Meémoires

de la SOCIETE MATHEMATIQUE DE FRANCE

Numéro 168 STABLE FORMALITY
Nouvelle série QUASI-ISOMORPHISMS
FOR HOCHSCHILD COCHAINS

V. A. DOLGUSHEV

2 0 2 1

SOCIETE MATHEMATIQUE DE FRANCE




Comité de rédaction

Christine BACHOC Laurent MANIVEL
Yann BUGEAUD Julien MARCHE
Frangois DAHMANI Kieran O’GRADY
Béatrice de TILLIERE Emmanuel RUSS
Clotilde FERMANIAN Eva VIEHMANN

Wendy LOWEN
Marc HERZLICH (dir.)

Diffusion
Maison de la SMF AMS
Case 916 - Luminy P.O. Box 6248
13288 Marseille Cedex 9 Providence RI 02940
France USA
commandes@smf .emath.fr WWW.ams.org
Tarifs

Vente au numéro : 35 € ($52)
Abonnement électronique : 113 € ($170)
Abonnement avec supplément papier : 167 €, hors Europe : 197 € ($296)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat

Mémoires de la SMF
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France
Tél : (33) 01 44 27 6799 e Fax : (33) 01 40 46 90 96

memoires@smf.emath.fr e http://smf.emath.fr/

(©) Société Mathématique de France 2021

Tous droits réservés (article L 122—4 du Code de la propriété intellectuelle). Toute représentation ou
reproduction intégrale ou partielle faite sans le consentement de l’éditeur est illicite. Cette représen-
tation ou reproduction par quelque procédé que ce soit constituerait une contrefacon sanctionnée par

les articles L 335-2 et suivants du CPI.
ISSN papier 0249-633-X; électronique : 2275-3230
ISBN 978-2-85629-932-6

doi:10.24033/msmf.476

Directeur de la publication : Fabien DURAND



http://smf.emath.fr/

MEMOIRES DE LA SMF 168

STABLE FORMALITY
QUASI-ISOMORPHISMS
FOR HOCHSCHILD COCHAINS

V. A. Dolgushev

Société Mathématique de France 2021



V. A. Dolgushev
Department of Mathematics Temple University, Wachman Hall Rm. 638,
1805 N. Broad St., Philadelphia PA, 19122 USA.

E-mail : vald@temple.edu

Recu le 4 octobre 2018, modifié le 25 septembre 2019, accepté le 19 novembre 2019.

2000 Mathematics Subject Classification. — 18D50, 18G55, 55U15.
Key words and phrases. — Operads, formality morphisms, graph complexes.

Mots clefs. — Opérades, morphismes de formalité, graphe-complexes.




STABLE FORMALITY
QUASI-ISOMORPHISMS
FOR HOCHSCHILD COCHAINS

V. A. Dolgushev

Abstract. — We consider L,-quasi-isomorphisms for Hochschild cochains whose struc-
ture maps admit “graphical expansion”. We introduce the notion of stable formality
quasi-isomorphism which formalizes such an L,-quasi-isomorphism. We define a ho-
motopy equivalence on the set of stable formality quasi-isomorphisms and prove that
the set of homotopy classes of stable formality quasi-isomorphisms form a torsor for
the group corresponding to the zeroth cohomology of the full (directed) graph com-
plex. This result may be interpreted as a complete description of homotopy classes of
formality quasi-isomorphisms for Hochschild cochains in the “stable setting”.

Résumé (Quasi-isomorphismes stables de formalité pour les cochaines de Hochschild)

Nous considérons des L..-quasi-isomorphismes pour les cochaines de Hochschild
dont les applications structurelles admettent une « expansion graphique ». Nous
introduisons la notion de quasi-isomorphisme stable de formalité qui formalise les
L-quasi-isomorphismes de ce genre. Nous définissons une équivalence homotopique
sur I’ensemble des quasi-isomorphismes stables de formalité. Nous prouvons que
I’ensemble des classes homotopiques de quasi-isomorphismes stables de formalité est
un torseur pour le groupe correspondant & la cohomologie de degré zéro du graphe-
complexe complet (direct). Ce résultat peut-étre interprété comme une description
compléte des classes homotopiques de quasi-isomorphismes de formalité pour les
cochaines de Hochschild dans le « cadre stable ».

(© Mémoires de la Société Mathématique de France 168, SMF 2021






CONTENTS

CIntroduction ... 1
. Preliminaries ............ . 5
2. L TEES ottt e 7
2.2. Colored operads and their dual versions ................... ..., 15
2.3. The convolution Lie algebra ......... .o 21
2.4. Free Z-colored operad .........covuuiiiiiiii e 23
2.5. The cobar construction in the colored setting ........................... 24
. Operad dGra and its 2-colored extension KGra ................................. 27
3.1. Operad structure on dGra ...........oiiniiii e 28
3.2. 2-colored operad KGra ...... ... i 29

3.3. Elementary insertions KGra(m, k)° ® KGra(n,0)¢ — KGra(m +n —1,k)° 30
3.4. Elementary insertions KGra(m, p)° ® KGra(n, q)° — KGra(m+n,p+q—1)°

......................................................................... 31
3.5. The action of the operad KGra on polyvectors and functions ............ 33
. The 2-colored operad OC of H. Kajiuraand J. Stasheff ........................ 35
4.1. The differential on OC ... ... . 36
4.2, OC-algebras ... ..ottt 39
. Stable formality quasi-isomorphisms and their homotopies .................... 41
5.1. SFQs as MC elements. Homotopies of SFQs ............................ 42

. The action of Kontsevich’s graph complex on stable formality
quasi-isSomorphisms ........ ... ... . 47
6.1. Reminder of the full directed graph complex dfGC ...................... 47
6.2. The action of dfGC on SFQS ... ..oiitii e 50
. The action of exp (H°(dfGC)) is transitive ............................o.... 57
7.1. Proposition 7.1 implies that the action is transitive ..................... 58
7.2. Taking care of Ja(s71 0 o) «.oovviniii 58
7.3. Taking care of vectors da(s™'t ) for k> 1 ... 65
7.4. The end of the proof of Proposition 7.1 ........ ... ... i, 71
. The action of exp (H°(dfGC)) isfree ..................cooiiiiiiii. ... 73

SOCIETE MATHEMATIQUE DE FRANCE 2021



vi CONTENTS

8.1. Claims 8.1 and 8.2 imply that the action is free ......................... 74
8.2. Proof of Claim 8.1 ...t e 74
8.3. Proof of Claim 8.2 ... .. .o e 76
A. A cochain complex that is closely connected with the Hochschild complex of a
cofree cocommutative coalgebra ........... ... . ... i 79
A.1. The Hochschild complex of a cofree cocommutative coalgebra .......... 80
A.2. Computing cohomology of KGra®® and KGrallo™ ... . ... ........ . 82
B. The complex of “hedgehogs™ ......... ... i, 85
C. Maurer-Cartan (MC) elements of filtered Lie algebras ......................... 95
C.1. Differential equations on the Lie algebra Z®K[t] .............oooiin.. 96
Bibliography . ....... ... 105

MEMOIRES DE LA SMF 168



CHAPTER 1

INTRODUCTION

When a difficult problem is solved, it becomes even more challenging to describe all
possible solutions to that problem. In this paper we propose a framework in which this
interesting question can be answered completely for Kontsevich’s formality conjecture
[29] on Hochschild cochain complex.

Kontsevich’s formality conjecture [29] states that there exists an L., quasi-
isomorphism from the graded Lie algebra V4 of polyvector fields on an affine space
to the dg Lie algebra of Hochschild cochains C*(A) of the algebra of functions A on
this affine space.

In plain English the question was to find an infinite collection of maps
(1.1) U,: (Va)®" = C*(4), n>1

compatible with the action of symmetric groups and satisfying an intricate sequence
of relations. The first relation says that U; is a map of complexes, the second relation
says that U; is compatible with the Lie brackets up to homotopy with Us serving as
a chain homotopy and so on.

In his groundbreaking paper [31] M. Kontsevich proposed a construction of such
an Lo, quasi-isomorphism over reals. His construction is “natural” in the following
sense. Given polyvector fields vy, vs,...,v, € V4, the n-th component U,, produces a
Hochschild cochain via contracting indices of derivatives of various orders of polyvec-
tor fields and of functions which enter as arguments for this cochain.

Thus each term in U, can encoded by a directed graph with two types of vertices:
vertices of one type are reserved for polyvector fields and vertices of another type are
reserved for functions.

In this paper we formalize the notion of L., quasi-isomorphism for Hochschild
cochains which are “natural” in the above sense. In other words, each term in U, is
encoded by a graph with two types of vertices and all the desired identities hold
universally, i.e., on the level of linear combinations of graphs.
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2 CHAPTER 1. INTRODUCTION

Such formality quasi-isomorphisms are defined for affine spaces of all™ (finite)
dimensions simultaneously. This is why we refer to them as stable formality quasi-
isomorphisms (SFQs). We show that the notion of homotopy equivalence of formality
quasi-isomorphisms can also be formulated in this “stable setting”. Thus we can talk
about homotopy classes of stable formality quasi-isomorphisms.

In this paper we show (see Theorem 6.8) that the set of homotopy classes of SFQs
form a torsor for a pro-unipotent group which is obtained by exponentiating the
Lie algebra H°(dfGC), where dfGC denotes the full (directed) version of Kontsevich’s
graph complex [29, Section 5].

Following  T. Willwacher [39] the group exp(H°(dfGC)) is isomorphic to the
Grothendieck-Teichmiiller group GRT; introduced by V. Drinfeld in [15]. Thus com-
bining Theorem 6.8 with the result of T. Willwacher [39], we conclude that the set of
homotopy classes of SFQs is a GRT;-torsor.

Since a formality quasi-isomorphism for Hochschild cochains provides us with a
bijection between equivalence classes of star products and equivalence classes of formal
Poisson structures, the result may be interpreted as a complete description of all
(deformation) quantization procedures.

To give a precise definition of an SFQ, we recall [25, 26] that an open-closed homo-
topy algebra (OC-algebra) is a pair (U, ¢#) of cochain complexes with the following
data:

— an Lg.-structure on 9,
— an Ao-structure on ¢# and
— an L,-morphism from 9 to the Hochschild cochain complex C*®(¢#) of #.

We denote by OC the 2-colored dg operad which governs open-closed homotopy al-
gebras. It is known that OC is free as an operad in the category of graded vector
spaces. Furthermore, OC is the cobar construction of a (2-colored) cooperad closely
connected with the homology of Voronov’s Swiss Cheese operad [36].

Let us also denote by KGra the 2-colored operad which is “assembled” from graphs
used in Kontsevich’s paper [31]. This 2-colored operad extends the operad dGra of
directed labeled graphs and acts naturally on the pair “polyvector fields V4 and poly-
nomials A”. (See Section 3 for more details.)

Let us observe that any map of (dg) operads from OC to KGra induces an open-
closed homotopy algebra on the pair (V4, A). So we define an SFQ as a map of (dg)
operads from OC to KGra subject to a few “boundary conditions”. These conditions
guarantee that

1. In fact they are also defined for any Z-graded affine space.
2. See [13, Corollary 3.6] for more precise statement.
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CHAPTER 1. INTRODUCTION 3

— the L-structure on polyvector fields coincides with the Lie algebra structure
given by the Schouten-Nijenhuis bracket,

— the Ay -structure on A coincides with the usual associative (and commutative)
algebra structure on polynomials, and

— the Lo,-morphism from polyvector fields V4 to Hochschild cochains C*(A)
starts with the Hochschild-Kostant-Rosenberg [24] embedding

Va — C*(A).

This operadic definition allows us to introduce a natural notion of homotopy equiv-
alence on the set of SFQs. We give this definition using an interpretation of SFQs as
Maurer-Cartan (MC) elements of an auxiliary dg Lie algebra.

Let us denote by %O(dfGC) the Lie algebra of degree zero cocycles of the full
directed version dfGC of Kontsevich’s graph complex [29, Section 5]. It is not hard to
see that %O(dfGC) is a pro-nilpotent Lie algebra. Hence it can be exponentiated to
the group exp (%O(dfGC)).

We show that the group exp (%O(dfGC)) acts on SFQs and this action descends to
an action of the group exp (Ho(dfGC)) on homotopy classes of SFQs.

Finally, we prove that this action of exp (H O(dfGC)) on homotopy classes is simply
transitive.

Specialists can probably start reading this paper with Section 3. The goal of
Section 2 is mostly to fix conventions and remind a few constructions for colored
(co)operads. In Section 3, we define the operad of graded vector spaces dGra and its
2-colored extension KGra. In this section we also introduce a natural action of KGra
on the pair “polyvector fields V4 and polynomials A”. In Section 4, we remind the
(dg) operad OC which governs open-closed homotopy algebras [26]. In Section 5, we
introduce SFQs and define a notion of homotopy equivalence between them. Section 6
is devoted to the full graph complex dfGC and its “action” on SFQs. The main result of
this paper (Theorem 6.8) is stated at the end of Section 6. Its proof occupies Section 7
and 8 and it depends on a few technical statements which are proved in appendices
at the end of the paper.
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and [39] and I would like to thank Thomas Willwacher for numerous discussions of
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Many years ago, my mother abandoned her unfinished PhD thesis in mathematics
to be able to devote more time to my brother and me when we were kids. I would like
to thank my mother for her devotion to us and humbly devote this paper to her.
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CHAPTER 2

PRELIMINARIES

We denote by K a field of characteristic zero. Our underlying symmetric monoidal
category € is either the category grVecty of Z-graded K-vector spaces or the cate-
gory Chg of unbounded cochain complexes of K-vector spaces. In this paper, we use
exclusively cohomological conventions. The notation ad¢ is reserved for the adjoint
action [£, ] of a vector ¢ in a Lie algebra and the expression CH(z,y) denotes the
Campbell-Hausdorff series in variables x and y.

The notation S, is reserved for the group of permutations of the set {1,2,...,n}
and Shy, p,...pe, With p; > 0 and p; + p2 + -+ + pr = n, denotes the subset
of (p1,p2,.-.,pk)-shuffles in Sy, i.e.,

(21) Shphpz,nqpk = {J € Sn | U(l) << 0'(])1),

a(p1+1)<-..<a(p1+p2),...,o(n—pk+1)<..-<o(n)}.

We often denote by id the identity element of S,, without specifying the number n.
We denote by Com (resp. As) the operad which governs commutative (and asso-
ciative) algebras without unit (resp. associative algebras without unit). The notation
Lie is reserved for the operad which governs Lie algebras. Dually, we denote by coCom
(resp. coAs) the cooperad which governs cocommutative (and coassociative) coalge-
bras without counit (resp. coassociative coalgebras without counit).
The notation A is reserved for the following collection in grVecty

L-n if n > 1,
(2.2) Aln) = s "sgn, iftn>
0 if n =0,

where sgn,, is the sign representation of S,,.

The collection (2.2) is equipped with a natural structure of an operad and a natural
structure of a cooperad. Namely, the i-th elementary insertion and the i-th elementary
co-insertion are given by the formula

(2.3) 1no;lp = (=1)A=R0=D 0y

SOCIETE MATHEMATIQUE DE FRANCE 2021



6 CHAPTER 2. PRELIMINARIES

and the formula
(2.4) Ai(lppp_1) = (-1)FRCE=D1 @ 1,

respectively. Here 1,,, denotes the generator s!=™1 € s!~™sgn, .

