO, (f7) = {A(7H77)Ofy(f)’ ~vE is an image of v € G(F)gs.

In the second situation of (8.1.4.1) we have the following explanations.

— The component s in (H,“H, s,n) defines an element of R(I,,G; F) still
denoted by s, and we use that to define Oy,

— We define SO, (f) and O3(f) using the fized Haar measures on G(F)
and H(F) and compatible Haar measures on G(F) and HY, (F).

2. We state only the Fundamental Lemma for the unit element of the unramified Hecke algebra.
The references [92], [120], and [29] give this result for characteristic zero local fields with sufficiently
large residue characteristic. In [38] it is shown that the Fundamental Lemma for the unit for all
sufficiently large residue characteristic is enough to imply the Fundamental Lemma (for the full
unramified Hecke algebra) for characteristic zero local fields with arbitrary residue characteristic.
See also [79].
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(2) (Fundamental Lemma.) Suppose G and (H, " H, s, 1) are unramified (see §7.2.2).
Normalize the Haar measures on G(F) and H(F) such that all hyperspecial
subgroups have volume 1. Let K (resp. Kg ) be an arbitrary hyperspecial subgroup
of G(F) (resp. H(F)). Then 1k,, is a Langlands-Shelstad transfer of 1x as in
part (1), for the unramified normalization canonically associated to K of transfer
factors defined in [37].

(3) (Adelic Transfer.) Let Go be a reductive group over a number field Fy and let
(Ho, LH,, S0,M0) be an endoscopic datum for Go over Fy. Suppose there is a fi-
nite set X of finite places of Fy and a reductive model G of Gy over Op,[1/X] such
that for all finite places v of Fy outside X the endoscopic datum (Hy, LHy,, so, 7o)
localizes to an unramified endoscopic datum over Fy,, and the transfer factors
between Hp, , and GF,, are normalized under the canonical unramified nor-
malization associated to G(OF, ). Let S be the union of ¥ and the set of all
archimedean places of Fy, and let Afb denote the adeles over Fy away from S.
For any f € CZ(Go(A%,)), there emists fH € C(Ho(A3,)) such that the
A%ﬂ -analogue of (8.1.4.1) holds. Here the notion of an adelic (Go, Hp)-regular
element is defined in [60, §7, pp. 178-179], and all the orbital integrals are defined
with respect to adelic Haar measures.

Remark 8.1.5. — Part (1) of Theorem 8.1.4 appears to be stronger than the original
form of the Langlands-Shelstad Conjecture in two ways. Firstly, the original conjecture
is about transferring functions on G to functions on a central extension H; of H.
More precisely, fix a z-extension 1 - Z — G; — G — 1 and obtain H; as in
§8.1.3. For a choice of 7y : “H; — “Gy (recall that M| is canonical), the conjecture
concerns transferring functions in C°(G(F)) to functions in C(H1(F), ). Here A is
a character on Z(F') determined by 1, and C°(H;(F), \) denotes the set of functions
in C*°(Hy(F)) that transform under Z(F') by A and whose supports are compact
modulo Z(F). Now under our assumption that H = LH, we may and shall pin down
71 as in §8.1.3, and then A = 1. In view of the definition of the transfer factors discussed
in §8.1.3, we know that under the natural bijection C°(H,(F),1) — C®(H(F)),
a Langlands-Shelstad transfer of f € C(G(F')) to C°(H1(F),1) in the original
sense corresponds to a Langlands-Shelstad transfer of f to C2°(H (F)) in the sense of
Theorem 8.1.4.

Secondly, in the original conjecture the identity (8.1.4.1) is only required to hold
for all G-regular vg. In [77, §2.4], Langlands-Shelstad prove that this indeed implies
(8.1.4.1) for all (G, H)-regular vy, under the assumption that G is simply con-
nected. In view of the last paragraph, we know that this implication is still valid
without assuming that G9°¢* is simply connected (but always under the assumption
that H = “H).

Similar remarks also apply to part (2) of Theorem 8.1.4.
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8.2. Calculation of some invariants

In this section let G be the special orthogonal group of an arbitrary quadratic space
of dimension d > 2 over Q. Let m := |d/2].

Proposition 8.2.1. — Assume that G is not the split SOy. Then the Tamagawa num-
ber 7(G) = 2.

Proof. — By [57, (5.1.1)] and Weil’s conjecture on Tamagawa numbers proved in [59],
we have

(8.2.1.1) 7(G) = ‘WO(Z(@)FQ)

/’kerl((@, 2@

First assume that d > 3. Then Gisa symplectic group of rank at least 1 or an even
orthogonal group of rank at least 2, so Z(@) & yy. In particular, ker' (Q, Z(@)) =0by
Chebotarev’s density theorem. On the other hand mo(Z(G)'?) = Z(G) has cardinality
2. Hence 7(G) = 2.

Now assume that d = 2. Since G is not split, it is isomorphic to the norm-1 subtorus

of Resk /g Gy, for some quadratic extension K/Q. We have Z(é) =G = C*. The
action of I'gp on Z(G) factors through Gal(K/Q), and the non-trivial element
of Gal(K/Q) acts by z — 2~!. Hence Z(G)e = {£1}. On the other hand,
kerl(Q,Z(@)) is the dual group of the finite abelian group ker'(Q,T) by [57,
(3.4.5.1)], and the latter is trivial by the Hasse norm theorem (cf. [97, pp. 307-308]).

Hence 7(G) = 2. O
Definition 8.2.2. — Let H be reductive group over R assumed to contain elliptic
maximal tori. Define

k(H) := |im(H"(R,T5¢) — H'(R, T.))|,
where T, denotes an elliptic maximal torus in H and T5€ denotes the inverse image

of T, in HSC. Since all elliptic maximal tori in H are conjugate under H(R), k(H) is
well defined.

Proposition 8.2.3. — Assume that G contains elliptic mazimal tori. Then k(G) = 2m1.

Proof. — If d = 2, then Gy is a torus, so obviously k(G) = 1. In this case m = 1, so
the proposition is true. Now assume that d > 3. Let T, be an elliptic maximal torus
in Gg, which is in fact anisotropic. As argued in the proofs of [90, Lem. 5.4.2] and
[91, Lem. 5.2.2], we have ®

—~T ~
K(G) = |mo(T2 )|/ |mo(2(E)"~)]
3. In loc. cit. it is stated that

lim(H (R, T. N G97) — H(R,T.))| = )ﬂo(ﬁrw)‘ / ’no(Z(é)Fw) ,

and in that context G9¢* is simply connected. For the correct generalization, one replaces the left
hand side by k(G).

SOCIETE MATHEMATIQUE DE FRANCE 2024



160 CHAPTER 8. STABILIZATION

We have mo(Z(G)'~) = Z(G) = 7Z/2Z, and since T. = U(1)™ we have
T
mo(Te ) = (Z/2Z)™. Hence k(G) = 2™~ L. O
Recall that GL; r contains elliptic maximal tori precisely when j =1, 2.
Proposition 8.2.4. — For any j > 1, 7(GL;) = 1. For j =1,2, k(GL;r) = 1.
Proof. — For j > 1, Z(éij) = C*, on which I'g acts trivially. Hence
m0(Z(GLy)"®) = m(C*) = 1,
and .
ker'(Q, Z(GL)) = 1
by Chebotarev’s density theorem. Thus 7(GL;) = 1 by (8.2.1.1). Since GL;r is a

torus, we have k(GL; r) = 1. Any elliptic maximal torus T, in GLg is isomorphic
to Resc/g Gm, and H' (R, T.) is trivial by Shapiro’s lemma. Hence k(GLog) = 1. O

Corollary 8.2.5. — Let M be a Levi subgroup of G defined over Q. Let M’ be the group
mn a bi-elliptic endoscopic G-datum for M. Let H' be the induced endoscopic group
for G. Assume that M is not a direct product of copies of GLy and GLy over Q, and
assume that all four R-groups Gr, Mg, My, Hg contain elliptic mazimal tori. Then
we have

7(G) T(M") _ k(H) k(M)
T(H) 7(M)  k(G) k(M)

Proof. — We have M = MSGT x M5©, where MCT is a product of copies of GL; and
GLy, and M5O is a special orthogonal group which is not the split SO, over Q. Then
M’ is either a direct product of MY with one special orthogonal group Sy of the
same parity and absolute rank as M5O, or a direct product of MG with two special
orthogonal groups Si, S, of the same parity as M5° whose absolute ranks add up to
that of MS©. In both cases, none of S; is the split SO over Q since M’ is an elliptic
endoscopic group for M.

In the first case, H is a special orthogonal group of the same parity and absolute
rank as G. By Proposition 8.2.1 we have 7(G) = 7(H) and 7(M) = 7(M'). By
Proposition 8.2.3 we have k(G) = k(H) and k(M) = k(M'). The desired identity
holds.

In the second case, H is a direct product of two special orthogonal groups H;, Ho
whose absolute ranks mi,mg add up to that of GG, and neither of the two is the
split SOy over Q since H is an elliptic endoscopic group for G. By Proposition 8.2.1
and the multiplicativity of 7(-) with respect to direct products, we have 7(G) = 2,
T(H) = 7(Hy)T(Hz) =4, and

T(M') = T(Sl)T(Sg)T(MGL) = 47'(MGL) = ZT(MSO)T(MGL) = 27(M).

Hence the LHS of the desired identity is 1. By Proposition 8.2.3 and the multiplica-
tivity of k() with respect to direct products, we have

kE(G) =2m"1 =2.2m~tom2—l — 9k (H)k(H,) = 2k(H),
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and similarly
k(M) = k(MS")k(M5®) = 2k(M")k(S1)k(S2) = 2k(M").
Hence the RHS of the desired identity is also 1. O

8.3. The simplified geometric side of the stable trace formula

We recall the definition of the simplified geometric side of the stable trace formula,
applicable to test functions which are stable cuspidal at infinity. This stems from
Kottwitz’s work in his unpublished notes. Our exposition follows [90, §5.4]. More
discussion on the relationship between the simplified geometric side given here and
the “usual” stable trace formula appearing in Arthur’s work is given in §9.1 below.

Definition 8.3.1. — Let M be a reductive group over R containing elliptic maximal
tori. Fix a Haar measure on M(R). Let M be the inner form of M over R that is
anisotropic modulo center (which exists by our assumption on M). Define

9(M) := e(M) vol(M (R)/Ax(R)°),
where e(M) is the Kottwitz sign of M, M(R) is equipped with the Haar measure
transferred from that on M(R), and A/ (R)° is equipped with the canonical Haar

measure obtained by choosing an R-algebraic group isomorphism ¢ : Ay — G?,
and pulling back the Lebesgue measure along the composite isomorphism

log ¢ : Apr(R)® 5 (Rog)r 220 o820i g

(This measure on A (R)° is indeed canonical since a different choice of ¢ would
replace log ¢ by g o log ¢ for some g € GL,(Z).)

Definition 8.3.2. — Let G be a reductive group over R. Fix a quasi-character
v:Ag(R)? — C*. Let M be a Levi subgroup of G such that M contains elliptic
maximal tori (of M), and let f € C>°(G(R), v~ 1) be a stable cuspidal function (see
[7, §4], [90, §5.4]). For v € M(R) semi-simple elliptic, we define

S (v, f) = (1) " A k(M)k(G) " o(M7)” Z‘DM ~!,0n) Tx(f | 1D),

where II runs through the discrete series L-packets belongmg to v, O denotes the
stable character associated to II, and ®s(-,0r) is the normalized stable discrete
series character as in §4.2.1. This definition depends on the choices of a Haar mea-
sure on MY(R) (used to define 5(MJ)) and a Haar measure on G(R) (used to de-
fine Tr(f | IT)).

Definition 8.3.3. — Let G be a reductive group over Q. Assume that G is cuspidal in

the sense of Definition 1.1.6. For f = f>*f,, € C>°(G(A)) with fo, € C(G(R),v 1)
stable cuspidal (where v is a fixed quasi-character Ag(R)® — C*), and for M C G a
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Levi subgroup that is cuspidal define
STi; (f ZL )71 S0, (f37)S®F (7, foo)s

where v runs through a set of representatlves of the stable conjugacy classes of the
R-elliptic semi-simple elements of M ((@) and

P (5) = (M M@
For M C G a Levi subgroup that is not cuspidal, define
STS(f) := 0.

We define
STO(f) =D _(n§) " ST (f),
M
where M runs through the Levi subgroups of G up to G(Q)-conjugacy, and n§; is as
in Definition 1.1.1.

Remark 8.3.4. — We explain how the Haar measures are normalized in the definitions
of ST, (f) and STC(f) so that the results are independent of the Haar measures.
For each SO, (f37), we need Haar measures on MS(Af) and M(Ayf) to define the
stable orbital integral SO,(-), and need Haar measures on M(Af) and G(Ay) to
define the constant term f5?. We assume that the two measures on M(A[) are the
same. Then SO, (f37) depends only on the Haar measures on MY (As) and G(Ay).
Now in the definition of S®; (v, fw), we need Haar measures on MY(R) and G(R)
(cf. Definition 8.3.2). We assume that the measures on MY (Ay) and M9 (R) multiply
to the Tamagawa measure on MY(A), and assume that the measures on G(Ay) and
G(R) multiply to the Tamagawa measure on G(A). Then STS;(f) and STC(f) are
independent of the choices of Haar measures.

8.4. Test functions on endoscopic groups

8.4.1. — We now keep the notation and setting in §1.8.3 and Theorem 1.8.4. In
particular, G = SO(V, q), where (V, q) is a quadratic space over Q of dimension d > 5,
signature (d—2,2), and discriminant § € Q* /Q**?. Assume that the G-representation
V fixed in §1.7.1 is absolutely irreducible. Fix a prime p ¢ 3(O(V), V, A, K, f*°), and
fix an integer a > ao(O(V),V,\, K, f*°,p). Let fP*>° be as in §1.8.3.

Let eg+ s+ 4- 5- = (H,“H,s,n) be an elliptic endoscopic datum for G = SO(V),
presented in the explicit form as in §5.4.

In the following we will always assume that d* > 2, or equivalently, that in the
decomposition H = HT x H~ = SO(V*) x SO(V ™) the factor H™ is non-trivial. By
§5.4.4, every isomorphism class in &(G) can be represented by such a datum.

We follow [60, §7] to define a test function f# € C°(H(A)). By definition, f7 =0
unless the following condition is satisfied:
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(f) The R-group Hg contains anisotropic maximal tori ), and the Q,-group Hg, is
unramified.

Note that for our explicit representative (H,”H,s,n), the group Hg, is unramified if
and only if the localization of the endoscopic datum (H,”H, s, n) over Q, is unrami-
fied. Also, if Hr contains anisotropic maximal tori, then H is cuspidal as a Q-group,
and neither of Hﬂz{ is isomorphic to the split SO; over R. It easily follows from the last
condition that the localization of the (globally elliptic) endoscopic datum (H,“H, s,n)
over R remains elliptic, as an endoscopic datum over R. Conversely, if H is cuspidal,
then since Ay is trivial by the (global) ellipticity of (H,”H, s,7), we know that Hg
contains anisotropic maximal tori. In conclusion, (}) is equivalent to the following
condition:

() The Q-group H is cuspidal, and the Q,-group Hg, is unramified.

Moreover, as we have seen, these conditions imply that the endoscopic datum
(H, LH, s,m) is elliptic over R and unramified over Q. In the following we assume
that (1) and (1) hold.

By definition f¥ is of the form

R o ol
with fZ € C°(H(R)) stable cuspidal, and f € C°(H(Qp)), fHP> € C° (H(A%)).
(As Z% is anisotropic over R we do not need to specify central characters for the
notion of stable cuspidal functions.)

We fix a Haar measure on H (A?) arbitrarily, and fix the Haar measure on H(Q))
such that hyperspecial subgroups have volume 1. Then there is a unique Haar measure
on H(R) such that the product measure on H(A) is the Tamagawa measure. We fix
this measure on H(R) as well.

8.4.2. — The definition of fZ will depend on the choice of an auxiliary datum
(4, Ba,m), which we now specify. Here j : Ty = T is an admissible isomorphism
between anisotropic maximal tori Ty C Hr and Tg C Gg; see §5.6 for the notion of
admissible isomorphisms over C, and note that any C-isomorphism T c AN Tac is
automatically defined over R since both Ty and T are anisotropic over R. The other
part Bg g is a Borel subgroup of G¢ containing T¢ c; in other words, (Tg, Bg i) is
a fundamental pair in Gr. Later we shall also use the choice of (j, Bg i) to nor-
malize the archimedean transfer factors between H and G. The dependence of fZ
on (j, Bg,m) is analogous to the dependence of a transfer of a function from G to H
on the normalization of transfer factors. However this is only an analogy, as fZ is not
defined to be the transfer of a function on G.

We now fix (j, Bg,m) once and for all in the following way. We let the fundamental
pair (TG, Bg,u) arise, in the way described in §6.1.6, from an elliptic decomposition

4. In [60, §7], the more general condition at the archimedean place is that elliptic maximal tori
in Gg should “come from” Hp. In our situation, since Gy contains anisotropic maximal tori, the
condition simplifies to the one in the text.
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(Definition 6.1.2) D € ED(Vi). Moreover, in the even case we assume that D gives
rise to the orientation oy on Vi fixed in §6.1.7. In other words, D¥ € ED(Vz)® in the
notation of §6.1.7. As the notation suggests, we shall make possibly different choices
of DX for different (H, Ly, s, 7n); a uniform choice is sometimes not possible because
of some further conditions to be imposed in the following paragraph. Once D has
been chosen, we choose j as follows. Recall that H is of the form H = H™ x H™ =
SO(V*) x SO(V ™). To define j : Ty — Tg, we choose an elliptic decomposition
Dy = (Dy+,Dy-) of (Vi Vi) which should induce the fixed orientations on V* in
the even case; in other words Dy € ED(V;)° x ED(V; )° in the notation of §6.1.9.
Then we define j to be jp, pr in the notation of §6.1.9. By Lemma 6.1.13, this j is
indeed an admissible isomorphism.

Now let us specify further conditions on D¥. Since the signature of Vj is (d — 2, 2),
we know that D¥ involves exactly one negative definite plane as its member. In
the odd case, we assume that D lies in ED(Vg)%,, as in Definition 6.2.12. This
means that the unique negative definite member of D¥ is the last member; cf. Exam-
ple 6.2.13. In the even case, unless m = d/2 is odd and d* = 2, we assume that D¥
lies in ED(V&)?;.. as in Definitions 6.2.12 and 6.3.8, meaning that the unique negative
definite member is the last (resp. second last) member if m is even (resp. odd). If
in the even case m is odd and d* = 2, we assume that the unique negative definite
member of D is the last member. In this case, D¥ is not in ED(V)?,., but it differs
from an element thereof by the transposition (m — 1,m) € &,,.

As long as d is not = 2 mod 4, we can clearly choose D satisfying all the above
conditions independently of (H,“H,s,n). When d =2 mod 4, we need to adjust the
choice of D according to whether d* = 2 or not. For instance, for all (H, Ly, s, n)
with d* # 2 we may choose D to be some common D, and then we may choose
DH for d* = 2 to be (m — 1,m) - D, i.e., D with the last two members swapped. In
particular, we see that in all cases, we may and shall arrange that T; is independent
of (H, LH,s, 1), which justifies our notation.

Since SO(V'*) is non-trivial, our assumptions on D imply that the factor U(1)
of T corresponding to the unique negative definite member of D¥ is sent under j 1
into SO(V*t) C H.

8.4.3. — The fixed choice of (j, Bg,u) determines a Borel subgroup By of Hc con-
taining Ty ¢, a subset Q, of Q@ = Q¢(G, T), and a bijection induced by multiplication

Qg xQ, — Q
as follows. Here Qp := Qc(H,Tq) is viewed as a subgroup of Q via
Qg — Aut(TH,(c) ; Aut(TG,(c) D 0.
J
The Borel subgroup By is characterized by the condition that the Bpy-positive roots

on Ty ¢ are transported via j to Bg, g-positive roots on T ¢c. (Note that (T, By) is
nothing but the fundamental pair in Hy determined by D as in §6.1.6, where D is
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as in §8.4.2.) The subset Q. C Q consists of those w € Q such that the By-positive
roots on Ty ¢ are transported via j to wBg, g-positive roots on T c.

Let V* be the contragredient representation of V. Let ¢y« be the discrete Lang-
lands parameter of Gr corresponding to V*, i.e., the L-packet of ¢y~ consists of
discrete series representations of G(R) having the same infinitesimal character as the
G(C)-representation V* @ C (which is irreducible). Let ® g (¢y+) be the set of equiva-
lence classes of discrete Langlands parameters of Hy that induce the equivalence class
of py- via n: “H — “G. As on [60, p. 185], we have a bijection

wi(:) 1 P (pve) = Qu,  ou — wi(pn),

characterized by the condition that ¢ is aligned with (w«(¢m)~! o4, Bg.u, Bu) in
the sense of [60, p. 184].
For any ¢y € ®g(py~), define
(8.4.3.1) fouw =d(H)™' Y fr € CX(H(R)),
mell(pn)
where the terms are explained in the following.

— The summation is over the discrete series representations m of H(R) inside the
L-packet II(¢g) of ¢g.

— For each 7, the function f, € C°(H(R)) is a pseudo-coefficient for m; see [28].
Note that this notion depends on the choice of a Haar measure on H(R). We
use the one fixed in §8.4.1.

— We define d(H) to be the cardinality of II(¢g). Note that this number is an
invariant of Hp, equal to the cardinality of the complex Weyl group divided by
the cardinality of the real Weyl group of an elliptic (i.e., anisotropic) maximal
torus.

The function f,, is stable cuspidal. Using this, we build the function f2 in the
following definition; cf. [60, p. 186], [90, §6.2].
Definition 8.4.4. — We define
FE = (D)1 ugg,s); Y det(wi(om)) fon € O (H(R)).
eHEDH (Py*)

Here pr, € X.(Tq) is the Hodge cocharacter of any h in the Shimura datum X that
factors through Tg. The number (ur,,, s); is defined to be the image of (' o uz,, s)
under the canonical pairing

X (Ty) x Z(H) — m(H) x Z(H) = X*(Z(H)) x Z(H) — C*.
For each w € Q, we write det(w) for the sign of w. ®

Remark 8.4.5. — By construction fZ is stable cuspidal.

5. This is indeed equal to the determinant of w acting on the finite free Z-module X« (T¢), which
explains the notation. In §4.2.2 the sign function is denoted by €(-), but in the current chapter we
prefer the notation det(-).
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Lemma 8.4.6. — We have {ur,,s); = 1.

Proof. — Using the observation made at the end of §8.4.2, we compute that the image
of 7Y o ur, € Xu(Ty) in m(H) = 7 (H') x m(H~) has non-trivial projection
in m(H") & 7Z/27 and trivial projection in m1(H ™). We conclude the proof by

recalling that s has trivial component in Z(HT). O

8.4.7. — We normalize the transfer factors between (H, Ly, s,m) and G at various
places as follows.

We use the canonical unramified normalization associated to K, of the transfer
factors at p (see [37]), denoted by (A%),. Associated to the datum (j, Bg ) fixed
in §8.4.2, we have Kottwitz’s normalization [60, §7] for the transfer factors at oo,
which we denote by A; g, ,, (cf. §§6.2-6.3) and also by (A%)s. We normalize the
transfer factors away from p and oo such that at almost all unramified places we
have the canonical unramified normalization (associated to the hyperspecial subgroup
determined by some reductive model of G over Z[1/%] for some finite set ¥ of primes)
and such that the global product formula with (A%), and (A%)s is satisfied (see
[76, §6]). For each place v ¢ {p, 0o}, we denote our normalization by (A%),.

We are now ready to give the definitions of the other two parts f7P> and f;{
in fH.

Definition 8.4.8. — Define f#:P> ¢ C>*(H (Afc)) to be a Langlands-Shelstad transfer
of f7*° as in Theorem 8.1.4 with respect to the Haar measure dg”*° on G(A’;) fixed
in §1.8.3 and the Haar measure on H(A?) fixed in §8.4.1. Here the transfer factors
are normalized as in §8.4.7.

Definition 8.4.9. — Let u : G,, — Gg, be a Hodge cocharacter of the Shimura
datum O(V) defined over Q, (see §1.5.1). Let f_, be the element of H" (Gg,.)
associated to —pu as in Definition 7.1.6. Let ff = b(f_,) be the image of f_, under
the twisted transfer map b : H"(Gq,.) — H™(Hg,) as in §7.2.2. We identify fF
with a realization of it in C2°(H(Q))); see Remark 8.4.10 below.

Remark 8.4.10. — Once an element ff € H"(H) is specified, it still corresponds
ambiguously to different functions on H(Q,). Namely, for each choice of a hyper-
special subgroup Kp , of H(Q,) there is a corresponding Ky ,-bi-invariant function
in H(H(Qy) // K ,p). These functions have the same stable orbital integrals, as noted
in [60, §7]. Indeed, as we saw in §7.1.2, these functions are related to each other
under pull-back by inner automorphisms of Hg,, and these automorphisms do not
permute the stable conjugacy classes. The same remark applies to the various canoni-
cal constant terms (see Proposition 7.1.10) (f)y: € H*"(M’) for Levi subgroups M’
of H defined over Q,. It follows that the evaluation of STH (Definition 8.3.3) at the
test function fH = fH fzf{ fH:P.> is unaffected by the ambiguity in ff .

Remark 8.4.11. — The function f¥ depends on a via the component f;’ .
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8.4.12. — Now suppose M is a standard proper Levi subgroup of G (i.e., one
of My, M5, M15 as in §1.4) and consider a bi-elliptic endoscopic G-datum for M
€ABp = CaBdtotdas- = (M, EM snr,mar)
presented in the explicit form as in §5.5.6. More precisely, the construction in §5.5.6
depends on the choice of a hyperbolic basis as in §5.5.2. Thus we need to fix a hy-
perbolic basis of Wit = V; @ V/Vit (resp. Wit = Vo @ V/V3t) when M € { My, My5}
(resp. M = M;). We always take the hyperbolic basis {e1, e} } of W;- and the hyper-
bolic basis {ey, ea, e}, €} of Wi-, where e;, e are as in §1.4.3.
As in §5.5.6 and Proposition 5.5.7, e4 g, induces the endoscopic datum

ep(M) = (MleMl783\/[’77M)
for M, and the endoscopic datum

€+ 42| A|+4|Bl.6+ d-+2)Ac|+4Be | 5- = (H,“H, s,1m)
for G. Moreover, recall that we have fixed in §5.5.9 an H(Q)-conjugacy class of embed-
dings M’ — H with images Levi subgroups, and in particular we have the diagram
(5.5.9.1) commuting up to @—conjugation. We now fix such an embedding M’ — H
on the nose.
We assume that H satisfies condition () in §8.4.1. It follows that M’ is unramified
at p, and the endoscopic datum (M’, =M’ shr,mar) for M is unramified at p. Also we

assume that the parameter p is such that the component of sp; in ]\75\0 is not —1,
from which it follows that H™T is non-trivial. Thus the preceding discussion in this
section can be applied to (H tH ,$,1). We normalize the transfer factors between
(M’,LM’,S’M,nM) and M as follows.

Away from p and oo, we normalize the transfer factors by inheriting the normal-
ization between (H,LH,s,n) and G fixed in §8.4.7, with respect to our fixed em-
bedding M’ — H; see Remark 8.4.13 below. At p, we use the canonical unramified
normalization associated to the hyperspecial subgroup of M(Q,) determined by K,
(i.e., the image of P(Q,) N K, under P — M, where P C G is the standard parabolic
subgroup such that M = Mp; cf. Remark 2.4.5), which is also the same as the normal-
ization inherited from the canonical unramified normalization between (H, Ly, s, n)
and G associated to K. For later reference, for each finite place v, we denote the
above-mentioned normalization by (A} )48 or simply (A},)4B. We denote the
above-mentioned hyperspecial subgroup of M (Q,) by M(Z,). At co, we do not yet
fix a normalization. In fact, precise knowledge about signs between different normal-
izations in this case is key to our later computation; this will be investigated in §8.9
below.

Remark 8.4.13. — At each place v of QQ, there is a notion of the normalization of the
transfer factors between (M’, %M’ shr,nar) and M inherited from the normalization
of the transfer factors between (H, Lg, s, n) and G with respect to our fixed M’ — H.
It is described via a simple formula as in [90, §5.2] or [91, §5.1]. Roughly speaking,
this means that apart from the difference in Ary, the transfer factor between M’
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and M is equal to the transfer factor between H and G for any G-regular element
of M'(Q,) C H(Q,) and any preimage of it in M(Q,) C G(Q,). Here it is crucial
that the diagram (5.5.9.1) commutes up to é—conjugacy.

An important property is that if the normalizations between H and G at all places
satisfy the global product formula, then so do the inherited normalizations between
M’ and M at all places; this is due to the fact that our choice of M’ — H is global.
To see this, one simply notes that the term Ajy can be ignored from the definition of
transfer factor when deciding whether local normalizations satisfy the global product
formula.

‘We now say a few words on the proof of the existence of the inherited normalization.
The original source is Kottwitz’s unpublished notes, where this result is marked as an
easy consequence of the definition of transfer factors in [76]. Indeed it can be proved
similarly as [37, Lem. 9.2]. Alternatively, in our particular situation, one can prove
this without much difficulty using the explicit formulas for the transfer factors in
[121].

Proposition 8.4.14. — Keep the setting of §8.4.12.

The function (fHEP>)y, € C*(M'(AY)) is a Langlands-Shelstad transfer
of (fP®)m € CP(M(AY)) in the sense of Theorem 8.1.4, with respect to the
normalization of transfer factors (AM,)a 5 as in §8.4.12.

Proof. — In view of the Fundamental Lemma we can pass to a local setting over
some Q, (with v # p,o00) instead of the adelic setting. The statement can then be
proved similarly as [90, Lem. 6.3.4], with the following two modifications.

Firstly, we replace G, and M, by Gg and Mg in the proof of part (i) of loc. cit..

Secondly, in the proof of part (ii) of loc. cit., Morel cites [77, Lem. 2.4.A] in order to
reduce the proof to checking the matching of orbital integrals for those v/ € M'(Qy)ss
that are M-regular, or even G-regular (meaning that all matching elements of M (Q,)ss
are G-regular). (®) Since Mg, is not simply connected in our case, we cannot di-
rectly apply [77, Lem. 2.4.A], but this can be circumvented by the following argu-
ment. To simplify notation, we understand that all reductive groups and endoscopic
data are over QQ,. Suppose we have already established that ¢ € C>(M(Q,)) and
¢’ € C°(M'(Q,)) have matching orbital integrals for all G-regular v € M'(Qy)ss,
and want to deduce the same for all (M, M’)-regular v’ € M'(Q,)ss- As in §8.1.3,
we pick a z-extension 1 — Z — M; — M — 1, and obtain from it a central exten-
sion 1 —» Z — M{ — M’ — 1 as well as an endoscopic datum (M{,LM{,S'Ml,an)
for M; such that the diagram analogous to (8.1.3.1) commutes. As in Remark 8.1.5,
we identify ¢ with a function ¢; € C°(M1(Q,),1z), and identify ¢’ with a func-
tion ¢} € C*(M{(Q,),1z), where in both cases 1z denotes the trivial character
on Z. We say that an element of M](Q,)ss is G-regular if all the matching elements

of M1(Q,)ss are preimages of G-regular elements of M(Q,)ss- Then ¢; and ¢} have

6. Note the following typo: In the second line of the second paragraph of the proof of [90,
Lem. 6.3.4], “regular in H” should be “regular in M”.
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matching orbital integrals for all G-regular elements of M](Q,)ss- Now note that for
any maximal torus T' C Mj, there is a dense subset of T(Q,) consisting of G-reg-
ular elements. By this and the proof of [77, Lem. 2.4.A], ¢; and ¢} have matching
orbital integrals for all (M, M/ )-regular elements of M| (Q,)ss. It follows that ¢ and
¢’ have matching orbital integrals for all (M, M')-regular elements of M'(Q,)ss, as
desired. O

8.5. Statement of the main computation

8.5.1. — Let M be a standard proper Levi subgroup of G. Define
(8.5.1.1)

Trhy = (nfp) ™! > |Oute(ea,p,p)| " T(G)r(H) " STi (f1).
eA,B,p:(M_leM/wst"]M)
€éa(M)
Here the summation is over a subset cg’g(M ) of the set of explicitly presented bi-
elliptic endoscopic G-data for M as in §5.5.6 (in other words, &z (M) is a subset of
the parameter set &, x' Pw = {(4, B,p)} in the notation of §5.5.6) such that the
component of sy in M5O is not —1 and such that each isomorphism class in &g (M) is
represented exactly once. (Clearly the two conditions can be simultaneously met.)
For each (M', XM’ spr,nar) € é."g(M), we let (H, T H, s,n) be the induced endoscopic
datum for G. More precisely, for (M’,“M’, sy, nar) = €A, B,d+ 6+ d-,5-> We let

(H,"H,5,m) = €4+ 42| A|+4|B|,6+ d— 12| Ac|-+4| B<| 5
as in Proposition 5.5.7. Note that H* is non-trivial by our assumption on sj;. The
function f¥ is defined in §8.4. We fix M’ — H as in §8.4.12 so as to view M’ as a
Levi subgroup of H, and define ST, () as in Definition 8.3.3.

Note that our definition of Tr’, is independent of the choice of &g (M). Indeed, one
directly checks that the summand associated to (A, B,p) is equal to that associated
to (A°, B¢ su(p)) (in the case where both parameters satisfy the condition on sy,
imposed before). Hence such a summand depends only on the isomorphism class
of €A,Bp in (r)ﬂg(M)

Recall that the definition of f¥ depends on the fixed integer

a>ag(OV),V,\ K, f,p).

Clearly the definitions of both f# and Tr}, make sense for all integers a > 1. We
shall henceforth view Tr), as a function in a € Zs;. On the other hand, we have
Trp (fP°dgP>°, K, a) as in Definition 2.4.3. We abbreviate it as Trys, and also view
it as a function in a € Z>;.

Theorem 8.5.2. — For all large enough a we have Tryr = Try,.

8.5.3. — Note that in the even case and for M = Ms,, we have Try; = 0 since
(M;)r does not contain elliptic maximal tori (see Remark 2.4.6). In this case, we
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also know that each M’ appearing in (8.5.1.1) is non-cuspidal, and hence STi, = 0.
Indeed, recall that M’ = MSY x M’SC, where M"S© is the group in the elliptic
endoscopic datum eg+ s+ 4- 5- (W1) for M$O = SO(W,). This ellipticity, together
with the fact that M5© is not the split SO, over Q, implies that neither of (d*, %) is
(2,1) in Zso x (Q*/Q*2?). Hence if M’ is cuspidal, then (M"SO)r must contain
anisotropic maximal tori, and so as in §6.1.1 we have §* = (—1)di/2 in RX/R*2,
from which § = (—1)<d++"r)/2 = (=1)¥2=1 in R*/R**2, contradicting with the fact
that § = (—1)%2 in RX/R*2. Thus in the even case with M = M, we have already
proved the theorem. The proof of the theorem in the remaining cases occupies §§8.6-
8.14.

8.6. First simplifications

8.6.1. — We keep the setting of §8.5.1, and assume that we are not in the even case
with M = Mj, since in that case Theorem 8.5.2 is already proved. As in §1.4.3, we have
M = GT, x GL, x SO(W) for some r € {0,1,2},t € {0,1} ,W € {W;, W>}. Denote
by &(M )%™ the subset of &(M) consisting of isomorphism classes of endoscopic data
whose groups M’ are cuspidal and unramified over Q,. For each isomorphism class
in &(M)*"", we fix a representative of the form e, (M) for some p € Py, where the
notation is as in Definitions 5.4.2, 5.5.4, and §5.5.6. Thus there are a priori up to two
choices of p for each isomorphism class, and we fix one choice. We may and shall also
assume that each choice p = (d¥,8%,d~,67) satisfies d© > 2. In the following, we
denote this set of representatives by & (M )",

Note that MS© is never isomorphic to the split SO, over Q. Hence the same argu-
ment as in §8.4.1 shows that every element e, (M) of &(M)>"" satisfies the following
conditions:

1. Asin §5.5.6, write the group in e, (M) as M’ = MGt x M"SO. Then the R-group
(M"SO)g contains anisotropic maximal tori.
2. The localization of e, (M) over R is still elliptic as an endoscopic datum over R.

Lemma 8.6.2. — We have
n§, Tr), = > |Outy (e (M) ™D 7(G)r(H) T STHL (F17).
ep (M)E&(M)erur A,B
Here the second summation is over the following ranges:

— In the odd case for M = My, we have A € {0,{1},{2},{1,2}}, B € {0}.
— In the even case for M = My, we have A € {0,{1,2}}, B € {0}.

— For M = M,, we have A € {0},B € {0,{1}}.

— 1In the odd case for M = M>, we have A € {0,{1}}, B € {0}.

For each triple (ep(M) = ¢4+ 5+ 4- 56— (M), A, B) appearing in the summation, we set

L
(H,"H,s,m) = €d+42|A|+4|B|,6+,d—+2|Ac|+4|Bc|,6- >
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write M' for the group in e,(M), and as in §8.5.1 identify M’ with a Levi subgroup
of H so as to define ST, (1) .

Proof. — We first note that the formula eg+ 2a|14/B|,5+,d-+2/A¢|+4|Be|,5- indeed
gives an elliptic endoscopic datum for G, i.e., neither of (d* + 2|A| + 4|B|,*) and
(d= +2|A°| +4|B¢|,67) is equal to (2,1) € Zsq x (Q*/Q**?). Indeed, since M5O is
not the split SOy over Q, we know that neither of (d*,§%) is equal to (2,1), which
immediately implies our assertion. Also, we have d* + 2|A| + 4|B| > 2 since we
have already assumed that d* > 2 in §8.6.1. Thus STi,(f¥) in the lemma is indeed
defined.

It is clear from the definitions that if a term ST, (f#) on the RHS of (8.5.1.1)
is non-zero, then H is cuspidal and unramified over Q, (since otherwise fZ = 0),
and M’ is cuspidal (since otherwise ST¥, = 0). Clearly the condition that H is
unramified over Q, is equivalent to the condition that M’ is unramified over Q,.
In the odd case, the cuspidality conditions are automatic. In the even case, suppose
we have (M, "M’ sy, nn) = €A B+ 6+ d-,6- € &a(M) such that M’ is cuspidal.
Then as we have mentioned in §8.6.1, (M"S9)r contains anisotropic maximal tori,
so by the same argument as in §8.5.3 we have 0% = (—1)‘7li/2 in R*/R*2. On the
other hand the condition that H is cuspidal is equivalent to Hr having anisotropic
maximal tori by the discussion in §8.4.1, and hence is equivalent to the conditions
that 6+ = (—1)7 /2Fl41+2IBl and that 6= = (—1)4 /2+A+21B°] jy RX /R*2. Thus
given that M’ is cuspidal and given that d is even, H is cuspidal if and only if |A]
and |A¢| are both even.

