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ERGODIC PROPERTIES OF SOME NEGATIVELY CURVED
MANIFOLDS WITH INFINITE MEASURE

Pierre Vidotto

Abstract. – Let M “ X{Γ be a geometrically finite negatively curved manifold with
fundamental group Γ acting on X by isometries. The purpose of this book is to
study the mixing property of the geodesic flow on T1M, the asymptotic behavior
as R ÝÑ `8 of the number of closed geodesics on M of length less than R and of the
orbital counting function #tγ P Γ | dpo, γ ¨ oq ď Ru.

These properties are well known when the Bowen-Margulis measure on T1M is
finite. We consider here Schottky group Γ “ Γ1 ˚ Γ2 ˚ ¨ ¨ ¨ ˚ Γk whose Bowen-Margulis
measure is infinite and ergodic, such that one of the elementary factor Γi is parabolic
with δΓi “ δΓ. We specify these ergodic properties using a symbolic coding induced
by the Schottky group structure.

Résumé. – Soit M “ X{Γ une variété géométriquement finie de courbure strictement
négative et Γ son groupe fondamental agissant par isométries sur X. Nous étudions
successivement dans cet article une propriété de mélange du flot géodésique sur T1M,
le comportement quand R ÝÑ `8 du nombre de géodésiques fermées de M de lon-
gueur plus petite que R et celui de la fonction orbitale #tγ P Γ | dpo, γ ¨ oq ď Ru.

Ces propriétés sont bien connues dans le cas où la mesure de Bowen-Margulis est
finie sur T1M. Nous considérons ici un groupe de Schottky Γ “ Γ1 ˚ Γ2 ˚ ¨ ¨ ¨ ˚ Γk de
mesure de Bowen-Margulis infinie et ergodique, pour lequel au moins un facteur Γi
est parabolique et satisfait δΓi “ δΓ. Les propriétés ergodiques ci-dessus sont alors
précisées, en utilisant un codage symbolique induit par la structure de groupe de
Schottky de Γ.

© Mémoires de la Société Mathématique de France 160, SMF 2019
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CHAPTER 1

INTRODUCTION

1.1. Background and previous results

Let X be a connected, simply connected and complete riemannian manifold with
pinched negative sectional curvature. Denote by d the distance on X induced by the
riemannian structure of X and by Γ a discrete group of isometries of pX,dq, acting
properly discontinuously without fixed point and let M “ X{Γ. Fix o P X. The study
of quantities like the orbital function

NΓpo, Rq :“ #tγ P Γ | dpo, γ ¨ oq ď Ru

is strongly related to the dynamics of the geodesic flow pgtqtPR on the unit tangent
bundle T1M of the quotient manifold. Let us first define precisely this flow: each pair
pp,vq P T1M determines a unique geodesic pγptqqtPR satisfying pγp0q,γ1p0qq “ pp,vq
and for any t P R, the action of gt is given by gt pp,vq “ pγptq,γ1ptqq. It is known
(see [37]) that the topological entropy of the geodesic flow is given by the rate of
exponential growth δΓ of the orbital function, that is

δΓ :“ lim sup
RÝÑ`8

ln pNΓpo, Rqq

R
.

This last quantity is also the critical exponent of the Poincaré series PΓ of the
group Γ defined as follows: for any s ą 0

PΓpsq :“
ÿ

γPΓ

e´sdpo,γ¨oq.

S. J. Patterson (in [39]) and D. Sullivan (in [43]) used these series to construct a
family of measures pσxqxPX, the so-called Patterson-Sullivan measures. More precisely,
each measure σx is fully-supported by the limit set ΛΓ Ă BX, which is defined as the
set of all accumulation points of one (all) Γ-orbit(s) in the visual boundary BX of X.
This set is also the smallest non-empty Γ-invariant closed subset of X Y BX. It is
the closure in the boundary of the set of fixed points of Γ˚ :“ ΓztIdu. A group Γ is
said to be elementary if its limit set is a finite set. S.J. Patterson and D. Sullivan
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2 CHAPTER 1. INTRODUCTION

described a process to associate to this family a measure mΓ defined on T1M, which
is invariant under the action of the geodesic flow. When the group Γ is divergent, i.e.,
PΓpδΓq “ `8 (otherwise Γ is said to be convergent), the family pσxqxPX is unique up
to a normalization, hence mΓ is also unique. We will focus in this book on the case of
divergent groups, which allows us to speak about “the” Bowen-Margulis measure mΓ

even when mΓ has infinite mass. Nevertheless, in this introduction, the assumption
“M “ X{Γ has infinite Bowen-Margulis measure” should be in general understood
as the fact that any invariant measure obtained from a Patterson-Sullivan density
pσxqxPX has infinite mass. We first study here a property of mixing of the geodesic
flow pgtqtPR with respect to this measure. We say that the geodesic flow pgtqtPR is
mixing with respect to a measure m with finite total mass ||m|| on T1M, if for any
m-measurable sets A,B Ă T1M, one gets

(1) m pAX g´tBq ÝÑ
mpAqmpBq

||m||
as t ÝÑ ˘8.

When the measure m has infinite mass, this definition may be extended saying
that the flow pgtqtPR is mixing if

m pAX g´tBq ÝÑ 0 as t ÝÑ ˘8, where A and B have finite measure.

When the measure mΓ is finite, Property (1) was first proved by G. A. Hedlund
in [27] for finite volume surfaces in constant curvature, by F. Dal’bo and M. Peigné
for Schottky groups with parabolic isometries acting on Hadamard manifolds with
pinched negative curvature (see [17]) and by M. Babillot in the general case (see [1]).
The following result of T. Roblin [41] gathers all the information known in such a
general content.

Theorem (Roblin). – If the Bowen-Margulis measure mΓ has finite mass ||mΓ||

(resp. infinite mass), the flow pgtqtPR satisfies

mΓ pAX g´tBq ÝÑ
tÝÑ˘8

mΓpAqmΓpBq

||mΓ||

ˆ

resp. mΓ pAX g´tBq ÝÑ
tÝÑ˘8

0

˙

.

Remark 1.1.1. – The definition of mixing in infinite measure seems to be weak (see
the third chapter of [41] about this fact). Nevertheless, our Theorem A below will
furnish an asymptotic of the form

mΓpAX g´tBq „
tÝÑ˘8

εp|t|qmΓpAqmΓpBq, for an explicit function ε,

which can be understood as a mixing property, up to a renormalization.

On the one hand, this property is interesting from the point of view of the ergodic
theory. On the other hand, in the case of geometrically finite manifolds with finite
measure, the property of mixing of the geodesic flow may be used to find an asymptotic
of the orbital function NΓpo, Rq. This idea was initially developed in G.A. Margulis’
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1.2. ASSUMPTIONS AND RESULTS 3

thesis [35] for compact manifolds with negative curvature: the mixing of the geodesic
flow implies a property of equidistribution of spheres on M, which leads to the orbital
counting. In the constant curvature case, other proofs of the orbital counting have been
developed using spectral theory (see for instance [34]) or symbolic coding (see [33]).
In [41], Roblin generalized the ideas of Margulis and deduced the asymptotic for
the orbital counting function from the mixing of the geodesic flow. He showed the
following theorem.

Theorem (Roblin). – Let M “ X{Γ be a complete manifold with pinched negative
sectional curvatures. If the Bowen-Margulis measure mΓ has finite mass ||mΓ|| (resp.
infinite mass), the asymptotic behavior of the orbital function NΓpo, Rq is given by

NΓpo, Rq „
||σo||

2

||mΓ||
eδΓR

`

resp. NΓpo, Rq “ o
`

eδΓR
˘˘

as R ÝÑ `8,

where ||σo|| is the mass of the Patterson-Sullivan measure σo.

We eventually focus on finding an asymptotic formula for the number of closed
geodesics on M of length less than R, as R goes to infinity. Such an asymptotic was
first found by Huber in constant curvature ´1 (see [31]), then by Margulis ([35]) for
compact manifolds of variable negative curvature and extended in [38] to periodic
orbits of axiom-A flows. This was generalized by T. Roblin in [41] as follows.

Theorem ([41]). – Let M “ X{Γ be a geometrically finite complete manifold with
sectional curvatures less than ´1, whose Bowen-Margulis measure has finite mass.
For all R ą 0, let NG pRq be the number of closed geodesics on M of length less than
R. Then

NG pRq „
eδΓR

δΓR
as R ÝÑ `8.

When the Bowen-Margulis measure is infinite, Roblin’s method does not yield to
such asymptotic. We will detail why in the next subsection.

1.2. Assumptions and results

In this article, we will focus on some manifolds M “ X{Γ, where Γ is a diver-
gent group whose Bowen-Margulis measure mΓ on T1M has infinite mass and whose
Poincaré series are controlled at infinity in a way that will be specified below. For such
manifolds, we establish a speed of convergence to 0 of the quantities mΓ pAX g´tBq

for any A,B Ă T1M with finite measure, an asymptotic behavior for the orbital
counting function NΓpo, Rq and an asymptotic lower bound for the number of closed
geodesics NG pRq. The groups Γ which we consider are exotic Schottky groups, whose
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4 CHAPTER 1. INTRODUCTION

construction was explained in the articles [14] and [40] and will be recalled in the sec-
ond section. The main idea of these papers is the following: Let M be a geometrically
finite hyperbolic manifold with dimension N ě 2, with a cusp and whose fundamen-
tal group is a non elementary Schottky group. Theorems A and B in [14] ensure that
Γ is a divergent group and that mΓ is finite. The proofs of these results give a way to
modify the metric in the cusp in order to obtain a manifold M1 isometric to a quotient
X{Γ where

– the manifold X is a Hadamard manifold with pinched negative curvature;
– the group Γ acts by isometries on X and is convergent; the measure mΓ is thus
infinite.

The article [40] extends the previous construction and allows us to modify the metric
in the cusp of M in such a way that the group Γ is divergent with respect to the
metric on X and the measure mΓ is still infinite: this construction will be discussed
in more detail in Chapter 2. This article furnishes examples of manifolds M “ X{Γ

on which our work applies.

Let X be a Hadamard manifold with pinched negative curvature between ´b2 and
´a2, where 0 ă a ă 1 ď b and let Γ be a Schottky group, i.e., Γ is generated by
elementary groups Γ1, . . . ,Γp`q in Schottky position (see Subsection 2.1.2), where
p, q ě 1 and p ` q ě 3. Assume that for some β P s0, 1s and some slowly varying
function L (i.e., L : R` ÝÑ R` is a measurable function such that Lpxtq{Lptq tends
to 1 as t ÝÑ `8, for all x ą 0), the groups Γ1, . . . ,Γp`q satisfy the following family
of assumptions pHβq:

(D) The group Γ “ Γ1 ‹ ¨ ¨ ¨ ‹ Γp`q is divergent.
(P1) For any j P v1, pw, the group Γj is parabolic, convergent and its critical exponent

is equal to δΓ.
(P2) For any j P v1, pw, the tail of the Poincaré series at δΓ of the group Γj satisfies

ÿ

αPΓj | dpo,α¨oqąT

e´δΓdpo,α¨oq „
TÝÑ`8

Cj
LpT q

T β

for some constant Cj ą 0.
(N) For any j P vp` 1, p` qw, the group Γj satisfies the following property

ÿ

αPΓj | dpo,α¨oqąT

e´δΓdpo,α¨oq „
TÝÑ`8

o

ˆ

LpT q

T β

˙

.

We add the following assumption to the family pHβq:

MÉMOIRES DE LA SMF 160



1.2. ASSUMPTIONS AND RESULTS 5

(S) For any ∆ ą 0, there exists C “ C∆ ą 0 such that for any j P v1, p ` qw and
any T ą 0 large enough

ÿ

αPΓj | T´∆ďdpo,α¨oqăT`∆

e´δΓdpo,α¨oq ď C
LpT q

T 1`β
.

We will say that the parabolic groups Γ1, . . . ,Γp are “influential,” since their properties
will determine all the dynamical properties of Γ on BX. The reader should notice that
each of these subgroups Γ1, . . . ,Γp is convergent and has the same critical exponent δΓ
as the whole group Γ. The existence of at least a factor having these properties is
needed to get a Schottky group with infinite Bowen-Margulis measure, see [14] and
Chapter 2 below. On the contrary, the groups Γp`1, . . . ,Γp`q are said to be “non-
influential” and their own critical exponent may be in particular strictly less than δΓ.

Since Γ is divergent, Hopf-Tsuji-Sullivan’s theorem ensures that the geodesic flow
pgtqtPR is totally conservative with respect to the measure mΓ. Under these assump-
tions, we first show the following theorem, which specifies the rate of mixing of the
geodesic flow.

Theorem A. – Let Γ be a Schottky group satisfying Hypotheses pHβq for some
β P s0, 1s and A,B Ă T1X{Γ be two mΓ-measurable sets with finite measure.

‚ If β P s0, 1r, there exists a constant C “ Cβ,Γ ą 0 such that

mΓpAX g´tBq „ C
mΓpAqmΓpBq

|t|1´βLp|t|q
as t ÝÑ ˘8;

‚ if β “ 1, there exists a constant C “ CΓ ą 0 such that

mΓpAX g´tBq „ C
mΓpAqmΓpBq

L̃p|t|q
as t ÝÑ ˘8,

where L̃ptq “
şt

1
Lpxq
x dx for any t ě 1.

The proof of this result relies on the study of a coding of the limit set of Γ and on
a symbolic representation of the geodesic flow given in the fourth section.

In Chapter 7, we establish an asymptotic lower bound for the number of closed
geodesics with length less than R. We prove

Theorem B. – Let M “ X{Γ be a manifold with pinched negative curvature whose
fundamental group Γ satisfies Hypotheses pHβq for β P s0, 1r. Then

lim inf
RÝÑ`8

δΓR

βeδΓR
NG pRq ě 1.
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We could not improve our proof to get a full asymptotic for NG pRq. This lower
bound remains nevertheless surprising. Let us recall the following result proved in [41].
For all R ě 0, let GΓpRq be the set of closed orbits for the geodesic flow on T1M with
period less than R. For any closed orbit ℘, let D℘ be the normalized Lebesgue measure
along ℘. Then as R ÝÑ `8,

(2) δΓRe
´δΓR

ÿ

℘PGΓpRq

D℘ ÝÑ
mΓ

||mΓ||

in the dual of the set of continuous functions with compact support in T1M. In partic-
ular, when Γ is convex-cocompact (mΓ is thus finite in this case), the set T1M is com-
pact and (2) applied with 1T1X{Γ implies the counting result NG pRq „ eδΓR{pδΓRq.
When M is geometrically finite with finite Bowen-Margulis measure, Roblin shows
that (2) still implies NG pRq „ eδΓR{pδΓRq. When the Bowen-Margulis measure has
infinite mass, Roblin shows that, still in the dual of compactly supported continuous
functions of T1M,

δΓRe
´δΓR

ÿ

℘PGΓpRq

D℘ ÝÑ 0.

Therefore, we could have expected that the NG pRq would have been negligible with
respect to eδR{R as R goes to `8; Theorem B above contradicts this intuition.

We eventually establish the following asymptotic behavior for the orbital counting
function.

Theorem C. – Let Γ be a Schottky group satisfying the family of assumptions pHβq

for some β P s0, 1s.

‚ If β P s0, 1r, there exists C 1 “ C 1β,Γ ą 0 such that

NΓpo, Rq „ C 1
eδΓR

R1´βLpRq
.

‚ If β “ 1, there exists C 1 “ C 1Γ ą 0 such that

NΓpo, Rq „ C 1
eδΓR

L̃pRq
,

where L̃ptq “
şt

1
Lpxq
x dx for any t ě 1.

To prove Theorem C, we need to extend the coding of the points of the limit set
ΛΓ to the Γ-orbit of some point x0 R ΛΓ in the boundary at infinity.

The constants appearing in Theorems A and C will be specified in the proofs.

Remark 1.2.1. – In his seminal work, T. Roblin always assumes the non-
arithmeticity of the length spectrum, i.e., the set of lengths of closed geodesics
in X{Γ is not contained in a discrete subgroup of R. This assumption is satisfied in
our setting, because the quotient manifold has cusps (see [16]).
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Remark 1.2.2. – In the case of a Schottky group Γ “ Γ1 ‹ Γ2 with only two factors,
satisfying assumptions pHβq for some β P s0, 1s and with at least one influential factor,
the results presented above are still valid but their proofs are slightly more technical.
Indeed, the transfer operator will then have two dominant eigenvalues `1 and ´1

(see [3] and [16]). The proof of our result hence would have to be adapted in this case,
similarly to the arguments in [16], which we will not do here.

Let us now explain why we present separately the additional assumption (S) in the
family pHβq. In [18], the authors prove a result similar to Theorem C for β P s1{2, 1s,
without this assumption. But they can not obtain it for β ď 1{2, their proof (Section 6
in [18]) being based on the renewal theorem of [21], which does not ensure any more
a true limit when β ď 1{2. Our arguments rely on the article [24] and we avoid this
distinction between β ď 1{2 and β ą 1{2 thanks to the additional assumption (S).
We do not know whether this assumption is a consequence of the first four in our
geometric setting.

Remark 1.2.3. – We may notice that the assumption (S) is equivalent to each fol-
lowing statements:

pS1q For any ∆ ą 0, there exists a constant C “ C∆ ą 0 such that for any j P

v1, p` qw and any T ą 0 large enough, the following inequality is satisfied

#tα P Γj | T ´∆ ď dpo, α ¨ oq ă T `∆u ď C
LpT qeδΓT

T 1`β
.

pS2q There exists a constant C ą 0 such that for any j P v1, p ` qw and any T ą 0

large enough

#tα P Γj | dpo, α ¨ oq ď T u ď C
LpT qeδΓT

T 1`β
.

The equivalence between the statements (S) and pS1q is clear and the fact that pS2q
implies pS1q follows from definitions. We may find a proof of the equivalence between
the statements pS1q and pS2q in Proposition 2.5 of [19] (in the finite volume case). In
Chapter 3, we detail another proof of the converse property involving the lemmas of
Karamata and Potter.

Remark 1.2.4. – In the family of assumptions pHβq for β P s0, 1s, the “influential”
parabolic groups Γ1, . . . ,Γp are supposed to be elementary. Their rank may be larger
than 2. Nevertheless, in the proofs of Proposition 4.2.15 and 6.2.1 and of Facts 8.2.4
and 8.2.5, we work with parabolic groups of rank 1 in order to simplify the notation.
The arguments are always true in higher rank.
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1.3. Outline of the book

The second section is devoted to the construction of Schottky groups satisfying
assumptions pHβq as explained in [14] and [40].

The third section is devoted to the presentation of some properties of stable laws
with parameter β P s0, 1s for random variables, together with results on regularly
varying functions. These will be crucial tools in the sequel due to our assumptions
(P2) and (N).

In the fourth section, we define a coding of the limit set of Γ and of the geodesic
flow. We then introduce a family of transfer operators associated to this coding. We
finally end this part with a study of the spectrum and of the regularity of the spectral
radii of these operators.

The proof of the mixing rate given in Theorem A in the case β P s0, 1r is presented
in Chapter 5: it is based on the proof of Theorem 1.4 in [24]. The case β “ 1 is
presented in Chapter 6 and the approach is inspired by [36].

We establish in Chapter 7 the asymptotic lower bound for closed geodesics given
in Theorem B.

In Chapter 8, we extend the previous coding of the limit set to include the orbit
of a base point x0 P BXzΛΓ and study the family of extended transfer operators
associated to this new coding. These extended operators will be central in the proof
of Theorem C.

The final section is dedicated to the proof of Theorem C, which follows the same
steps as the proof of Theorem A.

Notation. – In this book, we will use the following notation. For two functions f, g :

R` ÝÑ R`, we will write f ĺ
C
g (or f ĺ g) if fpRq ď CgpRq for a constant C ą 0

and R large enough and f —
C
g (or f — g) if f ĺ

C
g and g ĺ

C
f . Similarly, for any real

numbers a and b and C ą 0, the notation a C
„ b means |a´ b| ď C.

If A,B are two subsets of E, we denote by A
∆
ˆB :“ tpa, bq P AˆB | a ‰ bu.

The value of the constant C which appears in the proofs may change from line to
line.
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CHAPTER 2

EXOTIC SCHOTTKY GROUPS

In this section, we first recall some definitions and properties about manifolds of
negative curvature. Then we give a sketch of the construction of exotic Schottky
groups following [14] and [40].

2.1. Negatively curved manifolds and Schottky groups

2.1.1. Notation. – Let X be a Hadamard manifold of pinched negative curvature
´b2 ď κ ď ´a2 with 0 ă a ă 1 ă b, endowed with the distance d induced by
the metric. We denote by BX its boundary at infinity (see [4]). For a point x P BX
and two points x,y P X, the Busemann cocycle Bxpx,yq is defined as the limit
of dpx, zq ´ dpz,yq when z goes to x. This quantity represents the algebraic distance
between the horospheres centered at x and passing through x and y respectively. This
function satisfies the following property : for any x P BX and x,y, z P X

(3) Bxpx,yq “ Bxpx, zq ` Bxpz,yq.

From now, we fix a point o P X. The Gromov product of two points x and y of BX
seen from the point o is given by the following formula

px|yqo “
1

2

ˆ

Bxpo, zq ` Bypo, zq

˙

,

where z is any point on the geodesic pxyq with endpoints x and y; this product does
not depend on the point z. The curvature being bounded from above by ´a2, we
may find in [8] a proof of the fact that the quantity dopx, yq :“ expp´apx|yqoq defines
a distance on BX, which satisfies the following “visibility” property: there exists a
constant C ą 0 depending only on the bounds of the curvature of X such that for any
x, y P BX

(4)
1

C
dpo, pxyqq ď dopx, yq ď Cdpo, pxyqq.

As a consequence of this property, we mention the following important lemma.
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12 CHAPTER 2. EXOTIC SCHOTTKY GROUPS

Lemma 2.1.1 (Triangular “quasi-equality”). – Let E,F Ă X such that EXF XBX “
H. There exists a constant C “ CpE,F q ą 0 such that dpo,xq`dpo,yq´C ď dpx,yq

for any x P E and y P F .

This result can be proved for instance using the arguments given in Section 2.3
in [42]. This lemma thus furnishes a complement to the classical triangular inequality;
many results of this book are based on it.

Denote by IsompXq the group of orientation-preserving isometries of X. The action
of γ P IsompXq can be extended to BX by homeomorphism. It follows from the previous
definitions that for any γ P IsompXq and any x, y P BX

(5) dopγ ¨ x, γ ¨ yq “
a

e´aBxpγ
´1¨o,oqe´aBypγ

´1¨o,oqdopx, yq.

We thus talk about “conformal action” of IsompXq on the boundary at infin-
ity; the conformal factor |γ1pxq|o of an isometry γ at the point x P BX is given
by the formula |γ1pxq|o “ e´aBxpγ

´1
¨o,oq. From (3), we deduce that the function

bpγ, xq :“ ´
log|γ1pxq|

o

a “ Bxpγ
´1 ¨ o,oq satisfies the following cocycle relation: for any

γ1, γ2 P Γ and any x P BX

bpγ1γ2, xq “ bpγ1, γ2 ¨ xq ` bpγ2, xq.

2.1.2. Schottky product groups. – Let k ě 1 and a1, . . . , ak be isometries satisfying the
following property: there exist non-empty pairwise disjoint closed subsets D1, . . . , Dk

of BX such that for all j P v1, kw and all n P Z˚, one has anj ¨ pBXzDjq Ă Dj . The
isometries a1, . . . , ak are said to be in Schottky position. Klein’s ping-pong lemma
implies that the group Γ generated by the isometries paiq1ďiďk is free and acts properly
discontinuously and without fixed point on X. The group Γ is called a Schottky group.
The limit set ΛΓ of such a group Γ is a perfect nowhere dense set.

Let us give an example in the model of the Poincaré half-plan. Let p : z ÞÝÑ z`1 be
a parabolic isometry; the non-trivial powers of p send r0, 1s into s8, 0s Y r1,8r,
hence we set Dp “ s8, 0s Y r1,8r Y t8u. On the other hand, let us conjugate
the hyperbolic isometry h : z ÞÝÑ 64z by γpzq “ p3z{4 ` 1{2q{pz ` 2q. The
so-obtained isometry h1 is hyperbolic with fixed points 1{4 and 3{4; its negative
powers send R Y t8uz r7{52, 25{76s into r7{52, 25{76s, and its positive powers send
R Y t8uz r37{52, 37{44s into r37{52, 37{44s. We finally set Dh “ r7{52, 25{76s Y

r37{52, 37{44s (see Figure 1 below). We extend this definition to products of groups.
Fix k ě 2. We say that k groups Γ1, . . . ,Γk are in Schottky position if there exist non-
empty pairwise disjoint closed subsets D1, . . . , Dk of BX such that for all j P v1, kw,
one has Γ˚j ¨ pBXzDjq Ă Dj . We may note that Dj contains the limit set ΛΓj of Γj .
Thus the group Γ generated by Γ1, . . . ,Γk is the free product Γ1 ‹ ¨ ¨ ¨ ‹Γk; it is called

MÉMOIRES DE LA SMF 160



2.1. NEGATIVELY CURVED MANIFOLDS AND SCHOTTKY GROUPS 13

Dp Dh

Figure 1. Schottky position in the half-plan or in the disk model of H2.

the Schottky product of the groups Γ1, . . . ,Γk. Each group Γi, 1 ď i ď k, is called a
Schottky factor of Γ.

In the sequel, we will need to consider subsets pDjq1ďjďk of X with the same dy-
namical properties as the sets pDjq1ďjďk under the action of Γ. For each j P v1, kw, we
introduce a set Dj Ă X, which is geodesically convex and connected (resp. consists of
two geodesically convex connected components) when Γj is generated by a parabolic
(resp. hyperbolic) isometry aj , and whose intersection with BX contains Dj ; in ad-
dition, we assume that Γ˚j ¨

`

XzDj

˘

Ă Dj and that the sets pDjq1ďjďk are pairwise
disjoint. Figure 2 illustrates the situation for the above isometries p and h1.

Dp Dh

Figure 2. Sets Dj .
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14 CHAPTER 2. EXOTIC SCHOTTKY GROUPS

2.1.3. Geodesic flow and Bowen-Margulis measure. – Using Hopf coordinates, we iden-

tify the unit tangent bundle T1X with the set BX
∆
ˆ BX ˆ R: the point px,vq P T1X

determines a unique triple px´, x`, rq in BX
∆
ˆ BX ˆ R, where x´ and x` are the

endpoints of the oriented geodesic passing through x at time 0 with tangent vector v

and r “ Bx`po,xq. The group Γ acts on BX
∆
ˆ BXˆ R as follows: for any γ P Γ

γ ¨ px´, x`, rq “
`

γ ¨ x´, γ ¨ x`, r ` Bx`pγ
´1 ¨ o,oq

˘

and the action of the geodesic flow pg̃tqtPR is given by

g̃tpx
´, x`, rq “ px´, x`, r ` tq

for any t P R. These two actions commute and, quotienting T1X by Γ, define the action

of the geodesic flow pgtqtPR on BX
∆
ˆ BX ˆ R{Γ » T1M. By [20], the non-wandering

set of pgtqtPR on T1M is ΩΓ :“ ΛΓ

∆
ˆ ΛΓ ˆ R{Γ.

By Patterson’s construction (see [39] and [43] in constant curvature ´1 and, for
example, [45] in variable negative curvature), there exists a family σ “ pσxqxPX of
finite measures on BX supported on ΛΓ and satisfying, for any x,x1 P X, any x P ΛΓ

and γ P Γ:

(6)
dσx1

dσx
pxq “ e´δΓ Bxpx

1,xq and γ˚σx “ σγ´1¨x,

where γ˚σpAq “ σpγAq for any Borel subset of BX and δΓ is the Poincaré exponent
of Γ. As soon as Γ is divergent and geometrically finite, the measures σx do not have
atomic part (see [14]). As observed by Sullivan [43], the Patterson measure of Γ may
be used to construct an invariant measure for the geodesic flow with support ΩΓ. It

follows from (5) and (6) that the measure µ defined on ΛΓ

∆
ˆ ΛΓ by

dµpy, xq “
dσopyqdσopxq

dopy, xq2δΓ{a

is Γ-invariant so that m̃Γ “ µb dt on ΛΓ

∆
ˆΛΓˆR is both pg̃tq and Γ-invariant. It thus

induces on ΩΓ an invariant measure mΓ for pgtq. When mΓ has finite total mass, this
is the unique measure which maximizes the measure-theoretic entropy of the geodesic
flow restricted to its non wandering set: mΓ is called the Bowen-Margulis measure
(see [37]). When mΓ is infinite, there is no finite invariant measure which maximizes
the entropy: however, we still call mΓ the Bowen-Margulis measure.

2.2. Construction of exotic Schottky groups

Let us recall the genesis of the setting in which we will work, i.e., the construction
of some exotic Schottky groups introduced in [14] and [40].
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2.2.1. Divergent group and finite Bowen-Margulis measure. – In [14], Dal’bo, Otal and
Peigné gave the first known example of geometrically finite manifolds M “ X{Γ with
pinched negative curvature whose Bowen-Margulis measure has infinite mass. These
examples were constructed by providing convergent Schottky groups Γ (which hence
are geometrically finite). Therefore, the Bowen-Margulis measure on T1M has infinite
mass. In order to obtain these examples, it was first shown that the group Γ needs to
contain a parabolic subgroup P ă Γ whose critical exponent is δP “ δΓ.

Theorem A ([14]). – Let Γ be a geometrically finite group with parabolic transfor-
mations. If δΓ ą δP for any parabolic subgroup P , then Γ is divergent.

The assumption δΓ ą δP for any parabolic subgroup P is called the “critical gap
property” of the group Γ. It follows from Proposition 2 of [14] that if Γ “ Γ1‹¨ ¨ ¨‹Γk is a
Schottky group, whose factors Γi, 1 ď i ď k are each divergent, then it has the critical
gap property.

When the group Γ is divergent, but still has parabolic elements, a necessary and
sufficient condition for the finiteness of the Bowen-Margulis measure is given by the
following criterion.

Theorem B ([14]). – Let Γ be a divergent geometrically finite group containing
parabolic isometries. The measure mΓ is finite if and only if for any parabolic subgroup
P of Γ, the series

ř

pPP dpo, p ¨ oqe´δΓdpo,p¨oq converges.

We can deduce at least two things from both previous theorems. On the one hand,
a geometrically finite group containing parabolic isometries satisfying the critical gap
property is divergent and admits a finite measure mΓ. On the other hand, we un-
derstand that the first step to obtaining a group with infinite measure mΓ involves
the construction of a convergent parabolic group. This is the purpose of the next
subsection, which is based on [14].

2.2.2. Construction of a convergent parabolic group. – Let us first consider the situ-
ation in constant curvature ´1. Fix N ě 2. We may identify HN with the product
RN´1
x ˆR`˚y endowed with the metric pdx2` dy2q{y2. Let P an elementary parabolic

group acting on HN . Up to a conjugacy, we may suppose that the elements of P fix
the point at infinity 8. Denote by H the horoball centered at 8 and passing through
i :“ p0, 0, . . . , 0, 1q. The group P acts by euclidean isometries on the horosphere BH .
By Bieberbach’s theorem (see [5] and [6]), there exists a finite index abelian subgroup
Q of P which acts by translations on a subspace Rk Ă RN´1, 1 ď k ď N ´ 1. There
thus exist k linearly independent vectors v1, . . . , vk and a finite set F Ă P such that
any element p P P decomposes into τn1

v1
¨ ¨ ¨ τnkvk f for n :“ pn1, . . . , nkq P Zk and f P F ,
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where τnivi is the ni-th power of the translation of vector vi. In this case, the Poincaré
series PP of P is given by: for s ą 0

PP psq “
ÿ

pPP

e´sdpi,p.iq “
ÿ

fPF

ÿ

nPZk
e´sdpi,τ

n1
v1
¨¨¨τ

nk
vk
f.iq.

The quantity

dpi, τn1
v1
¨ ¨ ¨ τnkvk f.iq ´ 2 ln p||n1v1 ` ¨ ¨ ¨ ` nkvk||q

is bounded as n2
1 ` ¨ ¨ ¨ ` n

2
k ÝÑ `8, where || ¨ || is the euclidean norm in RN´1. The

previous series thus behaves like the following
ÿ

nPZk
n‰0

1

||n1v1 ` ¨ ¨ ¨ ` nkvk||2s
,

which diverges at its critical exponent k{2.
In the sequel, following [14], we will modify the metric in the horoball H in such

a way that the parabolic group P will still have critical exponent δP “ k{2, but
its Poincaré series will converge at k{2. To this end, we consider another model of
the hyperbolic space, which will be more suitable for understanding the action of P
on the horospheres. The classical upper half space model of the hyperbolic space,
HN –

´

RN´1 ˆ R˚`,
dx2

‘ dy2

y2

¯

is isometric to
`

RN´1 ˆ R, e´2t dx2 ‘ dt2
˘

via the
diffeomorphism

Ψ :

#

RN´1 ˆ s0,`8r ÝÑ RN

px, zq ÞÝÑ px, lnpzqq “ px, tq
.

Let us denote by Ht “ tpx, sq | x P RN´1, s ě tu the horoball of level t centered
at infinity in this model; one gets ΨpH q “ H0. Fix x, y P RN´1 and let us denote
xt “ px, tq and yt “ py, tq for t ą 0; these two points both belong to the horosphere
BHt, and the distance between them, with respect to the metric on BHt induced by
the hyperbolic metric on RN , is equal to e´t||x´y||, where || ¨ || is the Euclidean norm
on RN´1. Therefore, on the horosphere of level t “ ln p||x´ y||q, the distance induced
on the horosphere between xt and yt is 1. Since the curve rx0xtsY rxtytsY ryty0s is a
quasi-geodesic, we can deduce from [28] that the quantity dpx0,y0q´2 ln p||x´ y||q is
bounded. Let us now consider on RN´1 ˆ R the metric gT “ T 2ptqdx2 ` dt2, where
T : R ÝÑ R`˚ is chosen such that gT has pinched negative curvatures. Let us write dT
for the distance induced by gT on RN . The same argument as previously given for the
hyperbolic space shows that if x0 “ px, 0q P RN´1 ˆR, y0 “ py, 0q P RN´1 ˆR, then
dT px0,y0q´2u p||x´ y||q is bounded uniformly in x, y P RN´1, where u : R`˚ ÝÑ R
is defined by the implicit equation T pupsqq “ 1

s for all s ą 0. When upsq “ lnpsq

and T ptq “ e´t, we obtain the previous model of the hyperbolic space. The sectional
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curvature at xt equals KgT ptq “ ´
T2ptq
T ptq on any plane x B

BXi
, B
Bty, 1 ď i ď N ´ 1, and

´KgT ptq
2 on any plane x B

BXi
, B
BXj

y, 1 ď i ă j ď N ´1 (see [13], Chapter 8, Section 3).
One of the steps in [14] Section 3 and [40] Section 2 is to explain how the functions u
and T have to be chosen so that the sectional curvature remains negative and pinched
on RN endowed with gT “ T 2ptqdx2 ` dt2. More precisely, Lemma 2.2 in [40] states
the following.

Lemma 2.2.1. – Fix a constant κ P s0, 1r. For any β ě 0, there exist sβ ě 1 and a
C

2 non-decreasing function uβ : R`˚ ÝÑ R satisfying:

‚ uβpsq “ lnpsq if s P s0, 1s;
‚ uβpsq “ lnpsq ` p1` βq ln plnpsqq if s ě sβ;
‚ if Tβpuβpsqq “ 1{s for any s ą 0 and gβ “ T 2

β ptqdx2 ` dt2, then Kgβ puβpsqq ď

´κ2;
‚ lim
sÝÑ`8

Kgβ puβpsqq “ ´1 and the derivatives of Kgβ ˝ uβ tend to 0 as s goes
to `8.

We may notice that this metric coincides with the hyperbolic one on the set RN´1ˆ

R´; we can enlarge this area shifting the metric gβ along the t-axis (see Subsection 2.2
in [40] and Subsection 2.2.4 of this book).

On
`

RN , gβ
˘

, the group P defined above still acts by isometries and its Poincaré
series behaves like

ÿ

nPZk
n‰0

e´sOpnq

||n1v1 ` ¨ ¨ ¨ ` nkvk||2s ln p||n1v1 ` ¨ ¨ ¨ ` nkvk||q
2sp1`βq

.

This series still admits k{2 as critical exponent and is convergent if and only if
β ą 1{k´ 1. Thus, for any k ě 1, the group P is convergent when β ą 0. In the next
subsection, we will see how to adapt the above construction of metric gβ , β ą 0, to
highlight the existence of convergent parabolic group satisfying the assumptions (P2)
and (S).