For an operad O (resp. a cooperad C) we denote by AC (resp. AC) the operad
(resp. the cooperad) which is obtained from O (resp. C) by tensoring with A. For
example, a ALie-algebra in grVecty is a graded vector space % equipped with the
binary operation:

LY VROUV—- YV
of degree —1 satisfying the identities:

{vr,v2} = (—1)PlP2l {0 0},
{{v1,v2}, 03} + (—1)'”1|(|”2|+|”3|){{v2,v3},v1} + (_1)|03|(\U1|+\U2|){{U3,U1}7U2} =0,

where v1, v2,v3 are homogeneous vectors in 9.

The operad ALie has the following free resolution
(2.5) Alie,, = Cobar(A%coCom),

which we use to define an co-version of AlLie-algebra structure. Thus a AlLies.-structure
on a cochain complex % is a MC element () in the Lie algebra

Coder (A2coCom (%))

of coderivations of the cofree coalgebra A2coCom( %) subject to the auxiliary technical
condition

Qg =0
A Aliey,-morphism between Alie-algebras (%, @) and (W, @) is a homomorphism of
the cofree coalgebras

A?coCom( %) and A?coCom( W)

compatible with the differentials dq + adg and 99y + adgz on A%coCom(9)) and
A%coCom( W), respectively.

It is not hard to see that ALiey,-algebra structures on a cochain complex 9 are
in a natural bijection with L..-algebra structures on s~! 9. Moreover, it is very
easy to switch back and forth between these algebra structures. However, for our
purposes, it is much more convenient to work with the operad (2.5) versus the operad
Cobar(AcoCom) which governs L..-algebras. So, in the bulk of the paper, we adhere
to the former choice.

A directed graph I' consists of two finite sets V(I'), E(I') and a map ¢ : E(I') —
V(') x V(T'). Elements of V(I') are called vertices and elements of E(I") are called
edges. In this paper, we consider exclusively graphs without loops (i.e., cycles of
length one). In other words, the image of the map e has the empty intersection with
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2.1. TREES 7

the diagonal in V(I') x V(T"). Although we do consider graphs with the empty set of
edges, we will tacitly assume that the set of vertices is always non-empty.

For example, the graph T" shown in Figure 2.1 has V(T') = {1, 2,3,4,5} and E(T) =
{a,b,c,d} with e(a) = (3,1), e(b) = (3,2), and e(c) = e(d) = (2, 3).

[ ] [ ] 2
a
b 4
1 a 3 2 1 o
b
d 3

FIGURE 2.1. An example of a di- . ,
FIGURE 2.2. An undirected graph T’
rected graph

An undirected graph (or simply a graph) I' consists of two finite sets V(T"), E(T")
and a map ¢ : E(T') — V(I)P, where V(I")[? is the set of all unordered pairs of
(distinct) elements of V' (T'). For example, the graph I’ shown in Figure 2.2 has V(') =
{1,2,3,4}, EI") = {a, b}, e(a) = {1,2} = {2,1}, and ¢(b) = {1,3} = {3,1}.

A valency of a vertex v in a (directed) graph I" is the number of edges incident to v.
For example, the valency of vertex 2 in the graph in Figure 2.1 is 3 and the valency
of vertex 1 in the graph in Figure 2.2 is 2.

In this paper, we mostly deal with directed graphs which do not have multiple
edges with the same direction. For such graphs I', we will identify E(I") with the cor-
responding subset of ordered pairs of vertices. Furthermore, if a graph IV is undirected
and has no multiple edges then we will identify E(I') with the corresponding subset
of unordered pairs of vertices. For example, for the graph IV in Figure 2.2, E(I") can
be identified with the set of unordered pairs {{1, 2}, {1,3}}.

2.1. Trees

A connected graph without cycles is called a tree. In this paper, we tacitly assume
that all trees are rooted and the root vertex has always valency 1. (Such trees are
sometimes called planted). The remaining vertices of valency 1 are called leaves. A
vertex is called internal if it is neither a root nor a leaf. We always orient trees in the
direction towards the root. Thus every internal vertex has at least 1 incoming edge
and exactly 1 outgoing edge. An edge adjacent to a leaf is called external.

Let us recall that for every planar tree t the set of its vertices is equipped with a
natural total order. To define this total order on the set V(t) of all vertices of t we
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8 CHAPTER 2. PRELIMINARIES

introduce the function
(2.6) NV (t) = V().
To a non-root vertex v the function o/ assigns the next vertex along the (unique)
path connecting v to the root vertex. Furthermore o/ sends the root vertex to the
root vertex.

Let vy, v be two distinct vertices of t. If v; lies on the path which connects vs to
the root vertex then we declare that v; < we. Similarly, if vo lies on the path which

connects v, to the root vertex then we declare that vy < wvy. If neither of the above
options realize then there exist numbers k; and ks such that

(2.7) N (v1) = H* (v2)
but
N (1) # N (va),

Since the tree t is planar the set of oV (V' (v1)) is equipped with a total or-
der. Furthermore, since both vertices o¥/*' ~*(v1) and V"2~ *(v3) belong to the set
N _1((J\/]Cl (v1)), we may compare them with respect to this order. We declare that,
if Jx/klfl(vl) < c]Vkrl(vg), then v; < vy. Otherwise we set vy < v7.

It is not hard to see that the resulting relation < on V(t) is indeed a total order.

We have an obvious bijection between the set of edges E(t) of a tree t and the
subset of vertices:

(2.8) V(t) \ {root vertex}.

This bijection assigns to a vertex v in (2.8) its outgoing edge.

Thus the canonical total order on the set (2.8) gives us a natural total order on
the set of edges E(t).

For our purposes we also extend the total orders on the sets V (t) \ {root vertex}
and E(t) to the disjoint union

(2.9) (V(t) \ {root Vertex}> U E(t)

by declaring that a vertex is bigger than its outgoing edge. For example, the root edge
is the minimal element in the set (2.9).

2.1.1. Colored trees, labeled colored trees. — Let = be a non-empty finite totally or-
dered set. We will call elements of = colors.

Let t be a tree and v be an internal vertex of t. Let us denote by E,(t) the set
of edges terminating at v. Recall that a planar structure on a tree t is nothing but a
choice of total orders on the sets E,(t) for all internal vertices v.

A Z-colored planar tree is a planar tree t equipped with a map

¢ E(t) — &,

MEMOIRES DE LA SMF 168



2.1. TREES 9

which satisfies the following condition

CONDITION 2.1. — The restriction of the map ¢ to the subset E,(t) C E(t)

ct|Ev(t) : Ev(t) — =

is a monotonous function for every internal vertexr v.

We refer to the value ct(e) of ¢y at e as the color of the edge e.

Using the obvious bijection between the leaves and the external edges we assign to
each leaf the color of its adjacent edge. We denote the resulting color function by cg

(2.10) et L(t) — B,
where L(t) is the set of leaves of t.
Using the function (2.10) we split the set L(t) into the disjoint union
(2.11) L(t) = || e/ (0
XEE
We now define a labeled =-colored planar tree as a =-colored planar tree t equipped
with (not necessarily monotonous) injective maps

(2.12) {12, n0 ) — ¢ (X),

where n, are non-negative integers satisfying the obvious condition n, < |ct_ ll (x)].
The collection of numbers {n, }, is considered as a part of the data incorporated in
a labeling of a tree.

Leaves belonging to the union

|_| L({1,2,...,n,})

X€EE
are called labeled. Furthermore, a vertex x of a labeled colored planar tree t is called
nodal if it is neither a root vertex, nor a labeled leaf. We denote by Vj04(t) the set
of all nodal vertices of t. Keeping in mind the canonical total order on the set of all
vertices of t we say things like “the first nodal vertex,” “the second nodal vertex,” and
“the i-th nodal vertex”.

EXAMPLE 2.2. — In this paper, the set E is often the two-element set™ {c,0} with
¢ < 0. Figure 2.3 gives us an example of a labeled {c, 0}-colored (or simply 2-colored)
planar tree. Throughout this paper edges of color ¢ are drawn solid and edges of color o
are drawn dashed. In addition, we use small white circles for nodal vertices and small
black circles for labeled leaves and the root vertex. Figure 2.4 shows an example of a

1. The notation for colors comes from string theory [42]. o refers to open strings and ¢ refers to
closed strings.
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10 CHAPTER 2. PRELIMINARIES

Ficure 2.3. Solid edges carry the color ¢ and dashed edges carry the color o

labeled 2-colored planar tree which has two unlabeled leaves (a.k.a. two univalent nodal

vertices).

3¢ 1. 4. 2, 2, 1,

. o .
. .

! 7 7
! ’ s
! // //
| -
! .-
| -
! »
| .
o7
|
|
|
¢

FIGURE 2.4. The 4-th and the 6-th nodal vertices are univalent

=-colored planar corollas will play an important role. In particular, we will need
a map which assigns a Z-colored planar corolla k(t) to a labeled Z-colored planar
tree t. To define this map we observe that Z-colored planar corollas are in bijection
with the arrays {n,; Xroot }xe= Where n, are non-negative integers and Xyoot is an
element in =. More precisely, the array {n,; Xroot }xe= corresponding to a =Z-colored
planar corolla q has x;o0t equal to the color of the root edge of q and

(2.13) Ny = |c;%(x)|
For example, the 2-colored corolla depicted on Figure 2.5 corresponds to the array
{2,1;0}.

The degenerate array {n, = 0;Xrootye= s allowed and it corresponds to the

corolla depicted in Figure 2.6.
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2.1. TREES 11

*~— - — —

FIGURE 2.5. The corolla corresponding to the array {2,1;0}

T

Xroot

|

FIGURE 2.6. The corolla corresponding to the degenerate array {n, = 0; Xroot }xe=

We now notice that every labeled =-colored planar tree t gives us the array
{Ny; Xroot }xe= With Xroot being the color of the root edge of t and n, being the
numbers which enter the labeling (2.12) of the tree t. We denote by x(t) the E-colored
planar corolla corresponding to this array.

For example, the corolla k(t) corresponding to the labeled 2-colored planar tree t
in Figure 2.3 is shown in Figure 2.7. Similarly, the corolla k(t’) corresponding to the
labeled 2-colored planar tree t’ in Figure 2.4 is shown in Figure 2.8.

FIGURE 2.7. The corolla x(t). FI1GURE 2.8. The corolla x(t').

REMARK 2.3. — It is clear that, if E is a one-point set, then Z-colored planar trees
are exactly non-colored planar trees and Z-colored corollas are in bijection with non-

negative integers.

2.1.2. Groupoid of labeled (colored) planar trees. — For our purposes we need to up-
grade the set of labeled =-colored planar trees to a groupoid Tree=. Objects of Tree®
are labeled Z-colored planar trees and morphisms are non-planar isomorphisms of the
corresponding trees compatible with labeling and coloring in the following sense: an
isomorphism ¢ from t to t’ sends the leaf of t with label i to the leaf ® of t’ with

2. In particular, a nodal vertex can only be sent a nodal vertex.
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12 CHAPTER 2. PRELIMINARIES

label i; furthermore, if the edge originating at v € V(t) carries the color x then the
edge originating at ¢(v) € V(t’) carries the same color x.

EXAMPLE 2.4. — Let us denote by t the labeled 2-colored planar tree depicted in Fig-
ure 2.3. The tree t1 in Figure 2.9 is isomorphic to t while the tree to in Figure 2.10

is not isomorphic to t.

FiGURE 2.9. The labeled 2-col- FI1GURE 2.10. The labeled 2-col-

ored tree t; ored tree to

An object of Tree® may have a non-trivial automorphism. For ezample, the tree
shown in Figure 2.11 has a non-identity automorphism which switches the two uni-

valent nodal vertices.

’
s
’

Q o]
|

|

| 3

s

|

!

¢
Ficure 2.11. This labeled tree has a non-trivial automorphism which
switches the two univalent nodal vertices

We tacitly assume that each labeled colored planar tree has at least one nodal ver-
tex. In other words, the degenerate labeled tree shown on Figure 2.12 is not considered
as an object of Tree=.

It is easy to see that, if the corollas x(t) and x(t’) corresponding to labeled Z-col-
ored planar trees t and t’ are different, then there are no morphisms between t and
t’. Therefore the groupoid Tree™ splits into the disjoint union

(2.14) Tree™ = |_| Tree®(q),
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1X
X

FIGURE 2.12. This tree is not considered as an object of Tree®

where TreeE(q) is the full subcategory of labeled =-colored planar trees t satisfying
the condition

(2.15) K(t) =q
and the union (2.14) is taken over all Z-colored planar corollas.
For every =-colored planar corolla q, we introduce the group

(2.16) Sq =[] Sn,

XEE

(x). This group acts in the obvious way on the groupoid Tree(q) by

.|
where n, =c¢ 1

permuting lal?els of leaves with the same colors.

We reserve the notation Tree5 (q) for the full subcategory of Tree™(q) whose objects
are labeled =-colored planar trees with exactly two nodal vertices. For example, if
E = {c¢ < o} and q is the corolla corresponding the array (n,k;x) then the set of

isomorphism classes of objects in TreeQE(q) is in bijection with the set
(2.17) L] | {e.7,x1) |0 €Shynp, 7€Shgiy, x1 €{c,0}},
0<p<n 0<qg<k
where Sh, , is the set of (p, ¢)-shuffles (see the beginning of Section 2).
Namely, if the root edge of the corolla q carries the color ¢ then the bijection assigns
to an element (o, 7,¢) (resp. (o, 7,0)) the isomorphism class of the labeled 2-colored
planar tree depicted in Figure 2.13 (resp. 2.14). If the root edge of the corolla g

o) op)r(l) 7(9) olp 1) om)r(1) 7(9)

FIGURE 2.13. Here 0 € Shpn_p FIGURE 2.14. Here 0 € Shpn_p
and 7 € Shy x—q and 7 € Shy x—q
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14 CHAPTER 2. PRELIMINARIES

carries the color o then we need to replace the solid root edges of the trees depicted
in Figures 2.13 and 2.14 by dashed edges.

As we mentioned above, the case when = is the one-point set corresponds to non-
colored labeled planar trees. In this case, corollas can be identified with non-negative
integers and the groupoid Tree of labeled planar trees splits into the disjoint union
(2.18) Tree = |_| Tree(n),

n>0
where Tree(n) is the groupoid of labeled planar trees with exactly n labeled leaves.
We refer to objects of Tree(n) as n-labeled planar trees.

By analogy with Tree5(q), we reserve the notation Treey(n) for the full sub-
groupoid of Tree(n) whose objects are n-labeled planar trees with exactly 2 nodal
vertices. It is not hard to see that isomorphism classes of Trees(n) are in bijection

|| Shpn—p,

0<p<n

with the union

where Shy, ,,_, denotes the set of (p,n — p)-shuffles in S,,. The bijection assigns to a
(p,n — p)-shuffles 7 the isomorphism class of the planar tree depicted in Figure 2.15.
Note that the “degenerate case” p = 0 we get a labeled planar tree with one nodal
vertex of valency 1.

(1)  7(p)

FIGURE 2.15. Here 7 is a (p,n — p)-shuffle

2.1.3. Insertion of (colored) trees. — Let t be a =-colored tree and = be a nodal vertex
of t. We denote by k() the Z-colored corolla formed by the edges adjacent to z.

If t be another E-colored labeled planar tree and its i-th nodal vertex z; satisfies
the condition

(2.19) k(t) = k(x;),

then we can define the insertion e; of the tree t into the i-th nodal vertex of t. For
the resulting planar tree te; t we have

(2.20) k(te;t) =k(t).