The above discussion shows that in (8.5.1.1), we can replace the summation

set (M) by the subset &g (M)*"™ consisting of elements e4 5, = (M, “M’, 501, m01)
such that M’ is cuspidal and unramified over Q,, and such that |A| and |A¢| are
even in case d is even. Thus up to re-choosing &g (M) (which does not affect the
definition of Tr},), we may assume that whenever es 5, € &a(M) we have
ep(M) € &(M)>". We thus have a well-defined map F : &g(M)*™ — &(M)"
sending each e g, to e,(M). For each e, (M) € &(M)*™, we let T'(p) denote the set
of (A, B) as in the summation range in the current lemma. We divide our analysis
into two different cases.
Case 1. — Suppose p = (d*,6",d~,67) with (d*,67) # (d~,87). Then one checks
that F~1(ey(M)) = {ea,Bp | (A, B) € I'(p)}. Moreover, for each es g, € F~1(ey(M)),
we have |Outg(ea,Bp)| = [Outas(ey (M))]. (See §§5.4.5 and 5.5.8 for the computation
of these two groups.) Thus the summand indexed by e,(M) in the current lemma is
equal to the sum over all e4 g, € F~!(ey(M)) in (8.5.1.1).

Case 2. — Suppose p = (d,6T,d~,6) with (d*,67) = (d=,6). Then
{eA’B’p | (A,B) 6 F(p)} == F_l(ep(M)) |_| {eAc’Bc’p | eA’BJJ E F_l(ep(M))} .

(The union is disjoint.) Moreover, for each (A, B) € I'(p), we have |Outas (e, (M))| =
2|Outg(ea,,p)|, and we know that the summand 7(G)7(H) *STH, (f7) indexed

c,ur
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by (A, B) in the current lemma is equal to the term 7(G)7(H) " 1STH, (f) in (8.5.1.1)
arising from either e4 p , or esc e p, whichever lies in é'aG (M). Thus we again see that
the summand indexed by e, (M) in the current lemma is equal to the sum over all
ea,B,p € F7(ep(M)) in (8.5.1.1). The proof of the lemma is complete. O

8.7. Expanding the simplified geometric side of the stable trace formula

Let (ep(M),A,B) be a summation index as in Lemma 8.6.2. We study the
term ST, (fH) arising from this index.

Definition 8.7.1. — Let (M’) be a set of representatives in M’(Q) of the stable
conjugacy classes in M’(Q) that are R-elliptic.

Lemma 8.7.2. — We have an expansion
(8.7.2.1) STip (f7)y =7(M') Y- ()80, (1) S5 (v f2).
7' EX(M)

Here fH:> .= fH’p’ooff. Moreover, in (8.7.2.1), only those v' that are (M, M')-reg-
ular contribute non-trivially.

Proof. — The first statement follows from the definitions. To show the second state-
ment, suppose 7/ € X(M’) is not (M, M’)-regular. We show that S®I, (v, fZ) al-
ready vanishes. For this, it suffices to show the vanishing of
> @i (v en) Te(f2 | 1),
i
where the summation is over the discrete series L-packets II for Hg. For this it suffices
to show the vanishing of

> detwi(en) @i (Y, Omien):
P EPH (pyx)
By [91, Prop. 3.2.5, Rem. 3.2.6], the above quantity is zero provided that +' is not
(M, M’)-regular. O

8.7.3. — We continue the study of (8.7.2.1). By Lemma 8.7.2, we only need to sum
over those v/ € X(M') that are (M, M’)-regular. By Proposition 8.4.14, we may
further restrict to those 4’ that is an image of a semi-simple element vy, € M (A?),
and in this case we have

(8.7.3.1) SO (far™™) = (AP (Y s 1) O (F37°),

where s, is given by the endoscopic datum e, (M) = (M’ Ly, shy,nm) for M, and
(AMNAB(y' ~vr) denotes the product of the local transfer factors over finite places
v # p, normalized as in §8.4.12. We remind the reader that s’ is different from sy
asiney, 4 p = (M', XM’ spr,mar), and sh is independent of (A, B). By contrast, the
normalization (A%,)4B of transfer factors between M’ and M at v depend on (4, B).
Nevertheless, for almost all v, (A},)%4B is the canonical unramified normalization
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(associated to the hyperspecial subgroup determined by some reductive model of M
over some Zariski open in SpecZ). Hence for almost all v, (A%,)4:8 is independent
of (A, B).

Definition 8.7.4. — For each v # p,o0, let €¢,(A,B) € C* be the constant such
that (AM)AE = ¢, (A4, B)(AY,)20, Let
>(4,B) = [] e(4,B),
V#p,00
where almost all terms in the product are 1.

Definition 8.7.5. — Let ¥(M'); be the set of v € 3(M’) such that v’ is (M, M')-reg-
ular and is an image of a semi-simple element of M(A%). For each 7' € (M), let
v € M(A%) be a semi-simple element such that 7' is an image of s, and define

I(ep(M), ') := 2 (7)1 (AP (1) O3 (f37°)

> (A, B)T(G)r(H) (M) SO (f1) S5 (+, 1),

A,B
where the terms (A},)g (7', vm) and Of,/‘}\f,( 21°7) are the same as in (8.7.3.1) (except
that (A, B) is replaced by (0,0)), and the summation °, 5 as well as the terms
involving H have the same meaning as in Lemma 8.6.2. By (8.7.3.1) we know that
this definition is independent of the choice of vys. For each (A4, B) as above, we also
define

K(ep(M),7', A, B) := (1)) 37 det(w.(pn)) @5 (v, Q)
Pu€PH (pyx)

where ©,,, = Or(,,) is the sum of the characters of the members of the L-packet

H(pw), (-, 04, ) is the normalized stable discrete series character as in §4.2.1, and
the other notations are as in §8.4.3.

Lemma 8.7.6. — We have
ngr Trhy = > |Outar(ep(M)™ Y I(ep(M),7),
ep (M)=(M",EM’,sh, nar) €E(M)eur Y ED(M'),
and
I(ep(M),7') = ™ (/) 1AM (7 yan) O3 (F57°)r (M) k(M) k(G) ™
(=T A a(M)5) 7Y (A, B)SO (fy ) K (6 (M), 7, A, B).
A,B

Here the summation range for Y 4 5 is the same as in Lemma 8.6.2.

Proof. — The first identity follows from Lemma 8.6.2, Lemma 8.7.2, §8.7.3, and the
definitions. The second identity follows from Corollary 8.2.5, Lemma 8.4.6, and the
definitions. 0
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8.8. Computation of K

8.8.1. — We keep the notation of Definition 8.7.5 and study K(e,(M),~', A, B). As
usual we write e, (M) = (M’, Epr, shysma ). We would like to apply [91, Prop. 3.2.5]
to compute K. First we need some preparations.

By construction M’ = MSY x M"SO and M’S© is a product of two special or-
thogonal groups M5O+ M"S09:~ such that the component of s;; in the dual group
of M"SO:# ig the scalar matrix +1. Fix an elliptic maximal torus T in M}, such
that v/ € Thy (R). Then Ty is of the form

TM' = TMGL X TM/,SO,+ X TMI,SO,—,

where Ty (resp. Thpiso,+) is an elliptic maximal torus in MET (resp. Mﬁso’i).

Moreover, as we have already seen in §8.6.1, the tori T);.s0,+ are in fact anisotropic
over R. Note that when M = M5 or Ms, we have necessarily Th et = MGL. When
M = M, we have MY = GLjy, and Tyscr is GLy(R)-conjugate to TCS}tSQ; cf. §4.1.1.
We then fix an elliptic maximal torus Tj; in Mg, and an admissible isomorphism
ju : T — Ty Recall from §1.4 that M = MST x MSC = MG x SO(W),
where W = Wy if M = M; or Mys, and W = Wy if M = M,. We may and shall
assume that Ty is of the form Tyrer X Thsso, where Tysso is an elliptic (and in fact
anisotropic) maximal torus in MEO, and T)scL is as above. We may and shall also
assume that jjs is the product of the identity on Tj;cr and an admissible isomorphism

Jmso ¢ TM/,SO,+ X TM/,SO,— = TMSO,

where the notion of admissibility is with respect to the endoscopic datum e, (W)
for MSO.

For any choice of a Borel subgroup By of G¢ containing T/ c, we get a canonical
isomorphism 0p, 3 : Ty —> T as in §5.6, where (7,B) is the standard Borel pair
in G fixed in Definition 5.2.2. Identifying 7 with (C*)™ as in Definition 5.2.2, we
have m standard characters on 7 forming a basis of X*(7), and they give rise, via
05,.8, to m cocharacters of Ty, c. We denote them (in order) by

T015 7025715725+« +y Tm—2, ifM:M12 or Ml,
and by
TO,T1s T2y« sTm—1, if M = Mj (in the odd case).

We now fix a choice of By such that the resulting cocharacters (just mentioned) satisfy
the following conditions, the second of which depends on the choice of jj,.

1. When M = My, we require that 79, and 7, are respectively the identity
cocharacters of the first G, (i.e., GL(V1)) and the second G,, (i.e., GL(V;/V1))
in Tyer = Gy, X Gy, C Ty When M = M, we require that 75, and 79, are
cocharacters of ThscL ¢ C Ths,c, and that they are of the form

1
Z|—>g<z 1>g_1 and zb—>g< Z)g_l
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for some fixed g € MSL(C) conjugating the diagonal torus in ME = GLa
to Thseu . (Clearly this pins down 79, and 7, up to swapping the two.) When
M = M,, we require that 7y is the identity cocharacter of Th;er = GL(V;) =
Gp CTy.

2. We require that j]\_41 oT; is a cocharacter of Thy/s0,- ¢, for each 1 <7 < n™. Here
n~ is the dimension of T/ .s0.- c.

Indeed, the above conditions can be arranged because of the following observations:

— For an arbitrary choice of By, the resulting 7’s have the following property:
The prescribed cocharacter(s) in (1) which we ask 79, and 7o,, or 79, to equal,
are among the 7’s and their inverses. This is because these prescribed cochar-
acter(s) can be extended to a Z-basis of X, (T)s) under which the root datum
of (Gc, Twu,c) becomes the standard type B or type D root datum on (Z™,Z™).

— By making different choices of By, we can arbitrarily permute the order of the
7’s and replace an arbitrary number (resp. an even number) of them by their
inverses in the odd (resp. even) case. In the even case with M = My or My,
we can replace either one or two of 7y,, 70, by their inverses as we wish, since
m > 3. Thus we can always arrange (1).

— Once (1) is satisfied, the cocharacters 71,7, ... form a basis of X, (Tysso) under
which the root datum of (MZ®, Tysso ) becomes the standard type B or type D
root datum. Since jsso is admissible, exactly n~ of the 7;’s are such that j;/jl oT;
(equal to j;;so oT;) is a cocharacter of T)/.so.- ¢. We can rechoose By in such a
way that 79, and 79,, or 7, are unchanged, but the order of 7y, 7, . . . is permuted
so that (2) is satisfied.

8.8.2. — Up to now our discussion has not involved (A, B). We now take them into
account, so we have an endoscopic datum (H JLH ,8,m) for G that is determined
by (ep(M), A, B) as in Lemma 8.6.2 and Definition 8.7.5. Recall from §8.4.2 that we
have fixed (Tw,Tq,J, Be,rr). Similarly as in §8.8.1, the pair (Tg, Bg i) determines
an ordered m-tuple of cocharacters of T c (via 0pg ;8 : Te = T (C*)™). We
denote them by

P15P25 -5 Pm-
By the construction of j in §8.4.2 (which uses §6.1.9 and especially Convention 6.1.10),
we know that {j =1 o p; | 1 <i <m~} is a basis of X,(Ty-) (where Tyy- := Ty NH")

under which the root datum of (Hg,Tx- ) becomes the standard type B or D root
datum. Similarly, {j~' o p; | m™ + 1 <i < m} is a basis of X, (Tg+) under which the
root datum of (H{{7 T+ ) becomes the standard type B or D root datum.
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Definition 8.8.3. — Define an isomorphism ig (A, B) : Tar,c — Tg ¢ as follows. When
M = M5 (so B=0), let ig(A, B) map To,, To,, 1, - - - » Tm—2 Tespectively to

P15P25- -5 Pm, AZ@a
Pm=+15P1,P25 -+ Pm—sPm—+425 -+ Pm, A:{1}7
P1yPm—+415P25 s Pm—sPm—+42+ -+ Pm, A={2}7

pm*—&-lapm*—&-%pla e )pm*7pm*+3) <oy Pmsy A = {172} .

(In the even case the parameter A can only assume {1,2} and @, cf. Lemma 8.6.2,
and we use only these two cases in the above formula). When M = M; (so A = 0),

let ig(A, B) map To,,7T0,,T1,- - - , Tm—2 Lespectively to
P15 P25+ -5 Pm; BZ@)
Pm—+1Pm=+2P1y-+ s Pm—sPm—+3r+ -3 Pm, B:{l}

When M = M, (so B = (), let ig(A, B) map 79,71, .., Tm—1 respectively to

P15+ -5 Pm; A:(Z)’
Pm—+15P1s+ s Pm—Pm—~425+ -+ Pm)> A= {1}

In the following lemma, recall from §8.5.1 that we have identified M’ with a Levi
subgroup of H.

Lemma 8.8.4. — Let iy (A, B) be the unique isomorphism Tny ¢ — Ty fitting in
the following commutative diagram:

(8.8.4.1) To e —— Toc
iH(A,B)W %G(A’B)
Ty c LN Tyvc.

Then ig(A,B) (resp. ig(A,B)) is induced by an inner automorphism of Gc¢
(resp. Hc).

Proof. — Firstly, the isomorphism ig(0,0) : Thsc — Tg,c is compatible with the
two canonical isomorphisms

BRD (T ¢, Bo) = BRD(G) and BRD(Tg ¢, Ba.i) & BRD(G),

where BRD(G) is the canonical based root datum of G¢ (see §5.3.1). Hence ig(0, 0) is
induced by an inner automorphism of G¢. For general (A4, B), ig(A,B) differs
from ig(0,0) by an automorphism of T ¢ which permutes the order of the p;’s.
Such an automorphism is in the Weyl group (because under the basis {p1,...,pm}
of X,(T¢) the root datum of (Gc¢,Tg,c) becomes the standard type B or D root
datum), and is hence still induced by an inner automorphism of Gc.

We now prove that iy (A, B) is induced by an inner automorphism of H¢. For
brevity, we only illustrate the proof in the special case where M = M5 and (A, B) =
({1},0), the other cases all being similar. Also, we only treat the even case, as the
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odd case is easier. We freely use the notation of §5.5.9; in particular M’SO+ =

SO(W#*), H* = SO(V*), and d* = dimW=. As in §5.5.9, we have a canonical
SO(W*)(C)-conjugacy class of embeddings

L+ Gfl,:rﬂ — SO(W )¢
and a canonical SO(V*+)(C)-conjugacy class of embeddings

bt GE2H L SOV
(Here, if 67 = —1, we identify U(1)c with G,,,.) By the two conditions satisfied by By
in §8.8.1 and the admissibility of jsso, we know that the embedding (7

(af ©Ta /2415 -+ daf © Tms) 1 Gy /7 — SO(WH)e

is SO(WT)(C)-conjugate to ty+, and that j,' o 7o, is the identity cocharacter
of GL(V7), namely L%T‘B in the notation of §5.5.9. Thus by the construction in §5.5.9,
the embedding

(8.8.4.2)
—1 -1 -1 . dt /241 +
(Jar ©ToysJar © T~ /2415 -+ Jar © Tm—2) : Gy, — GL(V1)c x SO(W™)c
is SO(V*)(C)-conjugate to ty+ when we view GL(Vi) x SO(W) as a subgroup
of SO(V™) according to the rule in §5.5.9. On the other hand, the embedding
(8.8.4.3) (71 0 P stre 2§ L0 pm) - GE/H — SOV )

is also SO(V1)(C)-conjugate to vy +. Hence (8.8.4.2) and (8.8.4.3) are SO(V*)(C)-con-
jugate. Similarly, we know that the embeddings

(Jad © T0ss G © Tty -2 da © Ta-y2) : Gy /2! — GL(Va/Vi)e x SO(W )¢
and
G oprees i o pme) s Gl AT — SO(VT)e
are SO(V ~)(C)-conjugate. We conclude that the embeddings
(Gaz © TowsJar © T0ssdaf © Ty -+ dag © Tm—2) : G — He

and

(j71 Opm_+1aj71 Opla"'ajil Opm_aj71 Opm_+2?"'aj71 Opm) : Gz - HC

are H(C)-conjugate. But these two embeddings have images T/ ¢ and Ty ¢ respec-
tively, and if we invert the first and compose with the second we precisely get the
isomorphism iz (A, B). This finishes the proof. O
Definition 8.8.5. — Define the three Borel subgroups:

— By, a Borel of M¢ containing T c, defined to be By N M.

7. Here we use the following notation: If ui,...,ur are cocharacters of a torus T contained
in a reductive group R (everything being over C), we write (u1,...,u;) for the homomorphism
Gk, - T CR,(21,-.-,2) — [, ().
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— Bg, a Borel of G¢ containing T ¢, defined to be ig(A, B).By. This can be
different from Bg g fixed in §8.4.2.

— B/, a Borel of Hc containing Ty ¢, defined to be the one induced by (j, Bg).
In other words, j carries the B -positive roots on Ty ¢ to Bg-positive roots
on TG,(C~

Lemma 8.8.6. — We have B}, = By, where By is defined in §8.4.3.

Proof. — We use j to identify Ty c and Tg,c. Thus we have an inclusion of root
systems

CI)H = @(H@,Tch) C (I)G = (I)(G(c,TG7c).
To prove the lemma, we need to prove that for all a € ®p, it is Bg-positive if

and only if it is Bg g-positive. We denote the permutation of p;’s that appears in
Definition 8.8.3 by

Po(1)s Pa(2)s -+ s Pa(m)s o€ G
(For instance, if A = {1}, then o sends 1,2,...,m respectively to

m-+1,1,....m-,m” +2,...,m.)

Let {pY, ..., py,} be the basis of X* (T c) dual to the basis {p1, ..., pm} of Xi(Tgc)-
The Bg,g-positive roots in ®¢ are

{pY £p) [i>j}U{p|i}, odd case,

{py £p) |i>j}, even case.

The Bg-positive roots in @5 are

{pg(i) * PZ(j) |i> j} U{p/ | i}, odd case,

{pg(i) + pg(j) |7 > j} , even case.
On the other hand, by the last observation in §8.8.2, we have

{£pY £p] li,g <m™i# U {£p) £p] 4,5 >m™,i#5}U{p} |},

oy =

{0 £p) 1,5 <m~,i# i}y U{xp! £p) |4,5>m i #j},
in the odd and even cases respectively. It remains to check that 0'_1| 12, me) and
U_1|{m—+1,‘..,m} are increasing, which is true. O

8.8.7. — We now transport [91, Prop. 3.2.5] to our setting. For any ¢t € Ty (R),
let eg(t) € {£1} be —1 to the number of By-positive roots o of (G¢,Tw,c) such
that o is real and 0 < a(t) < 1. (Compare with the definition in §4.2.2.) Similarly,
for t' € Tap (R), we let €g,, (t') € {£1} be —1 to the number of iy (A, B); ! (B};)-posi-
tive (or equivalently, iy (A, B) ;! (Bp)-positive, by Lemma 8.8.6) roots « of (Hc, Ta/ )
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such that « is real and 0 < a(t’) < 1. We set ®

A;‘MBBM — (_1)q(GlR)‘FCI(HIR)‘FQ(MR)‘l"I(Mu,Q)AjM,BM ,

where Aj,, B,, is Kottwitz’s normalization of the archimedean transfer factors be-
tween e,(M) = (M',“M’,s;,nx) and M associated to (jar, Bar) (see [60, §7],
cf. §§6.2-6.3). Let ©y+ denote the analogue of Oy in §4.2.1 with V replaced by V*.
The following result is [91, Prop. 3.2.5].

Proposition 8.8.8. — We have

er(im (Y )ery (VHAL S (Vi (V)G (G (v) T, OF)
= Z det(w;(@H))(D]I;I/[’ (7/_1’ @lpH)v

HEPH (Pyx)
Here the elements wl(pn) € Q are the analogues of the elements w.(pg) € N in
§8.4.8 with (j, Bg,u) replaced by (j, Bg). The term ®§;(-,0%.) is given as follows.
Only when M = Mis and A = {1} or {2} (which in particular implies that we are in
the odd case; see Lemma 8.6.2), it is equal to ®§;(-, Oy~ )eas (defined as in (4.6.10.2),
but with V replaced by V*). In all the other cases, it is equal to ®F;(-, Oy~ ). O

8.8.9. — For a fixed ¢y as in Proposition 8.8.8, we investigate the relation between
ws(pm) and W, (pm). Write w, 1= wi(py) and !, := w(pmg). By definition, ¢y is
aligned with (w;! o j, B u,By) and also aligned with ((w})™! o j, Bg, Bl;). Sup-
pose wy € Q(Gc,Tg,c) measures the difference between Bg and Bg, g, so that the
map IA“G — G determined by Bg and ¢y (namely the first row of the commutative
diagram on the bottom of [61 p- 184]) is equal to the composition of @y : Te — Ta
with the analogous map TG — G determined by Bg,n and ¢g. By the definition of
“being aligned” and by Lemma 8.8.6, we know that the composition

/\A A~ /71 A~
T — T—>T

is equal to the map

Hence
w, (o) = wi(pm)wo
In particular,

(8.8.9.1) det(w. (vr)) = det(w«(pr)) det(wp)-

A,B
8. In [91, Prop. 3.2.5], our A7 g, s denoted simply by A,/ B,
intrinsic to (jar, Bar), since its definition involves the number g(Hg) which depends on (A, B).

However, this object is not
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Lemma 8.8.10. — We have

1 A=10,
— (_1)m_, A= {]‘}’
(8.8.10.1) det(wo) = (—1)m A= {9},
1, A=1{1,2}.

(Here the formula works in all cases considered in Lemma 8.6.2. For instance, A = {1}
could only happen in the odd case either when M = Mys or when M = Ms.)

Proof. — From the description of the Bg, g-positive and Bg-positive roots in ®¢ in
the proof of Lemma 8.8.6, we see that det(wp) is equal to the sign of the permutation
o in that proof. Thus (8.8.10.1) follows from direct calculation of this sign. O

Proposition 8.8.11. — We have
K (e (M), ', A, B) = (=1)7 det(wo)er(iar (1~ ))ers (v')
AP (i (V) B (G () Ok,
where det(wp) is given in (8.8.10.1).

Proof. — This is a consequence of Proposition 8.8.8 and (8.8.9.1). O

8.9. Computation of some signs

We keep the notation of §8.8.

Definition 8.9.1. — Let J1(A, B) € C* be the constant such that the normalization
(A, B) - A;‘A}J,BBM of transfer factors between e,(M) and M at oo together with
the normalizations (AM, )45 at all finite places (fixed in §8.4.12) satisfy the global
product formula. Here AfprM is defined in §8.8.7.

Lemma 8.9.2. — The normalization (A, B)Aj‘MBBM of tramsfer factors between

¢p (M) and M at oo is inherited from Ajp. , in the sense of Remark 8.4.13. Let
€”>® (A, B) be as in Definition 8.7.4. We have

AA B GP’OO(A, B) A@ 0

Jjm,Bm Jn,Bu

J(A,B)~1 53(0,0).

Proof. — The first assertion follows from the fact that (A%), for all v satisfy the
global product formula (see §8.4.7), and the fact that inheritance of normalizations
respects the global product formula (see Remark 8.4.13). To prove the second asser-
tion, by the definition of 9(A, B) we must have

2(A, B) BMH(AM’AB (Q’Q)A@(DBMH AM)O)(Z)

PEZS) vF#00
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But (A%,);‘*B = (A%,)g’@ because they are both the canonical unramified normal-
ization associated to M(Z,). (See §8.4.12 for M(Z,).) Hence

AA,B)ALNEL T (AM)AE =20,04%° 5 T (ak)50.
v#p,00 v#p,00
Our assertion follows from comparing the above equality with Definition 8.7.4. O

8.9.3. — As usual we denote by W, W the underlying quadratic spaces for MS©,
M'SO=E e, MSO = SO(W), M"SO% = SO(W). Denote by MS©* the fixed quasi-
split inner form of M5 as in §5.5.3. Namely we have M59* = SO(W), and as in §5.5.3
we have fixed isomorphisms ¢y, : W — W (with respect to F' = R and satisfying
the extra condition in Definition 5.1.1) and s, : M3° MSO ,g ¢ng¢WR

By the two conditions noted in §8.6.1, we know that the locahzatlon over R of
the endoscopic datum e, (W) for MS© = SO(Wy) satisfies the hypotheses in §6 (with
V,V,V* there replaced by WR,WR,WH%.) In other words, this is an elliptic endo-
scopic datum over R, and the group in it contains R-anisotropic maximal tori. Define
ED(Wg)°, ED(Wg)°, ED(W:)° as in §6.1.7 and §6.1.9. Inside ED(Wg)® we have the
subset ED(Wg)?;.. as in Definitions 6.2.12 and 6.3.8. Let Bjso be the Borel subgroup
of MSO given by By N MSO, and let jpsso : Thyrso+ X Thyrso— — Thrso be as in
§8.8.1. Thus (Tys0, Byso) is a fundamental pair in MEC = SO(Wg).

Lemma 8.9.4. — There exist D1 € ED(Wg)?,.. and

D, = (D}, Dy) € ED(W;)° x ED(Wy )°

such that the fundamental pair (Tysso, Byso) arises from Dy as in §6.1.6, and jyrso =
JDs, D, Where jp, o, s as in §6.1.9.

Proof. — Firstly, since the signature of Wy is (d — 4,0) or (d — 3,1), we have
ED(Wg)° = ED(Wg)%;.. Since all anisotropic maximal tori in MS© are conjugate
under M5°(R), we can find
D, € ED(WR)O

such that Ty;so = Tp, (notation as in §6.1.6). By reordering the members of D;, and
in the odd (resp. even) case changing the orientations of an arbitrary (resp. even)
number of the members of D;, we may and shall assume that the fundamental
pair (Tpsso, Bysso) arises from D;. Let m/ be the absolute rank of MSO. Using
Lemma 6.1.8 and the same argument as in the proof of Lemma 6.1.13, we see that
there exist g € M5O (R) and Dy € ED(W)° such that Int(g) o fp, = ¥y o fp,. (Here
fp, and fp, are as in §6.1.6.) Then by Lemma 6.1.11, the isomorphism

(7’17 [N ,Tml) : Gz,(C ; TMSO7(C

/

(see §8.8.1 for the 7;’s) is equal to the base change to C of fp, : U(1)™ — Tyso,
where we identify U(1)c with G,, c.
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To simplify notation below we write TF for T);.so0.+. Since jsso is admissible, by
condition (2) in §8.8.1 we know that the isomorphisms

(8941) (.]]T4ISO © Tn_+1a s 7j;4180 o Tm’) : Gﬁ76n7 L’ Tg
and
(8'9'4'2) (];/[lso OTiy... aj;/flso o Tn*) : Gnm_,(c - T(C_

are induced by the isomorphisms
Vg g i TF 5 TH = (C)™ " or (C)™

associated to some Borel subgroups B* of Méso’i containing TCi. Here (7%, B*) are
the standard Borel pairs in the dual groups of M"S9:% and the notation 0..is asin
§5.6. By the same argument as before, we can find

D, = (D4, D5) € ED(W)? x ED(W )°
such that 1)2jE gives rise to the fundamental pair (7%, B*). By Lemma 6.1.11, the
isomorphisms (8.9.4.1) and (8.9.4.2) are equal to fD;f ¢ and sz_ ¢ respectively. Com-
bining this with the previously established fact that (71, ..., 7m/) = fp,.c, we conclude
that jyso = jp, D, - O

Proposition 8.9.5. — For (A, B) taking values as in Lemma 8.6.2, we have
JD(®7®) = _1a

1, if (A, B) = (0,0),
(A, B a(0,0) = { -1, if A={1,2} or B = {1},

(—=1)™ *1 in all other cases.

Proof. — In this proof we pass to the local notation over R. For instance, we write M
for Mg. We use the phrase “Whittaker normalization” when we mean the Whittaker-
normalized transfer factors between H and G* or between H and G, associated to
the unique (resp. the type-I) equivalence of Whittaker data for G* when d is not
divisible by 4 (resp. d is divisible by 4); see §6.2.1, Definition 6.2.8, Definition 6.3.4, and
Definition 6.3.6. We shall also apply this notion to the transfer factors between M’S©
and M59* and between M"SO and MS©. By extending trivially across ML, we also
obtain the “Whittaker normalization” of transfer factors between M’ = MGl x M’SO
and M* = MG x M59* and between M’ and M = MG x M5©. As in §5.5.3, we
view M* as a Levi subgroup of G* via (5.5.3.1).

We claim that the Whittaker normalization between M’ and M is inherited from
the Whittaker normalization between H and G as in Remark 8.4.13.

To prove the claim, first assume d is odd. Then G* has a unique Whittaker da-
tum (up to equivalence) and a unique R-splitting (up to G*(R)-conjugacy). The same
also holds for M*. Thus the unique Langlands-Shelstad normalization of transfer
factors between M’ and M* is inherited from the unique Langlands-Shelstad normal-
ization between H and G*. (Indeed, one can see this by going through the definitions
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in [76]; alternatively, one can see this by using Waldspurger’s explicit formula [121,
§1.10] while noting that the constant n in [121, §1.6] attached to the unique splitting
of G* = SO(V) is equal to the discriminant §, and hence equal to the analogous
constant for M5©* = SO(W).) Moreover, the local epsilon factor relating the Whit-
taker normalization and the Langlands-Shelstad normalization (cf. (6.3.11.7)) is 1 in
both the (H, G*)-scenario and the (M’, M*)-scenario. This implies that the Whittaker
normalization between M’ and M* is inherited from the Whittaker normalization be-
tween H and G*. Our claim then follows from the three compatibility conditions in
§5.5.3.

Second, assume d is even and not divisible by 4. Then by assumption M = M; or
M5, and so M5O = SO(W) with dim W = d—4 again not divisible by 4. Hence we still
have uniqueness of Whittaker datum and uniqueness of R-splitting for G* and M*. As
in the odd case, the unique Langlands-Shelstad normalization between M’ and M* is
inherited from the analogous normalization between H and G*. (Again, one can see
this by using Waldspurger’s explicit formula, noting that this time the constant 7 is
equal to 1 for both G* = SO(V) and M5°* = SO(W).) As in the odd case, the
epsilon factor is still 1 in both the (H, G*)-scenario and the (M’, M*)-scenario (since
a maximal R-split torus in each of G*, H, M*, M’ is of the form a direct sum of a split
torus and one copy of U(1)). Our claim follows, as in the odd case.

Finally, assume d is divisible by 4. As in the previous case we have dim W = d — 4,
and this is divisible by 4. Using Waldspurger’s explicit formula [121, §1.10], we observe
that the normalization between M’ = MG x M”59 and M* = MG x MS®* induced
by the Langlands-Shelstad normalization between M’S© and MSO* associated to
some spl,,; € Split(M5°*) is inherited from the Langlands-Shelstad normalization
between H and G* associated to some spl € Split(G*) provided that nw (spl,;) =
nv (spl). Here ny (-) : Split(G*) — {£1} and nw (-) : Split(MSO*) — {£1} are as in
§6.3.10. We now take spl;; and spl such that nw(sply;) = nv(spl) = —1. By the
above observation and by Theorem 6.3.11, we see that the Whittaker normalization
between M’ and M* is inherited from the Whittaker normalization between H and
G* times the following constant. The constant is the ratio between the two local
epsilon factors appearing in (6.3.11.7) and the analogue of (6.3.11.7) for (M’, M).
By (6.3.11.8) and a similar computation for (M’', M), we see that the two epsilon
factors are equal to (—1)™ and (—1)" respectively, where m~ is the absolute rank
of H- and n~ is the absolute rank of M’S%~. Since we are in the even case, we
have m~™ = n~ mod 2. Thus the Whittaker normalization between M’ and M* is
inherited from the Whittaker normalization between H and G*, and our claim follows
as in the previous two cases.

It follows from the above claim and Lemma 8.9.2 that J3(A, B) is the product of
the following three signs:

1. the sign between Af’B and A, namely (—1)«(@)+a(H)+a(M)+e(M"),

M,Bum M,Bno
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2. the sign between A;,, p,, and the Whittaker normalization between M’ and
M, which is also equal to the sign between A; o, B, <o and the Whittaker
normalization between M’S° and MSO;

3. the sign between A; g, ,, and the Whittaker normalization between H and G.

Denote by m* (resp. n*) the absolute ranks of H* (resp. M’S%*). Denote by m
the absolute rank of G. We divide our computation into cases.

The odd case with M = M,. — In this case B is always @), and A is any subset
of {1,2}. We have

q(G):(2m2_1)2:2m—1, q(H):m+(m++1)—;—m_(m_+1)7
a(M) =0, gy = DT L),

When A = (), we have mT =nT and m~ =n~ + 2. Then
a(G) + q(H) + q(M) + (M)
2mt(mT +1)+m (m™ 4+ 1)+ (m™ —2)(m~ —1)
2
2(m~)? — 2m~ + 2
2
=l+mtmT+1)+m (m™ —1)+1
=0 mod 2.

=2m -1+

=1+mt(mT+1)+

When A = {1,2}, we have m™ = n™ 4+ 2 and m~ = n~. Observing symmetry we
again get
q(G)+q(H)+q(M)+q(M')=0 mod 2.
Now assume A = {1} or {2}. Then m* =nt +1,m™ =n~ + 1. We have
a(G) + q(H) +q(M) + q(M')
mtmt+ D) +mT(mT —1)+m~(m~+1)+m (m™ —1)

=2m -1+ 7

2(m*)? +2(m”)*
2
=14+mT+m~
=m+1 mod 2.

We conclude that

=1+

1, A={1,2} or 0,

(_1)q(G)+¢1(H)+q(M)+q(M') —
(=)™t A= {1} or {2}.

The sign between A; o, B s, and the Whittaker normalization is (—1)[”+/ 2l
by Lemma 8.9.4 and the ¢ = 0 case of Proposition 6.2.20 (1). (We have already
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noted in §8.9.3 that the results in §6 indeed applies to MS© together with its endo-
scopic group M’S©.) The sign between A; Be.n and the Whittaker normalization is
(=1)Im"/21+1 1y the ¢ = 2 case of Proposition 6.2.20 (1); here the hypothesis m™ > 0
(i.e., HT is non-trivial) is guaranteed in §8.5.1, and the hypothesis that (j, Bg m)
arises from an element of ED(V), . and an element of ED(V1)° x ED(V™)° is guar-
anteed in §8.4.2. Thus we have

2(0,0) = (_1)fn+/21+[m*/21+1 _ (_1)(m+/21+[m+/21+1 —

o
nice

’ﬂ+ m+ m+7 m+
n({1,2},0) = (_1)f [21+[m™ /2141 _ (_1)(( 2)/21+mT /2141 —

A({1},0) = 2({2},0) = (—1)mHIE T2+ mT /214
(_1)m+1+[(m+—1)/2]+[m+/2]+1 — (_1)m+mJr — (_l)mf.

This finishes the proof in this case.

The even case with M = My5. — In this case B is always @), and A is either @) or {1,2}.
Note that ¢(G), q(H), q(M), q(M’) are all even. This is because each of G, H, M, M’ is
a product of a split torus and one or two cuspidal even special orthogonal group(s),
namely some SO(a,b) with a,b even, for which we have ¢(SO(a,b)) = ab/2 = 0
mod 2. It follows that the sign in part (1) is 1.

The sign between A; o, B, s, and the Whittaker normalization is (=1)l»" /2] by
Lemma 8.9.4 and the ¢ = 0 case of Proposition 6.2.20 (2) and Proposition 6.3.9.

Assume it is not the case that m is odd and m*™ = 1. Then D which was used to
define (j, Bg,m) in §8.4.2 lies in ED(V)2, ... We have m™ > 2 since m™ > 0 (see §8.5.1).
Applying the (¢ = 2, m* > 2) case of Proposition 6.2.20 (2) and Proposition 6.3.9, we
see that the sign between A; p, ,, and the Whittaker normalization is (—1)l™ /2],

Now assume m is odd and m™ = 1. In this case D¥ used to define (j, B, x) differs
from an element of ED(V')g; . by the transposition (m —1,m) € &,. Let B; g be the
image of Bg g under (m — 1,m), viewed as an element of the complex Weyl group.
An argument similar to the proof of the second statement of Lemma 6.3.5 shows that

AjBon = <a(m_11m)’8>Aijé;,H = _AJ}BQ;,H'
Hence the sign between Aj g, , and the Whittaker normalization is —1 times the
sign (—1)l™" /211 in the (¢ = 2,m* = 1) case of Proposition 6.2.20 (2). Namely, it
is again (—1)lm /2],
We conclude that 73(4, B) = (—1)* /21+1m™ /2] Specifically,
2(0,0) = (_1)L(m_*2)/2J+Lm_/2J =-1, H({1,2},0) = (_1)Lm_/2j+|_m_/2j -1
This finishes the proof in this case.
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The odd case with M = M;. — In this case A is always (), and B is any subset of {1}.
We have

a(e)= B D2 oy,
o(H) = mt(m* —|—1)—;—m‘(m_ + 1)7

nt(nT+1)+n"(n” +1)
2

g(M") = q(M"5°) + q(M") =
q(M) = q(GL2) = 1.
When B =0, we have m™ =nT,m~™ =n~ + 2, and so
a(G) + q(H) +q(M) + q(M')

2mt(m*T +1)+m~(m~ 4+ 1)+ (m™ —2)(m~ —1)
2

+1,

=2m+1+
2(m™)% —2m™ +2

=mt(mt +1)+ 5 +1
=mTmT+1)+m (m™ —1)
=0 mod 2.
When B = {1}, we have m™ = n* +2,m~ = n™, and observing symmetry we again

get
9(G) +q(H) + q(M) +¢(M') =0 mod 2.
Hence the sign in part (1) is 1.

The sign between A; o, B, s, and the Whittaker normalization is (—1)["” 2l by
Lemma 8.9.4 and the ¢ = 0 case of Proposition 6.2.20 (1). The sign between A; .
and the Whittaker normalization is (—1)[m+/ 2141 by the ¢ = 2 case of Proposi-
tion 6.2.20 (1). Thus 4I(A, B) = (—1)["/21+Im™ /2141 and specifically

5(0,0) = (~1)Im AR 2 1 5@, (1)) = (1) /A2 <

This finishes the proof in this case.

The even case with M = M. — As in the previous case, A is always 0, and B is any
subset of {1}. Now ¢(G), q(H) are even, and q(M), q(M') are odd. Hence the sign in
part (1) is 1. Similarly as in the even case with M = M, treated before, the sign
between A; ., 5 o, and the Whittaker normalization is (—1)l" /2, and the sign
between A; g, ,, and the Whittaker normalization is (—1)!™ /2], Thus %(4, B) =
(=1)ln"/21+1m™ /2] " and specifically

2(0,0) = (_1)L(m*—2)/2j+tm*/2J =—1, N20,{1}) = (_1)Lm*/2j+tm*/2J - 1.

