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THE SPECTRUM OF A SCHRODINGER OPERATOR IN A
WIRE-LIKE DOMAIN WITH A PURELY IMAGINARY
DEGENERATE POTENTIAL IN THE SEMICLASSICAL LIMIT

Y. Almog, B. Helffer

Abstract. — Consider a two-dimensional domain shaped like a wire, not necessarily
of uniform cross section. Let V' denote an electric potential driven by a voltage drop
between the conducting surfaces of the wire. We consider the operator ¢#, = —h?A+
1V in the semi-classical limit A — 0. We obtain both the asymptotic behavior of the
left margin of the spectrum, as well as resolvent estimates on the left side of this
margin. We extend here previous results obtained for potentials for which the set
where the current (or VV) is normal to the boundary is discrete, in contrast with the
present case where V is constant along the conducting surfaces.

Résumé (Le spectre d’un opérateur de Schrodinger a potentiel purement imaginaire et
dégénéré dans un domaine filaire)

Nous considérons un domaine filaire sans supposer qu’il a une section uniforme.
Pour un potentiel électrique V' créé par une différence de tension entre les deux surfaces
conductrices, nous considérons 'opérateur ¢, = —h?A + iV dans la limite semi-
classique h — 0. Nous obtenons le comportement asymptotique du bas de la partie
réelle de son spectre de méme que des estimations de sa résolvante en dessous de ce
seuil. Nous étendons les résultats obtenus précédemment dans le cas ol le gradient
du potentiel n’est normal & la frontiére qu’en un nombre fini de points en contraste
au cas présent ot V est constant sur les surfaces conductrices.

(© Mémoires de la Société Mathématique de France 166, SMF 2020
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CHAPTER 1

INTRODUCTION
1.1. Main assumptions
We consider the operator
(1.1a) Ap = —h?A 44V,
defined on
(1.1b) D(HAy) = {u € HQ(Q,)|u|aQD = 0;0u/dv|,, =0}.

In the above, Q C R? denotes a bounded, simply connected domain which has the
same characteristics as in [5, 7]. In particular its boundary 9 contains two disjoint
open subsets 9Qp and 0y such that

00p UOQN = 09,

where 0Q)p is a union of two disjoint smooth interfaces on which we prescribe a
Dirichlet boundary condition, and 92y is a union of two disjoint smooth interfaces
on which we prescribe a Neumann boundary condition. Hence 0Qp N 9Qy consists
of four points which will be called corners. The analysis can be extended to domains,
where 0Qp (and 0Qy) consists of a greater number of disjoint components. In the
interest of simplicity we shall confine ourselves to the simplest possible case.

In the context of superconductivity we may say that 9Qp and 9y, are respectively
adjacent either to a normal metal or to an insulator. We denote each connected
component of 9y (# € {D,N}) by a superscript ¢ € {1,2}, i.e.,

00y = 00, VN, #€{D,N}

We say that 0f is of class C™* for some n € N, if there exists § > 0 such that 99 is
of class C™P. As in [3, 5, 7] we make the following assumptions on 99

(a) 0Qy is of class C™™T for # € {D,N};

(b) near each corner, 9)p and 0Qx meet with an angle of 7.

(1.2)  (R1) {

We define n for each result separately (but always have n > 2). We occasionally use
the notation (R1(n)) to specify n in the assumption.
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2 CHAPTER 1. INTRODUCTION

Near the corners, we assume in addition that there exists a smooth transformation,
mapping the vicinity of the corner onto a vicinity of rectangular corner. More precisely
(1.3)

For each corner ¢, there exist R > 0 and an invertible holomorphic function
® in B(c, R) N, which is in addition in C™*(Q N B(c, R)),

such that ®(¢) = 0,2(B(c, B) N Q) C Q :=R; x Ry,

and ®(0Q N B(¢, R)) C (Ry x {0}) U ({0} x Ry)u {0}.

(R2)

Again we use (R2(n)) to specify n in the assumption.
We consider potentials V € H?(Q) satisfying

AV =0 in Q,
(1.4) V =C; ondQ fori=1,2,
%—‘: =0 on dQy,

describing a potential drop along a wire.

Assumptions (R1(n)) and (R2(n)) imply that V € C™*(Q). Away from the corners,
we may rely on Schauder estimates to establish the desired regularity. In the neigh-
borhood of a corner, we may use the conformal map given by Assumption (R2(n)) to
obtain a problem for V in a right-angled sector. Then we can use a reflection argument
to establish the announced regularity of V' (cf. [3, 5] for instance).

We assume further, as in [4], that V satisfies
(1.5) |VV(z)| # 0,Vz € Q.
This implies that
Ci # Cs.

We can indeed follow one component of 025 between two corners and observe that
the tangential derivative of V' never vanishes (cf. [3]).

Equation (1.4) has extensively been studied in the literature. We refer to [18§],
where explicitly known solutions, for many simple domains including the square, are
listed. Figure 1 presents a typical sample with properties (R1) and (R2), where the
current flows into the sample from one connected component of 9p, and exits from
another part, disconnected from the first one. Most wires would fall into the above
class of domains.

Note that, V' being constant on each connected component of 92, we have
|VV| = |0V /0v| on 0Qp.
We distinguish in the sequel between two types of potentials satisfying (1.4).

V1 : Potentials for which all points where inf  _55—[0V/0v/| is attained, lie in 0Qp.

V2 : Potentials for which all points where inf _z5—|0V/0v| is attained are corners.

MEMOIRES DE LA SMF 166



1.1. MAIN ASSUMPTIONS 3

002,

Ql
0 002,

o0,

FIGURE 1. A typical wire-like domain. The arrows denote the direction of
the potential gradient (or the current flow: Ji, for the inlet, and Jout for
the outlet).

In Appendix A we present examples corresponding to both cases. While other cases
could be treated by the same techniques, we limit ourselves to these two cases in the
interest of simplicity.

We note that potentials given by (1.4), are considered in [3, 17] in the context of
the Ginzburg-Landau model of superconductivity in the presence of electric current
(neglecting magnetic field effects). The Ginzburg-Landau equations are given in that
case by

(1.6a) % +iVu=h*Au+u (1l - [u]?), in xRy,

(1.6b) oAV =V - [Im (aVu)], in Q xRy,

(1.6c) u=0and V =Cj, on 005 x Ry, i=1,2
Ou ov

(16d) 871’1 =0 and ain =0 on (9QN X R+,

(1.6e) u(z,0) = ug, in Q.

SOCIETE MATHEMATIQUE DE FRANCE 2020



4 CHAPTER 1. INTRODUCTION

In the above system of equations, u is the order parameter with |u|? representing
the number density of superconducting electrons. When |u| = 1, a material is said to
be purely superconducting while it is in the normal state when v = 0. The electric
potential is denoted by V', and o denotes the dimensionless normal conductivity of the
wire. If one attempts to address the local stability of the normal state, the problem
reduces to the spectral analysis of ¢#},.

Beyond the above application, the spectral analysis of a Schrédinger operator with
a purely imaginary potential has several other applications in mathematical physics.
Among them are the Orr-Sommerfeld equations in fluid dynamics [19], the null con-
trollability of Kolmogorov type equations [10], and the diffusion nuclear magnetic
resonance [21, 22, 12]. In the present contribution we focus on (1.6), or the Ginzburg-
Landau model in the absence of magnetic field, where the electric potential satisfies
(1.4). In [3] the asymptotics of a lower bound of inf Reo(c#;) have been obtained
as h — 0. Assuming a smooth domain, a similar result has been established in [16],
using a more constructive technique, which is employed in the present contribution
as well, providing resolvent estimates in addition to the above lower bound.

In [4], improving previous results from [8], we obtained in collaboration with
D. Grebenkov, the asymptotic behavior of an upper bound for inf Re o(—h2A + V)
on smooth bounded domains in R%. To characterize the potentials addressed in [4] we
first define (for d = 2, which is the case considered in this work)

00, = {z € 09Q|det(VV (z),V(z)) = 0},
where 7(x) denotes the outward normal at . Then it is required in [4] that
inf |det D?V; >0,
zeualﬂJ_| ¢ a(ZL‘)l
where Vj denotes the restriction of V to 09, and D?Vj denotes its Hessian matrix.
Note that 02) must be a discrete set in that case. Clearly, such potentials do not
belong to the class of potentials considered in this contribution, as is evident from
(1.4). It will become clear in Sections 3 and 4 that the techniques employed in [4] are
not applicable for potentials satisfying (1.4). The reason is that the ensuing approxi-
mate operators near the boundaries are not separable. Thus, while electric potentials

satisfying (1.4) appear very naturally in applications, their spectral analysis poses a
significant challenge beyond the potentials addressed in [4].

1.2. Main results

We seek an approximation for inf Re o(¢#y,) in the limit A — 0. Let
1. = i .
(1.7) Jm = min |VV(z)]

Denote by & the set
(1.8) S ={xe€dQp: |VV(x)| = Jn}

MEMOIRES DE LA SMF 166



1.2. MAIN RESULTS 5

1.2.1. Type V1 potentials. — In this case, any z € ¢ is a minimum point of [0V /Jv|
on 9Qp. Thus,

(1.9) 8||3,,V($) =0, Vred,

where ) represents the derivative with respect to the arclength along the boundary
in the positive trigonometric direction. We next introduce

(1.10) a(z) = 8j0,V(x), Vze &,
Let
(1.11) Q= min |a(z)|.
zeS
We then define a new set
(1.12) S™ = {z € Slla(@)| = am},
We assume in the following that
(1.13) QA > 0.

Consequently any z € & is a non-degenerate minimum point of |0V/dv|. Furthermore
we may conclude from (1.13) that & is discrete.
Our main result in this case is the following theorem.

THEOREM 1.1. — Let o/, be given by (1.1), in which 0Q satisfies (1.2) and (1.3)
forn =4, and let V, the solution of (1.4), be of type V1 and satisfy (1.5). Suppose
further that (1.13) is satisﬁed. Then

_ o3l
(1.14) hm h2/3 inf{Reo(#y)} = J2/ o

where v1 < 0 is the rightmost zero of Airy’s function.

REMARK 1.2. — As will become evident in the sequel, some of the conditions set above
are unnecessary in order to obtain the lower bound on the left hand side of (1.14).

1.2.2. Type V2 potentials. — In this case we similarly define

(1.15) a(z) = 8||8,,V(a:),

where

(1.16) &y, = min |&(z)|.
ze€S

We then define in & a new subset
(1.17) S™ ={z € Sl|a(z)| = am}.

THEOREM 1.3. — Let o#) be given by (1.1), in which 0Q satisfies (1.2) and (1.3)
for n = 4, let V, the solution of (1.4), be of type V2 and satisfy (1.5). Suppose
further that &.,, > 0. Then

inf{Reo(c#)} = J%/P)M.

(1.18) I 5

im h2/3

SOCIETE MATHEMATIQUE DE FRANCE 2020



6 CHAPTER 1. INTRODUCTION

The rest of the contribution is arranged as follows. In the next section we obtain
the leading order asymptotic behavior of a lower bound of inf Re o(¢#;,) in the limit
h — 0. In Sections 3 and 4 we obtain a quasimode for ¢#; for potentials of type V1
and V2 respectively. In Section 5 we obtain some auxiliary resolvent estimates in one
dimension, that are employed in Section 6. In Section 6 we obtain resolvent estimates
for the approximate operator appearing in Section 3 for type V'1 potentials. A similar
task is carried in Section 7 for type V2 potentials. In the last section we complete
the proof of Theorems 1.1 and 1.3. Finally, in the appendix we bring examples of
potentials of both types.

Acknowledgments

Y. Almog was partially supported by NSF Grant DMS-1613471.
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CHAPTER 2

LOWER BOUND

2.1. Main statement
We now state and prove

PROPOSITION 2.1. — Let Q satisfy (1.2) and (1.3) with n = 3 and V satisfy (1.5).
Then, we have

|v1]
(2.1) hm 1nf h2/3 mf{Re a((ﬂh)} > J72n/37.

The proof differs from the proof of the lower bound in [4] only by the need to
estimate the resolvent in the vicinity of the Dirichlet-Neumann corners. We thus
begin by recalling various lemmas from [4], and then continue by treating the corner
case.

Note that (2.1) has already been proved in [3]. Nevertheless, the proof brought in
this section, is more constructive and provides resolvent estimates for ¢/, in addition
for the lower bound on the spectrum.

2.2. Preliminary lemmas

The following lemmas all involve an affine approximation of V.

2.2.1. Complex Airy operator in R?

LEMMA 2.2. — Let
Ay =—A+ir
be defined on
D(HAy) = {u € H*(R?)|z1u € L*(R*)}.
Then, for any w > 0, there exists C, such that

Sup I(Ho = 2) 7| < C.

ezw

For the proof see [4, Lemma 4.1].
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8 CHAPTER 2. LOWER BOUND

REMARK 2.3. — By dilation, we obtain the same result for —A + ijxy for
any j € R\ {0}. Hence, we can obtain a uniform bound, with respect to j, of
SUPRe z<y [(—A 4 ijz1 — 2) 71| on any compact interval excluding 0.

2.2.2. Complex Airy operator in Ri. — The next lemma considers the Neumann prob-
lem in Ra_ = R x R, which arises while localizing ¢#;, near Qy. It follows immedi-
ately from [4, Proposition 4.9].

LEMMA 2.4. — Let
be defined on

D(Ax) = {u € H*(RY)|z1u € L*(RY), du/dz|,,, = O}
=
Then, for any w > 0, there exists C, such that
sup [I(Hy — =)l < Cun

Re z<w

REMARK 2.5. — By the same argument of Remark 2.3 the resolvent of the Neumann
realization of —A+1ijxq is uniformly bounded with respect to j on any compact interval
excluding 0.

We also restate another conclusion of [4, Proposition 4.9] and [4, Proposition 4.5],
which is related to the localization of ¢#;, near 9Qp.

LEMMA 2.6. — Let, forj+#0,
Ap = —A +ijxa,
be defined on
D(HAp) = {u € H*(R%)|zou € L*(RY), Ulggs = 0}.
Then, there exists C > 0 such that, for all0 < e <1,

C
sup I(Fp =) +IV(Ap =)+ IIA(HDp —2)7H < =

2 €
Re z<[j| 8 |v1|/2—¢

Moreover, C may be chosen independently of j if we confine j to a closed bounded
interval excluding 0.

We continue with the following estimate (cf. [4, Lemma 4.12]) which will become
useful in Section 8.

LEMMA 2.7. — With the notation of Lemma 2.6, for any compact interval I = [u1, o],
there exists a positive C(I) such that, for any z = p+iv with |[v| > po+4 and p € I,

(2.2) I(7” = )7 < o).

MEMOIRES DE LA SMF 166



2.2. PRELIMINARY LEMMAS 9

2.2.3. Complex Airy operator R, xR,. — We now present a new result which is useful
while using blow-up analysis to obtain the contribution of the corners to the resolvent

of Q%h:
LEMMA 2.8. — Let oA, denote the operator

(2.3a) A= —A +ijzy,
defined on
(2.3b) D(HA,) = {u € H*(Q) | upQ, = 0;0,uaq, = 0;z1u € L*(Q)},

where j # 0 and

Q:RJ,_ XR+; 8QJ_ :R_;,_ X8R+; 6@” :8R+ XR+.
Then, there exists C > 0 such that, for any € > 0,

_ C
(2.4) sup I(Fe =N 7HI < =
Re <[5 |v1|/2—e

Moreover, C may be chosen independently of j if we confine its value to a closed
bounded interval excluding 0.

Proof. — Tt can be easily verified that o7, : D(c#.) — L?(Q) is surjective, injec-
tive, and maximally accretive. This can be done either by the separation of variable
technique as in [4] or by using generalized Lax-Milgram lemma from [6]. Note that
by the arguments presented in [5, Proposition A.3] there exists C' > 0 such that for
every u € D(c#,) and 0 < r; < 1y,

lullz2(p,,) < C (IIAUIIL%DT?) + ||u||L2(DT2)> ;

where D, = B(0,7) N Q. Hence, the presence of a corner does not pose a significant
obstacle on the way to obtain global regularity estimates.
To prove (2.4) we write

(’%c = z-ﬁ- - 8523
where 7, is the Dirichlet realization in R, of
d2
Ly = ——— +ija,
dz?

and —82, denotes by abuse of notation the Neumann realization of —% in Ry.
2

Since Z4 and —8%2 commute, we have
.9 tH2 _
e t‘ﬁ0=eaz2®e tZy

)

and hence
(2.5) le™* || < [l .
From [4, Proposition 2.4] we learn that

||e—t5€+|| < Ce_t‘ﬂ%"/l‘/Q,

SOCIETE MATHEMATIQUE DE FRANCE 2020



10 CHAPTER 2. LOWER BOUND

and hence by (2.5) we have
le=t e || < Cemth3ml/2,

Hence, whenever Re A < |j| |v1]/2 we have

oo . C
(=N s [ ety < T -
0 li|3|v1]/2 — Re A

Finally, we shall need, in the last section, the following lemma, which is analogous

to Lemma 2.7,

LEMMA 2.9. — For any compact interval I = [u1, ps], there exists a positive C(I)
such that, for any z = p+ iv with |v| > p2+4 and p € I,

(2.6) I(#e —2)7H < CD).

Proof. — To obtain a resolvent estimate, we use an even extension in x5, i.e., we define
the operator ¢#. which is associated with the same differential operator as ¢#, but
whose domain is defined by

D(He) = {u € H*(RZ) | ugrz = 0; Ru = u;z1u € L*(RY)},

where & denotes the reflection 5 — —x. The lemma then follows immediately from
Lemma 2.7. ]

2.3. Proof of Proposition 2.1

The proof is similar to the derivation of the lower bound in [4, Section 6] or [16,
Section 4]. We thus, recall the main steps only, focusing primarily on the resolvent
estimates near the corners (that are absent from [4, 16]).

2.3.1. Partition of unity. — For some 1/3 < o < 2/3, hy > 0, and for every h € (0, ho,
we choose two sets of indices ¢/;(h), ¢/5(h), and a set of points

(2.7a) {aj(h)eQ:je Ji(h)}U{be(h) €0Q: ke Jo(h)},

such that B(a;(h),h?) C Q,

(2.7b) Qc |J Bla(h),he) u |J B(br(h),h),
J€Ti(h) ke o (h)

and such that the closed balls B(a;(h), h2/2), B(by(h), he/2) are all disjoint.
We further split ¢/5(h) into three disjoint subsets

(2.8) Tolh) = T5 U T5 U Ts,

such that by (h) € 8Qp whenever k € 075), bi(h) € QN whenever k € (%V, and for
every k € §/5 by denotes a corner.

MEMOIRES DE LA SMF 166



2.3. PROOF OF PROPOSITION 2.1 11

We note that 0Q2p N OS2y is a finite set consisting of the four corners, and that by
the above construction

(2.9) U {t} =995 n oy,
ke g

We now construct in R? two families of C* functions

(2.10a) (Xj,n)jeg,n) and (Ce,n)ke g, (h)s

such that, for every z € Q,

(2.10b) S oxin@)?+ D Genl@)? =1,
NSAW) ke Jo(h)

and such that suppx;r C B(a;(h),he) for j € ¢&/;(h), suppCkp C B(bi(h), h?)
for k € J4(h), and x;, = 1 (respectively (. = 1) on B(a;(h), h¢/2) (respectively
B(be(h), h/2).

In addition, we also assume that, for all o € N2, there exist positive hg and C,,
such that, Yh € (0, ho], Yz € Q,

(2.10c) Z |80‘Xj’h(x)|2 < C,h2ele and Z |5aCk,h(fE)|2 < ¢, h2lele,
J k

To satisfy the Neumann boundary condition on 9y, and for later reference, we

introduce an additional condition
3}
(2.11) Ebﬂ =

We further set nx 5, = 10k h-

2.3.2. Definition of the approximate resolvent. — Following [4, 16] we construct, for any
€ > 0, an approximate resolvent, which should be close in operator norm to ( %, —\) !
as h — 0 for

(2.12) Re ) < (Jﬁf”@ - 6) hi.

The construction is based on localized resolvents defined on the disks B(a;(h), h?)
or B(bg(h), ho).
For j € &/, we set
(2.13) Hjn = —h2A+i(V(a;(h)) + VV(a;(h)) - (= — a;(h))),
D(HAjp) = H*(R?) N L2(R%|VV (a;(h)) - z[*da).
By Remark 2.3 (see also [16, Lemma 2.1])

C,
2.14 AT < =2
( ) Re )\Sguf)h2/3 ||((’%],h ) || = h2/3

Define in a vicinity of by, a curvilinear coordinate system (s, p) such that p = d(z, Q)
and s(z) denotes the signed arclength along 9 connecting by and the projection of
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12 CHAPTER 2. LOWER BOUND

on 99. The boundary transformation is denoted by &F », and its associated operator

by Tc;zbk.