To build the tree te; t, we follow these steps:
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2.2. COLORED OPERADS AND THEIR DUAL VERSIONS 15

— first, we denote by Elx(f) the set of edges of color x terminating at the i-th
nodal vertex of t. Since t is planar, the set EZX(E) comes with a total order;
— second, we erase the i-th nodal vertex of t;
— third, we identify the root edge of t with the edge of t which originated at the
i-th nodal vertex;
— finally, we identify external edges of t which have labeled leaves with edges in
the union
|| Eix(t)
XEE
following this rule: the external edge with color y and label j gets identified
with the j-th edge in the set Eivx(f). In doing this, we keep the same planar
structure on t, so, in general, branches of t move around.

EXAMPLE 2.5. — Figure 2.18 shows the result of the insertion tet of the labeled
2-colored planar tree t (depicted in Figure 2.17) into the first nodal vertex of the
labeled 2-colored planar tree t (depicted in Figure 2.16).

2
3. 1, 2% 2% 1, 1 I 3¢ 1o
[ ] [ ] [ ]

| | |

: : :

FiGUrRE 2.16. A la-
beled 2-colored planar
tree t

FIGURE 2.17. A la-
beled 2-colored planar
tree t

FIGURE 2.18. The re-
sult of the insertion

’E.l t

The algorithm for constructing t e t is illustrated in Figure 2.19

2.2. Colored operads and their dual versions

2.2.1. Colored collections. — Let us recall that a Z-colored collection in a symmetric
monoidal category € is given by the data:

— For each =-colored planar corolla q we have an object
P(q)ec
equipped with a left action of the group Sq (2.16).

Morphisms of Z-colored collections are defined in the obvious way.

In the case E = {¢ < 0} we will denote the object corresponding to a corolla q by

P(n, k)%,
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16 CHAPTER 2. PRELIMINARIES

Ficure 2.19. Algorithm for constructing tTert

where n = |cc_lj(c)|, k= |c;}(o)|, and y is the color of the root edge.
Given a =-colored collection P in € we introduce a covariant functor

(2.21) P:Tree® - ¢
from the groupoid Tree® of labeled E-colored planar trees to €.
To a labeled =-colored planar tree t, the functor P assigns the object

(2.22) Pt)= @ Plx)),

2E€Vhoa(t)

where Vjoa(t) is the set of all nodal vertices of t, k(z) is the =-colored planar corolla

formed by all edges of t adjacent to x, and the order of the factors agrees with the

total order on the set Vjoa(t).

To define P on the level of morphisms, we use the action of the group (2.16) on P(q)

and the braiding of the symmetric monoidal category in the obvious way. For example,

let t and t; be 2-colored trees depicted in Figures 2.3 and 2.9, respectively. For these

trees we have
P(t) = P(1,2)° ® P(2,0)° ® P(1,2)° ® P(2,1)°,
P(t1) = P(1,2)° ® P(2,0)°® P(2,1)° ® P(1,2)°.
The functor P sends the unique morphism ¢ : t — t; to

P(¢) = (id,012) ® 1 ® 3,
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2.2. COLORED OPERADS AND THEIR DUAL VERSIONS 17

where (id, 012) is the non-identity element of the group S; X Se and § is the braiding

B:P(1,2)° ® P(2,1)° — P(2,1)° ® P(1,2)°.

2.2.2. Colored (pseudo)operads. — Let q be a =-colored planar corolla. We say that
the corolla q is naturally labeled if the map

[ : {1,2,...,nx}—>c;’l1(x)

is a monotonous bijection for every x € =. An example of a naturally labeled corolla
is depicted in Figure 2.20. The degenerate corolla shown in Figure 2.6 is considered

e 2 3¢ 4 b5 1, 2, 3,

FI1GURE 2.20. An example of a naturally labeled 2-colored corolla

as a naturally labeled corolla by convention.

For our purposes it is convenient to use the following definition of a colored pseudo-
operad.

DEFINITION 2.6. — A Z-colored pseudo-operad is a Z-colored collection P equipped
with multiplication maps
(2.23) us 2 P(t) — P(k(t))

defined for every labeled Z-colored planar trees t and subject to the following azioms:

— If q is a naturally labeled =-colored planar corolla then

(2.24) Hq = idp(q).

— The operation g is S t)-equivariant. Namely, for every labeled E-colored planar
tree t we have

(225) 'Lto-(t) = 0 O U, Yo c Sﬁ(t)'
— For every morphism A : t — t' in Tree® we have

(2.26) per 0 P(A) = pe.
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18 CHAPTER 2. PRELIMINARIES

— To formulate the associativity ariom, we consider a triple (f,x,t) where t is a
labeled E-colored planar tree, x is the i-th nodal vertez of t, and t is a labeled
E-colored planar tree such that k(t) = k(z). The associativity aziom states that

for each such triple we have

(2.27) pro(l®-®1® pe L@ ®1)ofg, o = lif,,
R , T i
i-th spot

where te;t is the tree obtained by inserting t into the i-th vertex ofg and
Bz .+ 18 the isomorphism in € which is “responsible for putting tensor factors
in the correct order”.

Morphisms of pseudo-operads are defined in the obvious way.

Let q; and qs be two naturally labeled Z-colored planar corollas such that the root
edge of qo carries the color x. Let m, (resp. n,/) be the number of external edges (if
any) of q; (resp. q2) of color ' € 2

Given a color x € 2 for which m,, > 0 and 1 > ¢ > m,, we denote by t;, the
labeled Z-colored planar tree which is obtained from q; and qs in two steps. First,
we glue q with q; by identifying the root edge of q; with the external edge of q;
which carries the color x and label i. Second, we change the labels on the leaves of
the resulting =-colored planar tree following these steps:

— if x’ < x then we shift the labels on leaves in 0;217l(x') up by my;

— we shift the labels on leaves in C;;;(X) up by ¢ — 1 and we shift the labels on

leaves in C(;l)l(X) which are > ¢ up by n, — 1;

— if ¥’ > x then we shift the labels on leaves in c(;ll’l(x’) up by n,.

For example, if q; and qs is the 2-colored corollas depicted in Figures 2.21 and
2.22, respectively, then ty , is the tree depicted in Figure 2.23. Although the tree t; 5

2 2, 3o

[ ] /.

! /
1o 1o 20 36 1o 1o 2 1. 1N/ 4,
[ ] [ ] [ ] [ ] ‘\‘y /.

® ® ¢
FIGURE 2.21. A FIGURE 2.22. A FiGure 2.23. The la-
2-colored corola qi 2-colored corola q2 beled 2-colored tree
t2 4

’

depends on the corollas q; and qg, we suppress q; and qo from the notation.
To introduce a structure of a pseudo-operad on a collection P it suffices to specify
the multiplications

(2.28) fit; 2 Pla1) ® P(qz) — P(k(tix))
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2.2. COLORED OPERADS AND THEIR DUAL VERSIONS 19

for all tuples (q1,qQa2,4%,x). All the remaining multiplications (2.23) can be deduced
from (2.28) using axioms of pseudo-operad.

The operations (2.28) are called elementary insertions and we will use for them
the special notation o; ,. Namely, if v € P(q;) and w € P(q2) then

(2.29) Vo w = g, (v,w).

Let x € E and let u, be the labeled tree with exactly two edges: the root edge and
the external edge, both carrying the color x:

(2.30)

We say that

DEFINITION 2.7. — P is a Z-colored operad if P is a Z-colored pseudo-operad with
chosen maps (unit maps)

(2.31) L, : K — P(uy),
such that the compositions

P(q) 2 P(q) @K 2% P(q)® P(uy) =5 P(q)
(2.32) 1ol
P(q)=2K®P(q) — P(u,)®P(q) — P(q)

coincide with the identity map on P(q) whenever they make sense. Morphisms
of E-colored operads are defined in the obvious way.

REMARK 2.8. — For a conventional definition of colored operads we refer the reader to
paper 2] by C. Berger and I. Moerdijk. Due to the observation made in |2, Remark 1.3]
the definition given here is equivalent to the conventional one.

EXAMPLE 2.9. — Let = = {c,0} and (U, &) be a pair of cochain complezes. The
2-colored collection End g g with

Endo, (n, k)¢ = Hom(V®" ® %%, ),

Endqy, g(n,k)° = Hom(V*" @ A°F, H)(2.33)is equipped with the obvious struc-
ture of a 2-colored operad. Endq) g is called the endomorphism operad of the pair
(V, c#). This example can be obuviously generalized to an arbitrary set of colors =.

Example 2.9 plays an important role because an algebra over a =-colored operad
P is defined as a family {V, } ez of objects in € with an operad morphism from P
to End{Vx}xEE'
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2.2.3. Augmentation of colored operads. — The =-colored collection

K if g = u, for some x € Z,
(2.34) x (q) = { X

0 otherwise

is equipped with a unique structure of a =-colored operad. It is easy to see that * is
the initial object in the category of =-colored operads.

A =-colored operad P is called augmented if P comes with an operad morphism
€: P — x.

For every augmented operad P the kernel of the map P — x* is naturally a pseudo-
operad. We denote this pseudo-operad by P,.

It is not hard to see that the assignment
P~ P,

extends to a functor. According to® [33, Proposition 21] this functor gives us an
equivalence between the category of augmented (colored) operads and the category
of (colored) pseudo-operads.

2.2.4. Colored (pseudo)cooperads. — Reversing all arrows in Definition 2.6 we get

DEFINITION 2.10. — A E-colored pseudo-cooperad is a Z-colored collection Q equipped
with comultiplication maps

(2.35) Ag : Q(k(t)) — Q(t)
defined for every labeled Z-colored planar trees t and subject to the following axioms:

— If q is a naturally labeled E-colored planar corolla then
(2.36) Aq = idg(q)-

— The operation Ay is Sy (t)-equivariant. Namely, for every labeled ZE-colored pla-
nar tree t we have

(237) Aa(t) oo = At, Vo € Sﬁ(t).
— For every morphism X : t — t" in Tree™ we have

(2.38) Ay = Q(N) o Ag.

3. Although, in paper [33] the author considers only non-colored operads, the line of arguments
can be easily extended to the colored setting.
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2.3. THE CONVOLUTION LIE ALGEBRA 21

— To formulate the coassociativity axiom we consider a triple (f,x,t) where t is
a labeled E-colored planar tree, x is the i-th nodal vertez of t, and t is a labeled
E-colored planar tree such that k(t) = k(x). The coassociativity axiom states

that for each such triple we have
(2.39) (1@ ®1® Ay QL@ - ®1)A;=A%,°0%.4
i-th spot

where te;t is the tree obtained by inserting t into the i-th vertex off and
Bz »¢ 15 the isomorphism in & which is “responsible for putting tensor factors
in the correct order”.

Morphisms of pseudo-cooperads are defined in the obvious way.

Similarly, reversing arrows in (2.31), (2.32), and Definition 2.7 we get the notion
of counit and the definition of a =-colored cooperad.

The Z-colored collection (2.34) carries a unique structure of a ZE-colored cooperad.
Furthermore, * is the terminal object in the category of Z-colored cooperads.

Dually to augmentation, we define a coaugmentation on a (colored) cooperad @ as
a cooperad morphism

eix— Q.

For every coaugmented (colored) cooperad @ the cokernel of coaugmentation nat-
urally forms a (colored) pseudo-cooperad. We denote this pseudo-cooperad by Q..

Just as for (colored) operads, the assignment
Q~ Qo

extends to a functor which establishes an equivalence between the category of coaug-
mented (colored) cooperads and the category of (colored) pseudo-cooperads.

2.3. The convolution Lie algebra

Let C (resp. 0) be a Z-colored pseudo-cooperad (resp. E-colored pseudo-operad)
in ChK

We consider the following cochain complex

(2.40) Conv(C, 0) : HHoms ), 0(a)),

where the product is taken over all Z-colored planar corollas and the differential comes
solely from the ones on C and C.
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Let us denote by lsom5(q) the set of isomorphism classes in ® Tree5(q). Let us
choose for every class z € Isom5(q) its representative t..
Using the trees t, we equip the complex (2.40) with the following binary operation
(241) fegX)= > m. (f®g(de (X)),
z€lsom3 (q)

where X € (C(q). The axioms of pseudo-(co)operad imply that e is a well-defined
operation. Namely, the right hand side of (2.41) does not depend on the choice of
representatives t, and f e g is Sq-equivariant.

We claim that

PROPOSITION 2.11. — The operation e (2.41) equips Conv(C, 0) with a pre-Lie algebra

structure. In other words,

(242)  (feg)eh—fe(geh)=(-1)!""(fen)eg—(-1)l"fe(heg),

for all homogeneous vectors f,g,h € Conv(C, 0).

Proof. — This statement was proved in the more general setting (for PROPs) in [34,

Section 2.2] by B. Vallette and S. Merkulov. For non-colored (co)operads, a detailed
proof can be found in [11, Section 4]. O

Proposition 2.11 implies that the operation

(2.43) [f,g]=feg— (—1)/llslger

satisfies the Jacobi identity. Thus, Conv(C, 0) is a Lie algebra in the category Chg.

Following [34], we call Conv(C, 0) the convolution Lie algebra of a pair (C, 0).
Using “arity” we can equip the convolution Lie algebra Conv(C, ) with the natural

descending filtration

Conv(C, 0) = ¢f _y Conv(C, 0) D &, Conv(C, 0) D ¢f, Conv(C,0) D ---,

where

(2.44) &, Conv(C, 0)

= {f € Conv(C, 0) = OVcorollasgsatisfying |q| < m}

| fl@(q)
and |q| is the total number of incoming edges of the corolla q.

It is easy to see that this filtration is compatible with the Lie bracket and
Conv(C, 0) is complete with respect to this filtration. Namely,

(2.45) Conv(C, 0) = lim Conv(C, 0) / o m Conv(C, 0).

4. Recall that Tree2E (q) is the full subcategory of Tree®(q) whose objects are labeled Z-colored
planar trees t with exactly two nodal vertices.
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In fact, we may introduce an additional descending filtration ¢7 on the convolution
Lie algebra Conv(C, 0) for each color x € E:

Conv(C, 0) = f*, Conv(C, 0) D & Conv(C, 0) D ¥ Conv(C,0) D -,

where

(2.46) X Conv(C, 0)

consists of vectors f € Conv(C, 0) satisfying these two conditions:

(2.47) f|0(q) = 0 if the color of the root edge of q is x and |c;j (x)| < m,
and

(2.48) f] o) = 0 if the color of the root edge of q is not x and |c;j (x)] <m-—1.

It is not hard to see that this filtration is compatible with the pre-Lie multiplication
e (2.41) on Conv(C, 0) and Conv(C, 0) is complete with respect to this filtration.

2.4. Free =-colored operad

Let @ be a Z-colored collection. Following [2], the spaces TOP(Q)(q) of the free
=-colored pseudo-operad generated by the collection @ are

(2.49) VYOP(Q)(q) = colim Q|Tree3(q),

where TreeE(q) is the full subcategory of Tree®™ whose objects are labeled Z-colored
planar trees t satisfying condition (2.15).

The pseudo-operad structure on YOP(Q) is defined in the obvious way using graft-
ing of trees.

The free E-colored operad OP(Q) is obtained from YOP(Q) via adjoining the units.

Unfolding (2.49) we see that YOP(Q)(q) is the quotient of the direct sum
(2.50) P e

t,k(t)=q

by the subspace spanned by vectors of the form

(t7X) - (tla Q()‘)(X))v
where X : t — t’ is a morphism in Tree®(q) and X € Q(t).