This finishes the proof in this case.
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The odd case with M = M. — In this case B is always @), and A is any subset of {1}.
We have
(2m —1)2

q(G) = 5 =2m -1,

o(H) = m*(m* +1) —;—m_(m_ +1)’
gy =22 =m,
S = nt(nt +1) ;rn—(n— +1)'

When A =0, we have mT =nT,m~ =n~+1, and so
a(G) + q(H) + q(M) + ¢(M’)
2mT(mt +1)+m~(m™ + 1)+ (m™ —1)m~

—3m—2+ :
=m+mtm®t+1)+ 2(”;_)2
=m+mT(mT+1)+ (m™)?
=m+m
=m" mod 2.
When A = {1}, we have m™ =n* +1,m~ = n~, and a similar computation yields

q(G)+q(H) +qM) + q(M')=m~ mod 2.
We conclude that

m+ J—
(= 1) (@) alH)+a(M)+a(M") _ {(—1) oA=0,

The sign between A; o B, 5o 1S (—1)""/2 by Lemma 8.9.4 and the ¢ = 1 case of
Proposition 6.2.20 (1). The sign between A; g, ,, and the Whittaker normalization is

(—l)fm+/2l+1 by the ¢ = 2 case of Proposition 6.2.20 (1). Thus we have
3(0,0) = (—1)m++Ln+/2J+rm+/2]+1
= (—1)ym T2l it 21yt te g
_(Lqym It /2 It /2140 qymT Lm0 /204 [m /2041 _ (_qym™
S({1},0) = (-1) (1) o

This finishes the proof in this case. O

Definition 8.9.6. — For (A, B) as in Lemma 8.6.2, define the sign
—1, ifl€AorleB,

1, otherwise.

(A, B) := {
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Suppose ¢ is a function that assigns to each choice of (A, B) an element g(A, B) €
Hur(M(’@p). Define
J(eP(M)7’yl7g) = J(QF(M),’}//, (A7 B) — g(Aa B))
=Y %(4,B)SO4(9(4, B)er(im (v~ )ern (v 1) 05 (e ('), OFL),
A,B

where the sum is over all choices of (4, B).

Definition 8.9.7. — With notation as in Definition 8.7.5 and §8.8.7, we define
Qep(M), ') := 1™ (7)) AN )P (v yar) O3 (F57°)r (M)E(M)k(G) ™
()t A (M) T (DMOIAL L (i (7).

Here, we choose vy € M (Azf’) as in Definition 8.7.5, which does not affect the defini-
tion.

Corollary 8.9.8. — With J as in Definition 8.9.6 and Q as in Definition 8.9.7, we
have

I(ep(M),7") = Qep(M), ") (e (M), ', (A, B) = flup).
Here the mapping (A, B) — f "m 18 defined via the dependence of H on (A, B) as in
Lemma 8.6.2.

Proof. — By (8.8.10.1) and Proposition 8.9.5, we have
3%(A, B) = 23(A, B)™! 23(0, 0) det(wp).

The corollary then follows from the second equality in Lemma 8.7.6, Proposi-
tion 8.8.11, and Lemma 8.9.2. O

8.10. Symmetry of order n§;

Definition 8.10.1. — We define a subgroup 20 C Aut(MS%) as follows. When
M = M, so that MS™ = G2, we define 20 to be {£1}” x S, where each factor
{£1} acts on each factor G,, non-trivially and &, acts by swapping the two copies
of G,,,. When M = M, so that MGl = GL,, we define 25 to be Z,/27 with the
non-trivial element acting on GLo by transpose inverse. When M = M in the odd
case, so that Mt = G,,, we define 20 to be equal to Aut(M L) = Aut(G,,) = Z/27Z.
When the context is clear we also view 20 as a subgroup of Aut(M) or Aut(M’), by
extending its action on M S trivially across MS© or M5O,

Lemma 8.10.2. — The natural homomorphism 20 — Aut(Ays) is an injection, and its
image is equal to the image of Norg(M)(Q) in Aut(Anr). In particular, 20 is naturally
isomorphic to W$; and |20| = n§; (see Definition 1.1.1 and Remark 1.1.2).

Proof. — This is straightforward to check. O
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8.10.3. — The action of 20 on the set of stable conjugacy classes in M'(Q)ss preserves
the following conditions:

— being R-elliptic,

— being (M, M')-regular,

— being an image of a semi-simple element of M (A%).

(Indeed, the only non-trivial assertion here is that 20 preserves being R-elliptic in
the case M = Mj, and this follows from the fact that M1GL = GLy contains the
R-elliptic maximal torus 7 éﬂ which is 20-stable.) Moreover, if M = M5 or My, then
two different elements of M'(Q)ss in the same 20-orbit are never stably conjugate to
each other. Therefore in these cases we may and shall assume that the sets Z(M’)
and X(M'); chosen in Definitions 8.7.1 and 8.7.5 are stable under 20. If M = M;,
then two different R-elliptic elements of M’(Q) in the same 20-orbit are either not
stably conjugate to each other, or such that their components in MS%(Q) = GLy(Q)
both have determinant 1. (To see this, note that if g € GL2(Q)ss is stably conjugate
to its transpose inverse, then detg = +1, and we have detg > 0 if g is R-elliptic.)
Therefore in this case we may and shall assume that 3(M’); contains a subset X(M')9
such that X (M), is stable under 20 and the component in MY (Q) of every element
of X(M'); — ¥(M’), has determinant 1. To unify notation, when M = Mjs or M,
we set X(M')s to be T(M');.

Lemma 8.10.4. — For ' € X(M'); and w € 20, we have Q(ep(M),7) =
Q(ep(M),w(")). (See Definition 8.9.7 for Q).

Proof. — By (8.7.3.1), we have

Qep(M),7') = € x 80y (Fir" P X)AFL 5, (0 jna (1),
where C is an expression that is invariant under 20, and H((,0) is the particular
choice of H arising from (A, B) = (0,0). Note that the subgroup 20 C Aut(M’) is
contained ) in the image of the natural map Norg g g)(M')(Q) — Aut(M’).
Since w comes from Nor g g gy (M')(Q), we have

0,0),p,00 0,0),p,00
SO, (FrP D) = SO, 000 (Fral? 7o)

by exactly the same argument (using Kazhdan density and descent) as in the proof
of Lemma 2.5.4. We are left to check
0,0 . 0.0 .

AG By (Vi (V) = A g, (W), dar(w(v))),
or equivalently,

AjMaBM (7/’ JM('V/)) = AjM,BM (w(’yl)va(w(’Yl)))'
The last equality holds because both sides depend only on the common component
of 4" and w(qy') in M"SO. More precisely, if we denote this common component

9. Note that this would no longer be not true, for instance, if H(, ) is replaced by the choice
of H arising from (A, B) = ({1},0) when M = Mys.

SOCIETE MATHEMATIQUE DE FRANCE 2024



190 CHAPTER 8. STABILIZATION

by 459, then both sides are equal to

A ajMSO (’7
where jjrso and Bjyso are as in §8.8.1 and §8.9.3. This finishes the proof. O

1,SO /,SO))

Jps0,Byso (v )

Proposition 8.10.5. — For each e = (M’,s,,ny) € (M), choose a set Z(M')1 as
in Definition 8.7.5 and §8.10.3. In view of Lemma 8.10.4, for each v € 3(M'); we
write Q(e, W) for Q(e,~'). We have

ngy Try = > |Out s (e, (M)

ep (M)=(M",E M’ s, nar) EE(M)eur

( > Qe ()Y 107N T(ep (M), w(y), (A, B) = £Hy)

' ES(M'), weW
Y QM)A (ep (M)A (A, B) ;’M,>>.
’Y’EE(M’)l—E(M’)Q

Proof. — This is a consequence of Lemma 8.7.6, Corollary 8.9.8, Lemma 8.10.4. [

8.11. Computation of J

We compute the term J(e,(M),', (A4, B) — f;f ;) in Corollary 8.9.8 using results
from §7.4. We simply write e for e,(M). Recall the functions egr(-) : Tar(R) — {£1}
and egy (-) : Tm(R) — {£1} from §8.8.7. The former depends only on e, (M), while
the latter depends on e, (M) and (A4, B).

Lemma 8.11.1. — For M = M5 in the odd case, we have
er(im (Y1) = €ry (7/_1)|A:{1’2} = €ra (V)] oy
€Ry (’7/71)|A:{1} = €Ry (7/71)|A={2}~
In all the other cases of M, we have
er(in(Y ™) = ery (V7).
Proof. — This follows directly from the definitions. O

8.11.2. — We introduce some notations. Write p* := p*(4=2)/2_ Write
fatvr = P*k(A, B) + p*h € H™ (M),
as in Proposition 7.4.2. When M = M5, we further write
k(A,B) = k1(A) + ko (A),

where k;(A) € H"™(M,) has Satake transform V;(A)(§f + &%), as in Proposi-
tion 7.4.2. Thus we have

(81121) J(eaﬁyla (A>B) = ;IM/) = p*J(eaﬁyIa k) +p*J(277/7 h)a
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and when M = Mi, we further have
(811.2.2) J(e,7,(A,B) = flhy) =p*J(e,7', k1) + "I (e,7', k2) + p* T (e,7', B).

Here we use the abbreviated notation J(e,~', k) := J(e,7, (4, B) — k(A4, B)), etc. In
the following computation We write

5 = @5 (jm

G G (.
(I)M,eds = (I)M(JM

/

vy )_17 GV*)a
7/)_17 @V*)eds,
1—1

erery = er(im(Y " ))ery (V).

(
(

8.11.3. Odd case M;3. — With the above notations, it follows from Lemma &8.11.1
and the fact that eg is independent of (A, B) that we have

(8.11.3.1)
(e, h) = 5Oy (h) Y %(A, B)erer, @5 (inr(v) 7, ©1L)
A,B
=50, (h) |:q)f/f - <I>§\;4 - (GRGRH)|A={1}<D§\;/I,eds + (GRERH)|A:{2}(I)E/I,eds:|
=0.
Similarly
(8.11.3.2)

J(%’Y’a kl) = SO’Y'(kl (0)) |:(PIC\;4 + (I)% + (GRGRH)|A:{1}¢%,edS + (ERERH)|A:{2}(I)§/I,edS

= 250, (ks (0) |85, + (eneny )] ,_y, o]

and
(8.11.3.3)

e k) = 250 (ha(0) |06 — (emery )y By

8.11.4. Even case M1,. — With similar computations as above, we get
J(e,y',h) =0,
J(e,, k1) = 280, (k1 (0)) 05,
J(e,7, ka) = 280, (k2(0)) 05,

8.11.5. Case M; and odd case M;. — Similar computations give
(8.11.5.1) J(e,7' k) =0
(8.11.5.2) J(e,y, k) = 250, (k(0,0))®;.
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8.12. Breaking symmetry, case M2

We keep the notation in Proposition 8.10.5 and §8.11.

Definition 8.12.1. — Suppose M = Mj5. We say that an element of M'(R) is good
at oo if its component in MEL(R) = R* x R lies in (Rs¢ X Rsg) U (Reg x Rg).
We say that an element of M’(Q,) is good at p if its component in MSL(Q,) =
Q) x Q) has p-adic valuations (—a,0). Here the first G,,-factor is GL(V1) and the
second is GL(V2/V4).

Proposition 8.12.2. — Let M = M,5. We have

n§, Try, = 3 |Out ar (e (M)~
ep (M)=(M",L M’ sy mar) €E(M)ernr

-7 QUep (M), 7)4p" T (e (M), ),

where 4" runs through the elements of ¥(M"), that are good at co and good at p.

Proof. — We start with the formula for n§; Tr), in Proposition 8.10.5, and recall
that in that formula 3(M’); = X(M')y for our M = M. Fix ¢ = ¢,(M) =
(M, EM', shy,ar) € & (M),

We first treat the odd case. Let wy = (—1,1) € {£1}? c 2 = {+1}* x &,
and let wqo be the non-trivial element of Gy C 20. For o' € ¥(M’)1, combining the
computation of J(e,~v', k1) and J(e,~, ko) in §8.11.3 and the vanishing statement in
Proposition 4.6.12, we know that

J(Q,’)/,kl) = J(e,’}’/’k2) = 0

unless 7' is good at co. We also note that being good at co is a property invariant
under 20. Now by (8.11.2.2) and (8.11.3.1) we have

(8.12.2.1) J(e,y, (A, B) — fh) =p*J(e,y k1) + p* I (e, k2).
Therefore, if v' € £(M'); is such that
(8.12.2.2) > J(e,w(), (A,B) = fl) #0,

weW

then 7/ is good at oo,
Suppose 7' € L(M’); is good at co. Then by Proposition 4.6.13, (8.11.3.2), and
(8.11.3.3), we have

(8.12.2.3) J(e,7', k1) = J(e,w12("), k2)
(8.12.2.4) J(e,7' k1) = J(e,w1(7), k1)
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because the functions k1 (@) and ko (0) are pull-backs of each other under wiz, and the
function k1 (@) is invariant under w;. Combining (8.12.2.1) and (8.12.2.3), we obtain

(8.12.2.5)

Z J(e7w(’}/)7 (A’ B) = ng’) = Z p*J(e’w(vl)’kl) +p*‘](e7w12w(7/)7k1)
weW weW
=2 pJ(e,w(¥), k).
weW

Assume (8.12.2.2) holds. Then by (8.12.2.5), there exists 7" € 204’ such
that J(e,7"”, k1) # 0. By (8.11.3.2), the last condition implies that SO, (k1(0)) # 0,
from which it easily follows that either v or w;(y”) (but not both) is good at p.
Note that in 20, there are either zero or two elements w such that w(y') is
good at p. In the latter case, the two elements differ by left multiplication

by wy := (1,—1) € {£1}®> C 20. Combining this analysis with (8.12.2.4) and
(8.12.2.5), we have
(8.12.2.6) Y _ J(e,w(v),(4,B) — )
weW
= 2p* > J(e,w(v'), k1) + J (e, wiw(v'), k1)

weW,w(vy’) good at p

= 4p* > J(e,w(v'), k1)
weMW,w(v') good at p
0, if 7" € W' good at p,
- {4p* (J(e,y”,kl) + J(e,wg('y”),kl)), if ¥/ € 2+ is good at p.
Moreover, if v € 20+’ is good at p, then we have
2], i w(v") # 9",

(8.12.2.7) |QH’7/| = . 1" "
1201 /2, if wa(y") ="
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Combining the discussion about being good at oo at the beginning of the proof,
the formulas (8.12.2.6) and (8.12.2.7), and Lemma 8.10.4, we obtain:

> Q)WY Jle,w(y'), (A, B) = fHy)

v eES(M'), weW

= > Q7)1 207" |4p* I (e,9" k1)
’YHGE(MI)l
~v"" good at p,oo

D Q)1 2 |8p (e, 7" k)
’Y”EE(M/)l
~"" good at p,o0

= > Q(e,y")4p" I (e,7", k1)
v €B(M')
~v"" good at p,o0

This together with Proposition 8.10.5 implies the current proposition in the odd case.

The even case is proved in a similar way. The only differences are that we now use
the vanishing statement in Proposition 4.6.14 rather than Proposition 4.6.12, and that
we simply use the invariance of ®%, (-, ©y+) under Norg(M)(R) to deduce (8.12.2.3)
and (8.12.2.4) . O

8.13. Breaking symmetry, case M7 and odd case M,
We keep the notation in Proposition 8.10.5 and §8.11.

Definition 8.13.1. — Suppose M = M;. We say that an element of M’'(Q,) is good
at p if its component in ML(Q,) = GL2(Q,) has determinant of p-adic valuation —a.
We say that all elements of M'(R) are good at oo.

Suppose M = M, in the odd case. We say that an element of M'(Q,) is good
at p if its component in ML(Q,) = Q, has valuation —a. We say that an element
of M'(R) is good at oo if its component in MSL(R) = R is positive.

Proposition 8.13.2. — Suppose M = My, or M = My in the odd case. We have
ngy Trhy = > |Out as (e (M)~

ep (M)=(M'FM',s); mar) €6 (M)enr
ZQ eP 2p J(eﬁ( ) ’Y/vk))
where v runs through the elements of ©(M'); that are good at 0o and good at p.

Proof. — We start with the formula for n§; Tr), in Proposition 8.10.5. Fix
e=ep(M) = (M, "M sy;,nm) € E(M)™. Let v/ € (M');. Let w; € 20 be
the non-trivial element. In view of (8.11.5.2), it follows from the obvious invariance
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of k(0,0) under w; and the invariance of ®§;(-,Oy-) under Norg(M)(R) that we
have

(8.13.2.1) J(e,v' k) = J(e, w1 (¥), k).
By (8.11.2.1) and (8.11.5.1) we have
(8.13.2.2) J(e,y, (A, B) — fih) =p*J(e, k).

If this is non-zero, then SO.,(k(0,0)) # 0 by (8.11.5.2), and it easily follows that
either 7' or w17’ is good at p. This implies that v € 3(M’), (as a > 1). Thus

(8.13.2.3) > Qe,)I(e,7', (A, B) — fH,)) = 0.
Y ES(M')1 =% (M),
Now suppose 7' € £(M'),. By (8.13.2.1) and (8.13.2.2) we have
Z J(e,w(¥'), (4, B) — pM,) =2p*J(e,7, k) = 2p* J (e, w1 (Y'), k).
weW

Suppose this is non-zero. Then one of v" and w; (7) is good at p, by the same argument
as before. Also, by (8.11.5.2), we have ®$,(jar(v)~!,0y-) # 0. By the vanishing
statement in Proposition 4.5.2, the last condition implies that 4’ (and hence also
w1 (7)) is good at oo when M = M,. Note that at most one of 7/ and w; (y') can be
good at p. Hence

(8.13.2.4) S Qe J(e,w(), (A, B) — £y
Y ES(M) wew
= Y. Qe,)27'2p I (e,v k)
Y EZ(M')2

~' good at p,00

+ > Q(e,7)27"2p" J (e, w1 (7)), k)
Y eS(M')s
w1(v’) good at p,00
= > Q(e,y)27'2p" J(e,7 k)
7' E€S(M')2
~’ good at p,c0
+ ) Q)22 (e, k)
v eX(M')s
v’ good at p,c0
= > Qe (e, k).
v ex(M')s
~' good at p,00
Here for the second equality, we made the substitution ' — w;(y’) in the second
summation and used Lemma 8.10.4. The proposition follows from Proposition 8.10.5,
(8.13.2.3), and (8.13.2.4). O
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8.14. Main computation

We keep letting M denote one of M7, My, M12, and excluding M in the even case.

Proposition 8.14.1. — Let €y = 1 for M = Myo or My, and let €pr = 2 for M = M,
(in the odd case). When a € Z~q is large enough (for a fized fP*°), we have

(8.14.1.1)
G Tty = dp* > (= 1) Anr +9(G2) | Out py (e (M)

ep (M)=(M"," M’ SEWTIM)EGE”(M)C’“‘

Z Q(ep (M Oy (k1 () La (1 (7')),

where ~' runs through the elements of X(M')y that are good at co and good at p.
Here we understand that ki(0) := k(0,0) when M = M, or My; see §8.11.2 for k;
and k. Moreover, (—1)3™Ax’ depends only on M, and is 1 if M = M5 and —1 other
wise. 19

Proof. — The claim about (—1)4™4um’ is straightforward. To prove (8.14.1.1), we
first treat the odd case with M = M;5. By Lemma 8.10.2, we have nf/l = 8. Then by
Proposition 8.12.2 and (8.11.3.2), we have

(8.14.1.2)
8Tr)y, = Z |Out s (e) ZQe’y Y4p*J (e, ', k1)

e:(M’ L g S/MJ]M)Eé'D( )c,ur

—Z|OutM ZQ "8p* SO, (k1 (0))-

5 (i (V) 7 0v) + er(im (Y ) ery (V) A=y @5 (G (Y1), Ov+ Jeas |

where 4 runs through the elements in (M'); that are good at co and good at p.
Suppose that v’ contributes non-trivially to the above sum. Then @Q(e,7’) # 0. From
Definition 8.9.7, we have /
O (f37°) # 0,

where 7,/ is as in that definition. Therefore the component of vy, in MG (A?) lies
in a compact subset that depends only on f7'*° and not on a. Because «’ is an image
of yas, the component of 7/ in MG (Q) is equal to the component of vy, in MGL (Afp).
When a is large enough, this observation together with the assumption that v’ is good
at p implies that the real absolute value of the component of v/ in the first G,, is
strictly smaller than the +1-st power of that of the second. In other words, jp (') is

10. This dichotomy is to be compared with the dichotomy of behaviors of signs in Proposi-
tions 4.6.12 and 4.6.14 for M2 on the one hand, and in Propositions 4.4.2 and 4.5.2 for M7 and M
on the other hand.
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in the range x1 < — |z2| considered in Propositions 4.6.12 and 4.6.14. Observe
5 (im(Y) ™ Ov-) = @ (im(7), Ow),
5 (jar (7)1, Ov)eas = D5 (m(Y), Ov)eas,
and
er(inr (Y™ Nern (V)] 4Ly, =1
for jpr(7/~1) in the range mentioned above. Therefore by Proposition 4.6.12, the sum
in the bracket in (8.14.1.2) is 4(—1)9(¢®) L s (jp(7')). Substituting this into (8.14.1.2),
dividing both sides by 8, and inserting the sign (—1)4™4x’ = 1 on the right hand
side, we obtain the desired (8.14.1.1).

The even case M5, odd and even case M7, and odd case My, are proved in a similar
way, by applying the corresponding computation in §8.11 and Propositions 8.13.2,
4.6.14, 4.4.2, and 4.5.2. (The number ng can again be computed using Lemma 8.10.2,
and is seen to be 8,2,2 for M2, M1, Ms.) We only add the following details: When
M = M;j, we only know that the component of 4/ in MS¥(Q) = GLy(Q) is (stably)
conjugate to the component of 5, in MST (A}) = GL2(A%) (as opposed to knowing
that they are equal), but this already implies that they have equal determinant. Again
from the assumption that a is large and 7' is good at p, we deduce that jp(7') is in
the range det < 1 considered in Proposition 4.4.2. When M = M, in the odd case,
we deduce that jpr(7') is in the range 0 < a < 1 considered in Proposition 4.5.2 in
the same way as when M = M;,. Finally, we note that the constant ng, appearing in
Proposition 8.13.2 is the same for M; and M, (equal to 2), but in Propositions 4.4.2
there is an extra factor 2 on the right hand side compared to Proposition 4.5.2. This
is why in the current proposition we have €3, = 1 and €y, = 2. O

8.14.2. — We now plug the definition of Q(e,~") (Definition 8.9.7) into the formula

(8.14.1.1), and obtain:

(8.14.2.1) €y Tty = dp*r(M)k(M)k(G) ™" > |Outpy(e)| "
e=(M", LM’ s}, ) EE(M)esur

Zso (ka8 Lar Gar (V)P () (AM) (Y )

0 ,
e ()M )T AY L ().
(The sign (—1)4mAx’ appears both in the definition of Q(¢,’) and in (8.14.1.1), and

hence it gets canceled in the above.) Observe that when 4" € 3(M'); is good at p, we
have

(8.14.2.2) SO0, (k1(0)) = SO/ (kq ® 1pp150 ,),
where, in the notation of Proposition 7.4.2, k, € H‘"(M G’L) is given by

—£79, M = M5 or M; (so that ML = G2, or G,, resp.),

(8.14.2.3) L ~ y
—({%= (% M = M, (so that MG = GLy),
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and 1,;.so , denotes the unit element of H“r(Méﬁfo). (Thus k, differs from k(0,0) in
that we throw away the positive powers of the variables &;, (;, as well as powers of &5
when M = Mj,.) Conversely, if the right hand side of (8.14.2.2) is non-zero, then 7/ is
necessarily good at p. Thus after making the substitution (8.14.2.2) inside (8.14.2.1),
we no longer need to impose the condition of being good at p in the summation
over 7.

Let 7}, g1, (resp. 7}, go) be the component of 4/ in M%(Q,) (resp. M"5°(Qy)).
Then we can rewrite (8.14.2.2) as

(8.14.2.4) 50+ (k1(0) = SO, . (ka)SOr . (Laprso ).

Since 4 is (M, M")-regular (being in %(M')1), v, 50 is (M5O, M"S9)-regular. By the
Fundamental Lemma (Theorem 8.1.4 (2)), we know that

SO’Y;;,SO (1M/,so7p) #0

only if v}, 5o is an image of a semi-simple element v, so0 € M SO(Q,), and in this case
we have

SO SO
(8.14.2.5) S0y (Iyrso) = Ajfrso (1,505 19,50)03, oo (150 ),

where A%igo is the canonical unramified normalization of transfer factors at p as-
sociated to the hyperspecial subgroup M5°(Q,) N M(Z,) c MS°(Q,), and 1arso
denotes the unit element of H(M5°(Q,) / (MS°(Q,) N M(Zy))).

When 7/ g5 is an image of v, 50 € M5°(Q,) as above, note that 7' = v/ o7} 5o is
an image of v, g1,7p,s0 € M(Qp), and for the canonical unramified normalizations of
transfer factors we have

(8.14.2.6) AN 50 (T30 Tns0) = DY (Y, % 6L p50)-
From (8.14.2.1) (8.14.2.4) (8.14.2.5) (8.14.2.6), we obtain
(8.14.2.7)
Gy Tty = 4p*r(M)k(M)k(G) ™ > |Out s (e)] ™

9=(M/,LM,,53V[J]M)Eg’(M)c'ur
M _1_ 0 \— . 4 00 SO
S () B (M) S0, (k) Lag (iaa (V)OS (57005 (Lagso )
,yl
0,0 .

(AP )AL (i (V) AN (Y Y e Ye.s0)s
where 7' runs through the elements of X(M'); that are good at oo, and for each 7' we
choose yir € M(A%) and 7,50 € M39(Q,) such that 4’ is an image of s (over A%)

and an image of v, g1, 7p,s0 (over Q). Here we no longer need the condition that 7' is
good at p, as we have already seen.

Lemma 8.14.3. — If~' € M'(Q)ss is R-elliptic and is an image from M (Ay)ss, then it
is an image from M(Q)ss. Moreover, if voo € M(R)ss is a prescribed elliptic element
of which ' is an image, then +' is an image of some v € M(Q)ss such that v is
conjugate to Yoo in M(R).
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Proof. — We recall a construction from [66] in our setting. Let v* € M*(Q)ss be
such that +' is an image of it. By hypothesis v’ is an image from M (A[)ss, and note
that 4" is also an image from M (R)g since it is R-elliptic. Thus let y4 € M (A)g be
such that v’ is an image of it. When ~., is prescribed as in the statement of the
lemma, we take 7, such that its archimedean component is v,.. From +* and ,,
Labesse constructs a non-empty subset

obsy- () C €(I*, M*; A/Q) := Hyy (A/Q, I"\M*)/ Hyy (A, M*),

generalizing the construction of Kottwitz in [58]; see [66, §2.6], with L = M, H = M*.
By [66, Thm. 2.6.3], the condition that 1 € obs,«(v4) would imply the existence of
an element of M (Q)ss that is conjugate to y4 € M (A), and the current lemma would
follow. Thus it suffices to prove that 1 € obsy«(4) for a suitable choice of 4.

Note that to prove the lemma we may always modify 4 by replacing its v-adic
component with another element stably conjugate to it over Q,, for some finite place
v. We claim that after such a modification we can achieve 1 € obsy«(v4). In fact,
we know that &(I*, M*;A/Q) is isomorphic to the Pontryagin dual group £(I*/Q)”
of the finite abelian group &(I*/Q) (for I* C M™*) considered in [58, §4.6]; cf. [51,
Cor. 1.7.4]. The same argument as the second paragraph of [60, p. 188] implies that
the natural map &(I*/Q,)? — &(I*/Q)P is a surjection for some finite place v. On
the other hand,

R(I"/Q,)P = &(I*,M*;Q,) 2 D(I*, M*;Q,) = ker(H'(Q,, I") — H'(Q,, M™)).
From the construction of Labesse we know that if we twist 7y, within its stable con-

jugacy class by a class ¢ € ©(I*, M*;Q,), then obs,-(vs) gets shifted by the image
of ¢ in the abelian group €(I*, M*, A/Q). The claim follows. O

8.144. — By Lemma 8.14.3, we may assume that each 4/ in (8.14.2.7) is an image
of some v € M(Q)ss, and that « is conjugate to jar(7') in M (R). Note that we have
Ly (i (y") = Las (). (In fact Ly () depends only on C-conjugacy classes.) We may
and shall take vy and v, 17,50 to be localizations of v in M(A%}) and M(Qy)
respectively.

We have seen that 93(@, ) = —1 in Proposition 8.9.5. Therefore with the above as-
sumptions on s and ’Y;,QL’Yp,SO, the product of the three transfer factors in the third
line of (8.14.2.7) becomes —1. We summarize the above discussion in the following
proposition.

Proposition 8.14.5. — When a € Z~q is large enough (for a fized fP>°), we have
(8.14.5.1)
G Trhy, = —ap*r(M)k(M)k(G) ™! > |Outs(e)] ™"

e=(M", LM’ s, nar)€EE(M)ur-e

ST M ()T (M) IS0, (ka) Lt (1) 05 (£57°) 0% (Lagso )
,y/
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AP o i (YNAY) o (T
where v' runs through the elements of X(M'); that are good at 0o, and such that ' is
an image of some v € M(Q)ss. For each ', we fiz a corresponding v, and use ygL
and vso to denote the (localizations over Q, of) the components of v in MC* and
M5O respectively. O

Definition 8.14.6. — For any reductive group I over R that contains elliptic maximal
tori, let Z(I) be the cardinality of D(T, I;R) = ker(H'(R,T) — H'(R,I)), where
T is any elliptic maximal torus in I.

Lemma 8.14.7. — Let I and T be as in Definition 8.14.6.

(1) We have 2(I) = |Qc(I,T)/Qr(I,T)|. In particular 2(I) is independent of the
choice of T'.

(2) If 2(I) =1, then any two elliptic elements of I(R) that are stably conjugate to
each other are conjugate under I(R).

(3) If 2(I) = 1, then for any elliptic element x € I(R), we have 2(I2) = 1.

Proof. — Statement (1) follows from [68, Prop. 6.4.2], and the fact that all elliptic
maximal tori are conjugate under I(R). For (2), it suffices to prove that for any
(connected) reductive subgroup J of I containing an elliptic maximal torus 7" in I, we
have ®(J, I;R) = 1. But this follows from [58, Lem. 10.2], which says that H' (R, T
surjects onto H' (R, J). Finally, (3) follows from the fact that I contains a maximal
torus which is elliptic in both IY and I. O

Lemma 8.14.8. — We have 9(Mg) = 1.

Proof. — If M = My or M5, then My is a product of copies of GLy or G,, and an
anisotropic group, so Z(M) = 1. Now suppose M = M in the odd case. Write n
for d — 2, and recall that n > 3. We have Mr = G,, x SO(n — 1,1), so Z(Mg) =
2(50(n—1,1)). To compute Z(SO(n —1,1)), consider an elliptic (anisotropic) max-
imal torus 7 = U(1)(®»=1/2 in SO(n — 1,1), which is inside the maximal compact
subgroup S(O(n — 1) x O(1)) of SO(n — 1,1). It is well known (see for instance [4,
Prop. 6.16]) that we have
Q2(SO(n — 1,1),T)| = |Nors(o(n—1)x0(1))c)(T(C))/T(C)| .

On the other hand one can directly check that as subgroups of Aut(T¢) we have
Nors(o(n-1)x00)(©) (Z(©)/T(C) = Qe(SO(n — 1,1), T) = {£1} "™ 50 & o
It then follows from Lemma 8.14.7 (1) that Z(SO(n — 1,1)) = 1. O
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Proposition 8.14.9. — Keep the setting and notation of Proposition 8.14.5. We have
(8.14.9.1)
o Tryy = —4p*r(M)E(M)K(G) ™ Y >~ 7 (v0) ' 0(To) ™ SO0y, g1, (a) Lar (70)
Yo

K
KSO

. O:O (f]z\)/}oo)O'y()yso (1Mso,p)a
where

— 7o Tuns through a fized set of representatives of the stable conjugacy classes
in M(Q) that are elliptic over R and good at co. We let vo.c1, and vos0 de-
note the (localizations over Q, of) the components of o in MGCL and MS©

respectively;
— AJO .
— Io:= M;;

— & runs through &(I/Q) = €(Io, M;A/Q)P.

Proof. — By Lemma 8.14.7 (2) and Lemma 8.14.8, every « in (8.14.5.1) is conjugate
to jar(7') over R. Hence the quotient of the two transfer factors at the end of (8.14.5.1)
is equal to 1. Thus we have

G Trhy = —ap*T(M)k(M)k(G) ™! > |Out s (e)| ™"
€:(M/,LM',S;VIJUM)EC?(M)“Y’C

SSO

S ()T (M) T S0, 6y, (ka) Lt (MO (F17°) 0% (ags0 ,)-
v

This implies (8.14.9.1) by the usual conversion from summation over (¢,~’) to summa-
tion over (7o, k) in the theory of stabilization (see [67, Cor. IV.3.6] and [51, §8.3]). O

8.14.10. — Now by Fourier analysis on the finite abelian groups £(l,/Q)P =
E(lo, M; A/Q), (cf. [58, p. 395], [60, p. 174], [51, §8.1]), from Proposition 8.14.9 we
deduce

(8.14.10.1)
G Trhy = —4p™r(M)k(M)K(G) ™ > ™ (70) ' 0(Io) " e(Io,2)SOx, a1, (Ka)

Lt (70) O, (f357) O so (Lazso ) [T(M)lT(Io) |ker(ker" (Q, Ip) — ker' (Q, M))] |,

where

— o runs through a fixed set of representatives of the stable conjugacy classes
in M(Q) that are elliptic over R and good at oo.

- IO = M’(YJO'

— 41 runs through the subset of D (Iy, M; A) := ker(H' (A, I) — H'(A, M)) con-
sisting of elements whose images in &(Iy, M; A/Q) are trivial. Each such v; de-
termines a conjugacy class in M (A) which we also denote by ;. We let 71 g0 be
the component of 7; in MSO(QP).
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— The number |:T(M)1T(I0) |ker(ker1 (Q, Iy) — ker'(Q, M))| } is none other than

the cardinality of £(Ip/Q). (This can be shown by combining [58, §9] and Weil’s
conjecture on the Tamagawa number proved by Kottwitz [59], cf. [60, §4].)

8.14.11. — The last major operation to be applied to (8.14.10.1) is the Base Change
Fundamental Lemma, which relates SO, ., (kq) to the twisted orbital integrals in
Kottwitz’s point counting formula. We only need this result for G,,, in which case it
is trivial, and for GLo, in which case it was initially proved by Langlands [74]. For
an account of the theory for GL,, see [13] and for the proof in the general case see
[26, 65].

Observe that the function k, € H“r(M(SpL) defined in (8.14.2.3) is equal to the
image under the base change map (see §7.2.5)

M (MGL) — A (M)

of the element p_“/2¢£/[h, resp. —¢pMn resp. —pMr ® 1, where ¢M» is as in Defi-
nition 2.3.9, when M = M;j, resp. My, resp. M15. Here when M = M5 we have
MSY = M, x G,,, and we write —¢Mn @ 1 corresponding to this decomposition,
where 1 is the unit of H" (G, g,.). By the Base Change Fundamental Lemma, we

have, for any semi-simple conjugacy class (which is the same as stable conjugacy class)
Yo.cL in MSL(Q), the following identity:

— > 5 €(6)TOs(p2m), if M = Mj,
(8.14.11.1) SOq.c1(ka) = —p~ %235 e(8)TOs(¢pMr),  if M = My,
- 26 6(5)TO§(¢24’1)1Z;< (y), if M = M123

where ¢ runs through the o-conjugacy classes in M}, (Qpe) such that it has norm the
Mp,-component of vy, e(d) denotes the Kottwitz sign of the twisted centralizer of §
(a reductive group over ), and in the last case we write o ar. = (,y) € My X Gy
(In fact, by [13] or direct verification, the above summation over ¢ is either empty or
over a singleton.)

The next lemma is sometimes called “pre-stabilization” in the literature.

Lemma 8.14.12. — Let F(z,y) be a C-valued function on the set of compatible
pairs (x,y) of a stable conjugacy class x in M(Q) and a conjugacy class y in M(A).
Then we have

S oMY TRy = > M (70) 7 [ker(ker! (Q, Ip) — ker' (Q, M))| F(v0,m1),

Y Y0,71
where on the LHS ~ runs through the conjugacy classes in M(Q) which are R-el-
liptic, and on the RHS ~y runs through an arbitrary set of representatives of the
stable conjugacy classes in M(Q) that are R-elliptic, and 1 runs through the subset
of ®(Io, M; A) consisting of elements whose images in €(Iy, M; A/Q) are trivial. Here
we have denoted Iy := Mgo. Moreover, if we restrict the summation on the LHS to
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only those vy good at oo, and restrict the summation on the RHS to only those vy good
at 0o, we still get an equality.

Proof. — The multiplicity of a M (Q)-conjugacy class v appearing in the set ®(Iy, M;Q)
is equal to 7 (o) - tM(y)~!. The fibers of the map D (Ip, M;Q) — D(Iy, M, A) all
have size

|ker(ker1(Q,Ig) — kerl(Q,M))| .

The lemma then easily follows. O
We are now ready to prove Theorem 8.5.2.

Proof of Theorem 8.5.2. — By (8.14.10.1) and Lemma 8.14.12, we have

(8.14.12.1) G Trhy = —4p*k(M)K(G) ™Y "M (4)7! [E(M,(Y))_le(MSR)T(MS)

’ SO'YGL (ka)LM (7)07( JI\)/}OO)O’YSO (lMSO,p)’

where « runs through conjugacy classes in M (Q) that are elliptic over R and good
at co. By Harder’s formula (see [34, §7.10]), we have

X(M3) = 5(M3) ™ e(M3 ) 2 (M3 g)T(M3).
By Lemma 8.14.7 (3) and Lemma 8.14.8, D(M? ) = 1. Hence the product in the
bracket in (8.14.12.1) is equal to x(M?), and therefore

(8.14.12.2) G Try = —4p™k(M)K(G) ™) oM (7) I x(MD)
gl
' SO’YGL (ka)LM('Y)O’Y( ]I\J/}OO)O’YSO (1M50,p)'
Denote
w )P if M = My or Mo,
p= {p‘“/zp*, if M = M,.
By (8.14.11.1) and (8.14.12.2) we have
(8.14.12.3)

Cp Trly = dp™ k(M)k(G) ™!
Y M) T (MO)e(8)TOs (62 ) Lar ()0~ (£57°) 04, (Lar, z,.))
v,6

where v, denotes the component of v in M; under the decomposition M = M} x M;
(which only differs from the decomposition M = MG x M5O when M = M;,), and
1n,(z,) 1s as in Definition 2.4.3. To finish the proof we divide into different cases.