For k € &/ f;’ we have by € 0Q2y. Hence, we may use the approximate operator
(2.15) {o%,;} = —h?A, , +i(V(bg) £ jrs)

D Hr) = {u € HARE) | dyugse = 05 su € LA(R2))},

where
(2.16a) it = [VV (5)] = 10,V (b))
and the + sign is determined by the condition
(2.16b) +9,V(bg) <O.
Since VV is parallel to the boundary, it follows from Remark 2.5 that for any positive w
(2.17) swp (i~ NS

Re A<wh?/3
For k € &/ BD, we use the approximate operator
{e%k,@ = —h2A,, +i(V(br) £ jrp)
D(Han) = {u € HARE) N HY(R2)|ou € L2(R2)}.
By Lemma 2.6 we have, for any € > 0, the existence of C. and h. > 0 such that

(2.18)

- Ce
(219) swp o (Tan— N7 YR E (Oh]
Re A<( 2 |v1]/2—€)h?/3
Hence, by (2.17) and (2.14) all localized resolvents satisfy (2.19).
As in [4] we construct the following approximate resolvent

(2.20) RN = Y X (Fin =N Xn D kRN,
Jj€ &;(h) ke J5(h)

where
(2.21) Ripn(N) = T(,_yik (Fnp — A)_ch‘?bk'

Hence it remains to define ¢#, and (:%k,h when by is a corner and to establish
the corresponding localized resolvent estimates. This is the object of the next few
paragraphs.

2.3.3. Conjugate harmonic maps. — Let U denote the conjugate harmonic map of V'
in ©, which exists under the assumption that €2 is simply connected. Using the Cauchy-
Riemann equation, we immediately get that U € H?(Q2) and has the same regularity
of V. As a matter of fact, U is a solution of

AU =0,U = Dy on Bﬂf\, for £ =1,2 and 9, U = 0 on 0Q2p,

where D; and D5 are constants.
Due to Assumption (1.3), U and V are also in C™7 at the corners.
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2.3. PROOF OF PROPOSITION 2.1 13

2.3.4. Curvilinear coordinates in the neighborhood of a corner. — Let ¢ be a corner
(after a translation we can set ¢ = (0,0)) and since VV(¢) # 0 and |[VU| = [VV] in Q,
we define a new local coordinate system (s, p) by
U - Dg(c) V- Ci(c))

VvV " [VV()l /)

(2.22a) (5,0) = Gule) = (%

where D) = Ul(c), Cic) = V/(c), and the signs are chosen so that both s and p are
positive. The Jacobian g. of { (x) equals 1 at ¢ and (. admits locally an inverse F,
of class C™ ™. Hence we may write

(2.22b) z = Fc(s,p).

Note that (s, p) is an orthogonal coordinate system, and it can be easily verified that

(2.23a) A =g,
where

2
(2.23b) ge(z) = V@)

VPR = gc(s,p)-

A simple computation yields

0. 1 dg. OV 0g. OV
2.24 ST — - -
(2242) 0s 9:|VV (¢)] [ Oz, 0zo Oz 6901}’
and

99. 1 dg. OV 0g. OV
2.24b =+——| — — = — .
( ) Op 9:|VV (¢c)] [ Ox1 0y Oxa &TQ}

For n > 3, we may write
(2.25) Ge(s,p) =14 aes + Bep+ O(s® + p?).
One can obtain &, and J, by setting (s, p) = (0,0) in (2.24).

2.3.5. Estimates of the localized resolvent near the corners. — Let
T% L*(QN B(x,0)) — L*(U) s-t. TG (u) =uo f,.
Let by denote a corner point and 7, = To?bk (7k,n). We also introduce
& _ -1
(226) (’%k,h — TC?bk O%hT(’?bk .
Let further, with the notation of (2.3),

(2.27) {(%k*’} = —h?As , +i(V(be) £ jkp),

D(Ap) ={ue HQ(Q)|u|aQH = 0;8u/8u|aQL =0;pu € L*(Q)}.
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14 CHAPTER 2. LOWER BOUND

Let ¢ > 0 and \ € satisfy Re A < (|v1]|jx]3 /2 — €)h?¥/3. By (2.23) and (2.25) we have

(2:28) [k (Hrp = A p)( A = N7 < B2 k0G0 = DAG,0) (Hin = N7
< CR**A Gy (e = V)7 -
By (2.4) there exists C. > 0 such that

C.

(2.29) I(Fnp — N7 < h2/3"

Furthermore, an integration by parts readily yields

G - 1. < _ Rel,, - _
IV s, (Fip = NP < 25 An = N7+ S5 (e = 7P,
from which, with the aid of (2.29), it follows that
2.30 Vo (T — N1 < 2
( : ) || (S,p)( k,h T ) || = h4/3'

Finally, as in [16, Eq. (4.26)] we obtain
C
h?
which, with the aid of (2.30) and (2.29), yields

||A(s,p)(0~%k,h - >‘)_1||2 < ||V(s,p)(0%k,h - )‘)_1||||(C:%k,h - >‘)_1||7

c
< e
Substituting the above together with (2.29) and (2.30) into (2.28) yields

||A(5,p)((§gk,h =07

(2.31) k1 (Ao, — O%k,h)(c:%k,h - A7 < Che.
We also need the estimate
oA, mkp] Re VI < CP0NV () (e = N7+ B2 (Fe = N M,
which follows from (2.10c) and the fact that
(2.32) [Tnynin] = —h*(Angp) — 2R°Vingp - V.
By (2.29) and (2.30) we then have
10T, mep] Ren (V|| < CR?/37e.

Combining the above with (2.31) yields

(2.33) ”ﬁk,h(/(’%k,h - (’%k,h)( (:%k,h =N+ 1o[ A, M p) Ren(N)|| < C(R2 + h2/3=e).
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2.3. PROOF OF PROPOSITION 2.1 15

2.3.6. Global error estimate. — We may now continue as in [4, Section 6]. We recall
that

(2.34) (A —A) R(h,A) =T+ E(h, ),

where

(2.35) EhA) = D BihNxjn+ D Bilh M.
Jj€&;(h) ke /a(h)

In the above, for j € &/;(h),

(2.36a)

Bj = Bj(h, ) = xj,n(An — Ajp)(Hjp — A) " Rin + [ A Xj,h) (A n — N7 X oh
and, for k € &/5(h),
(2.36b)
Br = Br(h, A)
= ﬁk,th}tk (/C%k,h - C%k,h)((:%k,h - A)_IT&,C Mi,n + Lol A M n | Rie,n ke,

where X 5 and 7y, are such that
— Supp Xj,n C B(a;(h),2h?) for j € &/;(h),
— Suppﬁk,h C B(bk(h),2hg) for k£ € (93,
— Xj.nXg,h = Xj,h and Nk nMk,n = M,k

and

& _ -1
C%k’h - T"?bk e%hT@?bk ’

By (2.14), (2.17), (2.19), and (2.29), it follows, as in [4], that R/(h,\) is well
defined, for A satisfying (2.12). Furthermore, we have

(2.37) [ RAh, )| < Ceh™3,%h € (0, hel.

We now estimate the remainder £(h,\). It has been established in [4, Section 6]
that there exists hg and C > 0 such that, for b € (0,hol, j € Ji(h), k € J5(h)U
gév(h) and A satisfying (2.12),

(2.38) 1B; (s M| + 1 B (B, V)| < CR™m (@:50),
By (2.31) we have also, for k € /5,
| Bi(h, A)]| < Chmin (572,

We now observe, using the finite covering property of the partition, (2.10b) and (2.36),
that

(2.39)
1ERNFE<Co | D B MIPIxinfllE+ Y 1 Belh NIPlImen flI3

jed;(h) k€T o(h)
< ChPmin @30 £ 2.
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16 CHAPTER 2. LOWER BOUND

Consequently,

(2.40) sup 1ERN)]| —> 0,
{ReAS(1 | ol /2-0)h2/5) -

and hence, for sufficiently small h, I+ E(h, )) is invertible. With the aid of (2.37), we

then obtain that for each \ satisfying (2.12) we must have A € p(c#},), and by (2.34)

and (2.37)

I(Hn — N7 < IR M + E(R, X)) 7| < Ch™5.

We may now conclude that for each € > 0, there exists hg(€) such that whenever
0 < h < hg(e) and

(A€ [ReA < (11ul3 /2 — O3} € p( ).

Proposition 2.1 is proved.
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CHAPTER 3

QUASIMODE CONSTRUCTION - TYPE V1

In this section we construct a three terms expansion of a quasimode. Had o#;,
been self-adjoint, we could have used from here the spectral theorem to obtain the
existence of an eigenvalue. Alternatively, we can use in the self-adjoint case the Min-
max Theorem to obtain an upper bound for the left margin of the spectrum. This is,
of course, not possible in the non selfadjoint case which is considered in this work.

3.1. Local coordinates and approximate operator

Let 2o € &™. Recall that for type V1 potentials, z( lies in the interior of 6€p.
Recall from the previous section the definition of the curvilinear coordinate system
(s, p) where p = d(z,09) and s(z) denotes the signed arclength along 9 connecting
xo and the projection of z on 9f). In this curvilinear coordinate system we have

_(10N2 10/ 0 1 02 0%  pr'(s) & k(s) O
w1 o= () IS b s

T F0s 9 @ 9s g op
where
(3.2) 9(z) =55, 0) = 1 — pi(s),
and «(s) is the curvature at s on 9f.
Note for later reference that (3.2) implies

(3-3) 9(s,p) — 1] < Cp for (s,p) € (=50, 50) X [0, po)-

We next expand V in the curvilinear coordinates (s, p),

(34) V(@)= Viwo) = V(s,0) ~ Vlwo) = co+ 30> + gasPo+6V(s,p),
where

(3.5) c=V,(0, a=V,,(0, B=V,,0),

and

(3.6) 16V (s, )| < C(lslo® + [pI®), for (s, p) € (—s0,50) x [0, po)-
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18 CHAPTER 3. QUASIMODE CONSTRUCTION - TYPE V1

REMARK 3.1. — Using the notation of the introduction, we observe that
lel = [VV(0)| = Jm

and note that the sign of c is determined by the values of C1 and Cs in (1.4). Thus,
for g € QID and Cy > C1 or xg € Q2D and Cy < C1, we have ¢ > 0 whereas
for xg € Q% and Cy > C1 or xg € Q}j and Cy < C1, we have ¢ < 0.

Note that we may deduce from (1.5), (1.12) and (1.13) that:
(3.7 ac > 0.

In the rest of this section we assume ¢ > 0, without any loss of generality, since

otherwise we consider o7, instead of ¢/#; and use the relation

U((:%h)za((%h)-

Blowup. — Applying the transformation
3

(3.8) T= <%)1/3p, o= <8;:h4)1/1287

to (3.1) with

u(z) = u(s, p) = (o, 1),

yields the identity

(3.9) h2Au = (hdp)?? (iirr + e(h)ise — e(h)R(0)[2Tm/am]" 2, + 6u),
where
1/242/3
am h

Here %(0) = k(s(0)) and ¢ is the operator u — du given by

1

(3.11) du= e(h)(f72 _ 1)1100 n e(h)m%MV

U G

— e(h)i(0)[2m /am]l/Z(% ~1)a,.

o

It can be easily verified, using (3.3), that, there exists C, hg > 0 and py > 0 such
that, for h € (0, ho] and u s.t. suppu C (—so, So) X [0, po),

(3.12) 1ullz < Ce(h)?||all ps g2 )
where for £ € N,
BYR2) = {u € L*(R%),oPT90T 0 € L?,¥p,q,m,n > 0 s.t. p+q+m+n < £}.
Converting (3.4) to the coordinates (o, 7) via (3.8) yields

V(o,7) — V(wo) = (hp)?? (T +e(h) [02T + W[QEJM]UQT?] n 517).
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3.2. THE FORMAL CONSTRUCTION 19

Using (3.6), we may conclude that there exists C, hy > 0 and py > 0 such that,
for h € (0, hy] and u s.t. supp@ C (—so, S0) X [0, po),

3
(3.13) [6Vull < Ce(h)? [dl ps w2 )-
We thus obtain the approximate problem (for ¢ > 0)

(3.14) gy + 370 + e(—lige + 10270 + iB720 + 2w, ) + O(e3/?) = At in R
' 4(0,0) =0 for o € R

)

where the (O(e?) = O(h) term is bounded by the right hand side of (3.13), for supp % C
(_50780) X [pr())a and
. ] /2 B

(3.15) w = #(0) [m -

P Ramdnl 2
We recall that for ¢ < 0 we obtain (3.14) once again by taking the complex conjugate of
the approximate equation, together with the change of parameters (8,w) — (=3, —w).

REMARK 3.2. — Although not needed in this section for the formal construction
of the quasimode, it will become necessary in Section 8, to define the curvilinear
coordinates (s,p) and their corresponding blowup (3.8) centered at a point y in &
(instead of xo). All the quantities appearing above m,c,a,ﬁ,ﬂ,e are then com-
puted at the point y chosen as the origin (for clarity we denote them in Section 8

by k(y),c(y), a(y), - - -, e(h,y)).

3.2. The formal construction

We look, in the (o, 7) variables, for an approximate spectral pair in the form (mod-
ulo a multiplication by a cut-off function)

U = ug + eu, A = g + e,
with ug, u; in §'(R2).

The leading order balance. — The leading order balance reads

(3.16) (Z" = Xo)ug =0,
where
4 o*
(3.17a) " = 52 + T
As an unbounded operator on L%(R,) its domain is
(3.17b) D(Z%) = {u e H*(Ry) N HL(Ry) | Tu € L*(Ry)}.

We use the same notation for its natural extension to L?(R?) by a tensor product.
For ug in the form

(3.18) up(o,7) = v(T)wo(0),
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20 CHAPTER 3. QUASIMODE CONSTRUCTION - TYPE V1

(3.16) leads to
(3.19) (27 = X)v=0
in L?(R,) and hence

o(t) =v1(1), Ao = —e 27 /3y,.
Here vy denotes, for k£ > 1 the kth zero of Airy’s function, and
(3.20a) vp(7) = CrAi(e™/ 07 4 1),
where
oo —-1/2
(3.20b) Ce=| / Ai(r +w)Pdr]
0

which follows from the normalization
(Uk,vg) = 1.
We thus conclude that ug must have the form
(3.21) ug (o, 7) = v1(T)wo(0),

where wy € §'(R). It follows that ug € & (@) and satisfies the Dirichlet boundary
condition at 7 = 0. We will determine wg from the next order balance.

The next order. — The next order balance assumes the form
2

(3.22) (ZZZ+ —Ao)uy = —( A + QwQ +i(o?r + B7%) — Al)uo; u1(0,0) = 0.
do? or

Taking the inner product of (3.22) with ¥y in L?(Ry,) we obtain that the pair
(A1, wp) should satisfy
(c@ - )\l)wO =0,

where P is defined on
D(P) = {u € H*(R)|o*u € L*(R)}

by
(3.23) P O g g2y
‘ T 902 m m;2)
with
(3.24) Tm = eiﬂ/?’(ﬁl,ﬂ)l)a Tm,2 = i<1‘11,72v1>.

Note that by Cauchy’s Theorem and deformation of contour, we obtain that 7, and
Tm,2 are real and satisfy

(3.25) T = / TAiQ(T +v1)dr >0 and 7,2 = / T2Ai2(7' +vq)dT > 0.
R, R

+
We now choose \; as the eigenvalue with smallest real part of 2 which is a complex
harmonic operator and take wq as the corresponding eigenfunction

1/2 N
(3.26) wo (o) = Cy exp{ - [%n} ezﬁgQ}, A1 = V27,12 + BTy, 9,
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3.2. THE FORMAL CONSTRUCTION 21

where Cy is chosen so that

/Rwo(a)2da =1.

With this choice of A1, the function u; € & (@) must satisfy
(3.27)
(§Z+ — Xo)uy = —i[o?(T — eii”/grm) + B(1? - iTm,2) + 2iwd;ug; u1(0,0) = 0.

Let IIj, denote the spectral projection of L?(R,,) on span vy, defined by:
(3.28) Hyu = (u, V), vk,

where (-,-), denotes the inner product in L?(R,,) with respect to the 7 vari-
able. We use the same notation (instead of Id®IIy) for its natural extension to
L*(R)®L?*(Ry) = L*(R%).

Consequently we may write

u1 (o, 7) = wi(o)v1 (1) + 41 (0, 7),

where @; € (I —II;)L*(R%) and wy € §(R) is left arbitrary (and should be obtained
from higher order balances). We set w; = 0 in the sequel, as a two-term expansion
satisfies our needs in the next sections.

With Fredholm alternative in mind, we look for u; (o, 7) in the form
ui(o,7) = —io?wo(o)ur1 (1) + wo (o) (Buiz(r) + wuis(7)),
where u11(7) is the unique solution in Im (I — II;) of
(2" = Xoyura () = (r = e™/Prp)v1(7), u11 (0) = 0,
u12(7) is the unique solution in Im (I — II;) of
(27 = No)ura(r) = (12 = iy 2)01 (1), u12(0) = 0
and u13(7) is the unique solution in Im (I — II;) of
(2" = Xo)us(7) = v} (7), ur3(0) = 0.

The above equations are uniquely solvable, since their right hand sides are all or-
thogonal to 1, (and hence both lie in Im(I — IIy)), and since (Z* — A0) /Im (I—-T1,) 18
invertible. It is not difficult to show that u; ; belongs to §'(Ry) for j = 1,2,3.

We have thus determined A\; and u; € & (@), providing sufficient accuracy for
the derivation of the upper bound in the last section.

REMARK 3.3. — The above expansion is similar to the one given in [13]. Following
the same steps detailed there, one can formally construct an approximate solution, of
arbitrary algebraic accuracy (i.e., of O(eP) for any p > 0).

SOCIETE MATHEMATIQUE DE FRANCE 2020
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3.3. Quasimode and remainder

We can now set the approximate eigenpair (U, A!) to be given by

(3.29) Al(e) = Xo + eXy; Uo,7) = n.(0,7) (g0, 7) + ¢ty (0, 7)),

where the accent * is used to denote functions of (o, 7), and 7, € C*°(R2,[0,1]) is a
cut-off function supported in a neighborhood of zq

1 for |02 + 72| < e~ V/4
melo,7) = {0 for |02 + 72| > 2¢71/4.
For latter reference we define
(3.30) Al(e) = Ao + yers,

for some 0 <y < 1.
We finally state

PROPOSITION 3.4. — Let g € §™ and (U, A') be given by (3.29). Let for c(z¢) > 0

~ . 3 /12 pJ_q1/3
1 _ _ g7l X m
Un(@) =Un(s,p) =U ({SJmh‘J % [h2] p)
and
a1/2
Al _ 241 _ m 2/3

For c(z) < 0 set U} = (77,1 and

R (h,20) = iV (o) + (Jmh) S AT(e(R)).
Then, there exist C > 0 and hg > 0 such that, for all h € (0, hg),
(3.32) I(An — AL (B, 20))Upll2 < CRY?(| U 2.

The proof follows from the preceding asymptotic expansion, the fact that supp (7,1
belongs to (—sg,s0) X [0,00), and the exponential decay of ug and u; in Ri which
implies that [|(1 — ne)u; | ps ez ) = O(et>°) = O(ht).
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QUASIMODE CONSTRUCTION - TYPE V2

In this section we present a similar construction to the previous section for type
V2 potentials.

Let g € (S” ™ which for type V2 potentials is a corner point. We use the curvilinear
system of coordinates (s, p) given by (2.22). The corner is set to be the origin, and
(s, p) varies in a neighborhood of (0,0) in @ = [0,400) X [0, +00). We then use the
diffeomorphism ¢¥, (h) given by (2.22b). The potential V' is given in the vicinity
of g by
(4.1) V(z) =V(s,p) = V(zo) + cp,
where ¢ = =|VV (x0)|.

As in the previous section we assume, without any loss of the generality of the
proof, that ¢ > 0, otherwise we move to consider, as before, Q;G?h instead of o7},

The Laplacian operator is given according to (2.23) by

A = §.(02 + 82),
where
9e(z) = [VV*/c* = Ge(s, p).-
By the smoothness of V, § admits, in the vicinity of (0,0) the expansion
(4.2) ge(s,p) =1+ Ggys + Bwop + 0(52 + p2),

where &,, > 0 since zp is a minimum of |0V/0v| on d2p. Note that by (2.24), at
every corner we have

(4.3) &gy = 26(z0)/c > 0,
where & is given by (1.15). Since |¢| = J,,, on & it follows
(4.4) & = Gy = 28m/Jm, for o € & -

We now apply the transformation

(4.5) T= [%] 1/3p; o= {316[5’1} 1/93,
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to obtain from (2.23) that

0? 0?
h4/3J,;l2/3A — (1 +co + 0({.:%))(T + €7>.

In the above,

/9 ,
(4.6) e(h) = [zﬁaﬁnJ—S] hs
Consequently, we may write
9 62 ~ 82 .
(4.7) (hJ )23 Ay = —(1 + 60’)8 5 +isignera — €555 + Su,

where, for u such that suppa C (—so, s0) X [0, po),
EI
[0ull2 < Ce2 |l ps(q)-
We now continue as in the previous section. The eigenvalue problem can be formu-
lated, for ¢ > 0, as finding an approximate pair (&, A) such that
—(1 4 €0)lrr + il — €llge + O(e2) = A in Q,
(4.8) (0,0) =0 for o € Ry,
gu(0,7) =0 for 7 € R;.
Note that for ¢ < 0 we obtain (4.8) once again by taking the complex conjugate of
the approximate problem.
Omitting the haéek accent ”, we first assume
u = ug + eug; A= Ao +eh,
with ug and u; in $(Q).
The leading order balance is precisely (3.29), and hence, as before,
(4.9) ug = v1(T)wg (0); Ao = —e 27/3y,
with wg arbitrary in §' (R, ), as long as it satisfies, the Neumann condition at o = 0.
The next order balance. — It assumes the form
+ 0? 0?
(% —>\0)U1:<@+ 8 2+>\ )UO; Ul(O,U):O,

where 27 is defined by (3.17).