Thus it is convenient to represent vectors in YOP(Q) and in OP(Q) by labeled
=-colored planar trees with nodal vertices decorated by vectors in (). The decoration
is subject to this rule: if k(z) is the corolla formed by all edges adjacent to a nodal
vertex z then x is decorated by a vector v, € Q(k(z)).
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If a decorated tree t’ is obtained from a decorated tree t by applying an element
0 € S,y to incoming edges of a vertex = and replacing the vector v, by o~ '(v,)
then t’ and t represent the same vectors in (2.49).

EXAMPLE 2.12. — Let Q be a 2-colored collection. Figure 2.24 shows a labeled 2-col-
ored tree t decorated by vectors vi € Q(1,2)°, va € Q(2,0)° and vs € Q(1,0)°.
Figure 2.25 shows another decorated tree with vi = (id,012)(v1) and vh = o12(v2),
where o15 is the transposition in Sa. According to our discussion, these trees represent
the same vector in OP(Q)(3,1)°.

)
Q&

|
|
. .

2. 1. 1, 3¢

. ( .:> L
: @g @ /’.
|
| .
|
|
|

FIGURE 2.24. A 2-colored deco- FIGURE 2.25. A 2-colored dec-
rated tree t orated tree t. Here T ——
(id, o12)(v1) and vy = o12(v2)

2.5. The cobar construction in the colored setting

The cobar construction [16, 19, 20], [32, Section 6.5] is a functor from the category
of coaugmented cooperads (in Chg) to the category of augmented operads (in Chg).
It is used to construct free resolutions for operads. In this section, we briefly describe
the cobar construction in the colored setting.

Let C be a coaugmented Z-colored cooperad in the category Chg and C, be the
cokernel of coaugmentation. As an operad in the category grVecty, Cobar(C) is freely
generated by the collection s C,

(2.51) Cobar(C) = OP(s Co).

Thus, it suffices to define the differential §Cebar op generators X € s C,.
The differential 8°°**" on Cobar((C) can be written as the sum

aCobar — 8/ + 8",
with
(2.52) 0'(X)=—-s0ps 'X
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and

(2.53) (X)=— B (09 (1A (s7X),

z€lsom5(q)

where X € s (Co(q), lsom3(q) is the set of isomorphism classes in Tree3(q), the
tree t, is any representative of the class z, and 9 is the differential on C.

Properties of comultiplications Ay imply that the right hand side of (2.53) does not
depend on the choice of representatives t,. Furthermore, using the identity (3g)2 =0
and the compatibility of 9, with comultiplications At one easily deduces that

8 0d =0,
and
800" +09"08 =0.
Finally the coassociativity law (2.39) implies that

(2.54) 808 =0.

Let O be a Z-colored operad in Chi. We claim that
PROPOSITION 2.13. — For every coaugmented E-colored cooperad C (in Chg), operad
morphisms from Cobar(C) to O are in bijection with MC elements of the Lie algebra
(2.55) Conv(Co, 0),
where O is viewed as a Z-colored pseudo-operad via the forgetful functor.

Proof. — Since Cobar(() is freely generated by the =-colored collection s C, any op-
erad morphism

F : Cobar(C) — O
is uniquely determined by its restriction to s Cs.

Let us denote by ar the degree 1 element
(2.56) ap : Conv(Co, 0)
corresponding to the restriction

F|SC :sCo — O.

A direct computation shows that the compatibility of F' with the differentials is
equivalent to the MC equation on ap in the Lie algebra (2.55). O
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REMARK 2.14. — It is possible to express the Lie bracket on Conv(Co, 0) in terms
of the portion 8" (2.53) of the cobar differential 9°°°>*. More precisely, for f,g €
Conv(Co, 0) and X € C, we have

(2.57) [£,9)(X) = (=1)1u(fs71 © gs71(9" (X)) — (~1)19I(f = g),

where fs™! and gs™' act in the obvious way on the tensor factors of 8"(sX) €

OP(s Co) and p denotes the multiplication map
p:OP(0) — O.
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CHAPTER 3

OPERAD dGra AND ITS 2-COLORED EXTENSION KGra

Let us remind from [39] the operad (in grVecty) of directed labeled graphs dGra.

To define the space dGra(n) we introduce an auxiliary set dgra,. An element
of dgra,, is a directed graph I' with the set of vertices {1,2,...,n} and with a total
order on the set of edges. We require that each directed graph I" in dgra,, has no mul-
tiple edges with the same direction ™. An example of an element in dgras is shown in
Figure 3.1. We will often use roman numerals to specify a total order on a set of edges.

4 5
° °
3 ii 2

FIGURE 3.1. Roman numerals indicate that (3,1) < (3,2) < (2,3)

For example, the roman numerals in Figure 3.1 indicate that (3,1) < (3,2) < (2, 3).

The space dGra(n) is spanned by elements of dgra,,, modulo the relation I'Y =

no
(—1)°IT", where the graphs I'* and T' correspond to the same directed labeled graph
but differ only by permutation o of edges. We also declare that the degree of a graph I'
in dGra(n) equals —e(T"), where e(T") is the number of edges in I'. For example, the

graph I' in Figure 3.1 has 3 edges. Thus its degree is —3.

1. This allows us to identify elements of dgra,, with ordered subsets of ordered pairs of numbers
1,2,...,n. Let us also recall that we do not consider graphs with loops (i.e., cycles of length 1).
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3.1. Operad structure on dGra

Let I and I' be graphs representing vectors in dGra(n) and dGra(m), respectively.
For 1 < ¢ < m, the vector T o; I' € dGra(n + m — 1) is represented by the sum of
graphs I'y, € dgra,, ., 1

(3.1) Lo T=) T,
e

where ', is obtained by “plugging in” the graph I' into the i-th vertex of the graph r
and reconnecting the edges incident to the i-th vertex of T to vertices of T in all
possible ways. (The index « refers to a particular way of connecting the edges incident
to the i-th vertex of I' to vertices of I'. ) After reconnecting edges we

— shift all labels on vertices of I up by ¢ — 1, and

— shift the labels on the last m — i vertices of I' up by n — 1.
To define the total order on edges of the graph I', we declare that all edges of T are
smaller than all edges of the graph T'.

Note that every graph in {TI's}, is a legitimate element of dgra,,,,_;, because T
and T have no multiple edges with the same direction and have no loops.

EXAMPLE 3.1. — LetT' (resp. T') be the graph depicted in Figure 3.2 (resp. Fzgure 3.3).
The vector T oo I' is shown in Figure 8.4. For the first graph in the sum r oo I we

FI1GURE 3.2. A graph T'e dgra;.
The order on edges is (1,2) <
(1,3) < (3,2)

3 2
lq 3 4 2
~ 2 3
Lo I'= + + 4 2 4+ 4 3
1 1 1 1

FIGURE 3.4. The vector I o, T € dGra(4)

FiGure 3.3. A graph I € dgra,

have (1,2) < (1,4) < (4,2) < (2,3). For the second graph in the sum I o T we
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3.2. 2-COLORED OPERAD KGra 29

have (1,3) < (1,4) < (4,3) < (2,3). For the third graph in the sum T oy T' we have
(1,2) < (1,4) < (4,3) < (2,3). Finally, for the last graph in the sum T oy ' we have
(1,3) < (1,4) < (4,2) < (2,3).

The symmetric group S, acts on dGra(n) in the obvious way by rearranging the
labels on vertices. It is not hard to see that insertions (3.1) together with this action
of S, give on dGra an operad structure with the identity element being the unique
graph in dgra; with no edges.

3.2. 2-colored operad KGra

To define a stable formality quasi-isomorphism (SFQ) we need to upgrade the
operad dGra to a 2-colored operad KGra (in grVecty). The additional spaces of the
operad KGra are assembled from the graphs which were used by M. Kontsevich in his
groundbreaking paper [31]. As far as I understand, T. Willwacher is using this operad
in [40] under the different name: SGra.

Recall that, following our conventions, KGra(n, k)¢ denotes the space of operations
with n inputs of color ¢, k inputs of color o, and with the color of the output being c.
Similarly, KGra(n, k)° is the space of operations with n inputs of color ¢, k inputs of
color o0, and with the color of the output being o.

First, we declare that KGra(n, k)¢ = 0 whenever k > 1.

Next, for the space KGra(n,0)¢ (n > 0), we have

(3.2) KGra(n,0)° = dGra(n).

To define the space KGra(n, k)° we introduce the auxiliary set dgra,, ;. An element
of the set dgra,, ; is a directed graph I" with the set of vertices {1c,...,n¢, 1o, ..., ko}
and with a total order on the set of its edges. In addition, we require that

— each I € dgra,, ;, has no multiple edges with the same direction, and

— each I' € dgra,, ;, has no edges originating from any vertex with color o.

EXAMPLE 3.2. — Figure 3.5 shows an ervample of a graph in dgra, ;. Black (resp.
white) vertices carry the color ¢ (resp. 0). We use separate labels for vertices of color ¢
and vertices of color 0. For example, 2. denotes the second vertex of color ¢ and 3,

denotes the third vertez of color o.

The space KGra(n,k)° is spanned by elements of dgra,, ,, modulo the relation
I'" = (=1)l°IT, where T'” and T" correspond to the same directed labelled graph but
differ only by permutation o of edges. As above, we declare that the degree of a
graph I' in KGra(n, k)°® equals —e(T).

The elementary insertions

KGra(m,0) ® KGra(n,0)¢ — KGra(m +n — 1,0)¢
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2, 1, 3,

FIGURE 3.5. We equip the edges with the order (1.,2.) < (1c,1o) <
(2¢,10) < (2¢,30)

are defined in the same way as for dGra. So we proceed to the remaining insertions.

3.3. Elementary insertions KGra(m, k)° ® KGra(n,0)¢ — KGra(m +n — 1,k)°

Let I' and T' be graphs representing vectors in KGra (n,0)¢ and KGra(m, k)°, respec-
tively. Let 1 <i < m.

The vector I 0, I' € KGra(n +m — 1, k)° is the sum of graphs I',, € dgra,, ,, ;1
(3.3) Loy I'=) T,

where T', is obtained by “plugging in” the graph I' into the i-th black vertex of
the graph I and reconnecting the edges incident to this vertex to vertices of I' in all
possible ways. (The index « refers to a particular way of connecting the edges incident
to the i-th black vertex of I' to vertices of T ) After reconnecting edges we

— shift all labels on vertices of I up by 7 — 1, and
— shift labels on the last m — ¢ black vertices of I up by n — 1.

To define the total order on edges of the graph I', we declare that all edges of T are
smaller than all edges of the graph T.

EXAMPLE 3.3. — The graphs depicted in Figures 3.6 and 3.7 represent vectors T e
KGra(2,1)° and I' € KGra(2,0), respectively. For the edges of I" we set

(1c,15) < (1e,2¢) < (2¢,1,).

As above, white vertices carry the color o and black vertices carry the color c.

1 2 1 3c

2¢ 1.
*——e 2,

1, 1o

FiGure 3.6. The graph r Ficure 3.7. The graph I’ Ficure 3.8. The graph I'i
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The vector T o1, I' € KGra(3,1)° is represented by the sum of graphs I'1, I'y, T's,
T’y depicted on Figures 3.8, 3.9, 8.10, 3.11, respectively. Following our rule, the edges

2. 3. 2, 1. 3. 1. 2. 3.
ICW v V
1, 1, 1,
FIGURE 3.10. The FIGURE 3.11. The

F .9. Th h T
IGURE 3.9 e graph Lo graph T's graph T'y

of I'1 are ordered as follows (1¢,1,) < (1¢,3:) < (3¢,10) < (2¢,1c). Similarly, edges
of T'a carry the order (2.,1,) < (2¢,3¢) < (3c,1o) < (2¢,1c). The edges of I's are
equipped with the order (2¢,1,) < (1¢,3¢) < (3¢, 1o) < (2¢,1c). Finally, for T'y we have
(Les1o) < (26,3¢) < (3cs 1) < (2c,1c).

3.4. Elementary insertions KGra(m,p)® ® KGra(n, q)° — KGra(m +n,p +q —1)°

Let I' and T' be graphs representing vectors in KGra(n, q)° and KGra(m, p)°, respec-
tively. Let 1 <1 < p.
The vector I’ 0,0 I' € KGra(m + n,p + ¢ — 1)° is represented by the sum of graphs

Lo € dgra,, g1

(3.4) To,[=) T,

where T',, is obtained by “plugging in” the graph I' into the i-th white vertex of
the graph I and reconnecting the edges incident to this vertex to vertices of I' in all
possible ways. (The index « refers to a particular way of connecting the edges incident
to the i-th white vertex of I' to vertices of T. ) After reconnecting edges we

— shift all labels on black vertices of I up by m,

— shift all labels on white vertices of I' up by 7 — 1, and finally

— shift all labels on the last p — ¢ white vertices of r up by ¢ — 1.
To define the total order on edges of the graph I', we declare that all edges of T are
smaller than all edges of the graph T.

ExampPLE 3.4. — Iff is the graph depicted in Figure 3.5 and I is the graph depicted
in Figure 3.12 then the vector T o3, I' € KGra(3,3) is the sum of graphs depicted in
Figure 8.13. For the edges of the first graph in this sum we have (1.,2.) < (1.,1,) <
(2¢,15) < (2,35) < (3¢,35). For the edges of the second graph in this sum we have
(1,2¢) < (1e,15) < (2¢,10) < (2¢,3¢) < (3¢, 30)-
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=
a

= O0<—@

FiGure 3.12. A graph I' € dgra, ,

1. 2¢ 1. 2¢
- 3 3,
Tog,I = +

O O

2 1o 3 2 1o 3

FIGURE 3.13. The vector I 03,0 '

The identity element u. € KGra(1,0)¢ (resp. u, € KGra(0,1)°) is represented by
the graph in dgra; (resp. the graph in dgra, ;) with no edges.

It is straightforward to verify that u., u,, and Equations (3.1), (3.3), (3.4) together
with the natural action of S,, x Sy on KGra(n, k)°® (resp. S, on KGra(n,0)%) define a
structure of a 2-colored operad on KGra in grVecty.

REMARK 3.5. — When dealing with elements of KGra(n,0)¢ = dGra(n) or with ele-
ments of KGra(n,0)°, we will often omit the subscript ¢ in labels 1¢,2.,3., - -.

REMARK 3.6. — Let T be a graph in dgra,, (resp. dgramk) and e be an edge of I' which
connects two black vertices. We denote by f.(T') the graph which is obtained from T
by changing the direction of the edge e.

It is convenient to draw the linear combination T' + f.(I') as a graph which is
obtained from I' by forgetting the direction of e. For example,

1 2 1 2 1 2
(3.5) o = 0e——0 |+ e—o.

Similarly, if e1,ea, ..., e, are edges of I' which connect only black vertices and the
graph I is obtained from T' by forgetting the directions of the edges eq, ea, ..., ep, then
IV denotes the sum

I = Z (fe1)k1(fez)k2"'(fep)kp(F)‘

kie{(),l}
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For example,

3

3 3
s NN N

3 3 3 3
+ + + & e

3.5. The action of the operad KGra on polyvectors and functions

Let A be a free finitely generated commutative algebra (with unit) in grVecty. We
denote by
(3.7 ot 2%, ...zl

2.

generators of A and by |z|,|z .,|z?| their corresponding degrees. We think of A

as the algebra of functions on a graded affine space.

Let us denote by V4 the free commutative algebra in grVecty generated by
(3.8) ot 2%, 22,601,604, ... ,04,
where 6, carries the degree 1 — |z¢|. We think of V4 as the algebra of polyvector fields

on the corresponding graded affine space.