Case M = Mj3. — In Definition 2.4.3, § runs through those elements of Q;a with
norm 7y and such that the Kottwitz invariant of 6 in my (Mp)r, = X.(Gy) = Z is equal
to the image of —u. The last condition is equivalent to requiring that v,(6) = —1,
which is a necessary (and also sufficient) condition for TOs(¢2*) # 0. Hence we may
drop this condition in the summation in Definition 2.4.3. Every term c(v9,7,9) is
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easily computed to be 271 (with ¢; = vol(G,,(R)/G,,(R)?)™! = 271 ¢; = 1). On
the other hand, in (8.14.12.3) every term e(§) is 1. Comparing Definition 2.4.3 and
(8.14.12.3), we see that it suffices to prove that

(8.14.12.4) 2715;{5(@“(%) = 4p* k(M)k(G) X (M} ~,)

for v = ypyr contributing to (8.14.12.3). (Here ~;, and 7y, denote the components
of v in M (Q) and M;(Q).) We have x(M}, ,) = x(Gy,) = 27! by Harder’s formula,
and we have k(M) = 2™3 k(G) = 2™~! by Propositions 8.2.3 and 8.2.4. Moreover,

if v = ypyr contributes then v,(v,) = —a (because § should exist) , and therefore in
the odd case
2m—1 — *
Spn@y(m) = [ le@m)l, = 2" =p=2e = (p)?,
a€d+ -],

where the contributing roots are €1, €; £ €5, > 2. Similarly, in the even case,

2m—2 —_— a *
Sp@y(m) = [I  le@m)l, = 2" "2 =pl=2 = (p)?,
a€d+ -],
where the contributing roots are €; & ¢;,j > 2. The equality (8.14.12.4) follows, and
the proof is finished in this case.
Case M = M;. — First we claim that if 7o € GL2(Q) is semi-simple and R-elliptic,
then
02(70) = T(GLQ”YO) =1.
In particular, we have 1),
c(70) = e1(v0)ez2(70) = vol(Aar, (R)*\GLz 1, (R)) "

We prove the claim. Write Iy for GLg .. If Iy = GLo, then 7(Iy) = 1 by Proposi-
tion 8.2.4, and ¢3(y9) = 1 by definition. Otherwise Iy = T is a maximal torus in GLo
that is elliptic over R. Observe that T' = Resp/qg G;, for some imaginary quadratic

field F, so H'(Q, T) = 0 by Shapiro’s lemma and Hilbert 90. Hence c2(7) = 1. Now
by [57, (5.1.1)] and Weil’s conjecture on Tamagawa numbers proved in [59], we have

7(T)es(v0) = 7(T) [ker (Q, T)| = 7(T) ‘kerl(l“,f)‘ - ‘WO(TF)‘ .

Thus to show 7(T") = 1 it suffices to show that T" is connected. We have seen in the
proof of Lemma 2.3.5 that 77> C Z(éig). On the other hand Z((/}ig) C T'. Hence
Tr = Z(é:\LQ) = C*, which is connected as desired. The claim is proved.

We continue to consider such vy € GL2(Q) as in the claim, and write Iy for GLg -, .
By Harder’s formula we have

x(Io) = e(Jor)v " (Io)7(o) |2(Io.r)] -

11. This equality also follows from the formula for ¢ on p. 174 of [60], the fact that 7(GL2) = 1,
and Lemma 2.3.5
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Since Iy r is either GLy g or an elliptic maximal torus in GLy g, we have e(Ipr) =
|2(1or)| = 1. Hence

x(Io) = e(Ip) vol(Agr, (R)*\Io) "7 (o),
where I is the inner form over R of Iy.r that is anisotropic modulo center.

If § € G(Qp=) has norm stably conjugate to some vy € GL2(Q) and o is good
at p (i.e., its determinant has valuation —a), then we have e(d) = e(Iy), where I is
defined in terms of g as above. In fact, this follows from the existence of the (global)
inner form I of I as in §2.3.6, the product formula for the Kottwitz signs for I, and
the observation that for any place finite v # p, e(lpg,) = 1 since Iy g, is either a
torus or GL3 g, -

From the discussion so far we deduce that for § and g as in the last paragraph we
have

c(v0) = e(@)x(fo)-
Moreover, if § € My (Qpe) is such that TOs(¢2") # 0, then necessarily v, (det §) = —1,
and it follows easily that the Kottwitz invariant of § in 71 (M},)r, = Z is equal to the
image of —u. It remains to show that

8p,(,)(W)? = 4p™ k(M)k(G) 7,

for any v = vz, contributing to (8.14.12.3). We have k(M) = 2™~ 3 k(G) = 2m~1
by Propositions 8.2.3 and 8.2.4. For v = ~y,7y,, contributing, we have v,(dety,) = —a
(because  should exist), and therefore in the odd case

2m—2 d—3 Kok | 2
Spuopy(m) = I le(w)l, = Idet(yn)[27 % = p=3)e = (p™*)?,
a€d+ -7,
where the contributing roots are €1, €2, €1 + €2, €1 £ €5, €2 £ €5, > 3. In the even case,
the contributing roots are € + €2, €1 £ €, €2 = €;,5 > 3, and |det(7h)|§m_2 is replaced

by |det(’yh)|§m_3, which is still equal to (p**)? . The proof is finished in this case.

Case M = My (odd case). — Similarly to the case M = M3, we reduce the proof to
proving the following equality:

27162 0,) (1) = 2714p R(M)K(G) " X (M 5,)-

The extra factor 27! on the RHS in comparison to (8.14.12.4) appears due to the fact
that €y = 2 for M = Ms. We have x(M}, -, ) = x(G,,) = 271 by Harder’s formula,
and k(M) = 2™~2 k(G) = 2™~ by Propositions 8.2.3 and 8.2.4. Also as in the M2
case, if v = 7,7 contributes then

2m—1 —2)a *
Spaon(m) = I leml, ="~ =pl2 = (p*)?,

+
a€dt -2,

where the contributing roots are €1, €;¢;, j > 2. The proof is finished in this case. [

At this point we have completed the proof of Theorem 8.5.2. In the next two
sections we prove vanishing results that are complementary to Theorem 8.5.2.
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8.15. A vanishing result, odd case

8.15.1. — Assume we are in the odd case. Consider a Levi subgroup M* of
G* = SO(V) of the form considered in §5.5. Thus we fix r,t € Z>0, a non-degenerate
subspace W of V of codimension 2(r 4+ 2t), a hyperbolic basis By,. of W+, an
embedding o
G, x GL, = M*CL c so(wt)
as in (5.5.2.1), and obtain M* as M* = M*St x SO(W) C G*. We write M*S°
for SO(W). As in §5.5.6 and Proposition 5.5.7, isomorphism classes in &g+ (M*)
have explicit representatives e p, for parameters (A,B,p) € P, x' Pw. In

complete analogy with §8.5.1, we fix é“’g(M*) to be a subset of these e4p, =

(M',“M’, spr+,mas+) such that the component of sy« in M*SO is not —1 and
such that each isomorphism class in &g« (M™) is represented exactly once. For
each e4,pp = €A pa+ s+ ,a-5- = (M, "M’ sp+,mp+) € Ege (M), we let

(H,"H,5,1) = e+ 42| A|+4| B|,6+ ,d— +2| Ac| 14| B<| 6

which is the induced elliptic endoscopic datum for G* as in Proposition 5.5.7. We also
view (H, LH,s, n) as an elliptic endoscopic datum for G. Since H™ is non-trivial by
our assumption on sps-, the function f¥ is defined as in §8.4. Moreover, as in §8.4,
we have the fixed pair (j : Ty — T, Be,mr), and a normalization for transfer factors
between H and G at all finite places. We fix M’ — H as in §5.5.9 so as to view M’
as a Levi subgroup of H, and define ST, (f) as in Definition 8.3.3. In analogy with
(8.5.1.1), we define

(8.15.1.1)
. = ®§.)™ > |Outg-(e)| ! 7(G)r(H) " ST, (7).
e—(M,aL‘Mlst*vnM*)
EEqx (M™)

Theorem 8.15.2. — Assume that M* does not transfer to G. Then Tr’y,. = 0.

Proof. — By hypothesis at least one of the following conditions holds:
rt >0 or r>3 or t>2.

Let &(M™*)“"" be the subset of &(M™*) consisting of isomorphism classes of endo-
scopic data whose groups are cuspidal over Q (which is automatic in the odd case)
and unramified over Q,. Define a set &(M*)*™ of representatives of &(M*)*™ in
exactly the same way as in §8.6.1. Thus &(M*)*™ consists of e,(M*) for certain
p=(d+,0%,d",07) € Pw, which all satisfy that d* > 2. Then the same arguments
as in §§8.6-8.7 yield a decomposition of Tr’,. into a sum as follows. The index-
ing set for the sum is the set of pairs (e,7’), where ¢ = (M’,“M’,s’,.,mp+) runs
through & (M*)>ur) and for each fixed e, 7/ runs through a set of representatives
in M'(Q) of the semi-simple R-elliptic (M*, M')-regular stable conjugacy classes. For
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each (e,7'), the summand is a complex number times

(8.15.2.1)
D SO, ((FP))SO (Fy) D det(wilon))®h (1, 04,)
A,B PpHEPH (Pyx)

where:

— The first summation is over all subsets A of [r] (recall that this is our short-hand
notation for {1,2,...,7}) and all subsets B of [t].

— For each (A, B), we define (H,”H, s,n) with respect to ¢ and (A, B), and view
M’ as a Levi subgroup of H, as explained in §8.15.1.

We now fix (A, B) and analyze the terms SO,/ ((f#7°°)y) and SO..( IfM’)'
If there is one finite place v # p such that Mg does not transfer to Gg,, then
SO, ((ff:7°°) ) = 0 by the proof of [90, Lem. 6.3.5 (ii)]. In this case (8.15.2.1)
is zero for all (e,v’), and the theorem is already proved. Thus we assume that Mg,
transfers to a Levi subgroup M, of Gg, at each finite place v # p. In this case, the
localization at v of ¢ can be viewed as an endoscopic datum for M, and there is a
normalization (A}f2)4F of transfer factors between M’ and M, inherited from the
normalization (A%), of transfer factors between H and G at v fixed in §8.4.7. For
almost all v, (A%‘,’)f’B is the canonical unramified normalization (associated to the
hyperspecial subgroup of M, (Q,) determined by the hyperspecial subgroup of G(Q,)
determined by some reductive model of G over some Zariski open in SpecZ), and is
hence independent of (A, B). Define

=(4,B) = ][]

v#p,00

(A2
(a3
which is a finite product. Then as an analogue of Proposition 8.4.14, SO ((f5P:>) /)

is equal to €”°°(A, B) times a number independent of (A, B).

By Proposition 7.4.2, we know that SO., (f;{M,) is a linear combination of V;(A),

V;(B), and 1 (where ¢ € [r] and j € [t]) with coeflicients independent of (4, B). We
conclude that (8.15.2.1) is a linear combination of the following r + ¢ + 1 expressions:

Ri=> Vi(A)P=(A,B) Y  det(wilon)®h(v",0,,), 1<i<r
A,B

PHEDH (Py=)

T =Y V;(B)e"™(A,B) Y det(wi(pn))@h (v 0,,), 1<j<t,
A,B

e EDH (Py*)
$i=2 & (AB) Y, det(wipn))®i (1, Op).
A,B pHEDPH (Py=)

We shall show that these r + ¢ + 1 expressions are all zero, which will prove the
theorem.

We first seek to compute the term > g, (s.) det(wy(pm)) P, (771, 0y, ) for
each fixed (4, B), in a way similar to §8.8. Fix an elliptic maximal torus Ths of Mg
such that v € Ty (R). As usual we have M’ = M*CL x M’SC| so necessarily
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Ty is a direct product of (1) the direct factor G7, of M*GL (2) an elliptic maximal
torus in the direct factor GLL of M*GL and (3) an elliptic (anisotropic) maximal
torus Thyrso = Tyrso+ X Typrso— in MHSO = M/SO+ x M’SO.— We denote the
product of (1) and (2) by Ts«cr. Note that all of R;, T}, S can be viewed as continuous
functions in ' varying in T (R) (cf. §4.2.1). Hence we may and shall assume the
following condition:

The  components of v/ in G, C M*S! are distinct from each other and distinct
Y m
from the inverse of each other.

Let r' be the number such that exactly ' among the r components of 7' in G, are
positive.

Fix an elliptic maximal torus T~ in My of the form Ths«.cL X Tps+s0, where
Tap+cr is as above and T)-,so is an elliptic (anisotropic) maximal torus in M*S9. Fix
an admissible isomorphism jyz+ : Thyr — Taz+ of the form idr, . g1 XJm=so, where
jareso is an admissible isomorphism Tp;.s0 — Thses0. As in §8.8.1, for any choice
of Borel subgroup By of G{ containing Ty« c, we obtain m cocharacters of Ths- ¢
forming a basis of X, (Ts+). We denote them by

TOyy - 7T0T+2“T1, ooy Tm—r—2t-
Since we are in the odd case, by making different choices of By we can arbitrarily
permute the 7’s and replace an arbitrary number of them by their inverses. By similar
arguments as in §8.8.1, we can choose By such that the following conditions are
satisfied. (Here condition C depends on the assumption (}) above.)

A: For each 1 < ¢ < r, 79, is a cocharacter of the direct factor GJ, of M*GL,
Moreover, there is a permutation § € &, such that for each 1 < ¢ < r, 79, is
either the identity cocharacter or the inverse of the identity cocharacter of the
4(4)-th copy of Gy,.

B: For each 1 < j <, 79,,,,_, and 79,,,, are cocharacters of the j-th copy of GLj
in M*SY. Moreover, these two are simultaneously GLg-conjugate to the follow-
ing cocharacters of GLjy:

s (1) and oz (1)
C: Let {e1,..., €} be the basis of X*(G?,) dual to the basis {79, ..., 70, } of X.(G,).

We also view each ¢; as a character on T+, via the projection from T« to the
direct factor G}, of Tp+«.cr. For each 1 <4 < r, we require that

(8.15.2.2) €;(7') > 0 if and only if 7 < r'.
Foralll<i<j<r',orr +1<1i<j<r, werequire that
(A1
(8.15.2.3) % €10,1],
(v 1)
and
(8.15.2.4) les(v 1] < 1.
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D: Let n~ be the dimension of Tj/so,- ¢c. For each 1 < i < n7, j;/fl* oT; is a
cocharacter of Th.s0,~ .

The pair (j : Ty — Tg,Bgu) fixed in §8.4 can be transferred to a pair
(4:TH — TG+, Bg+ u) as follows. We fix an anisotropic maximal torus Tg- in G
and an isomorphism v : Tg — Tg- coming from any inner twisting G¢ — G¢ in
the canonical G*(C)-conjugacy class of such inner twistings. Then we define j := voj,
and define Bg- g to be the Borel subgroup of G containing T+ such that v relates
all Bg, g-positive roots on T ¢ with Bg+ g-positive roots on T« c. From (j, Bg+ 1),
we obtain an ordered m-tuple of cocharacters of T« ¢ B

Bla-",Bma

similarly as in §8.8.2. Define an isomorphism ig(4, B) : Th+c — T~ c by the
following rule. Write m* for the absolute ranks of H*, and n* for the absolute ranks
of M"S9*, Thus we have

m* =n" +]A|+2|B],
m~ =n" +|A°|+2|B°.
Let 0 € &,, be the unique permutation such that o~! is increasing on {1,2,...,m~}
and on {m~ +1,m~ +2,...,m}, and
o '({1,....om ) =AU{r+2i - 1,r+2j|jeBYIU{r+2t+1,...,r+2t+n"}.
We then require that ig«(A,B) sends To,,...,70, 0,571, Tm—r—2¢ Trespectively
t0 P yigyr 3 L (my” Our ig~ (A, B) is a direct analogue of i (A, B) in Definition 8.8.3,
an it enjoys similar properties as in Lemmas 8.8.4 and 8.8.6, with j and jj,; replaced
by j and jas+. Let By := Bg N M™, and let
(8.15.2.5) AMB o (—1)a(GR ) Fa(MD) Ha(MR) A

Jar* s Barx Jarx B

By [91, Prop. 3.2.5] (cf. Proposition 8.8.8) and similar arguments as in §8.8.9, and the
proof of Lemma 8.8.10, we have

(8.15.2.6) Y. det(wi(pn)@5p (Y Opy)

PHEDH (Pyx)
= sgn(0)er(inr- (V" )ery (Y HALE o (v i (7)) 5r- G- (v 71), OFL).

Jam= B+

Here,

— o is the permutation as above, used to define ig« (A4, B).

— R is the set of real roots of (G, T+ c), and €g(t) is —1 to the number of By-pos-
itive roots  in R such that 0 < a(t) < 1.

— Ry is the set of real roots of (Hg, T/ c), and €g, () is —1 to the number
of & € Ry such that 0 < a(¢') < 1 and such that

ao (ju+) ' oig, (A,B) "t oj e X*(Ty)
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is a Bpy-positive root.

— ®G,.(-,08) is defined analogously as ®§;(,0)eqs in (4.6.10.1) and (4.6.10.2),
with the role of V played by V*, and the role of Reqs in (4.6.10.1) played by the
root system

RH,'y’ = {Ol € Ry | a(’y') > 0}.

We analyze how the terms on the right hand side of (8.15.2.6) depend on (A, B).
We observe that eg(jia+(7'~")) is independent of (A, B), while Ry and Ry ./ as above
depend only on A, not on B. To simplify notation we denote

(8.15.2.7) (', A) := 0§ (G- (v 1), 08).
and
(8.15.2.8) RA = RH, RA,'y’ = RH,'y’~

We claim that eg, (y'~!) is independent of (A, B). Indeed, the roots a € Ry
such that a o (jy+)"! oig.(A,B)~! o j are By-positive are exactly €; + €; and
€ — €; where ¢ < j and 4,j simultaneously belong to one of A and A€, to-
gether with ¢; for all ¢ € [r], together with certain characters of the direct factor
Tyr+ou N GLY of Ty constituting a set independent of (A, B). Among them,
those satisfying 0 < a(y’~!) < 1 are, by (8.15.2.2) (8.15.2.3) (8.15.2.4), exactly
€ + €; and €; — €¢; where ¢ < j and 4,j simultaneously belong to one of the four
sets{uce Alu<r'},{ued®|u<r} ,{ueAlu>r},{ueA|u>r'}, together
with certain other roots constituting a set independent of (A, B). The total number
of €; + €¢; and €; — €; where ¢ < j and 4, j simultaneously belong to one of the four
sets as above is obviously even. Our claim follows.

In the rest of the proof, we write “Const.” for any quantity that is independent
of (A, B). By (8.15.2.5), (8.15.2.6), and the above analysis, we have

(8.15.2.9)
S detlwn (o) Bl (11, 8,,) = Comst. sgn(o)(~ 1)1 HB(y/, A).
eHEDH (Py*)

We now simplify sgn(o) and (—1)9(H#®), Define wy(A) to be the sign of the element
o4 € 6, which sends {1,2,...,|A°|} increasingly to A° and sends {|A°|+1,...,7}
increasingly to A. If we view o 4 as an element of &,,,, then 02100_1 sends {1,...,m™}
increasingly to

{1, JAPU{r+2j—1,r+2j|jeBYU{r+2t+1,....,r+2t+n"},
and sends {m~ + 1,...,m} increasingly to

{A°l+1,...,ryu{r+2i—1,r+2j|je B}YU{r+2t+n" +1,...,m}.
From this, one sees that the sign of 0, 0 0! is (—1)I4I"" (since all n~ elements
of {r+2t+1,...,7r+ 2t +n~} are greater than all | A| elements of {|A¢|+1,...,7}).
Hence we have

(8.15.2.10) sgn(o) = wo(A4)(—1)14",
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As for (—1)9%)  we compute
2¢(Hg) =mT(mT +1)+m~(m™ +1)
= (nT+|A[+2|B|)(nT+|A|+2|B|+1)+(n~ +|A°|+2|B°|)(n~ +|A°|+2|B|+1),
and so
(8.15.2.11) ¢(Hg) = Const. +(m + 1)(JA| + 2|B|) = Const. +(m + 1) |A| mod 2.
Plugging (8.15.2.10) and (8.15.2.11) into (8.15.2.9), we get
> det(wi(on))®H (77 Oy ) = Const.wg(A)(—1) A T e (4| A).
PaEDH (Py*)
Hence
(8.15.2.12)  R; = Const. Y _ V;(A)e" (A, B)wo(A)(—1)IA Tmta(y/, A),
A,B
(8.15.2.13)  T; = Const. » _ V;(B)e"*(A, B)wo(A)(—1)IA" +mDg(y/ A),
A,B

(8.15.2.14) S = Const. Y _ €*°(A, B)wo(A)(—1)!AI" +mtDg(y A).
A,B

We now compute €”°°(A, B). Let (H,“H, s,n) be determined by (A, B). For each
place v, as explained in Remark 5.1.4, the choice of ¢y, : Vg, ®Q, — Vo, ®Q, and
the resulting pure inner twist (zvaU , “VQU) allows us to pass between normalizations
of transfer factors between H and G and between H and G* at v. Hence we obtain
from (A%), a normalization (A§ ), of transfer factors between H and G* at v, and
then inherit from the latter a normalization (A}, )45 of transfer factors between M’
and M* at v. For each finite v # p, we have

(AMDSE (A"

and so

M*\A,B
Ep’OO(A,B) — H (AM’ )Uq)@ )

vipioe (B0

Recall that the normalizations (A%), for all places v satisfy the global product
formula. We claim that (AY,)4B for all v also satisfy the global product for-
mula, for which we provide an argument that also works in the even case. Recall
from Remarks 5.1.3 and 5.1.4 that for each v we have the freedom of changing
dvy, : Vo, ®a, Q, — Vg, ®q, Q, by composing it with an element of G*(Q,). Also
recall the compatibility condition (1) imposed in §5.3.3. Thus for the sake of proving
the claim, we may replace each ¢y, by the isomorphism V ®q Q, — V. ®q Q,
induced by the global ¢y : V ®g Q — V ®g Q. Then one sees that (AG), for all

v satisfy the global product formula, since the local cocycles uy, : p — oy, qb‘_,@l
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come from the global cocycle uy : p — ”gbqub‘_,l. Therefore the inherited normaliza-
tions (AM )45 also satisfy the global product formula.
By our claim, the product [T, (A})2F over all places v is independent of (A, B).

Hence MDD
(Axp v
e"*(A,B) = H (AN Z,B‘
ve{p,c0} VT MY
Now Vp, is quasi-split by our assumption that G, is unramified (in particular split)

and by Proposition 1.2.8. Hence there exists g € G*(Q,) such that go ¢VQp is defined

over Q,. (Clearly we can find g’ € O(V)(Q,) such that g’ o ¢y, is defined over Q.
We can then construct g by left multiplying ¢’ by any element of O(V)(Q,) of deter-
minant —1, which exists.) It then follows that (A}, );"B is the canonical unramified

normalization associated to a hyperspecial subgroup of M*(Q,) that is independent
of (A, B). 12 Hence (AM, )iB is independent of (4, B). We conclude that
(AR )
AV

By the same argument as in the proof of Proposition 8.9.5 (see the “claim” in that
proof), the Whittaker normalization between M’ and M* at oo is inherited from
the Whittaker normalization between H and G* at co. The former is independent
of (A, B). Hence €(A, B) is up to a non-zero multiplicative constant equal to the
ratio of the Whittaker normalization between H and G* at oo to the normalization

A%") . This ratio is the same as the ratio of the Whittaker normalization between
H
H and G to (A%)s = Aj B, Which is equal to

(A, B) =

nt4ja|+2|B
v \2\ H]+1

(=) = (-

as shown in the proof of Proposition 8.9.5. When n* is even, the above is equal
to Const.(—1)I141/21+IBl 'When n* is odd, the above is equal to Const.(—1)LIA4I/21+IBI,
In both cases, taking into account the equality m = nt 4+ n~ 4 r 4 2t, we obtain:

6P7OO(A7B)(_1)|A\(H’+m+1) _ Const.(_1)r|A|+L|A\/2j+\B|'
Plugging this into (8.15.2.12), (8.15.2.13), and (8.15.2.14), we obtain

(8.15.2.15) R; = Const. » _ V(A)wo(A)(—1)MAFLAIZIFIBlIg(y/ 4),
A,B

(8.15.2.16) T; = Const. Y V;(B)wo(A)(—1)"AI+LUAI2ITIBIg (/| A),
A,B

(8.15.2.17) S = Const. » _ wo(A)(—1)"AIFLAIRITBlg(y, 4),
A,B

12. In the current odd case, all hyperspecial subgroups of M*(Qj) are conjugate under M*(Q,), so
the canonical unramified normalizations associated to all hyperspecial subgroups are actually equal
to each other. This is no longer true in the even case. Nevertheless, the statement in the text remains

true in the even case, as long as there exists g € G*(Q,) such that go ¢VQP is defined over Qp.
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where A runs through subsets of [r] and B runs through subsets of [t]. We need to show
that the right hand sides are all zero. This we accomplish in the next proposition. [

Proposition 8.15.3. — Assume rt > 0, or r > 3, or t > 2. The right hand sides of
(8.15.2.15) (8.15.2.16) (8.15.2.17) are all zero.

Proof. — We first treat the case t > 2, which is the easiest. In this case we have the
elementary combinatorial identities

(8.15.3.1)

> (=0

BC|t]

and
(8.15.3.2)

> ViB) (-l = Z(—l)k[# {B||B|=Fk,jeB}—#{B||B|=kj¢ B}

BC[t] k=0

s [0 (3)

= t—1
=-2) (-1 =0.
> (') =0
k=0
(Note that for ¢ = 1, (8.15.3.1) still holds, but Y. 5 V1(B)(—1)!Bl = —2.) Hence we
have R; = T; = S = 0 in this case, and the proof is finished.
Before treating the other cases, we observe that

wo(A)wo(A%) = (=1)14I147,
from which
(8.15.3.3) wO(A)(_l)T\AHUAI/?JwO(AC)(_l)TlACHUAcl/?J - (_1)[7”/21.

Now suppose rt > 0 and r € {1,2}. Again (8.15.3.1) holds, so R; = S = 0. To show
T; = 0, observe that ®(v’, A) = ®(v/, A°), so it suffices to show that (8.15.3.3) is —1,
which is indeed true for r =1, 2.

Finally we treat the case r > 3, which is the most complicated. We need a compu-
tation that is similar to [91, pp. 1698-1699], applying the result of Herb [42]. In the
following we will view +' and B as being fixed, and let A vary.

We have

AM/ = AM* = G:n X Gim
where the factor G”, is the canonical copy of G7, in M*St = G x GLS, and the
factor G, is the product of the centers of the ¢ copies of GLy in M*GL.
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Let €1,...,6, € X*(G],) be as in condition C satisfied by By in the proof of
Theorem 8.15.2. Let {a,...,a;} be the standard basis of X*(G!,). Define

Ti={ie[r]]ea() >0}, Im =[] =17,
At = ANTT, AT =ANI",
At = A°NTT, AT = A°NI".

By (8.15.2.2), we know that I = [r'].
Let Ra, = Rp, be the real root system involved in the definition of ®(v/, A);
see (8.15.2.7) and (8.15.2.8). Then R4 - is of type
(8.15.3.4) Bja+| X Bjac+| X Djg-| X Djge—| x ALY,
where B4+ consists of the roots
€, €ite;, i, €EATiA]
and D|4-| consists of the roots
€ tej, 4,5 €A i#],

and similarly for B|4c.+| and D|4¢,-|. The part Ai“ consists of the roots (13)

+2aq, ..., +204.

By (8.15.3.4), we see that the Weyl group of R4 . contains —1 if and only if |A™|
and |A%~| (and a fortiori |I~|) are even, if and only if v’ € H(R)?. These conditions
are necessary for ®(v', A) to be non-zero. Assume that these conditions are satisfied.
Then

by, A) = Z C(y,w)na(y,wBy),
weN
where ) is the complex Weyl group of G*, the coefficients C(v’,w) are independent
of A, and
na(v,wBo) i= tr, (2, (@B, + wPBy),
with notations explained below:

— 1z € X.(Ap)r is characterized by the condition
(8.15.3.5) g (Y1) € exp(x)Tar- (R)1 € Ths=(R),

where Tps+(R); is the maximal compact subgroup of Tps« (R).

— p: X*(Ty+)r — X*(Apr+)r is the natural restriction map.

— pB, is the half sum of the By-positive (absolute) roots in X*(Tps«), and
Ap, € X*(Tar+) is the By-highest weight of V*.

— Cr, ,(+,-) is the function associated to the root system R4 . C X*(Ap+)r as
in (4.2.4.1).

13. This follows from the following argument: Let €1, €2 denote the two standard characters on the
diagonal torus in GL2, and identify them with two characters on an elliptic maximal torus in GL3 r.
Then with respect to the real structure of the latter, +(e; + €2) are the only real characters among
€1,€2,€1 £ €2, —€1 * €.
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We note that
X = p(wAp, +wpp,) € X (Ap+)r
is independent of A. In the following we will use only this property of x.
Thus to show that B; = T; = S = 0, it suffices to show that the following quantities
are zero, where the summations are over A C [r] such that |A~| and |A®~| are both
even:

(8.15.3.6) M; = Vi A)wo(A)(-1)MAFUIARIe, - (2,x),  1<i<r
A

(8.15.3.7) N = wo(A)(—1)"AHUAIRIE, ().
A

More precisely, the vanishing of M; implies the vanishing of R;, and the vanishing
of N implies the vanishing of T} and S. We show the vanishing of M; and N (for
r > 3) in the next proposition. O

Proposition 8.15.4. — Let z € X, (Ap~)r be characterized by the condition (8.15.3.5),
where v € Ty (R) satisfies the conditions (8.15.2.2), (8.15.2.3), and (8.15.2.4). Let
X € X*(Ar+)r be an element independent of A. When r > 3, the quantities M; and
N in (8.15.3.6) and (8.15.5.7) are zero.

8.15.5. — In the proof of Proposition 8.15.4 we need to apply Herb’s formula
for g, _» which we now recall. We will follow the notation and definitions of [91,
pD- 169’8—1699]. Note that in loc. cit. root systems of types C and D are considered,
whereas we need to consider root systems of types B and D. Nevertheless the formulas
for type B and type C root systems are identical; see [42].

For a,b € R, we define

(a) 1, ifa >0,
ci(a) =
! 0, otherwise.

(a,b) 1, if0<a<bor0< —-b<a,
cog(a,b) :=

2B 0, otherwise.

1, ifa>1by,

0, otherwise.

c2,p(a,b) = {

Our ¢y g is equal ¢y ¢ in [91].

Let I be a finite set. We will denote an unordered partition p of I by
p={IL.|z € Z}, where Z is the indexing set, and I = [],., .. Let P2,(I) be
the set of unordered partitions {I, | z € Z} of I such that all I, have cardinality 2
or 1 and at most one I, has cardinality 1. If I is equipped with a total order <, we
can define a sign function

(8.15.5.1) €: PLy(I) — {£1}
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as follows. Given p € 73%2(1), we enumerate the elements of p as I1,..., I}, and let
o be the unique bijection I — I satisfying the following conditions:
— For all ¢,j € [k] with ¢ < j, and for all s € o(I;) and s’ € o(I;), we have s < s'.
— If i € [K] is such that |I;| = 2, then o is increasing on I;.
With respect to the total order on I, the permutation o of I has a well-defined sign.
We define ¢(p) to be that sign. This definition does not depend on the enumeration
of the elements of p.
For 4 € R" and J a subset of [r] of cardinality 1 or 2, we make the following
definitions. If J = {s}, define
() = c1(ps).
If J = {51, s2} with 57 < s2, define
CJ,B(,U') = CZ,B(MS17MS2)a
CJ,D(IU’) = C2,D(,u’81 ) lj’52)'
Now for I C [r] and p = {I. | z € Z} € P2,(I), define
ca(p, p) == [] er.m(w).
z€Z
If in addition |I| is even, define

co(py p) = H cr.,.p(K)-

2€Z
Let x € X*(Ap+)r and let p be its projection to X* (G, )r. We identify X*(G!)r
with R" using the basis {e1,..., €.} fixed in the proof of Theorem 8.15.2 (as opposed
to the standard basis), and view p as an element of R". Let z be as in the statement
of the Proposition 8.15.4. Then Herb’s formula states that

(8.15.5.2) ¢g, _,(z,x) = Const. Z Z Z Z
Py EPL,(AT) py €PL, (A7) py €PL,(ASH) py €PL, (A7)
e(py)e(py )e(03 )e(py )es (P, w)es(ps , w)eo Py, w)eo (P3  1),
where Const. is independent of A.

Remark 8.15.6. — To compare (8.15.5.2) with the formula on p. 1699 of [91], note that

. . . Xt
the root system considered in loc. cit. is of type C|A1_| X C|AT| X D|A2_| X D|A;| x A",
whereas our root system is Bj4+| X Bjgc+| X Dja-| X Djge.—| x A", Our o/~* plays
the same role as ;s in loc. cit..

Proof of Proposition 8.15.4. — We divide the proof into two cases according to the
parity of r .

The case where r > 3 is odd. — Since |A~| and |A®~| must be even, we know that
|AT| and |AT| must have different parity. In particular I has odd cardinality. Write
|IT| =2k —1 with k > 1, and write |I~| = 2] with [ > 0.
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For pf € P%,(A*) and pj € P2,(A%F), we have p* := p] Upd € PL,(IT). Also
for p; € P2,(A7) and p; € P2, (A7), we have p~ := p] Up; € P2,(I~). We also
have - B -

wo(A)e(py )e(py )e(p3 )e(py) = e(p™)e(p™).
In this way we have “encoded” the quadruple (pf, pg', p1,py ) and the left hand side
of the above equality into (p*,p™).

Conversely, we explain how to recover (pl+ , p; ) from p* with extra data, and recover
(py,p5 ) from p~ with extra data. Given p™ € P2, (I1), write p™ = p*(2) U pT (1),
where pt(2) consists of the cardinality-2 members of p™ and p* (1) consists of the
singleton member of pT. (Note that [p™(2)] = k — 1 and |p*(1)] = 1.) To recover
(py,pd) is the same as to recover the subset A+ of I*. For that it suffices to specify a
subset U of p*(2) and a subset V of p* (1) such that A* = J;.; I. Thus we have
established a bijection from the set of (A*,p],pd) to the set of (p*,U, V). Under
this bijection, we have |AT| = 2|U| + |V|. For a fixed 4 € I, we can also encode
the function A" +— V;(A™) into a function in the variables p™, U, and V as follows.
Define
1, ifi el forsome I e UUYV,

Vilpt,U V) :=
i(p ) {—1, otherwise.

Then we have V;(A") = V,;(p*,U, V) if (A*,pf,pF) corresponds to (pT,U,V) as
above.

Similarly, given p~ € 73%2(] ~), to recover (p; ,p5 ) or equivalently A~ , it suffices to
specify a subset W of p~ such that A~ = UIeW I. This again establishes a bijection
from the set of (A~, p],p5 ) to the set of (p~, W). We have |A~| = 2|W|. For a fixed
i € I~, define

_ 1, if i € I for some I € W,
Then we have V;(A™) = V;(p~, W).

In conclusion, we may change the summation index (pi,py,ps,p;) in (8.15.5.2)

into the new summation index (p*,p~,U,V, W), and obtain

N = Const. Z Z e(p+)e(p_)cB(p+,,Lt)CD(p_, 1)
ptePL,(It) p~€PL, (1)

Z (_1)r(2\U|+\V|+2|W\)+L(2\U|+\V|+2|W\)/2J

—1, otherwise.

UCpt(2),VCpt(1),WCp~

= Const. Z (=D)IVHIVIHWT
UcClk—-1],VC[1],wcC[]

SOCIETE MATHEMATIQUE DE FRANCE 2024



218 CHAPTER 8. STABILIZATION

and for i € [r]

M; = Const. Yy Y. e )es(pt, m)en(p, )
pHEPL,(I+) p=€PL,(I7)
Z (_1)|U|+|V|+|W\Vi(p+7p—’U7V'7w)7
UcCp+(2),VCpt(1),WCp~
where
it o UV, W) = {vi(p+,U, V), ifie I+
Vilp~,W), ifiel".
Note that
(8.15.6.1) Z (_1)|V| —0.

vc]
Hence N = 0 as desired. To show M; = 0, it suffices to prove that for each fixed
pt € PL,(IT) and p~ € PL,(I7), the quantity
L:= > (—)VHVEIWI, (p*, p=, U, V, W)

UcCpt(2),VCp*(1),WCp~
is zero. By definition, depending on the relative position of (p™,p~,4), the
term V;(pT,p~,U,V,W) is either independent of V, or independent of (U, W).
In the first case, we know L = 0 because of (8.15.6.1). In the second case, unless
k=1 and ! =0, we have either

POC LIS DI

UCpt(2) UcC[k—1]
or
o —pWi= 3 (W=,
WcCp~ wcll]

and therefore L =0. But if k =1and [ =0, thenr = |[T|+ |7 |=2k—-1+20 =1,
a contradiction. Thus L = 0 as desired. The proof of the proposition for odd r > 3 is
complete.

The case where r > 3 is even. — Now |IT| and |I~| are both even. Write |I1| = 2k
and [I7| =2, with k,l >0and k+1=17r/2> 2.

We need some combinatorial preparations. For a finite set I of even cardinality,
we define P’(I) to be the set of unordered partitions p = {I, | z € Z} of I equipped
with a marked element of p such that exactly two members of p are singletons, all the
other members of p have cardinality 2, and the marked element of p is one of the two
singleton members. When I is equipped with a total order <, we define a map

€: P (I) — {£1}

as follows. Given p € P’(I), we can merge the two singletons in p into a cardinality-2
set and obtain an element py € P2, (I). Then we define €(p) to be €(po) if the marked
singleton in p is greater than the other singleton in p, and define €(p) to be —e(po)
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otherwise. Here €(pp) is as in (8.15.5.1). If I is a subset of [r] and p € P’(I), we define
ca(p ) == [] er.(w),

2€2
where {I, | z € Z} is the partition of I underlying p.

We now seek to change the summation index in (8.15.5.2) in a similar man-
ner as in the previous case with odd r. If |[A"| is odd then so is |[A®T|. In this
case k > 1, and from each p; € P2,(A*) and p; € P,(A%T), we obtain an el-
ement pt :=p} Upl € P/(I), where the marked singleton in p* is defined to be
the singleton in pj. Conversely, suppose k > 1 and suppose p* € P'(IT). Write
pt =pt(2) U {I;q,[;'}r }, where pT(2) consists of the cardinality-2 members of pT,
and we denote by I;ﬂr and I[’)’}r the unmarked and marked singleton members of p™
respectively. (Note that [pT(2)| = k — 1.) Then we can recover A* from p* together
with a subset U of p*(2) such that A* = {J;; T UL} We have [A*| = 2|U| + 1.
For i € IT, define
1, ifz'EIforsomeIEUoriEI;’i,

Vi(p"_,U) = {

Then we have V;(AT) = V;(p*,U).

If |[A*] is even, then so is |A®T|. From each pf € PZ,(A") and pj € PL,(A%T),
we obtain pT := pf Upd € PL,(I*). Conversely, given pt e PL(IT), to recover A+
it suffices to specify a subset U of pT such that At = Urew I- We have |AT| = 2|U]|.
For i € I, define

—1, otherwise.