As )

0 Ug

972 = ( A0)uo,
we obtain that
(4.10) (25— Xo)ur = _(y>+(T) - 5\1>u0; w1 (0,0) = 0,
where

82

(4.11) Pi(r) = ez " (ioT — Xo)
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Taking the inner product of (3.22) with ¥; in L?(R,,) we obtain that
B O*wg
o2

+ (800 = M)wg =0, (wg)'(0) =0,
where
(4.12) 0o = Ao — /57,
in which 7, is given by (3.24). As
o = —/ (T — Xo)vi(T)dT = / (vy(7))%dr = e”/?’/ (A (€87 + v}))2dr,
Ry Ry Ry
it easily follows that arg 6y = 7/6.

As a Neumann realization of a complex Airy operator on R, the spectrum of the
operator —9% /902 + yo is discrete and \; can explicitly be found as function of the
zeros of the derivative of the Airy function. Thus,

(4.13) wy (o) = COAi(Q(l)/sa +v1); A= —9(2)/31/{,
where C is chosen so that
/ wg (0)%do =1,
R
and v} is the first zero of Ai’.
The problem for u; then assumes the form
(Z1 = Xo)uy = —io (T — e /31, )up; u1(0,0) = 0.

As in the previous section it follows that there exists a unique solution to the above
problem in (I —1II;)L%(R,, ), which in addition is in §'(Q) and satisfies the Dirichlet-
Neumann condition. We can now set

(4.14) A%(g) = Xo + ); U? = (uo + eu1)ne,
where

(0,7) 1 for o2 + 72| < e V4,
o,T) =
G 0 for o2 + 72| > 271/

to obtain the approximate eigenpair (U 2 A?%). In a similar manner to the previous
section we define, for later reference

(4.15) A2(e) = Ao+ veh
with Ao and A; defined in (4.9) and (4.13).
The following proposition is an immediate consequence of the foregoing discussion.

PROPOSITION 4.1. — Letzg € & . Let (U2, A?) be given by (4.14). Let for c(xq) > 0

UR) = T3ts,0) = 02 ([ 3o ], [ 72]7%)),
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and

(4.16) A2(h, mo) = iV (o) + (Jmh) 5 A%(e(h)), £(h)

I
r
N

=)
>

For ¢(zg) <0, set U = [77,3 and
R2(h,w0) = iV (o) + (Jmh) $A%(e(R).
Then, we have
(4.17) I(Hn = A2(h, 20))URll2 < CHA2 U 2.
Remark 3.1 still holds for zy € (:Sym.
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CHAPTER 5

V1 POTENTIALS: 1D OPERATORS

5.1. Motivation

To prove the existence of an eigenvalue of ¢/, in the vicinity of the approximated
value Al(h), one needs an estimate of ||( %), —A) || for A in an annulus whose interior
circle encloses Al(h). The relevant eigenmode is expected to decay exponentially fast
away from a point o on &". We thus replace the type V1 potential by the leading
orders in its Taylor expansion around z as in (3.4) and renormalize the operator
by considering an approximation of #Z, = (Jmh) 3 (%, — iV (20)). The spectral
parameter ) is thus replaced by A = (Jn,h) ™3 (A — iV (z0)) and the parameter ¢ ~ h3
given by (3.10) is introduced. In the next two sections we estimate the resolvent of
the ensuing approximate operator, after the dilation (3.8) centered at z( is applied,
and the blowup coordinates (o, 7) are being introduced. The estimation of the error
generated through the use of an approximate potential, instead of V| is left to the
last section.

A necessary first step towards the above mentioned resolvent estimate is to con-
sider a one-dimensional simplification of it. We recall from (3.14), where we state the
eigenvalue problem for the approximate operator after dilation, that the approximate
potential includes the term ¢372. Compared to the leading order term, 7, this term
is much smaller for all 7 < ¢~!. However, any attempt to drop this term completely
from the expansion and to account for the error afterwards would fail, as by (3.26) it
has an O(e) effect on Al(e). Since we seek an estimate of ||(Z, — A) '] on a circle
centered at Aj(e) of radius much smaller than e, a complete neglect of this term seems
impossible. However, since we consider 7 € R, it makes sense to avoid problems re-
sulting from the fact that for 3 < 0, 7+¢372 changes sign for sufficiently large |7|. We
thus multiply ¢372 by an appropriate cutoff function, so that the error generated by
it need not be accounted for in the last section, considering the fact that the resolvent
is multiplied there by a cutoff function as in Section 2.
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5.2. Realization on the entire real line

Let, for ¢ > 0, Z2(¢) be given by
2

(5.1) Za(e) = 9 + (T + eBx(ePT)T?),

where 8 € R, 1/2 < b < 3/4, and x € C§°(R,[0,1]) is chosen such that
1 |z| <1,

5.2 xTr) =

(2 x(a) {0 oy

and so that

¥ =1+1—-x2in R,

is in C*°(R,[0,1]). We shall frequently drop the reference to ¢ in Z»(e) and write
instead Z» when no ambiguity is expected. Clearly, Z» is a closed operator whose
domain is given by

D(Z3) = {u € H*(R)|7u € L*(R)}.

Let £ = Z2(e = 0). We now need to establish that Z and Z» share some properties
in common. In particular, from [3, 16] we know that Z has a compact resolvent, empty
spectrum and that, for all yy € R, the resolvent norm is uniformly bounded in the
half space Re A < pyo:

(5.3) sup [[(Z— N7} < +oo.
Re A<p0

Moreover, we will make use of the following regularity property for Z (cf. [4, Propo-
sition 5.4]),

(5.4 Iraull < C(IZull + ), Yu € D(2),

which implies together with (5.3),

(5.5) [rull < Cuoll(ZL = p)ull, Yu € D(Z),Vu € [-1, pol.

It can also be easily verified, by integrating by parts Re (Z — p)u, u), that
lulllullz < CI(Z — pull, Vu € D(L),Vpu < -1,

which implies (5.5) for 1 < —1 using again (5.4).
Similarly, we get the following properties for Zs:

PROPOSITION 5.1. — For any ¢ > 0, Lo = Z2(¢) has a compact resolvent. Moreover,
for all o € R, there exists eg >0 and C,, > 0 such that for all 0 < e < e, the
spectrum of Za(e) lies outside {Re A < po} and

(5.6) sup [|(Z2(e) = A) 7| < Cpy-

Re A<puo
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Proof. — The first statement is an immediate consequence of the boundedness of
L — Zo.
To prove (5.6) we first show that
(5.7) sup I(Z2(e) = )7 < Cu,
{Re A<po}tnp(Z2(e))

where p(Z2) denotes the resolvent set of Zs.
The spectrum of Z» being discrete, this uniform bound implies that o(Z,) lies
outside {Re A < po}, and hence, it also implies (5.6).

5.2.1. Consider first the case [Im \| < e~ (1T20)/3, _ Let A = p+iv € p(Zs), w € D(Z5)
and g = (Z2 — A)w. It follows that
(5.8) ly| < e~ (1F20)/3,
Let further
ve i= v+ efx(e’v)vi(e)

and

1/2

va(e) = 1 — 28evx(ebv)’
which is by (5.8) well defined when 4¢!~°|8| < 1.
We assume in the sequel that

1
(5.9) 4e7b18] < 5> and 0 < e < 1.

Note that under these assumptions, we have
(5.10) ve = v(1+ O(e' 7).

Applying the transformation

=7 —v,,
yields (dropping the superscript /)
(Z - pyw = g — ieB((7 + ) 0eu(7) — (X () )w,
where we have introduced
e (1) = X(e°(T + 1))

By (5.3), (5.5) and (5.10), there exists, for any uo € R, a constant C),, such that,
for ;1 < po and e € (0, ],
(6.11)  wllz + l[rwll2

< Cuo (Ilgllz + el pewlls + elpllir@eswla + el (e, — wi(e)x(ew)) wl)).

To estimate the second term of the right hand side, we first observe that, for some
constant Cy > 0,
[70ew (T)] < [ve] +2¢7° < Co(lv] +¢7°),
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and hence, using the assumptions on v, b and ¢
(5.12) el|T2pe pwll2 < Coe(v| + e 70) w2 < 2Coe2 73|75
For the third term, we simply observe that
(5.13) elvlree,wlle < 0703 |7w]ls.
It remains to obtain a bound for the last term on the right-hand-side of (5.11)
re i=e|| (V2 e — va(e)x(e'v)) w]|.
To this end we first observe that
(5.14) re < e2[[(pe, — x(€v))wl| + ev? — v (e)|x(e’v)|wl.
Using the fact that
e (T) = X (V)| = X (&7 + ¢’ve) — x("v)| < € (sup [X'|) (|7 + |ve — v]),

Equation (5.10) and the assumptions on e, v, b, yield for the first term on the right-
hand-side of (5.14)

(515) 2w — x(V)wl] < CeI (frwls + e ), )

For the second term on the right-hand-side of (5.14), we get from the identity

v3x(ebv) v?

2 = —_—
s 26e1 —2Bevx(ebv)  1—2Bevy(ebv) v(e),

the estimate
(5.16) el — vi(e)|Ix(e’)[|lw]l < Ce v x(w)||lw]| < Ce®**|lw]|.
Using (5.11)-(5.16), we obtain

2(1—b)

A _ _ (
lwllz + lTwll2 < Cuq (Igllz + e~ l7wllz + (=% + ¢ 75 ) [lwll2),

and choosing sufficiently small ¢y (which could depend on pg) we finally obtain, for
b< %, the existence of C,, such that, for any e € (0,¢], any A s.t. ReA < pg, and
any w € J(2),

(5.17) lwllz < Cpollgll2-

Consequently,

(5.18) sup  [[(La(e) = M) < Cp.
A€p(Za(e))

H=Ho
‘y|<27(1+2b)/3

Consider now X such that Re X < pg and |Tm | > ¢~ (1+20)/3,
As before let w € D(Z2) and g = (Z2 — M)w. Let x2(7) = x(¢7/2) and x2(7) =
x(e*7/2). Hence we have X3 + x2 = 1. Clearly,

Im (x3w, (Z2 = Nw) = —v|xawl3 + (r(1 + eBrx)x3w, w) + 2Im (xyw, (x2w)')-
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Consequently,
(5.19)
e xow]|5 < O™ lxzwll3 + e w3 + Il (xow) I3 + ¢llgll3 + ¢ Ixow]|3)-

Furthermore, as

Re (x3w, (Z2 = Mw) = [[(x2w)'l3 = ulxewl3 = Ixawli3,
we obtain that

1Oczw)'l13 < Clug (lIxzwll3 + e [lwll3 + llgll3)-

Substituting the above into (5.19) yields for a new constant C,,
(5.20) Ixawllz < Cpupe™ 58 (g2 + [|w]]2)-
We now write, observing that Ya(7)x(e?7) = 0 on R,

(Z2 = M) (Xaw) = (L = N)(Xaw) = X2g + 2% + Xw.
Hence, using (5.3),
(5.21) IX2wll2 < Cug(llgllz + ¢ |w’ |2 + ¢**||w]|2).

As
Re (w, (Z2 = Nw) = [[w'[|3 — pllwl3,
we easily obtain that
[w'll2 < Cuo (gl + l[wll2)-
Substituting the above into (5.21) yields

IX2wll2 < Cuo (llgll2 + ¢ [lwll2),
which combined with (5.20) yields

(5.22) sup I(Z2 = N7 < Cp-
Xep(Z2)

H<po
|v|>e’(1+2b)/3

The above together with (5.18) yields (5.7). O

5.3. Dirichlet realization in the half-line

Denote the Dirichlet realization of (5.1) in Ry by Za (¢) (or Z5 for simplicity).
Its domain is given by D(Z") (see (3.17)). We recall that Z* has compact resolvent
and that its spectrum consists of eigenvalues with multiplicity 1. In the sequel we
denote these eigenvalues (ordered by non decreasing real part) by {¢,}32; and their
associated eigenfunctions by {v,}°%, (recall that 9,, = |v,|ei™/3).
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PROPOSITION 5.2. — Let pg < Reds, 6o > 0 and
(5.23) A(e,d,10)) ={A € C,—1 < ReA < o and |X — 1 — efTm 2| > 6}
There ezist positive e¢g and C such that (25 (¢) — A) is invertible whenever

X € Ale, 8, o), for all e € (0,¢0] and =% < § < §g. Moreover

C
(5:24) w250 - N7 < 5
AEA(e,0,10)

Proof. — Let X € p(Zq) N A(e, 8, o). Let w € D(Z3), g = (Z9 — N)w and 7y, 2 be
given by (3.24). Write
(5.25) (ZZ+ — A= efTma2)w = g — eB(iXeT? — Tm2)w
with
Xe(T) = x(e"7).
Recall the definition of Ty from (3.28). Applying IT; to (5.25), we obtain

(5.26) (01 — A — eBTm2)liw = II1g — eBIL1 ((XeiT° — T 2)w).
From the definition of 7,, 2 in (3.24) we have
(527) H]((’LT — Tm 2) ) Hl((ZT — Tm 2)([—1_[1)’11})

Furthermore, from the definition of II; we have

(5.28) ||y ((xeir? = Tm,2)w) — M1 ((i72 = T 2)w) ||, < Cexp{ - gw%”}“wu}

Here we have used the decay properties of the Airy function v; as 7 — +00. See for
example [1].
Consequently, we may write

02 ((xeir? = 7z} |, < (1T = Mywls +exp { = L21e1=% V).

By the above and (5.26) we then have
(5.29)
C
—5 el
A =1 — efTm,2|

Since A € A(e,d, po)), we obtain

.
Iy < Mgl + ell(7 — Thwlls + exp { — 21l Hulz).

(5.30) Myl < (lgll2 + el (I — Ty )wl]2).

|)\ - '191 - eﬂTm,2|
Next, we apply (I —II;) to both sides of (5.25) to obtain

(" — A+ ¢BTm2)(I —I1)w = (I —11)g — eB(I — I ((xeiT® — Tm,2)w).
It has been established in [4] that
(5.31) I(Z" = X)7H(I = y)|| < C for Re A < po.
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Hence,
(I = M)wllz < COIT = M)gllz + ellxer*wll2 + ellw]2)-
Having in mind the support of x. we obtain
(5.32) ellxer*wll2 < 2" 7P| rwl|2,
and hence the existence of C' > 0 such that, for all w € D(Z"),
(5.33) I(Z = M)wllz < C(llgll2 + ¢~ llTwllz + eflw]lz)-

Since w € D(%Jr), we can apply [4, Proposition 5.8] and (5.4) in the case of Z to
(5.25) to obtain

ITwll2 < C(llgll2 + [Alllwll2 + ellxem?wll2).
From (5.32) we then get for ¢y small enough and ¢ € (0, ¢q)
(5.34) ITwll2 < C(llgll2 + Alllwll2)-
Combining (5.34) with (5.30) and (5.33) yields
[wlle < [[Mywllz + [[(I = T )wll
1
|>‘ - 191 - e/6’7'm,2|

(5.35)

<o +1) (llglla + 1A + 1lfell2])

which implies the existence of eg and €' > 0 such that, for e € (0, eo] and |[Im A| < éeb”,

(5.36) [w]2 < é( + 1) lgll2-

1
|)\ — '191 — eﬂTm’2|
To complete the proof of (5.24) we need to consider the case [Im A| > C~1e?~2. To
this end we need only observe that the proof of (5.22), where a bound on ||(Z2 — A)7!||
is obtained, can be adapted without any changes for the Dirichlet realization %;,
whenever [Im \| > ¢~ (1+20)/3 Ag ¢b=2 > ¢~(14+20)/3 we may conclude that there exist
C > 0 and e¢g such that for (4, ¢) satisfying the assumption of the proposition we have

_ C

(5.37) sup (25 -0 < S
€np(Z5 (e))
AeA(e,d,10)

By the discreteness of o(Z; (e)) it now follows that o(Z; (¢))NA(e, 8, p1o) = 0. This
completes the proof of the proposition. O

Using the quantitative version of the Gearhart-Priiss Theorem (see [20] or [14]),
we immediately obtain

COROLLARY 5.3. — Let b € (3,3). Let e t7 () denote the semigroup associated

with —%5 (¢). There exist positive ¢y and C >0 such that, for e € (0,¢] and
¢27b < § < Red; + 1, we have

(5.38) ||e—tf£2+(e)|| < %e—t(Reﬁl_a)_
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REMARK 5.4. — Note that C' and ¢g, in both (5.38) and (5.24) a priori depend on 3.
Nevertheless, as the proof of (5.24) simply assumes that B is bounded, we may drop
this dependence by confining (8 to a bounded interval.

By [6, Example 4.1.2] 25;_ (e) possesses a complete system of generalized eigenfunc-
tions in L?(R, ). Denote by {¥4};> the sequence of distinct eigenvalues ordered by
non decreasing real part and the corresponding projection operators by II),. Whenever
an emphasis of the dependence on ¢ is necessary, we use the notation

'l§1c = ﬁk,e and ﬁk = Hk,e-

We now attempt to obtain a bound for the variation of the eigenvalues and eigen-
functions of Z; () as function of e.

PROPOSITION 5.5. — For any B9 > 0, b € (%,%) and po < Reds, there exists a
positive ¢1 such that, for all B € [—Bo,Bo] and ¢ € (0,e1], Z2(e) has in the half
plane {Re X < o} at most a single eigenvalue of multiplicity 1 denoted by 91 . which

satisfies
(5.39) |91, — 01 — eBTim 2| < 70

Proof. — By (5.24) there exists e¢; >0 such that for any e € (0,e;], the set
o(Z3 () N {Re A < po} is either empty or

(5.40) o(Zy () N{Re A < o} C B(¥1 + ¢B7m.2,e270).

Throughout the proof we use the notation Zs(e,3) instead of Z5(e) in order to em-
phasize the dependence on 3 of Z». Let II; (¢, 3) denote the projector associated with
the spectrum of Z; (e, ) in the disk D(d; + eTm,2,¢2?). For fixed ¢ € (0,¢1], the
operator-valued function § +— (i:(e,ﬁ) -2t e Z(L3(Ry)), in view of Remark 5.4,
is uniformly continuous for A on 8D(¥1 + eTpm 2,¢>7%) and B € [—Bo, Bo]. We indeed
observe that

(Z5(e,8) =N = (25 (e,8) = N7
= ie(f — B) (L5 (¢,8) = M) 7' o (x(P7)it? — Tm2) o (L5 (,8) = V)",
The projector II; (e, 3) (which can be expressed by a Cauchy integral of the resolvent
along OD(¥1 + €Ty 2,¢27?)) is Lipschitz continuous in 8 in [0, Bo], and its rank is
therefore a continuous integer valued function of 3. This rank is consequently constant
and, noting that for § = 0 we have II;(¢,0) = II;, must be equal to one. Hence
a(zg(e,ﬂ)) N D(91 + ¢B7Tm. 2,62 ") contains precisely one eigenvalue of multiplicity
one for all 8 € [—0o, Bo]. Denote Iy (¢, B) = I, = I . O

REMARK 5.6. — Note that, expressing II; . by a Cauchy integral along a fized circle
centered at 91 and contained in the half space {Re A < Reds}, we obtain by (5.24)
that there exists a constant C' > 0 such that, Ve € (0, ¢1],

(5.41) 1< | < C.
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We can now obtain the following complement to Proposition 5.3:

PROPOSITION 5.7. — For every ug < Redy there exists M,,, > 0 and e,, > 0 such
that, Ve € (0, e,,],

(5.42) le™t %2 (I =TIy )| < M, e~ .

Proof. — Let Ret; < o < Reds. Recalling (5.24), we observe that

r(po) == sup [[(Z5(e) = N) || < +oo.
Re A=po

By [15, Theorem 1.6] we have
e kot

gt
le™ %= (1 — 10, )| <

- 2 g
(o) Jy* lle=s 451 -2¢-2nacds

11— Ty e

We may now use (5.24), (5.41) and (5.38) to prove that (5.42) holds uniformly for
teR,. O

As

(Z3(e) =N (I —TIy,) = / e UL @O=-N (1 _ 11y ,)dt,
0

we obtain from (5.42) the following corollary:

COROLLARY 5.8. — For every ug < Reds, there exists M,, > 0 and e,, > 0 such
that, Ve € (0, e,,],

(5.43) sup ||(I = Ty,e)(Z3 (e) = N) M < My,
Re A<ho

We conclude by obtaining the dependence on ¢ and the decay as 7 — 400 of the
eigenfunction 01 := vy .

PROPOSITION 5.9. — Under the assumptions of Proposition 5.5, the corresponding
eigenfunction vy . can be normalized such that

+oo
(5.44) / v} (T)dT =1,
0
and
(545) ||’U1’e — ’l)1||2 S Cle.

Moreover, for any T < +/2/3, there exists Cy > 0 and e; > 0 such that, for all
0<e<ey,

73/2
(546) ||eT 'Ul,e||2 S Ca-
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Proof. — We first observe, by [9], that we can normalize the eigenfunction 9; = vy,
so that (5.44) holds. Once this normalization is applied, we may write

(5.47) I =Ty e = (-, 01,e) 01

Note that the above normalization determines #; up to a multiplication by +1. Since
I1; . is a rank one projection, it follows by [9]

Ly ell = flonel,
which implies together with (5.41) that
(548) 1 S ||'U1,e||2 S C

To prove (5.45) we first observe that

(Z3 (&) — ¥1)v1 = —iefr2x01.
By (5.43) we then have
(5.49) (I =101 )vrl2 < Mye.

Hence, for some M; > 0 and for any e € (0,e;], there exist o; . and a function
Y, € (I —1I; ) L*(R4) satisfying

(5.50) [Yell2 < Mue, |ay | < My,
such that
(5-51) V1 = Q1 ,eV1,e + Pe.