If all generators ¢ have degree 0 then A (resp. V) is the algebra of functions (resp.
the algebra of polyvector fields) on the affine space K¢. However, for our constructions
there is no need to impose any restrictions on degrees of generators (3.7).

We claim that

PROPOSITION 3.7. — The pair (Va, A) is naturally an algebra over the 2-colored op-
erad KGra.

Proof. — For I' € dgra,, and v1,vs,...,v, € V4 we set

(3.9) D(v1,va,...,0p) := multn([ H A(m)} (v1 ®v2®-~-®vn)>,
(1,7)€E(T)

where mult,, is the multiplication map

mult,, : (VA)®n — Va,

d
3.10 A= 1®---®1® 0 RMR - R®1I® Oz RNR---®1
(3.10)  Agy ; 6.
i-th slot j-th slot
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ifi < j,

d
(3.11) é(i,j):;1®.'.®1® %®1®-~-®1®3&®1®-~-®1
= j-th slot i-th slot
if j < i, and the order of factors in the product
II 2
(4,5)€E(T)

comes from the order on the set E(T") of edges of T

To define the action of a graph I' € dgra,, , we identify vertices of I' with the
numbers 1,2, ...,n+k by using the labels and declaring that all black vertices precede
all white vertices. Namely, the black vertex with label i is identified with number 7 and

the white vertex with label j is identified with number n+ j. Then for vy, va,...,v, €
V4, and aq,as9,...,ar € A we set
T(v1,v2,...,0n;0a1,02,...,0;) ==

(3.12) mlﬂtn,k([ H é(i,j):| (111®vg®~-~®vn®a1®a2®~-~®ak))|
(i,7)€E(T)

6.=0’

where mult,, ; is the multiplication map
multn,k : (VA)®n ® A®kE Va,
A, ;) is defined by Equations (3.10), (3.11), and the order of factors in the product
II 26
(i,5)€E(T)
comes from the order on the set E(I") of edges of I

It is not hard to verify that Equations (3.9), (3.12) define an action of KGra on the
pair (Va, A). O
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CHAPTER 4

THE 2-COLORED OPERAD OC
OF H. KAJIURA AND J. STASHEFF

Inspired by Zwiebach’s open-closed string field theory [42], H. Kajiura and J. Stash-
eff introduced in [26] open-closed homotopy algebras (OCHA).

An OCHA is a pair of cochain complexes (U, ¢#) with the following data:

— A Aliey,-structure on U,

— an Aq.-structure on ¢#, and

— a Alies-morphism from 9 to the Hochschild cochain complex C*®(#) of /.

It was shown in [27], that OCHAs are governed by a 2-colored operad (in Chy)
which we denote by OC. Moreover, as an operad in grVect, OC is freely generated by
the 2-colored collection oc with the following spaces:

(4.1) oc(n,0)¢ = s> 72K, n>2,
(4.2) 0c(0,k)° = s> % sgn, ® K[S], k>2,
(4.3) oc(n, k)° = s272"Fsgn, ® K[Sk], n>1,k>0,

where sgn,, is the sign representation of Sj,. The remaining spaces of the collection oc
are zero.

Following the description of free colored operads via decorated (and colored) trees
(see Section 2.4), we represent generators of OC in oc(n,0)¢ by non-planar labeled
corollas with n solid incoming edges (see Figure 4.1). We represent generators of OC
in 0¢(0, k)° by planar labeled corollas with k& dashed incoming edges (see Figure 4.2).
Finally, we use labeled 2-colored corollas with a planar structure given only on the
dashed edges to represent generators of OC in oc¢(n, k) (see Figure 4.3).

Using the corolla t} (resp. the corolla t} ;) depicted in Figure 4.2 (resp. 4.3),
we can form a basis of the vector space o0c¢(0,k)° (resp. oc(n,k)®). Namely,
the set {o(t?)|o € Sk} is a basis of the vector space o0c¢(0,k)° and the set
{(id,a)(tgyk) | o € Sk} is a basis of the vector space oc(n, k)°.
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1 2 n 1 2 k 1 n 1 k
. .. .\ e . /. L //.
¢ ¢
FiGure 4.1. The non- FIGURE 4.2. The FIGURE 4.3. The
planar corolla t;, rep- 2-colored planar corola 2-colored partially
resenting a generator t) representing a gen- planar corola t}, , rep-
of ac(n,0)° erator of oc(0, k)° resenting a generator
of ac(n, k)°

Equations (4.1), (4.2), and (4.3) imply that the corollas t;,, t; and t, ; carry the
following degrees:

(4.4) [t;| =3 —2nn > 2,
(4.5) [th] =2 — kk > 2,
(4.6) lthxl =2—-2n—kn>1, k>0.

We should remark that OC comes from a Koszul operad and this fact was estab-
lished in beautiful paper [25] by E. Hoefel and M. Livernet.

4.1. The differential on OC

It is convenient to split the differential ) on OC into four summands
(47) @ = oGDLie + oGDAs + C@/ + (‘EDH-

Since OC is freely generated by the 2-colored collection oc, it suffices to define the
values of summands D, Das, &> and & on corollas t¢, ty, and t7 , depicted in
Figures 4.1, 4.2, and 4.3, respectively.

For the corolla t;, we have
(4.8) Das(ty) =0, D()=0, D'(t;)=0

and pie(tS) is the sum shown in Figure 4.4.

FIGURE 4.4. The value of &), on ti,
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For the corolla t} we have
(4.9) Diie(th) = 0, D () =0, D' (8) =0,

and as(t) is the sum shown in Figure 4.5.

p+1 ¢q
k-2 & 1 P \\q/q-i- 1 &
(’@AS(tZ) = — Z Z (_1)p+(k—Q)(q—p) .\\L'\':\\ I /’j””,’/.
p=0 g=p+2 T

FIGURE 4.5. The value of Qa, on t§

The value of &), ;c on the corolla t, 1 is given by the sum depicted in Figure 4.6 and
the value of )as on the corolla t,, x 1s given by the sum depicted in Figure 4.7. The
values (@I(t;7k) and C,C/)”(tfl,,,c) for n > 2 are defined in Figures 4.8 and 4.9, respectively.
Finally, for the corollas t{ , we have

(4.10) D) =D'(,) =0, Vk>0.

(1)  7(p)

D) = CDFY Y

p=27€Shy n_yp

FIGURE 4.6. The value of ) on tj, ;

Direct computations show that

(Das)* =0,

(Diie + @/)2 =0,

Das 0 (Die + D) + (Drie + D) © Das =0,
(Diet D)o D + D o(Duet+ D) =0,
(4.15) Daso D'+ D" o Das+ D' o D' =0.
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Das(th ) = — Z Z 1)pt-a)(a=p)

p=0 g=p+2 I

_Z Z p+(k q)(g—p)

p=0 g=p+2

D (1) = (1"

FIGURE 4.8. The value of ' on t}, ; for n > 2

o(r+1) o(n) p+1 ¢

tnk 2 Z (=1)pt+k=a)(a—p) LUASUT

0€Shy n_r 0<p<q<k -

FIGURE 4.9. The value of & on t3, ; for n > 2

REMARK 4.1. — It is not hard to see that the differential &) on OP(oc) defines
on s~ loc a structure of 2-colored pseudo-cooperad. Thus, if oc¥ is the 2-colored coop-
erad obtained from s~loc via formally adjoining the counit, then ®

(4.16) OC = Cobar(oc").

1. This fact was also observed in [7, Section 4.1].
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We remark that

(4.17) 0c(n,0)¢ = A%coCom(n)
and
(4.18) 0¢Y(0,k)° = AcoAs(k).

4.2. OC-algebras

As we stated above, an OC-algebra is a pair of cochain complexes (U, ¢#) with
the following data:

— A Aliey-structure on ¥,

— an Aqo-structure on ¢#, and

— a Alies-morphism from 9 to the Hochschild cochain complex C*(c#) of A.

Let us briefly recall how to get the above data from an operad morphism

(4.19) OC — End (9, 7)-
The desired ALies, structure on %
Q : A*coComo (V) — YV
comes from the action of corollas t{, in Figure 4.1 for n > 2. Namely,
(4.20) Q(v1,...,0p) =t5,(V1,...,0n),

where vy, ...,v, € V.
The desired A, -structure

m : AcoAs,(cA) — A
comes from the action of corollas t} in Figure 4.2 for £ > 2. Namely,
(4.21) mlay, ... a;) = (—1)5@9¢2 (a1 ay),
where ay,...,a; € # and
elay,...,ax) =la1|(k — 1) + |az|(k —2) + - - - + |ag—1].

Finally the action of corollas t; , gives us the desired Alies-morphism from %

to C*(cA)
U : A%coCom(V) @ T(s™* A) — -
Namely,
(4.22) U(vyy.-.,0n501,...,05) = (—1)5/(1’1""’”“5‘“""’a’“)t;’uk(vl, e UG, ., Q)
where
(4.23)
(v, vnjan, . ak) = k(jor] 4+ [val) +laa|(k — 1) + az| (k — 2) + - + |ag—1].
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CHAPTER 5

STABLE FORMALITY QUASI-ISOMORPHISMS
AND THEIR HOMOTOPIES

Several vectors of KGra will play a special role in the definition of a stable formality
quasi-isomorphism (SFQ) and in further considerations. These are

1. 2c 1, 2,
(5.1) lee= o—o , I'so= o o

and the series of “brooms” for k > 0 depicted in Figure 5.1.

1.
rbr —
1, 2, ko

FIGURE 5.1. Edges are ordered in this way (1¢,10) < (1¢,20) < -+ < (1¢, ko)

Note that the graph Tt € KGra(1,0)° consists of a single black vertex labeled by 1,
and it has no edges.

According to Section 3.5, the 2-colored operad KGra acts on the pair (V4, A) where
A (resp. V4) is the algebra of functions (resp. the algebra of polyvector fields) on a
graded affine space. Hence, every morphism of operads (in Chk) F': OC — KGra gives
us a Aliey-structure on V4, an A-structure on A and an Alie,,-morphism from
V4 to the Hochschild cochain complex C*(A) of A. Moreover, this construction works
for a graded affine space of any dimension. This observation motivates the following
definition.

DEFINITION 5.1. — A stable formality quasi-isomorphism (SFQ) is a morphism of

2-colored operads in the category of cochain complexes

(5.2) F : 0C — KGra
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satisfying the following “boundary conditions”:

R0 s
(54) F()=T..,

and

(55) Pt = T

where t;,, tp, and t}  are corollas depicted in Figures 4.1, 4.2, 4.3, respectively, and
Tew, I'co and I‘}zr are the vectors of KGra specified in the beginning of this section.

To interpret the “boundary conditions” we consider the OCHA structure induced
by the morphism F' (5.2) on the pair (Vy4, A).

The first condition (eq. (5.3)) implies that the ALie-structure on polyvector fields
induced by the morphism F' coincides with the standard Schouten-Nijenhuis algebra
structure.

The second condition (eq. (5.4)) implies that the binary operation of the induced
Aoo-structure on A coincides with the ordinary (commutative) multiplication. For
degree reasons, the image F(t}) of the corolla tf, in KGra(0, k)° is zero for all k£ > 3.
Thus the induced A.-structure on A coincides with the original associative (and
commutative) algebra structure.

The third boundary condition (eq. (5.5)) implies that the corresponding
Alies-morphism from V4 to C*(A) starts with the Hochschild-Kostant-Rosenberg
embedding. The latter condition guarantees that the induced ALie,,-morphism is a
quasi-isomorphism.

REMARK 5.2. — It should be mentioned that the map in (5.2) is never a quasi-
isomorphism of dg operads. Indeed, the restriction of any morphism of dg operads
F : OC — KGra satisfying the above “boundary conditions” to the spaces OC(n,0)¢
(for n > 0) gives us the morphism of operads Alie,, — dGra which coincides with
the composition of the canonical quasi-isomorphism Alie.c — Alie and the stan-
dard embedding of operads Alie — dGra [11, Section 7.1]. This composition is not a

quasi-isomorphism because the embedding ALie — dGra is not onto.

5.1. SFQs as MC elements. Homotopies of SFQs

Due to Proposition 2.13 and Remark 4.1, SFQs are in bijection with MC elements
a of the Lie algebra

(5.6) Conv(oc?, KGra)
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subject to the three conditions

I'eos ifn=2,
(5.7) a(s™ty) = "
0 if n >3,
(5.8) 0‘(571 t3) = oo,
and
_ 1 4,
(5.9) ofs™ t],) = TV

where t}, t7, and t;’lvk are corollas depicted in Figures 4.1, 4.2, 4.3, respectively, and
Tee, 'vo and I",;’r are the vectors of KGra specified in the beginning of this section.

We would like to remark that, since all vectors in KGra(0, k)° have degree zero, we
have

(5.10) a(s™'t}) =0,

for all k > 3 and for all degree 1 elements « in (5.6).

In what follows, we denote by ar the MC element in (5.6) corresponding to an
SFQ F.

According to Section 2.3, the Lie algebra Conv(ocY, KGra) is equipped with the
“arity” filtration of,Conv(ocy,KGra), such that Conv(oc!, KGra) is complete with
respect to this filtration.

Hence, following general theory from Appendix C, the set of MC elements of the
Lie algebra (5.6) is equipped with the action of the pro-unipotent group

(5.11) exp <(§7100nv(0c0v, KGra)O).

We claim that

PROPOSITION 5.3. — Degree zero vectors

(5.12) ¢ € Conv(oc!,KGra)
satisfying the “boundary” condition

(5.13) E(s7Mt) =0 Vn>2

form a Lie subalgebra of &f,Conv(ocy,KGra)°. Moreover, if a is a MC element of the
Lie algebra Conv(ocY,KGra) satisfying the boundary conditions (5.7), (5.8), (5.9) and
€ is a degree zero vector (5.12) satisfying (5.13) then the MC element

(5.14) o/ = exp(£) (a)
also satisfies conditions (5.7), (5.8), (5.9).
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Proof. — First, we observe that every degree zero vector (5.12) satisfies
(5.15) EsM9,) =0 Vk>0.

Indeed, since the vector s~! t] ;, has degree —k—1, E(s™1 t] ;) must be a linear combi-
nation of graphs with 1 black vertex, k white vertices, and exactly k + 1 edges. Since
an edge cannot originate at any white vertex, multiple edges with the same direction
and loops are not allowed, the set of such graphs is empty.

Similarly, since all vectors in KGra(0, k)° have degree zero, we conclude that
(5.16) M) =0 Vk>2
for any degree zero vector (5.12).

The inclusion

(5.17) ¢ € &,Conv(oc!,KGra).

follows immediately from Equation (5.15) for k£ = 0.

Moreover, the vector [£1, £2] satisfies condition (5.13) if so do both &; and &. Thus
the first statement of the proposition is proved.

Using (5.13), (5.15), and (5.16), it is easy to see that o in (5.14) satisfies conditions
(5.7), (5.8), (5.9) if so does a. O

We can now give the definition of homotopy between two SFQs:

DEFINITION 5.4. — We say that an SFQ F (5.2) is homotopy equivalent to F if the
corresponding MC elements

ar,ap € Conv(oc), KGra)
are isomorphic via exp(§), where £ is a degree zero element in of ;Conv(oc!, KGra)

satisfying condition (5.13).

REMARK 5.5. — Proposition 5.3 implies that the resulting relation on the set of SFQs
is indeed an equivalence relation.