2.2.3. A convergent parabolic group satisfying assumptions (P2) and (S). – Here we fix
N “ 2, but the following construction may be adapted in higher dimension. Let o be
the point p0, 0q in R2 and p the translation of vector p1, 0q. As mentioned previously,
for these metrics gβ , β ą 0, there exists C ą 0 such that for |n| sufficiently large, one
gets

2 ln |n| ` 2p1` βq ln ln |n| ´ C ď dpo, pn ¨ oq ď 2 ln |n| ` 2p1` βq ln ln |n| ` C.

As we saw in Subsection 2.2.2, this is enough to ensure that the parabolic group
P “ xpy is convergent. Nevertheless, this estimate is not precise enough to ensure
that P satisfies Hypotheses (P2) and (S). Therefore, in the sequel, we present new
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18 CHAPTER 2. EXOTIC SCHOTTKY GROUPS

metrics gβ , β ą 0, close to those presented in Lemma 2.2.1, for which we can specify
the behavior of the bounded term as n ÝÑ ˘8.

Let us fix β ą 0. For all real t greater than some a ą 0 to be chosen later, let us
set

T ptq “ Tβ,Lptq “ e´t
t1`β

Lptq
,

where L is a slowly varying function on r0,`8r with values in R`˚. Without loss of
generality (see Theorem 1.3.3 in [7]), we assume that L is C8 on R` and, as t ÝÑ `8,
satisfies

L1ptq

Lptq
“ o

ˆ

1

t

˙

and
ˆ

L1

L

˙1

ptq “ o

ˆ

1

t2

˙

.

Furthermore, for any θ ą 0, there exist tθ ě 0 and Cθ ě 1 such that for any t ě tθ

(7)
1

Cθtθ
ď Lptq ď Cθt

θ.

Notice that, for a large enough and all t ě a,

´
T 2ptq

T ptq
“ ´

ˆ

1´
p1` βq

t
`
L1ptq

Lptq

˙2

`

˜

p1` βq

t2
`

ˆ

L1

L

˙1

ptq

¸

ă 0.

By Lemma 2.2.1 in [40], we may extend Tβ,L on R as follows.

Lemma 2.2.2. – There exists a “ apβ, Lq ą 0 such that the map T “ Tβ,L : R´ Y
ra,`8r Ñ R`˚ defined by:

— T ptq “ e´t if t ď 0;
— T ptq “ e´t t

1`β

Lptq if t ě a;

admits a decreasing and twice continuously differentiable extension on R such that

´b2 ď Kgβ ptq “ ´
T 2ptq

T ptq
ď ´a2 ă 0,

where gβ “ gβ,L “ T 2
β,Lptqdx2 ` dt2.

Notice that if this property holds for some a ą 0, it holds for any a1 ě a. For
technical reasons (see Lemma 2.2.6), we will assume without loss of generality that
a ą 4p1 ` βq. A direct computation yields the following estimate for the function
u “ uβ,L.

Lemma 2.2.3. – Let u “ uβ,L : R`˚ Ñ R be such T pupsqq “ 1{s for all s ą 0. Then

upsq “ ln s` p1` βq ln ln s´ lnLpln sq ` εpsq

with εpsq Ñ 0 as sÑ `8.
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The group P “ xpy is a parabolic subgroup of the group of isometries of R2 endowed
with the metric gβ , fixing the point 8. It follows from Lemma 2.2.3 above that, up to
a bounded term, dpo, pn ¨oq equals 2 ln |n|`2p1`βq ln ln |n|´2 lnLpln |n|q for |n| large
enough. The group P still has critical exponent 1{2 and is convergent when β ą 0.
The following proposition gives a precise estimate for dpo, pn ¨oq; this is the key point
in proving that P satisfies Assumptions (P2) and (S).

Proposition 2.2.4. – The parabolic group P “ xpy on pR2, gβq satisfies the following
property: for all n P Zzt0u such that |n| is large enough,

dpo, pn ¨ oq “ 2 ln |n| ` 2p1` βq ln ln |n| ´ 2 lnLpln |n|q ` εpnq

with limnÑ˘8 εpnq “ 0. In particular it is convergent with respect to gβ.

Let H “ tpx, tq | t ě 0u be the upper half plane and H{P the quotient cylinder en-
dowed with the metric gβ . We cannot estimate directly the distances dpo, pn ¨oq, since
the metric gβ is not explicit for t P r0, as. Let us introduce the point a “ p0, aq P H .
The union of the three geodesic segments ro,as, ra, pn ¨as and rpn ¨a, pn ¨os is a quasi-
geodesic. Since dpo,aq “ dppn ¨ o, pn ¨ aq is fixed and dpa, pn ¨ aq Ñ `8, we have the
following lemma.

Lemma 2.2.5. – Under the previous notation,

lim
nÑ˘8

pdpo, pn ¨ oq ´ dpa, pn ¨ aqq “ 2a.

Therefore, Proposition 2.2.4 follows from the following lemma.

Lemma 2.2.6. – Assume that a ą 4p1` βq. Then

dpa, pn ¨ aq “ 2 ln |n| ` 2p1` βq ln ln |n| ´ 2 lnLpln |n|q ´ 2a` εpnq

with limnÑ˘8 εpnq “ 0.

Proof. – Throughout this proof, we work on the upper half-plane Rˆ ra,`8r whose
points are denoted px, a` tq with x P R and t ě 0; we set

T ptq “ Tβpt` aq “ e´a´t
pt` aq1`β

Lpt` aq
.

In these coordinates, the quotient cylinder R ˆ ra,`8r{P is a surface of revolution
endowed with the metric T ptq2 dx2 ` dt2. For any n P Z, denote hn the maximal
height at which the geodesic segment σn “ ra, pn ¨ as penetrates inside the upper
half-plane Rˆ ra,`8r. Note that due to the negative upper bound on the curvature,
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limnÑ˘8 hn “ `8. The relation between n, hn and dn :“ dpa, pn ¨aq may be deduced
from the Clairaut’s relation ([12], Section 4.4 Example 5):

n

2
“ T phnq

ż hn

0

dt

T ptq

b

T
2
ptq ´ T

2
phnq

and dn “ 2

ż hn

0

T ptqdt
b

T
2
ptq ´ T

2
phnq

.

These identities may be rewritten as

piq
n

2
“

1

T phnq

ż hn

0

f2
npsqds

a

1´ f2
npsq

and piiq dn “ 2hn`2

ż hn

0

´ 1
a

1´ f2
npsq

´1
¯

ds,

where fnpsq :“ T phnq
T phn´sq

1r0,hnspsq.

First, for any s ě 0, the quantity f2
npsq?

1´f2
npsq

converges towards e´2s
?

1´e´2s
as nÑ ˘8.

Lemma 2.2.7. – There exists N0 ą 0 such that for all n, |n| ě N0 and all s ě 0,

0 ď fnpsq ď fpsq :“ e´s{2.

Proof. – To simplify notation, write α “ 1` β.
Assume first hn{2 ď s ď hn; taking θ “ α{2 in (7) yields

0 ď fnpsq “

ˆ

a` hn
a` hn ´ s

˙α
Lpa` hn ´ sq

Lpa` hnq
e´s

ď C2
α{2

pa` hnq
3α{2

pa` hn ´ sqα{2
e´s

ď
C2
α{2

aα{2
pa` hnq

3α{2e´s

ď
C2
α{2

aα{2
pa` hnq

3α{2e´hn{4e´s{2 ď e´s{2,

where the last inequality holds if |n| is large enough, only depending on a and α.
Assume now 0 ď s ď hn{2; it holds 1

2 ď
a`hn´s
a`hn

ď 1 and 0 ď s
a`hn

ď min
`

1
2 ,

s
a

˘

.
The facts that L1ptq{Lptq ÝÑ 0 as t ÝÑ `8 and that 0 ď p1´vq´1 ď e2v for 0 ď v ď

1{2 imply that, for any ε ą 0 and n large enough, there exists sn P s0, sr such that

0 ď fnpsq “
Lpa` hn ´ sq

Lpa` hnq

ˆ

1´
s

a` hn

˙´α

e´s

ď

ˆ

1´
sL1pa` hn ´ snq

Lpa` hnq

˙

e´p1´2α{aqs

ď p1` εsqe´p1´2α{aqs

ď e´p1´ε´2α{aqs.

Fixing ε ą 0 in such a way that 1´2α{a´ε ě 1{2 (which is possible, since 4α ă a),
we obtain 0 ď fnpsq ď e´s{2 for n large enough.
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We have therefore

0 ď
f2
npsq

a

1´ f2
npsq

ď F psq :“
f2psq

a

1´ f2psq
,

where the function F is integrable on R`. By the dominated convergence theorem,
equality (i) yields

n

2
“

1` εpnq

T phnq

ż `8

0

e´2s

?
1´ e´2s

ds “
1` εpnq

T phnq
.

Consequently hn “ ln |n| ` p1 ` βq ln ln |n| ´ lnLpln |n|q ´ log 2 ´ a ` εpnq for |n|
large enough. Similarly

lim
nÑ˘8

ż hn

0

´ 1
a

1´ f2
npsq

´ 1
¯

ds “

ż `8

0

´ 1
?

1´ e´2s
´ 1

¯

ds “ ln 2,

thus equality (ii) yields

dn “ 2 ln |n| ` 2p1` βq ln ln |n| ´ 2 lnLpln |n|q ´ 2a` εpnq for |n| large enough.

The Poincaré exponent of P equals 1{2 and using Proposition 2.2.4, we obtain that
its orbital function satisfies the following property:

#tp P P | 0 ď dpo, p ¨ oq ă T u „ eT {2
LpT q

pT {2qβ`1
as T Ñ `8.

Hence, for any ∆ ą 0,

#tp P P | T ď dpo, p ¨ oq ă T `∆u „
1

2

ż T`∆

T

et{2
Lptq

pt{2qβ`1
dt as T Ñ `8

and

(8) lim
TÑ`8

T β`1

LpT q

ÿ

pPP
Tďdpo,p¨oqăT`∆

e´
1
2 dpo,p¨oq “ 2β∆.

On the one hand, for any T ą 0, decomposing
ÿ

pPP
dpo,p¨oqąT

e´
1
2 dpo,p¨oq

as a sum over annuli whose size is arbitrarily small and using (8), we obtain

ÿ

pPP
dpo,p¨oqąT

e´
1
2 dpo,p¨oq „

2β

β

LpT q

T β
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which corresponds to Assumption (P2). On the other hand, let us note that, as soon
as, for some C ą 0,

lim
TÑ`8

T β`1

LpT q

ÿ

pPP
Tďdpo,p¨oqăT`∆

e´
1
2dpo,p¨oq “ C∆,

there exists T0 “ T0p∆q ą 0 such that for all T ě T0, we have

Tα

LpT q

ÿ

pPP
Tďdpo,p¨oqăT`∆

e´
1
2 dpo,p¨oq ď 2C,

which is precisely Hypothesis (S).

2.2.4. A group with convergent parabolic subgroup. – Let us now describe explicit
constructions of exotic groups, i.e., non-elementary groups Γ containing a parabolic
subgroup P such that δP “ δΓ in the context of the metrics gβ presented above. Let
β ą 0 be fixed and N ě 2. For all h ą 0 and t P R, we write

Tβ,h “

#

e´t if t ď h,

e´hTβ,Lpt´ hq if t ě h,

where Tβ,L was defined at the beginning of the previous subsection. Following [40], we
introduce the metric on RN´1ˆR given at all px, tq P Rn by dgβ,h “ T 2

β,hptqdx2` dt2.
It is a complete C2 metric, with pinched negative curvature by Lemmas 2.2.1 and
2.2.2, isometric to the hyperbolic plane on RN´1 ˆ s´8, hr. Note that gβ,0 “ gβ
and gβ,`8 is the hyperbolic metric on HN (see Figure 3). We now construct non-

Figure 3. Curvature in the horoball and in the cusp in rank 1.

elementary groups containing parabolic subgroups of the above type. Let us consider
a geometrically finite group Γ, acting freely, properly and discontinuously on HN and
containing parabolic isometries. The quotient manifold HN{Γ thus has finitely many
cusps C 1,. . . , C l, each of them being isometric to the quotient of an horoball Hi by
a parabolic group Pi with rank ki P v1, N ´ 1w. By the previous discussion, each
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group Pi acts by isometries on RN endowed with the metric T 2
β,hptqdx2` dt2. Let us

remove the cusp C 1 and then replace it by gluing the quotient pRN´1 ˆ rh,`8rq{P1

onto
`

HN{Γ
˘

z C 1. The previous construction ensures that Γ still acts by isometries on
the universal cover X of this quotient manifold endowed with the metric g̃β,h, which
is the hyperbolic metric on X except on the copies of H1 where it coincides with gβ,h.

The fact that β ą 0 implies that the group P1 is convergent. Let us denote by
dh the distance induced by the metric g̃β,h. Following [40] Section 4, we will use the
previous construction of manifolds with a cusp associated to a convergent parabolic
group to present some discrete groups G acting on the above space X, which are
convergent or divergent, according to the value of the parameter h. The following was
proved in [40].

Proposition 2.2.8. – There exist Schottky subgroups G of Γ and a positive real h0
such that:

‚ G admits 1{2 as critical exponent and is convergent on pX, g̃β,0q;
‚ G has a critical exponent ą 1{2 and is divergent on pX, g̃β,hq for h ě h0.

We recall here the arguments presented in [40] to prove the proposition. Fix o P X.
The result relies on the existence of a parabolic isometry p P P1 and a hyperbolic one
h P Γ with no common fixed point. We may shrink the horoball H1 such that the
closed geodesic of X{Γ obtained as the projection of the axis of h does not enter the
cusp H1{P1 (see Figure 4).

1

Figure 4. Isometries p and h and horoball H1.

Then this geodesic stays in the area of constant curvature ´1 and so does its lift.
The isometries p and h being in Schottky position, there exist non-empty disjoint
closed subsets Dp and Dh of X such that pn ¨

`

XzDp

˘

Ă Dp and hn ¨
`

XzDh

˘

Ă Dh
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for any n ‰ 0. Write Dγ “ Dγ X BX for γ P tp, hu. In this case, for any s ą 0, the
Poincaré series of the group xp, hy behaves, up to a bounded term, like

(9)
ÿ

lě1

ÿ

mi,niPZ˚
e´sdhpo,h

m1pn1 ¨¨¨hmlpnl ¨oq.

Using Lemma 2.1.1 for sets Dp and Dh, we show that (9) behaves like

(10)
ÿ

lě1

˜

ÿ

mPZ˚
e´sdhpo,h

m
¨oq

ÿ

nPZ˚
e´sdhpo,p

n
¨oq

¸l

.

With any metric g̃β,h, h ą 0, we have δxpy “ 1{2 ď δxp,hy. For h “ 0, we get
ř

n‰0 e
´ 1

2 d0po,p
n
¨oq ă `8. Furthermore

ř

m‰0 e
´ 1

2 d0po,h
m
¨oq — e´

1
2 lphq where lphq is

the length of h. Therefore, if we replace h by a sufficiently large power of h, we may
assume that

ÿ

mPZ˚
e´

1
2 d0po,h

m
¨oq

ÿ

nPZ˚
e´

1
2 d0po,p

n
¨oq ă 1.

Hence Pxp,hy p1{2q ă `8 so that δxp,hy ď 1{2. Finally the subgroup G “ xp, hy

of Γ is convergent with critical exponent 1{2 “ δxpy.
When h goes to `8, the area of X with constant curvature grows up and the

Poincaré series of the group xpy tends to `8 at 1{2. Since
ř

m‰0 e
´sdhpo,h

m
¨oq ă `8

for any s ą 0, there exist ε0 ą 0 and h0 ą 0 such that for any ε P s0, ε0r and h ě h0:
ÿ

mPZ˚
e´p1{2`εqdhpo,h

m
¨oq

ÿ

nPZ˚
e´p1{2`εqdhpo,p

n
¨oq ą 1.

Henceforth (10) implies that G “ xp, hy satisfies δG ą 1{2 and is divergent with
finite Bowen-Margulis measure by Theorems A and B of [14].

2.2.5. A divergent group with infinite measure mΓ. – We now briefly explain the fol-
lowing proposition.

Proposition 2.2.9. – There exists a unique h˚ P s0, h0r such that the group G “

xp, hy is divergent with critical exponent δG “ 1{2 “ δxpy with respect to the metric
g̃β,h˚ . Moreover, G has infinite measure when 0 ă β ď 1 (1).

This result seems to be an intermediate state between the two alternatives given
in Proposition 2.2.8. It relies on the comparison between the Poincaré series PG

(and more precisely (9)) and the potential of a transfer operator Lh associated to the
action of G on pX, g̃β,hq (see Section 4 in [40]). Transfer operators are a standard tool
and they will be discussed in detail in Chapter 4 in the context of the present book.

1. See Remark 2.2.10 for the case β “ 1.
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Recall that G “ xp, hy, where xpy is convergent with critical exponent 1{2. Fix
h P r0, h0s. We formally introduce the following operator: for any ϕ P L8pΛG,Rq, any
s ą 0 and x P ΛG

Lh,sϕpxq “
ÿ

γPtp,hu

ÿ

nPZ˚
1Dcγ pxqe

´sBphqx pγ´n¨o,oqϕpγn ¨ xq,

where B
phq
x pγ´n ¨ o,oq is the Busemann cocycle corresponding to the metric g̃β,h.

Using the fact that p and h are in Schottky position, we get for any l ě 1 and s ą 0,
ÿ

mi,niPZ˚
e´sdhph

m1pn1 ¨¨¨hmlpnl ¨o,oq —

ˇ

ˇ

ˇ
L

2l
h,s1ΛG

ˇ

ˇ

ˇ

8
,

where dh is the distance induced by the metric g̃β,h and |¨|8 is the essential supremum
norm on L8pΛG,Rq. By (9), this implies that PGpsq behaves like

ř

lě1

ˇ

ˇ

ˇ
L

2l
h,s1ΛG

ˇ

ˇ

ˇ

8
.

Since Lh,s is a positive operator, its spectral radius ρ8p Lh,sq on L8pΛG,Rq is given
by

lim sup
lÝÑ`8

´
ˇ

ˇ

ˇ
L
l
h,s1ΛG

ˇ

ˇ

ˇ

8

¯1{l

.

Proposition 2.2.8 thus implies that

‚ the series
ř

lě1

ˇ

ˇ

ˇ
L

2l
0,1{21ΛG

ˇ

ˇ

ˇ

8
converges and ρ8p L 0,1{2q ď 1;

‚ the series
ř

lě1

ˇ

ˇ

ˇ
L

2l
h,1{21ΛG

ˇ

ˇ

ˇ

8
diverges and ρ8p Lh,1{2q ě 1 when h ě h0.

It is proved in [40] that there is a unique h˚ P s0, h0r such that ρ8p Lh˚,1{2q “ 1.
The existence of such h˚ is based on the regularity of the map h ÞÝÑ ρ8p Lh,1{2q. This
is hard to obtain. Generally the map L ÞÝÑ ρ8p L q is only upper semi-continuous
([32]). To overcome this lack of regularity, the approach in [40] was to let the family
of operators

`

Lh,1{2
˘

hPr0,h0s
act on the following subspace Lω pΛGq of L8pΛG,Rq

Lω pΛGq :“ tϕ P C pΛGq | |ϕ|ω :“ |ϕ|8 ` rϕsω ă `8u ,

where rϕsω :“ sup
γPtp,hu

sup

px,yqPDγ
∆
ˆDγ

|ϕpxq´ϕpyq|

d
phq
o px,yqω

and ω P s0, 1r is suitably chosen in order

to satisfy Fact 3.7 of [40]. Here the distance d
phq
o px, yq is the Gromov distance on

the boundary of X seen from the point o P X and associated with the metric g̃β,h
(see Section 2.1). Denote by ρpaq the spectral radius of Lh,1{2 on this space. Peigné
then showed that this spectral radius is a simple isolated eigenvalue in the spectrum
of Lh,1{2 and equals to ρ8

`

La,1{2
˘

. This property of spectral gap for each Lh,1{2,
h P r0, h0s, is the key to obtaining the required regularity of the map h ÞÝÑ ρ8p Lh,1{2q.

Finally, Subsection 4.5 of [40] explains with detailed arguments why there exists
h˚ P r0, h0s satisfying ρ8

`

Lh˚,1{2
˘

“ 1 and why G “ xp, hy is divergent with critical
exponent 1{2 for the metric g̃β,h˚ . Since G is convergent for g̃β,0 and has critical
exponent ą 1{2 for g̃β,h0

(because of Proposition 2.2.8), then h˚ P s0, h0r. It follows
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that we can apply the criterion of finiteness of mG given by Theorem B of [14] above:
we obtain that the group G has infinite measure if β ď 1 (see the remark below). In
the last section of [40], Peigné also proved that the parameter h˚ is unique in s0, h0r,
which achieves the proof of Proposition 2.2.9.

Remark 2.2.10. – By Theorem B in [14], the measure mG is infinite if and only if
ÿ

pPP

dpo, p ¨ oqe´
1
2 dpo,p¨oq —

ÿ

kě1

ÿ

pPP
dpo,p¨oqąk

e´
1
2 dpo,p¨oq —

ÿ

kě1

Lpkq

kβ
“ `8.

If we write L̃βptq “
şt

1
Lpxq
xβ

dx, then mG is infinite if and only if lim
tÝÑ`8

L̃βptq “ `8.

The measure is thus infinite for β ă 1. When β “ 1, it may not be true: for example,
if we choose as slowly varying function L “ ln´2, then using Proposition 2.2.4, one
gets dpo, pn ¨ oq “ 2 lnp|n|q ` 4 ln lnp|n|q ` 4 ln ln lnp|n|q ` εpnq with lim

nÝÑ`8
εpnq “ 0

and in this case
ÿ

pPP

dpo, p ¨ oqe´
1
2 dpo,p¨oq —

ÿ

kě1

1

k lnpkq2
.

In our setting of infinite measure mΓ, the function L̃β always will satisfy
lim

xÝÑ`8
L̃βpxq “ `8.

2.2.6. Comments. – Combining Subsection 2.2.3 and Proposition 2.2.9, we may notice
that G “ xp, hy is an example of group satisfying the family of assumptions pHβq given
in the introduction (except about the number of Schottky factors: we may fix this,
for instance, adding a hyperbolic generator to G). Indeed:

‚ G satisfies Assumption (D) by Proposition 2.2.9;
‚ the subgroup P “ xpy is convergent by the choice of the metric gβ,h˚ ; moreover

Proposition 2.2.9 and Subsection 2.2.3 ensure that P satisfies Assumptions (P1),
(P2) and (S);

‚ similarly, Assumptions (N) and (S) are satisfied by the tail of the Poincaré
series of the hyperbolic group xhy at the exponent δG “ 1{2: indeed, the critical
exponent of this group is 0, therefore the sums

ÿ

n | dpo,hn¨oqąT

e´
1
2 dpo,hn¨oq and

ÿ

n | Tďdpo,hn¨oqďT`∆

e´
1
2 dpo,hn¨oq

behaves like e´CT as T ÝÑ `8 (for a constant C ą 0 depending on h): (N)
and (S) follow in this case.
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CHAPTER 3

REGULARLY VARYING FUNCTIONS AND STABLE LAWS

This chapter is devoted to the statements of some properties of regularly varying
functions and their applications to the study of stable laws. We first recall some facts
about regularly varying functions. We then use them to the study of the local behavior
of the characteristic function of a probability law whose tail is controlled by regularly
varying functions.

3.1. Slowly varying functions

3.1.1. Definitions and classical results

Definition 3.1.1. – i) A measurable function L : R` ÝÑ R` varies slowly at
infinity if for any x ą 0

(11) lim
tÝÑ`8

Lpxtq

Lptq
“ 1.

ii) A measurable function U : R` ÝÑ R` varies regularly with exponent β P R if
for any t P R`, it satisfies Uptq “ tβLptq with L slowly varying.

Notice that, by Theorem 1.2.1 in [7], the convergence (11) is uniform in x P ra, bs,
for any compact interval ra, bs Ă s0,`8r.

3.1.2. Karamata’s and Potter’s lemmas. – The following lemma specifies the property
of integration of regularly varying functions.

Lemma 3.1.2 (Karamata). – Let β P R and L : R` ÝÑ R` be a slowly varying
function.

– If β ą 1, then
ż `8

x

Lpyq

yβ
dy „

Lpxq

pβ ´ 1qxβ´1
as x ÝÑ `8.
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– If β ď 1, then the function L̃β : x ÞÝÑ
x
ş

1

Lpyq
yβ

dy is regularly varying with

exponent 1´ β; moreover, as x ÝÑ `8

L̃βpxq „
x1´βLpxq

1´ β
if β ă 1 and

Lpxq

L̃1pxq
ÝÑ 0 otherwise.

Remark 3.1.3. – This lemma is also true in the discrete case. If β ą 1, then
ř`8

n“N
Lpnq
nα „

LpNq
pβ´1qNα´1 as N ÝÑ `8. If β ď 1, then, setting L̃βpNq “

řN
n“1

Lpnq
nβ

,

one gets L̃βpNq „
N1´βLpNq

1´β if β ă 1 and LpNq

L̃1pNq
ÝÑ 0 otherwise, as N ÝÑ `8.

In the sequel, to simplify the text, we will denote L̃1 by L̃, when there is no possible
confusion.

The following lemma controls the oscillations of a slowly varying function.

Lemma 3.1.4 (Potter’s Bound). – If L is a slowly varying function then for any fixed
B ą 1 and ρ ą 0, there exists T “ T pB, ρq such that for any x, y ě T

Lpxq

Lpyq
ď Bmax

˜

ˆ

x

y

˙ρ

,

ˆ

x

y

˙´ρ
¸

.

For more details about these lemmas, we refer to [7].

3.2. Applications

3.2.1. Local estimates for characteristic functions. – We now study the local behavior
of the characteristic function of probability laws, which are in the domain of attraction
of a stable law.

Definition 3.2.1. – Let µ be a probability measure on R`. The probability measure
µ is said to be stable if for any a, b ą 0 and any independent random variables X,Y
and Z with law µ, there exist c ą 0 and α P R such that the laws of the random
variables aX ` bY and cZ ` α are the same.

This notion of stable law appears in the study of limit distributions of normalized
sums

(12) Sn “
X1 ` ¨ ¨ ¨ `Xn

an
´Bn

of independent, identically distributed random variables X1, X2, . . . , Xn, ¨ ¨ ¨ ,
where an ą 0 and Bn are suitably chosen real constants. We will focus on
particular stable laws: a probability law is said to be fully asymmetric and sta-
ble with parameter β P s0, 1r if its characteristic function is given by gβptq “

exp
`

´Γp1´ βqeisignptqβπ{2|t|β
˘

, where Γ is the gamma function ([23] p.162). The
density of such a distribution is a continuous function Ψβ supported on s0,`8r. If
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a probability law µ is such that a normalized sum of independent and identically
distributed random variables Xn with law µ converges in distribution to a stable law,
we say that µ belongs to the domain of attraction of this stable law. Let us now give
some information about the normalizing sequence panqn appearing in sums of type
(12) in the case of stable law with parameter β P s0, 1r. Such a sequence must satisfy
aβn{Lpanq “ n where L is a slowly varying function ([23], p.180). In other words, set-
ting Apxq “ xβ{Lpxq, the sequence panqn satisfies Apanq “ n. By Proposition 1.5.12
in [7], there exists an increasing and regularly varying function A˚ with exponent
1{β such that an “ A˚pnq. The function A˚ also satisfies A˚pApxqq „ ApA˚pxqq „ x

as x ÝÑ `8.

The following proposition explains the link between our setting and the class of
stable laws with parameter β.

Proposition 3.2.2. – Let β P s0, 1r, L be a slowly varying function and µ be a
probability measure on R`. If the distribution function F of the law µ satisfies 1 ´

F pT q „ LpT q{T β as T ÝÑ `8, then µ is in the domain of attraction of a fully
asymmetric stable law with parameter β.

We deduce from this proposition that a law µ whose density f satisfies the asymp-
totic fpxq „ Lpxq{x1`β is in the domain of attraction of a fully asymmetric stable law
with parameter β. Moreover, this asymptotic control of the distribution function F

is the one imposed on the tail of the Poincaré series of the Schottky factors pΓjqj
in assumptions (P2) and (N). As we will see in Chapter 4, it will be of interest to
specify the local expansion at 0 of the characteristic function pµ of µ, which yields in
our setting a local expansion of the spectral radius of a family of transfer operators.
We state the following proposition, which will be a key tool in the next section.

Proposition 3.2.3. – Let β P s0, 1s and µ be a probability measure on R` whose
distribution function F ptq :“ µ pr0, T sq satisfies

1´ F pT q —
LpT q

T β

ˆ

resp. 1´ F pT q “ o

ˆ

LpT q

T β

˙˙

as T ÝÑ `8,

where L is a slowly varying function. For any κ ą 0 and t P R

1. if β ă 1, then, as t, κ ÝÑ 0,

a)
ż `8

0

ˇ

ˇeity ´ 1
ˇ

ˇµpdyq ĺ |t|βL

ˆ

1

|t|

˙ ˆ

resp. “ o

ˆ

|t|βL

ˆ

1

|t|

˙˙˙

;

b)
ż `8

0

ˇ

ˇe´κy ´ 1
ˇ

ˇµpdyq ĺ κβL

ˆ

1

κ

˙ ˆ

resp. “ o

ˆ

κβL

ˆ

1

κ

˙˙˙

.
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2. if β “ 1, then, as t, κ ÝÑ 0,

a)
ż `8

0

ˇ

ˇeity ´ 1
ˇ

ˇµpdyq ĺ |t|L̃

ˆ

1

|t|

˙ ˆ

resp. “ o

ˆ

|t|L̃

ˆ

1

|t|

˙˙˙

;

b)
ż `8

0

ˇ

ˇe´κy ´ 1
ˇ

ˇµpdyq ĺ κL̃

ˆ

1

κ

˙ ˆ

resp. “ o

ˆ

κL̃

ˆ

1

κ

˙˙˙

.

Its proof follows that of Lemma 2 in [21]. In the following proposition, we focus on
the case β “ 1. It will be useful in Chapter 6.

Proposition 3.2.4. – Let µ be a probability measure on R` with distribution func-
tion F ; for any t P R and κ ą 0, denote by

IS :“

ż `8

0

e´κy sinptyqp1´ F pyqqdy

and

IC :“

ż `8

0

e´κy cosptyqp1´ F pyqqdy.

If F satisfies 1´ F pT q „ LpT q{T as T ÝÑ `8, one gets as t, κ ÝÑ 0

iq |IS | ĺ
|t|

κ
L

ˆ

1

κ

˙

;

iiq |IS | ĺ L

ˆ

1

|t|

˙

;

iiiq IC “ L̃

ˆ

1

κ

˙

p1` op1qq `O

ˆ

|t|

κ
L

ˆ

1

κ

˙˙

;

ivq IC “ L̃

ˆ

1

|t|

˙

p1` op1qq `O

ˆ

κ

|t|
L

ˆ

1

|t|

˙˙

.

The proof of this proposition is the same as that of Proposition 6.2 in [36].

3.2.2. Equivalence in Remark 1.2.3. – We now prove that Assertion pS1q implies
pS2q in Remark 1.2.3. Fix j P v1, p ` qw. We thus assume that for any ∆ ą 0,
there exists C ą 0 such that for any T ą 0, the quantity #tα P Γj | T ´ ∆ ď

dpo, α ¨ oq ă T `∆u is bounded from above by CeδΓTLpT q{T 1`β . We want to bound
#tα P Γj | dpo, α ¨ oq ď T u for any T ą 0. A ball centered in o P X of radius T is the
disjoint union of annuli of width 2∆, so it is sufficient to prove that for any N large
enough, one gets

Σ :“
N
ÿ

n“1

eδΓnLpnq

n1`β
ĺ
eδΓNLpNq

N1`β
.

We split Σ into Σ1 ` Σ2 where

Σ1 “

rN{2s
ÿ

n“1

eδΓnLpnq

n1`β
and Σ2 “

N
ÿ

n“rN{2s`1

eδΓnLpnq

n1`β
,
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where r¨s denotes the integer part of x. By Karamata’s lemma

(13) Σ1 ĺ eδΓN{2
rN{2s
ÿ

n“1

Lpnq ĺ eδΓN{2
„

N

2



L

ˆ„

N

2

˙

ĺ NLpNqeδΓN{2,

the last inequality following from Potter’s lemma with B “ 1, ρ “ 1, x “ rN{2s and
y “ N . Similarly

(14) Σ2 “
LpNq

N1`β

N
ÿ

n“rN{2s`1

eδΓn
Lpnq

LpNq

N1`β

n1`β
ĺ
LpNq

N1`β

N
ÿ

n“rN{2s`1

eδΓn,

where the last inequality may be deduced from Potter’s lemma with B, ρ “ 1, x “ n

and y “ N . The result follows combining (13) and (14) for N large enough.
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CHAPTER 4

CODING AND TRANSFER OPERATORS

To study the geodesic flow pgtqtPR on a negatively curved manifold, it is classical
to conjugate it to a suspension over a shift on a symbolic space (see for example [9]
and [38] or [2], [16] and [18]). The first part of this section is dedicated to the con-
struction of the coding which will be used in Chapter 5.

In a second part, we introduce a family of transfer operators associated to this
coding. This will be crucial in the sequel; we will need in particular a precise control
on the regularity of this family of operators and their dominant eigenvalue: this will
be done in the last part of this section.

4.1. Coding of the limit set and of the geodesic flow

We recall now the setting. We fix p, q ě 1 such that p ` q ě 3 and consider
p ` q discrete elementary subgroups Γ1, . . . ,Γp`q of IsompXq in Schottky position
with Γ1, . . . ,Γp parabolic and let Γ be the Schottky product of Γ1, . . . ,Γp`q. We also
consider the families of sets pDjq1ďjďp`q and pDjq1ďjďp`q introduced in Chapter 2.
We will write D :“

Ť

1ďjďp`qDj ; notice that D is a proper subset of BX. Since
Γ “ Γ1 ˚ ¨ ¨ ¨ ˚ Γp`q, any element γ in Γ can be uniquely written as the product
α1 ¨ ¨ ¨αk for some α1, . . . , αk P

Ť

j ΓjztIdu with the property that no two consecutive
elements αj and αj`1 belong to the same subgroup Γj , 1 ď j ď p ` q. The set
A :“

Ť

j ΓjztIdu is called the alphabet of Γ, and α1, . . . , αk will be called the letters
of γ; the word α1 ¨ ¨ ¨αk is said A -admissible. The symbolic length |γ| of γ is equal to
the number k of letters appearing in its decomposition with respect to A . For any
n P Nzt0u, set Γpnq :“ tγ P Γ | |γ| “ nu. Notice that both A and Γpnq are infinite
and countable. The initial and last letters of γ play a special role, so the index of the
group they belong to will be denoted by ipγq and lpγq respectively. In the sequel, the
point o refers to a fixed point in Xz

Ť

1ďjďp`q Dj .
Let us now give some geometrical properties of the action of such a Schottky

group Γ. First of all, combining Lemma 2.1.1 and the relative position of sets
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pDjq1ďjďp`q, we deduce the corollaries below: the first one is a reformulation of
Lemma 2.1.1 for triangles with two vertices in different sets Dj ; the second furnishes
a well known improvement of the inequality Bxpγ

´1 ¨ o,oq ď dpo, γ´1 ¨ oq.

Property 4.1.1. – There exists a constant C ą 0, which depends only on the bounds
of the curvature of X and on Γ, such that dpo, γ1 ¨oq`dpo, γ2 ¨oq´C ď dpγ1 ¨o, γ2 ¨oq

for any γ1, γ2 P Γ with ipγ1q ‰ ipγ2q.

Remark 4.1.2. – From this property and Assumptions (P1) and (N), we deduce
that the sum

ř

γPΓpnq e
´δΓdpo,γ¨oq is finite for any n ě 1: if n “ 1, this is a direct

consequence of Assumptions (P1) and (N); for n ě 2, Corollary 4.1.1 implies that
there exists a constant C ą 0 such that for any γ “ α1 ¨ ¨ ¨αn, one gets

dpo, γ ¨ oq ě dpo, α1.oq ` dpo, α2 ¨ oq ` ¨ ¨ ¨ ` dpo, αn.oq ´ nC,

so that
ÿ

γPΓpnq

e´δΓdpo,γ¨oq ď enC

˜

ÿ

αPA

e´δΓdpo,α¨oq

¸n

ă `8.

Property 4.1.3. – There exists a constant C ą 0 such that for any γ P Γ and any
x P

Ť

j‰lpγqDj

dpo, γ ¨ oq ´ C ď Bxpγ
´1 ¨ o,oq ď dpo, γ ¨ oq.

This estimate plays an important role in the proof of the following proposition,
which allows us to bound from above the conformal coefficient of an isometry γ P Γ.

Proposition 4.1.4. – There exist a constant C ą 0 and r P s0, 1r such that for any
γ P Γpnq, n ě 1, and for any x P

Ť

j‰lpγqDj

|γ1pxq|o ď Crn.