Taking the inner product with ¥; and having in mind the normalization of v; and ¥

yields
+oo

+oo
1= al’e/ vy, (7)1 (T)dT + Ye(T)v1(7)dT.
0 0

Taking the inner product with v; . yields

“+o0
/ V1 (Tv1(T)dT = a1 .
0

Consequently,
—+oo

1= aie + Y (T)v1(7)dT.
By (5.50) we must therefore have i
|a%’e —1] < Ce.
Possibly changing v . into —vq,. we get (5.45).
To obtain the decay of v; . we observe, following Agmon [2] that
0= Re (X5, (25 — 01)7)

3/2 9Y?2 3/2 ~ 3/2 _
= [[(eX )13 - THTW@TT Bill5 — Red[le™™ a3,
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and
0 =Im (277" 4y, (25 — B1)v1)

3/2 _ ~ 3/2 _
(5.52) = 72T 5 |15 — Im s [l |13

/2 /2 /2
+ 3YIm <7'1/2(3TT3 21)1, (eTTS 27)1)’) + ﬂeHXl/zTeTT3 2vl||§.
Combining the above identities yields
97?2
-2
2

Consequently, for 0 < T < \/5/37 there exists Cy > 0 and ¢; > 0 such that, for
e € (0,eq],

3/2 _ 3/2 _
— |72 5 3 < Clle™ 6 3

Tr3/2 L 2 ~ A ~
1T 51113 < Crll s <y 1113 < Coelll

We can then conclude by using (5.41). O
REMARK 5.10. — More generally, one can prove that, for every k € N there exist
positive C, and ey, such that, for all e € (0,ex], Ok, is simple and satisfies

|19k,e — ’l9k| < Che.

We can normalize the corresponding eigenfunction vy . by

+oo
/ 'l),%we(T)dT =1,
0

llvg,e — vkll2 < Cre.

Moreover for any Y < v/2/3 and any k € N, there exist C,;r > 0 and e, > 0 such that,
for all e € (0,ex],

and with this normalization

3/2
1€ vk el < CF.

The proof for k > 2 can indeed be similarly obtained by considering
k-1
+ _ ~
(Z3(e) -2 (1= Y 1)
n=1
instead of (Zq (¢) — A\)~1(I —II,).

5.4. Application to 2D separable operators

The above-derived one-dimensional estimates can now be used to derive similar
estimates for some operators that can be represented as a sum of %; and an operator
that depends on ¢ only (see the definition of (o, 7) in (3.8)). We begin the estimation
with the following auxiliary lemma which will be used in the next section.

LEMMA 5.11. — Let g € L*(R,), and 7., be given by (3.24). Then,
(5.53) ||ﬁ1((T - e_i”/STm)g) - 1:11((7' — e_”/?’rm)(l — l:Il)g) ||2 < Cellgll2-
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Proof. — By (5.45) we have
(5.54) T —Th || < Ce.
From the definition of 7,,, we have
II; ((T — e_”/?’rm)ng) =0.
We may thus write
My ((r — e Pru)Tg) = (M = ) ((r — e~/ 7,) 1 g) + T (7 — e /37,,) (I — Ty )g).
By (5.54) and (5.46) we have
(I — ) (7 — e ™/37,,)1g) |2 < Cel|(7 — e7"™/37,,) 1 gll2 < Ce|lgl2,
and since
I (1 — e "/37,) (I = Th)g) = (o1, (1 — e~ /7)(Il1 — ) g,

we obtain from (5.54) and the decay properties of the Airy function that

L (7 = e=/37,) (I = T1)g) |2 < Cellglla- O

The next proposition will also be needed in the next section.

PROPOSITION 5.12. — Let, fore >0, S € R, 1/2 < b < 3/4, and I an open interval
in R (we may set I =R as well),

(5.55a) M(e, 1, 8,x) = 25 (¢, 8) — 02,
be defined on
(5.55b) D(cM(e,I,8,x)) = {u € H*(Sr) N Hy (S;)|ru € L*(S1)},

where St =1 x Ry.

Then, there exist ¢o >0 and C >0 such that, for any triple (e,d,I) satis-
fying 6 € [¢>7° Red1 +1) and ¢ € (0,e0], the spectrum cM(e,I,[3) lies outside
{Re X <Re¥; —d} and

> Q

(5.56) sup  [[(M(e, 1, 8,x) =N <
Re A<Re¥1—9

The proof can easily be obtained from (5.24) by using Fourier series in o, or by
using a Fourier transform in the case I = R (see also in [4, Lemma 4.12]).

Finally we will also make use, in the next section, of the following proposition:

PROPOSITION 5.13. — Let 7., and P be defined by (3.23) and (3.24). Let further
(5.57) Mo = L3 (e) +eP,

be the closed operator on L?(R?) with domain

D(cM7) = {u € H*(R3) N H(R2)|(0® + T)u € L*(R2)}.
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Then, there exist ¢g and C >0, such that, for all pairs (e,d) for which
20 <5 <ReW; +1 and e € (0,e], we have
(5.584) et | < Femtmer=sres)
where p} = inf Re o (P).
Furthermore, for each w < Re v, there exists M, > 0 such that

(5.58b) et (I — )| < Mpe ™.
Proof. — Note first that the potential
Ve(r,0) = 7 + Ber?x(eb7) + ee /3021,

has positive real and imaginary parts for e € (0, ¢g] (with ¢g small enough) and satisfies

for some C(e,8,b) >0
|VV,| <Cy/1+V2 inR2.

Hence, as is established in [6, Section 2.3.1], we may use [6, Theorem 2.2] to obtain
that o> : D( M) — L2 (R2) has a bounded inverse.

4

Since oM> is separable, we have (cf. [4])
et — o=tZ5(e) Qe t,
The proof of (5.58a) follows from (5.38) and the fact, proven in [11, Corollary 14.5.2],
(5.59) et || < Ce~thr.
O

REMARK 5.14. — The walidity of (5.58) remains intact, if we define an op-
erator oM>(L) as the Dirichlet realization of M:> in the semi-infinite strip
Sy =(~L,L) x Ry.
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CHAPTER 6

V1 POTENTIALS: 2D SIMPLIFICATION

In this section we estimate the resolvent of the operator appearing on the left hand
side of (3.14), which is obtained from the Taylor expansion of V near some zg € §"".
To remove the large 7 effect of the term ie372, we attach to it a cutoff function y(eb7)
as in the previous section. Since the term iec?7 has a significant effect for large values
of |o| we separately estimate the resolvent in the region |o| > 1. We address the effect
of the term 2ewd; in a later stage. Other error terms appearing in (3.9)-(3.11) will be
treated in Subsection 6.4.

6.1. The operator .73,

Let
(6.1) Be = L5 (e,0) + ¢ K,
where Z5 (¢, 3) is defined by (5.1), with domain given by (3.17b), and
(6.2) K =—0% +io’r.

We first give a characterization of the domain of the Dirichlet realization of 3, in R? .
We may assume that ¢y > 0 is small enough so that
Ve(r,0) :=7(1+ eo® + eBrx(e"T))

is non negative for ¢ € (0, o).
The operator 3, has the form —A +iV,. It can be verified that |[VV,|? + V2 tends
to +00 as 02 + 72 tends to +oco and that there exist C := C(e,3,b) > 0 such that

|ID*V,| < CV1+|VVe[2+V2 inR3.
Hence
(6.3) D(B.) = {u € H*(R}) N Hy(RY)|7(1 + 0*)u € L*(R})},

and the resolvent of ., is compact by [4, Corollary 5.10]. Note that while the corollary
in [4] refers to separable operators, we may still apply it, given the Dirichlet boundary
conditions in (6.3). As a matter of fact, we can use all the estimates of [4, Section 5.2],
obtained in the absence of boundaries.
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42 CHAPTER 6. V1 POTENTIALS: 2D SIMPLIFICATION

6.2. Large |o| simplification

In the following we estimate the resolvent of (6.1) for large ||, or more precisely,
in (e7%, 400) x Ry. It is convenient to shift 3, to a fixed domain Q = R, x R, by

using the transformation 0 — o + ¢ .

PROPOSITION 6.1. — Let a > 0 such that 1/6 < a < 1/4, and let

(6.4a) Ce = 77 () — e82 +ie((o + ¢~ )?7),
be defined on
(6.4b) D(Ce) = {u € H*(Q) N Hy(Q)I7(1 + o*)u € L*(Q)},

where Q@ = Ry x Ry. Then, for all y9 > 0 there exist positive C(vy) and ey such that
for all e € (0, ¢0], we have B(¥1,7v0¢) C p(Ce),

c
6.5a sup Co— N7 < 555
( ) AEB(¥1,70¢) I S ez
and
_ C
(6.5D) sup 0 (Ce = N7 < 55

AEB(Y1,70¢)

Proof. — Partition of unity. — We begin the proof by introducing an appropriate par-
tition of unity. Let {¢x}{>) denote a sequence of cutoff function in C*°(R, |0, 1])
satisfying

1 |:L'_k)|<1/4 / 7
6.6 = d + <C,
(6.62) 0 {0 A ICAR
and
“+o0
(6.6b) > ¢f=1inR,.
k=0

For b satisfying 1/6 < b < a, we introduce
¢i.(0) = pr(e°0).
Let
(6.7) Sp=((k—1)e " (k+1)e ") xRy

and Ce denote the Dirichlet realization in Sy of the differential operator given by
(6.4a). Its domain, for k > 1, is given by

(6.8a) D(Ce) = {u € H*(Sk) N Hy(Sk)|7u € L*(Sk)}-
For k = 0 the domain is given by
(6.8b) D(Co) = {u € HX(S$) N HY(SP)Iru € L2(SP)},

where S’S‘ =5 NQ.

MEMOIRES DE LA SMF 166



6.2. LARGE |o| SIMPLIFICATION 43

We attempt to estimate (C. — A)~! by the following approximate resolvent

+oo
(6.9) RET =D ¢5(Cer — N) 15
k=0
Clearly,
(6.10a) (Ce— MR =1+ &,
where
+oo
(6.10b) Ee=—3_ e[02,65)(Cee — X) " 05
k=0

Note that since C, has a compact resolvent, boundedness of the right inverse of (C.—\)
immediately implies its surjectivity and injectivity, and hence an identity between its
right and the left inverses. To bound ||(C, —A)~!|| we have to establish that || C¢| — 0
as ¢ — 0. To this end we need to show the existence of ¢y such that, for any k£ and
any ¢ € (0,¢o], the disk B(d1,v0e) belongs to p(Ce ) and to obtain an estimate
of [|(Cex — A)7H| in this disk.

6.2.1. Estimation of (C, ,—\)"!. — Let w € D(C, %) and g € L?(Sy,) (or L%(Sg) when
k = 0) such that
(6.11) (Ce — Nw = g.
We rewrite (6.11) in the form
(— 02 +i(0(e, k)3 + efBx(ebT)T)T — €02 — N w

=g —i{e[o — ke ®]2 +2[e! 7% + ke!~*] (0 — ke™°) }rw),

where
(e, k) == (14 efe™ + ke °]?)1/3.

Using the dilation
(6.12) (o,7) = 0(e, k) (o, 7)
yields, in I(e, k,9(e, k)) x Ry, with

I(e,k,0) =0((k—1)e™®, (k+1)e™?),

Ble, k) = po(e, k)~ x° (1) = x(e"(e, k) ~'7),

and

(6.13) (W(e, 1(37 k, D(e’ k))7 ﬂ(ev k)’ Xa(e7k)) B D(ef\k‘)2>@ = D(e, k)_2ﬁ.
Here

(6.14) h=g—i{elr — k™ + 207"+ ke ~0( — ke ™) }ro,

B=wod(e,k)” ", h=hoo(ek) ",
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and oM(e, I, 3, x) is the Dirichlet realization in the interval I x R of

M(e, 1,0, x) == T3 (e, B, x) — ed2.

Since d(e, k) > 1, the new parameter 3(e, k) = $0(e,k)~* is bounded. More caution
should be used below while assessing the effect of (6.12) on x°(**). Nevertheless, it is
safe to apply (5.56) as long as d(e, k) remains in a bounded interval [1,dg].

We now assume that A € B(¢1,70¢). Observe that
(e, k) > 1+ et72%
We first assume k < e_(l/z_[’), so that
1<0(e, k) <0g:= (34 2¢)72%)5.

We now attempt to apply (5.56), with § = Red1(1 — 072)/2, B8 = B(e, k), and
I = I(e, k). Here we note that the constant C in (5.56) is independent of I and that,
for ¢ small enough, we have

§ > Re?10; (02 +90+ 1)1 (% — 1) > Re 10,1 (03 + 09 + 1) el 72,
Obviously, 1 — 2a < 1 < 2 — b, and hence we have, for ¢ small enough,
e2 b < 6.
In addition, for sufficiently small e,
9(e, k) 2Re X < (Re ¥ + v0e)0(e, k) ™2 < Rew; — 6, Vk.

Hence all the conditions, needed for the sake of applying (5.56), are met, and with
the aid of the identity
el 70 kel = [e(0® - 1)]V/2
we obtain that
C _
lwllz < 55— (llgllz + /27 @* = 1)*/2|jrw]l2) -
Clearly,
[(03 _ 1)]1/2 _ 1 [02 Lo+ 1]1/2 - 1
-1  [o-1]/2 0+1 [0 —1]1/2°

Substituting the above into (6.2.1) and taking account of the fact that, for
k < e(1/2-0)

(e, k)" — 1> "2/ (2(20 + 1)),

we obtain
C b _ _
6.15) vl < o= (lglla + ¢ lrwllz) = Ce'=*lgllz + Ce*~° [ rwl>,
We now consider the case k > ¢~ (1/2-%) We begin by observing that in this case
Re A\ 2
3 _2
0 Z 2 and W S (2 3 + ’Yoe)Re 191.
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Hence there exists 71 < 1 and ¢ such that for e € (0, eq]

We then use resolvent estimates for cM(e, I(e, k,0(e, k)),0). Thus, writing

(oMo, k2(6,).0,0) = 525} = (e ) 2 (= ieo(e, ) B0 (r) ).

we may use (5.56) (with 8 = 0) and the fact that
(0, k) HIX ()Tl 2 < e 7P (0 (e, k)2l 7d 2
to obtain
(6.16) lwllz < C (llgll2 + e~ °lTw]2) -
Since
Im (w, (Cer — A)w)
= [[7/2w]3 + eBlx Y2 (br)Twl3 + e[ [lo + e~ [>7]H/2w]|; — Im w3,
we obtain, with the aid of the inequality
X2 () rwlly < Vel wl,

and the fact that Im A < 7peq, the estimate
(6.17) I 2wl < C(lgll2 + [|wl]2)-
Furthermore, as

Re (w, (Cex = Nw) = [|0-w]|3 + e 05w — Re AJw]3,
we readily deduce that
(6.18) e'/2(|05wll2 + [|0-wll2 < C(llgll2 + [[w]2)-
Finally, as

Im (rw, (Cex = Nw) = ||7w]|3 + eflx"/? (1) w3

+e||[lo + =0 |7]w]||
— Im A||7*/2w][3 + 2Im (w, w,),

we may use (6.17) and (6.18) to establish that
(6.19) Irwllz < C(ligllz + wll2)-

Substituting the above into either (6.15) or (6.16) we get the existence of ¢y > 0, such
that for any k, any e € (0,¢0], and A € B(d1,v0¢) N p(Cer),

C

el—2a’

(6.20) 1(Cese =N 7HI <
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Using the discreteness of the spectrum in B(d1,v0¢) we indeed get from the above
uniform estimate that o(C, 1) N B(¥1,v0e) = 0. By the above and (6.18) we then have

C

(6.21) 106 (Cesr = N 7H < 75754+

Hence we have established

C

(6.22) 1(Cee = N) M+ €/2[185(Cee = N) M < [SEcre

6.2.2. Estimation of ||(C. — A\)~!|. = From (6.22) it follows that there exists ¢y > 0,
such that for any &k and any e € (0, ¢o)

16(365)(Cee — X) ' dhgllz < Ce*°F2%|15, g2,
whereas from (6.21) it follows that (for k = 0 we write S; instead of Si)
(@0 #1)05 (Cek = 2) 7 Shgll2 < C 2071215, g]lo.
Since
(e[07, 8R)(Cee = X) ' D19, e[, 61,) (Cese = X) " 19) = 0
whenever |k — m| > 2, we may conclude that

[ kz €[02, 0] (Cese — V) 7' 95913 < 4029712 (|11 g3 + kZ I15.913)
=0 =1

< 402 0+20-1/2) | )12
Consequently, by (6.10c) we obtain that
(6.23) lim £ = 0.

e—0

To complete the proof we use the fact that by (6.23) the operator I+ € ¢ is invertible
for sufficiently small ¢ to obtain

(Ce—N"1=REPUI+E)
Hence, we can conclude from (6.22) the existence of ¢y > 0 and C > 0 such that,
for e € (0, eo],
C

el—2a”

I(Ce =N < 2[R < 8sup 1(Cee =N <

This completes the proof of (6.5a). The proof of (6.5b) easily follows from the fact
that

Re (w, (Ce — Nw) = [[we |3 + e[lwy |3 — Re Awll3,
for all w € D(C,). O
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6.3. Resolvent estimates for /3,

Let
Afy(e) = 191 + e\ for some 7y € [0,1],
where \; is given by (3.26). Let further b, in the definition of B, (see (6.1)) satisfy

1 3
.24 Z<bh< =
(6.24) 5 <0<y
and r(e) satisfy, for some ¢ < 1/6,
(6.25) lim r(e) = 0 and lim e~%r(e) = +o0.
e— e—

In the following we prove the inclusion of 0B (A#(e), 7(e)e) in the resolvent set of B,
and obtain a bound on the resolvent norm there.

PROPOSITION 6.2. — Under the previous conditions, there exist positive C and eg
such that B(AL,r(e)e) C p(B.) for all e € (0,¢0] and v € [0,1]. Furthermore, the
inequality

(6.26) A e
(r(e) +1—7)e
holds true.

Proof. — Construction of the right approzimate resolvent. — We introduce a C*° par-
tition of unity (¢—,n,(+) of R such that

1 if |z <1,
(6.27) n(e) = {0 if :x: > 2,
and
(6.28) C(z)=0ifx < 1,{_(z) = {4+ (—=x).
Let further
(6.29) ne(0) = n(e%o) and ¢F(0) = (+(e"0)
for some a satisfying
(6.30) 1/6 <a< (1—q)/4

Next, let Sy = (—2¢7%,2¢7%) x Ry and Cy denote the Dirichlet realization in Sy
associated with the differential operator given by (6.1).

Let further S} = (e7%,4+00) x Ry, Sp = (=00, —¢~%) x R, and C% denote the
Dirichlet realizations in Sﬁ associated with the differential operator given by (6.1).
The corresponding domains are

D(CH) = {u € H(S§) N HY(SH)lo*(1 + r)u € LX(SH)}.
We can now formally introduce the approximate resolvent in the form

(6.31) R =0e(Cx =N Mne + ¢ (Ch = NI+ (Cp — NI
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Estimation of ||(C5 — A)~!||. — By (6.5), observing that B(AL,r(e)e) C B(¥1,70e) for
some g > 7 and eg small enough, we have, for all e € (0, ¢],

— _ c
(6.32) 1(C5 = V)Ml + 2110, (C5 = N7 <

el—2a’
Note that the estimates for Cp, are deduced from the estimates for OE by using the
intertwining relation Cf = R Cp R, where (R represents the reflection o — —o.

Estimation of ||(Cx — A)7}||. — It remains to obtain an estimate for ||(Cx — A)71|].
Let w € D(Cy) and g € L?(Sy) satisfy
(6.33) (Cn —Nw=g.

Let further
Cn = 5 (&) + e(P — Brmz) = Ly (¢) — D2 + ™/ Oea>r,

where 7,,, is given by (3.24) and P is given by (3.23).
We can now write (6.33) in the following form

(aN — Nw = g —iea? (T — e "3, w.

Applying the projection II;, given by (5.47) (which stands for Id®II; as in Section 3),
to the above balance yields

(6.34) (Cx — NILiw = Iy g — ie?Il (r- eii"/STm)w).
From (5.53) it follows that
I (7 — e 1,)6) — T ((r — e )1 — 1)6) 2 < Cellla, Vo € LA(Sw).
Let ¢(0,7) = o?w(o, 7). We can now conclude, as |o| < 2¢~® in Sy, that
(6.35)
lo* 0 (7 = e Prn)w) | < C(IM (7 = &7 )0 (I = T )uwll> + el wl]2)
< Ce (|1 — I)wllz + efJw]lz).
Since
(6.36) (Cx — N, = (_eag + ™/ Sea?r,, + (0) — )\)) I,
we obtain from (5.39), (6.34), (6.35), and the Riesz-Schauder theory, that for
A € dB(AL,r(e)e),
C

(6.37) I(Cx =X)L < (COETEES

By (5.58b) and Remark 5.14 we have,
(6.38) I(Cy =N -] < C.
Applying (6.37) to (6.34) yields, with the aid of (6.35),

(6.39) Ml < m(”gllz +e 7L~ M)wlz + €72 w]lz).
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We now apply I — II; to (6.34) to obtain
(6.40) (Cx — NI = )w = (I —T1)g —ieo?(I — L) ((1 — e™/37, )w).
Since the norm of I — II; is uniformly bounded (see (5.41)), we have
||a2(I - ﬁl)((T - e_”/?’Tm)w) ||2 < COlo*(r - e_”/ng)ng < Ce (1 — e_”/?’Tm)ng.