REMARK 5.6. — Since Conv(oc!, KGra) = 7 ,Conv(ocY, KGra), every MC element «
of (5.6) satisfies the condition

(5.18) a € fConv(ac!, KGra).

On the other hand, it is not true that a MC element a corresponding to an SF'Q belongs
to f1Conv(oc!,KGra). Indeed, according to (5.9), we have a(s™t 5) = Tg" # 0.

Using the “boundary conditions” (5.7), (5.8) and (5.9) for MC elements o corre-
sponding to SFQs, it is easy to see that

(5.19) a € §fyConv(oc),KGra),
where the filtration &, is defined in (2.46) (in Section 2.3).
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To explain our motivation behind Definition 5.4 we consider the pair (V4, A), where
A is a finitely generated free commutative algebra in grVecty and V4 be the algebra
of polyvector fields on the corresponding (graded) affine space.

Recall that an SFQ F gives us a ALie,, quasi-isomorphism Ug from V4 to C*(A)
which admits a graphical expansion.

We claim that, if two SFQs F' and F are homotopy equivalent, then the corre-
sponding Alie,.-morphisms Ur and Ug are also homotopy equivalent. Furthermore,
the homotopy between Ur and Uz admits a graphical expansion.

Indeed, according to [10, Lemma 2.9] or [14, Section 1.3], any Alie,,-morphism

U:Vy~C*(A)

is a MC element of the following auxiliary Lie algebra
(5.20) sHom(s?S(s™2V4), C*(A)).
For the definition of the differential and the Lie bracket on (5.20), see Section 2.1
in [10].

Furthermore, following Definition 4.7 in [10], two ALies-morphisms

U:Vy~C*A) and U:Vy~ C*°(A)

are homotopy equivalent if and only if the corresponding MC elements in the Lie
algebra (5.20) are isomorphic.

By merely unfolding definitions it is not hard to see that, if MC elements

ap,ap € Conv(oc), KGra)

are isomorphic via exp(&) for a degree zero vector (5.12) satisfying (5.13), then the
MC elements in (5.20) corresponding to Ur and Uz are isomorphic via

exp({'),

where ¢’ is the degree zero vector in (5.20) given by the formula:

(5.21) &' (v1,v2,...,Vn;a1,02,...,0p)
= (=1)F Crevniane o) g (5T Y (0,09, .., Vs a1, Ag, -+ Q)

where €'(vy,...,vp;a1,...,ak) is defined in (4.23).

EXAMPLE 5.7. — In his famous paper [31] M. Kontsevich proposed a construction
of a Alies, quasi-isomorphism from the Lie algebra of polyvector fields V4 on RY to
polydifferential operators on R®. The structure maps of this Alies quasi-isomorphism
are defined using graphical expansion and the Alie, quasi-isomorphism starts with the
standard Hochschild-Kostant-Rosenberg embedding. Thus Kontsevich’s construction
from [31] gives us an SFQ over any extension of the field R. For more details, we
refer the reader to [8, Section 2.4].
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CHAPTER 6

THE ACTION OF KONTSEVICH’S GRAPH COMPLEX
ON STABLE FORMALITY QUASI-ISOMORPHISMS

It is possible to produce new homotopy types of stable formality quasi-
isomorphisms using the action of Kontsevich’s graph complex on the Lie algebra

Conv(oc!,KGra).

We describe this action here.

6.1. Reminder of the full directed graph complex dfGC

Let us consider the Lie algebra (in grVecty)
(6.1) dfGC = Conv(A%coCom, dGra).

Since

Conv(A*coCom, dGra) = H s?n—2 (dGra(n))S"
n=1

vectors in (6.1) are (possibly infinite) linear combinations

)
Y= Z Tns
n=1

where 7, is an S,-invariant vector in dGra(n).
If all graphs in the linear combination v, € (dGra(n))°~ have the same number of
edges e then ~, is a homogeneous vector in dfGC of degree

(6.2) ] =2n —2 —e.

For example, the vector 'y 4 € dGra(2) defined in (5.1) is Sa-invariant and hence
is a vector in dfGC. According to (6.2), the vector I's_o carries degree 1. A direct
computation shows that

(6.3) Tee,Tod] = 0.
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Hence, I'e 4 is & MC element and it can be used to equip the graded vector space
(6.1) with the non-zero differential

(6.4) 8 = adr, ..

DEFINITION 6.1. — The graded vector space dfGC (6.1) with the differential (6.4) is
called the full directed graph complex.

For example the graph I's € dgra; which consists of a single vertex without edges
gives us a degree zero vector in dfGC. According to the definition of the Lie bracket
on dfGC, we have

(65) [Fo—oaro] = FH01F.+012(FH01F.)_FOOIFH =l et Tlee—Tee=T0n.,

where o015 is the transposition in Ss.

Thus I’y is not a cocycle in dfGC.

According to Section 2.3, the Lie algebra dfGC is equipped with the descending
filtration (2.44) such that dfGC is complete with respect to this filtration. Unfolding
(2.44), it is easy to see that ¢f,,dfGC consists of sums

v = Z T Tn € (dGra(n))S".
n=m+1

Le. v € &f,,dfGC if and only if each graph in vy has > m + 1 vertices. For example,
Fee € f,1dfGC. Therefore the differential (6.4) is compatible with the filtration
on dfGC.

Since loops are not allowed, I'y is the only element of dgra;. Therefore, since 0I'y #
0 and the differential O raises the number of vertices up by 1, every cocycle v €
dfGC has the property ()

(6.6) v € &, dfGC.

Thus, the Lie algebra H°(dfGC) is pro-nilpotent.

To give an example of a degree zero cocycle in dfGC we consider the tetrahedron
in dGra(4) depicted in Figure 6.1. This graph is invariant with respect to the action
of S, and hence it can be viewed as a vector in dfGC. According to (6.2), this vector
has degree zero. A direct computation shows that it is a cocycle and it is easy to see
that this cocycle is non-trivial.

In fact, it was proved in [39, Proposition 9.1] that, for every odd number n > 3,
there exists a non-trivial cocycle which has a non-zero coefficient in front of the wheel
with n spokes (see Figure 6.2). Note that, labels on vertices do not play an important
role because vectors in dfGC are invariant under the action of the symmetric group.

1. Inclusion (6.6) no longer holds if we allow loops. Indeed, a simple computation shows that the
single loop ) € dgra; would be a cocycle in dfGC. See [13] for more details.
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FIGURE 6.1. We may choose this order on the set of edges: (1,2) < (1,3) <
(1,4) <(2,3) < (2,4) < (3,4)

—_

n+1

FI1GURE 6.2. Here n is an odd integer > 3

Using [39, Theorem 1.1] and the ideas sketched in [39, Appendix K], one can prove
the following statement:

THEOREM 6.2 ([13], Corollary 3.6). — For the full directed graph complez dfGC, we
have an isomorphism of Lie algebras

(6.7) HO(dfGC) = gut,,

where grty is the Grothendieck-Teichmueller Lie algebra [1, Section 4.2], [15, Sec-
tion 6].

REMARK 6.3. — Let I" be an element in dgra,,. We say that a vertex v of I is a pike
if v has valency 1 and the edge adjacent to v terminates at v. We observe that, due
to [13, Proposition 3.5] any cocycle v in dfGC is cohomologous to a cocycle in which
all graphs do not have pikes®.

2. Note that, in this paper, we work exclusively with the loopless version of the full directed graph
complex. So what we denote by dfGC in this paper is denoted by dfGC? in [13].
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6.2. The action of dfGC on SFQs

For our purposes it is convenient to extend the Lie algebra Conv(ocY, KGra) (5.6)
to the Lie algebra
(6.8) Conv(oc”, KGra)

and view MC elements of Conv(oc),KGra) as MC elements of its extension
Conv(oc", KGra).

Using Equation (4.17), we define a natural embedding of dfGC (6.1) into the Lie
algebra Conv(oc¥, KGra)

(6.9) J : dfGC — Conv(oc”, KGra).
This embedding is given by the formulas
(6.10) T ewvimoy = I g =0

The embedding J is obviously compatible with the Lie brackets and with the filtra-
tions by arity on dfGC and Conv(oc¥, KGra) (see (2.44)). However, we should point out
that J is not compatible with the differentials. Indeed, the Lie algebra Conv(oc", KGra)
carries the zero differential while dfGC carries the non-zero differential (6.4).

Let ar be a MC element in Conv(oc),KGra) corresponding to an SFQ. We claim
that

PROPOSITION 6.4. — For every degree zero cocycle v € dfGC the equation

(6.11) o = exp(ad;(y))ar

defines a MC element o' in Conv(oc),KGra) satisfying conditions (5.7), (5.8), and
(5.9).

Proof. — Tt is obvious that o satisfies the MC equation in Conv(ocV, KGra).

Furthermore, since each cocycle in dfGC belongs to ¢ ;dfGC, the MC element o
belongs to the Lie subalgebra

Conv(ocY,KGra) C Conv(oc", KGra), .
Next, using the cocycle condition for 7
Tee,7]=0

it is not hard to show that o’ satisfies condition (5.7).

Finally, it is straightforward to verify that o’ also satisfies (5.8) and (5.9). O

Due to Proposition 6.4, the group exp (%0 (dfGC)) acts on SFQs. In the following
proposition we list important properties of this action.
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PROPOSITION 6.5. — Let v be a degree zero cocycle in dfGC. If @ and a are MC
elements of (5.6) corresponding to homotopy equivalent SFQs F and ﬁ, then the MC
elements

exp(ad j(y))a, andexp(ad j())a
also correspond to homotopy equivalent SFQs.

Furthermore, if
(6.12) 5= [T ]
then there exists a degree zero vector
¢ € &, Conv(oc!, KGra)
for which (5.13) holds and
(6.13) exp(ad j(y))a = exp(adg)a.

If, in addition,

(6.14) Y € of ,_1dfGC

for some n > 2 then the vector £ in (6.13) can be chosen in such a way that
(6.15) ¢ € &, Conv(oc),KGra)

and

(6.16) §s7 t20) = B(1a),

where 1,, is the generator s>72"1 € s272"K =2 A2coCom(n).

Proof. — Since o and & represent homotopy equivalent SFQs, there exists a degree
zero vector

¢ € &,Conv(ocy,KGra)
for which (5.13) holds and

(6.17) a = exp(ad¢)a.
Applying exp(ad (,)) to both sides of Equation (6.17) we get
(6.18) exp(ad(y))& = exp(ad(y)) exp(ade)a = exp(adg) (exp(adj(,))e) ,
where
(6.19) €= exp(ad () €.

The vector §~ obviously belongs to ¢f;Conv(ocy, KGra). Furthermore, §~ satisfies the
condition
E(s7't) =0, Vn>2

since so does &.
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Thus the MC elements
exp(ad j(,))a, and exp(ad j(,)) &

indeed correspond to homotopy equivalent stable formality quasi-isomorphisms.
To prove the second statement, we introduce the Lie algebra (in grVecty)

(6.20) Conv(oc”, KGra) @ K[t],

where Conv(ocY, KGra) is considered with the topology coming from the filtration &,
“by arity” (2.44) and K]t] is considered with the discrete topology.
Let us denote by «a(t) the following vector in (6.20)

(6.21) a(t) = exp(tad j(,))a.

It is easy to see that «(t) enjoys the MC equation

(6.22) [a(t),a(t)] =0

and the conditions

(6.23) alt) (s71t) = {FH ifn=2
0 ifn>3,

(6.24) a(s7't)) =Tso,

(6.25) ofs™ 8 ) = 1TV

since so does « and since + is cocycle in dfGC. Furthermore, a(t) satisfies the following
(formal) differential equation

d
(6.26) 5 @) =[J(7),a(t)]
with the initial condition
(6.27) a(t)|t:0 = a.

Let us now assume that

(6.28) v =[Tes, 9]

for a degree —1 vector in dfGC.
Since loops are not allowed and 1 has degree —1, we have

(6.29) Y € of 1dfGC.
Moreover, since the map J (6.9) is compatible with Lie brackets, we have

and hence the vector a(t) satisfies the equation

(6.30) 2 a(t) = [7(0ea), J@)] (1)
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Let us denote by A«(t) the difference
(6.31) Aa(t) = a(t) — J(Tes) € Conv(oc’,KGra) ® K[t].
The MC Equation (6.22) for «(t) implies that
(6.32) [J(Tems), Ace(t)] + %[Aa(t), Aa(t)] = 0.
Furthermore, due to Equation (6.23), we have
(6.33) Aa(t) (s7't,) =0  Vm>2.

Using the Jacobi idenity, identity [J(I'e—s), J(I'e—s)] = 0, and Equation (6.32) we
rewrite Equation (6.30) as follows

d
7 at) =

[7(), Aa(t)], J(Tes)] —

[
—[[7(®), Aa(t)], J(Tems)] +

—

[J(Tems), Aax(t)], T ()]
[Aa(t), Aa(t)], T ()]
[Aa(t), J(¥)], Aa(t)] — % [[7(%), Aa(t)], Aa(t)]

— N

N | =

— —[[7(), Aa(t)], J(Tea)] -

= —[[7(¥), Aa(t)], a(?)].
Thus the vector a(t) (6.21) satisfies the (formal) differential equation
d

(6.34) £ a(t) = ), alb)],
where 7)(t) is the degree zero vector
(6.35) n(t) = —[J(¥), Aa(t)] € Conv(oc”, KGra) & K[t].

It is clear that 7(t) satisfies the conditions
nt)(s™'t5) =0 VYn > 2
and
n(t)(s™! t),) =0 Vk > 0.
Let us apply Theorem C.6 from Appendix C.1 to the case when Z = Conv(oc¥,KGra)

and g consists of vectors in Conv(oc", KGra)® which satisfy (5.13). Due to this theo-
rem, there exists a vector
¢ € &, Conv(oc!, KGra),
which satisfies (5.13) and (6.13).
Thus the second statement of Proposition 6.5 is proved.
To prove the last statement, we observe that (6.14), (6.33), and the identities

JW) st ) =J@W) (s ) =0  Vm>1, k>0, ki >2
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imply that n(t) € &,,Conv(oc¥,KGra) ® K[t] and hence the inclusion in (6.15) holds.

Inclusion (6.14) implies that v € ¢, dfGC. Combining this fact with (5.18), we
conclude that

Aa(t) — (a —Tes) € F,,Conv(oc”, KGra).
Therefore,
n(t) = —=[J(¥), o — Ty_g]Jmod §F,,Conv(oc”, KGra)[[t]].

Hence, due to the second part of Theorem C.6, there exists
¢ € &f,Conv(ocy,KGra),
such that (5.13) and (6.13) hold, and we have
gs™t tho) = —[J(¥),a — Tes](ty o)
= (s ] p) o1, J(W) (57 t,) = T  o1,c (1) = ¥(1n).
Thus Equation (6.16) also holds. O

Proposition 6.5 implies that

COROLLARY 6.6. — The action of exp (%O(dfGC)) on SFQs descends to an action
of exp (Ho(dfGC)) on homotopy classes of SFQs.

Proof. — Let 7 be a degree zero cocycle of dfGC. Due to the first statement of Proposi-
tion 6.5, exp(y) transforms homotopy equivalent SFQs to homotopy equivalent SFQs.

Thus it remains to prove that, if 4’ is cohomologous to v then MC elements
(6.36) exp(ad () and exp(ad,j(,))a
are connected by the action of exp(ade) for a vector

¢ € &, Conv(oc!, KGra)

satisfying condition (5.13).

Using the fact that the difference ' — «y is exact, it is easy to see that

CH(-,7")

is also exact.