Proof. – Recall that |γ1pxq|o “ e´aBxpγ
´1
¨o,oq. By Property 4.1.3, it is sufficient to

find a constant A ą 0 such that dpo, γ ¨ oq ě An for all γ P Γpnq. Fix n ě 1.
Since the Γ-orbits accumulate at infinity, there exists an integer l0 ě 1 such that
dpo, γ ¨ oq ě 1 ` 2C for any g with symbolic length at least l0 and where C ą 0 is
given in Property 4.1.1. We split the transformation γ P Γpnq into a product of
transformations with length l0. There are two cases:

1) if n ą 2l0, we decompose γ as γ “ γ1 ¨ ..γkγ where |γi| “ l0 for any 1 ď i ď k :“
”

n
l0

ı

and |γ| ă l0. Therefore, Property 4.1.1 implies

dpo, γ ¨ oq ě
ÿ

1ďiďk

dpo, γi ¨ oq ` dpo, γ ¨ oq ´ 2kC

which yields dpo, γ ¨ oq ě k ě n{p2l0q;
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2) if n ď 2l0, the discreteness of Γ implies

B :“ inf
1ďnď2l0

inf
γPΓpnq

dpo, γ ¨ oq ą 0,

hence dpo, γ ¨ oq ě B ě Bn{p2l0q.

The result follows with A :“ min p1{p2l0q, B{p2l0qq.

Corollary 4.1.5. – There exist a constant C ą 0 and r P s0, 1r such that for any
n ě 1, any γ P Γpnq and x, y P ΛΓ X

`

BXzDlpγq

˘

,

dopγ ¨ x, γ ¨ yq ď Crndopx, yq.

4.1.1. Coding of the limit set. – Let Σ`A denote the set of A -admissible sequences
pαnqně1, i.e., sequences for which each letter αn belongs to the alphabet A and such
that no two consecutive letters belong to the same subgroup Γj , 1 ď j ď p` q. Fix a
point x0 P BXzD. Recall that the radial limit set consists of points x P ΛΓ, which are
approached by orbit points in some M -neighborhood of any given ray issued from x,
for some M ą 0. We may find in [3] the following result.

Proposition 4.1.6. – 1) For any α “ pαnqně1 P Σ`A , the sequence
pα1 ¨ ¨ ¨αn ¨ x0qně1 converges to a point πpαq P ΛΓ, which does not depend
on the choice of x0.

2) The map π : Σ`A ÝÑ ΛΓ is one-to-one and π
´

Σ`A

¯

is included in the radial
limit set of Γ.

3) The complement of π
´

Σ`A

¯

in ΛΓ is countable and consists of the Γ-orbit of
the union of the limit sets ΛΓj (each of which being finite here). In particular

σo

´

ΛΓzπ
´

Σ`A

¯¯

“ 0, where σo is the Patterson-Sullivan measure on BX.

Let us write Λ0 :“ π
´

Σ`A

¯

and Λ0
j :“ Λ0XDj “ tπpαq | α1 P Γ˚j u for 1 ď j ď p`q.

Let us emphasize that Λ0
j is not equal to the limit set of the group Γj , but nevertheless

ΛΓj Ă Λ0
j “ ΛΓ XDj . The sets Dj , 1 ď j ď p` q, being disjoint, the sets

`

Λ0
j

˘

j
have

disjoint closures. The following description of Λ0 will be useful:

(1) Λ0 is the finite union of the sets Λ0
1, . . . ,Λ

0
p`q;

(2) each of sets Λ0
j is partitioned into a countable number of subsets with disjoint

closures: indeed, for any j P v1, p` qw

Λ0
j “

ď

αPΓ˚j

ď

k‰j

α ¨ Λ0
k.
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The shift Θ on the symbolic space Σ`A is defined by:

@α P Σ`A , Θpαq “ pαn`1qně1.

This operator Θ induces a transformation T : Λ0 Ñ Λ0 whose action is defined for
all x “ π pαq by

Tx “ α´1
1 ¨ x.

As a consequence of Corollary 4.1.5, the map T is expanding on Λ0 (see Corol-
lary II.4 in [16]).

4.1.2. Coding of the geodesic flow. – In Subsection 2.1.3, we recalled how to define

the action of the geodesic flow pgtqtPR on BX
∆
ˆ BX ˆ R{Γ » T1M. We propose here

a coding of the geodesic flow on a pgtq-invariant subset Ω0 of ΩΓ defined by Ω0 :“

Λ0
∆
ˆΛ0ˆR{Γ. We first conjugate the action of Γ on Λ0

∆
ˆΛ0ˆR with the action of a

single transformation. Observe that the subset D
0

:“
Ť

k‰j Λ0
k ˆ Λ0

j of Λ0
∆
ˆ Λ0 is in

one-to-one correspondence with the symbolic space Σ A of bi-infinite A -admissible
sequences pαnqnPZ. Moreover the shift on Σ A induces a transformation still denoted
by T on this set D

0 whose action is given by

Tpy, xq “ pα´1
1 ¨ y, α´1

1 ¨ xq if x “ πpαq.

In [2] it is proved that the action of Γ on Λ0
∆
ˆΛ0 is orbit-equivalent with the action

of T on D
0. Similarly, the action of Γ on the space Λ0

∆
ˆ Λ0 ˆ R is orbit-equivalent

to the action of the transformation Tr on D
0
ˆ R given by

(15) Trpy, x, rq “ pTpy, xq, r ´ rpxqq,

where the roof function r is given by rpxq “ ´Bxpα1.o,oq when x “ πpαq. Let us
write Skrpxq “ rpxq ` rpTxq ` ¨ ¨ ¨ ` rpTk´1xq for all k P Nzt0u and all x P Λ0. For all
k ě 1, one gets

(16) Tkr py, x, rq “
`

Tkpy, xq, r ´ Skrpxq
˘

.

When r ą 0, a fundamental domain D
0
r for the action of Tr on D

0
ˆ R is given

by
D

0
r “

!

py, x, rq P D
0
ˆ R | 0 ď r ă rpxq

)

(see Figure 5).

In general, the function r is not positive; nevertheless we have the following property.

Lemma 4.1.7. – The roof function r satisfies:

‚ r is uniformly bounded from below by ´C, where the constant C ą 0 depends
only on X and Γ;

‚ there exists k0 ě 1 such that Skrpxq ą 0 for any k ě k0 and x P Λ0.
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Figure 5. Action of Tr when r ą 0.

Proof. – Let x P Λ0 and α P Σ`A such that x “ π pαq. Since rpxq “ Bα´1
1 ¨x

`

α´1
1 ¨ o,o

˘

,
Property 4.1.3 implies rpxq ě dpo, α´1

1 ¨ oq ´ C, which proves the first assertion.
Concerning the second one, let us notice that

Skrpxq “ Bα´1
1 ¨xpα

´1
1 ¨ o,oq ` Bα´1

2 α´1
1 ¨xpα

´1
2 ¨ o,oq ` ¨ ¨ ¨ ` Bα´1

k ¨¨¨α´1
1 ¨xpα

´1
k ¨ o,oq

“ Bα´1
k ¨¨¨α´1

1 ¨xpα
´1
k ¨ ¨ ¨α´1

1 ¨ o,oq ě dpo, α´1
k ¨ ¨ ¨α´1

1 ¨ oq ´ C.

Since the group Γ is discrete, the sums Skrpxq are positive for k large enough,
uniformly in x P Λ0.

Using this lemma, a classical argument in Ergodic Theory allows us to describe an
explicit fundamental domain for the action of Tr.

Proposition 4.1.8. – The function r is cohomologous to a positive function R, i.e.,
there exists a measurable function f : Λ0 ÝÑ R such that r “ R` f ´ f ˝ T.

Proof. – By Lemma 4.1.7, there exists k0 ě 1 such that for any k ě k0 and any
x P Λ0, one gets Skrpxq ą 0. Denote by ε “ 1{k0 and let us introduce ai “ 1´ iε for
any i P v0, k0w. We notice that a0 “ 1, ak0

“ 0 and ai ´ ai´1 “ ´ε for any i P v1, k0w.
Fix x P Λ0 and set

fpxq :“
k0´1
ÿ

i“0

air
`

Tix
˘

.
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Therefore

fpxq ´ f pTxq “
k0´1
ÿ

i“0

air
`

Tix
˘

´

k0´1
ÿ

i“0

air
`

Ti`1x
˘

“ a0rpxq ´ ak0
r
`

Tk0x
˘

`

k0
ÿ

i“1

air
`

Tix
˘

´

k0
ÿ

i“1

ai´1r
`

Tix
˘

,

which yields

fpxq ´ f pTxq “ rpxq ´ ε
k0
ÿ

i“1

r
`

Tix
˘

.

Let us denote by Rpxq “ ε
řk0

i“1 r
`

Tix
˘

“ 1
k0
Sk0r pTxq; Lemma 4.1.7 implies that

the function R is positive, which ends the proof of the lemma.

The set

D
0
f,R “

!

py, x, rq P D
0
ˆ R | fpxq ď r ă fpxq `Rpxq

)

is a fundamental domain for the action of Tr on D
0
ˆ R: indeed

Tr py, x, fpxq `Rpxqq “ pTpy, xq, fpxq `Rpxq ´ rpxqq “ pTpy, xq, f pTxqq

(see Figure 6).

Figure 6. Domain D
0
f,R.

Let φ̃t denote the transformation, whose action on triples py, x, rq P D
0
ˆR is given

by translation of t on the third coordinate. The actions of
´

φ̃t

¯

t
and Tr commute and
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define a special flow pφtqt on D
0
ˆR{xTry. Identifying D

0
ˆR{xTry with D

0
f,R, for

any py, x, rq P D
0
f,R and t ą 0, one gets from (16)

(17) φt py, x, rq “ py, x, r ` tq “
`

Tkpy, xq, r ` t´ Skrpxq
˘

“ Tkr py, x, r ` tq ,

where k P Z is the unique integer such that fpxq ď r` t´ Skrpxq ă fpxq `Rpxq. We
finally deduce the following lemma.

Lemma 4.1.9. – We have:

i) The spaces Λ0
∆
ˆΛ0 ˆR{Γ and D

0
ˆR{xTry are in one-to-one correspondence.

ii) The geodesic flow on Ω0 is conjugated to the special flow on D
0
ˆ R{xTry.

This lemma implies in particular that there is a one-to-one correspondence between
the primitive periodic orbits of the geodesic flow on T1X{Γ and the primitive periodic
orbits of the special flow pφtqt on D

0
ˆ R{xTry. This correspondence allows us to

characterize periodic orbits of pgtqt. Let ` (1) ą 0 and py, x, fpxqq P D
0
f,R a φ`-periodic

triple: the equality φ` py, x, fpxqq “ py, x, fpxqq may be written

py, x, fpxq ` `q „ py, x, fpxqq.

Therefore ` ě Rpxq and there exists an integer k ě 1 satisfying

fpxq ď fpxq ` `´ Skrpxq ă fpxq `Rpxq.

The unique representative of py, x, fpxq ` `q in D
0
f,R is given by

`

Tky,Tkx, fpxq ` `´ Skrpxq
˘

;

it follows that
Tkpy, xq “ py, xq and ` “ Skrpxq.

These equalities determine k periodic pairs for Tk

py, xq, pTy,Txq , . . . ,
`

Tk´1y,Tk´1x
˘

in D
0 and the length ` of the orbit is given by ` “ Skrpxq.

Furthermore, the closed geodesics on X{Γ are in one-to-one correspondence with
the periodic orbits of the geodesic flow pgtqt on T1X{Γ. Let ℘ be a closed geodesic. If
it is not the projection of the axis of a hyperbolic isometry of some Schottky factor Γj ,
j P vp ` 1, p ` qw, a lift of ℘ in D

0
ˆ R{xTry corresponds to a periodic orbit for the

special flow. There thus exist py, xq P D
0 and k ě 2 such that

Tkpy, xq “ py, xq and `p℘q “ Skrpxq,

where `p℘q is the length of ℘. The pair py, xq is associated to a k-periodic two-sided
admissible sequence pαnqnPZ of Σ A : the point x is the attractive fixed point of the

1. In the sequel, this character will always stand for a length: length of a periodic orbit or of a
closed geodesic.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2019



40 CHAPTER 4. CODING AND TRANSFER OPERATORS

hyperbolic isometry α1α2 ¨ ¨ ¨αk and the closed geodesic ℘ is the projection of the axis
of this isometry.

We may notice that the pairs py, xq,Tpy, xq, . . . ,Tk´1py, xq lead to the same orbit
of the special flow, and thus define the same closed geodesic. We conclude that the
closed geodesics which do not correspond to hyperbolic generators of Γ are in one-to-
one correspondence with the orbits of Tk-periodic pairs of D

0, k ě 2.

4.1.3. The dynamical system pΛ0,T, νq. – Recall that by the identification T1X »

BX
∆
ˆ BX ˆ R given by Hopf coordinates (see Subsection 2.1.3), the Bowen-Margulis

measure mΓ on T1X{Γ is given by the quotient under the action of Γ of the measure
m̃Γ defined by

dm̃Γpy, x, tq “
dσopyqdσopxq

dopy, xq2δΓ{a
dt “ dµpy, xqdt,

where σo is the Patterson-Sullivan measure seen from o, do the Gromov distance
on BX and a ą 0 is such that the curvatures of X are less than ´a2. Notice that under
our assumptions, the measure mΓ has infinite total mass and mΓ

`

T1MzΩ0
˘

“ 0.
Up to multiplying the Patterson density pσxqxPX by a constant, we may assume that
µ
´

D
0
¯

“ 1.

The dynamical system
`

Ω0, pgtqtPR ,mΓ

˘

is conjugated to the special flow
´

D
0
ˆ R{xTry, pφtqtPR ,mΓ

¯

where mΓ denotes the projection of pm̃Γq |D0
ˆR

to D
0
ˆ R{xTry under the action of Tr.

We have D
0
Ă Λ0 ˆ Λ0 and may consider the measure ν on Λ0, obtained as the

projection of µ|D0 on the second coordinates. This measure ν is absolutely continuous
with respect to the Patterson-Sullivan measure σo.

Proposition 4.1.10. – The map h : Λ0 ÝÑ R˚` defined by: for all j P t1, . . . , p`qu
and x P Λ0

j

(18) hpxq “

ż

Ť

l‰j

Λ0
l

dσopyq

dopx, yq2δΓ{a
,

is the density of ν with respect to σo; moreover, the measure ν is T-invariant.

Proof. – Let ϕ : Λ0 ÝÑ R be a Borel function. Denote by p the projection

p :

#

D
0

ÝÑ Λ0

px, yq ÞÝÑ y
.
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We write

ν pϕq “

ż

Λ0

ϕpxqνpdxq “
p`q
ÿ

j“1

ż

Λ0
j

ż

Λ0zΛ0
j

ϕpxqdµpx, yq

“

p`q
ÿ

j“1

ż

Λ0
j

ż

Λ0zΛ0
j

ϕpxq
dσopxqdσopyq

dopx, yq2δΓ{a

“

p`q
ÿ

j“1

ż

Λ0
j

ϕpxqhpxqdσopxq “

ż

Λ0

hpxqϕpxqdσopxq.

Since the measure µ is Γ-invariant, the measure µ|D0 is T-invariant on D
0: indeed,

the family pαΛi ˆ βΛjqi‰j,α,βPΓ is a partition of D
0 and the action of T on D

0 is
given by the action of an isometry γ P Γ on each atom of this partition.

Remark 4.1.11. – We may extend the function h on ΛΓ setting for any j P v1, p`qw
and x P Λ0

j

hpxq “

ż

Ť

l‰j

Λ0
l

dσopyq

dopx, yq2δΓ{a
.

4.2. Transfer operators

Let us now introduce a family of transfer operators p L zq associated to the trans-
formation T. The effectiveness of such operators in the study of hyperbolic flows has
already been widely illustrated in the literature, see for instance [10], [38] or [46].
These operators use the non-injectivity of the shift on Σ`A to describe the dynamics
of T on Λ0. To define these transfer operators, we will associate a weight to each point
x P Λ0 to take into account the number of its antecedents under the action of T. The
operators L z may thus be seen as transition kernels ruled by the action of inverse
branches of T on Λ0. Hence, for n large enough, the study of Tn is strongly related
to the behavior of a Markov chain on Λ0 (see [15] and [30]).

We first present the family of transfer operators which we will consider and the
spaces on which they act. We then study their relationship with the dynamical system
`

Λ0,T, ν
˘

presented in the previous subsection. Eventually, we study the spectral
properties and the regularity of the family of operators.
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4.2.1. Definition and first properties. – Let us introduce the family p L zq of transfer
operators defined formally for a parameter z P C and a function ϕ : ΛΓ ÝÑ C by

L zϕpxq “
ÿ

Ty“x

e´zrpyqϕpyq.

These operators are associated with the roof-function r defined in (15) and allow
us to describe the dynamical system pΛ0,T, νq from an analytic viewpoint. We first
check that, for any z with Re pzq ě δΓ, the operators L z act on the space C pΛΓq of
continuous functions from ΛΓ to C equipped with the norm of uniform convergence
| ¨ |8. Next, to get some critical gap property for their spectrum, we will consider their
restriction to some subspace of p C pΛΓq, | ¨ |8q.

In order to lighten the text, we will denote by Λ the limit set ΛΓ, by Λj the set
Λ0
j “ Dj X ΛΓ for any j P v1, p ` qw and δ “ δΓ; similarly, the quantity bpγ, xq will

stand for Bxpγ
´1 ¨ o,oq for any x P BX and γ P Γ.

Fix z P C and l P v1, p` qw. If x belongs to Λ0
l , its pre-images by T are the points

y “ α ¨ x with α P
Ť

j‰l Γ
˚
j and rpyq “ bpα, xq. Consequently for any bounded Borel

function ϕ : Λ ÝÑ C

(19) L zϕpxq “
ÿ

αPΓ˚j
j‰l

e´zbpα,xqϕpα ¨ xq “
p`q
ÿ

j“1

1Λcj
pxq

ÿ

αPΓ˚j

e´zbpα,xqϕpα ¨ xq.

Combining Assumptions (P2) and (N) with Property 4.1.3, we notice that this
quantity is finite for Re pzq ě δ and defines a continuous function on Λ0. Since the
convergence of the series appearing in (19) is normal on Λ when Re pzq ě δ, the
function L zϕ may be continuously extended on Λ. The operator L δ is positive on Λ.

Lemma 4.2.1. – The function h defined in Proposition 4.1.10 satisfies L δh “ h.
Moreover, for any ϕ,ψ in C pΛq

ż

Λ

ϕpxqψpTxqσopdxq “

ż

Λ

L δϕpxqψpxqσopdxq.

In particular, the measure σo is L δ-invariant.
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Proof. – We first prove that L δh “ h. Let j P t1, . . . , p ` qu and x P Λj . Using (19)
and the definition of the function h, we obtain

L δhpxq “
ÿ

l‰j

ÿ

αPΓ˚l

e´δbpα,xqhpα ¨ xq “
ÿ

l‰j

ÿ

αPΓ˚l

e´δbpα,xq
ż

Ť

k‰l

Λ0
k

dσopyq

dopα ¨ x, yq2δ{a

“
ÿ

l‰j

ÿ

αPΓ˚l

e´δbpα,xq
ż

Ť

k‰l

Λ0
k

dσopαα
´1 ¨ yq

dopα ¨ x, αα´1 ¨ yq2δ{a
.

From (6), we deduce dσopαα
´1 ¨yq “ e´δBα´1¨ypα

´1
¨o,oq dσopα

´1 ¨yq and the equal-
ity (5) implies

dopα ¨ x, αα
´1 ¨ yq2δ{a “ e´δbpα,xqe´δBα´1¨ypα

´1
¨o,oqdopx, α

´1 ¨ yq2δ{a.

It thus follows that

L δhpxq “
ÿ

l‰j

ÿ

αPΓ˚l

ż

Ť

k‰l

Λ0
k

dσopα
´1 ¨ yq

dopx, α´1 ¨ yq2δ{a
“

ÿ

l‰j

ż

Λ0
l

dσopzq

dopx, zq2δ{a
.

In conclusion, for any j P t1, . . . , p` qu and any x P Λj , we have

L δhpxq “

ż

Ť

l‰j

Λ0
l

dσopzq

dopx, zq2δ{a
“ hpxq.

Now, using Property (6) of the family of measures pσxqxPX, we obtain
ż

Λ

ϕpxqψpTxqσopdxq “
p`q
ÿ

j“1

ÿ

αPΓ˚j

ż

α¨pΛzΛjq

ϕpxqψpα´1 ¨ xqσopdxq

“

p`q
ÿ

j“1

ÿ

αPΓ˚j

ż

Λ

1Λcj
pyqϕpα ¨ yqψpyqe´δBypα

´1
¨o,oqσopdyq

“

ż

Λ

L δϕpyqψpyqσopdyq.

The equality σo L δ “ σo follows with ψ “ 1Λ.

Let us now introduce the normalized operator P :“ 1
h L δ ph¨q. It is a positive

Markov operator, (i.e., P1Λ “ 1Λ). By the previous lemma, we deduce that P satisfies:
for any ϕ,ψ in C pΛq

(20)
ż

Λ

ϕpxqψpTxqνpdxq “

ż

Λ

Pϕpxqψpxqνpdxq,
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where ν “ hσo. A similar property will be useful in the proof of Theorem A for
an extension P̃ of the operator P defined as follows: for all continuous functions
ϕ : Λ ÝÑ R and u : R ÝÑ R with compact support, any x P Λ and t P R

(21) P̃ pϕb uqpx, tq “
p`q
ÿ

j“1

1Λcj
pxq

ÿ

αPΓ˚j

e´δbpα,xq
hpα ¨ xqϕpα ¨ xq

hpxq
upt` bpα, xqq.

By density, the operator P̃ extends continuously to the space of continuous maps
with compact support on Λˆ R.

Lemma 4.2.2. – The operator P̃ is the adjoint of the transformation px, sq ÞÝÑ
pTx, s ´ rpxqq with respect to the measure ν b ds, i.e., for all continuous maps Φ,Ψ

on Λˆ R with compact support
ż

ΛˆR
Φpx, sqΨpTx, s´ rpxqqdνpxqds “

ż

ΛˆR
P̃Φpx, sqΨpx, sqdνpxqds.

Let us introduce the following weight functions: for any z P C and γ P Γ, let

wzpγ, xq “

#

0 if x P Λlpγq,

e´zbpγ,xq if x P Λj , j ‰ lpγq.

These weight functions satisfy the following cocycle relation: if α1, α2 P A do not
belong to the same group Γj , then

(22) wzpα1α2, xq “ wzpα1, α2 ¨ xqwzpα2, xq.

This implies that for any k ě 1, the k-th iterate of L z is given by: for any ϕ P
p C pΛq, | ¨ |8q, for any z P C with Re pzq ě δ and for any x P Λ,

L
k
zϕpxq “

ÿ

Tky“x

e´zSkrpyqϕpyq “
ÿ

γPΓpkq

wzpγ, xqϕpγ ¨ xq.

We will need to control the regularity of the family of functions px ÞÑ bpγ, xqqγPΓ.
The following proposition is proven in [2].

Proposition 4.2.3. – Let E Ă BX and F Ă X be two sets with disjoint closures
in X Y BX. Then the family px ÞÝÑ Bxpp,oqqpPF is equi-Lipschitz continuous
on pE,doq.

Let us now consider the restriction of the operator L z to the subspace of Lipschitz
functions from Λ to C, defined by

LippΛq “ tϕ P C pΛq | ||ϕ|| “ |ϕ|8 ` rϕs ă `8u Ă C pΛq,

where rϕs “ sup
1ďjďp`q

sup

px,yqPΛj
∆
ˆΛj

|ϕpxq´ϕpyq|
dopx,yq

. The space pLippΛq, || ¨ ||q is a C-Ba-

nach space; it follows from Ascoli’s theorem that the canonical one-to-one map from
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pLippΛq, || ¨ ||q into p C pΛq, | ¨ |8q is compact. One may readily check that the function
h belongs to Lip pΛq. The following proposition may be proved as Lemma 2.1 in [2].

Proposition 4.2.4. – For all z P C, the weight wzpγ, ¨q belongs to pLippΛq, || ¨ ||q and
there exists a constant C “ Cpzq ą 0 such that for any γ in Γ˚,

||wzpγ, ¨q|| ď Ce´Repzqdpo,γ¨oq.

This yields the following.

Corollary 4.2.5. – The operator L z is bounded on LippΛq when Re pzq ě δ.

From Lemma 4.2.1 and from Corollary 4.2.5, we deduce that 1 is an eigenvalue
of L δ on Lip pΛq. We need more information about the spectrum of L δ on this space.
Since the operator L δ is positive, the spectral radius ρ8pδq of L δ on p C pΛq , | ¨ |8q is
given by

ρ8pδq “ lim sup
nÝÑ`8

ˇ

ˇ L
n
δ1Λ

ˇ

ˇ

1{n

8
.

Since the function h is continuous and positive on Λ, we have
ˇ

ˇ L
n
δ1Λ

ˇ

ˇ

8
—

ˇ

ˇ L
n
δ h

ˇ

ˇ

8
“ |h|8 ,

hence ρ8pδq “ 1. Denote now by ρpδq the spectral radius of L δ on Lip pΛq. The
following proposition gives more details about the spectrum of L δ on Lip pΛq. Its
proof relies on the notion of quasi-compacity.

Definition 4.2.6. – Let pB, || ¨ ||q be a Banach space and Q a bounded operator
on B with spectral radius ρpQq. The operator Q is said to be quasi-compact if B

may be split into Q-stable subspaces B “ F ‘H, where F has finite dimension and
Q|F

admits only eigenvalues of modulus ρpQq, whereas ρ
´

Q|H

¯

ă ρpQq.

This notion is stable under small perturbation ([29]): we will use this fact in the
sequel.

Proposition 4.2.7. – The operator L δ is quasi-compact. The spectral radius ρpδq is
a simple and isolated eigenvalue in the spectrum of L δ, satisfying ρpδq “ ρ8pδq “ 1;
this is the unique eigenvalue with modulus ρpδq. Moreover, the rest of the spectrum
of L δ is included in a disk of radius ă 1.

The proof of this proposition is identical to the proof of Proposition III.4 in [3].
We will give a full proof of an analogous proposition for an extension of these transfer
operators in Chapter 8: see Proposition 8.3.2. We can thus write

L δ “ Πδ `Rδ,

where Πδ : Lip pΛq ÝÑ Ch is the spectral projection on the eigenspace associated
to 1 and Rδ “ L δ ´ Πδ satisfies ΠδRδ “ RδΠδ “ 0 and has a spectral radius ă 1.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2019



46 CHAPTER 4. CODING AND TRANSFER OPERATORS

There thus exists a linear form σδ : Lip pΛq ÝÑ C such that Πδp¨q “ σδp¨qh.
It follows that Πδ p L δϕq “ σδ p L δϕqh for any ϕ P Lip pΛq on the one hand and
Πδ p L δϕq “ L δΠδ pϕq “ σδ pϕqh on the other hand, which implies that the measure
σδ is L δ-invariant.

Remark 4.2.8. – The measure σδ corresponds to the Patterson measure σo. Indeed,
for any ϕ P Lip pΛq and k ě 1,

σo pϕq “ σo

´

L
k
δϕ

¯

“ σo pσδ pϕqhq ` σo

`

Rkδϕ
˘

.

By definition of h, one gets

σo pϕq “ σδ pϕq ` σo

`

Rkδϕ
˘

ÝÑ σδ pϕq as k ÝÑ `8.

The remark thus follows from the density of the space Lip pΛq in L1 pΛq.

4.2.2. Study of perturbations of L δ . – In this subsection, we extend the previous spec-
tral gap property to small perturbations of L δ given by z ÞÝÑ L z for z P C with
Re pzq ě δ. We first prove the following.

Proposition 4.2.9. – Under assumptions pHβq, for any compact subset K of R,
there exists a constant C “ CK ą 0 such that for any s, t P K and κ small enough

1) if β P s0, 1r

a. || L δ`it ´ L δ`is|| ď C|s´ t|βL

ˆ

1

|s´ t|

˙

;

b. || L δ`κ`it ´ L δ`it|| ď CκβL

ˆ

1

κ

˙

;

2) if β “ 1

a. || L δ`it ´ L δ`is|| ď C|s´ t|L̃

ˆ

1

|s´ t|

˙

;

b. || L δ`κ`it ´ L δ`it|| ď CκL̃

ˆ

1

κ

˙

,

where L̃pxq “
şx

1
Lpyq
y dy.

Proof. – We only give the proof of assertion 1.a, the arguments being similar for the
others. Let ϕ P Lip pΛq : it is sufficient to check that

|| L δ`itϕ´ L δ`isϕ|| ď C|s´ t|βL

ˆ

1

|s´ t|

˙

||ϕ||.

MÉMOIRES DE LA SMF 160



4.2. TRANSFER OPERATORS 47

Proposition 3.2.3 is the key point in obtaining such estimates. For any 1 ď j ď p`q

and x P ΛzΛj , we define the following measure

µxj “
1

Mjpxq

ÿ

αPΓ˚j

e´δbpα,xqDbpα,xq,

where Dbpα,xq is the Dirac mass at bpα, xq and Mjpxq :“
ř

αPΓ˚j
e´δbpα,xq. These

measures are supported on r´C,`8r where C ą 0 is the constant appearing in
Property 4.1.3. We also deduce from this property that

e´δC
ÿ

αPΓ˚j

e´δdpo,α¨oq ďMjpxq ď eδC
ÿ

αPΓ˚j

e´δdpo,α¨oq,

so that
e´2δC

ř

αPΓ˚j
e´δdpo,α¨oq

ÿ

αPΓ˚j
dpo,α¨oqąT`C

e´δdpo,α¨oq ď 1´ µxj pr´C, T sq

and

1´ µxj pr´C, T sq ď
e2δC

ř

αPΓ˚j
e´δdpo,α¨oq

ÿ

αPΓj
dpo,α¨oqąT´C

e´δdpo,α¨oq.

Hence for T large enough, one gets

e´2δC

ř

αPΓ˚j
e´δdpo,α¨oq

LpT q

T β
ď 1´ µxj pr´C, T sq ď

e2δC

ř

αPΓ˚j
e´δdpo,α¨oq

LpT q

T β

for j P v1, pw and

1´ µxj pr´C, T sq “ ojpT q
LpT q

T β

for j P vp` 1, p` qw. From Assertion 1.aq of Proposition 3.2.3, we deduce that
ż `8

0

ˇ

ˇeity ´ 1
ˇ

ˇµxj pdyq ĺ |t|βL

ˆ

1

|t|

˙

for j P v1, pw, whereas for j P vp` 1, p` qw, we have
ż `8

0

ˇ

ˇeity ´ 1
ˇ

ˇµxj pdyq “ o

ˆ

|t|βL

ˆ

1

|t|

˙˙

,

uniformly in x P ΛzΛj . These estimates may also be written as

(23)
ÿ

αPΓ˚j

ˇ

ˇ

ˇ
eitbpα,xq ´ 1

ˇ

ˇ

ˇ
e´δbpα,xq “ |t|βL

ˆ

1

|t|

˙

for j P v1, pw and

(24)
ÿ

αPΓ˚j

ˇ

ˇ

ˇ
eitbpα,xq ´ 1

ˇ

ˇ

ˇ
e´δbpα,xq “ |t|βL

ˆ

1

|t|

˙

o

ˆ

1

|t|

˙
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for j P vp` 1, p` qw. Therefore, for any j P v1, p` qw and x P ΛzΛj

ÿ

αPΓ˚j

|wδ`itpα, xqϕpα ¨ xq ´ wδ`ispα, xqϕpα ¨ xq| ď

¨

˝

ÿ

αPΓj

ˇ

ˇ

ˇ
eipt´sqbpα,xq ´ 1

ˇ

ˇ

ˇ
e´δbpα,xq

˛

‚|ϕ|8

ĺ |t´ s|βL

ˆ

1

|t´ s|

˙

||ϕ||,

which finally implies

| L δ`itϕ´ L δ`isϕ|8 ĺ |t´ s|βL

ˆ

1

|t´ s|

˙

||ϕ||.

In order to control the Lipschitz coefficient of the function x ÞÝÑ L δ`itϕpxq ´

L δ`isϕpxq, we first notice that

(25) r L δ`itϕ´ L δ`isϕs ď sup
jPv1,p`qw

sup

px,yqPΛj
∆
ˆΛj

ÿ

αPΓl
l‰j

Ajpl, α, x, yq

dopx, yq
,

where

Ajpl, α, x, yq : “ |wδ`itpα, xqϕpα ¨ xq ´ wδ`ispα, xqϕpα ¨ xq

´ pwδ`itpα, yqϕpα ¨ yq ´ wδ`ispα, yqϕpα ¨ yqq| ,

for any j, l P v1, p` qw, l ‰ j, any px, yq P Λj
∆
ˆ Λj and α P Γl. We observe that

Ajpl, α, x, yq ď |wδ`itpα, xq ´ wδ`ispα, xq ´ pwδ`itpα, yq ´ wδ`ispα, yqq| |ϕpα ¨ xq|

` |wδ`itpα, yq ´ wδ`ispα, yq| |ϕpα ¨ yq ´ ϕpα ¨ xq|

ďBjpl, α, x, yq ` Cjpl, α, x, yq,

where

Bjpl, α, x, yq “ |wδ`itpα, xq ´ wδ`ispα, xq ´ pwδ`itpα, yq ´ wδ`ispα, yqq| |ϕpα ¨ xq|

and

Cjpl, α, x, yq “ |wδ`itpα, yq ´ wδ`ispα, yq| |ϕpα ¨ yq ´ ϕpα ¨ xq|.
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On the one hand

Bjpl, α, x, yq ď e´δbpα,xq
ˇ

ˇ

ˇ
eipt´sqbpα,xq ´ eipt´sqbpα,yq

ˇ

ˇ

ˇ
||ϕ||

`

ˇ

ˇ

ˇ
e´pδ`itqbpα,xq ´ e´pδ`itqbpα,yq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
eipt´sqbpα,yq ´ 1

ˇ

ˇ

ˇ
||ϕ||

ď e´δbpα,xq
ˇ

ˇ

ˇ
eipt´sqpbpα,xq´bpα,yqq ´ 1

ˇ

ˇ

ˇ
||ϕ||

` e´δbpα,yq
ˇ

ˇ

ˇ
epδ`itqpbpα,yq´bpα,xqq ´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
eipt´sqbpα,yq ´ 1

ˇ

ˇ

ˇ
||ϕ||

ĺ

´

e´δbpα,xq rbpα, ¨qs |t´ s|dopx, yq
¯

||ϕ||

`

´

e´δbpα,yq|δ ` it| rbpα, ¨qs
ˇ

ˇ

ˇ
eipt´sqbpα,yq ´ 1

ˇ

ˇ

ˇ
dopx, yq

¯

||ϕ||.

Since the sequence prbpγ, ¨qsqγPΓj is bounded and t P K, we deduce that

Bjpl, α, x, yq

dopx, yq
ĺ

´

e´δbpα,xq|t´ s|
¯

||ϕ|| `
´

e´δbpα,yq
ˇ

ˇ

ˇ
eipt´sqbpα,yq ´ 1

ˇ

ˇ

ˇ

¯

||ϕ||.

On the other hand
Cjpl, α, x, yq

dopx, yq
ĺ e´δbpα,yq

ˇ

ˇ

ˇ
eipt´sqbpα,yq ´ 1

ˇ

ˇ

ˇ
||ϕ||,

so that for any j P v1, p` qw and x, y P Λj , one gets
ÿ

αPΓl,l‰j

Ajpl, α, x, yq

dopx, yq
ď

ÿ

αPΓl,l‰j

Bjpl, α, x, yq ` Cjpl, α, x, yq

dopx, yq

ĺ
ÿ

αPΓl,l‰j

´

e´δbpα,xq|t´ s| ` e´δbpα,yq
ˇ

ˇ

ˇ
eipt´sqbpα,yq ´ 1

ˇ

ˇ

ˇ

¯

||ϕ||.

We deduce from (23) and (24) that
ÿ

αPΓl,l‰j

Ajpl, α, x, yq

dopx, yq
ĺ |t´ s|βL

ˆ

1

|t´ s|

˙

||ϕ||

and this last estimate combined with (25) yields

r L δ`it1Λ ´ L δ`is1Λs ĺ |t´ s|βL

ˆ

1

|t´ s|

˙

||ϕ||.

Combining the previous proposition with the proof of Proposition 2.2 in [2], we
deduce the following corollary.

Corollary 4.2.10. – The map z ÞÝÑ L z is continuous on tz P C | Re pzq ě δu.