1, ifiel for some I €U,

vi(p+a U) = {

Then V;(AT) = V,;(p*,U).
Similarly, since |A~| and |[A®~| are always even, from p; € P2,(A™) and p, €

—1, otherwise.

P2y(A>™) we obtain an element p~ := p] Up, € P2,(I~), and conversely, given p~ €
P%2(I_), to recover A~ it suffices to specify a subset W of p~ such that A~ = U,y 1.
We have |[A~| = 2|W|. For i € I~, define

1, if ¢ € I for some I € W,

—1, otherwise.

vi(p_7 W) = {

Then we have V;(A™) = V;(p~, W).
For both parities of |AT|, we have

wo(A)e(p)e(p3 )e(py e(py ) = e(p™)e(p™).
We now split

N = Z wo(A)(—1)rAI+LAl2] ¢r, ., (T,X)
AC[r],|]A~| even
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as N = Ny + N(g), where Ny (resp. N(g)) is the sum of the terms indexed by A
such that |AT]| is odd (resp. even). Similarly, for i € [r], we split

M; = > Vi(A)wo(A) (1) IAIRle, - (x, x)
AC([r],|A—| even ’
as ]\/[z = Mi,(l) + Mi7(2). We shall prove that N(l) = N(2) = Mi,(l) = Mi,(Q) = 0. Note
that when dealing with N(;y and M; 1y we may assume that k > 1, since otherwise
they are obviously zero.
The above discussion shows that

Ngy = Const.  » S epMe)es(p, weo(p, p)
pHeP!(IT) p= P, (I7)
3 (—1)r CIUHL2AW D+ LIV 1421W) /2]

UCp*(2),WCp~
= Const. Z (=)lv+wI,
UcClk—1],WcC[l]
This is zero because by k + 1 > 2 we have either { > 1 or £k — 1 > 1. Also,
Ny = Const. > > epNe(p s, wen(pT, 1)
prePL,(I+) p~€PL,(I7)
Z (_1)T(2|U|+2IWD+L(2\U|+2|W\)/2J
UcCpt,WCp—
= Const. Z (—1)ITHIW]
UcC[k]l,WcC]l]

which is zero because ki > 0.
Similarly, we have

(8.15.6.2)  M; ) = Const. Y > M )es@™, meo(p, 1)
preP/(It)p-ePl,(I7)

Z (_1)‘U|+‘W|vi(p+ap_aU7W)7
Ucpt(2),WCp—

and
(8.15.6.3)  M; (s = Const.  »_ S epMel)eslp, weo(p, p)
ptePL,(It) p~€PL, (1)
Yoo (C)TEWIT(pT,pT, U W),
Ucpt,WCp—
where

Vi(er,U), ifi€I+,

Vz’ +, 7,U,W =
®"p ) {Vi(p_,W), ifiel .
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(Here the formula for M; ) presupposes that k > 1; otherwise we already know
that M; 1y = 0.) In the rest of the proof we show that M; ) = M; ) = 0. We
introduce two auxiliary definitions. For ¢* € P/(I*),p™ € PL,(I*),p~ € P, (I7),
let - -

Liy(g*,p7) = S (—)PHEWI(gt,pT, U W),
UCgt(2),WCp~

Lioy@hp )= Y, (~D)UFWIvptpm,Uw).
Ucpt,WCp—

We first show that M; ;) = 0. We may assume that k¥ > 1. If ¢ € I™, then the
function P’(I) x 'P%2(I_) > (pt,p7) — Li(p*,p~) is constant with respect to
the variable p* . Hence by (8.15.6.2) we have

M; (1) = Const. Z e(@Mes(p™, p).
pteP/(IT)
This is zero because on P’(IT) we have a non-trivial involution p* + p+, where
pT has the same underlying partition as p™ but has different marked singleton, and
this involution satisfies e(p) = —e(p*+), ca(p™, 1) = ca(p™, u).
It remains to treat the case where i € IT. Let p™ € P/(IT). If one of the singletons
in pT contains %, then for arbitrary p~ € P%Q(I_), Li’(l)(p"’,p_) is equal to a certain

number times
Z (—plvHwI

UC[k—1],WC[l]
which is zero since either Kk — 1 > 1 or [ > 1. Thus the contribution of such p* to
(8.15.6.2) is zero. If one of the cardinality-2 members of p™ contains 4, then so does

one of the cardinality-2 members of p+. For such a pair {p"’,pj}, the contribution

of pT to (8.15.6.2) is equal to the negative of the contribution of pt, since for any
fixed p~ € P2,(I~) we have L y(pt,p7) = Li’(l)(ﬁ,p_), and as before we have
e(pt) = —e(pT),ce(p™, 1) = cg(pt, ). We have completed the proof that M; ;) = 0.

We now show that M; o) = 0.

By (8.15.6.3), it suffices to show that L, 5)(p*,p~) =0 for all p* € ’P%2(I+),
p~ € P2,(I7). To show this, by symmetry we may assume without loss of generality
that s € I~. Enumerate the elements of p~ as Ij,...,I; such that ¢ € I;. Using this
enumeration we identify the sets p~ and [I]. (Here [ > 1.) Then V;(p*,p~,U,W) =
V1(W) for all W C p~ = [I]. Hence

Lioyptp)= Y. ()UFWiy,my = Y (—)lPFWIg w).
Ucpt,wc[l] Uclkl,wc[l]
If k > 0, then L; (2)(p™,p~) = 0 because Zuqk](—l)‘U' =0.Ifk =0, thenl > 2, and

we have ZWC[Z](—1)|W‘V1(W) = 0 as in (8.15.3.2), from which L; oy(p*,p~) = 0.
The proof of the proposition for even r > 3 is complete. O
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8.16. A vanishing result, even case

8.16.1. — Assume we are in the even case. We are to state and prove the analogue
of Theorem 8.15.2. We only point out some new features in the even case, without
repeating most of the identical steps.

As in §8.15.1, we consider a Levi subgroup M* of G* of the form G”, x GL} x SO(W).
Without loss of generality, we may and shall assume that SO(W) is not the split
SO2 over Q, since in that case we can “absorb” it into the factor G}, (or more
precisely, we can replace wt by the whole V, and extend the hyperbolic basis By«
to a hyperbolic basis of V, after which we obtain the same Levi subgroup M* but
presented in the form M* = M*Gt = G7F! x GLY). In the current even case we
impose the assumption that M* is cuspidal. This is equivalent to SO(W)g having
anisotropic maximal tori (since SO(W) is not the split SOz over Q), and equivalent
to r being even.

Define é%’G*(M*) in the same way as in §8.15.1. As in §8.15.1, for each e 5, =
€A B,d+,6+,d-,6— = (M/,LM/,SM*,UM*) S é.ac* (M*), we let

L —
(H,"H,s,n) = €d+42|A|+4|B|,6+,d— +2|A°|+4|B¢<|,6-

(viewed as an elliptic endoscopic datum for G), fix an embedding M’ — H as in
§5.5.9, and define STH,(fH) as in Definition 8.3.3. Then as in (8.15.1.1), we define

(8.16.1.1)
e = (n§r)7t > |Outg-(e)| ™! 7(G)r(H) " ST, (£7).
e:(M',L‘M’,sM* M)
€ (M™)

In the odd case, since G, is unramified, it is split, and this already implies that
the quadratic space (V, q) is (quasi)-split over Q, (see Proposition 1.2.8). In the even
case, it no longer follows from the unramifiedness of Gg, that (V,q) is quasi-split
over Q,. However, we shall impose this as a hypothesis ** in the following theorem.
By Proposition 1.2.8, given the unramifiedness of Gg,, in order for (V, ¢) to be quasi-
split over Q, it is sufficient and necessary that the Hasse invariant of (V,¢q) at p is
trivial.

Theorem 8.16.2. — Keep the assumptions on M* in §8.16.1, and assume that M*
does not transfer to G. Assume that the quadratic space (V,q) is quasi-split over Q,.
Then Tr’y,. = 0.

Proof. — The proof is similar to the proof of Theorem 8.15.2. We follow most of the

notations introduced in the proofs of Theorem 8.15.2 and Propositions 8.15.3, 8.15.4.
Recall that r is even. By hypothesis at least one of the following conditions holds:

rt >0 or r>4 or t> 2.

14. This is equivalent to asking that Gq,, as a pure inner form of G(’ép is trivial.
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As in the proof of Theorem 8.15.2 we reduce the current proof to showing the vanishing
of

Rom D VAP=AD) X detlonlpn) ¥ 0p),  1<in

PHEDPH (py*)

Z B)em™®(A,B) > det(w.(pm))®in (v Opy),  1<j<t,
A,B PHEDH (Py*)

=Y @®(A,B) Y det(w.(pr) @5 (v, Opy),

A,B PHEDH (Py*)

for an arbitrary element ¢ = (M', LM’ 8., nn-) € E(M*)™. Here &(M*)S1" is
defined in the beginning of the proof of Theorem 8.15.2, and in its definition we do
impose that its elements (M’,LM’,SM*,WM*) should be such that M’ is cuspidal
(which was automatic in the odd case). In all the above summations, B runs through
all subsets of [t], while A only runs through even-cardinality subsets of [r], because
otherwise the resulting group H will not be cuspidal. On the other hand, indeed all
choices of (A4, B) with A having even cardinality will contribute, in the sense that if we
write e = eqt 5+ q- 5~ (M*), then the usual formula eg+ 9 a|44|B|,5+,d-+2|Ac|+4|Be|,5-
as in §8.16.1 defines an elliptic endoscopic datum (H,ZH,s,n) for G. In other
words, neither of (d* + 2|A| + 4|B|,6") and (d~ + 2 |A¢| + 4|B¢|,67) is equal to
(2,1) € Zxg x (Q*/Q*2). To see this, we recall that M5O is assumed not to be the
split SO, over Q, so neither of (d*, %) is (2,1). Then since |A| and |A°| are even it
is clear that neither of (d* +2|A|+4|B|,6") and (d~ +2|A°|+4|B°|,67) is (2,1).

Since we are in the even case, when choosing By as in the proof of Theorem 8.15.2,
by making a different choice we can only replace an even number of the 7’s by their
inverses. This means that in condition C, we may not be able to arrange (8.15.2.4).
Nevertheless, it is easy to see that we can always arrange either of the following two
conditions:

— The original condition C.
— The modification of condition C where (8.15.2.2) and (8.15.2.3) are still in force,
and (8.15.2.4) is replaced by the following condition:

le;(¥ ") <1foralli<r and 1< |e.(v'"1)| < min |ei(fy'_1)|_1.
r’<ai<r

In either case, it is still true that eg, (y~!) is independent of (A, B). Moreover,
(8.15.2.10) still holds, and it reads sgn(c) = wo(A) since |A| is even. Instead of
(8.15.2.11) we have q(HR) =0 mod 2 by the cuspidality of H. Hence

; = Const. Zv eV (A, B)wo(A)® (4, A),

T; = Const. Z V;(B)eP> (A, B)wo(A)®(v/, A),
A,B

S = Const. Y _ e (A, B)wo(A)2(v', A).
A,B
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To compute €”>°(A, B), in the proof of Theorem 8.15.2 we used the fact that the
quadratic space Vp, is quasi-split. This is now an assumption in the current theorem.
When we showed that the Whittaker normalization between M’ and M* at oo is
inherited from the Whittaker normalization between H and G* at oo in the even
case in the proof of Proposition 8.9.5, we used that m™ =n~ mod 2. This is indeed
true here since m~ = n~ + |A°| + 2|B¢| and we know that |A°| = r — |A]| is even.
Thus by the same argument as in the proof of Theorem 8.15.2, e”"*°(A, B) is up to a
multiplicative constant equal to the ratio of the Whittaker normalization between H
and G at oo to the normalization A; g, ,,. This ratio is equal to

n” +]A°|+2|B¢|
f]

(-2 = (-l
as shown in the proof of Proposition 8.9.5. Hence
(A, B) = Const.(—1)BI+141/2
and we have
R; = Const. »_ V;(A)(—1)/BIH41 200 (4)D(, A),

A,B

Tj = Const. Y V;(B)(—1)/ B2, (A) (v, A),
A,B

S = Const. Z(—l)lBHlA‘/Qwo(A)@(’Yla A).
A,B

Since |A| is even, we have wg(A4) = wo(A°). In particular,
(8.16.2.1) wo(A) (=11 240 (4%) (-1)1A/2 = (—1)7/2,

We now start to show the vanishing of R;,T},S. As in the proof of Proposi-
tion 8.15.3, the case where ¢t > 2 is the easiest. In this case we have
D P =Y vB)(-1)P =
B B
so R; =1T; = S = 0. Now consider the case where t =1 and r = 2. Then R; =5 =0
because Y 5(—1)/Bl = 0. To show T} = 0, we use the fact that (8.16.2.1) is equal
to —1 and ®(y/, A) = ®(v/, A°).
Finally we treat the case where r > 4. The corresponding discussion in §8.15
for 7 > 3 needs almost no change to be carried over here. The only differences are:

— All the sets I*T,I=, At A%t A~ A%~ have to have even cardinality in the
present case.
— The root system R4, in the present case is of type

D|A+‘ X D|Ac,+‘ X D|A7‘ X DlAc,f‘.
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— Herb’s formula reads

(8.16.2.2) ¢, _,(z,x) = Const. Z Z Z Z
i EPL,(A) py €PL,(A~) pif €PL,(Aert) py €PL, (A% -)
e(p)e(py)e(03 )e(py )eo (07, )ep (p3 s p)eo (P15 w)eo (3 1)
As in the proof of Proposition 8.15.3, define

Mi = Z Vi(A)UJO(A)(_l)lAI/QERA’,Y/ ('T:X)a
A

N = ZWO(A)(_1)|A|/2ERA,~{’ (I7X))
A

where A runs through subsets of [r] such that |A*| and |A®™| are all even. Then the
desired vanishing of R;, T}, S reduces to the vanishing of M; and N, which we now
show.

Write k = |[I| /2,1l = |I~| /2. (They are both integers.) For i € I'*, p* € P%,(I"),

and U C p*, define
1, if ¢ € I for some I € U,
—1, otherwise. '

Vi(p+, U) = {

Similarly, for i € I, p~ € ’P%2(I’), and W C p~, we define V;(p—, W).
Herb’s formula (8.16.2.2) together with a similar argument as in the proof of Propo-
sition 8.15.4 implies that

N = Z Z e(p)e(p )en(pt, w)en(p™, 1) Z (—1)lul+Iw]

prePL,(IT)p~€PL,(I7) Ucpt,Wcp-
= Const. Z (=1)lvIHIWI
UcClkl,wcll]

and for i € [r]

M= > > e@Me)en(p™, weo(p, p)

ptePL,(IT)p=€PL,(I7)
> ()Wt pT, U W),
Ucpt,WCp—
where
Vi(p+aU)’ ifi€I+,
Vilp~,W), ifiel".
Since Ik # 0, we have N = 0. We now show M; = 0. Fix pt € P2, (), p~ € PL,(I7).
It suffices to show that
L:= Y Viphp ,Uw)(-1rHWl
Ucpt,WcCp—

Vipt,p U W) :={
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is zero. By symmetry we may assume that s € I~. After fixing an enumeration of the
elements of p~ such that the first element contains i, we get
L= Z Vi (W)(=1)IUHIWI,
UC[k],WC]l]
If k > 1, then L = 0 because Y ;cpy(—DIVl = 0. If k = 0, then | = r/2 > 2,
and L = 0 because >y Vi(W)(=1)W! = 0 as in (8.15.3.2). This concludes the
proof. O

8.17. The main identity

8.17.1. — Keep the notation and setting in §1.8.3 and Theorem 1.8.4. Fix a prime
p ¢ X(0(V),V,\ K, ). In the even case, assume that the quadratic space (V, q) is
quasi-split over Qp,, or equivalently, that its Hasse invariant at p is trivial (cf. §8.16.1).
Let f»*° and dg”* be as in §1.8.3. Fix a set éB(G) of representatives of the iso-
morphism classes in &(G) such that each element of &(G) is of the form e, for
some p = (d¥,67,d7,07) € Py with d¥ > 2 (cf. §8.4.1). As in §8.4.1, assume
that V is absolutely irreducible. Then for each e, = (H, LH, s, n) € é.”(G), we have a
test function fH € C°(H(A)) fixed in §8.4.

Corollary 8.17.2. — For a € Z>1 large enough, we have
Ter (fp,oodgp,oo7 K, a) + Ter (fp,oodgp,oo’ K, a) + Terz (fp,oodgp,oo7 K, a)
= > UG, H)[STH (f7) = ST (7).

(H,"H,s0)€&(G)
Here (G, H) = 7(G)r(H)™! |Out(H,LH,s,77)|71, and STH(fH) .= STH(fH) as
defined in §8.3.

Proof. — The right hand side of the desired identity is by definition
Y Jout(®, FH,s,m)| Y (nd) (@) (H)TISTE (£,
(H,“H,s,m)€&(G) L

where L runs through a set of representatives of the H(Q)-conjugacy classes of proper
Levi subgroups of H (cf. §8.3). By an observation of Kottwitz which can be verified
directly in our case (see also [90, Lem. 2.4.2]), the above is equal to

Z Tr)y, + Z Trype s
Me{Mi,Mz,M;2} M*
where
— For each M € {My, My, M5}, the term Tr), is as in §8.5.1.

— The second sum is over cuspidal Levi subgroups M* of G* of the form considered
in §8.15.1 and §8.16.1 in such a way that each conjugacy class of cuspidal Levi
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subgroups of G* that does not transfer to G is represented exactly once, and
that no other conjugacy classes show up. (5
— For each M*, the term Tr),. is as in (8.15.1.1) and (8.16.1.1).

The corollary then follows from Theorems 8.5.2, 8.15.2, 8.16.2. O

Remark 8.17.3. — In Corollary 8.17.2 we defined STH () to be STH(f), where
STH is defined only when the test function at the archimedean place is stable cuspidal
(see §8.3). On the other hand, ST has a more general definition, namely it is the
elliptic part of the stable trace formula for H as in [58]. Of course it is expected (and
proved in Kottwitz’s unpublished notes) that these two definitions agree when the
test function at the archimedean place is stable cuspidal. For our particular fZ this
compatibility is essentially proved in [60, §7]. In fact, if we substitute the archimedean
stable orbital integrals in the general definition of STX () by the formula [60, (7.4)],

then we obtain precisely STH (fH).
The following is a special case of the main result of [51].
Theorem 8.17.4. — Keep the setting of §8.17.1. For a € Z>1 large enough, we have
Tr(Frob? x f*°dg* | H}(Shg,V)) = > WG, H)STH (fH).
(H,YH,s,n)€&(G)
Corollary 8.17.5. — For a € Z>1 large enough, we have
(8.17.5.1) Tr(Frob? x f*dg> | IH*(Shg,V)) = > WG, H)STH (fH).
(H,YH,s,n)€&(G)
Proof. — This follows from Theorem 1.8.4, Corollary 8.17.2, and Theorem 8.17.4. [

Remark 8.17.6. — The right hand side of (8.17.5.1) is a priori a number in C. However,
as we have seen in Theorem 1.8.4, the left hand side is in fact a number in E, the
number field over which V is defined.

15. Note that in general G* has Levi subgroups which have direct factors GL; with j > 3. These
Levi subgroups are not conjugate to the ones considered in §8.15.1 and §8.16.1, but none of them are
cuspidal. On the other hand, every cuspidal Levi subgroup of G* is conjugate to the ones considered
in §8.15.1 and §8.16.1.
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CHAPTER 9

APPLICATION: SPECTRAL EXPANSION
AND HASSE-WEIL ZETA FUNCTIONS

9.1. Introductory remarks

9.1.1. — In [60, Part II], Kottwitz explained how the formula in Corollary 8.17.5
would imply a description of Y, (—1)° IH'(Shg,V) in the Grothendieck group
of H(G(Ay) /| K)g x T'g-modules over Q,. More precisely, the Grothendieck group
is taken with respect to the category of H(G(Ay) // K)g ®g Qg-modules which are
finite-dimensional over Q, and are equipped with a continuous (with respect to the
¢-adic topology) I'g-action that commutes with H(G(Ay) / K)g ®g Q,. This descrip-
tion is in terms of the conjectural parametrization of automorphic representations by
Arthur parameters. The main hypotheses assumed by Kottwitz are the following (see
160, §8)):

1. Arthur’s conjectural parametrization and multiplicity formula for automorphic
representations.

2. The closely related conjectural spectral expansion of the stable trace formula in
terms of Arthur parameters.

Recent developments have seen the proof of variations of these hypotheses in spe-
cific instances. For the groups that are relevant to this paper, Arthur [12] has estab-
lished (1) and (2) for quasi-split special orthogonal groups over number fields, and
Taibi [113] has generalized (1) to some inner forms of these groups (and under a reg-
ular algebraic assumption). Among the inputs to Taibi’s work are the theory of rigid
inner forms established by Kaletha [46, 47] and results of Arancibia-Moeglin-Renard
[5] on archimedean Arthur packets. (For the special orthogonal groups of interest to us,
only the special case of Kaletha’s theory, namely that of pure inner forms, is needed.)
We mention that Arthur’s work [12] depends on the stabilization of the twisted trace
formula as a hypothesis, and the latter has been established by Moeglin-Waldspurger
[86]. W It is thus possible to combine Corollary 8.17.5 with the results from [12] and
[113] to obtain an unconditional description of IH*(Shg, V) in certain special cases.
In the following we carry this out, for the special cases described in Lemma 9.4.2.

1. However, see footnote 3 on p. 3.
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In the sequel, we shall assume the following hypothesis.

Hypothesis 9.1.2. — Let H be a quasi-split reductive group over Q. For test func-
tions f on H(A) which are stable cuspidal at infinity, we have STH(f) = SH(f).
Here STH (f) denotes Kottwitz’s simplified geometric side of the stable trace formula
(see §8.8), and ST (f) denotes Arthur’s stable trace formula [10,9, 11].

This hypothesis essentially follows from Kottwitz’s stabilization of the trace formula
with stable cuspidal test functions at infinity in his unpublished notes. Recently an
alternative proof has been given by Z. Peng [93]. Let us make some comments on the
former. Firstly we state and prove two lemmas that are well known and independent
of Hypothesis 9.1.2.

Lemma 9.1.3. — Let H be a semi-simple (for simplicity) reductive group over R.
Assume that H is cuspidal (Definition 1.1.6). Let f : H(R) — C be a stable cuspidal
function (see |7, §4], (90, 5.4]). The following statements hold.

(1) The function f is equal to a finite linear combination Zw cofe,cp € C, where
@ runs through the discrete Langlands parameters for H and each f, is a stable
pseudo-coefficient for the L-packet of ¢ as in (8.4.3.1).

(2) Let (H',H',s,n: H — LH) be an elliptic endoscopic datum for H. For sim-
plicity assume H' = LYH'. Then a Langlands-Shelstad transfer of fo as in (1)
to H' can be taken to be a stable cuspidal function on H'(R) that is supported
on those discrete Langlands parameters ' for H' such that no ¢’ is equivalent
to .

Proof. — (1) is a formal consequence of the definitions. In fact, by the defini-
tion of being stable cuspidal, we know there exists a function f’ of the desired
form Zle ¢ifp;ci € C* such that § := f — f’ has zero trace on all tempered
representations of H(R). By definition we have f,, = ) fr, where 7 runs through
the L-packet of ¢; and each f, is a pseudo-coeflicient of w. Then for one such 7 we
may replace fr by fr + §/c1, which is still a pseudo-coeflicient of 7. After making
this replacement f is precisely equal to Ele ¢ife,;» with the new definition of f,.
(2) follows from the fact, due to Shelstad (see for instance [106, 104]), that the
spectral transfer factor between a tempered Langlands parameter ¢’ for H' and a
tempered representation m for H vanishes unless 7 lies in the L-packet of 1 o ¢’. For
a summary of Shelstad’s theory of spectral transfer factors see [46, p. 621]. O

Lemma 9.1.4. — Let H be a semi-simple (for simplicity) reductive group over Q.

Assume that H is cuspidal (Definition 1.1.6). Let fo, € C°(H(R)) be a stable cuspidal

function, and let f* € CX(H(Ay)). Let Iy denote the invariant trace formula for H

and let Iy qisc = EtZO Liisc,+ denote its discrete part; see [6] and [7, §3]. Then
Tr(foo ™) = Tndise(foo [°),

and they are also equal to

Tr(foo £ | Lise (H(Q)\H (A))).
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Proof. — By Lemma 9.1.3 we may assume that f., = f, for a discrete Langlands
parameter . Then the lemma follows from [7, §3] (where our f, is equal to the
function denoted by f, up to a multiplicative constant). O

9.1.5. — We now explain how Kottwitz’s stabilization in the aforementioned unpub-
lished notes is related to Hypothesis 9.1.2. For fo = f, as in the above proof, Arthur
[7] shows that the value Iy (f,f°°) has the interpretation as the L? Lefschetz number
of a Hecke operator on a locally symmetric space, with coefficients in a sheaf deter-
mined by ¢. This Lefschetz number is evaluated by Arthur [7] and independently by
Goresky-Kottwitz-MacPherson [34]. Hence the general Iy (fw f°°) with stable cuspi-
dal f as in the above lemma is just a linear combination of these Lefschetz number
formulas. Based on this, Kottwitz proves in his unpublished notes a stabilization

(9.1.5.1) In(ff=)=>_ WHH)STH (1),
H/e&(H)

where the terms are explained below:

— The left hand side is as in Lemma 9.1.4.

— In the sum H’ runs through the elliptic endoscopic data for H up to isomor-
phism.

— For each H' € &(H), the function f¥' is of the form fH fH > where fH’
(resp. fH'>°) is a Langlands-Shelstad transfer of f. (resp. of f>). Here by
Lemma 9.1.3 we may and do take fgl to be stable cuspidal.

— For each H' € &(H), the term STH' (fH/) is the simplified geometric side of the
stable trace formula, as recalled in §8.3.

— For each H' € &(H), the term ((H, H') € Q is the usual constant in the stabi-
lization of trace formulas; cf. Corollary 8.17.2.

On the other hand, according to Arthur’s stabilization [10] [9] [11], we have

(9.1.5.2) In(fuf™) = > WHH)ST (1),
H'€&(H)

(9.1.5.3) I disc(foo f) = Z W(H, H)SHL(F7),
H'€&(H)

where ST’ (resp. S ) is Arthur’s stable trace formula for H’' (resp. the discrete
part thereof ®; see [12, §§3.1, 3.2]), and the rest of the notations are the same as in
(9.1.5.1). Comparing (9.1.5.1) and (9.1.5.2) for H quasi-split (so that H € &(H)) and

by induction on the dimension of the group in Hypothesis 9.1.2, we conclude that

2. More precisely, each of If qisc and s

disc
3 . . ’
respective contributions Iy gisc,; and Sgsc s
)

is formally a sum over a parameter t € Rx>q of

and (9.1.5.3) could be stated parameter-wise for each t.
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Thus Hypothesis 9.1.2 is proved. Moreover, comparing Lemma 9.1.4 and (9.1.5.2),
(9.1.5.3) for H quasi-split and by induction, we also draw the following conclusion
independently of Hypothesis 9.1.2:

Proposition 9.1.6. — Keep the setting of Lemma 9.1.4 and assume in addition
that H is quasi-split. Then

H(foof ) = Siae(Foo )

Corollary 9.1.7. — We may replace each STH in Corollary 8.17.5 by SH_ .
Proof. — This follows from Hypothesis 9.1.2 and Proposition 9.1.6. O

9.2. Review of Arthur’s results

We loosely follow [113, §2] to recall some of the main constructions and results
in [12]. We fix a quasi-split quadratic space (V/, q) over Q, of dimension d and discrim-
inant § € Q*/Q*2. (See §1.2 for what we mean by a quasi-split quadratic space.)
Let G* := SO(V, q). As usual we explicitly fix the L-group LG*, and fix explicit rep-
resentatives (H,H = LH,s,n:'H - F G*) for the isomorphism classes of elliptic
endoscopic data for G*, as discussed in §5.

Self-dual cuspidal automorphic representations of GL

9.2.1. — Let N € Z>;. Let m be a self-dual cuspidal automorphic representation
of GLy over Q. Arthur [12, Thm. 1.4.1] associates to 7 a quasi-split orthogonal or
symplectic group G, over Q, such that (/}; is isomorphic to Spy(C) or SOx(C). We
view Spy(C) and SOx(C) as standard subgroups of GLx(C) as in §5.2. There is a
standard representation

Std, : LG — ' GLy = GLy(C)

extending the inclusion C/?; — GLy(C) determined as follows. The central character
wy of m determines a character 7, : 'g — {£1}. Let E/Q be the degree one or two
extension glven by 1r. When E = Q, the group G is split. In this case we may take
La, = G and there is nothing to do. When E # Q, the group G is either symplectic,
or the non-split quasi-split even special orthogonal group over Q which is split over E.
Thus when E # Q we have é; = SO (C), and we may take G to be é\ﬂ xGal(E/Q)
(which is a direct product when G is symplectic). When G, is symplectic, we define
Std, to send the non-trivial element of Gal(E/Q) to —1 € GLy(C). When G is the
non-split quasi-split even special orthogonal group, we define Std, to send the non-
trivial element of Gal(E/Q) to the permutation matrix switching éy/o and é;4 /2 in
the notation of §5.2. Thus in the last case Std, maps “G, isomorphically onto the
subgroup Ox(C) of GLy(C) as in §5.2.
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Let v be a place of Q. Under the local Langlands correspondence for GLy, estab-
lished by Langlands [75] in the archimedean case and by Harris-Taylor [40], Henniart
[41], and Scholze [101] in the non-archimedean case, the local component m, of 7
corresponds to a Langlands parameter ¢, : WD, — GLy(C). Here WD,, denotes
the Weil-Deligne group of Q, (denoted by Lg, in [12]), which is by definition the
Weil group when Q, = R, and the direct product of the Weil group with SU3(R)
when Q, is non-archimedean. Arthur shows [12, Thm. 1.4.1, Thm. 1.4.2] that ¢, is
conjugate to Std, oy, for some Langlands parameter

(9.2.1.1) 0y : WD, — L@,

The Aut(“G,)-orbit of ¢, is uniquely determined by ¢, . (See [113, §2.1]
for Aut(“*G), also cf. Remark 9.2.6 below.) Define

() 1, if C/J; is orthogonal,
sgn(m) := _Z
& —1, if G, is symplectic.

Substitutes for global Arthur parameters

9.2.2. — Similar to the definition of Std, above, we have a standard representation
(9.2.2.1) Stdg- : YG* — GLy(C),
where N =d — 1 (resp. N = d) when d is odd (resp. even).

Let U(N) denote the set of formal unordered sums
Y= Tk [dk],
kEKw
where K is a finite indexing set, each 7, is a unitary cuspidal automorphic represen-
tation of GLy, over Q for some Nj, € Z>1, and each dj, is a positive integer, satisfying
>k Nidi = N. Let ¥(N) denote the set of
Y= T[dy] € U(N)

keKy

satisfying the condition that there is an involution k +— kY on the indexing set Ky
such that (7)Y = mpv and dy, = dyv for all k € K. Let \flen(N) be the subset of\ff(N)
defined by the conditions that each 7 should be self-dual and that the pairs (7, di)
should be distinct (i.e., for k # k', either 7 is not isomorphic to 7 or dy # dy).
For any ¢ € \TI(N), we write
¥ = [ milds] [ (m;[ds] B [ds]),
i€l jeJ
where m; is self-dual for each ¢ € I and ; is not self-dual for each j € J. Let Ly be
the fiber product over g of “G,, and GLy;(C) for alli € I,j € J. For j € J, we
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define
Stdy, ® Stdy, : GLy, (C) — GLan, (C)
gr—g9® (") "
Define
= (EP Stdx, @va,) ® @) (Stdw, ®Stdy,) ® va, : Ly x SLy(C) — GLy(C),
iel jed

where v, denotes the irreducible representation of SLo(C) of dimension k for any
positive integer k. Let U(G*) be the set of ¢ € W(N) for which there exists

¥ : Ly x SLy(C) — LG~
such that Stdg- ot is conjugate under GLy(C) to 1. Let U(G*) be the set of
pairs (1, ) where ¢ € ¥(G*) and ¥ is a choice as above. For ¢ € U(G*), we define
(9.2.2.2)
My, = the number of ¥ modulo @—conjugation such that (1, w) € ¥(G").
We define ® N N N
Uo(G*) := Uen(N)NT(G),
and define Wy(G*) to be the preimage of Wy(G*) in W(G*) along the forgetful
map ¥(G*) — U(G*). Recall that d and § denote the dimension and discriminant
of the quadratic space V. For ¢ = [, mx[di] € ilel](N), the following condition is
equivalent to the condition that ¢ € Wy (G*):

— The character I'g — {+1} given by [], n% is trivial if G* is split, and corre-

sponds to the quadratic extension Q(v/3)/Q if G* is non-split, i.e., if d is even
and § ¢ Q**2. Moreover

(9.2.2.3) sgn(my)(—1)% 1 = (—1)¢
for all k.

For ¢ € \flg(G*) we know that my < 2, and my = 2 if and only if d and all Nydy
are even; see [12, p. 47]. In the latter case the two G- conjugacy classes of d) are

interchanged by the non-trivial outer automorphism of G* = S04(C).
For (¢,1) € ¥(G*), we define

Sy = Cent (1), @)

Sy = 5,/5)Z( (G*)Fe.
In fact quj is isomorphic to a finite power of Z/27Z. Moreover, Sd} is finite if and only
if (¢,9)) € Wy(G*), in which case S, is a finite power of Z/2Z. These statements

3. In [113], our \Ilz(G*) and ¥2(G*) are denoted by \fldisc(G*) and W 4isc (G*) respectively. How-
ever, in [12], the usage of the subscript “disc” is different; see p. 172. We follow [12] to use the
subscript “2” here.
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follow easily from the description [12, (1.4.8)] of S,;- By abuse of notation we shall

write Sy and Sy for S, and S; respectively. ) In the case where (1, 1) € Ty (G*)
(which is the only case relevant to us in practice), our abuse of notation is essentially
harmless for the following reason. Since S¢ is abelian, it depends on v only via its

é\*—conjugacy class, up to canonical isomorphism. Moreover, in the even case with
my = 2, it follows from the description [12, (1.4.9)] of S, that there is an element

of On(C) — SON(C) = ON(C) — G* centralizing S,- Hence in both the odd and

even cases, for (¢,¢) € Uy(G*), the group S¢ depends only on % up to canonical
isomorphism. The similar remark applies to S ;- Moreover, it also follows from the

above discussion that the @—conjugacy class of the subgroup Sd-) c G+ depends only

on . B
For ¢ € ¥(G*), we define sy, € Sy by

(9.2.2.4) sy :=(—1), where — 1 € SLy(C).
(Here we implicitly fix a lift (1,¢) € ¥(G*).) We will also need the canonical character
(9.2.2.5) €y Sy — {1}

defined on p. 48 of [12] using symplectic root numbers. We do not recall its definition
here.

Let (H, g, s, n: g — LG*) be an elliptic endoscopic datum for G*, presented in
the explicit form as in §5.4. Recall that H is a direct product H' x H™ of two quasi-
split special orthogonal groups over Q. The above discussion for G* applies equally
to H™ and H~. We define

U(H):=U(H*') x U(H"),
U(H):=U(H")x U(H).
Similarly we define W, (H) and W, (H). For o' = (¢, 4~) € U(H), we define

Sy = Sy+ X Sy,

Sy i= Sy+ X Sy-,

Sy i= (8y+,8p-) € Syr,
Migpr 2= Moyt My,

€y 1= €yt @ €y— : Sy — {£1}.

4. Here we follow the notation of [12], which differs slightly from that in [57] and [113]. In the latter
two papers the notation Sy, refers to a larger group, which in the present case is equal to Sy Z (é;)
in our notation. More specifically, in our notation we have Sy D Z(éj‘) = Z(E}?‘)FQ unless G* is a
non-split SO2, in which case Sy = Z((/}’j‘)FQ and Z(éj‘) = G*. In particular, we see that the formula
S’w/SS)Z((/}'?‘)FQ defines the same group Sy, with both interpretations of the notation Sy.
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We have a natural map
U(H) — U(G*)
W*97) YT By,
which we shall denote by
P —smnoa.

Local Arthur packets

9.2.3. — Let v be a place of Q. We abbreviate G := Gj, . Let ¥F(G7) be the set of
all Arthur-Langlands parameters over Q,

¥ : WD, x SLy(C) — LG

satisfying the usual axioms (without the requirement that ¢(WD,) is bounded); see
[113, §2.5]. Let ¥(G?) be the set of ¢ € ¥1(G%) such that ¥(WD,) is bounded.

Following [12, §1.5] we define a subset ¥ .. (G%) of ¢ € U+ (G}) as follows. For
any ¢ € U1(G?), the parameter

Stdg- ot : WD, x SLy(C) — GLy(C)

gives rise to an irreducible representation 7y X --- X 7. of a standard Levi sub-
group []._, GLn,(Q,) of GLy(Qy); see [12, p. 45] and [48, §1.2.2] for this construc-
tion (using the local Langlands correspondence for general linear groups). By defini-
tion, 1 is an element of U . (G%) if and only if the normalized parabolic induction
w1 X - mp of m X+ K7, to GLy(Q,) is irreducible and unitary. As on p. 45 of [12],
we have a chain of subsets

U(G}) C UL (GY) C TH(GY).
For ¢ € Ut . (G?), we define
Sy := Cent (¢, G*),
Sy = 8y/82(G*)".

As in the global case, the group Sy is a finite abelian 2-group. We write Sf for its
Pontryagin dual group. Denote by s, € Sy the image of —1 € SLy(C) under 4.

We fix a Q,-splitting spl, for G}. When d is even, let 6, be the unique non-
trivial automorphism of G}, fixing spl, (which is of order 2). When d is odd we take
¢y = idg:. For both parities of d, we fix a Whittaker datum tv, for G} that is fixed
by 6,. (For instance, in the even case we can construct tw, from spl, and the choice
of a non-trivial character Q, — C* in the usual manner.)

In the even case, if we let spl, vary over all Q,-splittings of G}, then the resulting
6,’s are all of the form Int(g)|G* for certain g € O(V)(Q,) — G*(Q,). In fact, by

explicit construction it is easy to see that there is one choice of 0, that is of the
asserted form. To see that all choices of 6, are of the asserted form, use that all
Q,-splittings of G are conjugate under G*?4(Q,), and that G*?4(Q,) naturally
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acts on O(V)(Q,) by conjugation since the center of G* is central in O(V). As a
consequence of this observation, if we have two choices 6, and 6, , then 6,, = 6/ oInt(go)
for some gg € G (Q,). In particular, the way in which 6, permutes isomorphism classes
of representations of G} (Q,) (resp. conjugacy classes in G;(Q,)) is the same as the
way in which 0/ permutes these objects.