Therefore, due to the second statement of Proposition 6.5, the MC elements

exp(adj(y)) exp(ad () o and e

are connected by the action of exp(ade) for a vector £ € ¢, Conv(ocy, KGra) satisfying
condition (5.13).

Hence, the MC elements (6.36) represent homotopy equivalent SFQs. O
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REMARK 6.7. — Let A be a finitely generated free commutative algebra in grVecty and
V4 be the algebra of polyvector fields on the corresponding (graded) affine space. It is
not hard to see that Aliey,-morphisms from V4 to C*(A) which correspond to ap and
(6.11) are connected by the action described in [29, Section 5] by M. Kontsevich.

Let us now state the main result of this paper

THEOREM 6.8. — The pro-unipotent group exp(H®(dfGC)) acts simply transitively on
the set of homotopy classes of stable formality quasi-isomorphisms (SFQs).

The proof of this theorem occupies the next two sections of the paper and it depends
on a few technical statements which are proved in Appendices A and B.
Combining Theorem 6.8 with Theorem 6.2 stated above, we deduce that

COROLLARY 6.9. — The set of homotopy classes of SFQs form a torsor for the Gro-
thendieck-Teichmueller group GRTy. |

REMARK 6.10. — We should mention that this result agrees very well with Tamarkin’s
approach [23, 35] to Kontsevich’s formality theorem [31,29]. Tamarkin’s construction
[9, 35, Section 2] may be viewed as a map from the set of Drinfeld associators® to
the set of homotopy classes of formality quasi-isomorphisms for Hochschild cochains.
Due to [15, Proposition 5.5] and [39, Theorem 1.1], both the source and the target of
Tamarkin’s map are equipped with the actions of the group GRTy. Moreover, accord-
ing® to [39, Section 10.1|, Tamarkin’s construction is equivariant with respect to the
action of GRTjy.

Section 6 of paper [37] contains a sketch on a version of Tamarkin’s construction in
“stable” setting. According to this sketch, every SFQ is homotopic to an SFQ which can
be extended to a stable Gero,-morphism from polyvector fields to Hochschild cochains
(for some choice of Tamarkin’s Gery-structure on Hochschild cochains).

3. Here, we only consider Drinfeld associators whose “braiding” constant is 1. In [15, Section 5],
this set is denoted by Mj. In [9, Section 4.1], this set is denoted by DrAssocs.
4. For more details, we refer the reader to [9].
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THE ACTION OF exp (H O(dfGC)) IS TRANSITIVE

Let o and & be MC elements of the graded Lie algebra Conv(ocY, KGra) corre-
sponding to SFQs.
Since o and @ satisfy conditions (5.7), (5.8), (5.9), and (5.10), the difference

(7.1) da:=a —«

satisfies the identities

(7.2) Sa(s™'ts) =0, Sa(s™'t]) =0, Ym, k > 2,
and

(7.3) Sa(s™Ht5 ) =0, Vk > 0.

Therefore (),

(7.4) Sa € &5 Conv(oc), KGra).

We will deduce the transitivity of the action of exp (H 0 (dfGC)) on homotopy classes
of SFQs from the following statement

PROPOSITION 7.1. — If @ and & are MC elements of the graded Lie algebra (5.6)
corresponding to SFQs and

(7.5) a—a € &, Conv(oc!,KGra)

for some n > 2 then there exists a degree zero cocycle v € of,,_1dfGC and a degree
zero vector

¢ e &, _, Conv(oc!, KGra)
for which (5.13) holds and

(7.6) exp(ade) & — exp(ad j(y))a € 41 Conv(oc!, KGra).

1. See conditions (2.47) and (2.48) in Section 2.3.
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The proof of this proposition consists of two parts. The first part is given in Sec-
tion 7.2 and the second part is given in Section 7.3.

7.1. Proposition 7.1 implies that the action is transitive

Using (7.4) and applying Proposition 7.1 recursively, we see that there exist infinite
sequences of degree zero vectors

(7.7) £1,&,€3,+ - € Conv(oc),KGra), &m € &, Conv(oc), KGra)
(7.8) Y1,72,7Y3, - - - € dfGC, Ym € of mdfGC

such that each &, satisfies (5.13) and

(7.9)

exp(ade,,) - - -exp(ade, ) & — exp(ad j(4,.)) - - - exp(ad j(4,)) € F 1,10 Conv(ocy, KGra)

for every m > 1.

Since Conv(ocY,KGra) (resp. dfGC) is complete with respect to the filtration f§
(resp. of,), the existence of the above sequence implies that the homotopy class of the
SFQ corresponding to & has a representative which lies on the exp(%o(dfGC))—orbit
of the SFQ corresponding to a.

7.2. Taking care of da (st )

Due to (7.2) and (7.3), the element do is uniquely determined by the vectors
(7.10) S0tk = 0a(s™"t), ) € KGra(m,k).
In addition, since the restriction
a|ac2{ (m,k)°
is Sy, X Sk equivariant and da has degree 1, da,y, , may be viewed as a degree zero
vector in

(7.11) 22k (KGra(m, k)°) ™.

Condition (7.5) is equivalent to da € ¢, Conv(ocY,KGra). In other words, we
know that

(7.12) damr =0 Vm<n-1, k>0.

So vectors da,y,  may be non-zero only for m > n.

Since both « and « satisfy the MC equations

[a7a]:0a [ava]zoy
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the difference d« satisfies the equation

(7.13) la, 6] + %[&y, 5a] = 0.

Since da € f,, Conv(ocY, KGra),
(7.14) [6a,60](s™ 25 ) =0 Vk > 0.

Moreover, it is easy to see that only c@As(t;,k) may contribute to the expression
[a,da](s71 ) ).

Unfolding [, da](s™'t5, ), we get

k-1
[, 60) (57 15, 1) = —(a(s ™" 8) 02,0 bt ko1 + Y (=1)"6cp k1 0i (s~ £5)
i=1
+ (=1 a(s™t5) 01,0 dnk-1)
k—1
= (000205ank 1+Z 6ank 10101-‘00
i=1

+ (_l)kroo O1,0 5an,k—1)-

Thus (7.13), (7.14), and the above calculation imply the following statement:

CLAIM 7.2. — For each k > 0, the vector dau, 1, is a degree zero cocycle in the cochain
complex

(7.15) KGralloch — g2n—2 @ (KGra(n, k) )

inv v
with the differential 91" given by the formula
(7.16)
9M°M(y) = To0 0907 = 701,06 Too + 7020 Too —
+ (=1)FyopoToo+ (=1 Tog 0107, v € 22T (KGra(n, k)°)*"

The cochain complex (7.15) is examined in detail in Appendix A. For now, we use
Corollary A.10 and Claim 7.2 to deduce that

CLAIM 7.3. — The white vertex of each graph in the linear combination
a1 € 8”7 (KGra(n, 1)°)S"

has valency 1.
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7.2.1. Pikes in da, o can be “killed”. — In general linear combinations dayy, ; (7.10)
may contain graphs with a black vertex of valency 1 whose adjacent edge terminates
at this vertex. We call such vertices pikes.

The following statement says that, if Equation (7.12) holds, then pikes in day, o
can be “killed”. More precisely,

CLAIM 7.4. — If Equation (7.12) holds, then there exists a degree zero vector
¢ € &, _,Conv(oc), KGra),

such that (5.13) holds, each graph in the linear combination

(7.17) (exp([¢, D) (57 t70) —a(s™ 17, o)
does not have pikes, and
(7.18) (exp([¢, &) —a € F;,Conv(oc), KGra).

Proof. — Let us denote by day, 5 the linear combination in KGra(n,0)° which is ob-
tained from da, o by retaining only graphs with exactly r pikes.

Since day, ¢ is a linear combination of graphs without white vertices, it is a cocycle
in the complex (B.1) with the differential d (B.5) examined in detail in Appendix B.
According to Lemma B.3 from this appendix, we have

(7.19) 00" (0o, o) = réay, o
Thus, for the vector

1 1
(7.20) Xno11=— Y ~0*(6al, ) € 2" D71 (KGra(n — 1,1)°) ¥,

r>1 r
the linear combination
dan0+0(Xn-1,1)

does not have pikes.

Next, we define the degree 0 vector £ € Conv(oc), KGra) by setting

(721) €67 11) = Xao1a, E6TNE,) = E(TIE,) = E(sTH ), 1) =0

for all my, k1 and for all pairs (m,k) # (n — 1,1). By construction, { €
of v _1Conv(ocy,KGra) and satisfies (5.13).

n—1

Let us denote by &’ and da’ the new MC element
(7.22) &' = exp(ade)a
and the new difference da’ = @’ — «, respectively. Clearly,

(7.23) da’ = exp(ade)da + exp(ade)a — a.
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To prove that each graph in the linear combination da/(s™'t? ;) does not have
pikes, we observe that, for every f € Conv(oc),KGra),

€, F1(57 t5.0) = D (i id) (€751 1) 01,0 F(571 5 )),

i=1

where T, ; is the following family of cycles in S,

(7.24) Tnyi = (l,i+1,...,n—1,n).

Therefore
5o/ (s7H ) o) = da(sTHt] o) + [€, @] (5Tt )

= 00,0+ Y (Tnarid) (E(s71 51 1) 01,0 (s o))

i=1

= dano + Z(Tn,ivid) (E(s™ th_1,1) 01,0 Tg7) = bt 0 + 0(Xn—1,1)-
i=1

As we showed above, all graphs in this linear combination do not have pikes.
It remains to show that da’ € &, Conv(ocY, KGra).
Since £ € f,,_;Conv(ocY,KGra) and & € ¢fyConv(oc), KGra),
adf(a) € F k(n—1)Conv(ocy , KGra).
For k > 2, this observation (together with the inequality m > 2) implies
that ad¢ (@) € ¢, Conv(ocy, KGra).

Since [¢,a] € f,,_,Conv(ocY,KGra) and [¢,a](s™1t5,) = 0 for all m, it is sufficient
to show that

(7.25) [€,8](s™ th_1x) =0, Vk>0.

Using the defining equations of ¢ (see (7.21)), it is easy to see that [¢,a](s™? t 1) =0
for all k # 2. As for k = 2, we have

€, o (S_l tfl_l,g) = Xn-1,1°,0 Loo =00 91,0 Xn-1,1 =606 02,0 Xn-1,1 =0

because the white vertex in each graph of the linear combination x,—_1,; has valency 1.

Claim 7.4 is proved. O
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7.2.2. day,p is a degree zero cocycle in dfGC. — Since da, o = (s~ tf ) is a linear
combination of graphs with only black vertices and it is invariant with respect to the
action of S,,, we may view dau, o as a vector in the full directed graph complex dfGC
(see (6.1)).

We will now prove the following statement:

CrLAaM 7.5. — Let o and @ be MC elements in (5.6) corresponding to SFQs. If da
satisfies (7.12) and all graphs in the linear combination dcu, o do not have pikes, then

dan 0 is a degree zero cocycle in dfGC (6.1).

Proof. — The claim that o, ¢ is a degree zero vector in dfGC follows immediately
from the fact that t, ; has degree 2 — 2n. So we will proceed to the proof of the
cocycle condition for day, o.

Since
n+1

Dtpi10) = Z Z (7,1d) (9 42-p,0 O1,c t5)

p=2T1€Shp, nt1-p

n
- Z Z (o,id) (tg,1 1,0 tfz+1—r,0)’

r=1o€Shy nt1-r

Sa(s™1t,) = 0 for all m and (7.12) holds, we have
Sas™h @ das™! (D(th41,0)) =0,
SosT' @asTH(D(t10) = Y, (7,id)(6an0 01, To)

T€Sha n—1
n+1
— Z(Tn—i-l,i,id) (5an,l 01’0 Flgr)’
i=1
and
n+1
(7.26) as™! @dasT (D(t9110)) = — D (Fnt1,6,id) (TF 01,0 dan0),
i=1
where op,41,; and 7,41, are the cycles (4,i—1,...,1) and (3,+1,...,n+1) in Sp41,
respectively.

Thus, applying the right hand side of (7.13) to s™"t5,; ,, we get the identity for
vectors day, 0 and dou, 1 :

n+1

(7.27) Z (7,id) (6ctn,0 01,c Toa) — Z(O’n_,_l’i, id) (%" 01,0 dctn0)
T7€Sha n_1 =1

n+1
= > (Tns1,51d) (Sarn,1 01,0 T5Y) = 0.

i=1
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Notice that I'5™ consists of a single black vertex and the insertion da, 1 01, It is
nothing but replacing the single white vertex in each graph of the linear combination
dap,1 by black vertex with label n 4 1.

On the other hand, Claim 7.3 says that all white vertices in do,,; have valency 1.
Thus, for each graph in da, 1 01,0 I‘Br the black vertex with label n + 1 is necessarily
a pike.

Since dav, o does not have pikes, the sum

n+1
- Z(Tn-i-l,ivid) (601 01,0 TYY)

i=1
should necessarily cancel the linear combination Lpikes Which is obtained from
(7.28) Z (7,id) (60,0 ©1,c T'os)
7€Shg n_1
by retaining only the graphs with pikes.
It is not hard to see that the linear combination Lpikes coincides with the sum (?

n+1
(7.29) Y (Far1,6,id) (T2 01, S o),
i=1
where 7,,41,; is the cycle (¢,4+1,...,n+1) in S,4; and
1 2
(7.30) [J,:= e—>e.
Thus we conclude that
n+1 n+1
Z(Tn+1,i7id) (6aun,1 01,0 I8") = Z(Tn+l,ia id) (74 01,c 6t y0)-
i=1 1=1
On the other hand, we have
n+1 n+1
Z(Un+1,ia id) (T} 01,0 datn0) = Z(Tn+1,ia id) (T, o1,c 6any0),
i=1 i=1
where
1 2
(7.31) IS, = e—oe.
Therefore identity (7.27) implies that
n+1
Y (1id)(6an0 01, Tos) = > (Tns1,isid) (Toe 01,c S0t 0) = 0.
T7€Sha 1 i=1
In other words, da, o is indeed a cocycle in dfGC. O

Claim 7.5 has the following corollary.

2. Here we use the fact that day, o carries an even degree.
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COROLLARY 7.6. — Let o and & be MC elements in (5.6) corresponding to SFQs. If
da satisfies (7.12), and all graphs in the linear combination dauy, o do not have pikes,
then there exists degree zero cocycle v € &f,,_1dfGC such that

(7.32) (@ - (expladsi)a)) (s 5,0) = 0.
and
(7.33) a — (exp(ady(y))a) € &, Conv(ocy,KGra)

Proof. — Due to Claim 7.5 the linear combination da, o is a degree zero cocycle

in dfGC. So we set v := —dayp, o. In other words,
—bay, 9 if m=n and
(L) = {

0 otherwise,

where 1,, denotes the generator s2~2"1 € s272"K =2 A%2coCom(m). By construction,
v belongs to &f,,_,dfGC.

For any degree 1 element f € Conv(ocY, KGra) we have
[T, fls7 0 0) = —f(sT ] o) oy and  [J(7), fl(s™ ] ) = 0.
Therefore,
(734)  G(s715,0) — (expladye)a) (57 15,0) = Sals™ t6,0) + a(s ™t 0) o107
= 6an,0 + Fgr O1,c Y
= 60471,0 +v= 0

and Equation (7.32) follows.
To prove (7.33) we observe that

J(v) € &,_,Conv(oc”, KGra).