Let us now show the existence of a simple dominant eigenvalue for L z and isolated
in its spectrum. Denote by ρpzq the spectral radius of L z on Lip pΛq and by |x` iy|8 “
max p|x|, |y|q for any x, y P R.
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Proposition 4.2.11 ([2] p.92). – There exist ε ą 0 and ρε P s0, 1r such that for all
z P C satisfying |z ´ δ|8 ă ε and Re pzq ě δ, one gets:

– ρpzq ą ρε;
– L z has a unique eigenvalue λz with modulus ρpzq;
– this eigenvalue is simple and lim

zÝÑδ
λz “ 1;

– the rest of the spectrum is included in a disk of radius ρε.

Furthermore for any A ą 0, there exists ρA ă 1 such that ρpzq ă ρA as soon as z P C
satisfies |z´δ|8 ě ε, Re pzq ě δ and |Im pzq| ď A. Finally, if z P C satisfies Re pzq ě δ,
then ρpzq ď 1 with equality if and only if z “ δ.

Remark 4.2.12. – In the proof of Propositions A.1, A.2, B.1 and C.1, we will use
Potter’s lemma and thus choose ε ą 0 small enough in such a way that

Lpxq

Lpyq
ď max

ˆ

y

x
,
x

y

˙β{2

for any x, y ě 1{ε.

We denote by hz the unique eigenfunction of L z associated to λz satisfying
σophzq “ 1; let Πz : LippΛq ÝÑ Chz denote the spectral projection associated to λz.
There exists a unique linear form σz : LippΛq ÝÑ C such that Πzp¨q “ σzp¨qhz and
σzphzq “ 1. We set Rz :“ L z ´ Πz. By perturbation theory, the maps z ÞÝÑ λz,
z ÞÝÑ hz and z ÞÝÑ Πz have the same regularity as z ÞÝÑ L z (see the proof of
Lemma 2.5 in [2]).

4.2.3. Regularity of the dominant eigenvalue. – In proof of Theorems A and B, we will
have to deal with quantities like

(26)
ÿ

Tky“x

e´δSkrpyqϕpSkrpyq ´Rq,

for functions ϕ with a C
8 Fourier transform and with compact support. The inverse

Fourier transform leads us to write
ÿ

Tky“x

e´δSkrpyqϕpSkrpyq ´Rq “
1

2π

ż

R
eitR L

k
δ`it p1Λpxqq pϕptqdt.

The study of the behavior as R ÝÑ `8 of the quantity (26) thus involves a precise
knowledge of the behavior of the function t ÞÝÑ λδ`it in a neighborhood of 0. We first
establish a result concerning some probability measures depending on the Schottky
factors Γi, 1 ď i ď p ` q. In the proof, we will need the following result obtained
in [21].
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Proposition 4.2.13 ([21]). – Let ν be a probability measure on R` such that there
exist β P s0, 1s and a slowly varying function L satisfying ν prT,`8rq „ CLpT q{T β

as T ÝÑ `8. Then the characteristic function pνptq :“
ş`8

0
eitx dνpxq has the follow-

ing behavior in a neighborhood of 0:

– if β P s0, 1r

pνptq “ 1´ Ce´isignptqβπ{2Γp1´ βq|t|βL

ˆ

1

|t|

˙

p1` op1qq;

– if β “ 1

˚ pνptq “ 1` iC|t|L̃

ˆ

1

|t|

˙

p1` op1qq;

˚ Re p1´ pνptqq “
π

2
C|t|L

ˆ

1

|t|

˙

p1` op1qq,

where L̃ptq “
şt

1
Lpxq
x dx.

In our setting, we obtain the following local expansions.

Proposition 4.2.14. – Let j P v1, p ` qw and x P ΛzΛj. Denote by Njpxq “
ř

αPΓ˚j
hpα ¨ xqe´δbpα,xq and let us introduce the following probability measure νxj

on r´C,`8r

νxj :“
1

Njpxq

ÿ

αPΓ˚j

hpα ¨ xqe´δbpα,xqDbpα,xq,

where Dbpα,xq is the Dirac mass at bpα, xq P R. This measure satisfies one of the
following two assertions.

1) For j P v1, pw and t ÝÑ 0,
– if β P s0, 1r

xνxj ptq “ 1´

ˆ

Cj
Njpxq

hpxjqe
2δpxj |xqo

˙

e´isignptqβπ{2Γp1´ βq|t|βL

ˆ

1

|t|

˙

p1` op1qq;

– if β “ 1

˚xνxj ptq “ 1`

ˆ

Cj
Njpxq

hpxjqe
2δpxj |xqo

˙

i|t|L̃

ˆ

1

|t|

˙

p1` op1qq;

˚ Re
´

1´xνxj ptq
¯

“
π

2

ˆ

Cj
Njpxq

hpxjqe
2δpxj |xqo

˙

|t|L

ˆ

1

|t|

˙

p1` op1qq,

where xj is the fixed point of the parabolic group Γj and the pCjq1ďjďp are the
constants appearing in Assumption (P2);

2) For j P vp`1, p`qw, there exists a function fj : Λ ÝÑ R satisfying σop1Λcj
fjq ă

`8 such that for any t ÝÑ 0, one has
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– if β P s0, 1r

xνxj ptq “ 1´ fjpxqo

ˆ

|t|βL

ˆ

1

|t|

˙˙

;

– if β “ 1

˚xνxj ptq “ 1` fjpxqo

ˆ

|t|L̃

ˆ

1

|t|

˙˙

;

˚ Re
´

1´xνxj ptq
¯

“ fjpxqo

ˆ

|t|L

ˆ

1

|t|

˙˙

.

Proof. – We just give the proof when β P s0, 1r. We first consider j P v1, pw. Fix
x P ΛzΛj . By Property 4.1.3, there exist two constants m,M ą 0 such that

(27) m
ÿ

αPΓj

e´δdpo,α¨oq ď Njpxq ďM
ÿ

αPΓj

e´δdpo,α¨oq.

On the other hand, Assumption (P2) gives
ÿ

αPΓj
dpo,α¨oqąT

e´δdpo,α¨oq „ Cj
LpT q

T β
.

We want to show that the distribution function F xj of νxj satisfies

(28) 1´ F xj pT q „

ˆ

Cj
Njpxq

hpxjqe
2δpxj |xqo

˙

LpT q

T β
uniformly in x R Λj .

Fix ε ą 0. There exists T0 " 1 such that for any T ě T0, x P ΛzΛj and α P Γj
satisfying dpo, α ¨ oq ą T

iq ´ ε ď bpα, xq ´ dpo, α ¨ oq ` 2 pxj |xqo ď ε pLemma 6.7 in [18]q ;

iiq p1´ εqhpxjq ď hpα ¨ xq ď p1` εqhpxjq;

iiiq p1´ εqCj
LpT q

T β
ď

ÿ

αPΓj
dpo,α¨oqąT

e´δdpo,α¨oq ď p1` εqCj
LpT q

T β
;

hence

p1´ εq2e´δε
Cj

Njpxq
hpxjqe

2δpxj |xqo
L
`

T ` ε` 2 pxj |xqo
˘

`

T ` ε` 2 pxj |xqo
˘β
ď 1´ F xj pT q ,

and

1´ F xj pT q ď p1` εq
2eδε

Cj
Njpxq

hpxjqe
2δpxj |xqo

L
`

T ´ ε` 2 pxj |xqo
˘

`

T ´ ε` 2 pxj |xqo
˘β
.

Since pxj |xqo — dpo, pxjxqq, this quantity is bounded uniformly in x P ΛzΛj ; more-
over, the functions

T ÞÝÑ
LpT ` tq

LpT q
and T ÞÝÑ

T ` t

T
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tend to 1 uniformly when t lives in any compact subset of R. Hence

p1´ εq3e´δε
ˆ

Cj
Njpxq

hpxjqe
2δpxj |xqo

˙

LpT q

T β
ď 1´ F xj pT q

and

1´ F xj pT q ď p1` εq
3eδε

ˆ

Cj
Njpxq

hpxjqe
2δpxj |xqo

˙

LpT q

T β
,

for T large enough. Therefore (28) is true for j P v1, pw. The measures νxj , 1 ď j ď p,
satisfy (28); Assertion 1) of Proposition 4.2.14 thus follows from Proposition 4.2.13.

Now fix j P vp` 1, p` qw. When Γj is parabolic, the previous arguments still work,
but Assumption (N) imposes

ÿ

αPΓj
dpo,α¨oqąT

e´δdpo,α¨oq “ o

ˆ

LpT q

T β

˙

,

which implies

1´ F xj pT q “

ˆ

1

Njpxq
hpxjqe

2δpxj |xqo

˙

LpT q

T β
opT q

with lim
TÝÑ`8

opT q “ 0 uniformly in x R Λj . The second part of the result follows

from [21], with fjpxq given in that case by

fjpxq “
1

Njpxq
hpxjqe

2δpxj |xqo .

Inequality (27) yields

σo

´

1Λcj
fj

¯

“

ż

ΛzΛj

1

Njpxq
hpxjqe

2δpxj |xqo dσo pxq

ĺ
1

ř

αPΓj
e´δdpo,α¨oq

ż

ΛzΛj

e2δpxj |xqo dσo pxq

ĺ

ż

ΛzΛj

dσo pxq

dopxj , xq2δ{a
ă `8.

When Γj is generated by an hyperbolic isometry, with attractive (resp. repulsive)
fixed point x`j (resp. x´j ), we write

ÿ

αPΓj
dpo,α¨oqąT

e´δdpo,α¨oq —
ÿ

nPZ˚
|n|ljľT

e´δljn — e´δT ,

where lj is the length of the axis of the generator of Γj . The arguments are the same
as for the non-influential parabolics. In that case, the function fjpxq is given by

fjpxq “
1

2Njpxq

´

hpx`j qe
2δpx`j |xqo ` hpx´j qe

2δpx´j |xqo
¯

.
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The quantity σo

´

1Λcj
fj

¯

is finite for the same reasons. This ends the proof of
Proposition 4.2.14.

The following proposition specifies the local behavior in 0 of the function t ÞÝÑ

λδ`it.

Proposition 4.2.15. – There exists a constant EΓ ą 0 such that for any t small
enough

– if β P s0, 1r

λδ`it “ 1´ EΓΓp1´ βqe`isignptqβπ{2|t|βL

ˆ

1

|t|

˙

p1` op1qq;

– if β “ 1

˚ λδ`it “ 1´ EΓsignptqi|t|L̃

ˆ

1

|t|

˙

p1` op1qq;

˚ Re p1´ λδ`itq “
π

2
EΓ|t|L

ˆ

1

|t|

˙

p1` op1qq.

Proof. – As previously, we only detail the proof for β P s0, 1r. We first write

λδ`it “ σop L δ`ithδ`itq “ σop L δ`ithq ` σo pp L δ`it ´ L δqphδ`it ´ hqq .

By Proposition 4.2.9, the second term of the right hand side is bounded from above

by σopΛq
´

|t|βL
´

1
|t|

¯¯2

and it remains to specify the behavior of the first one near 0.
We write

σop L δ`ithq “ 1` σop L δ`ithq ´ 1 “ 1` σop L δ`ithq ´ σophq

“ 1` σo pp L δ`it ´ L δqhq “ 1`
p`q
ÿ

j“1

Sj ,

where

Sj : “
ÿ

αPΓ˚j

ż

ΛzΛj

hpα ¨ xqe´δbpα,xqpe´itbpα,xq ´ 1qdσopxq

“

ż

ΛzΛj

Njpxq
´

xνxj p´tq ´ 1
¯

dσopxq,
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for j P v1, p` qw. If follows from 4.2.14 that Sj “ o
´

|t|βL
´

1
|t|

¯¯

for j P vp` 1, p` qw,
whereas for j P v1, pw

Sj “ ´Cjhpxjq

˜

ż

ΛzΛj

e2δpxj |xqo dσopxq

¸

eisignptqβπ{2Γp1´ βq|t|βL

ˆ

1

|t|

˙

p1` op1qq

“ ´Cj

˜

ż

ΛzΛj

dσopxq

dopx, xjq2δ{a

¸2

eisignptqβπ{2Γp1´ βq|t|βL

ˆ

1

|t|

˙

p1` op1qq.

The result follows with the constant EΓ given by

EΓ “
ÿ

1ďjďp

Cj

¨

˚

˝

ż

ΛzΛj

dσopxq

dopx, xjq2δ{a

˛

‹

‚

2

.

4.2.4. The resolvant operator when β “ 1. – In the proof of Theorem A for β “ 1, we
will use the operator Qz “ pId´ L zq

´1 for z P C such that Re pzq ě δ. The following
properties come from [36].

Proposition 4.2.16. – There exist ε ą 0 and C ą 0 such that
ˇ

ˇ

ˇ

ˇQz ´ p1´ λzq
´1Πz

ˇ

ˇ

ˇ

ˇ

ď C when |z ´ δ|8 ă ε and ||Qz|| ď C for z such that |z ´ δ|8 ě ε. Moreover, for
any t close enough to 0

Qδ`it “
1

EΓsignptqi|t|L̃
´

1
|t|

¯ p1` op1qqΠ0 `Op1q.

Proof. – Let z P C such that Re pzq ě δ, z ‰ δ and |z´ δ|8 ă ε, where ε is chosen as
in Proposition 4.2.11. Writing L z “ λzΠz `Rz “ λzΠz ` L zpId´Πzq, one gets

Qz “ pId´ L zq
´1
“ p1´ λzq

´1
Πz ` pId´ L zq

´1
pId´Πzq .

First, Proposition 4.2.11 implies
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pId´ L zq

´1
pId´Πzq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď C for z such that

|z ´ δ|8 ă ε and
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
pId´ L zq

´1
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď C when z is far enough to δ. Next, for t close

enough to 0, we get

Qδ`it “ p1´ λδ`itq
´1

Πδ`it `Op1q

“ p1´ λδ`itq
´1

Πδ ` p1´ λδ`itq
´1
pΠδ`it ´Πδq `Op1q.

The regularity of the function t ÞÝÑ L δ`it given in Proposition 4.2.9 and the local
expansion of λδ`it given in (4.2.15) imply that the second term is a Op1q. Finally

Qδ`it “ p1´ λδ`itq
´1

Πδ `Op1q

and the result follows from (4.2.15).
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Corollary 4.2.17. – The function t ÞÝÑ Re pQδ`itq is integrable in a neighborhood
of 0.

Proof. – By the previous proposition, we split Re pQδ`itq into

Re
`

Qδ`it ´ p1´ λδ`itq
´1Πδ

˘

` Re
`

p1´ λδ`itq
´1

˘

Πδ.

The first part is bounded by a constant C ą 0. Furthermore

Re
`

p1´ λδ`itq
´1

˘

“
Re p1´ λδ`itq

|1´ λδ`it|
2 .

The local expansions (4.2.15) yield

Re
`

p1´ λδ`itq
´1

˘

“
π

2EΓ

L
´

1
|t|

¯

|t|L̃
´

1
|t|

¯2 p1` op1qq.

This function is integrable near 0: indeed for any ε ą 0

ż ε

´ε

L
´

1
|t|

¯

|t|L̃
´

1
|t|

¯2 dt “ 2

ż ε

0

L
`

1
t

˘

tL̃
`

1
t

˘2 dt “

ż `8

1{ε

Lpyq

yL̃pyq2
dy

“

„

´1

L̃pyq2

`8

1{ε

“
1

L̃ p1{εq
ă `8,

because lim
xÝÑ`8

L̃pxq “ `8.
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CHAPTER 5

THEOREM A: MIXING FOR β P s0, 1r

This section is devoted to the mixing properties of the geodesic flow pgtqtPR on the
unit tangent bundle T1M of the quotient manifold M “ X{Γ. We specify here the
speed of convergence to 0 of mΓ pAX g´tBq as t ÝÑ ˘8.

Since the group Γ is divergent, the Hopf-Tsuji-Sullivan theorem ([41]) ensures that
the geodesic flow is totally conservative: thus we do not need to formulate additional
assumptions about the sets A and B to avoid the examples constructed by Hajan and
Kakutani ([26]).

In this section we prove Theorem A.

Theorem A. – Let Γ be a Schottky group satisfying the assumptions pHβq for some
β P s0, 1r. Let A,B Ă T1X{Γ be two mΓ-measurable subsets of finite measure. Then,
as t ÝÑ ˘8

mΓpAX g´tBq „
sinpβπq

πEΓ

mΓpAqmΓpBq

|t|1´βLp|t|q
,

where

(29) EΓ “
ÿ

1ďjďp

Cj

¨

˚

˝

ż

ΛzΛj

dσopxq

dopx, xjq2δ{a

˛

‹

‚

2

.

For any mΓ-integrable function f , we set mΓpfq “
ş

T1X{Γ
f dmΓ. The previous

theorem may be reformulated as follows.

Theorem A. – For any functions A,B in L1
`

T1X{Γ,mΓ

˘

X L2
`

T1X{Γ,mΓ

˘

,
as R ÝÑ ˘8

mΓpAˆB ˝ gRq „
sinpβπq

πEΓ

mΓpAqmΓpBq

|R|1´βLp|R|q
.
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From now on, denote R P R the parameter of the flow to emphasize the simi-
larity of the proof of Theorem A with Theorem C. For A,B P L1pT1X{Γ,mΓq X

L2pT1X{Γ,mΓq, we set

M pR;A,Bq :“ mΓpAˆB ˝ gRq

“

ż

Ω

Aprx´, x`, ssqB pgRprx´, x`, ssqq dmΓprx´, x`, ssq,

where rx´, x`, ss stands for the Γ-orbit of px´, x`, sq. In the next subsection, we will
express the quantity M pR;A,Bq in terms of the iterates of a transfer operator, via
the coding described in Chapter 4.

5.1. Study of M pR;A,Bq

The spaces Ω0 “ Λ0
∆
ˆΛ0ˆR{Γ and D

0
ˆR{xTry are in one-to-one correspondence

and the geodesic flow on Ω0 is conjugated to the special flow pφRqRPR defined on D
0
ˆ

R{xTry. If we denote by c the bijection between D
0
ˆ R{xTry and Ω0, we may write

M pR;A,Bq “

ż

D0
ˆR{xTry

Aprrx´, x`, sssqB pφRprrx´, x`, sssqq dmΓprrx´, x`, sssq,

where rrx´, x`, sss is the xTry-orbit of px´, x`, sq and A and B are identified with A˝c
and B ˝ c respectively. The following strategy was inspired of [25]. Let S Ă D

0
ˆR be

a fundamental domain for the action of xTry. The vector space generated by the
functions ϕ b u, where ϕ is Lipschitz on D

0 and u : R ÝÑ R is continuous with
compact support, is dense in L1pS, ν̄ b dsq X L2pS, ν̄ b dsq; we thus assume that
A “ ϕb u and B “ ψb v, with ϕ,ψ, u, v as above. From the definition of Tr and the
fact that S is a fundamental domain, we deduce that for any py, x, sq P S and R P R,
there exists a unique integer k “ k pR, x´, x`, sq P Z such that Tkr px´, x`, s`Rq P S.
Hence, for any py, x, sq P S and R P R

ψ b v
´

φ̃Rpx´, x`, sq
¯

“
ÿ

kPZ
ψ b vpTkr px´, x`, s`Rqq.

In the sequel, we will write ν̄ :“ µ|D0 , so that pm̃Γq |D0
ˆR

“ ν̄ b ds (see
Subsection 4.1.3). We decompose MpR;ϕ b u, ψ b vq into M`pR;ϕ b u, ψ b vq

`M´pR;ϕb u, ψ b vq where

M`pR;ϕbu, ψ b vq

“
ÿ

kě0

ż

D0
ˆR

ϕpx´, x`qupsqψ b vpT
k
r px´, x`, s`Rqqdν̄px´, x`qds
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and

M´pR;ϕbu, ψ b vq

“
ÿ

kě1

ż

D0
ˆR

ϕpx´, x`qupsqψ b vpT
´k
r px´, x`, s`Rqqdν̄px´, x`qds.

We first prove the following

Lemma 5.1.1. – 1) R1´βLpRqM´pR;ϕb u, ψ b vq “ 0 for R large enough;
2) R1´βLpRqM`pR;ϕb u, ψ b vq “ 0 for ´R large enough.

Proof. – Since the measure ν̄ b ds is Tr-invariant, we write

M´pR;ϕb u, ψ b vq

“
ÿ

kě1

ż

D0
ˆR

ϕb u
`

Tkr px´, x`, sq
˘

ψ b vpx´, x`, s`Rqdν̄px´, x`qds.

Recall that the coding of D
0 identifies the pair px´, x`q with a two-sided sequence

pαnqnPZ. By a classical density argument in Ergodic Theory, it is sufficient to prove
that R1´βLpRqM´pR;ϕbu, ψbvq “ 0 for functions ϕ,ψ : D

0
ÝÑ R only depending

on pαnqně´q for some q ě 0. Using the Tr-invariance of ν̄b ds, one will impose q “ 0

in the sequel. Hence

M´pR;ϕb u, ψ b vq

“
ÿ

kě1

ż

D0
ˆR

ϕb u
`

Tkr pppx´, x`q, sq
˘

ψ b vpppx´, x`q, s`Rqdν̄px´, x`qds,

where p : D
0
ÝÑ Λ is the projection on the second coordinate. Finally

M´pR;ϕb u, ψ b vq “
ÿ

kě1

ż

ΛˆR
ϕb u

`

Tkx, s´ Skrpxq
˘

ψpxqvps`Rqdνpxqds.

Recall the definition of the operator P̃ given in (21): for any x P Λ and t P R

P̃ pψ b vqpx, tq “
p`q
ÿ

j“1

1Λcj
pxq

ÿ

αPΓ˚j

e´δbpα,xq
hψpα ¨ xq

hpxq
vpt` bpα, xqq.

By Lemma 4.2.2, this operator is the adjoint of the transformation px, sq ÞÝÑ
pTx, s´ rpxqq with respect to the measure ν b ds. Since the supports of u and v are
compact, setting R0 “ max supp v`C ´min supp u` 1, one gets for all R ě R0 and
for any k ě 1

P̃ k pψ b vq px, s`Rq “ 0.
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Therefore, when R ě R0

M´pR;ϕb u, ψ b vq “
ÿ

kě1

ż

ΛˆR
ϕb u px, sq P̃ k pψ b vq px, s`Rqdνpxqds “ 0,

which proves 1). The argument is similar for 2).

In other words, we have

‚ when R ÝÑ `8

MpR;ϕb u, ψ b vq “M`pR;ϕb u, ψ b vq

“
ÿ

kě0

ż

ΛˆR
P̃ k pϕb uq px, s´Rqψ b v px, sq dνpxqds,

with the convention P̃ 0 pϕb uq “ ϕb u;
‚ when R ÝÑ ´8

MpR;ϕb u, ψ b vq “M´pR;ϕb u, ψ b vq

“
ÿ

kě1

ż

ΛˆR
ϕb u px, sq P̃ k pψ b vq px, s`Rqdνpxqds.

The investigation of an asymptotic for MpR;ϕ b u, ψ b vq thus relies on similar
arguments in each of the cases R ÝÑ `8 and R ÝÑ ´8; in the sequel, we just
explain how to obtain the asymptotic for R ÝÑ `8 and assume R ě R0 to ensure
MpR;ϕbu, ψb vq “M`pR;ϕbu, ψb vq. From now on, we omit the symbol `. The
following subsection is devoted to the proof of the asymptotic for MpR;ϕb u, ψb vq

when β P s0, 1r.

5.2. Theorem A for β P s0, 1r

We have

MpR;ϕb u, ψ b vq “
ÿ

kě0

MkpR;ϕb u, ψ b vq,

where, for any k ě 0,

MkpR;ϕb u, ψ b vq “

ż

ΛˆR
P̃ k pϕb uq px, s´Rqψ b v px, sq dνpxqds.

We follow the steps of the proof of Theorem 1.4 in [24]. Let pakqkě1 satisfying
kLpakq “ aβk , where L is the slowly varying function given in the family of assumptions
pHβq. We postpone the proofs of the following propositions to Subsections 5.2.2 and
5.2.3.
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Proposition A.1. – Let ϕ,ψ : Λ ÝÑ R be two Lipschitz functions and u, v :

R ÝÑ R be two continuous functions with compact support. Uniformly in K ě 2 and
R P r0,Kaks, we have, as k ÝÑ `8,

MkpR;ϕb u, ψ b vq “
1

eΓak

ˆ

Ψβ

ˆ

R

eΓak

˙

mΓpϕb uqmΓpψ b vq ` okp1q

˙

,

where Ψβ is the density of the fully asymmetric stable law with parameter β and
eΓ “ E

1{β
Γ .

Proposition A.2. – Let ϕ,ψ : Λ ÝÑ R be two Lipschitz functions and u, v :

R ÝÑ R be two continuous functions with compact support. There exists a constant
C ą 0 depending on u such that, for any K ě 2, when R ě Kak, we have

|MkpR;ϕb u, ψ b vq| ď Ck
LpRq

R1`β
||ϕb u||8 ||ψ b v||8 .

We now explain how they imply Theorem A.

5.2.1. Asymptotic for MpR;ϕ b u, ψ b vq. – Using Proposition A.1, we decompose
MpR;ϕb u, ψ b vq as

M1pR;ϕb u, ψ b vq `M2pR;ϕb u, ψ b vq `M3pR;ϕb u, ψ b vq,

where

M1pR;ϕb u, ψ b vq :“ mΓpϕb uqmΓpψ b vq
ÿ

k|RăKak

1

eΓak
Ψβ

ˆ

R

eΓak

˙

,

M2pR;ϕb u, ψ b vq :“
ÿ

k|RăKak

okp1q

eΓak
,

M3pR;ϕb u, ψ b vq :“
ÿ

k|RěKak

MkpR;ϕb u, ψ b vq.

a) Contribution of M1pR;ϕb u, ψ b vq. Following [24], we introduce the measure
µR “

ř

0ăR{akďK
DR{ak on R so that

(30)
ÿ

k|RăKak

1

eΓak
Ψβ

ˆ

R

eΓak

˙

“
1

R

ż K

0

z

eΓ
Ψβ

ˆ

z

eΓ

˙

dµRpzq.

The definition of µR implies

µRprx, ysq “
ÿ

k|xďR{akďy

1 “
ÿ

k|akPrR{y,R{xs

1

for any rx, ys Ă s0,Ks. Recall some properties of functions Aptq “ tβ{Lptq and
of its pseudo-inverse A˚ given in Chapter 3. First of all Apanq “ n. Moreover,
the function A˚ is a regularly varying function with exponent 1{β which satisfies
an “ A˚pnq.
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Lemma 5.2.1. – For R large enough
"

k|A

ˆ

R

y

˙

ď k ď A

ˆ

R

x
´ 1

˙*

Ă

"

k|
R

y
ď ak ď

R

x

*

and
"

k|
R

y
ď ak ď

R

x

*

Ă

"

k|A

ˆ

R

y

˙

ď k ď A

ˆ

R

x

˙*

.

Proof. – Since the function A˚ is increasing and satisfies A˚pAptqq ě t and
A˚pApt´ 1qq ď t for any t " 1 (see [44]), we obtain

– A pR{yq ď k implies R{y ď A˚pkq;
– k ď A pR{x´ 1q implies A˚pkq ď R{x.

We deduce from this lemma that
ÿ

ApR{yqďkďApR{x´1q

1 ď µRprx, ysq ď
ÿ

ApR{yqďkďApR{xq

1,

which yields

A

ˆ

R

x
´ 1

˙

´A

ˆ

R

y

˙

ď µRprx, ysq ď A

ˆ

R

x

˙

´A

ˆ

R

y

˙

;

hence

µRprx, ysq „ A

ˆ

R

x

˙

´A

ˆ

R

y

˙

„
Rβ

LpRq

`

x´β ´ y´β
˘

and finally

(31) R´βLpRqµRprx, ysq „

ż y

x

βz´β´1 dz.

We now want to control quantities of the form
ÿ

k|Răakε

1

eΓak
Ψβ

ˆ

R

eΓak

˙

for ε ą 0 small enough. For any R ě 1 and ε ą 0, we write

(32)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

R1´βLpRq
ÿ

k|Răakε

1

eΓak
Ψβ

ˆ

R

eΓak

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ĺ R1´βLpRq
ÿ

k|Răεak

1

ak
.

Let N “ Npε,Rq denote the first integer such that R ă εak: N is increasing
in R. Karamata’s lemma then implies

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

k|Răεak

1

ak

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“
ÿ

kěN

1

ak
„

N

aN
.

From aβN “ NLpaN q, we deduce N{aN “ aβ´1
N {LpaN q, so that

(33) R1´βLpRq
N

aN
ď ε1´β LpRq

LpaN q
ď ε1´β max

ˆ

R

aN
,
aN
R

˙p1´βq{2

,
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where the last inequality is a consequence of Potter’s lemma with B “ 1, ρ “
p1´βq{2, x “ R and y “ aN . It follows from the definition of N that R{aN ă ε

and εaN´1 ď R; hence

aN
R
“
aN´1

R

aN
aN´1

ď
1

ε

aN
aN´1

ĺ
1

ε

for N large enough. Finally, this last estimate combined with (33) yields

R1´βLpRq
N

aN
ĺ εp1´βq{2.

By (32), for any arbitrarily small η ą 0, there exists εη ą 0 such that,
as ε ă εη

(34)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

R1´βLpRq
ÿ

k|Răakε

1

eΓak
Ψβ

ˆ

R

eΓak

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ĺ η.

Properties (30), (31) and (34) imply, for R large enough

R1´βLpRq
ÿ

k|RăKak

1

eΓak
Ψβ

ˆ

R

eΓak

˙

“ Opηq `R1´βLpRq

ż K

εη

z

eΓ
Ψβ

ˆ

z

eΓ

˙

dµRpzq

“ Opηq `

˜

β

eΓ

ż K

εη

z´βΨβ

ˆ

z

eΓ

˙

dz

¸

p1` op1qq,

with lim
RÝÑ`8

op1q “ 0. From the integrability of z ÞÝÑ z´βΨβpzq on r0,`8r

(see [47]), we deduce that
ˇ

ˇ

ˇ

ˇ

ż εη

0

z´βΨ

ˆ

z

eΓ

˙

dz

ˇ

ˇ

ˇ

ˇ

ď η

provided εη is sufficiently small; hence as R ÝÑ `8

(35) R1´βLpRq
ÿ

k|RăKak

1

eΓak
Ψβ

ˆ

R

eΓak

˙

“
β

eΓ

ż K

0

z´βΨβ

ˆ

z

eΓ

˙

dz `Opηq.

It thus follows from the definition of M1pR;ϕbu, ψb vq and from (35) that,
as R ÝÑ `8

(36) R1´βLpRqM1pR;ϕb u, ψ b vq „
βmΓpϕb uqmΓpψ b vq

EΓ

ż K{eΓ

0

z´βΨβpzqdz

with EΓ “ eβΓ.
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b) Contribution of M2pR;ϕb u, ψ b vq. Let N “ NpK,Rq be the smallest integer
such that KaN ą R: the function R ÞÝÑ NpK,Rq is increasing in R. Let ε ą 0;
for R large enough and any k ě N , we get |okp1q| ď ε. Karamata’s lemma thus
implies

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

k|RăKak

okp1q

eΓak

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

kěN

ε

ak
„ ε

N

aN
.

Following the same steps as in a) for the negligible parts of M1pR;ϕb u, ψ b vq,
we deduce from N{aN “ aβ´1

n {LpaN q that

R1´βLpRq
N

aN
ď K1´β LpRq

LpaN q

and Potter’s lemma with B “ ρ “ 1 and x “ R and y “ aN yields

R1´βLpRq
N

aN
ĺ K2´β ,

so that as R ÝÑ `8

(37) R1´βLpRqM2 pR;ϕb u, ψ b vq “ oKp1q.

c) Contribution of M3pR;ϕb u, ψ b vq. We write
ˇ

ˇM3pR;ϕb u, ψ b vq
ˇ

ˇ ď
ÿ

k|RěKak

|MkpR;ϕb u, ψ b vq| .

It follows from Proposition A.2 that

M3pR;ϕb u, ψ b vq ď ||ϕb u||8 ||ψ b v||8 C
LpRq

R1`β

ÿ

k|RěKak

k,

and from the definition of A, we deduce that

ÿ

k|RěKak

k “
ÿ

k|kďApR{Kq

k ď A

ˆ

R

K

˙2

,

therefore

ˇ

ˇM3pR;ϕb u, ψ b vq
ˇ

ˇ ď ||ϕb u||8 ||ψ b v||8 C
LpRq

R1`β

R2β

K2β

1

L pR{Kq
2 .

Potter’s lemma implies LpRq{LpR{Kq ď Kβ{2 for R large enough, so that

(38) R1´βLpRqM3pR;ϕb u, ψ b vq ď C ||ϕb u||8 ||ψ b v||8K
´β .
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Combining (36), (37) and (38), it follows that

R1´βLpRqMpR;ϕb u,ψ b vq

“
βmΓpϕb uqmΓpψ b vq

EΓ

ż K{eΓ

0

z´βΨβpzqdzp1` op1qq

` oKp1q `OpK
´βq,

with lim
RÝÑ`8

op1q “ 0 and lim
RÝÑ`8

oKp1q “ 0 for any fixed K. Then letting R ÝÑ `8,

we obtain

R1´βLpRqMpR;ϕbu, ψbvq „
βmΓpϕb uqmΓpψ b vq

EΓ

ż K{eΓ

0

z´βΨβpzqdz`OpK´βq.

Letting K ÝÑ `8 and using
ş`8

0
z´βΨβpzqdz “ sinpβπq

βπ (see [47]), this achieves
the proof of Theorem A in the case β P s0, 1r.

5.2.2. Proof of Proposition A.1. – We want to prove the following local limit theorem.

Proposition A.1. – Let ϕ,ψ : Λ ÝÑ R be two Lipschitz functions and u, v :

R ÝÑ R be two continuous functions with compact support. Uniformly in K ě 2 and
R P r0,Kaks, one gets as k ÝÑ `8

MkpR;ϕb u, ψ b vq “
1

eΓak

ˆ

Ψβ

ˆ

R

eΓak

˙

mΓpϕb uqmΓpψ b vq ` okp1q

˙

,

where Ψβ is the density of the fully asymmetric stable law with parameter β and
eΓ “ E

1{β
Γ .

Let us fix K ě 2 and R " 1. For all k P N such that Kak ą R,

MkpR;ϕb u, ψ b vq “

ż

ΛˆR
P̃ k pϕb uq px, s´Rqψ b v px, sq νpdxqds.

We have to prove that the following sequence of measures
ˆ

akMkpR;ϕb ‚, ψ b vq ´
1

eΓ
Ψβ

ˆ

R

eΓak

˙ˆ

νpϕq

ż

R
‚pxqdx

˙

mΓpψ b vq

˙

k|KakąR

,

weakly converges to 0 as k ÝÑ `8, uniformly in K and R. Using a classical argument
from Probability theory (see Theorem 10.7 p. 218 in [11]), it is sufficient to show that

akMkpR;ϕb u, ψ b vq ´
1

eΓ
Ψβ

ˆ

R

eΓak

˙

mΓpψ b vqνpϕqpup0q ÝÑ 0,

for functions u : R ÝÑ R such that u and |u| have a C
8 Fourier transform with

compact support. More precisely, let us introduce the following definition.
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Definition 5.2.2. – Let U be the set of test functions u of the form upxq “ eitxu0pxq

where t P R and u0 belongs to the set of positive integrable function from R to R, whose
Fourier transform is C

8 and with compact support.

We first notice that akMkpR;ϕbu, ψbvq is finite for u P U . By the Fourier inverse
formula and the definition of P̃ given in Lemma 4.2.2, we write

P̃ kpϕb uqpx, s´Rq “
ÿ

γPΓpkq

1Λc
lpγq
pxqe´δbpγ,xq

hϕpγ ¨ xq

hpxq
ups´R` bpγ, xqq

“
1

2πhpxq

ż

R
eitpR´sq

´

L
k
δ`ithϕ

¯

pxqpuptqdt.

This quantity is bounded from above by ||hϕ||8||pu||1, up to a multiplica-
tive constant. Since the function ψ b v is integrable on Λ ˆ R, the quantity
MkpR;ϕb u, ψ b vq is finite for any u P U .

Proposition A.1 is a consequence of the following lemma, combined with the
Lebesgue dominated convergence theorem

Lemma 5.2.3. – For all u P U , as k ÝÑ `8,

ak
2πhpxq

ż

R
eitpR´sq

´

L
k
δ`ithϕ

¯

pxqpuptqdt´
1

eΓ
Ψβ

ˆ

R

eΓak

˙

νpϕqpup0q ÝÑ 0,

uniformly in x P Λ, s P supp v, R and K.