Let ¢ € ¥ . (G%). Then Arthur [12, §1.5] associates to 1 a finite multi-set
I1,(G%). Here each element of I1,(G?) is a {1,6,}-orbit of isomorphism classes of
finite-length smooth representations ® of G*(Q,), and such an element is allowed
to repeat itself for finitely many times in IT,(G?) (thus “multi-set”). If ¢ € ¥(G*)
then these representations are all irreducible and unitary. Moreover, for general
Y € Ul . (G?), there is a canonical map (depending on the choice of rv,,)

unit
(9.2.3.1) I;(GY) — SP
T (-, 7).

Definition 9.2.4. — We define the Hecke algebra H(G?) as follows. When v is finite,
we define H(G}) to be C°(G*(Q,)). When v = 0o, we fix a maximal compact sub-
group Ko C G*(R), and define H(G) to consist of smooth compactly supported
functions on G*(R) that are bi-finite under K. Moreover for each place v we define

H(Gy) = H(G)™
and define N
H*(G) € H(GY)
to be the subspace consisting of f € H(G?) such that f — 8 f has all stable orbital
integrals equal to 0.

92.5. — Let ¢ € Ul . (G¥). In [12, Thm. 2.2.1], Arthur gives a characterization

-~ unit
of II;(G}) and the map 7 — (-, m), and proves that the linear form

(9.2.5.1) Ay : H(GE) — C
fre > (sy,m) Tx(n(fdyg))

w€lly (GY)

is stable, in the sense that Ay (f) = 0 if all stable orbital integrals of f vanish. (In
loc. cit. these results are explicitly stated only for ¢ € U(G?), but see Remark 9.2.10
below.) We explain the notations. Here dg is a fixed Haar measure on G*(Q,). The
summation takes into account the multiplicities of the elements 7 in the multi-set
ﬁ,/, (G%). For each such element 7, which is a {1, 6, }-orbit of representations of G*(Q,),
we let 7 be any element of this orbit, and define Tr(w(fdg)) := Tr(#(fdg)). Since
fe 'f‘Z(GZ) is by definition fixed by 6,, and since dg is obviously fixed by 0, (as 6, has
order at most 2), this definition is independent of the choice of 7.

5. In [113], this set is simply denoted by ILy.
6. By construction these representations are obtained as parabolic inductions of irreducible rep-
resentations, and are hence finite-length smooth representations.
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It is clear from the characterization in [12, Thm. 2.2.1] that A, is independent of the
choice of tv,, although the definition of the map 7 +— (-, 7) depends on tv,. Moreover,
since A, is stable, we can naturally extend its domain of definition to ﬁSt(G:), and
still obtain a stable distribution

Ay HHGE) — C
+6:
f o Ay (P,
In §9.2.3, we observed that different choices of 8, permute conjugacy classes in G5(Q,,)
in the same way. In particular, H**(G?) is independent of the choice of 6,. If we view

A, as being defined over H®*(G?}), then it is also independent of the choice of 6,, as
follows from the characterization in [12, Thm. 2.2.1].

Remark 9.2.6. — We note that Hw (G?) depends on ¢ € ¥
under Aut( G?). In the odd case such an orbit is the same as a G*- -conjugacy class,

it (G ) only via its orbit
since Aut( Gy) = (G*)ad In the even case, by contrast, such an orbit could contain
up to two G*-conjugacy classes. This is because Aut(*G?) is identified with O 5 (C)2d
whose action on © G, is determined by the following two conditions:

1. The projection map from G, to the Galois factor is preserved.

2. The map “G* — Lo =<5, Stde- —5 On(C) € GLy(C) is On(C)2d-equivariant, where
On(C)2d acts on On(C) by conjugation.

In particular, (é\*)ad is of index 2 in Aut(“G?*). When the Aut(*G*)-orbit of ¢ con-
tains two G*-conjugacy classes, one should regard II,(G}) as the concoction of two
conjectural Arthur packets.

Remark 9.2.7. — As remarked in [12, §1.5], it follows from the work of Moeglin [85]
that the multi-set I1,,(G%) for ¢ € ¥(G}) (and therefore also for 1 € U . (GZ) b
construction) is in fact multiplicity free in the non-archimedean case.

9.2.8. — Let (H,“H,s,n) be an endoscopic datum for G* », and assume that it is the
localization of an elliptic endoscopic datum for G* over Q. Thus H = H™ x H~
the direct product of two quasi-split special orthogonal groups over Q,. (Under our
assumption, the endoscopic datum (H, g ,8,m) over QQ, itself may still be non-elliptic.
More precisely, in the odd case it is always elliptic, while in the even case it is elliptic
if and only if either G is the split SOy over Q, or neither of H* is the split SO
over Q,; cf. the discussion at the beginning of §7.3.2.)

As in §9.2.3, let U (H), ¥+ (H"),UT(H~) be the sets of all Arthur-Langlands
parameters for H,H™,H~ over Q, respectively. We have a natural identifica-
tion UT(H) =~ UH(HT) x UT(H™), to be viewed as the identity. We define
Ut . (H) to be the preimage of ¥l . (G7), defined in §9.2.3, under the map
UH(H) — U (GE),¢ — nop. Also, we define ¥} . (H¥) in a similar way as in
§9.2.3, with G replaced by the quasi-split special orthogonal group H*. We have

un1t(H+) X g’+ (H_) c \Il+ (H)

unit unit
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Indeed, this containment boils down to the fact that every representation of GLy (Q,)
that is the normalized parabolic induction of an irreducible unitary representation
of a Levi subgroup is irreducible unitary. In the non-archimedean case this fact is
Bernstein’s theorem [17]. In the archimedean case this fact is implicit in the work of
Vogan [117] and also follows from Kirillov’s conjecture proved by Baruch [16] plus the
work of Sahi [99]. We note, however, that in general

U L(HY) x Uk (H) G

unit unit unit (H) .
Now let ¢ € ¥ . (H), and write ¢* for the components of ¢ in U+ (H). Similarly

as in §9.2.5, we have stable distributions
Ay H(HT) — C,
L HMHT) — C,
(after fixing Haar measures). We define
H(H) := H*(H) @c H*(H ).
Taking the product of A+ and A, -, we obtain a stable distribution
Ay : H*(H) — C.

We have an expansion of Ay similar to (9.2.5.1). To make this precise, similarly as
in §9.2.3, we fix a Q,-splitting sply+ of H*, and let §y= be the unique non-trivial
automorphism of H* fixing sply+ in the even case, and the identity on H* in the
odd case. Fix a Whittaker datum roy+ for HT that is fixed by §5+. Then similarly
as in §9.2.3, we have the local packet ﬁ¢+ (H'), which is a multi-set whose elements
are (fp+)-orbits of isomorphism classes of representations of H *T(Qy). Similarly we
have Hw (H ™). Define the packet H¢ (H) as the product of H¢i (H?*), and we regard
its elements as (fg+) X (- )-orbits of isomorphism classes of representations of
H(Q,) = H'(Q,) x H~(Q,). We have maps ﬁwi(Hi) Sh y= as in (9.2.3.1), and

taking the product we obtain a map ﬁw (H) — Sf, which we stlll denote by 7 — (-, 7).
Define
H(H*®) = H(H*) ==
and
H(H) :=HHT) @ HH").
We then have the expansion
(9.2.8.1) Ap(R)y= > (sy,m)Tx(n(h)),  VheH(H).
welly (H)

Here, as in (9.2.5.1), the summation takes into account the multiplicities, and for
each 7 we define Tr(n(h)) to be Tr(#(h)) for any & € m, the Haar measure on H(Q,)
being implicit.

We comment that the constructions of the packets ﬁwi (H j[)7 the maps from them
to S 5i , and the stable distributions A+, are of a slightly more general nature than the

SOCIETE MATHEMATIQUE DE FRANCE 2024



240 CHAPTER 9. SPECTRAL EXPANSION AND HASSE-WEIL ZETA FUNCTIONS

previous constructions for G}, in §§9.2.3 and 9.2.5, since 1)* may not lie in ¥, (H¥).
Nevertheless, the assumption that ¢ = (¢+,97) lies in ¥ . (H) implies that ¢
can be constructed from a Levi subgroup M C H¥, a parameter in ¥(M), and a
point A € a}, as on p. 45 of [12], in exactly the same way as any element of U . (H¥)
can be constructed from such data. The proof of this fact, which is implicitly used in
[12], is an elementary exercise using [110, Thm. D] in the non-archimedean case and
[111] in the archimedean case. Thus the construction using parabolic induction on the
representation side and analytic continuation on the character side as indicated on
pp. 45-46 of [12] works for the current 4% in the same way as it works for elements
of \Il:nit (H:t)

9.29. — Fix ¢ € ¥} . (G?) and fix a semi-simple element s € Sy. Then there is
an induced endoscopic datum (H,H,s,n : H — LG;‘;) over Q,. Arthur has proved
an endoscopic character relation for such v and s. For our applications, we only
need the case where the endoscopic datum (H,H,s,n) is the localization over Q,
of an elliptic endoscopic datum for G* over QQ, so we assume this for simplicity.
Thus as in §9.2.8, H = H' x H~ is the direct product of two quasi-split special
orthogonal groups over Q,, and as usual we choose an identification H = LH. We
have 1) = no1)’ for a unique ¥’ € \I!jnit (H). Asin §9.2.8, we have the stable distribution
Ay : H*(H) — C after fixing a Haar measure dh on H(Q,).

The Whittaker datum to,, for Gy determines a normalization of the transfer factors
between H and GJ; cf. §6.2.1. For any f € ﬁ(G:), let f’ be a Langlands-Shelstad
transfer in H(H), with respect to the normalization of transfer factors just mentioned
and the Haar measures dg on G%(Q,), dh on H(Q,). Then f' € H**(H); see [12,
§2.1] or [113, Prop. 3.3.1]. We have the following endoscopic character relation ([12,

Thm. 2.2.1 (b)]):
(9.2.9.1) > (sys,m) Te(n(fdg)) = Ay (f').

melly (Gy)

Remark 9.2.10. — In [12, Thm. 2.2.1], the stability of Ay and the relation (9.2.9.1) are
explicitly stated only in the case where ¢ € U(G?) and ¢’ € U(H). The generalization
to the case where ¢ € \I/:nit (G¥) and ¢’ € \I!:nit (H) can be easily obtained by analytic
continuation, as explained on p. 46 of [12].

Unramified parameters and representations

9.2.11. — We complement our exposition with a discussion on how unramified repre-
sentations appear in local Arthur packets. Keep the setting and notation of §9.2.3, and
assume that the place v is finite. We say that a parameter ¢ : WD, x SLy(C) — “G*
in U (G}) is unramified, if the reductive group G over Q, is unramified, and the
restriction of ¥ to WD,, = Wy, x SU3(R) is trivial on SU3(R) and sends every element
7 of the inertia subgroup of Wo, to 1 x 7 € LG*.
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The existence of an unramified ¢» € ¥+ (G}) by definition presupposes that G is
unramified. We assume that this is the case. Then inside G*(Q,), there is a unique
G*(Q,)-conjugacy class of hyperspecial subgroups which are compatible with the fixed
Whittaker datum ,, in the sense of [25]. Let K be such a hyperspecial subgroup.
Since 6, fixes w,,, we know that 6, stabilizes the G*(Q,)-conjugacy class of K. In par-
ticular, 6, permutes isomorphism classes of K-unramified representations of G*(Q,).

Lemma 9.2.12. — Assume that G’ is unramified, and let K be a hyperspecial subgroup
of G*(Q,) as in §9.2.11. Let ¢y € U . (G*). The following statements hold.

unit

(1) The packet ﬁw(G:) contains at most one element that is a {1,60,}-orbit
of K -unramified representations of G*(Q,). It contains one if and only if ¢ is
unramified.

(2) Assume that v is unramified, and let m € ﬁw(G;‘j) be the unique element
that is a {1,0,}-orbit of K}-unramified representations, as in (1). Then
for any ® € 7, we have dim(ﬁK;) = 1, or equivalently, ® has a unique
K -unramified Jordan-Hdélder constituent. Moreover, the unramified Langlands
parameter WD,, — LG;“) of that Jordan-Hdolder constituent (with respect to
the unramified local Langlands correspondence) is in the same Aut(LG:)-orbit
(see Remark 9.2.6) as the Langlands parameter ¢, associated to . Here
pu(w) = b(w,diag(|w]"/?, [ /?)) for w e WD, .

(3) Let ¢ and 7 be as in (2). We have (-,m) =1¢€ Sf.

Proof. — If ¢ € ¥(G?), then parts (1) and (3) are proved in [112, Lem. 4.1.1], and
part (2) follows from the characterization in [12, Thm. 2.2.1]. (In this case, all elements
of ﬁ¢ (G?) are {1, 0, }-orbits of smooth irreducible representations of G*(Q,).) For gen-
eral ¢ € U . (G%), we know that 1 arises from a standard Levi subgroup M C G*,
an element ¥y € ¥(M) (ie., a local Arthur-Langlands parameter for M which
is bounded on WD,), and an element A € a},;, as on p. 45 of [12]. The packet
ﬁw(G;’j) is constructed from the packet ﬁ¢M(M ) of M(Q,)-representations associ-
ated to iy via a certain parabolic induction process which involves A; see loc. cit. for
more details. It is easy to see that 1 is unramified if and only if %, is unram-
ified. Moreover, the obvious analogue of the current lemma holds for (M,y) in
place of (G},v). (More precisely, M is a direct product of several general linear
groups and one unramified special orthogonal group. The special case of the lemma
for parameters bounded on WD,,, which we have already proved, takes care of the
special orthogonal factor of M. The general linear factors are taken care of by the
local Langlands correspondence.) The lemma for (G}, 1) then follows from the lemma
for (M,4nr), by basic properties of the parabolic induction process used in the def-
inition of fL,,(G:) (More specifically, we may assume that the standard parabolic
subgroup P C G containing M as the Levi component is compatible with K in
the sense that G*(Q,) = P(Q,)K}. Let Kjs be the hyperspecial subgroup of M(Q,)
given by the image of P(Q,) N K under the projection P(Q,) — M(Q,). Then for
any irreducible smooth representation 7 of M (Q,), the parabolic induction Zp(7) of 7
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to G*(Q,) satisfies dim Zp(7)%+ = dim75™ € {0,1}. Moreover, when this number
is 1, we have compatibility between the unramified Langlands parameter of the unique
K-unramified constituent of Zp(7) and that of 7.) O

9.2.13. — We have an obvious analogue of Lemma 9.2.12 with G replaced by the
group H = HT x H~ over Q, as in §9.2.8. To set up the notation, we assume that H is
unramified, and let K+ be a hyperspecial subgroup of H*(Q,) that is compatible
with the Whittaker datum toy+ for H* (so Kpy+ is unique up to H*(Q,)-conju-
gacy). Let Ky := K+ X K- C H(Q,). Since tog= is fixed by 0+, we know that
elements of the group (0gy+) x (fg-) C Aut(H) stabilize the H(Q,)-conjugacy class
of Kp. In particular, (65+) X (0z-) permutes isomorphism classes of K y-unramified
representations of H(Q,).

Lemma 9.2.14. — Keep the setting of §9.2.13. Let 1y € U . (H). The following state-
ments hold.

(1) The packet ﬁw(H) contains at most one element that is a (0g+) x (Og-)-orbit
of Kp-unramified representations of H(Q,). It contains one if and only if ¢ is
unramified.

(2) Assume that ¢ is unramified. Let © € ﬁw(H) be the unique element that is
a (Og+) X (Og-)-orbit of Kg-unramified representations, as in (1). Then for
any © € w, @ has a unique Kg-unramified Jordan-Holder constituent. More-
over, the unramified Langlands parameter WD,, — LH of that Jordan-Hélder
constituent is in the same Aut(“H)-orbit as the Langlands parameter Py ASSO0-
ciated to .

(3) Let ¢ and « be as in (2). We have (-,71) =1¢€ 85.

Proof. — This follows from Lemma 9.2.12 applied to H' and H~ separately. More
precisely, write 1 = (¥+,¢") with »* € U (H*). Although ¥* may not lie
in Ut . (H*), the proof of Lemma 9.2.12 still applies to (H=, %) in place of (G, ),
in view of the comment at the end of §9.2.8. O

The spectral expansion of the discrete part of the stable trace formula

9.2.15. — Consider an elliptic endoscopic datum (H = HT x H‘,LH,s,n) for G*
over Q, presented in the explicit form as in §5.4. Let ¢ € W(H). For each place v of Q,
there is a natural localization

'd} = (d}—i_ w ) € \Il:nlt(H—i_ ) X \Iljmt(H ) C \Ilunlt(HQu)

of 9 that is well defined up to the action of Aut(*Hgp,) = Aut(“H, ) X Aut(LH s
and there are natural homomorphisms Sy, — Sy, and Sy — S¢u, see [12, §1.4 and
pp. 46-47]. Note that the image of sy € Sy under Sy, — Sy, is precisely sy, .

Let H**(H) be the restricted tensor product of ﬁSt(HQU) over all places v. More
precisely, consider a large enough finite set of prime numbers ¥ such that H extends
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to a reductive group scheme H' over Z[1/XY], and such that the image of a fixed
admissible splitting Out(H) — Aut(H) is contained in Aut(H’) C Aut(H). Then for
all primes p ¢ ¥, the function 1z, is in ﬁSt(H@p). We form the restricted tensor
product with respect to these distinguished elements for almost all p. As usual, the
result is independent of the choices of ¥ and H’.

The discrete part of Arthur’s stable trace formula for H is a formal sum

Sﬂsc = Z S(gsc,t
>0
of stable distributions over all real numbers ¢ > 0; see [12, §§3.1, 3.2, and cf. §9.1.

For each ¢t > 0 and any f € ﬁSt(H ), we have the following spectral expansion by [12,
Lem. 3.3.1, Prop. 3.4.1, Thm. 4.1.2]:

(92.15.1) ShecsN =" D2 mylSul™ o(SPeu(sp)Au (),

YEW (H),t(v)=t
where Ay is the product () of the local stable distributions Ay, : H'(Hg,) — C as
in §9.2.8, and 0(5'2)) is an invariant associated to the following connected complex
reductive group (see [12, Prop. 4.1.1]):

Sy, == (Sy/Z(H)")°.
Thus formally we have

(9.215.2) SELN = 3 mylSul " o(S9)en(s)Au(f).
YeW(H)

9.3. Taibi’s parametrization of local packets for certain pure inner forms

9.3.1. — We keep the setting of §9.2. In particular, we fix G* = SO(V, q). For each
place v of Q, we shall consider a pure inner form (G,,E,, z,) of G} = Gg,, by which
we mean the following data:

— a reductive group G, over Q,; -

— an isomorphism =, : GT@ S (Gy)g, defined over Q,;

— a (continuous) cocycle z, € Z!(T,, G}) such that PZ;Z, = Int(z,(p)) ! for all

pel,.

We recall Taibi’s parametrization in [113] of the Arthur packets for G, under special
hypotheses. For each place v, note the equivalence of the following conditions:

1. The image of z, in H(Q,, G*?) is trivial.

2. The reductive group G, over Q, is quasi-split.

7. Here it is implicit that if we fix a finite set 3 of primes and fix a reductive model H’ of H
over Z[1/%], then for almost all primes p ¢ ¥ we have Ay, (1g/(z,)) = 1. It follows that Ay is well

defined on 7-ls°(H), i.e., there is no issue with infinite products.
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Indeed, that (1) implies (2) is clear, and the converse amounts to the asser-
tion that only the trivial element of H'(Q,,G*?*d) goes to the trivial element
of Hl(Fv,Aut(G% )). This is clear in the odd case since all automorphisms of GT@
are inner. In the even case, this is true because the inner automorphisms form an
index 2 subgroup of Aut((% ), and in the complement there is an element invariant
under T, for instance the covnjugation action on G} by any element of O(V)(Q,) of
determinant —1.

Finite places

9.3.2. — Let v be a finite place of Q. We assume that the image of z, in H' (Qy, G*2d)
is trivial, or equivalently (see §9.3.1), that G, is quasi-split as an abstract reductive
group over Q. We caution the reader that under our assumption it could still happen
that z, has non-trivial image in H'(Q,, G*) (when d is even).

In the odd case, let ¢, be the identity automorphism of G,. In the even case, fix
a Q,-splitting of G, and let 05, be the unique non-trivial automorphism of G, fixing
that splitting (which is of order 2). As we have observed in §9.2.3, the way in which
0, permutes isomorphism classes of representations of G,(Q,) or conjugacy classes
in G,(Q,) is canonical.

Fix a Whittaker datum tv, for G. As explained in [45, §2.2] (cf. Remark 5.1.4),
the datum (w,,=,,2,) determines a normalization of transfer factors between any
endoscopic datum H for G, and G,,. We denote this normalization by Ag” (ry, Eq, 2)-
We summarize in the next proposition the construction in [113, §3.3].

Proposition 9.3.3. — For each ¢ € W} . (G¥), there is a finite multi-set® Tl,(G,)
of {1,0q,}-orbits of isomorphism classes of finite-length smooth representations

of G,(Qy), and a canonical map (depending on (v0,,E,, 2y))
Iy (Gy) — mo(Sy)”

T (-, m).

Moreover, if all the representations in ﬁw(GZ) are irreducible, then so are those
in ﬁw(Gv). For each semi-simple s € Sy, inducing an endoscopic datum (H,H,s,n)
over Q,, we have an endoscopic character relation. For simplicity, we describe it only
under the same assumption on (H,H,s,n) as in §9.2.9. As usual fix an identification
LH = H. Let ¢/ € U} . (H) be such that » = nov’. Fiz Haar measures on Go(Q,)
and H(Q,). Let f € H(G,), and assume that the orbital integrals of f are invariant
under Og,. Let f' € H(H) be a Langlands-Shelstad transfer of f with respect to the

8. This is denoted by IL;(G%) in [113, §3.3]. By its construction and by Remark 9.2.7, this multi-
set is actually multiplicity free.
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normalization Agv (toy, By, 2y) of transfer factors. Then we have f’ € ﬁSt(H), and

S (sps,m) Te(r(f)) = Ay (f).

melly (Gy)

Here we understand that s,sy € Sy are naturally mapped into mo(Sy) in writ-
ing (sys,m).

Proof. — In [113, §3.3], it is assumed that ¢ € ¥(G}), and (-,m) is constructed as
a character on SJ rather than a character on my(Sy). Here SJ is a certain finite
extension of Sy, sitting in a chain of surjective group homomorphisms

S;[ I 7'('0(5,/,) — Sw.
We indicate why the reformulation as in the present proposition is valid.

We first note that the construction in [113, §3.3] generalizes verbatim from
Y € U(G}) top € Ul . (G?), based on the “U . _version” of Arthur’s results recalled
in §§9.2.3-9.2.9 and Remark 9.2.10. Moreover the finite-length and irreducible prop-
erties stated in the proposition follow from the corresponding properties of ﬁw (Gy),
since by construction ﬁ¢(Gv) contains the same representations as ﬁw(GZ), with
respect to a certain Q,-isomorphism G} — G,, which we do not explain.

It remains to explain why it is valid to replace SI by m(Sy) (which is denoted
by mo(Cy) in [113]). The reason that one needs to consider S;r in general is due to
the fact that when G, is fixed as a rigid inner form of G}, in order to normalize
transfer factors between an endoscopic datum and G, one needs to upgrade the for-
mer to a “refined endoscopic datum,” which roughly means picking a lift in S:; of the
image of s € Sy in m(Sy). In our present case, this is not necessary thanks to the
fact that (G, =, 2y) is a pure inner form of G*: Each semi-simple element s € Sy,
determines an endoscopic datum (H,H, s,n), and the datum (ro,,ZE,, 2,) already de-
termines canonically a normalization of transfer factors between H and G,,. Moreover,
as noted in [113, Rmk. 3.3.2], the pairing (-, ) for = € II(G,,) descends to a character
on my(Sy) in our case. In conclusion it is valid to replace the group SJ in [113, §3.3]
by m(Sy) in our case. O

The archimedean place

934. — Let v = oo. Assume that G contains anisotropic maximal tori. Let
(Gy,Zy, 2y) be an arbitrary pure inner form of G as in §9.3.1. Thus G, also con-
tains anisotropic maximal tori. As in the non-archimedean case, we fix a Whittaker
datum w, for G}, and then the datum (w,,E,,2,) determines a normalization of
transfer factors between any endoscopic datum H for G, and G,, which we denote
by A% (10,,Zy, 2,).

Recall that any Arthur-Langlands parameter 1 € ¥+ (G%) (through its associ-
ated Langlands parameter ¢, ) has a well-defined infinitesimal character, which is an
Qc(G, T)-orbit in X*(T') ®z C. Here T is any maximal torus in G¢, and Q¢c(G,T) is
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the complex Weyl group. For an account see for instance [112, §4.1.2], where the in-
finitesimal character is denoted by 1. Following the terminology of Buzzard-Gee [22],
we say that the infinitesimal character is C-algebraic (resp. regular C-algebraic) if it is
the Q¢ (G, T)-orbit of an element of p+ X*(T") (resp. a regular element of p+ X*(T)),
where p € %X *(T') is the half sum of a system of positive roots.

For ¢ € U1 (G%), we say that it is Adams-Johnson if it is bounded on Wg (i.e.,
1 € U(G%)) and has regular C-algebraic infinitesimal character. For more details see
[112, §4.2.2] and [5, §8.1]. We denote by U47(G?) the set of Adams-Johnson parame-
ters for G. We know that all 1 € UAY(G?) are discrete, in the sense that Sy, = mo(Sy).

For each ¢ € WAY(G?), Adams-Johnson [3] have explicitly constructed a
packet HQJ (Gy) of representations of G, (R). Using the rigidifying datum (to,, Z,, 2,),
Taibi [113, §§3.2.2-3.2.3] associates to each 7 € H{jJ (Gy) a character (-, 7) of S{[. Here
as in the proof of Proposition 9.3.3 the finite group SJ sits in a chain of surjective
group homomorphisms

S} — m0(Sy) — Sy,

and its introduction is in fact unnecessary in our situation thanks to the fact that we
have fixed G, as a pure inner form of G} (as opposed to a more general rigid inner
form). Namely, for each ¢ € AJ(G?) and 7 € HﬁJ(Gv), the pairing (-, m) descends to
a character on mo(Sy) = Sy. This assertion could either be directly checked by going
through Taibi’s construction, or be proved as follows: By the well-definedness of the
normalization Afl”’ (04, Ey, 2y ) of transfer factors between an endoscopic datum H and
the pure inner form G,, we know that the right hand side of the endoscopic character
relation in [113, Prop. 3.2.5] depends on § € SJ only via its image in m(Sy) = Sy.
It follows that so does the left hand side, which means that (-, ) descends to Sy as
desired.

With the above modification, we summarize the results in [113, §§3.2.2-3.2.3| to-
gether with a comparison result in [5] as follows.

Proposition 9.3.5. — For any ¢ € UAI(GY), let HﬁJ(GU) be the associated (finite)
Adams-Johnson packet. There is a canonical map (depending on (10,,Z,,2,))®
I37(Gy) — mo(Sy)? = 57
T — (-, T)AJT-
Fix s € Sy, and let (H,H,s,n) be the induced endoscopic datum over R, which is
necessarily an elliptic endoscopic datum because Sy, is discrete. We have an endoscopic
character relation described as follows. As usual fiz an identification “H =~ H, and

let o' € Ut (H) be such that ¢ = no’'. Then o' € WAY(H). Fiz Haar measures
on G,(R) and H(R). The following statements hold.

9. Here the subscript “AJT” stands for Adams-Johnson-Taibi.
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(1) Fiz a Haar measure dh on H(R). The distribution
A} CP(HR) —C
fr— > sy )asr Tr(a'(f'dh))

w €A (H)
is stable.
(2) For f' € H*(H), we have
AG () = A (£).
Here Ay is as in §9.2.8.
(3) Fiz a Haar measure dg on G,(R). Let f € C*(G,(R)), and let f' be a
Langlands-Shelstad transfer of f in C°(H(R)), with respect to the normal-

ization Afl“(mv,EU,zv) of transfer factors and the Haar measures dg,dh. We
have

(9.3.5.1) e(Gy) Z (sys,m)agr Tr(m(f)) = AQ,J(f’).

TK'EH:ZJ (Go)

Here e(G,) is the Kottwitz sign of G,,.

Remark 9.3.6. — By the formula (s, 7y, q,) = e(L) in the proof of [113, Prop. 3.2.5],
the distribution Aﬁ;] in part (1) of Proposition 9.3.5 is none other than the distribution
that appears in [3, Thm. 2.13]. With this understanding, part (1) is the same as |[3,
Thm. 2.13], and part (2) is proved in [5].

9.4. The global group G

94.1. — Fix d = 2m + 1 or 2m where m € Z>1, and fix § € Q*/Q*2. Assume
that (—=1)™é > 0. Let (V,q) be the quasi-split quadratic space (in the sense of Def-
inition 1.2.3) over Q of dimension d and discriminant &, which is unique up to iso-
morphism. Let G* = SO(V,q). We note that by our assumption on 4, there exist
inner twistings between the R-groups SO(d—2,2) and G. We fix a G*(C)-conjugacy
class (19 of such inner twistings, and thereby view SO(d —2, 2) as an inner form of Gj.

Lemma 9.4.2. — The following statements hold.

(1) There exists at most one isomorphism class G of inner forms of G* such
that G is isomorphic to SO(d — 2,2) as inner forms of G* over R and G is
quasi-split over Q, as a reductive group (or equivalently, Gg, is isomorphic
to Gg, as inner forms of Gg, ; see §9.3.1) for all finite places v.

(2) Assume either of the following two conditions:

10. In the even case there are two such conjugacy classes to choose from. Nevertheless, the resulting
two ways of viewing SO(d—2, 2) as an inner form of G}; give rise to isomorphic inner forms of G. This
is because the two G*(C)-conjugacy classes of inner twistings are interchanged under any non-inner
automorphism of SO(d — 2,2)¢, and there exists one such automorphism defined over R.
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— d=2,3,4,5,6 mod 8.
— d=0 mod 8 and § # 1 € Q*/Q*2.

Then there is a quadratic space (V,q) over Q, of dimension d, discriminant §,
and signature (d — 2,2) at oo, such that G := SO(V, q) is quasi-slit at all finite
places.

Proof. — Let F be Q or Q,. The set H'(F,G*) classifies isomorphism classes of
pure inner forms of G* over F', and it also classifies isomorphism classes of quadratic
spaces (V,q) over F' whose dimension is d and discriminant is 6. Thus the lemma
is just a reformulation of parts 1,2 of [113, Prop. 3.1.2], in the special case where
the base number field is Q. In fact, the condition in part 1 of that proposition reads
d = 3,5 mod 8. The condition in part 2 (a) reads d = 2,6 mod 8. The condition in
part 3reads d =4 mod 8, or (d=0 mod 4 and § # 1). O

Remark 9.4.3. — In part (2) of the above lemma, the isomorphism class of (V,q)
may not be unique in the even case. The quadratic space (V,q) ®g Q, may not be
quasi-split (in the sense of Definition 1.2.3) for all finite places v.

94.4. — In the rest of the paper we fix d > 5,0,(V,q),G* as in §9.4.1, and
fix (V,q),G as in part (2) of Lemma 9.4.2. We shall apply the preceding parts
of this paper, in particular Corollary 8.17.5, to (V,q) and G. As in §5.1, we fix
an isometry ¢y : (V,q) ® Q — (V, q) ® Q, and use it to define the inner twisting
Yy : Gg — Grg+ dv oy as well as the function uy : Tg — G*(Q), p — oy éy'.
To conform with the convention of [113], we let = be ;' and let 2 be the func-
tion Tg — G*(Q),p — uy(p)~ . Then according to that convention it is z rather
than wy that is a cocycle, and (G, E, z) is a global pure inner form of G* over Q.

At each place v of Q, by localization we obtain a pure inner form (G, E,, z,,) of G%,
where G, := Gq,. By construction this pure inner form satisfies the hypothesis in
§9.3.2 when v is finite.

We fix once and for all a global Whittaker datum to for G*.

We also fix an automorphism 65 of G once and for all, as follows. In the odd
case let ¢ = idg. In the even case, we fix an element r of O(V)(Q) — G(Q) of
order 2 (for instance, the reflection on V associated to an anisotropic vector), and
let 8¢ = Int(r)|g. Thus in this case 6 is of order 2.

We know that there exists a large enough finite set ¥ of prime numbers such
that G* (resp. G) admits a reductive model G (resp. G*) over Z[1/%]. In particular,
for any prime p ¢ X, the group G* (resp. G) is unramified over Q,, and G*(Z,)
(resp. G(Zp)) is a hyperspecial subgroup of G*(Q,) (resp. G(Qp)). Moreover, we may
and shall assume that ¢ stabilizes G(Z,) for all p ¢ X, up to enlarging ¥. In fact,
the Q-automorphism 0g of G extends to a Z[1/X]-automorphism of the model G after
suitably enlarging ¥.
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As argued in [113, §3.4], we may further enlarge ¥ to a finite set of prime num-
bers, denoted by 3(G*, G, ZE, 2,10, 0g), such that the following conditions hold for all
primes p outside the set:

1. As we have already assumed, 6¢ stabilizes G(Z,).

2. The localization to;, of w, which is a Whittaker datum for Gy, is compatible
with the hyperspecial subgroup G*(Z,) C G*(Q,) in the sense of [25].

3. The pure inner form (Gp,Z,,2,) of G} over Q, is trivial. Equivalently, the
quadratic spaces (V,¢) ® Q, and (V, ¢) ® Q, are abstractly isomorphic over Q,
(but ¢y itself may not be defined over Qp). In particular, we have a canon-
ical G(Qp)-conjugacy class of Q,-isomorphisms G, — G,, consisting of iso-
morphisms induced by isometries V ® Q, — V ® Q, that differ from ¢y by
elements of G*(Q,) (as opposed to O(V)(Q,)).

4. Inside the canonical G(Q,)-conjugacy class of Q,-isomorphisms G — G, as

in (3), there is one that extends to a Z,-isomorphism gz, — Gz, .

Definition 9.4.5. — Let S be a finite set of places of Q. Let 9¥° be the infinite direct
product group va s /27, where the product is over all places of Q outside S. Let e
act on G(A®) by

(e0)o - (90)o = (05 (0))os  Y(€w)w €95, (g0)w € G(AZ).

Since 0¢ fixes G(Z,) for almost all primes p, this action is well defined, and each
element of ¥° acts via a topological group automorphism of G(A®). Similarly, we
define ¥g := [[,cgZ/27Z and let ¥s act on [],. 5 G(Q,) by the same formula.

9.4.6. — Let v be a finite place of Q and let v, € ¥

it (G%). As in Proposition 9.3.3
the local packet II, (G,) is a set of {1, 68, }-orbits of isomorphism classes of repre-
sentations of G(Q,), where 8¢, € Aut(G,) is chosen as in §9.3.2. Since ¢, is of the

form Int(gv)|G for some g, € O(V)(Qy,) — G(Qy), we have g = 0¢, o Int(h,) for

some h, € G(Q,). Therefore we can view each element of ﬁ% (Gy) as a {1, 0 }-orbit,
or equivalently, a 9,-orbit, of isomorphism classes of representations of G(Q,). We
normalize the map ﬁwv (Gy) — m0(Sy,)P,m — (-, m,) as in Proposition 9.3.3 with
respect to the localization (tv,,Z,,2,) of (tv,E, 2) at v, where (tv,E, 2) is fixed in
§9.4.4. Similarly, for any ¥, € UAI(G%,), we have the local packet HQJ(GOO) as in
Proposition 9.3.5, and we normalize the map 7 — (-, m)ajr in that proposition with
respect to the localization (0., Eco, 200) Of (10,2, 2) at co. In the sequel we always
keep these normalizations, without explicitly mentioning them.

Now let ¢ € \TI(G*) For each place v of Q, we fix a localization ¢, € U . (G¥) of ¢;
see §9.2.15. Let S be a finite set of places of Q containing co. We define the global (away
from S) Arthur packet ﬁi (G) to be the set of (my)vgs € [[,¢5 ﬁwv (Gy) such that 7, is
a ¥,-orbit of isomorphism classes of G(Z, )-unramified representations for almost all v.
(Here note that for almost all v, ¥,, permutes isomorphism classes of G(Z,, )-unramified

representations.) Now for all primes v not in £(G*,G, E, z, 1w, 05), the packet ﬁd)v (Gy)
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together with the map from it to mo(Sy,)? is constructed from II,, (G*) via an
isomorphism G,, — G as in §9.4.4 (4); see [113, §3.3]. Moreover, 1, is unramified for
almost all v. Thus for almost all v, by Lemma 9.2.12 applied to (G, ¢, G*(Z,)), there
is a unique m, € ﬁ% (G,) which is a 9,-orbit of G(Z,)-representations, and moreover
for this 7, we have (-, m,) = 1 € mo(Sy,)? and dim(,)9%*) = 1 for any 7, € m,. We
conclude that for 7° = (To)vgs € ﬁi(G), we have (-, m,) = 1 € m(Sy, )P for almost
all v.

For % = (my)p¢s € ﬁi (G), we choose a member 7, € 7, for each v, and form the
restricted tensor product 75 := ®;¢ g v, which makes sense as a smooth admissible
representation of G(A®) since almost all 7, satisfy dim(7,)9%+) = 1. The isomorphism
class of the G(A®)-representation 7° is well defined up to the ¥°-action.

9.5. Spectral evaluation

9.5.1. — In the following we keep the setting and notation of §1.8.3, Theorem 1.8.4,
and Corollary 8.17.5, for the quadratic space (V,q) fixed in §9.4.4. In particular we
fix a neat compact open subgroup K C G(Ay), and fix f*dg™ € H(G(Ay) /| K)g-

We need a modified version of Corollary 8.17.5 as follows. In §8.4.1, we assumed
that V is absolutely irreducible. In the odd case we keep that assumption, but in the
even case we assume either one of the following two conditions:

1. The algebraic Gg-representation V is absolutely irreducible, and the isomor-
phism class of the G@-representation V ®g Q is preserved by outer automor-
phisms of G@.

2. We have V = V, @ V;, where Vy and V; are absolutely irreducible algebraic
Gpg-representations such that the isomorphism classes of the G@—representations
Vo ®& Q and V; ®g Q are unequal and interchanged with each other under an
outer automorphism of G@.

We shall call case (1) the even symmetric case, and case (2) the even composite case. In
the odd case and the even symmetric case, Corollary 8.17.5 directly applies. In the even
composite case, as in Theorem 1.8.4, for each fixed f>°dg®> we obtain two finite sets
of prime numbers (O (V),V;, A\, K, f°) for i = 0,1. We define X(O(V),V, A\, K, f>)
to be the union of these two sets. Clearly (8.17.5.1) still holds in this case, for any
prime p outside (O (V),V, A\, K, f°°) and satisfying the assumption in §8.17.1, if on
the right hand side we define fZ to be the sum of the two test functions corresponding
to Vo and V;. Indeed one obtains this by simply summing the two cases of (8.17.5.1)
corresponding to Vg and V;.