In the same manner we have obtained (6.19) we can now obtain

(6.41) [rwllz < C(llwll2 + llgll2)-
Consequently,
(6.42) lo*(I =T ((7 = e Pr)w) [, < Ce > ([wllz + [|gll2)-

We now apply (6.38) to (6.40) to obtain, with the aid of (6.35) and the above inequal-
ity,
(6.43) I(Z = M)wllz < Clllglla + =24 fuwl|2).
Substituting the above into (6.39) yields
C 1—4a
e lglle + ]|
COEE 7)e||g||2 1= 7|| 2
The above together with (6.43), (6.25), and (6.30) yield the existence of e¢g > 0 and
C such that, for all e € (0, o], 9B(A},r(e)e) belongs to p(Cn) and

¢ 1
m,VA € 0B(A,r(e)e).
A bound on 8,(Cx — A)~1. — As in the proof of Proposition 6.1 we need an estimate
for 9,(Cn — X)~1. While (6.18) still holds, it is unsatisfactory in the present context.
Let (w, g) satisfy (6.33). To achieve a better estimate of ||w, ||2, we separately estimate
[y, ll> and (T — Ay,

To facilitate the estimation of ||II;w,| 2, we rewrite (6.34)-(6.36) in the following
manner

IMwl2 <

(6.44) I(Cy =07 <

A— U,

(6.45) e( — 8(2, +e™/07,, 0% — )f[lw = f[lg — jec?Il4 ((T — e_i”/37'm)w).

Taking the inner product of (6.45) with II;w we obtain from the real part and
(6.35)
e|lhws |3 < CellLw|} + [Thw]y (||ﬁ19||2 + e 72— Iwll2 + e2_2“||w||2) :
Hence,
Iywalle < € (Tawle + e Tgla + ¢ = Ta)wla + ¢~ wl2)
Using (6.43) and (6.30) we then obtain
1w,z < € (ITywllz + e~ |w]z + ¢ gz)

< C(llwll2 + ¢ lgll2)),
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from which we deduce, with the aid of (6.33) and (6.44),

. C
. <—— |9l
(6 46) ||H1w0'||2 = (T(e)+1 _7)e||g||2

To estimate ||(I —1II1)we |2, we now take the inner product of (6.40) with (I —1II;)w
to obtain, with the aid of (6.41),

e|(I — M)we |3 < C|I(I = T)wl|3 + C|(I — My)wll2(llgll2 + e~ |Jwl|2).
Making use of (6.43) then yields
(I = My)well2 < C(e/?||glla + ¢"/272*wll2) < C(e  lgll2 + lwll2),
which as above leads to

_ C
(6.47) (I — ) we|l2 < mllgllz.

Then (6.46) and (6.47) give the existence of C and ey such that, for all e € (0, eg],
_c
(r(e) +1—7)e

The approm'mate resolvent. — The preceding paragraphs prove that the approximate

(6.48) 105(Cn — ) M| <

resolvent C% , introduced in (6.31) is well defined. We now prove that it serves as
a good approx1mation for the resolvent. We note that

(6.49a) (Be—NRG =1+ E g,

where

(6.49b)

€ g =—e[07,1](Cn — N) " ne — e[02,¢F1(Cp = N) TG = e[07,¢1(Cp — N TN
As
€05, CEN(C = NTIGE = (PR + 26 (CE)ee) (C — ) TICE,
we obtain by (6.32) that
(6.50) 1603, CE1(Ch = M) ¢el| < G2,
Furthermore, since
e[07, 1) (Cn = N) 7 e = (1729 ()e + 2670 (1)e05) (Cov — X) ™M,
we obtain from (6.44) and (6.48)
L
r(e)+1—7"
The above, together with (6.50) and (6.49b), yields

e® _
||8$||§0(m+e3a 1/2>.

[e[02, 1] (Cx — A) el < ©
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Hence, (6.25), and (6.30) imply that || € g|| tends to 0 as e — 0. Consequently, for
sufficiently small e, I + £ g is invertible and we may use (6.49a) to obtain the right
inverse to (Be — ).
For X € p(B.) NOB(AL,r(e)e), this right inverse is identical with the left inverse
and we get R
-1 app c
[(Be =N <CRg < COFSEDS

The spectrum of B3, being discrete, we may conclude from the above estimate
that o(B.) NOB(AL,7(e)e) = 0, which completes the proof of the proposition. [

For later reference we separately estimate the o-derivatives of (B, — \) ™!

PROPOSITION 6.3. — Under the conditions of Prop. 6.2, for any a € (1/6,(1 —¢)/4),
there exists eg and Cq such that, for all X € dB(AL, er(e)) and 0 < e < e, we have

1 1
(6.51a) 10 (B =07 < Cal oz + (r(e) + 1 fm)’
and

1 1
(6.51b) 102,(Be = N7 < Ca(eg_Qa + (r(e) +1— 7)63/2>'

Proof. — Estimation of 05(B. — A\)~'. — Let w € D(B,) and g € L*(R3) satisfy
(B — Mw = g. Clearly,

(Be = N)(new) = neg — 2e1+“(n’)ewa - el+2a(n/l)ewv
where (7').(c) = 7'(¢%c) and (n”).(0) = 1" (e%0).
By (6.48) we then have

C
(6.52)  [[(new)sll2 < i [lImegll2 + €210 ews 2 + €2 (") ew]|2]-

(r(e) +1—7)e

Similarly, as
(Be = N(CFw) = (g — 26T ewy — 722G ew,
we may use (6.32) to obtain
C
(6.53)  [[(¢Fw)oll2 < m[llfglb + (¢ ewo |2 + T2 (CE) ew|2].

Combining (6.52) and (6.53) yields (recalling that a > 1/6 and ¢ < %)

lgll2 + €2 flw]l2].

1 1
<
ol < (G + G T—e)!
With the aid of (6.26) we then obtain, for any pair (w, g) satisfying (8. — N)w = g,

1 1
o< c( )llglla,
||’UJ ||2 — 63/2_2'1 + (T(e) +1— ")’)e ||g||2

from which (6.51a) easily follows.
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Estimation of 8%,(B. — A\)~!. — For the same pair (w, g), an integration by parts
yields

—Re (Woo, (Be = Nw) = [lwrell3 + ellwoe 13 + 2¢Im (we, o7w) — Re Al|we 13-

Note here that < wye, wrr >= ||we,||? for all w € H*(R%) N H}(R%) and hence also
for all w € D(oB.).

Hence,

c _
(6.54) lwoellz < 75 (lwoll2 + elloTwll2 + e Y2 gll2).
As
Im (rw, (Be = Nw) = Im (w, w,) + [[rwl + Be[r*>x(e"T)wl + ellorw]3 — Im Al|r'Zw]3,
and since both (6.18) and (6.19) hold in this case as well, we easily obtain, in view of
the fact that 7x(e’7) < 2¢7°, that

C

(6.55) llorwllz < 75 (llgllz + llwll2).

Substituting (6.51a) and (6.55) into (6.54) then yields
1 1
sollz < C( Mgz,
||w ||2 — 3272‘1 + (T(e) + 1 _ 7)33/2 ||g||2

for any pair (w,g) which satisfies (8. — A\)w = g, which completes the proof of
(6.51b). O

For later reference we also need the following additional estimate:

PROPOSITION 6.4. — Under the conditions preceding Proposition 6.2, for all a in
(1/6,(1 — q)/4), there exists Cqy > 0 and eg > 0 such that, for any e € (0, ¢,

_ - Ca
(6.56) 1Ljois2e-e (Be = A) 7+ /2L 200006 (Be = N) 7' < T2

Proof. — Since for sufficiently small e we have
(Be— A= ﬂgp(1+ a1,
it follows by (6.31) that
Losoea(Be = N7 = Lo o (Ch = NI+ € 8) 71
By (6.32) we then have

_ C
||1022e—“(cc/32 - )‘) 1” < el_c;u'

In a similar manner we write
1022e*080($e - A)_l = 1022e*“80(05 - )‘)_1<e+(1+ 80‘/3)_1'
Once again by (6.32) we obtain

Cq
el—2a’

0% [|1y50e o805 (Be — A) 71| <
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6.4. Curvature effects

In the following, we estimate the effect of some of the error terms in (3.9) and
(3.11). Since the estimation of these terms is complex, it is preferable to consider
them as modifications of 3. and not in the context of the original operator o7,
which is addressed in Section 8.

6.4.1. Effect 1. — The first effect is generated by the first error term in (3.11).
PROPOSITION 6.5. — Consider on D(B,) the operator
(6.57) Be = Be — 9e2rx ()02,

where § € R, b € (0,1/2 — q) and x € C®°(Ry,[0,1]) is given by (5.2). Then, there
exist positive C and g such that, for every e € (0,¢eo], dB(AL,r(e)e)No(B.) =0 and

- C

6.58a sup Be =N < —————— VA € OB(AL, r(e)e).
(6.582) AeaB(A;r@p)”( " (r(e) +1—7)e (o rle)e)
Furthermore, we have, for all A € dB(AL,r(e)e),

. . c
6.58b O (Be — N1 Y2)19,(Be = A) ! < ——m
6580) 10 B =N+ 10 B~ N7 <
and

. . c

(6.58¢) 187+ (Be = X) | + e|8o0 (Be = N)7H| <

(r(e) +1—17)e’

Proof. — For sake of brevity we use the notation ¥(7) = x(e?7) where x is given by
(5.2). We keep the same notation as in the previous subsection for the cut-off functions
given by (6.27)-(6.30).

Let u € D(B,) and g € L?(R?)) satisfy

(Be = Nu=g.
We rewrite the above balance in the following manner
(6.59) (Be — Nu = g+ 0e*TXUsq.
Keeping in mind that |7%(7)| < 2~ we use (6.51b) with a € (—12,1— 1) to obtain
ool < C( 4 ) 2lgll + ¢ Dluaolls).
(r(e) +1—-7)
Since b € (0,1/2 — ¢) we may conclude that
(6:60) ool < (G223 + 1 =yl

Applying (6.26) to (6.59) yields

C _
lells < e gy (19l + € Plhuos ).

SOCIETE MATHEMATIQUE DE FRANCE 2020



54 CHAPTER 6. V1 POTENTIALS: 2D SIMPLIFICATION

We first establish (6.58a) for A € p(B.) N OB(AL, er(e)), by substituting (6.60) (ob-

serving that b< % — ¢ < 2a) into the above inequality. Since the spectrum of 3, is

discrete, we can deduce, as for 3., that o(B,) N aB(A#, er(¢)) = 0, and hence, that
(6.58a) is satisfied without restriction.

The proof of (6.58b) follows immediately from (6.58a) and the identity
Re (u, (Be — Au) = [|urll3 + ellug |3 + 0| [%7]" *uq |3 — Re Allull3,

which holds for every u € D(J?e). To prove (6.58c) we use (6.60) and the following
identity, that holds for every u € D(B.),
—Re (urr, (Be — Nu)
= llurr |13 + ellursl3 + 0 (|[X7]' *uor 3 — Re ([X7]'to, uro)) — Re Allull3,

together with (6.58a,b) and the fact that ||[¥7] [lec <1+ 2/1X'[lco- O
We shall also need in the sequel the following estimate

PROPOSITION 6.6. — Under the conditions of Proposition 6.5, for any a in the interval
(1/6,(1 — q)/4) there exists Cy > 0 and eg > 0 such that for any ¢ € (0,¢0], and
A € OB(AL,r(e)e),

Ca

el—2a’

(6.61) 103260 (Be = N) M| + €721 52000 (Be — ) 7! <

Proof. — Let, as in the previous proof, u € D(J?e), A € Cand g € L?(R2) such
that g = (B, — A)u. Since
(Be — Nu =g — 0e*TXUsq,

we obtain from (6.56) that

C s
Ljo1>2e-aull2 < =55 llgll2 + e*[lugol)-

By (6.60) we then have, using the fact that b < 1/2 — g,

1 1 C
Mgl < =5z lgllz

[L}5>2e-aull2 < C<e172a T r(e)el/2+b—2a

In a similar manner we show that

C
2|15z 2e-0 o |2 < el_iugallgﬂw O

We finally establish an asymptotic estimate, which is needed in Section 8. It is valid
in a region where 7 is large, but the the cutoff function  is still 1 (i.e., 1 < 7 < ¢7%).
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PROPOSITION 6.7. — Let 0 < a < b. Then, there exist positive C, and ¢q such that
for all e € (0,¢0] and A € dB(AL,r(e)e),
(6.622) [|1,3e-a(Be = N7 + €2 Lyze-00r(Be — N7+
215005 (Be = N7 < Cae
and
(6.62b) 1Lrse-e02(Be = )7 + ellLrsee2(Be — )71 < Ca
Proof. — Let {4 be given by (6.28) and for some £ > 0, ((7) = (+(27/§). Let
u € D(Be), A € dB(AL,r(e)e), and g € L?(R?}) satisfy
(Be—Nu=g.
Proof of (6.62a). — As the identity
(6.63) Re ((Be — Nu, ¢2u) + Im ((Be — Nu), u)
= [0-(Cu) 13 — (Im X+ Re A)[[Cull3 + e[| ¢sull3 + ¢ 71/ *¢K /205 ull3

~[I¢"ull3+2Tm (¢, O, (Cu))+I7 /2 Cull 3+ Bell ¢ (x(eP7)) F ul|3-+el| 7 o ul 3,

holds for any C* function ¢ with support in R, we get, for ¢ = (¢,
172 ¢eull3 — (Im A+ Re M) [¢eull3 < 4lIGull3 + 4li¢eull2l|Cegll2-

Observing that |(¢| < %, we deduce

¢ 40,
(5 - @+ Re) IGeull < 22 1rse/aul} + Al Geulalole

Hence, for £ > 4(Im A + Re ) > Red; > 0,

M‘Q)

C 1
[1r>eull2 < z(||g||2 + &7 [ 1r5¢p2ull2) < < (llgll2 + [[Lr5¢/2ull2)-

Applying the above inequality k times recursively yields, for any ¢ satisfying
€>4%(Im X+ Re)),

C (b
(6.64) Itrzeulla < gl + € PlLrzg/eulz):
Choosing ¢ = ¢~%, we obtain, for ¢?4*(Im A + Re\) < 1,
1175 e-aulls < Cre(llglla +e**Vull).
Choosing k > % yields,

Lr3e-aullz < Cale®llgll2. + €[lull2),

With the aid of (6.58), we may now conclude the existence, of ¢g and C such that,
for any e € (0, ¢¢],

(6.65) [1r5e-aullz < Ce?|lgll2-
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An additional conclusion that can be drawn from (6.63) is
c ¢
107 (Cew)ll3 + ell¢eOoull3 < 8lICull3 + zllCﬁ!Jll% €

which leads to

—lgll3 + €M1 e poull3),

C 1
I1-5¢07ull2 + ¢'/?||1,5¢00ull2 < @(HQHQ + 2|1 >¢ oull2).

Using (6.64) with & replaced by £/2, we obtain for any k the existence of positive
constants C and & such that for all £ > &

Ch _1_
(6.66) 117>¢07ullz + ¢'/2(|1r>¢85ull2 < gﬁ(llgllz + &7 full2).
Setting once again £ = ¢~ %, and k to be sufficiently large completes the proof of
(6.62a).
Proof of (6.62b). — We first prove that
(6.67) 1150 02(Be = V)7 < Ca
Let, for some C™ function ¢ supported in R¥,
(6.68)

0 i=—((Be = Nty CCttrr) =—((Z5 = N, Cipr) + ¢((1 + e057 )ty — 10771, CPttrr).

We estimate each term separately, repeatedly applying the following integration by
parts formula

(70, CPver) = =73 o |” = (0,0, (rC)or),
for various choices of v and (. We thus have
(25 (O)u, CPrr) = [|Curr||* — (7 (1 + Berx(e'7))u, Cuirr),
—i{r (L Berx(e7)u, Cutrr) = i (7 (L+ Berx(ebr)3us |+ (u,0r (1 + Berx(e7))PJur))
(A, Curr) = A (=18 (Cu) [ + [I¢"w® + (Br (Cu), (') = (¢, Br(Cu)))
—ie{o?ru, CPuyy) = (HTQUCUTHZ (Uzu,a.,-(TC2)u.,->)
and
(—(1 + 0% uoo, CPurr) = = (1 + 0XT) U, ¢ (ug)rr)
(1 + e0%7) 2 Ctir ||? + (e, Or (1 + e0FT)CD)thgr ).

We now decompose { in the following manner

C/): Q1+i92+@3a

where (/; and (), are positive terms defined by
(6.69a) Gr = lICurr |3 + Re AIC"ull? + ]| (1 + e0%7) 2 Cuor 1%,
(6.69) Oy = I (1 + Berx(e2r) Cur P + T X|C'ul? + el oG |,
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and (, is given by
Cq = i{u, 0, (T(1 + Berx(e"T)(?))ur)
+ A (=110- (Cu)lI? + 0+ (Cu), ') = (¢u, 07 (Cu)))
+ de{o?u, 0, (7¢*)u,)
(6.69¢) + e(Uy, O- (1 + e0XT)C)Upr)-
For the first term on the right-hand side of (6.69¢), we have
[{u, 0r (7 (1 + Berx(e"7))¢*)ur)| < C (ICull3 + ICur 13 + ¢ ur |13) -

It is readily verified that the second line is bounded by C(||¢"ul|3 + ||0-(Cu)||3). Let
€ > 0. For the third line of (6.69¢) we have

|<O’T%CUT,T_%< ou) + 2(Coriu,, ('3 ou)|
C 1 1
< ellor2¢urllf + = (I oulld + 17~ b ¢oull3)
Finally for the forth term, we have for some C, > 0

el{uq, 0- ((1 + 69927—)42)“07>| < eel[(1+ ee;@’ﬁ(“tﬁ”% + eCel|0-(C[1 + 997—32]1/2)“0”%

Combining the above yields that for every € > 0 there exists C. > 0 such that

(6.70) |93| < 5(4/71 + (/72) + Ce g4a
where
(6.71) 0y = rsepoull} + ell1rseotioll3 + 1Curl3 + ellLrse/om oull3.

To obtain (6.70) we have used the pointwise inequality
ICel + 1G] + elC(T)'| < Clrxgpa
We now observe that, by (6.68),
ICurrll3 < G4 + G < V2IGy +i0s] < V20101 +165))
< e( Gy + Gy + [ICurrll3) + Ce(Gy + llgll3),
which implies
(6.72) ICurrll3 < Cllgll3 + G4)-

A proper bound of , would thus complete the proof of (6.67). To this end, we now
show that there exists C' and ey such that we have, with { = (¢, ¢ € (0,¢0) and { = e~ ¢,

(6.73) ¢, < Clgll3

The first term appearing on the right-hand-side of (6.71), may be estimated by
using (6.65) (which remains valid if 1,5 .-« is replaced by 1,5.-a/2). To estimate the
second term and the third term on the right-hand-side of (6.71), we use (6.66) (with
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¢ replaced by £/2). Finally, to estimate the last term on the right-hand-side of (6.71),
we may use (6.63) to obtain

1 1 ~
elr2olrseull® < elr2oCul* < Cllgl* + lICull® + [I¢"ul®) < Clig]*.

Consequently, by (6.71) we have (6.73) which when substituted into (6.72) yields
(6.67).

Note, for future use, that the proof provides us, for sufficiently small e,

(6.74) I ¢ull” < 2¢, < Clgl*.

Estimation of ||1T2e—a8§(c%3e —A)7!|. — To complete the proof of (6.62b), it remains
necessary to show that

(6.75) el Lrse-a82(Be — N7 < C.
To this end we write
0 1= —((Be = Nt Cttar) = (23 (€) = Nttg, CPttg) = ¢{(—(1 + €0%7)tho + i0?710), (1t
We have
0= (el (1 + e0%m) % Cuoo 3 + ICuro I3)
+i (elor Cuglld + lIr# (1 + Berx(ePr)) ¥ Cuo |3)
= NICuo |3 + 2ie(r3 a¢u, (T3 ug) + 2(Ciro, C'ug),

from which we obtain as in the proof of (6.67) (recall that ||e07%| 00 < Cel~? and
[Berx(ebr)| < Cel ™)

6.76)  ellCurol3 < € (Mgl + 1¢"us I3 + G 3 + € 7/2Cul3)

To bound the last term on the right-hand-side we use (6.74), whereas for first two
terms we obtain from (6.66) (with £ replaced by £/2)

I¢"us 13 + ICusll3 < Clltrse/puqll < Cetigl3:
Hence,

ell1r>eetooll2 < Callgll2,
which completes the proof of (6.75). O

6.4.2. Effect 2. — We now address an additional modification of 3., resulting from
the third term on the right-hand-side of (3.9).