Proof. – Fix ε ą 0 according to Proposition 4.2.11. By the Fourier inverse formula
applied to Ψβ , we may write

ak
2πhpxq

ż

R
eitpR´sq

´

L
k
δ`ithϕ

¯

pxqpuptqdt´
1

eΓ
Ψβ

ˆ

R

eΓak

˙

νpϕqpup0q “ K1pkq `K2pkq,

where

K1pkq “
ak

2πhpxq

ż

r´ε,εsc
eitpR´sq

´

L
k
δ`ithϕ

¯

pxqpuptqdt

and

K2pkq “
ak

2πhpxq

ż

r´ε,εs

eitpR´sq
´

L
k
δ`ithϕ

¯

pxqpuptqdt´
1

2π

ż

R
eitR{akgβpeΓtqνpϕqpup0qdt

“
1

2πhpxq

ż εak

´εak

eitpR´sq{ak
´

L
k
δ`it{ak

hϕ
¯

pxqpu

ˆ

t

ak

˙

dt

´
1

2π

ż

R
eitR{akgβpeΓtqνpϕqpup0qdt.

There exists ρ P s0, 1r such that || L δ`it|| ď ρ for any t P psupp puq X pRzr´ε, εsq.
Hence |K1pkq| ĺ akρ

k, which goes to 0 uniformly in x, s, R and K as k ÝÑ `8.
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Let us deal with K2pkq. Using the spectral decomposition of L δ`it{ak and Propo-
sition 4.2.11, we write for any t P r´εak, εaks

L
k
δ`it{ak

phϕq “ λkδ`it{akΠδ`it{akphϕq `R
k
δ`it{ak

phϕq,

where the spectral radius of Rδ`it{ak is smaller than ρε, with ρε ă 1. The quantity
K2pkq may be split into L1pkq ` L2pkq ` L3pkq where

L1pkq “
1

2πhpxq

ż εak

´εak

eitpR´sq{akRkδ`it{akphϕqpxqpu

ˆ

t

ak

˙

dt,

L2pkq “
1

2πhpxq

ż εak

´εak

eitpR´sq{akλkδ`it{ak
`

Πδ`it{akphϕqpxq ´Πδphϕqpxq
˘

pu

ˆ

t

ak

˙

dt

and

L3pkq “
1

2πhpxq

ż εak

´εak

eitpR´sq{akλkδ`it{akΠδphϕqpxqpu

ˆ

t

ak

˙

dt

´
1

2π

ż

R
eitR{akgβpeΓtqνpϕqpup0qdt.

First |L1pkq| ĺ akρ
k
ε , which goes to 0 uniformly in x, s, R and K as k ÝÑ `8.

The characteristic function gβ of a stable law with parameter β (see Chapter 3)
is given by gβptq “ exp

`

´Γp1´ βqeisignptqβπ{2|t|β
˘

. We may notice that |gβptq| ď
exp

`

´p1´ βqΓp1´ βq|t|β
˘

for any t P R, which ensures that gβ is integrable on R.
Moreover, Proposition 4.2.15 implies that for any t close to 0, the dominant eigen-
value λδ`it satisfies

λδ`it “ exp

ˆ

´Γp1´ βqeisignptqβπ{2|eΓt|
βL

ˆ

1

|t|

˙

p1` op1qq

˙

.

The regularity of t ÞÝÑ Πδ`it implies that the integrand of L2pkq goes to 0 uniformly
in x, s P supp v, R and K; thus, it is sufficient to bound it by an integrable function.
By Proposition 4.2.9, we obtain

ˇ

ˇΠδ`it{akphϕqpxq ´Πδphϕqpxq
ˇ

ˇ ď
ˇ

ˇ

ˇ

ˇΠδ`it{ak ´Πδ

ˇ

ˇ

ˇ

ˇ ||hϕ|| ĺ
|t|β

aβk
L

ˆ

ak
|t|

˙

,

with
L pak{|t|q

Lpakq
ď max

ˆ

1

|t|
, |t|

˙β{2

for any k large enough and uniformly in t P r´εak, εaks, where ε ą 0 is chosen small
enough according to Remark 4.2.12. Therefore

ˇ

ˇΠδ`it{akphϕqpxq ´Πδphϕqpxq
ˇ

ˇ ď

$

&

%

Lpakq

aβk
|t|β{2 if |t| ď 1

Lpakq

aβk
|t|3β{2 if |t| ą 1

.
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Similarly, the inequalities

ˇ

ˇ

ˇ
λkδ`it{ak

ˇ

ˇ

ˇ
ď exp

˜

´p1´ βqΓp1´ βq|eΓt|
β k

aβk
Lpakq

L pak{|t|q

Lpakq
p1` op1qq

¸

and

min

ˆ

1

|t|
, |t|

˙β{2

ď
L pak{|t|q

Lpakq

yield

ˇ

ˇ

ˇ
λkδ`it{ak

ˇ

ˇ

ˇ
ď

#

exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

3β{2
˘

if |t| ď 1

exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

β{2
˘

if |t| ą 1.

Finally, for k large enough, the integrand of L2pkq may be bounded from above by
the function

lptq :“

#

|t|β{2 exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

3β{2
˘

if |t| ď 1

|t|3β{2 exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

β{2
˘

if |t| ą 1,

up to a multiplicative constant.

On the other hand, since Πδphϕq “ νpϕqh, we decompose L3pkq into M1pkq `

M2pkq `M3pkq where

M1pkq “
νpϕqpup0q

2π

ż

r´εak,εaksc
eitR{akgβpeΓtqdt,

M2pkq “
νpϕq

2π

ż εak

´εak

eitR{akgβpeΓtq

ˆ

pup0q ´ pu

ˆ

t

ak

˙˙

dt

and

M3pkq “
νpϕq

2π

ż εak

´εak

eitR{ak
´

e´its{akλkδ`it{ak ´ gβpeΓtq
¯

pu

ˆ

t

ak

˙

dt.

The term M1pkq goes to 0 uniformly in x, s, R and K and so does M2pkq,
thanks to the mean value relation applied to pu on r´ε, εs combined with the
Lebesgue dominated convergence theorem. Similarly, the integrand of M3pkq goes
to 0 uniformly in s P supp v, and we bound

ˇ

ˇ

ˇ
e´its{akλkδ`it{ak ´ gβpeΓtq

ˇ

ˇ

ˇ
from

above by kptq :“ exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

3β{2
˘

` |gβpeΓtq| if |t| ď 1 and
by jptq :“ exp

`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

β{2
˘

` |gβpeΓtq| otherwise. This achieves the
proof of Lemma 5.2.3.
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5.2.3. Proof of Proposition A.2. – We now give a control of the non-influential terms
Mk appearing in the proof of Theorem A. Let us fix k P N such that Kak ď R. Once
again, we recall that

MkpR;ϕb u, ψ b vq “

ż

ΛˆR
P̃ k pϕb uq px, s´Rqψ b v px, sq νpdxqds,

where P̃ is given in (21). To show Proposition A.2., it is sufficient to check that
ˇ

ˇ

ˇ
P̃ k pϕb uq px, s´Rq

ˇ

ˇ

ˇ
ď Ck

LpRq

R1`β
||ϕb u||8

uniformly in x P Λ and s P supp v. We write
ˇ

ˇ

ˇ
P̃ k pϕb uq px, s´Rq

ˇ

ˇ

ˇ
ď

1

hpxq

ÿ

γPΓpkq

1Λc
lpγq
pxqe´δbpγ,xq |phϕqpγ ¨ xqups´R` bpγ, xqq|

ĺ ||ϕb u||8
ÿ

γPΓpkq

bpγ,xq
M
„R´s

1Λc
lpγq
pxqe´δbpγ,xq,

where a M
„ b means |a ´ b| ď M and the parameter M satisfies supp u Ă r´M,M s.

This notation also emphasizes that the only γ which really appear in the above sum
are the ones such that bpγ, xq has the same order than R´ s. Therefore we only have
to show that

(39)
ÿ

γPΓpkq

bpγ,xq
M
„R´s

1Λc
lpγq
pxqe´δbpγ,xq ď Ck

LpRq

R1`β
,

where C depends on the support of u. The proof is inspired of that of Theorem 1.6
in [24]. We will need the two following lemmas.

Lemma 5.2.4. – There exists a constant C ą 0 such that for any k ě 1 and x P Λ
ÿ

γPΓpkq

1Λc
lpγq
pxqe´δbpγ,xq ď C.

Proof. – From properties of the function h, we derive
ÿ

γPΓpkq

1Λc
lpγq
pxqe´δbpγ,xq ĺ

ÿ

γPΓpkq

1Λc
lpγq
pxqe´δbpγ,xqhpγ ¨ xq ĺ L

k
δhpxq ď |h|8.

Lemma 5.2.5. – Let ∆ ą 0. There exists a constant C∆ ą 0 such that for any k ě 1,
any x P Λ and ζ P rak{2,8s

ÿ

γ“α1¨¨¨αk
R´∆ďbpγ,xqďR`∆

@i, dpo,αi¨oqďζ

1Λc
lpγq
pxqe´δbpγ,xq ď C∆

e´R{ζ

ak
.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2019



70 CHAPTER 5. THEOREM A: MIXING FOR β P s0, 1r

Proof. – Let f : R ÝÑ R be a positive function whose Fourier transform has compact
support. We write

ÿ

γ“α1¨¨¨αk
R´∆ďbpγ,xqďR`∆

@i, dpo,αi¨oqďζ

1Λc
lpγq
pxqe´δbpγ,xq

ď
e´R{ζ

min
r´∆,∆s

f

ÿ

γ“α1¨¨¨αk
R´∆ďbpγ,xqďR`∆

@i, dpo,αi¨oqďζ

1Λc
lpγq
pxqeR{ζe´δbpγ,xqfpR´ bpγ, xqq.

The inequality R ´∆ ď bpγ, xq ď R `∆ implies that the sum on the right hand
side may be bounded from above by

e∆{ζ
ÿ

γ“α1¨¨¨αk
R´∆ďbpγ,xqďR`∆

@i, dpo,αi¨oqďζ

1Λc
lpγq
pxqe´pδ´1{ζqbpγ,xqfpR´ bpγ, xqq.

Since ζ is large, the quantity e∆{ζ is close to 1. From the Fourier inverse formula,
it follows

ÿ

γ“α1¨¨¨αk
R´∆ďbpγ,xqďR`∆

@i, dpo,αi¨oqďζ

1Λc
lpγq
pxqe´δbpγ,xq ĺ

e´R{ζ

2π

ż

R

eitR
´

L
k
δ´1{ζ`it,ζ1Λ

¯

pxq pfptqdt,

where L δ´1{ζ`it,ζ is defined, for any ϕ P Lip pΛq and x P Λ, by

L δ´1{ζ`it,ζ pϕq pxq “
ÿ

αPA
dpo,α¨oqďζ

1Λc
lpαq

e´pδ´1{ζ`itqbpα,xqϕpα ¨ xq.

It remains to show that the integral
ş

R
eitR

´

L
k
δ´1{ζ`it,ζ1Λ

¯

pxq pfptqdt is ď C{ak.

Let us split it into I1 ` I2 where

I1 :“

ż

r´ε,εsc

eitR
´

L
k
δ´1{ζ`it,ζ1Λ

¯

pxq pf ptq dt

and

I2 :“

ε
ż

´ε

eitR
´

L
k
δ´1{ζ`it,ζ1Λ

¯

pxq pf ptq dt
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for the ε given in Proposition 4.2.11. We may first notice that L δ´1{ζ`it,ζ is a con-
tinuous perturbation of L δ`it for any t P R. Indeed
ˇ

ˇ

ˇ

ˇ L δ´1{ζ`it,ζ ´ L δ`it
ˇ

ˇ

ˇ

ˇ ď
ÿ

αPA
dpo,α¨oqďζ

ˇ

ˇ

ˇ

ˇwδ´1{ζ`itpα, ¨q ´ wδ`itpα, ¨q
ˇ

ˇ

ˇ

ˇ`
ÿ

αPA
dpo,α¨oqąζ

||wδ`itpα, ¨q||

ď
ÿ

αPA
dpo,α¨oqďζ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
1Λc

lpαq
e´pδ`itqbpα,¨q

´

ebpα,¨q{ζ ´ 1
¯
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
` C

Lpζq

ζβ
.

The two inequalities
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
1Λc

lpαq
e´pδ`itqbpα,¨q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ĺ e´δdpo,α¨oq and

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ebpα,¨q{ζ ´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ĺ

1

ζ
p1` dpo, α ¨ oqq edpo,α¨oq{ζ

yield
ˇ

ˇ

ˇ

ˇ L δ´1{ζ`it,ζ ´ L δ`it
ˇ

ˇ

ˇ

ˇ ĺ
Lpζq

ζβ
.

Potter’s lemma thus implies that for k large enough and ζ ě ak{2

(40)
ˇ

ˇ

ˇ

ˇ L δ´1{ζ`it,ζ ´ L δ`it
ˇ

ˇ

ˇ

ˇ ď Ca´βk Lpakq ď
C

k
.

Combining (40) and the fact that ρpδ ` itq ă 1 for |t| P supp pfzr´ε, εs, it follows
that there exists ρ P s0, 1r such that

|I1| ď C

ż

|t|ěε

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
L
k
δ´1{ζ,ζ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pfptqdt ď
C

ak
akρ

k

ż

|t|ěε
pfptqdt ĺ

1

ak
,

since the sequence pakρkq converges to 0.
Moreover, from Proposition 4.2.11 and (40), we deduce that for k large enough and

t close to 0, the operator L δ´1{ζ`it,ζ admits a unique dominant eigenvalue λt,1{ζ close
to 1, isolated in the spectrum of L δ´1{ζ`it,ζ and satisfying |λt,1{ζ ´ λδ`it| ď C{k. To
estimate I2, it is thus sufficient to check that

(41) J :“

ε
ż

´ε

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
L
k
δ`1{ζ`it,ζ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
dt ď

C

ak
.

The integral J may be split into J1 ` J2 where

J1 “

C1{ak
ż

´C1{ak

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
L
k
δ`1{ζ`it,ζ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
dt

and

J2 “

ż

r´ε,εszr´C1{ak,C1{aks

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
L
k
δ`1{ζ`it,ζ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
dt,
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for a constant C1 ą 0, which will be chosen later. For J1, the inequality |λδ`it| ď 1

yields |λt,1{ζ | ď 1` C
k ; hence

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
L
k
δ`1{ζ`it,ζ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď C and J1 is thus bounded from above

by CC1{ak for some C1 ą 0.
From Proposition 4.2.15, we deduce the existence of a constant c ą 0 such that for

any |t| P rC1{ak, εs,

|λt,1{ζ | ď |λt| `
C

k
ď 1´ c|t|βL

ˆ

1

|t|

˙

`
C

k
.

Moreover for k large enough

1

k
„ a´βk L pakq ď C

β{2
1 a´βk L

ˆ

ak
C1

˙

ď
|t|β

C
β{2
1

L

ˆ

1

|t|

˙

.

Therefore, for C1 large enough

|λt,1{ζ | ď 1´ c1|t|βL

ˆ

1

|t|

˙

,

where c1 ą 0; hence

J2 ď C

ε
ż

C1{ak

ˆ

1´ c1tβL

ˆ

1

t

˙˙k

dt ď C

ε
ż

C1{ak

e´kc
1tβLp1{tq dt.

Setting u “ tak, it follows from Remark 4.2.12 that if ε ą 0 is small enough, then
L pak{uq {Lpakq ď max

`

u`β{2, u´β{2
˘

, which yields
ε
ż

C1{ak

e´kc
1tβLp1{tq dt “

1

ak

εak
ż

C1

e´kc
1
|u|β |ak|

´βLpak{uq du

ď
1

ak

εak
ż

C1

e´kc
1
|u|β˘β{2|ak|

´βLpakq du.

One achieves the proof of Lemma 5.2.5 noticing that aβk “ kLpakq so that

J2 ď
C

ak

εak
ż

C1

e´c
1uβ˘β{2 du ď

C

ak

8
ż

C1

e´c
1uβ˘β{2 du.

Let us now deal with the proof of Proposition A.2. For any j P v1, p` qw, we
fix yj P ΛzΛj and we denote by Γpk, jq the set of isometries γ P Γ with symbolic
length |γ| “ k such that lpγq equals j. Let us introduce the following notation.

1. For any t ą 0 and ∆ ą 0, let

A pt,∆q :“ tγ P Γ | t´∆ ď dpo, γ ¨ oq ă t`∆u;
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2. for any l P N˚, c, e P R`˚, let

Qpl, c, eq “
p`q
ÿ

j“1

ÿ

γPΓpl,jq
γPA pc,eq

e´δbpγ,yjq;

3. let Ωrpj1, j2, j3q Ă Γpkq be the set defined for any r P v1, kw and any j1, j2, j3 P
v1, p` qw, j1 ‰ j2 and j2 ‰ j3 by

´ Ω1pj1, j2, j3q :“ tα1 ¨ ¨ ¨αk | α1 P Γ˚j2 , αk P Γ˚j3u;

´ Ωrpj1, j2, j3q :“ tα1 ¨ ¨ ¨αk | αr´1 P Γ˚j1 , αr P Γ˚j2 , αr`1 P Γ˚j3u, if 2 ď r ď k ´ 1;

´ Ωkpj1, j2, j3q :“ tα1 ¨ ¨ ¨αk | αk´1 P Γ˚j1 , αk P Γ˚j2u;

4. if γ “ α1 ¨ ¨ ¨αk P Γpkq, k ě 1, we write γp0q “ γpk`1q “ Id and for any j P v1, kw,
we write γpjq “ α1 ¨ ¨ ¨αj and γpjq “ αj ¨ ¨ ¨αk.

Since Kak ď R, we may write R “ wak for some w ě 1; we introduce the following
truncation level: ζ “ wθak{2 P rak{2, R{2s, for θ P s0, 1r close to 1, which will be
specified in the proof. We use it to split the set

(42) J “ tpα1, . . . , αkq | α1 ¨ ¨ ¨αk admissible, bpγ, xq
M
„ R´ su,

into J “ J1 Y J2 Y J3 Y J4, where

J1 “ tpα1, . . . , αkq P J | Dr, dpo, αr ¨ oq ě
R

2
u;

J2 “ tpα1, . . . , αkq P J | @j, dpo, αj ¨ oq ă
R

2
; Dr ă t, dpo, αr ¨ oq,dpo, αt ¨ oq ě ζu;

J3 “ tpα1, . . . , αkq P J | @j, dpo, αj ¨ oq ă
R

2
; D!r, dpo, αr ¨ oq ě ζu;

J4 “ tpα1, . . . , αkq P J | @j, dpo, αj ¨ oq ă ζu.

We are going to prove that there exists a constant C ą 0 such that for any i P
t1, 2, 3, 4u

Σi :“
ÿ

γ“α1¨¨¨αk
pα1,...,αkqPJi

1Λc
lpγq
pxqe´δbpγ,xq ď Ck

LpRq

R1`β
.

Contribution of Σ1. By definition of J1, if γ “ α1 ¨ ¨ ¨αk with pα1, . . . , αkq P J1, there
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exists r P v1, kw such that dpo, αr ¨oq ě R{2. The cocycle property of bpγ, xq furnishes

Σ1 “

k
ÿ

r“1

ÿ

γ“α1¨¨¨αk

bpγ,xq
M
„R´s

dpo,αr ¨oqěR{2

1Λc
lpγq
pxqe´δbpγpr´1q,γ

prq
¨xqe´δbpαr,γ

pr`1q
¨xqe´δbpγ

pr`1q,xq

“

k
ÿ

r“1

ÿ

j1,j2,j3
j1‰j2,j2‰j3

ÿ

γPΩrpj1,j2,j3q

bpγ,xq
M
„R´s

1Λc
lpγq
pxqe´δbpγpr´1q,γ

prq
¨xqe´δbpαr,γ

pr`1q
¨xqe´δbpγ

pr`1q,xq.

Proposition 4.2.3 implies the existence of D ą 0 such that
$

’

’

&

’

’

%

ˇ

ˇbpγpr´1q, γ
prq ¨ xq ´ bpγpr´1q, yj1q

ˇ

ˇ ď D,
ˇ

ˇbpαr, γ
pr`1q ¨ xq ´ bpαr, yj2q

ˇ

ˇ ď D,
ˇ

ˇbpγpr`1q, xq ´ bpγpr`1q, yj3q
ˇ

ˇ ď D,

for any r P v1, kw, any j1, j2, j3 P v1, p ` qw, j1 ‰ j2, j2 ‰ j3 and γ P Ωrpj1, j2, j3q.
Hence

Σ1 ĺ

k
ÿ

r“1

ÿ

j1,j2,j2
j1‰j2,j2‰j3

ÿ

γPΩrpj1,j2,j3q

bpγ,xq
M
„R´s

1Λc
lpγq
pxqe´δbpγpr´1q,yj1 qe´δbpαr,yj2 qe´δbpγ

pr`1q,yj3 q.

Combining bpγ, xq M„ R´ s with the cocycle property of bpγ, xq, we obtain

bpγpr´1q, γ
prq ¨ xq ` bpαr, γ

pr`1q ¨ xq ` bpγpr`1q, xq
M
„ R´ s,

then

bpγpr´1q, yj1q ` bpαr, yj2q ` bpγ
pr`1q, yj3q

M`3D
„ R´ s.

By Property 4.1.3, the condition dpo, αr ¨ oq ě R{2 yields

bpαr, yj2q ě
R

2
´ C.

Therefore bpγpr´1q, yj1q ` bpγpr`1q, yj3q ď R{2 ´ s ` M ` 3D ` C. Write ∆ “

M ` 3D ` C. Let m,n P N˚ such that bpγpr´1q, yj1q P rpm ´ 1q∆, pm ` 1q∆s and
bpγpr`1q, yj3q P rpn´ 1q∆, pn` 1q∆s for m ď N and n ď N ´m, where

N :“

„

R{2´ s`∆

2∆



` 1.
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Using the previous notation, we may bound Σ1 from above by

k
ÿ

r“1

ÿ

m`nďN

˜

Qpr ´ 1,m∆, 2∆` 2Cq

Qp1, R´ s´ pm` nq∆, 3∆` 2CqQpk ´ r, n∆, 2∆` 2Cq

¸

.

For 0 ď n,m ď N such that n`m ď N , Property 4.1.3 implies

Qp1, R´ s´ pm` nq∆, 3∆` 2Cq “
p`q
ÿ

j2“1

ÿ

αPΓ˚j2
αPA pR´s´pm`nq∆,3∆`2Cq

e´δbpα,yj2 q

ĺ
ÿ

|α|“1
αPA pR´s´pm`nq∆,3∆`2Cq

e´δdpo,α¨oq.

Combining Assumption (S) of the family pHβq and Potter’s lemma, we obtain

Qp1, R´ s´ pm` nq∆, 3∆` 2Cq ď sup
těR{2´s

ÿ

|α|“1
αPA pt,3∆`2Cq

e´δdpo,α¨oq

ĺ sup
těR{2´s

Lptq

t1`β
ĺ
LpRq

R1`β
.

Thus R1`βLpRq´1Σ1 may be bounded up to a multiplicative constant by

k
ÿ

r“1

¨

˝

p`q
ÿ

j1“1

ÿ

γ1PΓpr´1q

1Λc
lpγ1q

pyj1qe
´δbpγ1,yj1 q

˛

‚

¨

˝

p`q
ÿ

j3“1

ÿ

γ2PΓpk´rq

1Λc
lpγ2q

pyj3qe
´δbpγ2,yj3 q

˛

‚

and Lemma 5.2.4 finally gives Σ1 ĺ kR´1´βLpRq.

Contribution of Σ2. If γ “ α1 ¨ ¨ ¨αk with pα1, . . . , αkq P J2, there exist r ă t

in v1, kw such that dpo, αr ¨ oq,dpo, αt ¨ oq ą ζ. We decompose Σ2 as Σ1 according to
the values of r and t, which leads us to the following upper bound for Σ2

ÿ

răt

ÿ

m`n`lďN

˜

Qpr ´ 1,m∆, 2∆` 2CqQp1, R´ ζ ´ s´ pm` n` lq∆, 3∆` 2Cq

Qpr ´ t´ 1, n∆, 2∆` 2CqQpk ´ t, l∆, 2∆` 2Cq
p`q
ÿ

j“1

ÿ

αPΓ˚j
dpo,α¨oqěζ

e´δbpα,yjq

¸

,
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where ∆ “M ` 5D ` 2C and N “

”

R´2ζ´s`∆
2∆

ı

` 1. We write

Qp1, R´ ζ ´ s´ pm` n` lq∆, 3∆` 2Cq “
p`q
ÿ

j2“1

ÿ

αPΓ˚j2
αPA pR´ζ´s´pm`n`lq∆,3∆`2Cq

e´δbpα,yj2 q

ĺ
Lpζq

ζ1`β
.

Assumptions (P2) and (N) combined with Property 4.1.3 imply
p`q
ÿ

j“1

ÿ

αPΓ˚j
dpo,α¨oqěζ

e´δbpα,yjq ĺ
Lpζq

ζβ
.

We bound
ÿ

m`n`lďN

Qpr ´ 1,m∆, 2∆` 2CqQpr ´ t´ 1, n∆, 2∆` 2CqQpk ´ t, l∆, 2∆` 2Cq

from above by C3 using Lemma 5.2.4. Summing over r ă t, we obtain

Σ2 ĺ k2ζ´2β´1Lpζq2.

Since k „ aβk{Lpakq, 2ζ{ak “ wθ and R{ζ “ 2w1´θ, the last inequality may be
reformulated as follows

Σ2 ĺ k
aβk

Lpakq

Lpζq

ζβ
Lpζq

ζβ`1

Rβ`1

LpRq
R´β´1LpRq.

By Potter’s lemma, for ε ą 0, one gets

Lpζq

Lpakq
ď wε and

Lpζq

LpRq
ď wε; therefore Σ2 ĺ k ¨ w´βθ`ε ¨ wp1´θqpβ`1q`εR´β´1LpRq.

If βθ ą p1´ θqpβ ` 1q pi.e., θ ą p1` βq{p1` 2βqq, the power of w may be chosen
negative for ε small enough. Finally Σ2 ĺ kR´1´βLpRq.

Contribution of Σ3. If γ “ α1 ¨ ¨ ¨αk with pα1, . . . , αkq P J3, there exists a unique
integer r P v1, kw such that dpo, αr ¨ oq ą ζ. We deal separately with the cases w ď k

and w ą k.

When w ď k, either r ď k{w or r ě k ` 1´ k{w, or r P rk{w, k ` 1´ k{ws.

a) If r ď k{w or r ě k ` 1´ k{w, we bound

(43)
ÿ

γ“α1¨¨¨αk

bpγ,xq
M
„R´s

dpo,αr ¨oqěR{2

1Λc
lpγq
pxqe´δbpγpr´1q,γ

prq
¨xqe´δbpαr,γ

pr`1q
¨xqe´δbpγ

pr`1q,xq
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from above by

ÿ

m`nďN

˜

Qpr ´ 1,m∆, 2∆` 2CqQp1,R´ s´ pm` nq∆, 3∆` 2Cq

Qpk ´ r, n∆, 2∆` 2Cq

¸

,

where ∆ “ M ` 3D ` C and N “

”

R´ζ´s`∆
2∆

ı

` 1. As for Σ1, for any m,n

such that m` n ď N , we bound Qp1, R´ s´ pm` nq∆, 3∆` 2Cq from above
by Cζ´1´βLpζq. Moreover Lemma 5.2.4 allows us to bound from above the
quantity

ÿ

m`nďN

pQpr ´ 1,m∆, 2∆` 2CqQpk ´ r, n∆, 2∆` 2Cqq .

There are at most 2k{w such terms; their contribution is thus less than

C
k

w
ζ´β´1Lpζq| “ Ckw´1 Lpζq

ζβ`1

Rβ`1

LpRq
R´β´1LpRq

ĺ kw´1wp1´θqpβ`1q`εR´β´1LpRq,

since

Rβ`1

ζβ`1
“ 2β`1wp1´θqpβ`1q and

Lpζq

LpRq
ď max

ˆ

2w1´θ,
1

2
wθ´1

˙ε{p1´θq

“ 2ε{p1´θqwε.

For θ close enough to 1 pi.e., θ ą β{p1` βq hereq, the power of w is negative
and the contribution is finally ĺ kR´β´1LpRq.

b) Assume now that r P rk{w, k ` 1´ k{ws. The condition

R´ s´M ď bpγ, xq ď R´ s`M

and the cocycle property of bpγ, xq both imply

bpγpr´1q, yj1q ` bpαr, yj2q ` bpγ
pr`1q, yj3q

M`3D
„ R´ s

for any r P v1, kw, any pj1, j2, j3q P v1, p ` qw, j1 ‰ j2, j2 ‰ j3 and any γ P

Ωrpj1, j2, j3q. Fix r, j1, j2, j3 and γ P Ωrpj1, j2, j3q as above. From dpo, αr ¨oq ă

R{2, we deduce bpαr, yj2q ă R{2` C, hence

bpγpr´1q, yj1q ` bpγ
pr`1q, yj3q ě

R

2
´ s´M ´ 3D ´ C.

This last upper bound yields

1q bpγpr´1q, yj1q ě
R

4
´
s

2
´
M ` 3D ` C

2
or

2q bpγpr`1q, yj3q ě
R

4
´
s

2
´
M ` 3D ` C

2
.
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We only detail the control of the sum in the case 1); the other case may be
treated similarly. Set ∆ “M ` 3D and let m,n, l P N˚ such that

$

’

’

&

’

’

%

bpγpr´1q, yj1q P rpm´ 1q∆, pm` 1q∆s,

bpαr, yj2q P rpn´ 1q∆, pn` 1q∆s,

bpγpr`1q, yj3q P rpl ´ 1q∆, pl ` 1q∆s,

for m ď N , n ď N ´m and l “ N ´m´n, where N “ rR´ s{∆s` 1. The sum
(43) for r P rk{w, k ` 1´ k{ws may thus be bounded from above by

ÿ

m`n`l“N

ˆ

Qpr ´ 1,m∆, 2∆` 2Cq
p`q
ÿ

j2“1

ÿ

αPA pl∆,3∆`2CqXΓ˚j2
dpo,α¨oqąζ

e´δbpα,yj2 q

Qpk ´ r, n∆, 2∆` 2Cq

˙

,

which is smaller than

p‹q sup
m
pQpr ´ 1,m∆, 2∆` 2Cqq ˆ

ˆ p`q
ÿ

j2“1

ÿ

αPΓ˚j2
dpo,α¨oqąζ

e´δbpα,yj2 q
˙

ˆ

˜

p`q
ÿ

j3“1

ÿ

|γ2|“k´r
1Λc

lpγ2q
pyj3qe

´δbpγ2,yj3 q

¸

,

where the supremum is taken over m P N˚ such that m∆ ě R
4 ´

s
2 ´

3
2 p∆`Cq.

We combined Lemma 5.2.5 and the fact that s lies in a compact subset of R
to control the first factor, Assumptions (P2) and (N) for the second factor and
Lemma 5.2.4 for the third one, which allows us to bound the quantity p‹q from
above by

C
e´R{p4ζq

ar´1
ζ´βLpζq,

where C only depends on the support of ϕ. Using the regular variation of parqr,
we obtain ar{ar´1 ď C for some C ą 0 and the quantity p‹q is bounded from
above, up to a multiplicative constant, by

e´R{p4ζqζ´β
Lpζq

ar
.

Since k{w ď r ď k`1´k{w and paiqi is regularly varying with exponent 1{β,
Potter’s lemma implies ar ě ak{w

1{β`ε; combining with the equalities ak “ R{w

and R{ζ “ 2w1´θ, this yields to an upper bound of the form

Ce´w
1´θ

{2wC
1

R´β´1LpRq

ˆ

with C 1 “
1

β
` p1´ θqp1` βq ` ε

˙

,
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which is smaller than CR´β´1LpRq since θ ă 1. Since the integer r takes at
most k values, the result follows for Σ3.

When k ď w, then r P rk{w, k ` 1´ k{ws and the proof is the same as for the case b).

Contribution of Σ4. By Lemma 5.2.5

Σ4 ď C
e´R{ζ

ak
,

with C e´R{ζ

ak
“ C e´2w1´θ

ak
and kR´β´1LpRq „

aβk
Lpakq

pwakq
´β´1Lpwakq “

w´β´1˘ε

ak
.

This completes the proof for Σ4 and the proof of Proposition A.2.
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CHAPTER 6

THEOREM A: MIXING FOR β “ 1

This section is devoted to the proof of Theorem A when β “ 1. Let Γ be a Schottky
group satisfying the family of assumptions pHβq for β “ 1. The arguments here are
slightly different from the case β P s0, 1r. Indeed, recall that Karamata’s lemma asserts
that L̃ is a slowly varying function, which additionally satisfies

lim
xÝÑ`8

Lpxq

L̃pxq
“ 0,

and the fact that the Bowen-Margulis measure mΓ is infinite implies lim
xÝÑ`8

L̃pxq “

`8. The proofs in this section are inspired by that of Theorem 2.1 of [36] in the case
β “ 1.

The argument of Subsection 5.1 applies verbatim in our setting. Therefore, still
writing MpR;A,Bq “ mΓpA.B ˝ gRq, we have to prove that, as R ÝÑ ˘8,

MpR;ϕb u, ψ b vq „
1

EΓ

mΓpϕb uqmΓpψ b vq

L̃p|R|q
,

where ϕ,ψ : D
0
ÝÑ R are Lipschitz functions on Λ and u, v : R ÝÑ R are continu-

ous functions on R with compact support. The arguments presented in Subsection 5.1
allow us to treat only the case R ÝÑ `8; Lemma 5.1.1 implies in particular, for R
large enough

MpR;ϕb u, ψ b vq “M`pR;ϕb u, ψ b vq

“
ÿ

kě0

ż

ΛˆR
P̃ k pϕb uq px, s´Rqψ b v px, sq νpdxqds.

In the sequel, we will need to consider the integral near 0 of the function t ÞÝÑ

Qδ`it, where Qz “ pId´ L zq
´1 for any z P C with Re pzq ě δ. However, Proposi-

tion 4.2.16 ensures that t ÞÝÑ Qδ`it is not integrable in 0. To overcome this problem,
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we proceed as in the proof of Theorem 6.1 of [18] and introduce a symmetrized version
´

P̃ sym
¯k

pϕb uq px, s´Rq of P̃ k pϕb uq px, s´Rq, defined as follows: for any k ě 1

´

P̃ sym
¯k

pϕb uq px, s´Rq

“
ÿ

γPΓpkq

1Λc
lpγq
pxqe´δbpγ,xq

hϕpγ ¨ xq

hpxq
rups´R` bpγ, xqq ` ups´R´ bpγ, xqqs .

Thus we study the term M sympR;ϕb u, ψ b vq defined by

M sympR;ϕb u, ψ b vq “
ÿ

kě0

ż

ΛˆR

´

P̃ sym
¯k

pϕb uq px, s´Rqψ b v px, sq νpdxqds

with the convention
´

P̃ sym
¯0

pϕb uq “ ϕb u. Since u has compact support, for any
s P supp v and for any k P N, we have as R ÝÑ `8

´

P̃ sym
¯k

pϕb uq px, s´Rq “ P̃ k pϕb uq px, s´Rq.

It is thus sufficient to prove that as R ÝÑ `8

(44) M sympR;ϕb u, ψ b vq „
1

EΓ

mΓpϕb uqmΓpψ b vq

L̃pRq
.

Remark 6.0.1. – If we fix ϕ,ψ (resp. the function v) in the space of Lipschitz
functions (resp. in the space of continuous functions on R with compact support),
statement (44) is equivalent to the weak convergence to mΓpϕ b ‚qmΓpψ b vq{EΓ of
the sequence of measures

´

L̃pRqM sympR;ϕb ‚, ψ b vq
¯

R
. By the argument already

mentioned in the proof of Proposition A.1 (p. 49), it is thus sufficient to prove that
L̃pRqM sympR;ϕ b u, ψ b vq is finite and converges to mΓpϕ b uqmΓpψ b vq{EΓ for
any function u : R ÝÑ R in the set of test functions U .

6.1. Proof of (44)

Let u P U . We first introduce the following quantity: for ξ ą δ, k ě 1, x P Λ and
s P R
´

P̃ sym
ξ

¯k

pϕb uq px, s´Rq

:“
ÿ

γPΓpkq

1Λc
lpγq
pxqe´ξbpγ,xq

hϕpγ ¨ xq

hpxq
pups´R` bpγ, xqq ` ups´R´ bpγ, xqqq .
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Similarly, we set

M sym
ξ pR;ϕb u, ψ b vq :“

ÿ

kě0

ż

ΛˆR

´

P̃ sym
ξ

¯k

pϕb uq px, s´Rqψ b v px, sq νpdxqds

(45)

with the convention
´

P̃ sym
ξ

¯0

pϕb uq “ ϕbu. The convergence of the Poincaré series
of Γ at ξ ą δ yields

M sym
ξ pR;ϕb u, ψ b vq “

ż

ΛˆR

˜

ÿ

kě0

´

P̃ sym
ξ

¯k

pϕb uq px, s´Rq

¸

ψpxqvpsqνpdxqds;

moreover
ÿ

kě0

´

P̃ sym
ξ

¯k

pϕb uq px, s´Rq

“
1

2πhpxq

ÿ

kě0

ż

R
eitpR´sq

´

L
k
ξ`it ` L

k
ξ´it

¯

phϕqpxqpuptqdt

“
1

2πhpxq

ż

R
eitpR´sq

«

ÿ

kě0

´

L
k
ξ`it ` L

k
ξ´it

¯

phϕqpxq

ff

puptqdt

for any x P Λ and s P R, so that the term M sym
ξ pR;ϕb u, ψ b vq equals

ż

ΛˆR

ˆ

1

πhpxq

ż

R
eitpR´sqRe pQξ`itq phϕqpxqpuptqdt

˙

ψpxqvpsqνpdxqds.