In all of the odd case, the even symmetric case, and the even composite case, we
define the finite sets of primes

{)ad(K’ foo) = E(O(V)7V7 >\7K7 foo) U E(Q*’ g7E7Z’ m79G)7
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and
(9.5.1.1) Sbad (K, £°°) 1= Tiaa (F7) U{p ¢ Thaa (K, f7) | Kp # G(Zp)} -
We now fix a prime p ¢ Zpaq(K, f*°), and apply (the modified) (8.17.5.1) to p.

Note that the extra assumption on p in the even case in §8.17.1 is satisfied here by
condition (2) in §9.4.4. We thus obtain

(9.5.1.2)  Tr(Frob? x f*dg* | IH*(Shy, V)) = > UG, H)STH (1),
(H,LH,s,m)€&(G)

for every sufficiently large a. On the right hand side, as we have already indicated, the

archimedean test function f is defined to be the sum of the test functions constructed

in §8.4 corresponding to Vy and V; in the even composite case. Here we view the two

sides of (9.5.1.2) as numbers in C, but recall from Theorem 1.8.4 and Remark 8.17.6

that the left hand side is actually in E.

Remark 9.5.2. — In the even composite case, IH*(Shg,V) is the direct sum
of IH*(Shg, Vo) and IH*(Shg, Vi) as H(G(Af) J/ K)g x ['g-modules. We explain
how the latter two are related to each other. Let K/ = K N 6g(K). Then K’ is a
compact open subgroup of K, and the H(G(Ay) // K)g x I'g-module IH*(Shg, V;) is
obtained from the H(G(Ay) // K')g x 'g-module IH*(Shg/, V;) by taking K-invari-
ants. It is easier to describe the relation between IH*(Shx/,V;) and IH*(Shg/,V,),
so we replace K by K'. Write H for H(G(Ay) // K)q. Then 6 induces a ring automor-
phism of H. Now observe V) that the automorphism 8¢ = Int(r)|g of G induces an
automorphism of the Shimura datum O(V) = (G, X, h), since r € O(V)(Q) induces
an automorphism of the space X of oriented negative definite planes in Vg, and
h intertwines this automorphism with the automorphism f — 6g o f of Hom(S, Gg).
Moreover 0 interchanges the isomorphism classes of the G@—representations Vo,@ and
Vg Therefore by transport of structure we have an H x I'g-module isomorphism

IH*(ShK,Vl) ~ TH* (ShK,Vo) QH,0c H.

Lemma 9.5.3. — Suppose that f*°, as a function on G(Ay), is fized by the group 9>
(see Definition 9.4.5). Then for each (H,“H,s,n) € &(G) we have f¥ € H**(H),
where HS(H) is defined in §9.2.15.

Proof. — If (H,“H,s,n) does not satisfy the conditions (1) and (f) in §8.4.1, then
by definition f = 0. In the following we assume that these conditions are satisfied.
We can factorize fP as fgf>PS, where S is a finite set of primes not contain-
ing p, fs € C(ITyes G(Qy)), and foPS = loaesy € C®(G(A>P5)). Moreover,
up to enlarging S, we may assume that 1g@pys) is fixed by 9?5, Since p is not
in Xpaqa(f>°), we also know that 1x, = 1g(z,) is fixed by ¥,. Hence our assumption
that f°° is invariant under ¥°° implies that fg is invariant under ¥g. By induction

11. We thank the anonymous referee for bringing this observation to our attention.
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on |S], it is an elementary exercise to show that fs can be written as a sum of func-
tions in C2°(]],c5 G(Qy)) each of which is completely factorizable (i.e., a product
over v € S of functions in C°(G(Q,))) and invariant under ¥dg. Hence P is a
sum of functions in CZ°(G(A%)) each of which is completely factorizable and invari-
ant under ¥g. We have thus reduced to the case where fP = Hwéoo’p fv, with
each f, € C°(G(Q,)) invariant under ¢, and f, = 1g(z,) for almost all v.

For each finite place v # p, we can choose an automorphism g, of G, as in §9.3.2.
As we have observed in §9.4.6, 8¢ = 0, oInt(h,) for some h, € G(Q,). Therefore the
fact that f, is invariant under 6 implies that f, has 6g, -invariant orbital integrals.
By Proposition 9.3.3 we know that f¥, which is a Langlands-Shelstad transfer of f,,
lies in H**(Hyg, ). It remains to check that f¥ e H(Hg,) for v = oo, p.

The fact that £ € H*(Hg) follows from the following ingredients:

— The implicit fact that we may (and do) take fZ inside H(Hg) C C°(H(R)).
(By the construction in §8.4, this reduces to the fact [7, Lem. 3.1] that for any
discrete series representation of H(R), a pseudo-coefficient of it may be taken
to be bi-finite under a prescribed maximal compact subgroup of H(R).)

— The formula [60, (7.4)] for the stable orbital integrals of fZ.

— The invariance properties of the transfer factors shown in the proof of [113,
Prop. 3.2.6].

— The fact that for any semi-simple elliptic element vy € G(R) the term
e(I)vol ' Tréc (o) (where éc = V) in [60, (7.4)] is invariant under replacing
~o by its image under any automorphism of Gg. (Note that in the even case
this is false if we take ¢ to be a general irreducible representation of G¢.)

We now prove that fzfl € H (Hg,)- By the discussion in §7.1.2, we have canonical
actions of Aut(Hg,) on H""(Hg,) and on «/g, , under which the subgroup H*(Q,) C
Aut(Hg,) (consisting of inner automorphisms) acts trivially. Thus the outer automor-
phism group Out(Hg, ) = Aut(Hg,)/H**(Q,) acts on H" (Hg,) and 4, . Moreover
the canonical Satake isomorphism H" (Hg,) — “p,, is Out(Hg,)-equivariant. We
need only show that the Satake transform of ff in oy, = HY ® o, % which is
computed in (7.4.2.1), is invariant under Out(Hg,) = Out(Héfp) X Out(H&p). In all
the five cases in (7.4.2.1), the image of Out(Hg,) in Aut(,;szQp) is generated by the
automorphism Z; — —Z; of &+ (non-trivial in the second and fourth cases) and
the automorphism Y; — —Y7 of ;H@, (non-trivial in the second and third cases). By

(7.4.2.1), the Satake transform of f/ is indeed invariant under Out(Hg, ). O

9.5.4. — We keep the assumption in Lemma 9.5.3 that f° is fixed by ¥°°. We assume
Hypothesis 9.1.2. By Corollary 9.1.7, the expansion (9.2.15.2), and Lemma 9.5.3, we
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can rewrite (9.5.1.2) as
(9.5.4.1)  Tr(Frob, x f*dg> | IH*(Shg, V))

= > UG H) D my Sy | (S5 )ew (s ) Ay (£7).
(H,LH,s,n)e&(G) o e (H)

Lemma 9.5.5. — Assume that ¢/ € W(H) contributes non-trivially to the RHS
of (9.5.4.1). Then H is cuspidal, and n o ', € UAY(G:). (In particular,
YL, € WAY(Hg).) Moreover, noi has the same infinitesimal character as that of V.
(resp. that of Vo,c or V’LC) in the odd case and the even symmetric case (resp. the
even composite case).

Proof. — We only treat the even composite case, the other two cases being similar.
Recall that fZ = ;‘iyo + folg)l where fgl is the analogue of fZ constructed in
§8.4 with V replaced by V;. Thus fZ = 0 unless H is cuspidal; see §8.4.1. Assume
that H is cuspidal. By [112, Lem. 4.1.3] we know that for any 7 € ¥(Hg), all the
representations in ﬁw;’o (Hg) have the same infinitesimal character as that of ¥’/ . By
analytic continuation (see [12, p. 46] and cf. Remark 9.2.10), the same conclusion
holds for all ¢ € ¥ . (Hg). Hence in order that Ay, (fZ) # 0, the infinitesimal
character of 1 o ¢, must be the same as that of Vo c or Vi ¢, which are regular
C-algebraic. It remains to check that 7o, is bounded on Wrg. But this follows from
the fact that n o4/ is the localization of the global parameter n o ¢’, the fact that
it has C-algebraic infinitesimal character, and Clozel’s purity lemma [27, Lem. 4.9].
(For a similar argument cf. [112, p. 309].) O

95.6. — Let (H,“H,s,n) e é"(G) For each place v of Q, let (w,,=,,2,) be the
localization at v of (tv, =, z) fixed in §9.4.4. In §9.3.2 and §9.3.4, we introduced a nor-
malization Ag& (toy, 2y, 2, ) of transfer factors between Hg, and G, for each place v.

In §8.4.7 we also introduced a normalization (A%),. Thus we have
ag,uAgév (104, Z0,20) = (Afl)va

for a constant ag,v € C*. By construction, the normalizations (A%),, are the canonical
unramified normalizations at almost all places v (associated to hyperspecial subgroups
determined by a reductive model of G over some Zariski open of SpecZ), and satisfy
the global product formula. The same holds for the normalizations Ag& (r0y, By, 2),
since tv,, for various v are localizations of the global Whittaker datum mj and (2,, zy)
for various v are localizations of a global pure inner twist (Z, z); see [12, p. 137] or
[47, Prop. 4.4.1]. It follows that

(9.5.6.1) 1%, =1,

where almost all terms in the product are 1.
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Let ¢/ € U(H). In the following we compute the contribution of ¢’ to the RHS of
(9.5.4.1), based on Kottwitz’s results in [60, §9]. For each place v, let

¢, € U (Hg,)

unit
be a localization of ¥’ as in §9.2.15. Let
o =m0y, € UL (GY),
and let B
P :=noy € ¥(GT)
as in §9.2.2. For each place v, v, is indeed a localization of i, so our notation is
consistent. In Lemma 9.5.5, we have already seen that a necessary condition for 1’
to contribute non-trivially to the RHS of (9.5.4.1) is that 1o is Adams-Johnson with
infinitesimal character determined by V. In the following we assume this condition
(but we do not assume that ¢’ has a non-zero contribution a priori). In particular,
Pl is discrete, and so S’g, = {1}. Thus by the definition of ¢(59,) in [12, Prop. 4.1.1],
we have

(9.5.6.2) o(S%) =1.

We make several observations and definitions which will be understood in the
statement of the next lemma. Recall from §9.4.6 that for each finite place v we view
elements of I, (G,) as ¥,-orbits of isomorphism classes of representations of G(Q,).
Since p ¢ Ypaa (K, f°°), we know that K,, = G(Z,) and that 9, stabilizes G(Z,). Hence
¥, permutes the isomorphism classes of K,-unramified representations of G(Q,). Thus
we can speak of whether an element of ﬁwp (Gp) is a ¥p-orbit of Kj,-unramified repre-
sentations. We write Aﬁ’,oo for the product of the local stable distributions Ay, over
all places v ¢ {co, p}, so we have

Ay (F7) = Mgy (FE) Ay (FIVAB (fH700).

As in §9.4.6, we define the global packet ﬁi"x’(G), and for each P> € ﬁz’oo(G) we
define the G(A;)-representation 77> (which depends on arbitrary choices).

Lemma 9.5.7. — Let (H,LH,s,n),w',w,wg,de be as in §9.5.6, and keep assuming
that Yo 1is Adams-Johnson with infinitesimal character determined by V as in
Lemma 9.5.5. The following statements hold.

(1) We have
AGT (FH) = (—1)7O) (55, Ar. )59, Too) AT 0 -
Here

— T @S any element of Hﬁi (GR).

— (-, Ao ) 15 a character on Sy = mo(Sy.,) defined on p. 195 of [60].

— The pairing (syS, Teo)AJT 5 as in Proposition 9.3.5, defined with respect
to (Wooy Ecos Zoo) -

— The product (sys, An_ ) (S48, Too) AT 18 independent of the choice of T .
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(2) We have
AT/)’oo (fo}g) = (_1)q(GOO)<S¢5a )‘71'00><51b57 7roo>AJT a%,oo

(3) For each finite place v, v, is unramified if and only if G}, is unramified and
P! is unramified.

4) If A%(ff) # 0, then v, is unramified. Conversely, assume that v, is
unramified. Then inside Iy, (Gp), there is a unique element m, that is a

Yp-orbit of K,-unramified representations of G(Qp). Each 7, € m, satisfies
dim(7,)%» = 1. We have

(9.5.7.1) Ay (F7) = (sys, mp)p™™/2 Tr(spy, (Frobg) | Stda) af .
Here

— n=d — 2 is the dimension of the Shimura variety; see §1.5.
— Stdg = Stdg- is the standard representation (9.2.2.1) of “G = LG*.
— Frob, denotes any choice of a lift of the geometric Frobenius in W, .

(5) We have
AZ’,OO(fH’p’C’o)z Z Tr (#p’(’o(fp’(’odgp’(’o)) H (sd,s,ﬂ'v)ang,

w20 =(m, ), €5 (G) VP00

where fP°dgP> is determined by f>*°dg™ in the same manner as in §1.8.3.

Proof. — (1) This follows from [60, Lem. 9.2]. More precisely, we know (Remark 9.3.6)
that AAJ is the stable distribution considered by Adams-Johnson [3] and Kottwitz
(60, §9] “and the latter is Kottwitz’s definition of [60, (9.4)]. We know from Proposi-
tion 9.3.5 (3) that (sys, Teo)asT Serves as the spectral transfer factor that is denoted
by A (g, m) (for vy = ¢, T = Too) in [60, Lem. 9.2], up to the correction fac-

tor a§ 00~ Here afl - arises because the spectral transfer factors used in loc. cit. are

assumed to be compatible with the normalization (A%)., = a$ OOAgR (Weos Eco, Zoo)
of the geometric transfer factors, whereas the endoscopic character relation (9.3.5.1)
is with respect to the normalization A (moo, Eoos Zoo)- Note that in the even sym-
metric case, the fact that fZ is a sum oo o+ fOO 1> Where folgl corresponds to V;, does
not affect the validity of [60, Lem. 9.2]. This is because the infinitesimal characters
of Vo,c and V; ¢ are unequal, and in the evaluation A;zi () only one of f2 ; will
contribute, according to whether the infinitesimal character of o’ is equal to that
of V§ ¢ or Vi ¢.

(2) This follows from part (1) together with Proposition 9.3.5 (2) and the fact
that fH € H**(Hg) shown in the proof of Lemma 9.5.3.

(3) Write I, for the inertia subgroup of Wy, . For each 7 € I,,, write ¢, (T) = a, T,
with a, € H.

Assume that v, is unramified. Then by definition G}, is unramified. It also immedi-
ately follows that dfl’]\is trivial on SU3(R), and n(7) = n(a; ') x 7 for all 7 € I,,. Since

T acts trivially on G*, for all z € H we have n(Tz) = n()n(x)n(r)~! = n(a tza,).
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Therefore I, acts on H via inner automorphisms, which implies that Hg, is un-
ramified. Then by our explicit presentation we know that the endoscopic datum
(H,“H,s,n) is unramified over Q, (cf. §8.4.1), that is, n(7) = 1 x 7 for all 7 € I,.
This implies that a, =1 for all 7 € I,,. Since Hgp, is unramified and we have already
seen that 1, is trivial on SU3(R), we know that ¢ is unramified.

Conversely, assume that ¢ is unramified and G is unramified. Then Hgp, is un-
ramified, and as before the endoscopic datum (H tH ,8,m) is unramified over Q,.
Since ¥, = n o v, we know that 1, is trivial on SU(R) and sends every 7 € I,
to 1 x 7. Thus v, is unramified since G}, is unramified.

(4) Suppose A,/,;(ff) # 0. Then f;{ # 0, so by the definition of ff we know
that H is unramified over Q,. Fix a Whittaker datum g, = (mHirp , mHpr) for Hg,,

and fix a hyperspecial subgroup Kp , of H(Q)) that is compatible with tog ,, as in
§89.2.8 and 9.2.13. Recall from Definition 8.4.9 and Remark 8.4.10 that ff is well
defined as an element of the canonical unramified Hecke algebra H"'(Hg,), and its
stable orbital integrals are independent of how we realize f in C2°(H(Qy)). Thus we
may assume that f € H(H(Q,) / Kp,p) without loss of generality. Then by (9.2.8.1)
and Lemma 9.2.14 (1), we know that 1}, is unramified. By part (3) above, this implies
that 1), is unramified.

Conversely, assume that ¢, is unramified. By part (3) above, v, is unramified
(since we know that G, is unramified), so in particular Hg, is unramified. Fix togp
and Ky, as in the preceding paragraph. Inside G*(Q,), we have the hyperspecial
subgroup G*(Zy), and it is compatible with the Whittaker datum o, for G} since
p ¢ 2(G*, G, 2, 2,10,0); see §9.4.4. We normalize the Haar measures on G*(Q,,) and
H(Q,) once and for all such that hyperspecial subgroups have volume 1. By Lem-
mas 9.2.12 and 9.2.14, we know that inside ﬁwp (Gy) (resp. ﬁ% (Hg,)) there is a unique
element 7, g~ (resp. mp ) whose members are G*(Z,)-unramified (resp. Ky p-un-
ramified), and moreover the members of 7, - (resp. mp ) have 1-dimensional fixed
spaces under G*(Z,) (resp. Kpp). As in the preceding paragraph we may assume
that f € H(H(Qp) // Kn,p). Then by (9.2.8.1), we have

H H
Ay (fp") = (syy, mp,u) Tr(mp,m (f,))-
Here the pairing sy, , 7, i) is defined with respect to top ;. In view of the compatibil-
ity between local unramified Arthur parameters and unramified Langlands parameters

in Lemma 9.2.14 (2), the same argument as Kottwitz’s proof that [60, (9.3)] is equal
to [60, (9.7)] gives

Tr(mp,u (f1)) = p™/2 Tr(spy, (Frob?) | Stde).

Indeed, one easily checks that the irreducible representation of “G determined by the
Shimura datum appearing in [60, (9.7)] is Stdg, and that the ambiguity in ¢, up
to the Aut(” G)-action disappears when we consider the GLy (C)-conjugacy class of
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the composition of ¢y, with Stdg : L@ = LG* — GLy(C). In conclusion we have

Ay (1) = (syy, 7p,1)p""? Tr(s6py, (Froby) | Stdg).

As we have already mentioned in §9.4.6, since p ¢ X(G*,G,E, z,mw,0q), the
packet II, (G,) together with the map to Si)p is constructed from II,, (G}) by
identifying G}, with G}, via an isomorphism G}, — G, as in condition (4) in §9.4.4.
Hence the existence and uniqueness of m, and the fact that members of 7, have
1-dimensional fixed spaces under K, = G(Z,) follow from the existence and unique-
ness of mp g+ and the fact that members of 7, g~ have 1-dimensional fixed spaces
under G*(Z,). Also we have (-, m,) = (-, 7pg+) € Sqﬁ). To finish the proof it suffices
to show that (12

(9.5.7.2) (592 Tp, 1) = (845, Tp,G)af] .
Comparing the Fundamental Lemma (Theorem 8.1.4 (2)) with the endoscopic char-
acter relation (9.2.9.1) and the expansion (9.2.8.1), we get

(9.5.7.3)
> (595, 8 Te(Ellgaz,) = (@F,) ™" D (s, &) Tr(€ (1k,,))-
¢elly, (Gy) E’Gﬁ%(H@p)

Here, the pairing (s%,f’) is defined with respect to wg p, and the factor (aﬁ,p)_l
appears because it is (ag,p)’llKHyp, rather than 1g, , that is a Langlands-Shelstad
transfer of 1g«(z,) with respect to the Whittaker normalization of transfer factors
between Hg, and G, associated to tv,. By Lemmas 9.2.12 and 9.2.14, the two sides
of (9.5.7.3) are equal to (sys, Ty g+) and (a%’p)*(s%, 7p, i) respectively. This proves
(9.5.7.2).

(5) First observe that for each w7 € ﬁﬂ;oo(G), the ambiguity in the G(A%;)-repre-
sentation 7P'°° up to the 9?>*°-action does not affect the value of Tr (7'1'”’°° (fp’“dgp’oo)).
Indeed, since 6¢ is an automorphism of G of order at most 2, it is clear that dg?>*° is
fixed by 9¥P>*°. In the proof of Lemma 9.5.3 we observed that fP°° is fixed by 97>
(under the overall assumption that f*° is fixed by ¥°°). Hence the trace of fP>°dgP>°
on a G(A’})—representation depends only on the ¥:°°-orbit of the isomorphism class
of that representation.

Now as in the proof of Lemma 9.5.3, we may assume that fP>° = Hv;ep,oo fo
with each f, € H(G,) being fixed by ¥,. The desired statement then follows from
the endoscopic character relation in Proposition 9.3.3 applied to each f,. Here the
term ag’v appears because it is (a%v)_1 H rather than fH, that is a Langlands-
Shelstad transfer of f, with respect to the normalization Aggv (toy, Ey, 2,) of transfer
factors. O

We summarize the results we have obtained so far in the following proposition.

12. By Lemmas 9.2.12 and 9.2.14 we know that (-, 7, g) and (-, 7, g=) are trivial, but in the
current proof we do not need this.
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Proposition 9.5.8. — Let (H,"H,s,n) € &(G) and o' € U(H). For each place v
of Q, let ¥ € U . (Hg,) be a localization of ¢, and let 1, := nop), € Ul . (G%).

unit

Let ¢y =noy’ € U(G*). The following statements hold:

(1) For o' to contribute non-trivially to the RHS of (9.5.4.1), it is necessary
that H is cuspidal, and that ¢, is Adams-Johnson with infinitesimal character
determined by V as in Lemma 9.5.5.

(2) Assume that the necessary conditions in (1) are satisfied. Then the contribution
of ¥’ to the RHS of (9.5.4.1), without the factor (G, H), is equal to

(9581) m,¢,/ |S¢/ |_1 6¢/(8¢/)<S,¢,S, /\ﬂ-oo><8¢8, 7TOO>AJT A(’(/}, S, P, a)
Y. T(Ee(r<dg™)) ] (sus,m).
ﬂ“:(wv),ueﬁf(G) vF#00
with notations explained below:

— The product (S48, Ax_)(SyS, Too)AsT @S as in Lemma 9.5.7 (1).
— We define

A(, s,p,a) = (=1)7(C=)pam/2 Ty (s, (Frobl) | Stdg).

The notations n, Frob,, and Stdg are as in Lemma 9.5.7 (3), and we have
4(Gx) = n.

Proof. — This follows from Lemma 9.5.5, Lemma 9.5.7, (9.5.6.1), (9.5.6.2), and the
following simple observations:

1. For any finite-length smooth representation 7, of G(Q,), we have

Tr(7,(1k,dgp)) = dim Tfl’.

Here, as in §1.8.3, dg, is the Haar measure on G(Q,) giving volume 1 to hyper-
special subgroups.

2. If ¢, is ramified, then no element of ﬁ% (Gp) is a ¥,-orbit of Kj-unramified
representations. Indeed, as we have mentioned in the proof of Lemma 9.5.7 (4),
the packet ﬁd,p (Gp) is constructed from the packet ﬁ% (G,) via an isomorphism
G, — G, as in condition (4) in §9.4.4. Hence the current assertion follows from
Lemma 9.2.12 applied to G}, and ;. O

9.6. Spectral expansion of the intersection cohomology

We keep the same setting and notation as in §9.5. In particular, V is as in §9.5.1,
and we speak of the odd case, the even symmetric case, and the even composite case.

Definition 9.6.1. — We denote by U(G*)y the set of ¥ € U(G*) such that the lo-
calization 1., of 1 at co lies in UAY(G% ) and has the same infinitesimal character
as that of V{ in the odd case and the even symmetric case, and the same infinites-
imal character as that of V. or Vi ¢ in the even composite case. (This condition
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is insensitive to the ambiguity in t» up to the Aut(*G* )-action.) In particular, for
any ¢ € ¥(G*)y, we have ¥ € ¥2(G*), and Sy = mo(Sy) is a finite abelian group.

Definition 9.6.2. — We say that a compact open subgroup K C G(Ay) is completely
symmetric, if K = [[, K, where v runs through all primes, with each K, a compact
open subgroup of G(Q,) that is stable under 6.

Remark 9.6.3. — Completely symmetric compact open subgroups of G(Ay) form a
cofinal system of compact open subgroups. Indeed, given any compact open sub-
group W of G(Ay), we know that W contains a compact open subgroup of the
form [[,cqUs X vagS G(Z,), where S is a sufficiently large finite set of primes,
G is as in §9.4.4, and U, is a compact open subgroup of G(Q,) for each v € S. If
S is sufficiently large, we know that G(Z,) is 0g-stable for all v ¢ S; see §9.4.4.
Note that U, := U, N 0g(U,) is a Og-stable compact open subgroup of G(Q,)
for each v € S. Hence W contains the completely symmetric compact open sub-

group [[,c5 U, X vas G(Zy).

Theorem 9.6.4. — Assume Hypothesis 9.1.2. Fix a neat compact open subgroup K
of G(Ay), and fix f*dg>® € H(G(Af) [ K)q. Assume that K is completely symmetric,
and that > is fized by 9°°. Let p be a prime not in the set Xpaq (K, f°°) asin (9.5.1.1).
Let a € Z be arbitrary. We have

(9.6.4.1) Tr(Frob, x f*dg> | IH*(Shg, V))
= D omy Y, Tr(@*(fTdg™))[S]7" Y] B(s,77,p,a),
YeT(G*)y mo el (G) s€Sy
with notations explained below:

— For each ¢, my € {1,2} is as in (9.2.2.2).
— For each ¢ € U(G™)y, 7 = (my), € IIF7(G), and s € Sy, we define

B("/)asaﬂ-oo,pa a) = 6¢(S)<S’)‘7roo><377roo>AJT A(iﬁ,SwS,p, a) H <Sa7r'u>a
vF#00
where the terms (s, Az ){(S,Too)asT and A(¢Y,sys,p,a) are as in Proposi-
tion 9.5.8, but with a change of variable from s to sys. (Recall that sy, € Sy
and s3, = 1.)

Moreover, the summands on the right hand side of (9.6.4.1) vanish outside a fi-
nite set of summation indices (¢, w>°) which depends only on K,V 1,2 2z and not
on f*dg™,p,a.

Proof. — Throughout the proof, it will always be understood that the data
K,V 0,2 z are fixed. Also, since varying f°°dg® is equivalent to varying f°
while keeping dg>° fixed, we will omit dg> in the notations throughout. We first
prove that when f* and p are fixed, (9.6.4.1) holds for all sufficiently large a (in a
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way depending on f*° and p). By (9.5.4.1) and Proposition 9.5.8, we know that when
a is sufficiently large, the LHS of (9.6.4.1) is equal to

Z Z C(y,s) Z Tr (7°°(f°°)) B¢, sy, 7>, p, a),

YeT(G*)y €54 moo el (G)
if we define

Cy,s) = > S UG H)my [Sy| ™ eyr(sy)ey(sys) Y,
e=(H,"H,51,m)€8(G) v'cU(H)
H is cuspidal (e,0" )= (1,8)

where the second summation is over 1)’ € \TJ(H) such that (H,H, s1,n,v’) gives rise
to (1, s) as on p. 36 of [12]. Now in the definition of C(1), s) we can drop the condition
that H is cuspidal in the first summation, for the following reason. If there exists
P e EI(H) such that (H,“H, s1,n,v') gives rise to (¢, s), then by the argument in the
last paragraph of [60, p. 196], elliptic maximal tori in G}y (which are anisotropic) must
come from Hp since ¥, is Adams-Johnson. It follows that Hg contains anisotropic
maximal tori, and hence H is cuspidal.

Thus the proof of (9.6.4.1) reduces to the proof of the identity

_1 -1 _

my [Sy| " = > Do UG H)my [Syrl ™ ey (syr)ey(sys) !
e=(H,"H,s1,m)€&(G) '€V (H)
(e,9")—(1,8)

for all ¢ € E’(G*)V and s € Sy. This step is identical to the corresponding step in
the proof of [113, Thm. 4.0.1]. Without the extra complication in the even case (i.e.,
the integers my, m, being possibly larger than 1), this step is also given in [60, §10].
Both references rely on Arthur’s identity ey (sy) = €y4(sys), which is known in our
case by [12, Lem. 4.4.1].

Before showing that (9.6.4.1) holds for all ¢ € Z, we show that the summands
on the right hand side of it vanish outside a finite set of summation indices (¢, 7°°)
independently of f*°,p,a. Here f*° is allowed to range over all ¥°°-fixed elements
of H(G(Ay) /] K)q, p is allowed to range over all primes that are hyperspecial for K and
unramified for f*°, and a is allowed to range over all positive integers, not necessarily
“sufficiently large” with respect to f* and p in the previous sense. (Afterwards we
will show the stronger finiteness result when a is allowed to range over all integers.)

Since K is completely symmetric, we have K = [], K, with each K, a 0g-sta-
ble compact open subgroup of G(Q,). Let Xy be a finite set of primes containing
the set X(G*,G,2, 2,1m,0g) from §9.4.4 such that K, = G(Z,) for all v ¢ X,.
Now since f*° is bi-invariant under K, any 7> = (m,), appearing in (9.6.4.1)
such that Tr (7'1'°° (f°°dg°°)) # 0 must satisfy the condition that m, is a 1J,-orbit
of G(Z,)-unramified representations for all primes v ¢ ¥,. By the discussion in
§9.4.6, we know that for each ¢ € \TJ(G*)V, there are only finitely many elements
T € ﬁflf(G) satisfying the aforementioned condition, and these elements exist
only when the localizations v, of 1 are unramified for all primes v ¢ Xy. By our
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above proof of (9.6.4.1), the desired finiteness of the summation range independently
of f°°,p,a follows from the following statements:

1. If (H,%H,s,n) € £(G) and ¢’ € U(H) are such that 5 o ¢/, is unramified for a
prime v, then ¢ is unramified, and in particular Hg, is unramified.

2. There are only finitely many elements (H,”H,s,n) € &(G) such that Hg, is
unramified for all primes v ¢ 3.

3. Fix (H,“H,s,n) € £(G). For each choice of (f*,p,a) (with a € Zs,), define
7= f(l;loo,p,a) € C°(H(A)) asin §8.4 (cf. Lemma 9.5.3). Then in the expansion
(9.2.15.2) with respect to the test function f, the summands vanish outside a
finite subset of W(H) which is independent of (f*,p,a).

Now statement (1) follows from Lemma 9.5.7 (3). By the explicit presentation
of (H,“H,s,n) and by Proposition 1.2.8, statement (2) reduces to the fact that
there are only finitely many elements in Q*/Q*'2 that have even valuations at all
primes not in ¥y. For (3), we may assume that H is cuspidal, as otherwise f¥ = 0.
Now note that for our given test function fZ on H(R), there are only finitely many
values of t > 0 (depending only on V) that contribute non-trivially to the expansion
S (FT) = Y450 Siee s (F) (see §9.2.15) by Lemma 9.5.5. Thus it suffices to show
that for a fixed ¢ the summands in (9.2.15.1) with respect to ff vanish outside a
finite subset of \TI(H) independently of (f*°,p,a). By [12, Thm. 1.3.2, Lem. 3.3.1],
we need only check that f has a Hecke type (see [12, p. 129]) that is independent
of (f*,p,a). Since fZ is independent of (f°°,p,a), this amounts to the existence of
a compact open subgroup Ky C H(Ay) such that ff>° = fH’p’OOff can be chosen
to be bi-invariant under K independently of (f*°,p, a).

We now construct Ky. Let S be the set of primes v such that either Gg, is
ramified or Hg, is ramified. For each prime v ¢ S, we pick a hyperspecial sub-
group U, C H(Q,), in such a way that Hv¢s U, is a compact open subgroup of H(Afz)
By the two main theorems of [8, §6] (cf. the proof of [12, Lem. 3.3.1]), we know that
for every prime v there is a compact open subgroup V,, C H(Q,) with the property
that every K,-bi-invariant function in C°(G(Q,)) has a Langlands-Shelstad transfer
in C°(H(Q,)) that is bi-invariant under V,. By the Fundamental Lemma for the full
unramified Hecke algebra proved by Hales [38] (which is conditional on the Funda-
mental Lemma for the unit as recalled in Theorem 8.1.4), for every prime v ¢ S we
may and shall take V,, to be U,. We take Ky to be the product of V,, over all primes,
which is a compact open subgroup of H(Ay). Now for every choice of (f*°,p,a), the
corresponding function f+> is non-zero only when p ¢ S, and in the latter case we
can choose fH:7> to be bi-invariant under IL, £p V., and choose ff to be bi-invariant
under U, =V}, as is clear from the construction in §8.4. It follows that FH> g bi-
invariant under K g as desired.

We have proved that the summands on the RHS of (9.6.4.1) vanish outside a finite
set of summation indices (¢, 7>°) independently of f*°,p,a € Z>;. Note that the same
holds even if a is allowed to range over all integers. This is because each summand, as
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a function in a € 7Z, is of the form Zi;l cizl, where ¢;, z; € C are independent of a.
Thus if a summand is zero for all a € Z>1, then it is zero for all a € Z.

To finish the proof it remains to show that (9.6.4.1) holds for all a € Z. By what
we have already shown, for each fixed f*° and p, the right hand side of (9.6.4.1) is of
the form Zle cizy, where ¢;,z; € C are independent of a. It is easy to see that the
left hand side is also of a similar form as a function in a. Hence the identity (9.6.4.1)
holding for all sufficiently large a implies that it holds for all a € Z. O

Remark 9.6.5. — A form of Theorem 9.6.4 is conjectured in [60, (10.2)].

9.7. The Hasse-Weil zeta function

We deduce an immediate consequence of Theorem 9.6.4 concerning the Hasse-Weil
zeta function associated to IH*(Shg, V)).

Definition 9.7.1. — Let p be a prime number. Let M be a finite-dimensional repre-
sentation over C of WD,,.

1. We view M as a Weil-Deligne representation of Wg,, and define its local L-factor
at p in the usual way as in [114], denoted by L,(M, s). In particular, when the
representation is unramified (i.e., trivial on SU3(R) and on the inertia subgroup),
we have

L,(M,s) = (exp(z Tr(Froby, | /\/l)p*‘“/a))f1 = det(1 — Frob, p™* | M)~ 1,
a>1
where Frob,, is any lift of geometric Frobenius in Wg, .

2. For any real number «, we define ||-||“ M to be the twist of M by the quasi-
character [-[|* on Wg,. Here the normalization is such that ||Frob,| = p~*.

3. For any positive integer n, we define M(™) to be

Remark 9.7.2. — We have
Ly(||-]|* M, 8) = L,(M,a + s),
and

Ly(M™, 5) = Ly(M, s + 251 Ly(M, 5 + 25%) -+ Ly(M, s + 157).

9.7.3. — Let ¢ € Wy(G*). Recall from §9.2.2 that Sy is a finite power of Z/2Z. Let
v : Sy — C* be a character. Let V = C" be the vector space used to define GLy(C).
The group Sy acts on V via

S, c Lar 24e, Ly (C).

Let V, C V be the v-eigenspace for this action. For each prime number p, consider
the action of WD, on V defined by

WD, 222, g 29et, Ly (C).
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(Note that in the even case, although %, is not always well defined up to é\*—conjugacy,
the above composite map is always well defined up to GL x(C)-conjugacy.) This action
commutes with the action of Sy, so we have an action of WD,, on V,,. We denote this
WD,,-representation on V, by V,(¢,v). Define

My(@,v) = |17 Vp(w,0),
where n = d — 2 is the dimension of the Shimura variety Shg. The motivation for
this twist is to account for the factor p®*/2 in the definition of A, s,p,a) in Propo-
sition 9.5.8.
We can classify the WD,-representations V,(v,v) and M, (1, v) more explicitly

in terms of the local Langlands correspondence for general linear groups, as follows.
Since 9 € II,(G*), it is of the form
¥ = [ mldi,
i€l

where each 7; is a self-dual cuspidal automorphic representation of GLy,, d; are
positive integers such that > N;d; = N, and the pairs (m;,d;) are distinct. For any
irreducible admissible representation 7, of a general linear group over Q,, we write
V(mp) for the representation of WD,, corresponding to 7, under the local Langlands
correspondence. By the explicit description of Sy in [12, (1.4.9)] (the notation N; in
loc. cit. corresponding to our N;d;), we have the following classification of V, (¢, v).

1. The odd case. We have Sy = {+1}". Set I, = {i} if v is given by the i-th
projection {£1}’ — {£1} for some i € I. Otherwise, set I, = §.

2. The even case. Let I,qq be the set of ¢ € I such that 5; is odd orthog-
onal (or equivalently, N;d; is odd), and let Ieyen = I — I,qq- We have
Sy = {£1} e x {£1}7°%’, where as usual we write {1}’ for the kernel of
the map {1}’ — {*1}, (2j)j = II; #; for any finite set J. Suppose v is the
restriction to {+1}"v* x {£1}7°" of the i-th projection {1}’ — {£1} for
some ¢ € I. Then we set I, = {i} unless i € I,qq and |Ioqa| = 2, in which case
we set I, = Ioqq. In all the other cases, set I, = ().

Then in both the odd and even cases we have
Vp(¥,v) = @ V(Wz‘,p)(di)
iel,
for all p.
For any finite set S of prime numbers, we define

LS(M("/)v v),s) = H L,(Myp(¥,v),s),
p¢S
where M (1, v) is just a formal symbol, and the product is over all prime numbers
p ¢ S. By the previous classification, L®(M 3, v), s) is nothing but a finite product of

the S-partial standard L-functions associated to automorphic representations of gen-
eral linear groups with some shifting in the variable s. Therefore the infinite product
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defining L (M (v, v), s) converges absolutely in some right half plane and continues
to a meromorphic function in s over the whole C. Specifically, letting I,, C I be as
above, we have

d;—1
2

d;—1
L5 (M(,v),8) = T T L°(mis— 5 +

i€l, j=0

—7)-

9.7.4. — Let V be as in §9.5.1, and fix a neat compact open subgroup K of G(Ay)
assumed to be completely symmetric (see Definition 9.6.2). In the following we fix an
isomorphism Q, = C. For each prime p unequal to ¢ and unramified for the I'g-module
IH*(Shg, V) over Q, (that is, unramified for each degree ), we define

(p(TH*(Shy, V), 5) := [ ] det(1 — Frob, p~* | IHY (Shg, V)1,
J
where on the right hand side IH’ (Shg,V) is viewed as a vector space over C. (The
product is finite, since IH? (Shg, V) is non-zero only for 0 < j < 2dim Shg.) This
is the Euler factor at p of the Hasse-Weil zeta function of IH*(Shg,V), and it is
a rational function in p*. If S is a finite set of primes containing ¢ such that every
prime p outside S is unramified for IH*(Shg, V), then we define the formal Dirichlet
series
¢S(IH* (Shy, V), s) == [ [ ¢ (IH*(Shk, V), s).
pgs
This is the S-partial Hasse-Weil zeta function of TH*(Shg, V).