PROPOSITION 6.8. — Let, for w € R,
(6.77) Be = Be — 2wed,,
be defined on e~ *“"D(B.). Let further, for some 0 <a <a' <1, I, = (e“’,e_a/).
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Then, there exist positive C and ey such that, for every ¢ € (0,e0], the circle
OB(AL, er(e)) is included in p(Be), and, for X € OB(AL, er(e)),

(6.788) 1L, <oor (Be = N7 L cpmor | + 1L <o (Be = N7 <]
+ e1/2||1‘r§e*“/80(<’y3e - )‘)_1179*&’ ” + ||1T§e*“la72'($e - >‘)_117§e*“/ ||
¢
(r(e) +1—7)e’
(6.78b) ¢ | 1rer, (Be = A) g wr |+ ¢ 1rer, 07 (Be = N) M|
+ 2| 1rer, 0 (Be = N Lo |+ [1rer, 02(Be = )7L
+el[1rer, 02(Be = N) o | < C,
and for every 1/6 < a < 1/4

tell w0 (Be =N ow || <

(6.78¢) |11, <o Ljgpm2e-a(Be = A) 'L o

~ _ C
+ el/QH]"rge*“,1|0'|226’°80($6 - )‘) llrge*“'” < ﬁ'

Proof. — It can be easily verified that
Be = e_“”(jge — %w?)etT,
For the first statement in (6.78a), we have
(6.79)
1L, oo (Be = VLl = 7L, s (B — A= 20?) 11w
" Be A= )
and we can use (6.58) (note that (6.58) is valid in the ring

< 62|w|e17

A, = B(A}Y7 2er(e)) \ B(A}W %er(e))

and that OB(Al + e?w?, er(e)) C A, for ¢g > 0 small enough) to obtain
e
(r(e) +1—7)e
The rest of the inequalities embedded in (6.78a) are similarly obtained by using (6.58b)
and (6.58c).
To bound the first term on the right-hand-side of (6.78b), we use (6.62) to obtain
Irer(Be =N pgeamm | < 0 1o (B = A = P0?) 7N < Ca
As
ar(z%)e _)\)—1 —_ a‘reewr((jge _)\_62w2)—le—ewr — eewT[aT_’_ew]((jge _)\_62w2)—leewr’

we may conclude, once again with the aid of (6.62), that

||17'61587'(0%)e - A)_llrge*(lf‘l)n < Cae%'

1 g (Be = N) ML o[l <
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The rest of the inequalities in (6.78) can be proved in a similar manner. O

6.5. A linear potential estimate

We conclude this section by the following estimate, which is somewhat similar to
[4, Lemma 7.5]. Let

Bs = —02 +i(1+ 6)r — 82,
be defined on
D(Bs) = {u € H*(R2) N HL(R%)|ru € L2(R2)}.
PROPOSITION 6.9. — For any a > 0, there exist 69 > 0 and C' > 0 such that for all
6 €(0,0], p < ﬁ, and Re A < Re?; + pd we have

(6.80a) 11r55-(Bs — N7 + [Lr25-00-(Bs — N) M < C,
and

. . C
(6.500) 10:(Bs = 27! < 57

Proof. — Since the proof is similar to the proof of [4, Lemma 7.5] we bring only
its outlines. We first apply the transformation (t,s) = (1 + §)/3(7,0) and argue
for X' = (1 + 6)2/3). The operator then assumes the form By = —82 + it — 62, and
X satisfies Re X' < (Re®; + pé)(1 + 6)~3.

We next observe that
(681)  [[(Bo = N)THI =TI + [ Vea(Bo = X)HI ~ )| £ C.

Consequently, the proof of (6.80a) follows immediately from the decay of the Airy
function v; and its derivative. To prove (6.80b) we begin by writing
(Bo — X)L = (=92 + 01 — N)IL,.

Integration by parts then yields, using the fact that Re X' < Red; for sufficiently
small dg,

195 (Bo — X)L 13 < [[(Bo — X)L [T
which together with (6.81) yields (6.80b). O
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CHAPTER 7

SIMPLIFIED OPERATORS: V2 POTENTIALS

In this section we estimate the resolvent norm of the operator whose eigenval-
ues were formally found in (4.8). For convenience, we use an even extension to
(o,7) € R x Ry, instead of considering it on R; x R; with a Neumann boundary
condition for o = 0, as in Section 4.

7.1. Definition and preliminary estimates

We begin by defining for € > 0
(7.1) U = —[1 +€|a]]0? — €02 + iT.

To define /. and characterize its domain, we look at the typical case ¢ = 1. We start
from the bilinear form given by

a(u,v) = (ur, (1 + |o|))vr) + (Ue, Vo) + i{u, TV),
defined on %V x ) where
V= {uc HY(RL)||[r?u € () 5 |of /*u, € L(B2)},
is equipped with the norm
ull?) = Nuol3 + 11+ o)) 2urll3 + [|(1 + 7/2)ul3.
It can be easily verified that
la(u, v)| < [lullollv]lo,
and that there exists ¢ > 0 such that
la(u,u)| 2 cllul|?), Yu € .

It follows from the Lax-Milgram Theorem (cf. [14, 6]) that we can define %; as a
closed semibounded operator on LQ(Ri), whose domain is given by

D(U) ={ue V,stV>v+ alu,v) can be extended
7.2
(7:2) as a continuous antilinear map on L*(R%)}.
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Since we consider a Dirichlet problem, we then have
(7.3) D(U) = {u € V,s.t. Uu € L*(R3)}.

Moreover (see the proof of Lemma 3.3 in [6]) the subspace U of the functions

in C* (@) N Hg(R%) compactly supported in @ is dense in %V and in D(%,) for
the graph norm.

LEMMA 7.1. — Uy has compact resolvent.

Proof. — The operator being semi-bounded it is enough to prove the compact injection
of % into L*(R%). We observe that, for all u € U,

lull?) > /2 (lollur (o, ) + rlu(o, 7)[*)dodr

+

: /R + ( /R (lollur (o, 7)P + rlu(o, r)l%dv) dr + %/R rlu(o,)Fdodr

2
+

1
M/ |g|1/3|u(0,7')|2d0d7'+*/ 7'|U(‘7a7')|2d‘7d7'7
2 Jr2 2 Jry

%

%

where we recall that |vq| is the first eigenvalue of the Dirichlet realization of the Airy
operator D? + 7 in R*.

By density the inequality is true for v € % and proves the continuous injection
of 9 into an L2 weighted space whose weight (|7| + |o|?) tends to +oc0 as (|o| + |7|)
tends to +oo. This injection combined with the fact that U Cc H lvloc(Ri) completes
the proof of the lemma. O
LEMMA 7.2. — We have

(7.4) D(U) ={u€ V,(1+ |o))u,, € L* and uye € L*}.

Proof. — It is enough to establish an inequality for u € Y. We begin with the identity
(7.5) [ Urull = 1L+ |o|)urr + uoell3 + [7ull3 — 2Im (ur, (1 + |o])u).
Then, we deduce from
(14 1o Pu, Usu) = (1 + o) Sur 3 + 1101+ o]/ ®)uq 3
+ill(1+ o))/ 2ul3

_2/311,7 u0>7

1
+ 5 (signo(1+ o))
that for any € > 0 there exists C, > 0 such that

I+ o) Surll3 + 1L+ loO)uall3 + [1(1 + o)/ or'2ull3
< [3(signo(1+ o))"/ u, ug)| + Ccl| Urul® + el (1 + |o])/*ul,
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from which we conclude
1L+ lo D) Furll3 + 11+ o] %)uc 13 + [[(1+ [o]) /07" 2ul3
< Ce(l| Una)? + ull?) + €l (1 + o) ul>.
On the other hand, we have (see the proof of the previous lemma)
1+ o) S urll3 + (1 + o) O 2ull3 > [ [|(1 + o)/ ull3.
For sufficiently small € > 0 the above two inequalities imply
(7.6) (11 + o))" 2ull3 + (1 + |o]) Surll3 + 11 + o]/ )us |3 < O Uaull? + [[ul3).

Returning to (7.5), we estimate the third term of the right hand side in the following
manner

2
2/(ur, (1+ |o))u)| < [|(1+|o)3ull3 + 11+ o) Pull3 < C(| Urull3 + ull3),
to obtain
(7.7) 11+ |oD)trr + uoells + Tull3 < C(| Urullz + l|ull3).
Finally, since
Re ((1 + |o)trr, Uoo) = ||[1 + |o|]1/2uw||§ + Re (trq, signou, ),

(where we have used the fact that u, and u,, vanish on BRi when u € 6~Z)) we may
conclude that

11+ loDurr +uoollz > (1 + loDurell3 + luoall3 — llurll3-
By (7.6) and (7.7) we then obtain
(7.8) 1L+ lourr I3 + l[uooll3 < CUIUrul3 + ull3), Yu € V.
By density (7.8) is extended to u € D(%) establishing, thereby, (7.4). O

7.2. Large |o| simplification
In the similar fashion to (6.4a) we define in @ := Ry x Ry the operator
(7.9) Te=—[14+e(oc+e)]0? —ed? + i,
associated with the bilinear form given by
at(u,v) = {(ur, (14 (0 + 7 ))v,) + Uy, vy) + i{u, Tv),
defined on V' x VT where
V' ={ue HyQ)r'?ue L*Q); o' u, € L*(Q)},

is equipped with its natural Hilbertian norm. In the same manner we have established
(7.6), we can prove that the domain of &/, is

(7.10) D(g.) ={ue H*(Q)N Hy(Q)lTu € L*(Q); ourr € L*(Q)}-

We can also show as for 9. that &/ . has compact resolvent.
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Let
A2(g) = Ao +veh
be given by (4.15), (4.9) and (4.13), and let r(¢) satisfy (6.25). We can now state and
prove

PROPOSITION 7.3. — Let 1/4 < a < (1—q)/2. Then there exist positive C and ey such
that for all € € (0,&0], B(A2,7(e)e) C p(T ) and such that for X € dB(A2,r(e)e)

(7.11a) (T =27 <
(7.11b) 10-(F . — )7 < 6€a,
(7.11c) 182(F e =N7H < 810—a’
and

(7.11d) 10o(F e =N < 53/762;

Proof. — The proof is similar to the proof of Proposition 6.1, and we therefore bring
only its outlines. We begin by defining the partition of unity (6.6), S as in (6.7) and
&1, as in (6.8) with e replaced by &, where we recall that % < b < a. Then, we set

(7.12) R =D (T — N5,
k=0
yielding
(7.13a) (Te=NRG =1+Eg,
where
(7.13b) Eg=—Y clo2,¢il(T 1 — X" ¢5-
k=0

We now prove that £ — 0 as € — 0. To this end we set
(Tr—Nw=g
for g € L?(Sk) and w € D( ). As in the derivation of (6.15) and (6.16) we write
(—[14e(ke™ +e7)])02 —d2+ it —Nw=g+e(0 — ke ® + e w,,.

The above identity allows us to conclude by extending the proof of (5.56), using a
dilation in the 7 variable with e replaced by € and § = 0, to get, under our assumption
that A is O(g)-close to Ao,

(7.14) [[wl]l2 < (lgllz + &' =" llwrl2)-

gl—a 4 kel-b
As
Re (T — Nw,w) = [[[1 4+ (0 + )] 2w, |3 + ellws |3 — Re Al|wlf3,
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we immediately obtain
—ayvil
(7.15) I +e(o+e 92wz < Cllwllz + llgll2)-
Furthermore, as Wo| _ = 0, we have
g BTk V) =L+ (o] + e bl + el
—TIm (w,, (14 (0 + & *))w) — Re A|jw, ||3.

Consequently, by (7.15) we obtain
lwerllz < C(11 4% + ke 12 lwll2 + llgll2),
which when substituted into (7.14) yields

C
gl=e 4 kel-b’

(7.17) (T % =N7HI <
Note, for future use, that we may conclude in addition

lwrellz < C(llwll2 + llgll2),

and hence also that

(7.18) P e—

gl=e 4 kel=b’

We now proceed as in the proof of Proposition 6.1 to show that ¢ — 0 as &€ — 0.
Then, as

- a _ C
(T e =N <CIRG" < Cili%”(gk V7S =

we have established (7.11a). The proofs of (7.11b) and (7.11c) are now respectively
deduced from (7.15) and (7.18), and the proof of (7.11d) follows from the identity

Re (& e = Nw,w) = [|(1+ elo])/*w, |15 + ellw, |3 — Re Al|w]3,
which holds for every w € D(& ). O

7.3. Second simplified operator

Let A2 be given by (4.15), and let () satisfy (6.25).

PROPOSITION 7.4. — There exist positive C and g9 > 0 such that for all € in (0,&q],
OB(A2,r(e)e) is included in p(U.) and

(7.19) (U — N7V < _.VA € OB(AZ,r(e)e).

R
(re) +1-7)
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Proof. — Let n and (4 be defined by (6.27) and (6.28) respectively. Let

1/4<a<(1—gq)/2. Next, let Sy = (—-2¢7%2e7%) x Ry and J 5 denote the

operator associated with the differential operator given by (7.1) with domain
D(J n) ={u € H*(Sy) N Hy(Sn)|Tu € L*(Sn)}.

Let further S, = (¢7%,400) x Ry, Sp = (=00, —e7%) x R4, and gﬁ) denote the
operator associated with the differential operator given by (6.1), whose domain can
be characterized as

D(T3) = {u € H*(SE) N HA(SE)|ru and ou,, € L*(SE)}.
We can now define the approximate resolvent
(720) R =n(Tn—N "+ (TH-NTC+(TH-NTE
By (6.5) we have

C
(7.21) (T =N+ e2106(T 5 = N7 <
We seek an estimate for ||(& y — A)7!|. Let w € D(& n) and g € L?(Sn) satisfy
(722) (T —Nw=g.

Applying the projection IT, given by (3.28), to the above balance yields
(7.23) (2" — 0 = Nlw = Tig + o]0 w
' = ig + elo|(6TL (rw) — AoTyw).

Let ~
I n=L+e(—02+ b|al),

where 6y is given by (4.12). We now rewrite (7.23) in the form
(7.24) ([%V — MILw = g — ie|o|Hy (1 — e 73 )w).
From the definition of 7, in (3.24) it follows that

I, (7 — e_i”/‘o’rm)w) =1L ((r — e B3I — I )w).
We can thus conclude that
(7.25) oLy ((r — e ™™ Br)w) || < Ce (I — Iy )w]|».

In the same manner as it is established in [4, Lemma 7.1] or in Proposition 5.13 we
have

(7.26a,b) [T x — V)L < ©

tOrioe  NFw-NTU-M|<C

Applying (7.26a) to (7.24) yields, with the aid of (7.25),

C
2 IT < (I -1 :
(7.27) Ml < oo lall + €0 = Tul)
We now apply I —II; to (7.22) to obtain
(7.28) (25 =82 — NI —I)w = (I —y)g + ¢lo|(I — ) w,.
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Since I —ITI; is bounded, we have
lo(I = )wsrll2 < Ce™%|lwrr 2.

We can now obtain, using (7.16), (7.18), and the fact that |o| < 2¢72% in Sy, that

(7.29) [wrrll2 < C(llwll2 + [lgll2)-

Consequently,

(7.30) lo(I = M)wrr|l2 < Ce™*([[wll2 + [lg]2)-

We now apply [4, Eq. (7.16)] to (7.28) to obtain, with the aid of the above inequality,
(7.31) I(I = M)wllz < C(llgllz + &'~ [lw]l2).

Substituting the above into (7.27) yields
C Cel—2a
m“gHz + mﬂwllz-
Together with (6.43) (recall that a < (1 — ¢)/2, and r satisfies (6.25)), this yields
C
(7.32) (& n — >‘)71|| < m
Note, for future use, that together with (7.29) the above inequality implies

C
7.33 o2 D)<
( ) ” T(gN ) ”— (T(E)-{-l—’y)é’
We also need an estimate for 9,(& y — A)~!. To this end we rewrite (7.24) in the
following manner

[Thw]s <

A—=Xo

e 02 +ifolo| - Jhw = Mg — ielo T ((r — e~/ rn)uw).

Taking the inner product with IT;w then yields for the real part
elMwy |3 < C (elhw|3 + [Myw|l2([Migllz + ' ~¢(I = M1)w]l2) -
Using (7.31) we then obtain
ITyw, |2 < C(IMhwlls + 27> wllz + &7 [lgll2),
from which we deduce, using (7.32) and the fact that a < (1 —¢q)/2,

(7.34) [T we ]2 < llgll2-

¢
(r(e) +1-7)e
We now take the real part of the inner product of (7.28) with (I — II;)w, to obtain
with the aid of (7.30) and (7.31),

(T = Ty)w)- 13 + el (I — T )we |3
C (ell( —1m) w||2+||(1' I )wllz (llgll2 + &' ~#llwll2))
¢ (

<
< C (llgllz +*=lwll2)*.
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Hence we have obtained

(I = T)well2 < Ce?|igll2 + /27 lw]l2),
which combined with (7.32) and (7.34) yields
¢
(@) +1- e

We may now proceed to obtain (7.19) in precisely the same manner as in the proof
of Proposition 6.2. O

(7.35) 105(F n — A7 <

We now return to the problem appearing in Section 4. The operator is defined
on the quarter plane Q = R, x R, with a Dirichlet-Neumann condition. Hence, we
consider ¢)_ to be defined by (7.1) (via a Lax-Milgram theorem) and whose domain
can be characterized as

(7.36) D(Q.)={uc H?(Q)|u(0,0) = 0;0,u(0,7) = 0; 7u and ou,, € L*(Q)}.

We can now make the following statement

PROPOSITION 7.5. — There exist positive C and €9 such that for every e € (0,&q],
OB(A2,re) belongs to p(§).) and

(7.37) Q. — N1 < © E,v,\ € 0B(A2,r(e)e).

(rE) +1-7)

The proof follows immediately from Proposition 7.4 and the fact that %/, is an
even extension of ¢)_.

We shall continue to obtain results for %/.. All of them, by the same token, are
valid for Q)_ as well.

Another consequence Proposition 7.4 is the following:

PROPOSITION 7.6. — Under the conditions of Proposition 7.4, for every
1/4 < a< (1 —gq)/2 there exists Cqy > 0 and €9 > 0 such that, for any e € (0,&0],

_ _ C
(738) ||1|U|225—"‘(%€ - )‘) 1” + €1/2||1|U|Z2a—“aa(%s - >‘) 1” < El_au .

Proof. — The proof is identical with the proof of Proposition 6.4 and is therefore
omitted. O

We continue by proving another estimate:

ProPOSITION 7.7. — Under the conditions of Proposition 7.4, we have

C
. 2 - -t - - <

(7.39a) 107(Ue = N) 7 + 110 (Ue = X) 77| < )z

and

7.39b B2(Ue — N7 < =

( . ) || o’( e ) || = g2-a’
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Proof. — The proof of (7.39a) follows from (7.11b), (7.11c), and (7.33). To obtain
(7.39b) we use the identity

—Re (Woo, (Ue = Nw) = [wro 3 + ellwoo |3 + €lm (wo, wyr sign o) — Re w3

Hence,
ellwooll3 < C (Ilwoll3 + *[lwer I3 + < llgl3) »
which, together with (7.39a) and (7.11d), leads to
a—3 1 -1/2 0
€t gl

As in the previous section we also need the following estimate:

lwoo|l2 < 2172

PROPOSITION 7.8. — Let 0 < a. Then there exist positive C, and €¢ such that for all
e € (0,e0], OB(A2,r(e)e) belongs to p(Ue) and for all X € B(AZ,r(e)e),

(7.40a) s ea(Ue = V)M + €2 Lrse-adr (U = N) 7|

+ P21 5 a0y (Ue — M) 7Y < Cug?,
and
(7.40b) 1175 02(Ue = M) + el 12003 (Ue = N) 7| < Cl

Proof. — As in the proof of Proposition 6.7, let ¢+ be given by (6.27). Let further
Ce(m) = (4(27/€). Let w € D(U,) and g € L?(R?) satisfy

(Ue =Nw=g.
As, with ¢ = (e,
Re ((Ue — Nw, 2w) + Im (U — Nw, CPw)
(7.41) = |I[1 + elol]"/20- (Cw)||* = (Im A + Re A)||¢wl|* + &|¢owl|* — [lw¢’||?

+ 2Im (w¢’, 8, (Cw)) + |7/ *Cw]?,
we get first
1712 ¢ewll3 — (Im X+ Re M) [[Gewl3 < 2/|¢ewll3 + 2l ¢ewllalI¢egllo-

The proof then continues along the same lines of the proof of Proposition 6.7 and is
therefore omitted. O
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CHAPTER 8

UPPER BOUND

8.1. Goals and notation

Let 7o € & (resp. To € éﬁym), where $™ (resp. (:S’m) is defined by (1.11)-
(1.13) (resp.(1.16)—(1.17)), for type V1 (resp. V2) potentials. We have proven in
Proposition 3.4 (resp. Proposition 4.1) the existence of an approximate eigenvalue
f\l(h, xo) (resp. AQ(h, xo)) with a corresponding approximate eigenstate localized (as
h — 0) near zo. In this section, we prove the existence of an eigenvalue inside the
disk B(A%(h,zq),7;(h)h*) where i = 1 (resp. i = 2) corresponds to potentials of type
V1 (resp. V2), k1 = 4/3 (resp. ky = 10/9), Ay(h,x0) (resp. A%(h,z0)) is defined,
for ¢(zo) > 0, in (3.31) (resp. in (4.16)) by:

A (R, zo) = iV (20) + (c(x0)R)? 3 (Mo + e(h)A1),
A%(h,zo) = iV (20) + (c(x0)R)?3 (Mo + () A1),
and for ¢(zg) < 0 by
Al (h,@0) = iV (o) + (=c(z0)h)*/* (Ao + e(R)M1),
A%(h,z0) = iV (20) + (—c(z0)h)?3(No + e(R)A1).
We also recall from (3.10) and (4.6) that
e(h) = (2720206 B3 and e(h) = [2°68, T, 5] /Oh°,

and keep in mind Remark 3.1 and that |c¢(zo)| = Jm.-
The functions #;(h) (¢ = 1,2) are determined from r;(e) and r2(e), respectively
appearing in Sections 6 and 7, via the relations

8.1)  JmPRRT237 (h) = e(h)r1(e(h)) and Jid b2 ~2/38,(h) = e(h)ra(e(R)).