To show (44), we have to understand how to relate the quantities M sym
ξ pR;ϕb u,

ψ b vq and M sympR;ϕb u, ψ b vq. This is the purpose of the following proposition.

Proposition 6.1.1. – We have

lim
ξŒδ

M sym
ξ pR;ϕb u, ψ b vq

“

ż

ΛˆR

ˆ

1

πhpxq

ż

R
eitpR´sqRe pQδ`itq phϕqpxqpuptqdt

˙

ψpxqvpsqνpdxqds

“M sympR;ϕb u, ψ b vq.

Proof. – This result relies on the two following remarks:

1) lim
ξŒδ

M sym
ξ pR;ϕb u, ψ b vq exists and is equal to

ż

ΛˆR

ˆ

1

πhpxq

ż

R
eitpR´sqRe pQδ`itq phϕqpxqpuptqdt

˙

vpxqψpsqνpdxqds;

2) this limit also equals M sympR;ϕb u, ψ b vq.
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To prove the first point, it is sufficient to check that

(46)
ż

R
eitpR´sqRe pQξ`itq phϕqpxqpuptqdt ÝÑ

ξŒδ

ż

R
eitpR´sqRe pQδ`itq phϕqpxqpuptqdt

uniformly in x P Λ and s P supp v. We postpone the proof to the next Subsection 6.2.
Let us show how the second assertion follows from the first one. First, assume that the
functions ϕ,ψ, u and v are positive. From (45), the monotone convergence theorem
implies that M sym

ξ pR;ϕ b u, ψ b vq converges to M sympR;ϕ b u, ψ b vq. Combining
the uniqueness of the limit for M sym

ξ pR;ϕbu, ψb vq and Corollary 4.2.17, we deduce
thatM sympR;ϕbu, ψbvq is finite for any positive ϕ,ψ, u and v. We use the Lebesgue
dominated convergence theorem to prove that it is also the case for arbitrary functions
ϕ,ψ, u and v: indeed, we bound

ż

ΛˆR

´

P̃ sym
ξ

¯k

pϕb uqpx, s´Rqψ b vpx, sqνpdxqds

from above by

(47)
ż

ΛˆR

´

P̃ sym
¯k

p|ϕ| b |u|qpx, s´Rq|ψ| b |v|px, sqνpdxqds,

and notice that |u| P U , it follows from the finiteness of M sympR; |ϕ| b |u|, |ψ| b |v|q

that the sum of the family of terms (47) does exist.

To complete the proof of (44), it is thus sufficient to show the following proposition.

Proposition 6.1.2. – Uniformly in x P Λ and s P supp v, as R ÝÑ `8

I :“
1

πhpxq

ż

R
eitpR´sqRe pQδ`itq phϕqpxqpuptqdt „

mΓpϕb uq

EΓL̃pRq
.

Proof. – Let A ą 0. We split I into I1 ` I2 where

I1 “
1

πhpxq

ż

|t|ąA{pR´sq

eitpR´sqRe pQδ`itq phϕqpxqpuptqdt

and
I2 “

1

πhpxq

ż

|t|ďA{pR´sq

eitpR´sqRe pQδ`itq phϕqpxqpuptqdt.

We first deal with I1. We decompose this integral according the sign of t; we only
give the arguments for

J “
1

πhpxq

ż

tąA{pR´sq

eitpR´sqRe pQδ`itq phϕqpxqpuptqdt.

Setting t “ y ´ π{pR´ sq in J , we may write

J “ ´
1

πhpxq

ż

yąpA`πq{pR´sq

eiypR´sqRe
`

Qδ`ipy´π{pR´sqq
˘

phϕqpxqpu

ˆ

y ´
π

R´ s

˙

dy,
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hence

2J “
1

πhpxq

ż pA`πq{pR´sq

A{pR´sq

eitpR´sqRe pQδ`itq phϕqpxqpuptqdt

`
1

πhpxq

ż

tąpA`πq{pR´sq

eitpR´sqRe
`

Qδ`ipt´π{pR´sqq
˘

phϕqpxq

ˆ

puptq ´ pu

ˆ

t´
π

R´ s

˙˙

dt

`
1

πhpxq

ż

tąpA`πq{pR´sq

eitpR´sq
`

Re pQδ`itq ´ Re
`

Qδ`ipt´π{pR´sqq
˘˘

phϕqpxqpuptqdt

“: K1 `K2 `K3.

Let us first deal with K1. By Corollary 4.2.17, for any t close to 0

|Re pQδ`itq phϕqpxq| ĺ
L p1{|t|q

|t|L̃ p1{|t|q
2 ;

therefore

|K1| ĺ

ż pA`πq{pR´sq

A{pR´sq

L p1{tq

tL̃ p1{tq
2 dt

ĺ
1

L̃pRq

LpRq

L̃pRq

ż A`π

A

1

t

L ppR´ sq{tq

LpRq

L̃pRq2

L̃ ppR´ sq{tq
2 dt.

Potter’s lemma combined with the fact that s belongs to a compact subset of R
thus implies

|K1| ĺ
1

L̃pRq

LpRq

L̃pRq

ż A`π

A

dt

t1{4
ĺ

1

L̃pRq

LpRq

L̃pRq
pA` πq

3{4
.(48)

Similarly

(49) |K2| ĺ
1

L̃pRq

LpRq

L̃pRq
.

Concerning |K3|, we get

|K3| ď
1

πhpxq

ż

tąpA`πq{pR´sq

||Qδ`it||
ˇ

ˇ

ˇ

ˇQδ`ipt´π{pR´sqq
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ L δ`it ´ L δ`ipt´π{pR´sqq
ˇ

ˇ

ˇ

ˇ |puptq|dt.

There exists M ą 0 such that the support of u is included in r´M,M s; we thus
deduce from Propositions 4.2.9 and 4.2.16 that

|K3| ĺ
L̃ ppR´ sq{πq

R´ s

ż M

pA`πq{pR´sq

1

tL̃ p1{tq
pt´ π{pR´ sqq

´1
L̃

ˆ

1

t´ π{pR´ sq

˙´1

dt

ĺ
L̃pRq

R

ż M´π{pR´sq

A{pR´sq

1

tL̃ p1{tq
pt` π{pR´ sqq

´1
L̃

ˆ

1

t` π{pR´ sq

˙´1

dt.
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Noticing that 1
t “

R´s
tpR´sq , Potter’s lemma implies that as R ÝÑ `8

L̃

ˆ

1

t

˙

ĺ L̃

ˆ

1

t` π{pR´ sq

˙

,

hence

|K3| ĺ
L̃pRq

R

ż M

A{R

1

t2L̃ p1{tq
2 dt ĺ L̃pRq

ż RM

A

1

t2L̃ pR{tq
2 dt

ĺ
1

L̃pRq

ż RM

A

L̃pRq2

t2L̃ pR{tq
2 dt ĺ

1

L̃pRq

ż RM

A

1

t3{2
dt,

which yields

(50) |K3| ĺ
1

L̃pRq

1
?
A
.

Combining (48), (49) and (50), we deduce lim
AÝÑ`8

lim
RÝÑ`8

L̃pRq|J | “ 0 uniformly

in x P Λ and s P supp v. Therefore

(51) lim
AÝÑ`8

lim
RÝÑ`8

L̃pRq|I1| “ 0

uniformly in x P Λ and s P supp v. We now explain why the contribution of I2 is
dominant. We write

I2 “
1

πhpxq

ż

|t|ďA{pR´sq

eitpR´sq
”

Re pQδ`itq ´ Re
´

p1´ λδ`itq
´1

¯

Πδ

ı

phϕqpxqpuptqdt

`
1

πhpxq

ż

|t|ďA{pR´sq

eitpR´sq
”

Re
´

p1´ λδ`itq
´1

¯

Πδ

ı

phϕqpxqpuptqdt

“: K1 `K2.

It follows from Proposition 4.2.16 that |K1| ď 2A{R for R large enough. We split
K2 into L1 ` L2 where

L1 “
1

πhpxq

ż

|t|ďA{pR´sq

´

eitpR´sq ´ 1
¯ ”

Re
´

p1´ λδ`itq
´1

¯

Πδ

ı

phϕqpxqpuptqdt

and

L2 “
1

πhpxq

ż

|t|ďA{pR´sq

”

Re
´

p1´ λδ`itq
´1

¯

Πδ

ı

phϕqpxqpuptqdt.

The equality Πδphϕqpxq “ σophϕqhpxq “ νpϕqhpxq yields

L1 “
νpϕq

π

ż

|t|ďA{pR´sq

´

eitpR´sq ´ 1
¯

Re
´

p1´ λδ`itq
´1

¯

puptqdt.
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and the local expansion of Re
´

p1´ λδ`itq
´1

¯

given in (4.2.15) thus implies

L̃pRqL1 “ L̃pRq
νpϕq

EΓ

ż

|y|ďA

peiy ´ 1q

y

L ppR´ sq{yq

L̃ ppR´ sq{yq
2 pu

ˆ

y

R´ s

˙

dy

„
νpϕq

EΓ

LpR´ sq

L̃pR´ sq

ż

|y|ďA

peiy ´ 1q

y

L ppR´ sq{yq

LpR´ sq

L̃pR´ sq2

L̃ ppR´ sq{yq
2 pu

ˆ

y

R´ s

˙

dy,

ĺ A
LpRq

L̃pRq
.

It remains now to deal with L2; we decompose it according the sign of t. We only
give the arguments for t ą 0, i.e., we control

M “
1

πhpxq

ż A{pR´sq

0

”

Re
´

p1´ λδ`itq
´1

¯

Πδ

ı

phϕqpxqpuptqdt.

We follow [36] and denote by H the function defined as follows:

Re
`

p1´ λδ`itq
´1

˘

“
π

2

1

EΓ

L p1{tq

tL̃2 p1{tq
p1`Hptqq,

where Hptq “ op1q when t is close to 0. We obtain

M “
νpϕq

π

ż A{pR´sq

0

Re
`

p1´ λδ`itq
´1

˘

puptqdt

“
νpϕq

2EΓ

ż A{pR´sq

0

L p1{tq

tL̃2 p1{tq
puptqdt`

νpϕq

2EΓ

ż A{pR´sq

0

L p1{tq

tL̃2 p1{tq
Hptqpuptqdt

“
νpϕq

2EΓ

ż A{pR´sq

0

L p1{tq

tL̃2 p1{tq
puptqdt`O

˜

sup
0ďtďA{pR´sq

|Hptq|

ż A{pR´sq

0

L p1{tq

tL̃2 p1{tq
dt

¸

.

Setting y “ 1{t, it follows from an integration by parts that
ż A{pR´sq

0

L p1{tq

tL̃2 p1{tq
puptqdt “

pu pA{pR´ sqq

L̃ ppR´ sq{Aq
`

ż `8

pR´sq{A

pu1
ˆ

1

y

˙

L̃pyq´1 dy

y2
.

Using the properties of slowly varying functions, we deduce that the second term
of the right hand side is negligible with respect to the first term as R ÝÑ `8. The
regularity of pu yields

lim
RÝÑ`8

pu

ˆ

A

R´ s

˙

“ pup0q

uniformly in s P supp v. Finally

L̃pRqM „
RÝÑ`8

νpϕqpup0q

2EΓ
;

hence
L̃pRqL2 „

RÝÑ`8

1

EΓ
mΓpϕb uq.
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Combining this result with (51), we finally obtain

lim
RÝÑ`8

L̃pRq

πhpxq

ż

R
eitpR´sqRe pQδ`itq phϕqpxqpuptqdt “

mΓpϕb uq

EΓ

uniformly in x P Λ and s P supp v. This completes the proof of Proposition 6.1.2.

6.2. Proof of Proposition 6.1.1

We follow the steps of Section 6 of [36]. To show the convergence, we use the local
expansion of p1´λξ`itq´1 near 0 to bound the function t ÞÝÑ Re pQξ`itq phϕqpxq from
above by an integrable function. Let us write ξ “ δ ` κ where κ ą 0.

Proposition 6.2.1. – There exist finite measures νj on R` with masses Pj, j P v1, pw
such that

1´ λδ`κ`it “
p
ÿ

j“1

Pj
“`

κICj ` tISj
˘

´ i
`

κISj ´ tICj
˘‰

` o

ˆ

|t|L̃

ˆ

1

|t|

˙

` κL̃

ˆ

1

κ

˙˙

,

where, for any j P v1, pw, ISj and ICj are defined as in Proposition 3.2.4 by

ISj “

ż `8

0

e´κy sinptyq p1´ νjpr0, ysqq dy

and

ICj “

ż `8

0

e´κu cosptyq p1´ νjpr0, ysqq dy.

Proof. – The steps are the same as for the local expansion of λδ`it (in 4.2.15). For
z “ δ ` κ` it, we write

λz “ σop L zhzq “ σop L zhq ` σo pp L z ´ L δqphz ´ hqq .

By Proposition 4.2.9, the contribution of the second term is ĺ

´

κL̃
`

1
κ

˘

` |t|L̃
´

1
|t|

¯¯2

.
The first term may be decomposed as

σop L δ`κ`ithq “ 1` σop L δ`κ`ithq ´ 1 “ 1` σop L δ`κ`ithq ´ σop L δhq

“ 1`
p`q
ÿ

j“1

Sj ,

where
Sj :“

ÿ

αPΓ˚j

ż

ΛzΛj

hpα ¨ xqe´δbpα,xqpe´pit`κqbpα,xq ´ 1qdσopxq.

Using the notation of Proposition 4.2.14, we obtain

Sj “

ż

ΛzΛj

Mjpxq
´

xµxj p´t` iκq ´ 1
¯

dσopxq
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and we deduce from Proposition 3.2.3 that the contribution of this quantity is
o
´

κL̃
`

1
κ

˘

¯

` o
´

|t|L̃
´

1
|t|

¯¯

for j P vp` 1, p` qw.

Let j P v1, pw and xj be the fixed point of the elementary parabolic group Γj and set
∆αpxq :“ bpα, xq´dpo, α ¨oq for any α P Γ˚j and x P ΛzΛj . The sequence p∆αpxqqαPΓj
converges to ´2 px|xjqo as dpo, α ¨ oq ÝÑ `8, uniformly in x R Λj . We thus split Sj
into Sj1 ` Sj2 where

Sj1 :“
ÿ

αPΓ˚j

e´δdpo,α¨oq
ż

ΛzΛj

hpα ¨ xqe´δ∆αpxq
´

e´pit`κqbpα,xq ´ e´pit`κqdpo,α¨oq
¯

dσopxq

and

Sj2 :“
ÿ

αPΓ˚j

e´δdpo,α¨oq
´

e´pit`κqdpo,α¨oq ´ 1
¯

ż

ΛzΛj

hpα ¨ xqe´δ∆αpxq dσopxq.

Hence

|Sj1| ď CeδCp|t| ` κq
ÿ

αPΓ˚j

e´δdpo,α¨oq “ Op|t| ` κq “ o

ˆ

|t|L̃

ˆ

1

|t|

˙

` κL̃

ˆ

1

κ

˙˙

,

since lim
xÝÑ`8

L̃pxq “ `8. We now decomposed Sj2 as Sj2 “ Pj pνjp´t` iκq´Pj where

νj “
1

Pj

ÿ

αPΓj

e´δdpo,α¨oq

˜

ż

ΛzΛj

hpα ¨ xqe´δ∆αpxq dσopxq

¸

Ddpo,α¨oq.

The normalizing coefficient Pj is given by

Pj “
ÿ

αPΓj

e´δdpo,α¨oq

˜

ż

ΛzΛj

hpα ¨ xqe´δ∆αpxq dσopxq

¸

.

It is finite by Assumption (P1) and Property 4.1.3 implies |∆αpxq| ď C uniformly
in x R Λj . In addition, these measures satisfy

1´ νjpr0, T sq “
1

Pj

ÿ

α | dpo,α¨oqąT

e´δdpo,α¨oq

˜

ż

ΛzΛj

hpα ¨ xqe´δ∆αpxq dσopxq

¸

„
C j
Pj

LpT q

T β
,

(52)

as T ÝÑ `8, with

C j “ lim
αÝÑ`8

ż

ΛzΛj

hpα ¨ xqe´δ∆αpxqσopdxq “ hpxaj q

ż

ΛzΛj

dσopxq

dopx, xaj q
2δ{a

.
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Therefore
Sj2
Pj

“

ż `8

0

´

eip´t`iκqy ´ 1
¯

dνjpyq

“ ´pκ` itq

ż `8

0

eip´t`iκqyp1´ νjr0, ysqdy

“ p´κICj ´ tISjq ` i pκISj ´ tICjq ,

where

ICj “

ż `8

0

e´κy cosptyqp1´ νjr0, ysqdy

and

ISj “

ż `8

0

e´κy sinptyqp1´ νjr0, ysqdy.

Finally

1´ λδ`κ`it “
p
ÿ

j“1

Pj rpκICj ` tISjq ´ i pκISj ´ tICjqs ` o

ˆ

|t|L̃

ˆ

1

|t|

˙

` κL̃

ˆ

1

κ

˙˙

.

As a consequence of Propositions 3.2.4 and 6.2.1, we may state the following propo-
sition.

Proposition 6.2.2. – Let κ ą 0 and ε ą 0 be as in Proposition 4.2.11. For any
t P R such that max pκ, |t|q ă ε, the dominant eigenvalue λδ`κ`it satisfies

1q |1´ λδ`κ`it|
´1

ĺ |Re p1´ λδ`κ`itq|
´1

ĺ
1

řp
j“1 C j

1

κL̃ p1{κq
when |t| ď κ;

2q |1´ λδ`κ`it|
´1

ĺ
1

řp
j“1 C j

1

pκ` |t|qL̃ p1{|t|q
when |t| ą κ;

3q
ˇ

ˇ

ˇ
Re

´

p1´ λδ`κ`itq
´1

¯
ˇ

ˇ

ˇ
ĺ

1
řp
j“1 C j

˜

κ

pκ2 ` |t|2qL̃ p1{|t|q
`

|t|L p1{|t|q

pκ2 ` |t|2qL̃ p1{|t|q
2

¸

when |t| ą κ.

Proof. – From Proposition 6.2.1, we deduce

Re p1´ λδ`κ`itq “
p
ÿ

j“1

Pj
“

κICj ` tISj
‰

` o

ˆ

|t|L̃

ˆ

1

|t|

˙˙

` o

ˆ

κL̃

ˆ

1

κ

˙˙

and

Im pλδ`κ`itq “ ´Im p1´ λδ`κ`itq “
p
ÿ

j“1

Pj
“

κISj ´ tICj
‰

` o

ˆ

|t|L̃

ˆ

1

|t|

˙˙

` o

ˆ

κL̃

ˆ

1

κ

˙˙

.
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1) Combining (52) and assertions i) and iii) of Proposition 3.2.4, we obtain

Re p1´ λδ`κ`itq „
p
ÿ

j“1

C j

„

κL̃

ˆ

1

κ

˙

p1` op1qq ` κO

ˆ

|t|

κ
L

ˆ

1

κ

˙˙

` tISj



.

Since |t| ď κ, it follows that

κ
|t|

κ
L

ˆ

1

κ

˙

“ o

ˆ

κL̃

ˆ

1

κ

˙˙

,

and Karamata’s lemma yields

ˇ

ˇISj
ˇ

ˇ ĺ
|t|2

κ
L

ˆ

1

κ

˙

ĺ κL

ˆ

1

κ

˙

“ o

ˆ

κL̃

ˆ

1

κ

˙˙

,

hence

Re p1´ λδ`κ`itq „

˜

p
ÿ

j“1

C j

¸

κL̃

ˆ

1

κ

˙

as t ÝÑ 0.

The first assertion follows.
2) We use properties ii) and iv) of Proposition 3.2.4. In this case

Re p1´ λδ`κ`itq „
p
ÿ

j“1

C j

„

κL̃

ˆ

1

|t|

˙

p1` op1qq ` κO

ˆ

κ

|t|
L

ˆ

1

|t|

˙˙

` tISj



.

The inequalities

ˇ

ˇtISj
ˇ

ˇ ĺ |t|L

ˆ

1

|t|

˙

“ O

ˆ

|t|L

ˆ

1

|t|

˙˙

and
κ2

|t|
L

ˆ

1

|t|

˙

ď |t|L

ˆ

1

|t|

˙

“ O

ˆ

|t|L

ˆ

1

|t|

˙˙

,

imply that, as t ÝÑ 0

(53) Re p1´ λδ`κ`itq „

˜

p
ÿ

j“1

C j

¸

ˆ

κL̃

ˆ

1

|t|

˙

`O

ˆ

|t|L

ˆ

1

|t|

˙˙˙

.

Similarly

Im pλδ`κ`itq “
p
ÿ

j“1

C j

„

´tL̃

ˆ

1

|t|

˙

p1` op1qq ´ tO

ˆ

κ

|t|
L

ˆ

1

|t|

˙˙

` κISj



and Karamata’s lemma implies

(54) Im pλδ`κ`itq „ ´

˜

p
ÿ

j“1

C j

¸

tL̃

ˆ

1

|t|

˙

.
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Since |1´ λδ`κ`it| ě 1
2 p|Re p1´ λδ`κ`itq| ` |Im p1´ λδ`κ`itq|q, the esti-

mates (53) and (54) combined with Karamata’s lemma furnish

|1´ λδ`κ`it| ľ

˜

p
ÿ

j“1

C j

¸

pκ` |t|q L̃

ˆ

1

|t|

˙

.

The second assertion follows.
3) It is sufficient to notice that

Re
´

p1´ λδ`κ`itq
´1

¯

“
Re p1´ λδ`κ`itq

|1´ λδ`κ`it|
2

and to use (53) combined with 2q.

The previous proposition leads us to the following property.

Proposition 6.2.3. – There exists κ0 ą 0 such that for any 0 ă κ ă κ0 and any
compact subset K of R, the function t ÞÝÑ Re pQδ`κ`itq phϕqpxq is bounded by bκptq
defined by

bκ : t ÞÝÑ
κL̃ p1{κq

κ` |t|
`

1

κL̃ p1{κq
1|t|ďκ `

κ

pκ2 ` t2qL̃ p1{|t|q
`

L p1{|t|q

|t|L̃ p1{|t|q
2 ,

uniformly in x P Λ and t P K.

Proof. – Let κ P r0, 1s and t P R such that max pκ, |t|q ă ε, where ε is given in
Proposition 4.2.11. Using the arguments presented in the proof of Proposition 4.2.16,
we obtain

(55) Qδ`κ`it “ p1´ λδ`κ`itq
´1

Πδ ` p1´ λδ`κ`itq
´1
pΠδ`κ`it ´Πδq `Op1q.

By assertions 1) and 3) of the previous proposition, we deduce

Re
´

p1´ λδ`κ`itq
´1

¯

ď

ˇ

ˇ

ˇ
Re

´

p1´ λδ`κ`itq
´1

¯
ˇ

ˇ

ˇ
1|t|ąκ `

ˇ

ˇ

ˇ
Re

´

p1´ λδ`κ`itq
´1

¯
ˇ

ˇ

ˇ
1|t|ďκ

ĺ

«

κ

pκ2 ` |t|2qL̃ p1{|t|q
`

|t|L̃ p1{|t|q

pκ2 ` |t|2qL̃ p1{|t|q
2

ff

1sκ,εsp|t|q

`
1

κL̃ p1{κq
1|t|ďκ

ĺ
κ

pκ2 ` |t|2qL̃ p1{|t|q
`

L̃ p1{|t|q

|t|L̃ p1{|t|q
2 `

1

κL̃ p1{κq
1|t|ďκ.

The functions t ÞÝÑ Πδ`it and κ ÞÝÑ Πδ`κ`it inherit the regularity of the functions
t ÞÝÑ L δ`it and κ ÞÝÑ L δ`κ`it, therefore Proposition 6.2.2 combined with Potter’s
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lemma yields to the following estimate of the second term in (55)
ˇ

ˇ

ˇ

ˇ

p1´ λδ`κ`itq
´1
pΠδ`κ`it ´Πδq

ˇ

ˇ

ˇ

ˇ

ĺ

ˆ

1

κL̃ p1{κq
1|t|ďκ `

1

pκ` |t|qL̃ p1{|t|q
1sκ,εsp|t|q

˙ˆ

κL̃

ˆ

1

κ

˙

` |t|L̃

ˆ

1

|t|

˙˙

ĺ 1`
1

κL̃ p1{κq
1|t|ďκ `

κL̃ p1{κq

κ` |t|

ĺ
1

κL̃ p1{κq
1|t|ďκ `

κL̃ p1{κq

κ` |t|

since 1 “ o
´

1
κL̃p1{κq

¯

as κŒ 0.

We now end the proof of (46). For any x P Λ and t ‰ 0, the sequence
pRe pQδ`κ`itq phϕqpxqqκą0 tends to Re pQδ`itq phϕqpxq as κ Œ 0. Moreover, the
previous proposition implies that for any κ Œ 0 and any t in the compact support
of pϕ

|Re pQδ`κ`itq phϕqpxq| ď hκptq `
L p1{|t|q

|t|L̃ p1{|t|q
2 ,

where

(56) hκptq “
κL̃ p1{κq

κ` |t|
`

1

κL̃ p1{κq
1|t|ďκ

`
κ

pκ2 ` t2qL̃ p1{|t|q
.

Corollary 4.2.17 implies that the function t ÞÝÑ
Lp1{|t|q

|t|L̃p1{|t|q2
is integrable on

any compact. Since the support of pϕ is compact, it is sufficient to prove that
lim
κŒ0

şM

´M
hκptqpϕptqdt “ 0 for any M ą 0. We write, on the one hand,

ż M

´M

κL̃ p1{κq

κ` |t|
dt ĺ κL̃

ˆ

1

κ

˙
ż M

0

dt

κ` t

ĺ κL̃

ˆ

1

κ

˙

plnpκ`Mq ´ lnpκqq ,

which goes to 0 as κŒ 0. On the other hand,
ż M

´M

1

κL̃ p1{κq
1r0,κsp|t|qdt ĺ

1

κL̃ p1{κq

ż κ

0

dt

ĺ
1

L̃ p1{κq
,
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which goes to 0 as κ Œ 0. The control of the integral of the last term of (56) relies
on the following trick used in [36]. Let A P r0,M s; we may write

ż M

´M

κ

pκ2 ` |t|2qL̃ p1{|t|q
dt ĺ

ż M

0

κ

pκ2 ` t2qL̃ p1{tq
dt

ĺ

ż A

0

κ

pκ2 ` t2qL̃ p1{tq
dt`

ż M

A

κ

pκ2 ` t2qL̃ p1{tq
dt

ĺ
A

κL̃
`

1
A

˘ `
κ

A
.

We may choose A “ Apκq such that κ “ A?
L̃p1{Aq

. From properties of slowly varying

functions, we deduce that Apκq ÝÑ 0 as κ ÝÑ 0. For such A, we get
ż M

´M

κ

pκ2 ` |t|2qL̃ p1{|t|q
dt ĺ

1
b

L̃ p1{Aq
ÝÑ
κŒ0

0.
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CHAPTER 7

THEOREM B: CLOSED GEODESICS FOR β P s0, 1r

In this section, we will assume β P s0, 1r and we will establish an asymptotic lower
bound for the number of closed geodesics of X{Γ with length ď R. Let G denote the
set of all closed geodesics of X{Γ and set NG pRq :“ #t℘ P G | `p℘q ď Ru. A closed
geodesic in X{Γ is the projection to X{Γ of the axis of an hyperbolic isometry γ P Γ.
The contribution of geodesics with length ď R associated to powers of generators of
some subgroup Γj , p`1 ď j ď p`q is polynomial in R and thus negligible with respect
to eδR{R. Therefore, in the sequel, we will only consider the hyperbolic isometries γ
of Γ with symbolic length ě 2. Up to a conjugacy, we may assume that ipγq ‰ lpγq.
Let ÑG pRq denote the number of closed geodesics ℘ with length ď R for which the
associated isometry γ℘ is hyperbolic and has symbolic length ě 2. Theorem B may
be reformulated as follows.

Theorem B. – Let Γ be a Schottky group satisfying the assumptions pHβq for some
β P s0, 1r. The number of closed geodesics in X{Γ with length ď R satisfies

lim inf
RÝÑ`8

δR

βeδR
ÑG pRq ě 1.

7.1. Proof of Theorem B

The coding of the geodesic flow given in Chapter 4 allows us to write ÑG pRq as

ÑG pRq “
ÿ

℘PG , |γ℘|ě2

1`p℘qďR “
ÿ

kě2

1

k

ÿ

Tkx“x

1r0,RspSkrpxqq.

Following [33] and [15], the idea is to approximate ÑG pRq by quantities of the form
ÿ

kě2

1

k

ÿ

Tky“x

1r0,RspSkrpyqq

for suitable points x. Any point x P Λ0 may be obtained as a limit lim
kÝÑ`8

α1 ¨ ¨ ¨αk ¨x0

for a unique A -admissible sequence pαkqkě1. We will call α1, . . . , αk the “first k letters
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of x”. For all γ P Γ, denote by Λ0
γ “ γ¨

´

Λ0zΛ0
lpγq

¯

and fix a point xγ P Λ0
γ . For technical

reasons, we assume that each point xγ is non-periodic. We may also notice that for
any n ě 1, the family

`

Λ0
γ

˘

γPΓpnq
is a partition of Λ0: the larger n is, the finer is

this partition. Fix n P N, γ P Γpnq and a point y P Λ0
γ such that Tky “ xγ for some

k ě 2. There exists a unique k-periodic point x P Λ0
γ such that the points x and y

have the same k first letters. From the assumptions on y, we deduce that these two
points have in fact the same k ` n letters. Thus there exist a finite A -admissible
sequence pα1, . . . , αk`nq and points x1, y1 P ΛzΛ0

lpαk`nq
such that x “ α1 ¨ ¨ ¨αk`n ¨ x

1

and y “ α1 ¨ ¨ ¨αk`n ¨ y
1 and we get

|Skrpyq ´ Skrpxq| ď |rpyq ´ rpxq| ` ¨ ¨ ¨ `
ˇ

ˇrpTk´1yq ´ rpTk´1xq
ˇ

ˇ

ď
ˇ

ˇbpα1 ¨ ¨ ¨αk`n, y
1q ´ bpα1 ¨ ¨ ¨αk`n, x

1q
ˇ

ˇ` ¨ ¨ ¨

`
ˇ

ˇbpαk ¨ ¨ ¨αk`n, y
1q ´ bpαk ¨ ¨ ¨αk`n, x

1q
ˇ

ˇ

ĺ rk`n ` ¨ ¨ ¨ ` rn`1 ĺ
rn`1

1´ r
“: εn,

for r P s0, 1r given in Corollary 4.1.5. It follows that

(57)
ÿ

γPΓpnq

ÿ

kě2

1

k

ÿ

Tky“xγ

1Λγ pyq1r0,R´εnspSkrpyqq ď ÑG pRq.

Theorem B will thus be a consequence of the following proposition.

Proposition 7.1.1. – For any function ϕ P Lip pΛq and uniformly in x P Λ0, we
have as R ÝÑ `8

ÿ

kě2

1

k

ÿ

Tky“x

ϕpyq1r0,RspSkrpyqq „ βσo pϕqhpxq
eδR

δR
.

Proof. – The quantity N pϕ, x,Rq :“
ř

kě2 k
´1

ř

Tky“x ϕpyq1r0,Rs pSkrpyqq may be
written as

N pϕ, x,Rq “
ÿ

kě2

1

k

ÿ

Tky“x

ϕpyqe´δSkrpyquR pSkrpyqq ,

where uRptq “ eδt1r0,Rsptq. Let us fix η ą 0 and set P “
”

R
η

ı

. From

P´1
ÿ

p“0

eδηp1rηp,ηpp`1qrptq ď uRptq,

we deduce
P´1
ÿ

p“0

eδηp
ÿ

kě2

1

k

ÿ

Tky“x

ϕpyqe´δSkrpyq1r0,ηr pSkrpyq ´ ηpq ď N pϕ, x,Rq .
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Let us first state the following proposition, whose proof is postponed to Subsec-
tion 7.2.

Proposition 7.1.2. – For any functions ϕ P Lip pΛq and u : R ÝÑ R with compact
support, one has

lim
pÝÑ`8

sup
xPΛ0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p
ÿ

kě2

1

k

ÿ

Tky“x

ϕpyqe´δSkrpyqu pSkrpyq ´ ηpq ´ βσo pϕqhpxq
pup0q

η

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0.

We also need the following lemma (see Lemma 3.2.1 p.136 in [15]).

Lemma 7.1.3. – Let pVppxqqpě0 a sequence of positive functions defined on a compact
set K and pvpqpě0 a divergent positive series. If limpÝÑ`8 supxPK

ˇ

ˇ

ˇ

Vppxq
vp

´ 1
ˇ

ˇ

ˇ
“ 0,

then

lim
NÝÑ`8

sup
xPK

ˇ

ˇ

ˇ

ˇ

ˇ

řN
p“0 Vppxq
řN
p“0 vp

´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0.

Proposition 7.1.2 and Lemma 7.1.3 imply that, as P ÝÑ `8

P
ÿ

p“1

eδηp
ÿ

kě2

1

k

ÿ

Tky“x

ϕpyqe´δSkrpyq1r0,ηr pSkrpyq ´ ηpq „

˜

P
ÿ

p“1

eδηp

p

¸

βσo pϕqhpxq

uniformly in x P Λ0. Since
řP
p“1

eδηp

p „ eδηP

δηP and η is arbitrary chosen, we obtain
as R ÝÑ `8

N pϕ, x,Rq „ βσo pϕqhpxq
eδR

δR
uniformly in x P Λ0.

Theorem B is a direct consequence of Proposition 7.1.1; combining (57) and Fatou’s
lemma yields

e´δεn
ÿ

γPΓpnq

σo

`

1Λγ

˘

hpxγq ď lim inf
RÝÑ`8

δR

βeδR
ÑG pRq.

Theorem B follows by noticing that

lim
nÝÑ`8

e´δεn
ÿ

γPΓpnq

σo

`

1Λγ

˘

hpxγq “

ż

Λ0

hpxqdσopxq “ 1.

Remark 7.1.4. – We may also have an upper bound of ÑG pRq of the form
ÿ

γPΓpnq

ÿ

kě2

1

k

ÿ

Tky“xγ

1Λγ pyq1r0,R`εnspSkrpyqq

similar to the lower bound in (57). Unfortunately, we do not find a domination by an
integrable function in order to use Proposition 7.1.1.
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7.2. Proposition 7.1.2

The proof is inspired from that of Theorem 1.4 of [24]. Let us consider a sequence
pakqkě1 of non-negative real numbers such that aβk “ kLpakq, where L is the slowly
varying function given in assumptions pHβq. Let ϕ P Lip pΛq and u : R ÝÑ R a
function with compact support. For any k ě 1, let us denote

Zk pϕ, u, x, pq “
ÿ

Tky“x

ϕpyqe´δSkrpyqu pSkrpyq ´ ηpq .

We first admit the two following propositions.

Proposition B.1. – Let ϕ P Lip pΛq and u : R ÝÑ R continuous with compact
support. For all η ą 0, uniformly in K ě 2, p P r0,Kaks and x P Λ0, as k ÝÑ `8

Zk pϕ, u, x, pq “
1

eΓak

ˆ

Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxqpup0q ` okp1q

˙

,

where Ψβ stands for the density of the fully asymmetric stable law with parameter β
and eΓ equals to E1{β

Γ .

Proposition B.2. – Let ϕ P Lip pΛq and u : R ÝÑ R continuous with compact
support. There exists a constant C ą 0, which depends only on η and on the support
of ϕ such that, for any K ě 2, when p ě Kak, we have

|Zk pϕ, u, x, pq| ď Ck
Lppq

p1`β
|ϕ|8|u|8.