Theorem 9.7.5. — Assume Hypothesis 9.1.2. Let S be the set Tpaq(K,1x) as in
(9.5.1.1), applied to f> = 1k . For all primes p ¢ S we have

log G (ITH*(Shg, V), 8) = Y > dim(a>®)K
YEF(G)y mellP (@)
- mr™, 9, v) (= 1) v(sy) log Ly(Mp (4, v), 5)
veS)
with notations explained below.
— The set U(G*)y is as in Definition 9.6.1.
— The number my, € {1,2} is defined in (9.2.2.2). In the odd case it is always 1.
— For each ¢ € U(G)y, 7° = (m)y € IIF(G), and v € 55, the num-
ber m(n>,v,v) € {0,1} is defined as follows. Fix an arbitrary o € Hﬁi(Goo),
On Sy we have the character:
S V(S)_16¢(8)<37)\7700><377T00>AJT H <377Tv>7
PEZSS)

where (s, Az ) is defined on p. 195 of [60], and €, is as in (9.2.2.5). We define
m(w®,9,v) to be 1 if this character is trivial and 0 otherwise.
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— The number v(sy) is 1 or —1 since sfp = 1; see (9.2.2.4) for the definition
of Sy € S¢,

In particular, we have

log ¢9(IH* (Shy, V)),s) = > dim(7*)X

PET(G*)y m= ellF(G)

C Y m(a®, 4, v)(=1)"v(sy) log LS (M(1h,v), 5),

vesy

for s in some right half plane. This expresses ¢°(IH*(Shg,V)),s) as a finite product
of integral powers of L°(M(y),v),s) for various ¢ and v, and gives a meromorphic
continuation of ¢¥(IH*(Shg,V)), s) to the whole C.

Proof. — This immediately follows from Theorem 9.6.4 applied to f®dg>® =
vol(K) ™' gdg™. O

Remark 9.7.6. — Theorem 9.7.5 can be slightly generalized as follows. We can replace
the completely symmetric K by a more general neat compact open subgroup K’
of G(Ay) stable under ¥*°, and replace S by a sufficiently large, finite set of primes
depending on K'. For the proof of this generalization, we can take a completely
symmetric K contained in K’ (see Remark 9.6.3), and apply Theorem 9.6.4 to K and
the element vol(K')~'1x/dg> of H(G(A¢) /) K)g.

9.8. More refined decompositions

9.8.1. — Throughout we assume the setting of Theorem 9.6.4. In particular we fix V
as in §9.5.1 and assume that K is completely symmetric. By Remark 9.6.3, this
assumption on K is harmless for the understanding of IH*(Shg, V) for general K.
We also keep assuming Hypothesis 9.1.2 without further mentioning.

In the sequel, we write TH’ for IH’(Shg,V). This is non-zero only for
0 <j <2dimShg = 2n. We fix an isomorphism C = Q,, and do not distinguish
between representations over C and over Q,, nor between C-valued functions and
Qg-valued functions. Nevertheless, we remember that I'g-representations on vector
spaces over C = (Q, are always continuous with respect to the f-adic topology. Let
Hi :=H(G(Af) [ K)o ®q Qe

We shall apply Theorem 9.6.4 to obtain information about more refined decom-
positions of IH? as a Hy x I'g-module. Ideally, one would like to decompose IH’
into m>-isotypic components IH’[7>°], for 7°° running through all irreducible ad-
missible representations of G(Ay), and to describe the Galois module structure of
each THY [1>°]. However there are the following two technical obstructions (which can
be overcome in the odd case, as we shall eventually see):

1. In the even case, each element of a global packet ﬁZO(G) as in §9.4.6 does
not give rise to a well-defined isomorphism class of G(Ay)-representations, but
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rather it gives rise to an ¥°°-orbit of such isomorphism classes. This obstruction
is intrinsic in the endoscopic classification in [12] and [113]. As a result, we are
only able to describe the Galois module structure for the direct sum of THY [1°]
over all 7> in the same 9¥>°-orbit, as opposed to each individual TH? [x>°]. We
mention that in the even case the need to assume that V is of the special form as
in §9.5.1 also stems from the same obstruction in the endoscopic classification.

2. In both the odd and even cases, for a general ¥ € \T/g(G*) it is not known
(although expected, as would follow from the Ramanujan-Petersson conjecture
for general linear groups) that the localization v, is bounded on WD, for all
finite places v. As a result of this drawback, the G(Q,)-representations in the
local packet ﬁwv (Gy) are not known to be irreducible.

We make several comments on (2). Recall that for any ¢ € U, (G*), the localiza-
tion 9, of ¢ lies in W1 . (G}). For arbitrary ¢, € ¥/ .. (G%) (which may not arise as
the localization of a global parameter), Arthur has conjectured that the G*(Q,)-rep-
resentations in the local packet ﬁ% (G?) are irreducible. See [12, §§1.3-1.5, Conjec-
ture 8.3.1] for more details. This conjecture would imply that the G(Q, )-representa-
tions in ﬁwv (G,) are irreducible. In the even case, if ¢ is “trivial on SLy” in the sense
that ¢ = 4], m;[d;] with all d; equal to 1, then this conjecture has been proved **) by
B. Xu [122, Appendix].

We can sometimes circumvent Arthur’s conjecture by using known cases of the
Ramanujan-Petersson conjecture. To wit, assume that ¢ = [+, m;[d;] € U, (G*) satis-
fies the following condition:

(f) The constituents m;, which we recall are self-dual unitary cuspidal automorphic
representations of GLy, over Q, are all regular C-algebraic or regular L-alge-
braic. (14

Then we know that 1, is bounded on WD, for all finite places v, since the Ramanujan-
Petersson conjecture for m; is known at all v. Indeed, let m; be the twist of m;
by GLy,(A) = R*, g — |det(g)|1/2 if m; is L-algebraic and N; is even, and let 7} = m;
in all the other cases. Then 7, regular C-algebraic, cuspidal, and essentially self-dual,
and by the work of a long list of authors culminating in Caraiani’s work [23, Thm. 1.2],
(7)) is essentially tempered for all finite places v (cf. [15, Thm. 2.1.1] for the essen-
tially self-dual case, as well as a list of references). It then follows that m; , is tempered
for all finite places v, for instance by the unitarity of the central character. In con-
clusion, if ¢ satisfies (T), we know that all the G(Q, )-representations in ﬁ,/,v (G,) are
irreducible for all finite places v.

13. We thank the referee for pointing this out to us.

14. The meaning of “regular C-algebraic” here is that the infinitesimal character of 7; o, should be
regular C-algebraic as in §9.3.4. In the more classical literature this condition is usually referred to as
“regular algebraic”. The meaning of “regular L-algebraic” is that the infinitesimal character of m; o
should be the Weyl orbit of a regular integral character of a maximal torus. The two notions are the
same for GLy, precisely when N; is odd.
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9.8.2. — Fix ¢ = 4], m[d;] € U(G*)y. We investigate when 1 satisfies (1) in §9.8.1.
Let N; be the integer such that 7; is a self-dual cuspidal automorphic representation
of GLNl..

For any positive integer r, let 7). denote the diagonal matrix in GL,, and iden-
tify X*(T}.) with Z" as usual. The half sum of the standard system of positive roots is
(551,552, ..., 55%). Hence an infinitesimal character u € (X*(T}) ® C)/6, = C"/8,
for GL, is C-algebraic if and only if it lies in Z"/&, when r is odd, and lies
in ((3,...,3) +Z")/S, when r is even.

When G is an odd special orthogonal group, we choose a Borel pair in G¢, and
identify the based root datum with BRD(B,,) (see §1.2.5). Let p be the half sum of
the positive roots, and let A be the highest weight of V*. Thus

A=z161+ + Tpm€m

with x; € Z satisfying 1 > 9 > --- > x,, > 0, and
1
pZ(m—1)61+(m—2)62+--~+6m_1+§(61+~-~+6m).

Under Stdg : G — @L, the infinitesimal character A + p of ¥, gives rise to the
infinitesimal character
1 1 1 1 1
(m—1—|—5+x1,m—2—|—5+x2,...,§+xm,—(§+wm),...,—(m—1—|—§+m1))

for GL3,,. We see that it is always regular. It immediately follows that the infinitesimal
character of each 7; oo must be regular. Moreover, if d; is odd, then the infinitesimal
character of ;o must lie in ((%,...,3) + Z"?)/&y,, so m; is C-algebraic if and only
if N; is even. In fact this is automatic, since for d; odd 5,,\ must be symplectic; see
(9.2.2.3). If d; is even, then the infinitesimal character of m; o, must lie in ZVi /Gy,
so 7; is L-algebraic. We conclude that (1) holds automatically.

When G is an even special orthogonal group, we choose a Borel pair in G¢, and
identify the based root datum with BRD(D,,). Let p be the half sum of the positive
roots, and let Ao be the highest weight of V§ (resp. VS,C) in the even symmetric case

(resp. the even composite case). (See §9.5.1 for this dichotomy.) Thus
Ao =x1€1+ -+ Tm€m
with z; € Z satisfying 1 > x5 > -+ > Tyy—1 > |Tpm|, and
p=m—-1)e1 +(m—2)ea+ -+ + €p—1.
We have z,, = 0 in the ev/e\nsymmetric case, and x,, # 0 in the even composite

case. Under Stdg : G — GLs,,, the infinitesimal character Ao + p gives rise to the
infinitesimal character

(m—14+z1,m—2+22,...,Tmy, —Tm,...,—(Mm—1+x1))

of GLs,,. We see that in the even symmetric case, we cannot guarantee that the
infinitesimal characters of 7; o, are regular, whereas in the even composite case this
is guaranteed. Moreover, by a similar analysis as in the odd case, m; is C-algebraic if
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d; and N; are even, and m; is L-algebraic if d; is odd. Now when d; is even, é; must
be symplectic, so N; is automatically even. We conclude that (f) automatically holds
in the even composite case.

We summarize the above discussion in §9.8.1 and §9.8.2 in the following lemma.

Lemma 9.8.3. — Let 1) = [H, m;[d;] € U(G*)y. In the odd case and the even composite
case, the G(Q,)-representations in ﬁwv (Gy) are irreducible for all finite places v. If

we are in the even symmetric case and all d; are equal to 1, then the same conclusion
also holds. O

9.8.4. — As in [12, §3.4] we define a set Cy(G*) of Hecke systems for G* modulo a
certain equivalence relation. Here a Hecke system for G* is a family (¢, )., where v runs
through all primes outside an unspecified finite set of primes containing all the ramified
primes for G*, and each ¢, is a semi-simple conjugacy class in © G} (where we take L G
to be G* x Gal(Q¥/Q,) here for convenience) whose projection to Gal(QY/Q,) is
the Frobenius. Two such families (¢,), and (d,), are said to be equivalent and thus
define the same element of 5A(G*), if for almost all v, the conjugacy classes ¢, and

d, are in the same Aut(L G?)-orbit, or equivalently, the images of ¢, and d, under

Std g . . "
L G, — Lgs 2o, gL, ~(C) are conjugate. (The equivalence of the two conditions

follows easily from the description of Aut(“G?) in Remark 9.2.6 and the fact that two
elements of Oy (C) are conjugate if and only if they are conjugate in GLy(C).)
Recall that as a fundamental construction in [12], we have a canonical injection

(9.8.4.1) U(G*) — C4(G*)
P c(¥)

whose well-definedness is guaranteed by [12, Thm. 1.3.2, Thm. 1.4.1]. This map has the
following characterization: Let ¢ € W(G*), and for almost all primes v for which v, is
unramified, denote by 7, the unique element of I, (G,,) that is a ¥,-orbit of G(Z,)-un-
ramified representations (see §9.4.6). Then for almost all v, for every w, € m, the
Satake parameter of the H(G(Q,) // G(Z,))-module g (B (which is 1-dimensional
over C, cf. Lemma 9.2.12) belongs to the Aut(“G%)-orbit of the component of ¢(1))
at v.

As in Definition 9.6.2, we have K = [] K,. We have a canonical (finite) direct
sum decomposition of Hx x I'g-modules:

IH = P IH,
c€CA(G™)

where IHi is characterized by the property that for almost all primes v for which K, is
hyperspecial, the action of the unramified Hecke algebra H(G(Q,) / K,) on IH? is

via characters which correspond under the Satake isomorphism to elements of the
Aut(“G*)-orbit of the component of ¢ at .
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We denote by Irr(G(Ay)) the set of isomorphism classes of irreducible admissible
representations of G(Af) (over C 2 Q). For each ¢ € C5(G*) and 7 € Irr(G(Ay)), let

W (1) := Homy,. (5, TH?).

We then have direct sum decompositions of H g x I'g-modules
H = B Feg Wim),

Te€lrr(G(Ay))
(9.8.4.2) I = P P e Wi,

ceCy(G*) TEIr(G(Ay))
where on the right hand sides H ¢ acts on 75 and I'g acts on W7 (7). Here we have used
the fact that IH? is a semi-simple H g-module, which follows from the “Matsushima
formula” for L?-cohomology [19, Thm. 4.5] and Zucker’s conjecture comparing L?-co-

homology with intersection cohomology, proved by Looijenga [80], Saper-Stern [100],
and Looijenga-Rapoport [81].

Theorem 9.8.5. — Assume Hypothesis 9.1.2. Let c € 5A(G*). The following statements
hold.

(1) If ¢ is not in the image of U(G*)y under the map (9.8.4.1), then
IH] =0
for all j.

(2) Assume that ¢ = c(¢p) for ¢ € \TI(G*)V. The for almost all primes p and all
integers a we have

(9.8.5.1) Z(—w Tr(Frob? | IFHY)
j
=my D dim(E®) Y m(r®, ¢, v)(=1)"v(sy) Tr(Froby | My(¥,v),
ro €l (G) vesph
where the terms on the right hand side are defined in the same way as in The-
orem 9.7.5, with M, (v, v) defined in §9.7.3.

(3) Keep the assumption in (2), and assume that TH. # 0 for some j. Write
Y = [H;cy mildi]. Then for each i € I and for almost all primes p, m;, is tem-
pered. (19)

(4) Keep the assumption in (2), and assume that the conclusion of Lemma 9.8.8
holds for 1. Thus each 7> € ﬁflf (G) determines a 9°°-orbit [7°°] in Irr(G(Ay)),
as in §9.4.6. Let 7o € Irr(G(Af)) be such that 7& # 0 and 79 ¢ [,
V> € ﬁz"(G) Then

Wi(r) =0

15. We thank the anonymous referee for suggesting this result to us.
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for all j. Moreover, for each 7 € ﬁ;"(G), we have

(9.85.2) > (~1) Tr(Frob? | @ dim(r¥) Wi(r))

J TE[T>]

— my dim(7)K S m(n, 1, v)(—1)"v(s,) Tr(Frobl, | My (3, ),

ueSf

for almost all primes p and all integers a.

Proof. — Throughout the proof we use the following notations: We fix the Haar
measure dg*™ on G(Ay) giving volume 1 to K. Let H = (Hg)?”. Then H is a
C-subalgebra of Hx with unit 1xdg®>. By the same argument as in the proof of
Lemma 9.5.3, we know that as a C-vector space H is generated by elements of the
form ([], f»)dg>, where the product is over all primes v, f, € C*(G(Q,) / K,)%
for all v, and f, = 1k, for almost all v. For any finite set of primes .S such that K, is
hyperspecial for all v ¢ S, we let HS be the C-vector subspace of H spanned by
elements of the form ([], f,)dg™, where f, € C(G(Q,) // K,)?¢ for all v, and the set
of v such that f, # 1k, is finite and disjoint from S. Then HS is a commutative unital
subring of 7'~{, identified with the restricted tensor product of the 1,-fixed subrings of
the unramified Hecke algebras C°(G(Q,) // K,) over all v ¢ S.

For each ¢ € U(G*)y and each 7°° € ﬁfﬁ"(G), recall from §9.4.6 that the G(Af)-rep-
resentation 7°° is the restricted tensor product of 7, over all primes v, where for each v
we choose a member 7, € ,,. The H-module (7°°)X depends only on 7°°, not on the
extra choices. We henceforth denote it (7>°)%.

(1) By the finiteness statement in Theorem 9.6.4, on the RHS of (9.6.4.1) only
a finite subset ¥y C \TI(G*)V would potentially contribute non-trivially, and for
each ¢ € Uy only a finite subset Uy C ﬁj’f (G) would potentially contribute non-
trivially. Moreover ¥, and (Uy)yecw, are independent of f*dg™,p,a. We may and
shall take each U, such that its members 7 satisfy (7>°)% # 0.

Suppose c is as in (1) and IHﬁ # 0 for some j. Let S be a finite set of primes such
that K, is hyperspecial for all v ¢ S. Then the set of characters through which HS acts
on IHZ (i.e., the isomorphism classes of the simple HS-submodules of IHi) is disjoint
from the set of characters through which HS acts on IHﬁ: for all 5 and all ¢’ # ¢, and
on (7)¥ for all 7> € ] E\I, Uy . Indeed, this follows from the observation that for
any two characters x1, x2 : C°(G(Q,) // K,) — C having the same restriction to the
¥,-fixed subring, x; and xo must be related by ¥, and hence the Satake parameters
of x1 and x2 must be related by Aut(“G?). The observation itself follows from the
identity x1 + 0c(x1) = x2 + 0c(x2) (which holds since for all F' € C(G(Qy) // Ky),
F + 04 F lies in the ¥,-fixed subring) and the linear independence of characters.
Since all these HS-modules are finite-dimensional over Q; = C and there are only
finitely many of them which are non-zero, there exists f*dg>™ € HS C H that acts
as the identity on IHz for all j, as zero on IHi: for all 5/ and all ¢’ # ¢, and as
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zero on (1)K for all 7° € Hyecw, Uyp- We then apply Theorem 9.6.4 (generalized

in the obvious manner from ¥°°-fixed elements of H(G(Ay) // K)q to elements of H)
to f*°dg*>° and obtain
> (—1)7 Tr(Froby | TH/) = 0
J
for all sufficiently large primes p and all integers a. By Chebotarev’s density theo-
rem and the Brauer-Nesbitt theorem, this implies that in the Grothendieck group
of T'g-representations over Q, we have

S (1) [IHY] = o.
J
By a purity result of Pink [95, Prop. 5.6.2] applied to our Shimura datum O(V') of
abelian type, and by the purity of intersection cohomology, we know that for almost all
primes p the action of Frob, on IH’ has weight j. (Note that the weight cocharacter
of the Shimura datum which appears in [95, §5.4] is trivial in our case.) It then follows
that there is no cancelation between [IH] for different j in the Grothendieck group.
Hence TH = 0 for all j, which proves (1).

(2) Similarly as in the proof of (1), the set of characters through which HS acts
on THY for all j and on (7°°)X for all 7°° € Uy, is disjoint from the set of characters
through which HS acts on IHi: for all j/ and all ¢’ # ¢ and on (7°°)% for all 7> €
Hw,e%_{w} Uy . Thus we can find f>*dg>™ € HS C ‘H which acts as the identity

on TH! for all 7, as the identity on (7>)¥ for all 7 € Uy, as zero on IHi: for all
j' and all ¢’ # ¢, and as zero on ()X for all 7 € Iy cw,—(uy Uy~ Applying
Theorem 9.6.4 to f*°dg> then gives the desired result.

(3) For almost all p, part (2) gives a multiplicative relation

det(T — Frob,, | M, (¥, v))* = [ [ det(T — Frob, | THZ)="”
J
for each v € 55 , where k, is an integer (independent of p). By the purity results
used in the proof of (1) and by our assumption that IHg # 0 for some j, we conclude
that k, # 0 (since the right hand side of the above relation cannot be 1). It then
follows from the above relation that Frob, acts on M, (1, v) with integer weights for
each v. On the other hand we have an isomorphism of WD,-representations

@ VP(¢’ V) = @V(Wi,p)(di)ﬂ

VESJL-’ iel

where V,(¢,v) is as in §9.7.3, and V(m; ;) is the WD,-representation corresponding
to m;p under the local Langlands correspondence. Clearly m; ,, is unitary since 7; is.
By [103], m;,, is generic. Hence by [44, Cor. 2.5], all eigenvalues \ of Frob, on V(m; ;)
satisfy p~1/2 < |\| < p'/2. Therefore if m;, is not tempered for one i, then there
is at least one eigenvalue of Frob, on €, V,(¢,v) whose absolute value is not an
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integer power of p'/2. This contradicts with the fact that Frob,, acts on M,(¢,v) =
||-||_”/2 Vp(1,v) with integer weights for each . We have proved (3).

(4) Pick S large enough such that HS acts on (7°)E for all > € U, through
a common character x° : HS — C. Since 7y is an irreducible admissible G(Ay)-rep-
resentation, we know that H° must act on & via a character x5 (as opposed to
several different characters). Assume for the sake of contradiction that W (r) # 0.
Then up to enlarging S we must have x° = x§, by the definition of IHz. In the
following we assume that this is the case. We have 19 = ®; To,», Where each 7, is
an irreducible admissible representation of G(Q,). Write G for [[,.q G(Q,), and
write Kg for HUE s Ky. By a similar argument as in the proof of (1), our assump-
tion that x° = x§ implies that for each v ¢ S, the ¥,-orbit of the isomorphism
class of the irreducible admissible G(Q, )-representation 7y, agrees with the ¥,-or-
bit arising from every 7*° &€ U,. Therefore our assumption on 7y implies that the
¥g-orbit of the isomorphism class of the irreducible admissible G g-representation
®v€S To,» is disjoint from the ¥g-orbit arising from any 7> € Uy;. We can there-
fore find fs € CX(Gs | Ks) = Q,egC®(G(Qy) // Ky) such that (for a cer-
tain normalization of Haar measure) it acts as the identity on every ¥g-translate
of (Q,cs70,0) 5 and as zero on (Q,cq7y)* for all 7 = (m,), € Uy and all
choices (7, € m,)ves. Note that the defining property of fs is invariant under the
action of ¥g on C*°(Gs // Kg). Hence we can replace fs by its average under the
finite group ¥, and assume that fg is fixed by Jg.

After suitable scaling, the element (fs - [[,¢51k,)dg™ € H acts as the identity
on every ¥>°-translate of 7 and as zero on (7*°)¥ for all (7°°) € U,. By a similar
argument, we can also construct an element of H which acts as the identity on ev-
ery 9>°-translate of 7& and as zero on 7X for every 7 € Irr(G(Ay)) such that 7 is
not isomorphic to a ¥*°-translate of 7o and 7% # 0,WJ(7) # 0. We have a third
element of ﬁ, as constructed in the proof of (2), which acts as the identity on IH{;
for all j, as zero on IHZ: for all 5/ and all ¢ # ¢, and as zero on (7*)X for all
T e ]_[w, cWo—{v} Uy . Multiplying these three elements together, we obtain an ele-

TE[T0] T ® Wg (T)
with respect to (9.8.4.2), and acts as zero on (7°°)% for all 7> € [y cw, Uy- Here [10]
denotes the ¥°>°-orbit of 7y in Irr(G(Ay)). Applying Theorem 9.6.4 to this element we

obtain

ment of H which acts on TH? for each j as the projection to &)

> (~1) Te(Froby | @ 5 @ Wi(r)) =0
J TE[T0]
for almost all primes p and all integers a. By a similar argument as in (1), this implies
that 75 ® WJ(7) = 0 for all T € [ry], and in particular W7 (r) = 0, as desired.
Finally we prove (9.8.5.2). Since different elements 7> € U,, give rise to disjoint
¥*°-orbits [7°°], essentially the same argument as before gives us an element of H
which acts on TH? for each j as the projection to @Te[ﬂw] 75 ® WI(7) with respect

to (9.8.4.2), acts as zero on (7°>)K for all 7 € (g ewy—gypy Upr) U Uy — {m>}),
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and acts as the identity on (7°°)%. Applying Theorem 9.6.4 to this element we obtain
(9.8.5.2). 0

Remark 9.8.6. — Part (3) of Theorem 9.8.5 proves the Ramanujan-Petersson con-
jecture for m; for almost all primes. As we have discussed in §9.8.1 and §9.8.2, this
is known in the odd case and in the even composite case (where the conjecture is
known for all primes). In the even symmetric case, however, the infinitesimal charac-
ter of m; o, can be non-regular, and thus m; ® |det|a is not cohomological for any o € C.
For such m; our result proves new instances of the conjecture. We postpone a more
systematic treatment to future work.

9.8.7. — By utilizing Theorem 9.8.5 (3), we can separate the contributions of different
degrees j to the right hand sides of (9.8.5.1) and (9.8.5.2) as follows.

Let o = [H;c; milds] € U(G*)y, and keep the notation in §9.7.3 for ¢. Let v € Sg.
Recall from §9.7.3 that there is a subset I, of I of cardinality at most 2 such
that V,(v,v) = Dies, V(mi )@ for all primes p. Recall that n = dim Shg. For
each integer j, define

My (h, v, 5) == b 1172 V(i ).
1€l
d;—1=n—j mod 2
Thus
(9.8.7.1) My (¥, v) = P My (¥, v, j).

JEL

Corollary 9.8.8. — Let ¢ = ¢(v). For each integer j, we have
(9.8.8.1) (—1) Tr(Froby | IH?)
=my Y dim(E®)% Y m(r™, ¢, v)(=1)"v(sy) Tr(Froby | My (¥, v, )
mo el (G) vesph
for almost all primes p and all integers a. If all d; are 1, then
IH/ =0
for all j # n. If we assume that the conclusion of Lemma 9.8.3 holds for ¢, then for
each integer j and each m5° € II7°(G), we have

(1) Tx(Froby | @) dim(rX) - Wi(r))
Te[rE]

= my dim(#5°)" D m(ng°, %, v)(=1)"v(sy) Tr(Froby, | My(3,v, ),

vesy

for almost all primes p and all integers a.
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Proof. — By Theorem 9.8.5 (3), we know that for almost all primes p, Frob, acts
on My(v,v,j) with weight j. By the purity results used in the proof of Theo-
rem 9.8.5 (1), Frob, acts on IH’ with weight 7, for almost all p. The first and third
statements in the corollary follow from these two facts, the decomposition (9.8.7.1),
and the two formulas (9.8.5.1) and (9.8.5.2). For the second statement, for j # n we
have M, (¢, v,j) =0for all v € 5’5. Applying (9.8.8.1) to a = 0 gives the result. [

9.8.9. — Keep the notation of §9.8.7, and assume that we are in the odd case or the
even composite case. From the discussion in §9.8.2, one easily sees that for each i €
and j € Z such that d; — 1 =n — j mod 2, the cuspidal automorphic representation
& |det|7j /2 of GL N, is essentially self-dual and regular L-algebraic. Thus the semi-
simple f-adic I'g-representation associated to m; ® |det|_j /2 is known to exist and
satisfies local-global compatibility; see for instance [15, Thm. 2.1.1]. % It follows
that for each j € Z and v € Sf , there is a semi-simple /-adic I'p-representation
M(3), v, j), obtained by taking a direct sum of the ones just mentioned over i € I,
such that d; — 1 > |[n—j| and d; — 1 = n — j mod 2, such that for every prime
p # £ the localization of M (¢, v, j) gives the WD,-representation M, (¢, v, j) up to
semi-simplification.

Corollary 9.8.10. — Let ¢ = c(v), and let n§° € ﬁff (G). Assume that we are in the
odd case or the even composite case. Up to semi-simplification, the I'g-representations

IH’ and @Te[ﬂéx,} dim(7%) - WJ(7) are isomorphic to the virtual representations
my D dm@E®)" €D ()T w(sy)m(n, ) MY, v, )
mo €l (G) vesy
and

my dim(75°) " @D (—1)7 v (sy)m (w9, v) M(W, v, 5)

vesy
respectively. In the odd case, the semi-simplification of W7 (ng°) is isomorphic to

D (1) u(sp)m(x®, ¢, V)M, v, j).

veSy

Proof. — This follows from Lemma 9.8.3, Corollary 9.8.8, Chebotarev’s density the-
orem, and the Brauer-Nesbitt theorem. O

Remark 9.8.11. — In the even symmetric case, for ¢ = [H,c; mi[d;] € U(G*)y, the
infinitesimal character of 7; o can be non-regular. Thus the conjectural ¢-adic I'g-rep-
resentation associated to (an L-algebraic twist of) m; has not been constructed. To
this end our Corollary 9.8.8 can be utilized for the construction of such a Galois
representation. We will investigate this on another occasion.

16. In that reference, m is assumed to be a regular C-algebraic cuspidal essentially self-dual rep-
resentation of GL,,, but the Galois representation is associated to © ® |det|(1_n)/2, which is regular
L-algebraic.
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(T,B), 99
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Ap, 15
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MCL 27
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Ms, 26
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M, 27
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P1, Pz, P12, 26

Ps, 26

RT(Lie N5, V)s:q, 34
RT.(K,W), 48
RTSM (K, W), 48
RTy, (K, W), 62
RTy(U, ), 55
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Ra,, 210 Ag(+), 15
va 76 AM, 75
RY, 176 Arv, 134
S € GL4(C), 104 Awn, 124, 131
SO,, 155 Avwar, 134
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STG, 162 AZ?E’ 123
ST}, 162 A B, 123
S‘DM, 16]. Aj,37 120
SH . 230
o’ Ajy By 179
Sdisc7 231 A’BB 179
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?b’ 25’;5 ED(V), 115
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T s ED(V )%y, 120
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TS 7:;7 ED(K)%Vh»DED(K)%Vh—Hv 130
1 ED(V)2c., 125, 131
T, 174
Frob,, 32
Thycu, 174 ,
I’, 100
Tyso, 174
T'r, 13
Thyrs0,+, 174
Tw,, 73 Ty, 13
Wi K
IC*V, 29
Tw,, 73 AJ
Tstd g A7, 247
GL2>
Tp, 115 Ay, global case, 243
Up, 22 Al@é local case, 237, 239
UoddyUeds,Ueveny 78 MK7 47
Vi, i=1,2, 26 M%?;J”
Wi, i=1,2, 26 M?J , 61
Wg, 100 My, 55
X*(AM)]R,regy X*(AM)]R,regy 76 Q’ 75
X.(Ap)r, X* (Arr)g, 76 Q(F), 137
Xa, 16 Q., 164
[-9]x1 K3, 29 Qc(G,T), 14
[Bv], 98 Qr(G,T), 14
[Bw], 107 Out(ep), 105
[n], 13 Outg(ea,n,p), 109
o[ X1,. .., Xn], 144 ®(G,T), 15
b X1,. .., Xn], 144 ®(G,T)*, 15
Autg(ea,B,p), 109 (G, T)V'*, 15
Cleh(*G™)], 139 (G, T)Y, 15
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TAYN(GY), 246
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Uy (H), 235
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Shx (O(V)), 29
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Oy, 75
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HY 54

Sy, 243
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ERA,—y” 214

cu, 76

5R~,, 77

o(-), 161
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111, o1
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det(w), 165
£(G), 226
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& (M™), 206
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nv, 132
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Ywa, 82
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£,113 My (3, v), 263
inv(y,7), 125 My (¥, v, 5), 273
M), 39 P(M,Q), 34
tos, 18 P'(I), 218
to, 18 P(M), 34
t8, 18 PL,(I), 215
ker’(Q,G), 14 S, 234
A€ X*(Ts), 75 Sy, 235
X (a finite place of E), 29 Sy, global case, 235
L@, 100 Sy, local case, 236
Lgur, 139 V(mp), 263
LM’, 109 Vi (9, v), 263
(-, ), 237, 239, 244 Split(G*), 132
(-ymyasT, 246 R(1o/Q), 36
E, 29 Sn, 13
Hy, 22 20, 188
S, 20 08,5, 113
V, 29, 74 aBH:Bﬁ’ 113
V*, 165 93,8, 113
o), 27 €a,B,p, 108
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fodd,za feds,z7 feven,m7 79
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H:(Shx, V), 31 $9’ ﬁ
H*(Lie(Ns)c,V ®g C , 33 @

f e(Ns)c, V®e C)>es BRD(G), 99
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FEY 99 ’ Irr(G(Ay)), 269

S RD(B,,), 17
]:I:I 9i RF(Hia _)a o7 RD(Dm), 17
f’fRF(HE, -), 54 Rep,,, 54
FHRL(H,-), 55 Repg,, xz/22: 55
Flq) 29 Stdg=, 233
H(G(F) /| K), 137 Std,, 232
H(G(Ay) /| K)q, 31 WD,, 233
H(G(A?) / K?)q, 31 sgn(m), 233
H(GY), 237 symdiag(z1,...,xn), 13, 99
H(T(F)/T(F)NK), 137 e, 138
H™ (G), 139 G, 196
Hx, 265 2(), 200
Hag, 28 &(@), 101
K; for i € {0,1,2}, 65 E(M)S™, 170
Ly, 233 &a(M), 106
M(n)7 262 '%1»92,1(1,1(271{” 30
M(Zy), 167 Py, 102
M(U”V:j)y 274 ’@T»t X/ ’@W7 108
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Py, 108 La(y), 87

W, 23 7, 142

my, 34 if*, 143

V.(-), 108 Ay, 130

1% M, 262 Awn, 120, 130
Va, 147 Ay 123

wB, 75 P13 Py -+ 209
w. (), 165 pue, 165

wo, 179 @i, 33

wo(A), 210 9%, 249

wo, w1, w2, 85 Vs, 249

wp, 23 121,1’011, 130
Shy, 68 G, 99, 100

Tal. 30 T,113

Shr, 29 I, (Gy), 237
by, O7 IT;(G), 249
dw, 106 Y(N), 233

¢‘\;/, 107 Tr, 59

#Mn 38 Ca(G"), 268
b, 24 I, (G,), 244
Ty, 23 EI(G*)v 234
WG, 132 U(H), 235

by, 97 Uy (H), 235
bw, 107 U»(G"), 234
YL, 132 Ten(N), 233
pE X*(Ts), 75 ﬁ(G:)a 237
p1,p2, - 175 H*(GE), 237
sz, 139 H* (H), 239
Sg’ 138 H**(H) (global), 242
S% 5, 137 o, 77

o, 13 &, 152

o(S9), 243 ¢%(IH*(Shk, V), s), 264
or, 139 Ci, 152

Oooy 52 ¢p(IH*(Shik, V), s), 264
~ on P(M), 34 a ., 253

~R, 38 Ay, 124
StdLev(M;), 40 c(v0,7,9), 37
(A, B), 187 c1(v0,7,9), 37
sw, 102, 108 c1,C2,8,C2,0, 215
2(A, B), 180 c2(70,7,9), 37
T, T1,T2,..., 174 ¢J,B, €D, 216
T013T00, T1, T2, « - -, 174 CB(p7')7cD(p7')7 216
To,, Ti, 208 Cm,1, 58

g, 248 d(H), 165

0c,, 244 e1,ez2,€l,¢eh, 26
K, 68 7,163
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2, 165 I(w), 75

fHEP 166 My, 235
P, 39 My, 234

fre., 140 n(y,wB), 76

f'D, 115 nf/[, 15

Fr, 140 ov, 116

fr, 165 oy+, 117

h', Vh € GLy(C), 108 oy, 116

ic(A, B), 176 P 12983

in(A, B), 176 1;’(6,’)7 6

i+ (A, B), 209 s, 235

Jn, 174 sp, 235, 236

Jmso, 174 ti, 33

k(-), 15_? u(a, g), 59

k(m™,X), 127 wy, 97

ka, 197 Ty, T7
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L-group, 99

L? Lefschetz number, 231

k-orbital integral, 155

R-elliptic, 16

GSpin Shimura datum, 27

abelian type, 27

Adams-Johnson parameter, 246

admissible embedding, 113

admissible isomorphism, 113

admissible level, 52

admissible parabolic subgroup, 22

aligned, 123, 165, 179

almost canonical representatives, 123

Arthur’s stable trace formula, 230

Arthur-Langlands parameters, 236

Baily-Borel compactification, 29

Base Change Fundamental Lemma, 202

bi-elliptic, 106

Borel pair, 15

C-algebraic, 246

canonical based root datum, 99

canonical integral model, 53

canonical model, 29

completely symmetric compact open
subgroup, 259

constant term, 39

constant term map, 140

cuspidal (reductive group), 16

determinant of a quadratic space, 16

discrete part of the stable trace formula,
231

discriminant of a near-hyperbolic basis,
17

discriminant of a quadratic space, 16

dual torus, 113

INDEX
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elliptic decomposition, 115

elliptic endoscopic data, 101

endoscopic G-datum for M, 105

endoscopic G-triple for M, 105

endoscopic character relation, 240, 244,
246

equivalence class of Whittaker data, 119

Euler characteristic (of a reductive
group), 39

eventually globalizable, 67

extended endoscopic triple, 102

family of local integral models, 67

Fundamental Lemma, 158

fundamental pair, 115

good at oo, 192, 194

good at p, 192, 194

GSpin Shimura datum, 68

Hecke algebra (adelic), 31

Hecke algebra (local), 237

Hecke algebra (local, K-bi-invariant), 137

Hecke operator, 29

Hecke system, 268

Hecke type, 261

Hodge cocharacter, 27, 36

Hodge type, 27

hyperbolic basis, 16

hyperspecial prime, 31

image (in the context of endoscopy), 156

infinitesimal character, 245

inherited normalization of transfer
factors, 167

invariant trace formula, 230

Kostant’s theorem, 33, 80

Kostant-Weyl term, 34

Kottwitz map, 36
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Kottwitz sign, 155

Kottwitz triple, 36

Langlands-Shelstad transfer, 157

LHS, 14

Lie algebra cohomology, 33

local L-factor, 262

local epsilon factor, 134, 183

local Langlands correspondence for GLy,
233

localization (of a global Arthur
parameter), 242

locally symmetric space, 47

minimal length representatives, 80

minuscule, 140

mixed Shimura datum, 20

morphism between mixed Shimura data,
21

near-hyperbolic basis, 17

neat, 28

non-compact root, 121

normalized stable discrete series
character, 75

orbital integral, 37

outer G-automorphism group (of an
endoscopic G-datum), 109

outer automorphism group (of an
endoscopic datum), 105

parameterized anisotropic maximal
torus, 115

Pontryagin dual group, 155

pre-stabilization, 202

pseudo-coefficient, 165

pure inner form, 98

pure inner twist, 98

pure Shimura datum, 20

quasi-split quadratic space, 17

quotient of a mixed Shimura datum, 21

rational boundary component, 23

reductive Borel-Serre compactification,
49

regular C-algebraic, 246

relative Weyl group, 137

RHS, 14
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Satake isomorphism, 137

shallower locally symmetric space, 48

Siegel Shimura datum, 28

split component, 15

split quadratic space, 17

stable character, 75

stable cuspidal function, 161

stable orbital integral, 155

standard Borel pair (in the dual group),
99

standard Levi subgroups of G, 26

standard parabolic subgroups of G, 26

standard simple roots (of type B,,), 17

standard simple roots (of type Dy,), 18

standard type B,, root datum, 17

standard type D,, root datum, 17

the even composite case, 250

the even symmetric case, 250

the first and the second G,,, 27

the orthogonal Shimura datum, 27

twisted orbital integral, 38

twisted transfer map, 143

type-I and type-II Whittaker data, 130

type-I Whittaker normalization of the
transfer factors (between H and G),
131

type-I Whittaker normalization of the
transfer factors (between H and
G*), 130

unramified (endoscopic datum), 142

unramified (parameter), 240

unramified prime (for an element of the
Hecke algebra), 31

Weil group, 100

Weil-Deligne group, 233

well-positioned (discrete Langlands
parameter), 123

Weyl denominator, 15

Whittaker normalization of the transfer
factors (between H and G™), 120

Whittaker normalization of the transfer
factors (between H and G), 125
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