We now choose

(8.2) #1(h) = h9' and #y(h) = h%2,
where,

2 4
(8.3) @i =34q and gy = 94
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With this choice and from (3.10) and (4.6), we get
q (459 _ 1+4q 2+8q _20+q)
(8.4) ri(e) = <21§Jm 5 zq) e? ra(e) = <Jm9 I am ° > el.

Recall that ¢ < 1/6 (in both Sections 6 and 7) and hence
(8.5a,b) d1 < 1/9 and g, < 2/27.

Using the preliminary estimates established in the previous sections, we obtain
in this section a bound on the resolvent norm of ¢#; given by (1.1) on a suitable
circle centered at A*(h) (the dependence of A’ on z; is suppressed in the sequel). The
method is similar to the one used in [16, 4], i.e., we obtain localized approximations
of the resolvent (¢#;, — A)~!, that facilitate the application of the various estimates

obtained in Sections 6 and 7. The combination of these estimates with the construction
of quasi-modes leads to the proof of existence of an eigenvalue.

8.2. Refined partition of unity

We start from the partition of unity of size h? constructed in Paragraph 2.3.1
(which we denote in this section by (¥, Ck,») to avoid the confusion with a future
notation), with j € ¢/;, k € &/5. Note that x;, and fk)h are respectively supported
in B(a;, h?) or B(by, h?). Recall also the decomposition of &/, in Section 2 into three
disjoint subsets /5, ¢/ g and &/ g, so that all corners are included in §/§. To simplify
our resolvent construction, we impose in addition the condition

(8.6) sc U
ked/s
When the potential is of type V1, we split further &/ 5’ by setting

Iy ={ke T5 |bre 5} and Iy = T \ Tp-
When the potential is of type V2, we set
Ii={ke J5|bre S}and Iy= 5.
We further set
5 ={k e J5|V(be) # V(zo)}

As in [4] (Subsection 7.3) we need to use two different scales (or disk sizes), i.e., as
before he for k € (/5 \ &5) U 52’0 or j € &/; but now hét for k€ 3\ 6’72’0 where

2 1
8.7 =>0> = > > 0.
(8.7) 3 4 3 oL
We now proceed in two steps.
We first construct a finite (independent of h) partition of unity of size he+, n, fk,h

with k£ € &/3 such that

(8.82) g+ Y. Gu=1inQ,
ke T\ T5°
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with

Cron = 1in B(bg, h?* /2),n = 0 in Q\ B(bg, he*),
(8.8b) [VCin| + heL|D2Cn| < Ch™et, Yk € 5\ TI5°
and
(8.8¢c) |VEn| + he*|D?E,| < Ch™o-.

Then, we set for k € &/4
Ceh = Cronln X = Xjhéh-
To satisfy the Neumann boundary condition on 0y, and for later reference, we
introduce an additional condition

o Crn
(8:9) Ebn =0; v log =
As o > 0., we have for sufficiently small hy > 0, C~k,h =0for k€ &° and h € (0, ho).
Note however that we may have for sufficiently small h, j € &;, and k € 5\ 5"
the inclusion B(a;, h?) C B(bk, h?*-/2) and hence X;, = 0. A similar observation can

be made for k € (F5\ J5) U T5°. We thus define
Ji=1i € Tilxin # 0}, Iy ={k € T5 |G # 0},
5 =k € T51kn # 0}, Ty ={k € Tp|Cn #0}.
Clearly, we have
Yo Gat X Gat X Gat X Xa=1mQ
ke TP\ T5"° ke(IH\ T3V T5° ke IYUT i€
Note that for type V1 potentials, /5 \ &5 = &5, whereas for type V2,
0"75 \ I3 = @‘75. For simplicity of notation we drop the tilde and check ac-
cents in the sequel and use (xj,n,Ck,n) instead of (X;n,Ck,n) and (&/;, g]};’, (_5’759\[, 75)
instead of (¢/;, 55, g, )
Note further that by the previous construction we have that
IVl +he+|D?*x;n| < Ch=2-  in B(a;,h?/2)
IVxjnl +h2|D*xjn| < Ch™¢  in B(aj, h?)

(8.10a) Vie I

At the boundary, we have
|V Cin| + het| D¢ n| < Ch=2-  in B(bg, h?/2)
|VCh.n| + he|D?*¢en| < Ch=2  in B(bg, h?).

As in Section 2, each point of Q belongs to at most Ny disks with Ny independent
of h, and

(8.10c) S 10 xn @)+ DY 107Cn(z)? < Cyh21e ¥4 € N? st 4] < 2.
J k

(8.10b)

As in Section 2 once again, we introduce nx n = 10Ck, A
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Note that, as a result of (8.9), we have

O0Ci,h

3 log = 0,k € gy.

(8.11)

To be compatible with future constraints we impose from now on the following re-
strictions for potentials of type V1

13 2 ol 1 2
12 = Zand = + = .
(8.12a) g3 oL <gand 4o <o<o-—o,
and for potentials of type V2
7 1 o1 1 2 o1
8.12b — < ~and == + = I
(8.12b) gy SeL<gamd ot g<e<g— o

These new conditions are, clearly, more restrictive than the ones previously given in
(8.7).
As in Section 2 (see (2.20)) the approximate resolvent has the form
(813) RN = Y Xl Tin =Nt D menRenNnen,
J€ Ji(R) ke &5(h)

but this time we need to estimate the localized resolvents (some of them account
now for higher order terms in the Taylor expansion of V near by) Ry n(A), and the
remainder

(8.14) E(h,N) = (Hp — A) RAh, \) — I,
for X € dB(A(h), h¥i#;(h)).

8.3. Localized resolvent estimates

8.3.1. Approximation associated with j € ¢/, and k € &/ g. — In this case we can di-

rectly apply the estimates (2.14) and (2.17) given in Section 2, as B(A*(h), h*i#;(h)))
2

is included in {Re X < wh%} for any w > J,%‘”Z—ll.

8.3.2. Decomposition of /. — Having in mind the definition of &/5° we further split
TIo\ & 2’0 in the following manner:

L J5t = {k€ T3V (be) = V(wo); lalbr)| > am},
2. I5P={ke T5|V(by) = V(zo); |abr)| = am},

where a(z) is given by (1.10) for potentials of type V1 (resp. by (1.15) for potentials
of type V2, where in this case « is replaced by & and a,, by a.,).

Note that by Remark 3.1, when V(by) = V(z¢), we have c¢(bg)c(zo) > 0 as z¢ and
by, belong to the same connected component of QL.
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8.3.3. Localization associated with k£ € C?g’o. — For potentials of type V1, we have
for any k € (953’0
ator O%k,h introduced in (2.18). Upon dilation we then use Lemma 2.7 (with
v =[(V(by) — ImA)] (Jh)~3 and p = Re A(J,nh)~3) to obtain that

OB(A! (h), ¥4 (R)) C p( Ay p)

, by € 00Qp and we can therefore use the approximate oper-

and
- . C
(8.15) max sup I(HAn = AN < R
k€ J5" AedB(AL(h),h*171 (h))
For potentials of type V2, we have for any k € &/ g’o, br € &5 and we may therefore
use the approximate operator ¢/ j, introduced in (2.27). After dilation we may apply

Lemma 2.9 to obtain that dB(A2(h), h¥>#4(h)) C p( @%k’h) and

z _ C
(816) max swp (=N S
k€ETy" AedB(A2(h),P2(h)hF2)

83.4. Thecase k € &5\ J5°. - For k € 5\ I5°, we need the approximation
of ¢#;,, to be more refined than (2.18) or (2.27). We thus introduce, for potentials of
type V1, (see (3.1))

(8.17) T = —hDg, + h2(b), — 2h2k(b) px(h 20 ~D/3p)02 1 iV,
cf/)(@%kh) ={ue H2(Ri) N H&(Ri)Ip(l + s € LQ(R?‘F)}’

where
1 1,
(8.18) V) = V(o) £ Jmp + 50(0k)s%0 + S Bex (A2 )2,

The curvilinear coordinates (s,p), defined in Section 3.1, are centered at by (see
Remark 3.2). The curvature k is approximated in (8.17) by its value at by and
Br = B(by) is given by (3.5).
The cutoff function x is the restriction to Ry of (5.2), the positive parameters b
and b satisfy the limitations set in Sections 5 and 6, i.e.,
1

3 ~ 1
1 —<b< —; b< - —q.
(8.19) 2< <4, 0< <2 q

Further restrictions for b and b will be imposed at a later stage.

For potentials of type V2 we use the coordinates introduced in Paragraph 2.3.4,
centered at the corner by, and consider the approximate operator

(8.20) {5%,,} = —R2[(1 + 6y, 5)0% + 2] + i(V (bk) * Jmp),
. pf/)(ﬂk,h) = {U € H2(Q) | UgQ, = 0;8L,’LL3QJ_ = 0; pu and sé),%u c LZ(Q)}’

where the coordinates (s, p) are given by (2.22), and &, is the same as in (2.25) with
¢ = bk.
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For potentials of type V1 (with Remark 3.2 in mind once again) we apply to (8.17)
the dilation
Jnht 11/12 h21/3
78|0z(bk)|3} (o pP= [E} T,
to obtain the unitary equivalent operator (for c(zp) > 0 which is equivalent to
C(bk) > 0)

(8.21) s = [

(8.22) iV (0) + [hTm]? Bey.-
In the above, B, is defined in (6.1)-(6.57)-(6.77), and (see also (3.15))
/ék Jm 1/2
= = k(bk)|2
P = Blalbol I 72 w = n(bw)| a<bk>} )
3 1/25(bk) —5/69—1 1/212/3
0 =22 ek(h):Jm 2 2|Oz(bk)| h=/=.

T e

When ¢(zp) < 0 (and hence ¢(b;) < 0) we obtain C/?e instead of <B. in (8.22). Note
that since ¢ is finite, there exists C' > 1 such that, Vk € 5\ 072’0,

(8.23) 1< er(h)/e(h) = am?|a(by)]® < C.
Note further, that since A € dB(A!(h), 71 (h)h*') we obtain, in view of (8.22),
X o= (] "3 (A =iV (o)) € DB(AS, (ex (1), 71 (ex (R); be)ex ()
where, for k € 82’2,
ri(e;be) = ri(e;20) = r1(e), Yo = 1, ex(h) = e(h),
and for k € 5",

_1

ra(eta) = (25000 7,5 (b)) e, = [am/labi) 2.
Note that by (8.4) there exists ¢ > 0 such that, Vk € 3\ &5,
c<ri(e;bg)/ri(e) = ’yiJrq <1.
By (6.78a) we then have that dB(A'(h), h*1#1(h)) C p( C’%k,h) and
(8.24) sup _sup 11000 nes) (Hrn = N Hinll < hTC;qu
ke T U T2 A€OB(A (h),i1 (h)RF1)

where the cutoff function 7y j is given by the boundary operator defined in Para-
graph 2.3.5 (see also [4, 16])

en =Ty, (Mk,h)-

To show that (6.78a) can be applied we first observe that, for all
z = (s,p) € B(bg, h®+) we have, by (8.21) and (3.10), that

T < IR = J3(I3/023 aby) |7 )Per /2 Ley ()3 271 < Cley (h)Pe /2L,
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where C is independent of k. Hence, for 1 —3p, /2 < o’ < 1, there exists hg > 0, such
that for all h € (0,ho] and k € &5\ &5° we have 7 < e, (h)~%, which is precisely
what we need to apply (6.78a).

Similarly, for potentials of type V2 we apply (with Remark 3.2 and (4.5) in mind)
the transformation

h2q1/3 Jnht 11/9
(825) p= [ﬂ} T, s = [W} o,
and set (see (4.6)),
e = [Gm/16G)*? and  ex(h) =7, " e(h).

As in the case of potentials of type V1, we have

_2(+q) _20+q) 20+l 14q
3

ra(g;be) = (273 |a(be)| Je? =, ra(e).
We then obtain via (7.19) that there exists hg > 0 such that, for h € (0, hg],
OB(A(h), #a(h)h*?) C p(Ay, ) and

= 1. C
(8.26) sup sup I(Fh = N) " iinnll < s
ke I3\ I3 ° A€dB(A2(h),2(h)h*2)

8.3.5. Thecase k € 5\ /5. — In this case we use as our approximate operator

(8.27) {(;G%,@ = —h2A, +i(V(br) £ikp)
D(Hr,n) ={ue H Q) =0, dyuag, = 0; pu € L*(Q)}.

Applying the dilation

(8:28) (p,8) = W*/ (21, 22),

Nﬂk’h is transformed into (2.3). By (2.4), inverse dilation, and the fact that |jx| > J,,
we have

(8.29) _sup (o = V)7 <
A€dB(Ai(h),h*if;(h))

| U|BQJ_

C
h2/3’

where i = 1 for potentials of type V1 and ¢ = 2 for potentials of type V2.

8.3.6. The case k € §/,. — In this case, we use (2.18) as the approximate resolvent.
Let

ok(h) =ik — Im = [VV (bi(h))| = I
Upon the dilation (8.28) we use Lemma 2.6 to obtain that, for i = 1,2,
OB(R' (h), #:(M)h*) C p( T, )
and that for some C' > 0

~ C
(8.30) sup (A =N < 5575
A€DB(Ai ki (h) o O (h)h2/3
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Note that, in contrast with [4], card &/} (h) is not bounded as h — 0. Consequently,
0r(h) depends on h through the distance between by (h) and &. Depending on the
potential type there exist positive constants hg, ¢, and C such that

(8.31) Sk(h) > Cd(bg(h), )P > chPi®- Vh € (0, hol,Vk € F5(h),

where p; = 2 for potentials of type V1 and ps = 1 for potentials of type V2.

8.3.7. Approximate resolvent norm. — We have shown that there exists Ay > 0 such
that the approximate resolvent (8.13) is well defined when A € dB(A;(h), h*i#;(h))
for all h € (0, hgy]. To summarize, we state the following

LEMMA 8.1. — For i = 1,2, there exists C and ho such that, for any h € (0, ho] and
any A € AB(A;(h), h*i*%), the approzimate resolvent satisfies

(8.32) | SRR, N)|| < Ch™Fim4,

The proof follows immediately from (2.14), (2.17), (8.15), (8.16), (8.24), (8.26),
(8.29), and (8.30).

8.4. Approximate resolvent error

In this subsection, we show that R/(h, ) is a good approximation of (¢#; — A)~L.

We proceed as in Paragraph 2.3.6, albeit with the refined partition of unity defined
in Section 8.2. From (2.35)) we recall that

ErAN) = > Bib,Nxin+ D, Bilh, N,
J€T;(h) k€T 5(h)
and keep the same definition for 3;(h, ) and By (h, ) as in (2.36).
For the present partition of unity, we set, as in Section 2,

— Supp Xj,n C B(a;(h),2h?) for j € &/;(h),
— Supp ik C B(bk(h),2he+) for k € 7,
— Suppe.n C B(by(h),2he) for k € I3,
— XjhXjh = Xj,h and Nk pMe,n = N,k

and

o _ -1
C%k’h - T&fbk ﬂthbk ’

In the sequel we prove the following generalization of [4, Lemma 7.6] (see also
Paragraph 2.3.6).
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PROPOSITION 8.2. — Let §; be defined by (8.3) with 0 < ¢ < é, and (0,1,0) satisfy
(8.12). Let further b and b respectively satisfy (8.19) and

3
(8.33) 1- % <b<3/4

Then, under the assumptions of either Theorem 1.1 (V1 potentials) or Theorem 1.3
(V2 potentials),we have

(8.34) lim sup |E(h,N)| = 0.
h=0 \coB(Ai(h),nkitai)

Note that by (8.12), we have o1 > & which implies that the interval (1— 397*, 3/4) is
not empty, though (8.33) is certainly more restrictive than (8.19).

Keeping (2.39) in mind, (8.34) follows, under the assumptions of Proposition 8.2,
from the following lemma

LEMMA 8.3. — Under the assumptions of Proposition 8.2, there exist C > 0, hg > 0
and dy > 0 such that, for all h € (0, hg] and X\ € B(A*(h), hkit9), we have
(8.35) sup )Ilﬁj(h,A)II + sup )||$k(h7)‘)|| < Chd,

e (h k

jed; €da(h

Proof. — We split the proof into several steps, estimating the | J3;(h,A)|| or
|Br(h,A)|| in the various cases listed in Subsection 8.3. An explicit formula
of dy is provided at the end of the proof. Throughout the proof of the lemma, all the
constants C and h( appearing at each step can be chosen independently of h € (0, hg],
je Jih), ke Ty(h) and X € OB(A;(h), hFitii),

Step 1. — Estimate || B;| for j € &; and || By for k € F3° U(T5\ T3)-

We refer the reader to [4, (7.50) -(7.51)] where it is shown that there exist C' > 0
and hg > 0, such that, for all b € (0,ho], j € &/;(h), k € (?g(h) U 53’0, and
X € OB(Ai(h), hFitai),

(8.36) | Bj (hy || + || Br(h, N)|| < C (R3¢ 4 p2(e=1/3),

For k € 75\ &% we use (2.33) (which remains valid under the assumptions set
above on \) to obtain

(8:37) | Bi(h NIl < C(R27¢ + h2).
Hence (8.35) is satisfied for k € &5 \ &3 if d satisfies
(8.38) 0 <dp <dy:=inf(p,2/3 — 0,2(0 —1/3)).

Note that by (8.12) d; is positive.
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Step 2. — Estimate ||nk,hT;71k(Q%k,h—@%k,h)(ﬂk,h—/\)—lT&k ip || for k € TH\T5°
and V1 potentials.

Note that the above term is the first one on the right-hand-side of (2.36b), and
we must provide an effective bound for it in order to obtain a proper estimate
of || B (h, N)||. We recall that /ﬁk,h has been introduced in (2.26) and that, for type
V1 potentials, (:%k,h is introduced in (8.17). Let (aq, b) satisfy

(8.39) 0 < ap < 2b/3.
Decomposing (Eﬁk,h - QN%k,h), we write (cf. also [4, (7.52)-(7.55)])

Hle,th1 (?ﬁk,h - C%k,h)(égk,h - A)_lTo?'bk ﬁk,h”

by

< O (I nb1Lporo-eo 20X g = N) Vi
+ 77,1011 s 2300 K202 (A, — N) ™ Vi
(8.40) + 17,0021 00 ( Ay — X) ™ Vil
+ ||ﬁk,h63h2as((:%k,h =N el
+ 11 ,<p2/5-00 (V0 Fy, — V;;(,f))ﬁk,h((:%k,h = A) " il
10 (V o T, = Vi i (e = V) ikl

where
§1= 572 —1—26(be)px(h20703p) 6y = k(s)g ™! — w(br), 83 = pK'(s)5 %,
Mkh =T, Thhs Mkh =T, Ty

and where Vb(kz) is introduced in (8.18),
For the first term on the right-hand-side of (8.40), observing that

81 = 0(p%) + B(ps) + O(p) (1 — x(h=20=D/3p)),
we obtain with the aid of (8.39),

”51ﬁk,h1p§h2/37a0 ”oo < Ch2/3+91-—a0_

Using the dilation (8.21) together with (6.78a) (with 3ag/2 < a’ < 1) we obtain
(8.41) B2 (7,1 011y 2/5-a0 02 (A — N) Ll || < Che-—0=0,
To confirm the effectiveness of the above bound we need to restrict ag further by
imposing
0<aop<o1—4q,
which is possible by (8.5) and (8.12a).
As
10177k,hll00 < O™,
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the second term can be estimated using the above dilation together with (6.78b)
for a < %ao and ¢’ > 1 — %QJ_, (thus satisfying 0 < a < @’ < 1 as is required in
Proposition 6.8) to obtain
(8.42) B2 |77k, n 011 s p2/5-a0 02 (Fgp — N) ™ ik ]| < Che-.
Since

17k,n02 |00 + [177k,n05 ][00 < ChE,
the third term and the fourth terms on the right-hand-side of (8.40), can be bounded

via the same dilation and (6.78a) (with a’ > 1 — 2p,), yielding
(8.43)

h2[)|,0020,( F, — AB)) ™Ytk || + 17ik,0 0305 (A, — A(B)) Vg ]|] < CheL—0

Note that ¢, — ¢, > 0 by (8.12a) and (8.3). To estimate the fifth term on the right-
hand-side of (8.40) we use (3.6) (with z( replaced by bg) to obtain

||19Sh2/3*a0 (Vo C?bk o Vb(kz))ﬁk,hnoo < Ch4/3+gJ'_2a07
and, with the aid of the same dilation and (6.78a),
(844)  1,cpars-ao(V o Fyp = Vi Vi n( T — N Vifkp]] < Cher—B7200,
For (8.44) to be an effective bound we must further restrict ag so that
0<ao< (oL —q1)/2

Finally, to bound the last term on the right-hand-side of (8.40) we have, by (6.78b)
and the same dilation

(845)  [1pmpersaa(V 0 Fop ~ Vi Vien( T — N il < =235,
which leads to a further restriction on ag

301 —2/3+4ap > 0.
Altogether ag should satisty:

9 .
(8.46) —3(&—7) <ap< &8
9 2
Such ag exists if and only if
2 0L — G
o<t
0L79) S T

or, equivalently, when

4

3 + 41 <Toy.

Note that the above condition is satisfied by the upper bound of §¢; in (8.5) and the
lower bound of g, in (8.12a).
In view of (8.46) we set

(8.47) ag=-— =5 -

(wherein the lower bound follows from (8.12)a) and (8.5).
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By (8.39), b € (0, 1 — q) must satisfy

2
1 15QJ_ 3(21 ~ 1 3A
oo S g D S,
27 78 g V<3 3n

For the above inequality to make any sense we must have §; < %g 1, which clearly
holds by (8.5) and (8.12a).