We postpone the proof of these propositions to Subsections 7.2.1 and 7.2.2 and
first explain how Proposition 7.1.2 follows. Let us set for any x P Λ and p ě 1

Dpx; pq “

ˇ

ˇ

ˇ

ˇ

ˇ

p
ÿ

kě2

1

k
Zk pϕ, u, x, pq ´ βσo pϕqhpxq

pup0q

η

ˇ

ˇ

ˇ

ˇ

ˇ

,

where η ą 0 is fixed as in the proof of Proposition 7.1.1. By Proposition B.1, the
quantity Dpx; pq is bounded from above by D1px; pq `D2px; pq `D3px; pq `D4px; pq

where

D1px; pq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p
ÿ

k|ak{KďpăKak

1

eΓkak
Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxqpup0q ´ βσo pϕqhpxq
pup0q

η

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,
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D2px; pq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p
ÿ

k|păak{K

1

eΓkak
Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxqpup0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,

D3px; pq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p
ÿ

k|păKak

okp1q

eΓkak

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

and D4px; pq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p
ÿ

k|pěKak

1

k
Zk pϕ, u, x, pq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

a) Study of D1px; pq. There exists C ą 0 which depends only on ϕ and u such that

D1px; pq ď C

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

eΓ

ÿ

k | ak{KďpăKak

1

kak
Ψβ

ˆ

ηp

eΓak

˙

´
β

η

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Since k “ aβk{Lpakq, it follows that

ÿ

k|ak{KďpăKak

1

kak
Ψβ

ˆ

ηp

eΓak

˙

“
Lppq

p1`β

ÿ

k|ak{KďpăKak

Lpakq

Lppq

p1`β

a1`β
k

Ψβ

ˆ

ηp

eΓak

˙

„
Lppq

p1`β

ÿ

k|ak{KďpăKak

p1`β

a1`β
k

Ψβ

ˆ

ηp

eΓak

˙

(58)

uniformly in p such that ak{K ď p ă Kak. Using the measure µp “
ř

kDp{ak

defined on the interval r1{K,Ks, we may rewrite the right hand side of (58) as

(59)
Lppq

p1`β

ÿ

k|ak{KďpăKak

p1`β

a1`β
k

Ψβ

ˆ

ηp

eΓak

˙

“
Lppq

p1`β

ż K

1{K

zβ`1Ψβ

ˆ

η

eΓ
z

˙

dµppzq

and from the arguments given in the proof of Theorem A in a) Section 5.2.1,
we deduce that the sequence of measures

`

p´1´βLppqµp
˘

p
weakly converges

on r1{K,Ks to the measure βx´1´β dx. Combining (58) and (59), we get

D1px; pq ď Cβ

ˇ

ˇ

ˇ

ˇ

ˇ

1

eΓ

˜

ż K

1{K

Ψβ

ˆ

η

eΓ
z

˙

dz

¸

p1` op1qq ´
1

η

ˇ

ˇ

ˇ

ˇ

ˇ

where lim
KÝÑ`8

lim
pÝÑ`8

op1q “ 0. Finally

D1px; pq ď C
β

η

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ż ηK{eΓ

η{pKeΓq

Ψβ pzq dz

¸

p1` op1qq ´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

which implies as K ÝÑ `8, since Ψβ is a probability density,

lim
KÝÑ`8

lim
pÝÑ`8

sup
xPΛ0

D1px; pq “ 0.
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b) Study of D2px; pq. Recall that k “ Apakq and A is increasing. The inequality
pK ă ak thus gives AppKq ď k and yields

D2px; pq ď
p

eΓAppKq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

k|păak{K

1

ak
Ψβ

ˆ

ηp

eΓak

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
p1´β

Kβ
LppKq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

k|păak{K

1

ak
Ψβ

ˆ

ηp

eΓak

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

From the weak convergence on s0,Ks of the sequence of measures
`

p´1´βLppqµp
˘

p
to the measure βx´1´β dx, we deduce

p1´β

Kβ
LppKq

ÿ

k|păak{K

1

ak
Ψβ

ˆ

ηp

eΓak

˙

“
p´β

Kβ
LppKq

ż 1{K

0

zΨβ

ˆ

η

eΓ
z

˙

dµppzq

“
β

Kβ

LppKq

Lppq

˜

ż 1{K

0

zΨβ

ˆ

η

eΓ
z

˙

dz

¸

p1` op1qq,

where lim
pÝÑ`8

op1q “ 0; hence

lim
KÝÑ`8

lim
pÝÑ`8

sup
xPΛ0

D2px; pq “ 0.

c) Study of D3px; pq. Fix ε ą 0 and let N “ Nppq be the smallest integer such
that KaN ą p. The map p ÞÝÑ Nppq is increasing. For p large enough and any
k ě Nppq, one gets |okp1q| ď ε. Karamata’s lemma implies

D3px; pq ď
ε

eΓ
p
ÿ

kěN

1

kak
ď

ε

eΓ

p

aN
.

Noticing that 1{aN “ aβ´1
N {aβN with aN´1 ď p{K and p ă KaN and using

asymptotic properties of regularly varying functions, we deduce

1

aN
“
aβ´1
N

aβ´1
N´1

aβ´1
N´1

aβN
ĺ

pβ´1

Kβ´1

Kβ

pβ
“
K

p
.

Finally sup
xPΛ0

D3px; pq ĺ εK and thus sup
xPΛ0

D3px; pq “ oKp1q where

lim
pÝÑ`8

oKp1q “ 0 for any fixed K; hence lim
KÝÑ`8

lim
pÝÑ`8

sup
xPΛ0

D3px; pq “ 0.

d) Study of D4px; pq. By Proposition B.2, we bound D4px; pq from above
by Cp´βLppq

ř

k|Kakďp
1 where the constant C only depends on ϕ and

u. Using the same arguments as in b), the inequality ak ď p{K implies
k ď pp{Kq

β
L pp{Kq

´1; therefore

D4px; pq ď CK´β
Lppq

L pp{Kq
.

Potter’s lemma with B “ 1, ρ “ β{2, x “ p and y “ p{K finally implies
D4px; pq ď CK´β{2, so that lim

KÝÑ`8
lim

pÝÑ`8
sup
xPΛ0

D4px; pq “ 0.
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7.2.1. Proof of Proposition B.1. – We follow the proof of Proposition A.1 in Subsec-
tion 5.2.2.

Let us fix p " 1 and consider the integers k such that Kak ą p, where K ě 2 is
fixed. For any such k P N, any ϕ P Lip pΛq and u : R ÝÑ R continuous with compact
support, we write

Zk pϕ, u, x, pq “
ÿ

Tky“x

ϕpyqe´δSkrpyqu pSkrpyq ´ ηpq .

We want to show that, as k ÝÑ `8

(60) akZk pϕ, u, x, pq ´
1

eΓ
Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxqpup0q ÝÑ 0

uniformly in K, p and x P Λ0, which means that the sequence of measures
ˆ

akZk pϕ, ‚, x, pq ´
1

eΓ
Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxq

ż

R
‚pyqdy

˙

k|Kakąp

converges weakly to 0 as k ÝÑ `8, uniformly inK, p and x P Λ0. Using the argument
given in the proof of Proposition A.1 (p. 49), it is sufficient to check the following.

Property 7.2.1. – For any function u P U , the quantity

akZk pϕ, u, x, pq ´
1

eΓ
Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxq

ż

R
upyqdy

is finite and converges to 0 as k ÝÑ `8.

Fix u P U . The Fourier inverse formula furnishes

Zk pϕ, u, x, pq “
1

2π

ż

R
eitηp L

k
δ`itϕpxqpuptqdt;

we thus deduce |Zk pϕ, u, x, pq| ĺ |ϕ|8||pu||1 ă `8. To prove Property 7.2.1, let us fix
ε ą 0 satisfying the conclusion of Proposition 4.2.11 and let us decompose

akZk pϕ, u, x, pq ´
1

eΓ
Ψβ

ˆ

ηp

eΓak

˙

σo pϕqhpxqpup0q

as K1pkq `K2pkq where

K1pkq :“
ak
2π

ż

r´ε,εsc

eitηp L
k
δ`itϕpxqpuptqdt
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and

K2pkq : “
ak
2π

ε
ż

´ε

eitηp L
k
δ`itϕpxqpuptqdt´

1

2π

ż

R

eitηp{akgβpeΓtqσo pϕqhpxqpup0qdt

“
1

2π

εak
ż

´εak

eisηp{ak L
k
δ`is{ak

ϕpxqpu

ˆ

s

ak

˙

ds

´
1

2π

ż

R

eitηp{akgβpeΓtqσo pϕqhpxqpup0qdt.

Proposition 4.2.11 combined with the fact that pu has a compact support implies
the existence of ρ P s0, 1r such that || Lkδ`it|| ĺ ρk for any t P r´ε, εsc X supp pu; hence
|K1pkq| ĺ ||pu||8 |ϕ|8 ρ

kak ÝÑ 0 as k ÝÑ `8, uniformly in K, p and x P Λ0.

We now deal with K2pkq. The spectral decomposition of L δ`is{ak furnishes

L
k
δ`is{ak

ϕ “ λkδ`is{akΠδ`is{akϕ`R
k
δ`is{ak

ϕ,

where the spectral radius of Rδ`is{ak is smaller than ρε ă 1. We split K2pkq into
L1pkq ` L2pkq ` L3pkq where

L1pkq “
1

2π

εak
ż

´εak

eisηp{akRkδ`is{akϕpxqpu

ˆ

s

ak

˙

ds,

L2pkq “
1

2π

εak
ż

´εak

eisηp{akλkδ`is{ak
`

Πδ`is{akϕpxq ´Πδϕpxq
˘

pu

ˆ

s

ak

˙

ds

and

L3pkq “
σo pϕqhpxq

2π

εak
ż

´εak

eisηp{akλkδ`is{akpu

ˆ

s

ak

˙

ds

´
σo pϕqhpxq

2π

ż

R

eitηp{akgβpeΓtqpup0qdt.

First |L1pkq| ĺ akρ
k
ε |pu|8 ||ϕ||, hence L1pkq tends to 0 uniformly in K, p and x P Λ0

as k ÝÑ `8. We need the Lebesgue dominated convergence theorem for L2pkq; as
for the quantity L2pkq appearing in the proof of Proposition A.1, the local expansion
of λδ`it given in Proposition 4.2.15 implies that the integrand of L2pkq is bounded
from above up to a multiplicative constant by

lptq “

#

|t|β{2 exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

3β{2
˘

if |t| ď 1

|t|3β{2 exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

β{2
˘

if |t| ą 1.
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The term L3pkq may be treated similarly as the quantity L3pkq in the proof of
Proposition A.1.

7.2.2. Proof of Proposition B.2. – The quantity Zk pϕ, u, x, pq may be written as

Zk pϕ, u, x, pq “
ÿ

γPΓpkq

1Λlpγqpxqϕpγ ¨ xqe
´δbpγ,xqu pbpγ, xq ´ ηpq .

Thus there exists a constant M ą 0 such that

|Zk pϕ, u, x, pq| ď |ϕ|8 |u|8
ÿ

γPΓpkq

bpγ,xq
M
„ηp

1Λlpγqpxqe
´δbpγ,xq.

It is thus sufficient to prove
ÿ

γPΓpkq

bpγ,xq
M
„ηp

1Λlpγqpxqe
´δbpγ,xq ď Ck

Lppq

p1`β
,

where C only depends on η and on the support of ϕ; this inequality is a consequence
of (39).
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CHAPTER 8

EXTENDED CODING

In the sequel, we aim to find an asymptotic for the orbital function NΓpo, Rq of the
group Γ defined by

NΓpo, Rq “ #tγ P Γ | dpo, γ ¨ oq ď Ru.

The idea is to formalize the fact that Npo,Γq “behaves” like a sum of iterates of some
extension of the transfer operators. Unfortunately, the coding presented in Chapter 4
does not take into account the finite words γ “ α1 ¨ ¨ ¨αk. Adapting Lalley’s approach
(in [33]), we first extend this coding to finite sequences pα1, . . . , αkq and then study
the corresponding transfer operators: in Subsection 8.3, we extend Propositions 4.2.7,
4.2.9, 4.2.11 and 4.2.15 to this new coding. As in the case of mixing, these results are
essential for the proof. Then, the proof of Theorem C follows almost line by line that
of Theorem A using this new coding.

8.1. Extension of the coding to finite sequences

In Chapter 4, we fixed a base point o in Xz
Ť

1ďjďp`q Dj and a base point x0

in BXzD, which is not related to o. Now, let Λ̃0 denote Λ0 Y Γ ¨ x0 and introduce the
following symbolic space (called “extended symbolic space”)

Σ̃` :“ Σ` Y tHu Y Γ˚,

where we denote respectively by H and Γ˚ the empty sequence and the set ΓztIdu.
The set Σ̃` is in one-to-one correspondence with the subset Λ̃0 of BX:

– the point x0 corresponds to the empty sequence;
– the point α1 ¨ ¨ ¨αk ¨x0 corresponds to the admissible finite sequence pα1, . . . , αkq;
– the infinite sequence pαkqk corresponds to the limit point x :“ lim

kÝÑ`8
α1 ¨ ¨ ¨αk ¨

x0.

Analogously to Subsection 4.1.1, we will use the following description of Λ̃0ztx0u:
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(1) the set Λ̃0ztx0u is the disjoint union of sets pΛ̃0
j qj , where

Λ̃0
j :“ Λ0

j Y tg ¨ x0 | g has first letter in Γju “ Λ̃0 XDj ;

(2) each subset Λ̃0
j is partitioned into a countable number of subsets with disjoint

closures: indeed, for any j P v1, p` qw

Λ̃0
j “

ď

αPΓ˚j

α ¨

˜

tx0u Y
ď

l‰j

Λ̃0
l

¸

.

Now we extend the cocycle bpγ, xq “ Bxpγ
´1 ¨o,oq on Λ̃0 in way as to decompose

the distance dpo, γ ¨ oq for any γ P Γ as a sum of terms expressed using the cocycle.
For any γ, g P Γ, let us set

b̃pγ, g ¨ x0q :“ dpγ´1 ¨ o, g ¨ oq ´ dpo, g ¨ oq.

The function x “ g ¨ x0 P Γ ¨ x0 ÞÝÑ b̃pγ, xq satisfies the three following properties:

i) when the sequence of points pg ¨ oqg tends to a point x P Λ, so does the sequence
pg ¨ x0qg and the quantity dpγ´1 ¨o, g ¨oq´dpo, g ¨oq converges to Bxpγ

´1 ¨o,oq “

bpγ, xq;
ii) there exists a constant C ą 0 depending only on X and Γ such that for any

g P Γ with ipgq ‰ lpγq, one gets
ˇ

ˇ

`

dpγ´1 ¨ o, g ¨ oq ´ dpo, γ ¨ oq
˘

´ dpo, γ ¨ oq
ˇ

ˇ ď C,

hence
ˇ

ˇ

ˇ
b̃pγ, g ¨ x0q ´ dpo, γ ¨ oq

ˇ

ˇ

ˇ
ď C;

iii) b̃pγg, x0q “ b̃pγ, g ¨ x0q ` b̃pg, x0q for any γ, g P Γ.

The function b̃pγ, ¨q is a cocycle, which extends continuously b to Λ̃0; in particular, if
γ decomposes into γ “ α1 ¨ ¨ ¨αk, then

(61) dpo, γ ¨ oq “ b̃pα1, α2 ¨ ¨ ¨αk ¨ x0q ` b̃pα2, α3 ¨ ¨ ¨αk ¨ x0q ` ¨ ¨ ¨ ` b̃pαk, x0q.

In the sequel, we thus consider the following “extended cocycle,” also denoted by b̃
and defined by: for any γ P Γ and x P Λ̃0

(62) b̃pγ, xq “

#

Bxpγ
´1 ¨ o,oq if x P Λ0

dpγ´1 ¨ o, g ¨ oq ´ dpo, g ¨ oq if x “ g ¨ x0

.

The map T previously defined on Λ0, may be naturally extended to Γ¨x0 as follows:

– we use the convention Tx0 “ x0;
– we set Tpγ ¨ x0q :“ α´1

1 ¨ pγ ¨ x0q for any γ P Γ with first letter α1 P A .

We can similarly extend the roof function r to the discrete orbit Γ ¨ x0 setting

– rpx0q “ 0;
– rpγ ¨ x0q “ b̃pα1, α2 ¨ ¨ ¨αk ¨ x0q for any γ “ α1 ¨ ¨ ¨αk in Γ˚.
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Then for y “ γ ¨ x0 the relation (61) may be rewritten as

(63) dpo, γ ¨ oq “ rpyq ` rpTyq ` ¨ ¨ ¨ ` rpTk´1yq “ Skrpyq.

8.2. Regularity of the extended cocycle

To simplify the notation, from now on we write Λ̃ “ Λ̃0 “ Λ Y Γ ¨ x0 and Λ̃j :“

Λ̃0
j “ Λ̃ X Dj for any j P v1, p ` qw. In the sequel, we will need the definition of a

Gromov-κ-hyperbolic space.

Definition 8.2.1. – Let pX,dq be a geodesic metric space and κ ą 0. For any geodesic
triangle ∆ Ă X, let c1, c2 and c3 denote its three sides. The space pX,dq is said to
be a Gromov-κ-hyperbolic space if for any geodesic triangle ∆ Ă X, for any pi, j, kq Ă
t1, 2, 3u, i ‰ j, i ‰ k, j ‰ k, we have : for any x P ci, dpx, cj Y ckq ď κ.

Such spaces have a lot of properties (see [22]). For instance, they present a very
good control in the converse triangular inequality.

In this subsection, we aim to show the following.

Proposition 8.2.2. – There exists a constant C “ Cpx0q ą 0 such that for any
j P v1, p` qw, γ P Γ with lpγq “ j and x, y P Λ̃l, l ‰ j,

ˇ

ˇ

ˇ
b̃pγ, xq ´ b̃pγ, yq

ˇ

ˇ

ˇ
ď Cdopx, yq.

The proof is long and technical. It is sufficient to prove this result for γ P Γ

with symbolic length 1. Indeed, assume that γ “ α1 ¨ ¨ ¨αk for k ě 2 and denote
by γpjq “ αj ¨ ¨ ¨αk for any j P v2, k ´ 1w. Using the cocycle property of b̃, we obtain
for any x, y P Λ̃zΛ̃j
ˇ

ˇ

ˇ
b̃pγ, xq ´ b̃pγ, yq

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
b̃pα1, γ

p2q ¨ xq ´ b̃pα1, γ
p2q ¨ yq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
b̃pγp2q, xq ´ b̃pγp2q, yq

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
b̃pα1, γ

p2q ¨ xq ´ b̃pα1, γ
p2q ¨ yq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
b̃pα2, γ

p3q ¨ xq ´ b̃pα2, γ
p3q ¨ yq

ˇ

ˇ

ˇ

` ¨ ¨ ¨ `

ˇ

ˇ

ˇ
b̃pαk, xq ´ b̃pαk, yq

ˇ

ˇ

ˇ
.

If Proposition 8.2.2 holds for element of Γ with symbolic length 1, we get
ˇ

ˇ

ˇ
b̃pγ, xq ´ b̃pγ, yq

ˇ

ˇ

ˇ
ď Cpx0q

´

dopγ
p2q ¨ x, γp2q ¨ yq ` ¨ ¨ ¨ ` dopx, yq

¯

,

where Cpx0q depends only on x0. By Corollary 4.1.5, there exist r P s0, 1r and C ą 0

such that dopγ
p2q ¨ x, γp2q ¨ yq ď C.rk´1dopx, yq, . . . ,dopαk ¨ x, αk ¨ yq ď C.rdopx, yq, so

that
ˇ

ˇ

ˇ
b̃pγ, xq ´ b̃pγ, yq

ˇ

ˇ

ˇ
ď CCpx0q

1

1´ r
dopx, yq,

which proves that the inequality is still valid when |γ| ě 2.
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Let us fix for this subsection α P Γ˚j , j P v1, p ` qw, and x, y P Λ̃l for some l ‰ j.
There are three cases to consider:

(a) the points x and y both belong to Λ;
(b) x P Λ and y P Γ ¨ x0;
(c) the points x and y belong to Γ ¨ x0.

The different cases are treated in the next three subsections.

Case (a): the points x and y both belong to Λ. – The statement follows from Propo-
sition 4.2.3.

Case (b): xP Λ and yP Γ ¨ x0. – Set y “ g ¨ x0 for some g P Γ with ipgq “ l. The
statement may be thus reformulated as follows.

Proposition 8.2.2 in case (b). – There exists a constant C “ Cpx0q ą 0 such that for
any j P v1, p` qw, α P Γ˚j , g P Γ with ipgq ‰ j and x P Λipgq, the following inequality
holds

ˇ

ˇ

ˇ
Bxpα

´1 ¨ o,oq ´ b̃pα, g ¨ x0q

ˇ

ˇ

ˇ
ď Cdopx, g ¨ x0q.

Proof of the case (b). – The proof is split into two steps. In the first step (1), we
assume that x P g ¨

`

ΛzΛlpgq
˘

and then we prove the case (b) without this assumption
in step (2).

(1) Denote by V px,o, tq the subset of points y P BX whose projection ỹ on the
geodesic ray roxq satisfies dpỹ,oq ě t; the do-diameter of such a set is ĺ e´at.
The set Ṽ px,o, tq stands for a connected and geodesically convex subset of X

whose intersection with BX equals to V px,o, tq. Recall that the space X is a
Gromov-κ-hyperbolic space for some κ “ κpaq ą 0. The following properties are
proved in [42].

Proposition 8.2.3. – Let κ ą 0 such that X is a Gromov-κ-hyperbolic space.
1. Let p P X, x P BX and t ě 1. For any y P V px,p, t` 7κq

V px,p, t` 6κq Ă V py,p, tq Ă V px,p, t´ 6κq.

2. For any D ą 0, denote by K2 “ 2D ` 4κ. Let p and q be in X such that
dpp,qq ď D, x P BX and t ě K2. Hence

V px,p, t`K2q Ă V px,q, tq Ă V px,p, t´K2q.

Let y P ΛzΛlpgq such that x “ g ¨ y. The conformality Equation (5) implies

dopx, g ¨ x0q “ dopg ¨ y, g ¨ x0q “
a

|g1pyq|o|g1px0q|odopy, x0q.

Since y P ΛzDlpgq, Property 4.1.3 implies

dopx, g ¨ x0q — e´adpo,g¨oqdopy, x0q — e´adpo,g¨oq.
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We now estimate |Bxpα
´1 ¨ o,oq ´ b̃pα, g ¨ x0q|. Denote by ξ1 (resp. ξ2) the

endpoint of the geodesic ray starting from o (resp. from α´1 ¨ o) and passing
through g ¨ o. From the definition of Busemann functions (see Figure 7), we
derive

(64) Bξ1pα
´1 ¨ o,oq ď dpα´1 ¨ o, g ¨ oq ´ dpo, g ¨ oq ď Bξ2pα

´1 ¨ o,oq.

The points ξ1 and ξ2 belong to the path-connected set V pξ1,o,dpo, g ¨oqq which

Figure 7. Estimate of dpα´1
¨ o, γ ¨ oq ´ dpo, γ ¨ oq.

is path-connected. From Proposition 4.2.3 and (64), we deduce the existence
of ξ P Dipgq such that b̃pα, g ¨x0q “ Bξpα

´1 ¨o,oq. Proposition 4.2.3 also implies

|Bxpα
´1 ¨ o,oq ´ b̃pα, g ¨ x0q| “ |Bxpα

´1 ¨ o,oq ´ Bξpα
´1 ¨ o,oq| ď Cdopx, ξq

for some constant C ą 0. Since ξ P V pξ1,o,dpo, g ¨ oqq, we derive dopξ
1, ξq ĺ

e´adpo,g¨oq. In order to obtain a similar conclusion for dopx, ξ
1q, we have two

different cases to consider.
(i) Assume first that ipgq ‰ lpgq. In this case, the isometry g is hyperbolic

with attractive (resp. repulsive) fixed point x`g (resp. x´g ); notice that
x`g , y P ΛzΛlpgq, while x´g P Λlpgq. There thus exist E ą 0 and a point õ P

px´g x
`
g q such that dpo, õq ď E and the projection of y on the axis px´g x`g q

belongs to the geodesic ray rõx`g q (see Figure 8). Denote by L “ dpõ, g.õq

the length of the axis of g. Proposition 8.2.3.2 with q “ õ, p “ o, D “ E

and t “ L´ E ´ 3κ yields

(65) V px`g , ỹ, L´E ´ 3κq Ă V px`g , õ, L´E ´ 3κq Ă V px`g ,o, L´ 3E ´ 7κq.

It follows from g.õ P Bpγ ¨ o, Eq and Bpg ¨ o, Eq Ă Ṽ pξ1,o,dpo, g ¨ oq ´Eq,
that rg.õ, x`g q Ă Ṽ pξ1,o,dpo, g ¨ oq ´ Eq, hence x`g P V pξ1,o,dpo, g ¨ oq ´
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Figure 8. Points õ and ỹ.

Eq. The triangular inequality implies L ´ 2E ď dpo, g ¨ oq, so that x`g P
V pξ1,o, L´ 3Eq. By Proposition 8.2.3.1 with t “ L´ 3E ´ 7κ, we get

(66) V px`g ,o, L´ 3E ´ 7κq Ă V pξ1,o, L´ 3E ´ 13κq,

so that combining (65) and (66)

V px`g , ỹ, L´ Eq Ă V pξ1,o, L´ 3E ´ 13κq.

Since x P V px`g , ỹ, L ´ Eq, we have x P V pξ1,o, L ´ 3E ´ 13κq; more-
over, the triangular inequality implies dpo, g ¨ oq ´ 2E ď L, hence x P
V pξ1,o,dpo, g ¨ oq ´ 5E ´ 13κq. Finally dopx, ξ

1q ď K 1Γe
´adpo,g¨oq, so that

dopx, ξq ĺ e´adpo,g¨oq: this completes the proof of part (1) when ipgq ‰ lpgq.
(ii) When ipgq “ lpgq: one applies the previous arguments with αg instead of g.

We thus obtain dopα ¨x, α ¨ ξ
1q ĺ e´adpo,αg¨oq. Using (5) and Lemma 2.1.1,

we finally obtained dopx, ξ
1q ĺ e´adpo,g¨oq.

(2) We now prove the case (b) without additional assumption on the position of x
in Λipgq.

Fact 8.2.4. – There exists a constant C “ Cpx0q ą 0 such that, for any g P Γ

and x P Λipgq, there exists z P g ¨
`

ΛzΛlpgq
˘

such that dopz, xq ď Cdopx, g ¨ x0q

and dopz, g ¨ x0q ď Cdopx, g ¨ x0q.

Proof of Fact 8.2.4.. – Since x P Λipgq, there exists g1 P Γ with ipg1q “ ipgq and
x1 P Λ such that x “ g1.x1. Let k be the first index ď min p|g1|, |g|q for which the
k-th letters of g1 and g are different. There are two cases to consider.
(i) Both k-th letters of g and g1 do not belong to the same Schottky factor

Γj , 1 ď j ď p ` q; in this case, we may write g “ α1 ¨ ¨ ¨αk´1αkg1 and
g1 “ α1 ¨ ¨ ¨αk´1α

1
kg
1
1 where αk and α1k do not belong to the same factor.
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Fix w P ΛzΛlpgq and a point u in the boundary Bx0
g1

of the connected
component of Dipg1q containing g1 ¨ x0 (see Figure 9). It follows that

dopg¨x0, α1 ¨ ¨ ¨αk¨uq “ e´
a
2 Bg1¨x0pα

´1
k ¨¨¨α´1

1 ¨o,oqe´
a
2 Bupα

´1
k ¨¨¨α´1

1 ¨o,oqdopg1¨x0, uq.

Setting m “ min
jPv1,p`qw

min
γPΓ
ipγq“j

min
uPB

x0
γ

dopγ ¨ x0, uq ą 0, we obtain

me´
a
2 Bg1¨x0pα

´1
k ¨¨¨α´1

1 ¨o,oqe´
a
2 Bupα

´1
k ¨¨¨α´1

1 ¨o,oq ď dopg ¨ x0, α1 ¨ ¨ ¨αk ¨ uq.

There also exists a constant M ą 0 (which actually is the do-diameter
of BX) such that

dopg ¨ x0, g ¨ wq ďMe´
a
2 Bg1¨x0pα

´1
k ¨¨¨α´1

1 ¨o,oqe´
a
2 Bg1¨wpα

´1
k ¨¨¨α´1

1 ¨o,oq.

This yields
dopg ¨ x0, g ¨ wq

dopg ¨ x0, α1 ¨ ¨ ¨αk ¨ uq
ď
M

m
e´

a
2 pBg1¨wpα

´1
k ¨¨¨α´1

1 ¨o,oq´Bupα
´1
k ¨¨¨α´1

1 ¨o,oqq ĺ 1,

where the last estimate is uniform in u P Bx0
g1

and follows from Property
4.1.3. Since this upper bound is true for any u P Bx0

g1
, we deduce from the

compactness of Bx0
g1

that dopg ¨ x0, g ¨wq ď C 1px0qdopg ¨ x0, α1 ¨ ¨ ¨αk ¨ B
x0
g1
q.

Since x R α1 ¨ ¨ ¨αk ¨Dipg1q, we obtain dopg ¨x0, g ¨wq ď C 1px0qdopx, g ¨x0q.
The triangular inequality yields dopg ¨w, xq ď dopx, g ¨x0q` dpg ¨x0, g ¨wq

and the result follows with z “ g ¨ w and C “ 1` C 1px0q.

Figure 9. Action of α1 ¨ ¨ ¨αk´1.

(ii) Both k-th letters belong to the same Schottky factor Γj , 1 ď j ď p ` q:
there thus exist β P A and n ą n1 P N˚ such that g “ α1 ¨ ¨ ¨αk´1β

ng1

and g1 “ α1 ¨ ¨ ¨αk´1β
n1g11. Assume that β generates Γl, l P v1, p` qw. Fix

u P Bx0
g1

and w P ΛzΛlpgq. Similarly to (i), we get

me´
a
2 Bg1¨x0pβ

´nα´1
k´1¨¨¨α

´1
1 ¨o,oqe´

a
2 Bupβ

´nα´1
k´1¨¨¨α

´1
1 ¨o,oq ď dopg ¨ x0, α1 ¨ ¨ ¨αk´1β

n ¨ uq
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and

dopg ¨ x0, g ¨ wq ďMe´
a
2 Bg1¨x0pβ

´nα´1
k´1¨¨¨α

´1
1 ¨o,oqe´

a
2 Bg1¨wpβ

´nα´1
k´1¨¨¨α

´1
1 ¨o,oq.

Using Property 4.1.3 and noticing that the previous estimates are satisfied
for any u P Bx0

g1
, we deduce the existence of a constant C 1px0q ą 0 such

that dopg ¨ x0, g ¨ wq ď C 1px0qdopg ¨ x0, α1 ¨ ¨ ¨αk´1β
n ¨ Bx0

g1
q. Since x P

α1 ¨ ¨ ¨αk´1β
n1 ¨Dipg11q

and α1 ¨ ¨ ¨αk´1β
n1 ¨Dipg11q

Xα1 ¨ ¨ ¨αk´1β
n ¨ Bx0

g1
“ H,

we deduce dopg ¨ w, g ¨ x0q ď C 1px0qdopx, g ¨ x0q. We set z “ g ¨ w. This
completes the proof of Fact 8.2.4.

Let us now come back to the proof of the part (2) of case (b). Fix x P Λipgq
and a point z P g ¨

`

ΛzΛlpgq
˘

satisfying the conclusions of Fact 8.2.4. We bound
ˇ

ˇ

ˇ
Bxpα

´1 ¨ o,oq ´ b̃pα, g ¨ x0q

ˇ

ˇ

ˇ
from above by

(67)
ˇ

ˇBxpα
´1 ¨ o,oq ´ Bzpα

´1 ¨ o,oq
ˇ

ˇ`

ˇ

ˇ

ˇ
Bzpα

´1 ¨ o,oq ´ b̃pα, g ¨ x0q

ˇ

ˇ

ˇ
.

Proposition 4.2.3 and part (1) of case (b) applied at z thus imply that there
exists C “ Cpx0q ą 0 such that the bound (67) is smaller than Cdopx, g ¨ x0q,
which concludes the proof of case (b).

Case (c): the points x and y belong to Γ ¨ x0. – Fix g1, g2 P Γ such that ipg1q “

ipg2q “ l, x “ g1 ¨ x0 and y “ g2 ¨ x0. Set g1 “ gβ1 and g2 “ gβ2.

(1) Assume first that ipβ1q ‰ ipβ2q. Let z1 P ΛzΛlpg1q and z2 P ΛzΛlpg2q. From
Proposition 4.2.3 and from case (b) above, we deduce that there exists a constant
C 1 “ C 1px0q ą 0 such that
ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ Bg1¨z1pα

´1 ¨ o,oq
ˇ

ˇ

ˇ

`
ˇ

ˇBg1¨z1pα
´1 ¨ o,oq ´ Bg2¨z2pα

´1 ¨ o,oq
ˇ

ˇ

`

ˇ

ˇ

ˇ
Bg2¨z2pα

´1 ¨ o,oq ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ

ď C 1 pdopg1 ¨ x0, g1 ¨ zq ` dopg1 ¨ z1, g2 ¨ z2q

dopg2 ¨ z2, g2 ¨ x0qq .

Combining Property (5) and Property 4.1.3, it follows that
ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ
ĺ e´adpo,g1¨oqdopx0, z1q ` e

´adpo,g¨oqdopβ1 ¨ z1, β2 ¨ z2q

` e´adpo,g2¨oqdopz2, x0q

ĺ

´

e´adpo,g1¨oq ` e´adpo,g¨oq ` e´adpo,g2¨oq
¯

.

Lemma 2.1.1 implies that, for i P t1, 2u,

dpo, g ¨ oq ` dpo, βi ¨ oq ´ C ď dpo, gi.oq ď dpo, g ¨ oq ` dpo, βi ¨ oq ` C,
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hence
ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ
ĺ e´adpo,g¨oq.

Since min
px,yqP

Ť

l‰j

Λ̃lˆΛ̃j
dopx, yq ą 0, this yields

ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ
ĺ e´adpo,g¨oqdopβ1 ¨ x0, β2 ¨ x0q.

We conclude part (1) of case (c) using (5) again.
(2) If ipβ1q “ ipβ2qq “ l P v1, p ` qw: there exist β P Γ˚l , n1, n2 P Z˚, n1 ‰ n2 and

β1,1, β2,1 P Γ such that β1 “ βn1β1,1 and β2 “ βn2β2,1. We need the following
fact.

Fact 8.2.5. – There exists z P Λl such that dopβ1 ¨ x0, zq ď Cdpβ1 ¨ x0, β2 ¨ x0q

and dopβ2 ¨ x0, zq ď Cdpβ1 ¨ x0, β2 ¨ x0q for a constant C “ Cpx0q ą 0.

Proof of Fact 8.2.5. – Fix w P Λipβ2,1q and u P Bx0

β2,1
. As in the proof of Fact

8.2.4, we may write

me
´ a2 Bβ2,1¨x0pβ

´n2 ¨o,oqe´
a
2 Bupβ

´n2 ¨o,oq ď dopβ
n2β2,1 ¨ x0, β

n2 ¨ uq

and

dopβ
n2β2,1 ¨ x0, β

n2 ¨ wq ďMe
´ a2 Bβ2,1¨x0pβ

´n2 ¨o,oqe´
a
2 Bwpβ

´n2 ¨o,oq.

Setting z “ βn2 ¨ w, Property 4.1.3 and the previous estimates yield

dopβ
n2β2,1 ¨ x0, zq ď C 1dopβ

n2β2,1 ¨ x0, β
n2 ¨ B

x0

β2,1
q

for C 1 “ C 1px0q ą 0. But βn1β1,1 ¨ x0 P β
n1 ¨ pBXzDlq and βn1 ¨ pBXzDlq X β

n2 ¨

B
x0

β2,1
“ H, therefore

dopβ
n2β2,1 ¨ x0, zq ď C 1dopβ

n2β2,1 ¨ x0, β
n1β1,1 ¨ x0q.

Fact 8.2.5 follows with C “ 1` C 1.

We now complete the proof of part (2) of case (c). Let z be a point of Λl satis-
fying the conclusion of Fact 8.2.5 above. Let us split

ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ

into
ˇ

ˇ

ˇ
b̃pα, g1 ¨ x0q ´ b̃pα, g ¨ zq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
b̃pα, g ¨ zq ´ b̃pα, g2 ¨ x0q

ˇ

ˇ

ˇ
;

The case (c) with x “ g1 ¨ x0 and y “ g2 ¨ x0 follows using case (b), the
conformality equality (5) and the definition of z.
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8.3. The extended transfer operator and its spectral properties

We now introduce the transfer operator associated to the roof function b̃. Recall
that Λ̃ “ ΛY Γ ¨ x0 and Λ̃j :“ Λ̃0

j for any j P v1, p` qw.

For any z P C and any function ϕ P C pΛ̃q, we formally define the operator L̃ z as
follows: for any x P Λ̃0

L̃ zϕpxq “
p`q
ÿ

j“1

ÿ

αPΓ˚j

1Λ̃cj
pxqe´zb̃pα,xqϕpα ¨ xq.

Assumptions (P1) and (N) combined with Property 4.1.3 imply that the previous
sums are finite for Re pzq ě δ. The normal convergence of these series for Re pzq ě δ

and the fact that ϕ P C pΛ̃q also imply that L̃ zϕ may be continuously extended on Λ̃;
in particular, the operator L̃ δ acts on C pΛ̃q. Denote by ρ̃8 its spectral radius on this
set. The operator L̃ δ is positive, hence

ρ̃8 “ lim sup
kÝÑ`8

ˇ

ˇ

ˇ
p L̃ δq

k1Λ̃

ˇ

ˇ

ˇ

1{k

8
.

To obtain a spectral gap, we will study the action of L̃ δ on the space LippΛ̃q,
defined by

LippΛ̃q :“
!

ϕ P C pΛ̃q | ||ϕ|| :“ |ϕ|8 ` rϕs ă `8
)

,

where
rϕs “ sup

1ďjďp`q
sup

px,yqPΛ̃j
∆
ˆΛ̃j

|ϕpxq ´ ϕpyq|

dopx, yq
.

The following proposition implies that L̃ z is bounded on LippΛ̃q for z P C such
that Re pzq ě δ.

Proposition 8.3.1. – Each weight w̃zpγ, ¨q :“ e´zb̃pγ,¨q1Λ̃c
lpγq

belongs to LippΛ̃q and
there exists a constant C “ Cpzq ą 0 such that for any γ in Γ˚, we have

||w̃zpγ, ¨q|| ď Ce´Repzqdpo,γ¨oq.

The proof is similar to that of Proposition 4.2.4 using Proposition 8.2.2. Let ρ̃
denote the spectral radius of L̃ δ on

´

LippΛ̃q, || ¨ ||
¯

.

Proposition 8.3.2. – The operator L̃ δ is quasi-compact on LippΛ̃q and ρ̃ is a simple
and isolated eigenvalue in its spectrum, associated to a positive eigenfunction; this is
the unique eigenvalue with modulus ρ̃. Furthermore ρ̃ “ ρ̃8 “ 1.

Proof. – As in the proof of Proposition 4.2.7, the first step is to prove that L̃ δ is quasi-
compact on LippΛ̃q. By [29], it is sufficient to prove that L̃ δ satisfies the following
property.
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Definition 8.3.3 (Property DF(s) for Doeblin and Fortet). – The operator L̃ δ sat-
isfies the DF(s)-property on pLippΛ̃q, || ¨ ||q if

i) L̃ δ is compact from pLippΛ̃q, || ¨ ||q to pLippΛ̃q, | ¨ |8q;
ii) for any k P Nzt0u, there exist positive reals Sk, sk such that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

´

L̃ δ

¯k

ϕ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď Sk |ϕ|8 ` sk ||ϕ|| for any ϕ P LippΛ̃q and lim inf
k

pskq
1{k “ s ă ρ̃.

We follow once again the steps of proofs given in [2] and [40]. The set Λ̃ “ ΛYΓ ¨x0

being compact, Ascoli’s result implies that the inclusion
´

LippΛ̃q, || ¨ ||
¯

ãÑ
´

LippΛ̃q, | ¨ |8

¯

is compact; hence L̃ δ is compact from
´

LippΛ̃q, || ¨ ||
¯

to
´

LippΛ̃q, | ¨ |8

¯

.
Let us show the existence of two sequences pskqkě1 and pSkqkě1 satisfying property
ii) above. Let ϕ P LippΛ̃q, k ě 1 and j P v1, p` qw. For any x P Λ̃j ,

(68)
ˇ

ˇ

ˇ
p L̃ δq

kϕpxq
ˇ

ˇ

ˇ
ď

´

ÿ

|γ|“k
||w̃δpγ, ¨q||

¯

¨ |ϕ|8.

For any px, yq P Λ̃j
∆
ˆ Λ̃j , we bound

ˇ

ˇ

ˇ
p L̃ δq

kϕpxq ´ p L̃ δq
kϕpyq

ˇ

ˇ

ˇ
from above by K1 `K2

where
K1 :“

ÿ

γPΓpkq,lpγq‰j

e´δb̃pγ,xq |ϕpγ ¨ xq ´ ϕpγ ¨ yq|

and
K2 :“

ÿ

γPΓpkq,lpγq‰j

ˇ

ˇ

ˇ
e´δb̃pγ,yq ´ e´δb̃pγ,xq

ˇ

ˇ

ˇ
|ϕpγ ¨ yq| .

The points x and y belong to Λ̃j and γ satisfies lpγq ‰ j; hence, by Corollary 4.1.5,
there exists r ă 1 such that

K1 ďCr
k

¨

˝

ÿ

γPΓpkq,lpγq‰j

e´δb̃pγ,xq

˛

‚rϕsdopx, yq,

hence

(69) K1 ď Crk
ˇ

ˇ

ˇ
p L̃ δq

k1Λ̃

ˇ

ˇ

ˇ

8
||ϕ|| ¨ dopx, yq.

The second term K2 is bounded from above by

(70)

¨

˝

ÿ

γPΓpkq

||w̃δpγ, ¨q||

˛

‚|ϕ|8 ¨ dopx, yq.

Consequently

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
p L̃ δq

kϕ
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď

´

Crk
ˇ

ˇ

ˇ
p L̃ δq

k1Λ̃

ˇ

ˇ

ˇ

8

¯

||ϕ|| ` 2

¨

˝

ÿ

γPΓpkq

||w̃δpγ, ¨q||

˛

‚|ϕ|8 .
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Set sk :“ Crk
ˇ

ˇ

ˇ
p L̃ δq

k1Λ̃Γ

ˇ

ˇ

ˇ

8
and Sk “ 2

ř

γPΓpkq ||w̃δpγ, ¨q||. Finally L̃ δ satisfies the

DF(s)-property and is thus quasi-compact on LippΛ̃q.
In the second step, we prove that ρ̃ “ ρ̃8 “ 1. The equality ρ̃ “ ρ̃8 follows from

the arguments presented in the proof of Proposition III.4 in [3]. Let us now show
ρ̃ “ 1. We know by Proposition 4.2.7 that the spectral radius of L δ equals 1 and is
a simple and isolated eigenvalue associated to the positive eigenfunction h defined in
Chapter 4. Let ϕ P LippΛ̃q be an eigenfunction associated to an eigenvalue λ with
modulus ρ̃. The function ϕ|Λ belongs to LippΛq and satisfies that for any x P Λ

L δϕ|Λ
pxq “

ÿ

αPA

1Λc
lpαq
pxqe´δbpα,xqϕ|Λ

pα ¨ xq

“

´

L̃ δϕ
¯

|Λ
pxq

“ λϕ|Λ
pxq.

Therefore ρ̃ “ |λ| ď 1. On the other hand ρ̃ “ lim supn

ˇ

ˇ

ˇ

´

L̃ δ

¯n

1Λ̃

ˇ

ˇ

ˇ

1{n

8
. Fix ε ą 0;

there exists a subsequence pnkqk such that
´

L̃ δ

¯nk
1Λ̃pxq ĺ pρ̃qnkp1 ` εqnk for any

k ě 1 and x P Λ. By the definition of L̃ δ, we obtain that for any k ě 1 and x P Λ

(71) hpxq “ L
nk
δ hpxq — L

nk
δ 1Λpxq ĺ pρ̃qnkp1` εqnk .

Letting k ÝÑ `8, we obtain ρ̃p1` εq ě 1 for any ε ą 0. Finally ρ̃ “ 1.
Let eiθ be an eigenvalue with modulus 1 for L̃ δ: there exists ϕ P Lip

´

Λ̃
¯

such that

L̃ δϕ “ eiθϕ. As before, for any x P Λ, we get

L δϕ|Λ
pxq “

´

L̃ δϕ
¯

|Λ
pxq “ eiθϕ|Λ

pxq.

Since 1 is the unique eigenvalue with modulus 1 of L δ, it follows that θ P 2πZ;
hence 1 is also the unique eigenvalue of L̃ δ with modulus 1.

The next step is devoted to the proof of the existence of a positive eigenfunction
for 1. Since the operator L̃ δ is positive, there exists a non-negative function φ such
that L̃ δφ “ φ. Let us show that φ is positive. Assume that φ vanishes at x P Λ̃. There
are two cases.

– If x P Λ, there exists j P v1, p` qw such that x P Λj . For any k ě 1, we have

(72)
´

L̃ δ

¯k

φpxq “
ÿ

γPΓpkq
lpγq‰j

e´δb̃pγ,xqφpγ ¨ xq “ φpxq “ 0.

Therefore φpγ ¨ xq “ 0 for any k ě 1 and any γ P Γpkq with lpγq ‰ j. By
minimality of the action of Γ on Λ and continuity of φ on Λ, we derive that φ
vanishes at every point of Λ. It remains to show that we may draw the same
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conclusion for Γ ¨ x0. Equation (72) ensures that it is sufficient to prove that
φpx0q “ 0, or equivalently, that the sequence

´

ř

γPΓpkq e
´δdpo,γ¨oqφpγ ¨ x0q

¯

k
tends to 0. Let k ě 1. Corollary 4.1.5 implies that for any |γ| “ k and any limit
point y P Λclpγq

φpγ ¨ x0q “ |φpγ ¨ x0q| “ |φpγ ¨ x0q ´ φpγ ¨ yq| ď rφsdopγ ¨ x0, γ ¨ yq ď rφs r
kdopx0, yq.

Lemma 5.2.4 combined with Property 4.1.3 implies that there exists a
constant C ą 0 such that

ř

γPΓpkq e
´δdpo,γ¨oq ĺ C, so that

ř

γPΓpkq e
´δdpo,γ¨oqφpγ¨

x0q ĺ rk, which tends to 0 as k ÝÑ `8.
– Otherwise x P Γ ¨x0. It follows φpγ ¨xq “ 0 for any x P Λ and any γ P Γ such that
x R Λ̃lpγq. By continuity of φ and by the definition of the limit set, the function
φ vanishes on Λ and the above arguments ensure that this is true everywhere.

The next step deals with the dimension of the eigenspace associated to 1. To prove
that it is equal to 1, we introduce the normalized operator P̃ defined for any ϕ P LippΛ̃q

by

P̃ϕ “
1

φ
L̃ δ pϕφq , (1)

where φ is a positive eigenfunction associated to 1. This operator is positive, bounded
on the space LippΛ̃q and quasi-compact; it also satisfies P̃ p1Λ̃q “ 1Λ̃ and its spectral
radius is 1. Let us prove that the eigenspace associated to 1 for P̃ has dimension 1.
Let f be an eigenfunction associated to 1 for P̃ .

(i) Assume first that the maximum |f |8 of |f | is obtained at a point x P Λj ,
j P v1, p` qw. Hence

(73) |fpxq| “ |P̃ fpxq| ď P̃ |f |pxq ď |fpxq|.

Using the iterates of P̃ and a convexity argument, we obtain |fpγ ¨xq| “ |fpxq|
for any γ P Γ with lpγq ‰ j. By minimality of the action of Γ on Λ, the function
|f | is constant on Λ. To check that |f | is also constant on Γ ¨x0, we rewrite (72)
as

1´
|fpx0q|

M
“

1

φpx0q

ÿ

γPΓpkq

e´δdpo,γ¨oq
ˆ

1´
|fpγ ¨ x0q|

M

˙

φpγ ¨ x0q,

hence

(74)
ˇ

ˇ

ˇ

ˇ

1´
|fpx0q|

M

ˇ

ˇ

ˇ

ˇ

ď
1

φpx0q

ÿ

γPΓpkq

e´δdpo,γ¨oq
|M ´ |fpγ ¨ x0q||

|M |
φpγ ¨ x0q.

For any γ P Γpkq and any z P Λclpγq one gets M “ |fpγ ¨ zq|. As previously,
we bound from above the right hand side of (74) by Crk, which goes to 0

1. Contrary to Lemma 4.2.2, in this section the symbol ˜ does not imply an action on Λ̃ˆ R.
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as k ÝÑ `8. Finally |fpx0q| “M . Applying (73) to the iterates of P̃ and using
a convexity argument once again, we deduce that |f | is constant on Γ ¨ x0, and
finally |f | is constant on Λ̃.

(ii) If |f | reaches its maximum in Γ ¨x0, it follows from the minimality of the action
of Γ on the boundary that |f | is constant on Λ, hence on Λ̃ as above.

Repeating the same argument, we show that f is constant on Λ̃, which ends the proof
of the proposition.

Let us now choose an eigenfunction h̃ of L̃ δ associated to the eigenvalue 1 satisfying
σo

´

h̃
¯

“ 1. There exists Π̃δ : LippΛ̃q ÝÑ Ch̃ such that for any ϕ P LippΛ̃q,

L̃ δϕ “ Π̃δ pϕq ` R̃δ pϕq ,

where R̃δ satisfies R̃δΠ̃δ “ Π̃δR̃δ “ 0 and has spectral radius ă 1. There exists a
linear form σ̃ : LippΛ̃q ÝÑ C satisfying σ̃

´

h̃
¯

“ 1 such that for any ϕ P LippΛ̃q,

(75) L̃ δϕ “ σ̃pϕqh̃` R̃δϕ.

It follows that, for any k ě 1,
´

L̃ δ

¯k

ϕ “ σ̃ pϕq h̃`
´

R̃δ

¯k

ϕ “ σ̃
´

L̃ δϕ
¯

h̃`
´

R̃δ

¯k´1

L̃ δϕ.

Letting k ÝÑ `8, we deduce that σ̃ is L̃ δ-invariant. To identify σ̃, let us write,
for any ϕ P LippΛ̃q and k ě 1

L
k
δϕ|Λ

“

ˆ

´

L̃ δ

¯k

ϕ

˙

|Λ
“ σ̃ pϕq h̃|Λ

`

´

R̃δ

¯k

ϕ|Λ
.

The equality σo pϕq “ σo

´

ϕ|Λ

¯

“ σo

´

L
k
δϕ|Λ

¯

, readily implies

σo pϕq “ σ̃ pϕq ` σo

ˆ

´

R̃δ

¯k

ϕ|Λ

˙

and letting k ÝÑ `8, we obtain σo pϕq “ σ̃ pϕq. Finally σ̃ “ σo and h̃ extends h
on Λ̃.

Remark 8.3.4. – One gets h̃px0q “ lim
kÝÑ`8

ř

γPΓpkq e
´δdpo,γ¨oq; this quantity does not

depend on x0 P BX.

Let us now check that the function z ÞÝÑ L̃ z is a continuous perturbation of L̃ δ
for Re pzq ě δ using the following proposition, whose proof is the same as that of
Proposition 4.2.9.

Proposition 8.3.5. – Under the assumptions pHβq, for any compact K of R, there
exists a constant C “ CK ą 0 such that for any s, t P K and κ ą 0
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1) if β P s0, 1r

a. || L̃ δ`it ´ L̃ δ`is|| ď C|s´ t|βL

ˆ

1

|s´ t|

˙

,

b. || L̃ δ`κ`it ´ L̃ δ`it|| ď CκβL

ˆ

1

κ

˙

;

2) if β “ 1

a. || L̃ δ`it ´ L̃ δ`is|| ď C|s´ t|L̃

ˆ

1

|s´ t|

˙

,

b. || L̃ δ`κ`it ´ L̃ δ`it|| ď CκL̃

ˆ

1

κ

˙

,

where L̃pxq “
şx

1
Lpyq
y dy.

Now let ρ̃pzq denote the spectral radius of L̃ z on
´

LippΛ̃q, || ¨ ||
¯

and recall that
|x ` iy|8 “ maxp|x|, |y|q for any real numbers x and y. As in [2], we may state the
following proposition.

Proposition 8.3.6. – There exist ε ą 0 and ρε P s0, 1r such that for any z P C
satisfying |z ´ δ|8 ă ε and Re pzq ě δ

– ρ̃pzq ą ρε;
– L̃ z has a unique eigenvalue λ̃z with modulus ρ̃pzq;
– this eigenvalue is simple and close to 1;
– the remainder of the spectrum is included in a disk of radius ρε.

Moreover, for any A ą 0, there exists ρA ă 1 such that ρ̃pzq ă ρA as soon as z P C
satisfies |z ´ δ|8 ě ε, Re pzq ě δ and |Im pzq| ď A. Finally ρ̃pzq “ 1 if and only if
z “ δ.

The following proposition specifies the local behavior of the dominant eigenvalue
λ̃δ`it; its proof is verbatim that of Proposition 4.2.15.

Proposition 8.3.7. – For the constant EΓ ą 0 given in Proposition 4.2.15 and
t ÝÑ 0

– if β P s0, 1r

λ̃δ`it “ 1´ EΓΓp1´ βqe`isignptqβπ{2|t|βL

ˆ

1

|t|

˙

p1` op1qq;
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– if β “ 1

‚ λ̃δ`it “ 1´ EΓsignptqi|t|L̃

ˆ

1

|t|

˙

p1` op1qq;

‚ Re
´

1´ λ̃δ`it

¯

“
π

2
EΓ|t|L

ˆ

1

|t|

˙

p1` op1qq.

Remark 8.3.8. – The fact that the constant EΓ is the one of Proposition 4.2.15
relies on the equivalent λ̃δ`it „ σo

´´

L̃ δ`it ´ L̃ δ

¯

h̃
¯

and the equality σo pΓ ¨ x0q “ 0.
Therefore

σo

´´

L̃ δ`it ´ L̃ δ

¯

h̃
¯

“ σo pp L δ`it ´ L δqhq .

In the proof of Theorem C (Chapter 9) for β “ 1, we will use Q̃z “
´

Id´ L̃ z

¯´1

for z P C such that Re pzq ě δ. The following properties are the same as Properties
4.2.16 and 4.2.17 proved in Chapter 4 concerning Qz “ pId´ L zq

´1.

Proposition 8.3.9. – There exist ε ą 0 and C ą 0 such that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Q̃z ´ p1´ λ̃zq

´1Π̃z

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď

C for z such that |z´ δ|8 ă ε and
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
Q̃z

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď C for z such that |z´ δ|8 ě ε. Moreover,

as t ÝÑ 0,

Q̃δ`it “
1

EΓsignptqi|t|L̃
´

1
|t|

¯ p1` op1qqΠ0 `Op1q.

As a direct consequence, we obtain the following property.

Corollary 8.3.10. – The function t ÞÝÑ Re
´

Q̃δ`it

¯

is integrable at 0.
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CHAPTER 9

THEOREM C: ASYMPTOTIC OF THE
ORBITAL COUNTING FUNCTION

Let us restate Theorem C.

Theorem C. – Let Γ be a Schottky group satisfying the assumptions pHβq for some
β P s0, 1s. Then, as R ÝÑ `8,

‚ NΓpo, Rq „ C
eδR

R1´βLpRq
with C “

sinpβπq

π

h̃px0q

δEΓ
if β P s0, 1r;

‚ NΓpo, Rq „ C 1
eδR

L̃pRq
with C 1 “

h̃px0q

δEΓ
if β “ 1,

where h̃px0q “ lim
kÝÑ`8

ř

γPΓpkq e
´δdpo,γ¨oq and EΓ “

ř

1ďjďp Cj

˜

ş

ΛzΛj

dσopxq
dopx,xjq2δ{a

¸2

.

We write

NΓpo, Rq “ eδR
ÿ

γPΓ˚

e´δdpo,γ¨oqupdpo, γ ¨ oq ´Rq ` 1

“ eδR
ÿ

kě1

ÿ

γPΓpkq

e´δdpo,γ¨oqupdpo, γ ¨ oq ´Rq ` 1

„eδRW pR, uq,

where upxq “ eδx1R´pxq andW pR, uq “
ř

kě1WkpR, uq “
ř

γPΓpkq e
´δdpo,γ¨oqupdpo, γ¨

oq ´Rq. To prove Theorem C, it is thus sufficient to prove the following
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Proposition 9.0.1. – For any function u : R ÝÑ R piecewise continuous and
satisfying

ş

R upxqdx ą 0, as R ÝÑ `8,

‚ W pR, uq „
C

R1´βLpRq

ż

R
upxqdx if β P s0, 1r;

‚ W pR, uq „
C 1

L̃pRq

ż

R
upxqdx if β “ 1,

where the constants C,C 1 are specified in the above Theorem C.

Proof of Theorem C. – Let us explain how Theorem C follows from Proposition 9.0.1
for β P s0, 1r. Up to a finite number of terms, we have

NΓpo, Rq “ #tγ P Γ | 1 ď dpo, γ ¨ oq ď Ru.

Fix ε ą 0. Then, for all R ą 0, one gets mpRq ď NΓpo, Rq ďMpRq where

mpRq “

rR{εs´2
ÿ

q“0

#tγ P Γ | 1` qε ď dpo, γ ¨ oq ă 1` pq ` 1qεu

and

MpRq “

rR{εs´1
ÿ

q“0

#tγ P Γ | 1` qε ď dpo, γ ¨ oq ă 1` pq ` 1qεu.

Applying Proposition 9.0.1 with u : t ÞÝÑ eδt1r0,εsptq yields

mpRq „ C
eδε ´ 1

δε

rR{εs´2
ÿ

q“0

ε
eδp1`qεq

p1` qεq1´βLp1` qεq
ÝÑ
εÝÑ0

C

ż R

1

eδx

x1´βLpxq
dx

and

MpRq „ C
eδε ´ 1

δε

rR{εs´1
ÿ

q“0

ε
eδp1`qεq

p1` qεq1´βLp1` qεq
ÝÑ
εÝÑ0

C

ż R

1

eδx

x1´βLpxq
dx.

Finally NΓpo, Rq „ C eδR

δR1´βLpRq
. The same proof holds for β “ 1 using the second

estimate of Proposition 9.0.1.

9.1. Proposition 9.0.1 for β P s0, 1r

We follow step by step the proof of Theorem A. Let K ě 2 and pakqkě1 be a
sequence satisfying kLpakq “ aβk . We first state the following propositions.
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Proposition C.1. – Let u : R ÝÑ R a continuous function with compact support.
Uniformly in K ě 2 and R P r0,Kaks, we have, as k ÝÑ `8

WkpR, uq “
1

eΓak

ˆ

C0Ψβ

ˆ

R

eΓak

˙

pup0q ` okp1q

˙

,

where Ψβ is the density of the fully asymmetric stable law with parameter β, eΓ “ E
1{β
Γ

and C0 “ h̃px0q “ lim
kÑ`8

ř

γPΓpkq e
´δdpo,γ¨oq.

Proposition C.2. – Let u : R ÝÑ R be a continuous function with compact
support. There exists C ą 0 which only depends on u such that, for any K ě 2, when
R ě Kak, we have

|WkpR, uq| ď Ck
LpRq

R1`β
|u|8.

Let us now explain how Proposition 9.0.1 follows from Propositions C.1 and C.2.
Let u : R ÝÑ R be a function with compact support. We want to estimateW pR, uq “
ř

kě1WkpR, uq. By Proposition C.1, we may decompose this quantity intoW 1pR, uq`

W 2pR, uq `W 3pR, uq where

W 1pR, uq :“
C0pup0q

eΓ

ÿ

k|RăKak

1

ak
Ψβ

ˆ

R

eΓak

˙

,

W 2pR, uq :“
1

eΓ

ÿ

k|RăKak

okp1q

ak

and W 3pR, uq :“
ÿ

k|RěKak

WkpR, uq.

a) Contribution of W 1pR, uq. Following [24], we introduce the measure µR “
ř

0ăR{akďK
DR{ak defined on the interval s0,Ks. One has

ÿ

RăKak

1

eΓak
Ψβ

ˆ

R

eΓak

˙

“
1

R

ż K

0

z

eΓ
Ψβ

ˆ

z

eΓ

˙

dµRpzq.

When R ÝÑ `8, this measure satisfies

R´βLpRqµRprx, ysq „

ż y

x

βz´β´1 dz,

so that

R1´βLpRqW 1pR, uq „
C0βpup0q

eΓ

ż K

0

z´βΨβ

ˆ

z

eΓ

˙

dz.

„
βpup0q

EΓ

ż K{eΓ

0

z´βΨβpzqdz with EΓ “ eβΓ.(76)
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b) Contribution of W 2pR, uq. This quantity is similar to M2pR;ϕ b u, ψ b vq ap-
pearing in the proof of Theorem A; it satisfies

(77) R1´βLpRqW 2pR, uq “ oKp1q where lim
RÝÑ`8

oKp1q “ 0 for any fixed K.

c) Contribution of W 3pR, uq. As for M3pR;ϕb u, ψb vq appearing in the proof of
Theorem A, we get

(78) R1´βLpRqW 3pR, uq ď CK´β .

Combining (76), (77) and (78), we obtain

R1´βLpRqW pR, uq “
βpup0qC0

EΓ

ż K{eΓ

0

z´βψpzqdzp1` op1qq ` oKp1q `OpK
´βq,

with lim
RÝÑ`8

op1q “ 0. Letting R ÝÑ `8 and choosing K large enough yield

R1´βLpRqW pR, uq „
βpup0qC0

EΓ

ż `8

0

z´βΨβpzqdz

and Proposition 9.0.1 follows with C “ C0

EΓ

sinpβπq
π .

9.1.1. Proof of Proposition C.1. – Let K ě 2 and R ą 0 be fixed and choose k P N
such that Kak ě R. It is sufficient to prove that, as k ÝÑ `8,

(79) akWkpR, uq ´
h̃px0q

eΓ
Ψβ

ˆ

R

eΓak

˙

pup0q ÝÑ 0,

for all u P U , where the set of test functions U was defined in 5.2.2. Let us first
show that the quantity WkpR, uq is finite for any u P U . The Fourier inverse formula
implies

|WkpR, uq| ď
1

2π

ż

R

ˇ

ˇ

ˇ

ˇ

eitR
´

L̃ δ`it

¯k

1Λ̃px0qpuptqdt

ˇ

ˇ

ˇ

ˇ

ď
1

2π

´

L̃ δ

¯k

1Λ̃px0q

ż

R
puptqdt

ĺ ||pu||1 h̃px0q ă `8.

Let us now prove (79). To simplify notation, we will omit the symbol ˜ until the
end of the current subsection. The Fourier inverse formula allows us to split

akWkpR, uq ´
hpx0q

eΓ
Ψβ

ˆ

R

eΓak

˙

pup0q

into K1pkq `K2pkq where

K1pkq :“
ak
2π

ż

r´ε,εsc

eitR L
k
δ`it1Λ̃px0qpuptqdt
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and

K2pkq : “
ak
2π

ε
ż

´ε

eitR L
k
δ`it1Λ̃px0qpuptqdt´

1

2π

ż

R

eitR{akgβpeΓtqpup0qhpx0qdt

“
1

2π

εak
ż

´εak

eitR{ak L
k
δ`it{ak

1Λ̃px0qpu

ˆ

t

ak

˙

dt´
1

2π

ż

R

eitR{akgβpeΓtqpup0qhpx0qdt,

where ε ą 0 satisfies the conclusions of Proposition 8.3.6. The spectral properties
of L z given in the latter proposition and the fact that pu has compact support imply
that || Lkδ`it|| ĺ ρk, for 0 ă ρ ă 1 which only depends on the support of u. Therefore
|K1pkq| ĺ ||pu||8 ρ

kak ÝÑ 0 as k ÝÑ `8, uniformly in K and R.

We now deal with K2pkq. The spectral decomposition of L δ`it{ak yields

L
k
δ`it{ak

1Λ̃ “ λkδ`it{akΠδ`it{ak1Λ̃ `R
k
δ`it{ak

1Λ̃x0

with specpRδ`it{akq Ă Bp0, ρεq and 0 ă ρε ă 1. We decompose K2pkq as L1pkq `

L2pkq ` L3pkq where

L1pkq “
1

2π

εak
ż

´εak

eitR{akRkδ`it{ak1Λ̃px0qpu

ˆ

t

ak

˙

dt,

L2pkq “
1

2π

εak
ż

´εak

eitR{akλkδ`it{ak
`

Πδ`it{akp1Λ̃qpx0q ´Πδp1Λ̃qpx0q
˘

pu

ˆ

t

ak

˙

dt

and

L3pkq “
hpx0q

2π

εak
ż

´εak

eitR{akλkδ`it{akpu

ˆ

t

ak

˙

dt´
hpx0q

2π

ż

R

eitR{akgβpeΓtqpup0qdt.

First |L1pkq| ĺ akρ
k
ε ||pu||8 ÝÑ 0 as k ÝÑ `8, uniformly in K and R. We use

the Lebesgue dominated convergence theorem for L2pkq: as for the integral L2pkq

in the proof of Proposition A.1, choosing ε ą 0 small enough so that it satisfies
Remark 4.2.12 and using the local expansion of λδ`it given in Proposition 8.3.7, we
may bound from above the integrand of L2pkq up to a multiplicative constant by

lptq “

#

|t|β{2 exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

3β{2
˘

if |t| ď 1

|t|3β{2 exp
`

´ 1
4 p1´ βqΓp1´ βq|eΓt|

β{2
˘

if |t| ą 1
.

The term L3pkq may be treated similarly to L3pkq appearing in the proof of Propo-
sition A.1.
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9.1.2. Proof of Proposition C.2. – It suffices to check that there exist constants C,
M ą 0 such that

(80)
ÿ

γPΓpkq

dpo,γ¨oq
M
„R

e´δdpo,γ¨oq ď Ck
LpRq

R1`β
.

Property 4.1.3 implies that this estimate is a consequence of Proposition A.2.

9.2. Proposition 9.0.1 for β “ 1

As in the proof of Theorem A for β “ 1, we will need to symmetrize the quantity
W pR, uq. We thus define

W sympR, uq :“
ÿ

kě1

ÿ

γPΓpkq

e´δdpo,γ¨oq pupdpo, γ ¨ oq ´Rq ` up´dpo, γ ¨ oq ´Rqq .

We may notice that W sympR, uq “W pR, uq for R large enough, because the func-
tion u has compact support. We first study

W sym
ξ pR, uq :“

ÿ

kě1

ÿ

γPΓpkq

e´ξdpo,γ¨oq pupdpo, γ ¨ oq ´Rq ` up´dpo, γ ¨ oq ´Rqq

for ξ ą δ. From now on, we assume again that u belongs to the set U introduced in
Definition 5.2.2. The fact thatW sym

ξ pR, uq is finite for any u P U will be a consequence
of the following discussion. For now, let us notice that the Fourier inverse formula
combined with the convergence of the Poincaré series of Γ at ξ ą δ implies

W sym
ξ pR, uq “

1

2π

ż

R
eitR

ÿ

kě1

ˆ

´

L̃ ξ`it

¯k

`

´

L̃ ξ´it

¯k
˙

p1Λ̃qpx0qpuptqdt

which is finite for any u P U . Therefore

W sym
ξ pR, uq “

1

π

ż

R
eitRRe

´

Q̃ξ`it

¯

p1Λ̃qpx0qpuptqdt´
1

π

ż

R
eitRpuptqdt.

We want

(81) W sympR, uq “
1

π

ż

R
eitRRe

´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt´
1

π

ż

R
eitRpuptqdt.

Notice that, as in Proposition 6.1.1,

1

π

ż

R
eitRRe

´

Q̃ξ`it

¯

p1Λ̃qpx0qpuptqdt ÝÑ
ξŒδ

1

π

ż

R
eitRRe

´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt.

Moreover, for a positive function u, the monotone convergence theorem implies
that W sym

ξ pR, uq tends to W sympR, uq. Since t ÞÝÑ Re
´

Q̃δ`it

¯

p1Λ̃q px0q is integrable
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in a neighborhood of 0, we deduce that W sympR, uq is finite for any positive u (which
also implies that it is finite for any u P U ). Finally

W sympR, uq “
1

π

ż

R
eitRRe

´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt´
1

π

ż

R
eitRpuptqdt.

By Riemann-Lebesgue’s lemma, the term
ş

R e
itR

puptqdt is negligible with respect
to 1{L̃pRq. As previously, let us fix A ą 0. We split

1

π

ż

R
eitRRe

´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt

into I1 ` I2 where

I1 “
1

π

ż

|t|ąA{R

eitRRe
´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt

and

I2 “
1

π

ż

|t|ďA{R

eitRRe
´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt.

We may decompose I1 according to the sign of t. Let J be

1

π

ż

tąA{R

eitRRe
´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt.

Setting t “ y ´ π{R in J , it follows that

J “ ´
1

π

ż

yąpA`πq{R

eiyRRe
´

Q̃δ`ipy´π{Rq

¯

p1Λ̃qpx0qpu
´

y ´
π

R

¯

dy.

Hence

2J “
1

π

ż pA`πq{R

A{R

eitRRe
´

Q̃δ`it

¯

p1Λ̃qpx0qpuptqdt

`
1

π

ż

tąpA`πq{R

eitRRe
´

Q̃δ`ipt´π{Rq

¯

p1Λ̃qpx0q

´

puptq ´ pu
´

t´
π

R

¯¯

dt

`
1

π

ż

tąpA`πq{R

eitR
´

Re
´

Q̃δ`it

¯

´ Re
´

Q̃δ`ipt´π{Rq

¯¯

p1Λ̃qpx0qpuptqdt

“: K1 `K2 `K3.

As in Proposition 6.1.2, one has |K1| ĺ 1
L̃pRq

LpRq

L̃pRq
pA` πq3{4 and |K2| ĺ 1

L̃pRq

LpRq

L̃pRq
.

The arguments presented to control K3 in the proof of Proposition 6.1.2 give

|K3| ĺ
1

L̃pRq

1
?
A
.
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Therefore lim
AÝÑ`8

lim
RÝÑ`8

L̃pRq|J | “ 0, so lim
AÝÑ`8

lim
RÝÑ`8

L̃pRq|I1| “ 0. We rewrite

the integral I2 as

I2 “
1

π

ż

|t|ďA{R

eitR
„

Re
´

Q̃δ`it

¯

´ Re

ˆ

´

1´ λ̃δ`it

¯´1
˙

Π̃δ



p1Λ̃qpx0qpuptqdt

`

ż

|t|ďA{R

eitR
„

Re

ˆ

´

1´ λ̃δ`it

¯´1
˙

Π̃δ



p1Λ̃qpx0qpuptqdt

“: L1 ` L2.

By Proposition 8.3.9, for R large enough, we have |L1| ď 2A{R. The integral L2

may be split into M1 `M2 as follows

L2 “

ż

|t|ďA{R

peitR ´ 1q

„

Re

ˆ

´

1´ λ̃δ`it

¯´1
˙

Π̃δ



p1Λ̃qpx0qpuptqdt

`

ż

|t|ďA{R

„

Re
´´

1´ λ̃δ`it

¯¯´1

Π̃δ



p1Λ̃qpx0qpuptqdt

“M1 `M2,

with, as in Proposition 6.1.2,

L̃pRqM1 ĺ A
LpRq

L̃pRq
.

To study the integral M2, it suffices to deal with the case 0 ď t ď A{R. Denote by

N “

ż A{R

0

„

Re

ˆ

´

1´ λ̃δ`it

¯´1
˙

Π̃δ



p1Λ̃qpx0qpuptqdt.

We obtain

L̃pRqN „
h̃px0q

2EΓ
pup0q,

hence

lim
RÝÑ`8

L̃pRqM2 “ CΓpup0q, with CΓ “

lim
kÝÑ`8

ř

γPΓpkq e
´δdpo,γ¨oq

EΓ
.

This concludes the proof of Theorem C when β “ 1.
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Let M “ X{Γ be a geometrically finite negatively curved manifold with
fundamental group Γ acting on X by isometries. The purpose of this book
is to study the mixing property of the geodesic flow on T1M, the asymptotic
behavior as R ÝÑ `8 of the number of closed geodesics on M of length less
than R and of the orbital counting function #tγ P Γ | dpo, γ ¨ oq ď Ru.

These properties are well known when the Bowen-Margulis measure
on T1M is finite. We consider here Schottky group Γ “ Γ1 ˚ Γ2 ˚ ¨ ¨ ¨ ˚ Γk
whose Bowen-Margulis measure is infinite and ergodic, such that one of the
elementary factor Γi is parabolic with δΓi “ δΓ. We specify these ergodic
properties using a symbolic coding induced by the Schottky group structure.

Soit M “ X{Γ une variété géométriquement finie de courbure strictement
négative et Γ son groupe fondamental agissant par isométries sur X. Nous
étudions successivement dans cet article une propriété de mélange du flot
géodésique sur T1M, le comportement quand R ÝÑ `8 du nombre de
géodésiques fermées de M de longueur plus petite que R et celui de la fonction
orbitale #tγ P Γ | dpo, γ ¨ oq ď Ru.

Ces propriétés sont bien connues dans le cas où la mesure de Bowen-
Margulis est finie sur T1M. Nous considérons ici un groupe de Schottky
Γ “ Γ1 ˚ Γ2 ˚ ¨ ¨ ¨ ˚ Γk de mesure de Bowen-Margulis infinie et ergodique,
pour lequel au moins un facteur Γi est parabolique et satisfait δΓi “ δΓ.
Les propriétés ergodiques ci-dessus sont alors précisées, en utilisant un codage
symbolique induit par la structure de groupe de Schottky de Γ.
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