By (8.41)-(8.47), there exists C' > 0 such that for sufficiently small h
”Wk,hTC}; (/Oj\qk,h - (:%k,h)((:%k,h - )\)_ITQ?,,k || < Ch®,
for any
(8.48) 0<dy<ds:=inf(oL —§G1 —2a0,30L —2/3+ag)="To,/4—1/3—¢1/4.

Note that the positivity of do has been verified above.
Step 3. — Estimate ||, 75, (A n= k) (Fan=N " T, il fork € TH\T5"

and V2 potentials.
For potentials of type V2, we recall that Q%k’h is introduced in (8.20) and write

an,th}l (/(’/G\gk,h - C:%k,h)((:%k,h - )\)_ITQ?,,k e,n ||

by
< C'h’2(||]'p>h2/3fao ﬁk,h(gc - 1)83((:%k,h - A)_lﬁk,h“
(8.49) + ||1p>h2/3*ﬂoﬁk,h(§c -1- as)ag((:%k,h - )‘)_lﬁk,h”

+ 11 < nzrs—ao Tk n (Ge — DO (Hnn — A) ™ ikl
+ 11, <p2saoiinn (Ge — 1 — a8)O2(Hpp — ) Hiknll).-

For the first two terms we use the dilation (8.25) together with (7.40b) (for a = 2ao)
to obtain

(8.50)  A2(|11,5p2/5-a0 7lk,n(Ge — 1)O2( S — N) Vit
+ 11,5 p2/3-a07k,n(Ge — 1 — aS)a,f(c%,h = A) " Yiknll) < Che-.

For the third term we use the same dilation and (7.39b) to obtain for a satisfying
1/4 <a=5/12 < (1 — q)/2 that

(8.51) 12|11 e pera-eo ik p(Fe = 1)O(Hpg — N) e nl| < CREETT/T,

Recall that o, > o= by (8.12b).
Finally, for the last term on the right-hand-side of (8.49) we use the fact that

||1pSh2/3*a0 Tk, h(§e — 1 — as)]loo < C(hQQL + h2/3_a0)7

to obtain by the same dilation and (7.39a)
(8.52) )
W21 pera-aninn(Ge = 1 = a8)0p (S = ) ik pll < C(RH/E7007 0 4 p2es=4/870),
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As 201 —4/9— G2 > 0 by (8.5) and (8.12b) we need to select ag < 2 — G2 (yielding
ag < 24—7) Setting

(8.53) ao =2(1/3 - o1),
yields by (8.49)-(8.52) that (8.35) is satisfied in the present context if
(854) 0< do < d3 = QQJ_ — 4/9 — qAQ,

where the positivity of d3 follows from (8.5) and (8.12Db).

Step 4. — Estimate ||[cZp,, Mk,n] Re,n7kn|| for k€ &5\ 0‘72’0 and V1 potentials.

Note that the above term is the second term on the right-hand side of (2.36b),
and an effective bound for it in is necessary order to obtain a proper estimate
of || Bx(h, A)|. Having in mind (2.32), we decompose [¢/Zp, k5] in the form

(8.55) [Hnymkn] = —h*(Angn) — 201 2 p2/3-a0 Vlion - V = 2021, p2/5-a0 Vi n - V,

where ag is given by (8.47). Note by (8.8)b) that Angp and Vrny ) are supported
in B(by, h?+) \ B(bg, het /2). Hence, whenever p < h?/3~% we have, for sufficiently
small h,

1 1
> Zhot _ p2/3=a0 5 Zppe
Isl = 5 > h™,
since by (8.47) we have g, < 2 — ao.
Consequently, we may represent (8.55) in the form
[ A e n] = =2 (Amk,n) — 201 5 p2ramao Vikn - V = 2071, _p2/5-ag L5 o Vil n V.
Recall from (8.8b) that for all k € 5\ &5°,
|V’I7k,h| + he+ |D2’I7k’h| < Ch™9-.
We finally note that by (8.9) and (8.11), we have, for p < h?/37% that
|0k, n/Op| < Ch/3=a0=20L,

With these remarks in mind we obtain the existence of C' and hg such that for
h € (0,ho] and X € p(Akp)

| [Hns M0 ) Ric,niie ]| < Ch2(1_g*)||77k,h(<5¥k,h — N il
+ CR* = [if 11 s p2r5—a0 O A — N) itk
(8.56) + Ch?= 4 [ifk w1 s 2300 Os( Fhi = N) ™ |
+ Ch*~o+ ||ﬁk,h15>w%3s(<§¥k,h =) il
+ ORS00 20 i 10y (S = N) il

where Q%k’h is given by (8.17).
We now estimate term by term the right hand side of (8.56) using the dilation

(8.21). To this end we use (6.78) below with a = 3ag and @’ > 1— 3p,.
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For the first term, we get from (6.78a)
W20 i (A — A inl| < CRS 20070
We note that by (8.5) and (8.12a) it follows that 2 — 20, — ¢ > 0.
For the second term, we use (6.78b) to obtain
B2 it L2/ a0 0p( Hpn — N) 7| < ChE=0+FE,
For the third term, using (6.78b) yields
W20 i Ly oo s S = N) 71| < ChITE.

For the forth term, we use (6.78c) whose assumptions hold when ' > 1— 3o, and a
satisfies

1 1 3 1
(857) g<a<zand59l—§+a<0.

Such a choice for a is possible since g, < 2 is satisfied by (8.12a). We obtain
itk nw Os( A = )il pll < CRESTE
Note by (8.12a) that
4a/3—gj_ >2/9_QJ_ > 0.
Finally, for the fifth term, we get from (6.78a)
RS0 i 8y (g — N)Hilnl] < ChA— 0 esi,
Using (8.47) together with (8.5) and (8.12a) then yields

2 2 j = 3(A +01)>0
— — an — —_ = - —_— - .
3 0 0L —q1 3714 q1 T 0L

In conclusion, we have established, for potentials of type V1 that [c#y, Mk,n]) Rk, hTik b
satisfies (8.35) when dy satisfies

(2 4 1 3
(8.58) 0<d0§d}1:=m1n{§—2gJ_—q1,§a—gJ_,§—Z(q1+QJ_)},

for a satisfying (8.57).
The positivity of d} is established by the foregoing discussion.

Step 5. — Estimate ||[¢Z,, Tk.n] Reniiknll for ke &5\ F5° for V2 potentials.

We begin the estimate, as in the V1 case, starting from (8.56) but with /L“h
introduced in (8.20), ag given by (8.53). We use here the dilation (8.25). For the first
term on the right-hand-side of (8.56), we use (7.37) to obtain

W20 i ( Hien = N)~Hifenl| < Ch/O~2070,
Note that by (8.12b) and (8.5) we have 8/9 — 20, — g > 4/27.
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Upon dilation we use (7.40a) with a = 9ag/4, for the second and third terms on
the right-hand-side of (8.56) to obtain

W24 ([l s p2r3-a0 Op ( Fiesh = X) ™ ik, | 4 197,11 5 p2/3-0 O ( iy = A) ™ Vi)
< p2/3—e1+tao/2

The fourth term on the right-hand-side of (8.56) can be estimated, upon dilation,
with the aid of (7.38), where 1/4 < a < (1 — q)/2. We get
B2l nos Os(Ar = ) Hilkn]| < BHOTETIE,
3

To have s > h*L /3 = o > &~ * we further require

9
(8.59) 1oL —1+a<o,

which can be satisfied since g, < % by (8.12b) that implies, in addition,
2/9—QL+ga>0.
Finally, by (7.39a), applied upon (8.25), we have for the last term on the right-hand-
side of (8.56),
I3 8, (T = ) il < CRS/O-20s e,
By (8.12b) and (8.53) we have

8 2 “>2 > 0.
2 —an — 2_ 2
9 oL 0 — 42 9 o7

In conclusion, we have obtained for potentials of type V2 that [y, Nk,n] Rk, h kb
satisfies (8.35) for

8 8 4
(8.60) 0<dy<di:= inf{9 — 20, —ao—qu,2/3—QJ_+a0/2,§ -0+ ga},
with a € (1/6, (1 — q)/2) satisfying (8.59).
The positivity of d2 has already been established in the foregoing discussion.

Step 6. — Estimate of |7y, hT (o%k = A ) ( Apn — A) Y nl| for k€ T
We recall that O%k,h is 1ntr0duced in (2.18) and we first observe that
(8.61)

1)\ v
1(VoFy, — Vi itknlloo
82

<Ch2@( 02 HLoo (B(bk,h?)) Hasﬁ,oHLoo(B(bk,he)) H HL°°(B(bk,h9)))
< Ch*,
where
VL(:)(P, s) = V(bg) £jrp
as in (2.18).
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V1 Potentials. — For potentials of type V1 we now observe that

HasapHLoo (B(bx,he)) < C(d(bk, &) +h9),

and that by, & U B(by, het) for all k € &/ we have

ne I3\ I5"
(8.62) d(bg, &) > he+.
Clearly,
cd(b .
HasapHLw(B(bk,he)) bk, &)
Furthermore, since V,4(0, s) = 0, we have
Ch?,

H 0s? HLw(B(bk,hE)) N
and, for any a; > 0,

0%V

HlpShQ/fi—tu 952 < Ch?/3—o,

HL°°(J5’(bk,h9)) N
Consequently, using a Taylor expansion of order 2, we obtain from the preceding
inequalities

1L chzraar (V o Fo, = Vi Viikslloo < C (R22d(br, &) + hS—01+20 4 pi=201)

Set a; = 1/3 — /2. As p > %
together with (8.62), lead to

(8.63) 11, p2rs—ar (V o Fp, — I/b(:))ﬁhhﬂoo < Ch*d(by, &).
We now write

(|7, hT ((’%kh_ F h)(c%kh— “Liten|
< ChO|[W* A e p) (Fp = N) ™ i
(8.64) + OV (5,0 (H = AR)) Vil
+ Ch*||1 5 2750, iten (Fin — X) itk
+ Ch28d(bi, )11 p<prsan il (S = N) il nll
By (8.30) and Lemma 2.6 we have
(8.65) he|[R2A (s ) (Fn — N) "Lk, || < Che™2ex.
Note that by (8.12a)

and o+ o, < 2/3 by (8.12a) The above inequality

Similarly,

(8.66) 1BV (5,00 (Fpe s — N) il < CRZ/37202,
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Upon the dilation (8.28) we may use (6.80) with a = 33!~ to obtain for the third term

3
(8.67) 2|15 p2/5-ar itk (Ao — N ienll < CR2ETVE).

Note that the cutoff p > h?/3-% leads after dilation to 7 > h~% which should be
compared with 7 > §¢ for the application of (6.80). Hence, we must have h=% > §=¢
which leads, in view of (8.62), to 2ap; —a; < 0. For the application of (6.80) we must
have in addition d(bg, &) < 91 for some §; > 0. If d(bx, &) > &1 (8.67) follows
immediately from Lemma 2.6.

For the last term, we use (8.30) to obtain
(8.68)
o3 1y 1320-2 _ A 20—0y—
h*2d(br, 8|1 p<p2ra—or itk n( Hpp — N) ikl < Cd(by, §)7Th?e75 < Ch2emer=2/3,

Note that by (8.12a) 20 — 0, —2/3 > 0.
Substituting the above into (8.64) yields, that

nk,hT;{k (A, — C%k,h)(éqk,h = N i,
satisfies (8.35) with
(8.69) 0 <do <dj:=inf{20— 01 —2/3,0—201,2(0—1/3),2/3—20.},

where positivity of d} has been established above.

Type V2 potentials. — For potentials of type V5, we write, using (8.61) directly,
(8.70)
an,thik (Arp — ) ( Ak — A)ilﬁk,hH
< C(hUA2A oy (i = V) Vi
W2V (o) (A = AR)) ™ i | + B2k ( Ay — A)flﬁk,hﬂ)o

Proceeding as in the V1 case, we obtain, similarly to the proof of (8.65) and (8.66)
but with (8.31) in mind,

R2IP* D5 0) (Fr = X) Mk pll < ChE e

and
z . 2_
1BV (5,0) (Hiry = A) " Vikn || < Chs 0L,
For the third term, we may now use (8.30) and (8.31), with ps = 1, to obtain that

h2g||ﬁk,h(c%k,h - A)’lﬁkﬁ” < Ch2e—eL—2/3,
Hence, we obtain that nk,th{ (/Qj\gk’h - (’%k,h)(ﬂk,h — X)L, p satisfies (8.35) with
k

(8.71) 0<dy<d::=inf{20— 01 —2/3,0— 01},
where positivity of d% follows from (8.12b).
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Step 7. — Estimate of [¢#y, k1] Renlikn for k € 5. We now estimate the rest of
the contribution of ¢/}, as in Steps 4 and 5, by writing (dropping the cut-off in the
s variable)

H[ﬂh,nk,h]Rk,hﬁk,hH < C(h2(179)||7\7k,h(0§¥k,h =) Ykl
+ B2 n L s 250y Op (A — N) ™ il
+ B2 |ifk w s ( Hp — )itk
B2 0 ( T = X))

(8.72)

V1 potentials. — For potentials of type V1, we use Lemma 2.6 upon the dilation (8.28)
to obtain for the first term

(8.73) W20 i (e — N) il < Chi 27200,
and observe that % — 20 — 29, is positive by (8.12a).

ai

to obtain for the second term

Upon dilation we then use (6.80a), with a =

3oL
(8.74) B2, pspaso-os Op( A — N il ll < CRPP7C.
Then we write, using (6.80b) upon dilation, with § satisfying (8.31),
(8.75) B2 O[5, 05 ( A — N Vifknl| < CHY/P7E7ex,

Finally, we obtain with the aid of (8.30) and Lemma 2.6, setting a1 = 2/3—p— 9,
B30 2 i 1,8y ( A — N il < CRP/E7E7 0w,
Hence (8.35) holds for ik n[c#n, Mk, n) Ri,n Tk, n if do satisfies
2
(8.76) 0<do<dgi=3—0—ou
where the positivity of d§ follows from (8.12a).
V2 potentials. — In a similar manner to the V1 case, we begin by employing Lemma 2.6
upon dilation to obtain
RO i ( Hon = N)Hifenl] < Ch3—2e7ex,

Then by (6.80a), with a := 52—, we have

2017
27, n 1 s p2r2-a1 (g o — X) k] < CRP37C,
and by (6.80b),

hz_g”ﬁk,has((:%k’h — A)_lﬁk7h|| < ChQ/B_Q_QL/Q'
Finally, with the aid of (8.30) and Lemma 2.6, we obtain by setting a1 = 2/3—0—10.,
h8/3=01=20||5 4 O, ( A — N) M|l < ChY/3memer/2,
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Hence (8.35) holds in the V2 case for the term [/}, Mk n| Rin7k,n if do satisfies

2
(8.77) 0<d0§d§:=g—g—%,

where the positivity of dZ results of (8.12b).

Conclusion. — Computation of dy. Combining (8.38), (8.48), (8.54), (8.58), (8.60),
(8.69), (8.71), (8.76), and (8.77), we have established (8.35) with

do = inf{dy,ds,ds, d},d3,ds,d2,d}, d2}.
This completes the proof of the lemma. O

8.5. Eigenvalue existence

From (8.34) it follows that (I + £(h,\))™! is uniformly bounded as h — 0. Since
by Lemma 8.1 we have || R(h, )| < Ch~(*i+%) we get the existence of positive hg
and C, such that for h € (0,hg] the circle dB(A*(h), h*i+4%) is in p(c#,) and the
resolvent, which is given by

(C’%h - )‘)_1 = j?/(h,)\)(l + 8(h7)‘))_17
consequently satisfies there
I(Fn = A) 7| < Ch™titd),
Hence, we obtain the following result:
PROPOSITION 8.4. — Let ¢ € (0,%) and for i = 1,2, ¢; = (3)'q, ki = 2 + (2).
Under the assumptions of Theorem 1.1, for potentials of type V1 (where i = 1) and

the assumptions of Theorem 1.3, for potentials of type V2 (where i = 2) there exist
positive constants C and hg such that, for all h € (0, ho),

(8.78) sup I(Hn =AM < ChmFitdo),
A€OB(Ai(h),hFitdi)

We can now prove the upper bound for the spectrum.

PROPOSITION 8.5. — Let i € {1,2} and suppose that V is of type Vi. There exist
ho > 0 and, for h € (0, hg] an eigenvalue A € o(A4) satisfying

(8.79) A—Ai(h) = o(h*) ash — 0.
Proof. — Let U! be given by (3.29) and U? by (4.14) and let f; = (#, — A*(R))U".
Clearly,
(Ap = MU = fi+ (A'(h) = NU".
Hence, for A € B(A¢(h), k¥4, we can write

(U, (ST — 21U = —A_;i(h)[w%m U (T~ N
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By (8.78) and either (3.32) for ¢ =1 or (4.17) for ¢ = 2, we then obtain

) c o
I(An — N fill2 < m“fi”2 < Ch™ T4

where m; = 1/3 and mqo = 2/9.
Consequently, observing that ¢; < m; (i = 1,2),

v,

(U, (= N7 fi)dd + [UT)P) < Ch™ =% U712

¥
) 21 OB(Ai(h),hFitdi)

Hence there exists hg > 0 such that, for h € (0, hgl, (¢#;, — A)~! is not holomorphic
in B(A?(h), h¥i*+4) and the proposition follows. O

The existence of an eigenvalue satisfying (8.79) provides an effective upper bound
for inf Reo(#},). Together with the lower bound (2.1), this completes the proof of
Theorems 1.1 and 1.3.
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APPENDIX A

EXAMPLES OF POTENTIALS SATISFYING (1.4)

We now derive some simple examples of potentials satisfying (1.4), demonstrating
that both types of potentials may exist. The basic idea is again that the problem
introduced in (1.4) exhibits some invariance to conformal mapping (see [18]). Hence
starting form a problem defined on the square [, where the solution of (1.4) is a
linear function, we can get from family of conformal maps a corresponding family of
potentials satisfying (1.4) in various domains, together with (1.5), (1.2), and (1.3).

Let 0= (0,1) x (0,1) C and Q = f(O) where, for w = u + iv, f is the conformal
map

flw)=w+ 6(%102 + %wg),

in which § > 0 and v € R. Let further f(w) = 2z = z + iy € Q, and set
g = f~1:Q — 0O, which clearly exists for sufficiently small §. We may now set

990D = {f(u),u € (0,1)}; 090p = {f(u+1),u € (0,1)},
and

9y = {f(iv),v € (0,1)}; 0% = {f(1 +iv),v € (0,1)}.

Let g=U +4V (or U = Reg and V = Imyg). Clearly, V = 0 on 9Q}, and V =1
on 8Q%. Furthermore, V is harmonic and since f is conformal, we must have 9V/99 =
0 on 90y It follows that V is a solution of (1.4) with C; = 0 and C; = 1. Since V'
is constant on each connected component of 9Q2p we have there, using the Cauchy-
Riemann equations satisfied by g,

(A.1) |oV/99| = |VV| =|d'|.

The same argument shows that for fixed v € R, and for § small enough, Assump-
tion 1.5 is also satisfied in Q. Consequently, we need to identify the location of

1 1
inf |g'(2)| = inf min ( ).
(B8 19 @)= it min {roesn e )
It can be easily verified that whenever —2 < v < 0 we have
1 )
su "(w)] = ’(——‘zl—l——,
s 1f @) =|7(= o) | =1+ ¢
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92 APPENDIX A. EXAMPLES OF POTENTIALS SATISFYING (1.4)

and for sufficiently small 6 we have
1 0
(—oo+i ) =1-—-5¢ 82).
7= g +)| + 06%) =1 = L~ 6y + 06)
It follows that whenever v < —1/2 the minimum of |0V/99| over dQp is obtained,
for sufficiently small § at an interior point (close to i — %), whereas for 0 > v > —1/2

the minimum is attained, for sufficiently small ¢ at one of the corners.
Note that

sup |f'(u+1i)| =
0<u<1

1) = o7,
and hence, for v < —1/2, the maximum of |f’| (or the minimum of |¢’|) is non-
degenerate.
Hence, depending on the value of v, we can either find ¢ and a pair (V, Q) for which
(V1) is satisfied or find ¢ and a pair (V,Q) for which (V2) is satisfied.
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Consider a two-dimensional domain shaped like a wire, not necessarily of
uniform cross section. Let V denote an electric potential driven by a voltage
drop between the conducting surfaces of the wire. We consider the operator
An = —h%A + iV in the semi-classical limit A — 0. We obtain both the
asymptotic behavior of the left margin of the spectrum, as well as resolvent
estimates on the left side of this margin. We extend here previous results
obtained for potentials for which the set where the current (or VV') is normal to
the boundary is discrete, in contrast with the present case where V is constant
along the conducting surfaces.

Nous considérons un domaine filaire sans supposer qu’il a une section uniforme.
Pour un potentiel électrique V' créé par une différence de tension entre les deux
surfaces conductrices, nous considérons l’opérateur A, = —h?>A + iV dans la
limite semi-classique h — 0. Nous obtenons le comportement asymptotique
du bas de la partie réelle de son spectre de méme que des estimations de
sa résolvante en dessous de ce seuil. Nous étendons les résultats obtenus
précédemment dans le cas ot le gradient du potentiel n’est normal & la frontiére
qu’en un nombre fini de points en contraste au cas présent ot V est constant
sur les surfaces conductrices.
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