Combining this observation with the fact that o € ¢f,Conv(oc",KGra) and the in-
equality n > 2, it is easy to see that

adf () € F;,Conv(oc’,KGra) V¥ g>2
and
(7.35) [J(7),a] € &;,_,Conv(oc”, KGra).
Since v is a cocycle in dfGC, [J(v),a](s7!t¢,) = 0 for all m. Furthermore,
(7.36) [J(7),0](s7" 1 x) =0 Vk>0

since the vector tj, does not show up in )(t5,_; ;)-
Thus (7.33) follows from (7.35) and (7.36). O

MEMOIRES DE LA SMF 168



7.3. TAKING CARE OF VECTORS 6a(s_1t$hk) FOR k£ >1 65

7.3. Taking care of vectors da(s™' t7, ;) for k > 1

Let us prove that following auxiliary statement:

CLAIM 7.7. — Let q be an integer > 1 and o, & be MC elements of (5.6) corresponding
to SFQs. If da satisfies (7.12) and

(7.37) dank =0 VkE<q-1,

then there exists a degree zero vector

(7.38) £ e ¢f,_1Conv(ocY,KGra) N ¢f,,,,_oConv(oc”, KGra),
such that (5.13) holds,

(7.39) (exp([¢, &) —a € o, Conv(oc),KGra)

and

(7.40) (exp(e, DA)(s7E,) = a(s™'t,) VK<

Proof. — The proof of this claim consists of two steps. First, we show that there exists
a degree zero vector

£ e Conv(oc¥, KGra),
such that €M (s71t¢) = 0 for all m, 5(1)(s_ltfn17k) = 0 for all pairs (mq,k) #
(n7 q— 1)7
(7.41) (exp([¢™, @) —a € &5 Conv(ocy,KGra),

(7.42) (exp(l€D, Na) (s ) = a(s€,)  VE<q-1
and the difference
(7.43) (exp(EW, Da) (s th o) —als™'t7,,)
satisfies Properties A.2, A.3, i.e., for each graph in (7.43) white vertices have valency 1
and the linear combination (7.43) is anti-symmetric with respect to permutations of
labels on white vertices.

Let us denote by @) and da(!) the new MC element

(7.44) a® = (exp(lg™, D)
and the new difference

(7.45) sV .= (exp([g(l), Na) —a.

3. We also set 5045711?,“ i= oM (s™! t:n,k).
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In the second step, we show that there exists a degree zero vector
£@ e Conv(oc¥,KGra),

such that £?)(s71t¢)) = 0 for all m, £@(s~'t2

o x) = 0 for all pairs (my,k) #
(n_ 17q+ 1)?

(exp([€@®, NaM) —a € & Conv(oc,KGra)
and
(exp((e®, DaW )(s7 k) = a(s7't7,)  Vh<q.
Since both vectors £ and ¢® satisfy (5.13), .f(l)(s_ltfm’k) = 0 for all pairs
(m1,k) # (n,q —1) and €@ (s71 ty,, x) = 0 for all pairs (m1,k) # (n — 1,9+ 1),
¢, €@ e _ Conv(oc,KGra) N &, ,_oConv(oc”, KGra).
Thus the desired vector (7.38) is obtained by setting
¢ := CH(¢®, M),

Step 1. — If ¢ = 1 then the linear combination dov, 4 already satisfies Properties A.2,
A.3 due to Claim 7.3. So, in this case, we proceed to Step 2. In Step 1, it remains to
consider the case ¢ > 2.

Due to Claim 7.2, the vector
Sn
(7.46) batnq € 57"~2+1(KGra(n, q)°)

is a cocycle in the complex (A.1) with the differential (A.2). Thus, Corollary A.9
implies that there exists a vector

Sn

Y g1 € 82"TI73 (KGra(n, q— 1)°) ,
such that the difference da, , — 0M°P4,, 1 satisfies Properties A.2, A.3.
So we define £(1) by setting
€067 o) = Yng1, €V, ) = €T ) =€ (sT ) =0
for all m; > 2, k1 > 2, and all pairs (m, k) # (n,q — 1).

It is easy to see that

(7.47) ¢W e FFConv(oc’, KGra)
and
(7.48) ¢ € F,4q_2Conv(oc”, KGra).

Since the vector (7.45) can be rewritten as

(7.49) saM) = exp(ade))(0a) + exp(adem)) (o) — @,
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(7.41) follows from (7.47) and the inclusions
Sa € & Conv(oc”, KGra), a € §;Conv(oc”, KGra).

Since @ € f,Conv(oc¥,KGra) (see (5.18)), n > 2 and ¢ > 2, inclusion (7.48)
implies that

(7.50) adga (@) € f 4 ,Conv(oc”,KGra)  Vr >2
and
(7.51) (€M, a] € F,4q_oConv(oc¥,KGra).

Moreover, since @ da € f,,Conv(oc”,KGra) and n > 2,
(7.52) adgw) (6a) € F niqConv(oc’,KGra) Vr > 1.
Combining (7.50), (7.51), (7.52) with
Sa(s™'t0 ) =0 VkE<q-1,

we deduce that

(7.53) saM(s7H0,) =0 Vk<q-2,

(754) (504(1)(S_1 t'?l,q—l) = [é(l)v Oé] (S_l t'?l,q—l)’

and

(7.55) saM (st t) g) = 0 g + (€D, a)(s™? th o)

Thus, to prove (7.42), it remains to show that da(!)(s™! t, ;—1) = 0. The latter
follows from (7.54) and the fact that tf, ,_; does not show up in (t5, ,_;)-

Finally computing the right hand side of (7.55), we deduce that
SaM(s7HY ) = born,g — OTOM ey g1,
which means that 6oV (s~!t3 ) satisfies Properties A.2, A.3.

Step 2. — Since @™ and « satisfy MC equations in Conv(oc¥,KGra), the difference
5oV satisfies the equation

1
(7.56) [, 60 D] + S [5a ™, 6a V] = 0.

Due to (7.41), 6oV € f;, Conv(oc”, KGra) and hence [5aV), 5aM](s71t5 ;) = 0.
So applying the left hand side of (7.56) to s™'t5,; ., and using (see (7.42))

SaM (s71 thx) =0 Vk <qg-1,

4. Note that da(s™?! t'roz+1,0) can be non-zero.
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we get the identity

n+1q—1
(757) 30 ST (1) (7ugriyid) (808 0pi1,0 TBY) = To 00,0 60, .
i=1 p=0
q—2
1
+ > (—1)Pdaf) 42 0po Too
p=1
+(~1)7 oo 01,0808, o,
where 7,41,; is the cycle (¢,4+1,...,n+ 1) in Sp4;.

In other words, the vector

n+1 q

(7.58) Pritg—1 = Y > (=P (Tagai,id) (80l 0p 0 TEY)
i=1 p=1

is OHoh_exact in

(7.59) 52(n+1)—2+(q—1)(KGra(n +1,q— 1))Sn+1.

Since the difference (7.43) coincides with sal)

A.2, A.3. So, using the antisymmetry of 6(1,(]1,21 with respect to the action of S, on the

21, the vector 50&,21 satisfies Properties

)

labels of white vertices, we see that

q
Z(—l)erl (Trt1,4,1d) (60[711721 0p,o I87) = q (Tn+1,i,1d) (Janl’()z 01,0 IYT).

p=1
In other words,

Pntl,q—1 = 3(50421,2;%
where 0 is the operation defined in (B.5) in Appendix B.

Hence py41,q—1 is a vector in (7.59) satisfying Properties A.2, A.3. Combining this

aHoch

observation with the fact that p,y1,4-1 is -exact and using the second claim in

Corollary A.9 we conclude that

Pn+1,q—1 = 0.

In other words, 504%1,21 is a cocycle in the cochain complex (B.1) with the differential
(B.5).
Since ¢ > 1, Corollary B.5 from Appendix B implies that there exists a vector (of
degree —1)
Gno1.qs1 € g2(n—1)—2+q+1 (KGra(n —1,q+ l)o)Sn—l’

which satisfies Properties A.2, A.3 and such that

(7.60) sall) = 0(Pn_1,411)-

MEMOIRES DE LA SMF 168



7.3. TAKING CARE OF VECTORS da(s™'tg ;) FOR k > 1 69

Using v¥,—1,q+1, we define the following degree zero vector
¢@ ¢ Conv(ocY, KGra)

by setting

(7.61)

@ (s th 1441) = ~Yn-14+1 @ (s™? t,,) = @ (s th,) = ¢@(s! ty k) =0
for all my, ky and for all pairs (m, k) # (n — 1,9 + 1).

It is obvious that

(7.62) ¢® € f 1y q_1Conv(oc’, KGra)
and
(7.63) £® e ¢ Conv(oc”,KGra).

Next we consider the MC element
a® = exp(adgc ) (@)
and rewrite the difference da(® = & —  as follows
(7.64) sa® = exp(ad5(2>)(5a(1)) + exp(ade ) (a) — a.

Since da(M) € &5 Conv(ocY,KGra) (see (7.41)) and £ € ¢ _,Conv(ocY,KGra),

(7.65) 6a® e S Conv(oc”,KGra)

or equivalently da(? (s~! ty, ;) =0forallm <n—1and k> 0.
Moreover,

(7.66) 5aD(s71 e, ) = (€@, al(s1 15, ). Yk 0.

Since £ (s7't9, ;) = 0 for all (m, k) # (n—1,q+ 1),

(7.67) €@, a)(s7 0 1 x) =0 Vk#q+2
and
(7.68) €, a)(s7H )y gyn) = —OMOPED (s 1)

On the other hand 9HoP¢®) (s=1t2 _, ,) = 0 since the vector é® (s™1t%_;  ,,) =
Yn—1,q+2 satisfies Property A.2. Thus, combining (7.65) with (7.66), (7.67) and (7.68),
we deduce that

sa? e S Conv(oc, KGra).
To complete Step 2, it remains to show that

(7.69) saP (sl ) =0 Vk<gq.
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Since a € ¢ ,Conv(oc",KGra) (see (5.18)), dat) € &, Conv(oc¥,KGra) and n +
g — 1> 2, inclusion (7.62) implies that

(7.70) saP(sTrel ) =0 Vk<g
and
(7.71) saP(s7H8 ) =dall) +[€P,a](s7 2 ,).

Unfolding the right hand side of (7.71) and using the fact that ¢,_1,4+1 is anti-
symmetric with respect to permutations of labels on white vertices, we get

k n
e C thg) = éaﬁz + Z Z(—l)p(Tnm id) (5(2)(5_1 th_1,g+1) Opt10 (s t‘f,o))

p=0 i=1
q n
= 60‘7(11,31 - Z Z(_l)p(Tn,ia ld) ('d’n—l,q-’-l Op+1,0 Fgr)
p=0 i=1
=@+ 1)) (Tnirid) (¥n-1,611 01,0 TF"),
i=1
where 7, ; is the cycle (4, +1,...,n—1,n) in S,,.
Hence §a(? (s71 ty, ;) = 0 follows from Equation (7.60).
Since (7.69) is proved, Step 2 is complete and so is the proof of Claim 7.7. O

We can now prove the following statement:

CLAIM 7.8. — Let a and a be MC elements corresponding to SFQs. If da := a — «
belongs to f,,Conv(oc",KGra) and

50[(5_1 tvo’L,O) = Oa

then there exists a degree zero vector £ € f,, _,Conv(oc¥,KGra) satisfying condition
(5.13) and such that

(7.72) exp(adg)(a) —a € 07;+1Conv(ocv, KGra).
Proof. — Claim 7.7 implies that there exists an infinite sequence of degree zero vectors
&1,&,...,€ & _1Conv(oc’, KGra),
such that each &, satisfies (5.13),
€9 € F piqoConv(oc’,KGra)  Vg>1,
(exp(ade,) - - -exp(ade, ) (@) — @) € F;,Conv(oc’, KGra).
and

(exp(ad,) - -exp(ade, ) (@) (s7 17, 1) = a(s7 ] )
for all k£ <g.
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Since the graded Lie algebra ¢f,,_;Conv(oc", KGra) is complete with respect to the
filtration

f «Conv(oc¥,KGra) N ,,_;Conv(oc", KGra),
the limit £ of the sequence
{ CH(&I? CH(gq—h B CH(§27 51)) }QZ:[
exists in ¢f;,_;Conv(ocY,KGra) and it satisfies (7.72). O

7.4. The end of the proof of Proposition 7.1

Let us now put together the results of Sections 7.2 and 7.3 to finish the proof of
Proposition 7.1.

Due to Claim 7.4, there exists a degree zero vector
£€* e &, _,Conv(oc),KGra),
such that £*(s71t¢,) = 0 for all m,
(exp(adg+)a) —a € ¢, Conv(oc, KGra)
and each graph in the difference
(exp(ade«)a)(s™"t] o) —als™ 17 o)

does not have pikes.

Applying Corollary 7.6 to the MC elements « and setting
(7.73) a® = exp(ad¢~) @,
we deduce that there exists a degree zero cocycle v € of,,_;dfGC such that
a°® — (exp(adj(y))a) € &, Conv(oc),KGra)
and
a®(s7'tp o) = (exp(ady(y)a)(s™ t) o).

Finally, applying Claim 7.8 to the MC elements
a® = exp(ad j(y))
and a°, we deduce that there exists a degree zero vector
¢ e & Conv(oc”,KGra),
such that ¢*(s71t5,) = 0 for all m and
exp(adg: ) (@) —a® € ., ,Conv(oc”, KGra).
Thus, setting & := CH(&#, £7°), we get that
(exp(ade)(@)) — (exp(ady(y))e) € FyyiConv(oc’,KGra).
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In other words, (7.6) is satisfied.
The proof of transitivity of the action of exp (H 0 (dfGC)) on homotopy classes of
SFQs is now complete.
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CHAPTER 8

THE ACTION OF exp (H°(dfGC)) IS FREE

Let o be a MC element of Conv(oc¢¥, KGra) representing an SFQ and « be a degree
zero cocycle in dfGC. Let us assume that there exists a degree zero vector

(8.1) ¢ € & ,Conv(oc’, KGra),
which satisfies condition (5.13) and such that

(8.2) exp (adJ(W))a = exp (adg)a.
Our goal is to show that ~ is exact.

Due to Remark 6.3, we assume, without loss of generality, that we deal exclusively
with cocycles v of dfGC which do not involve graphs with pikes.

To prove that v is exact, we will need the following technical claims which are
proved below in Sections 8.2 and 8.3, respectively.

CLAM 8.1. — Let n be an integer > 2, a be a MC element of Conv(oc¥,KGra) corre-
sponding to an SFQ and
(8.3) ¢ € &, Conv(oc’, KGra)
be a degree zero vector satisfying condition (5.13). There exists a degree zero vector
£ e ¢ Conv(oc¥, KGra)
for which (5.13) holds, all graphs in
G tho)
do not have pikes and

(8.4) exp (adé)a = exp (adg)a.
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CLAIM 8.2. — Let v be a degree zero cocycle in dfGC, n be an integer > 2 and
(8.5) ¢ € & Conv(oc’,KGra)

be a degree zero vector satisfying condition (5.13). If Equation (8.2) holds and all
graphs in £(s™'t9, 3) do not have pikes, then ™

(8.6) v € of ,dfGC.

Moreover, there exist a degree —1 vector k € f,,_,dfGC and a degree 0 vector
n € & Conv(oc’, KGra)

satisfying (5.13),

(8.7) exp (ad s(cr(ar ))& = exp (adcnm,e) @,

8.8 CH(0k,v) € &f,,.1dfGC and CH(n, &) € &, .,Conv(oc”,KGra).
( ) n+1 n+1

8.1. Claims 8.1 and 8.2 imply that the action is free

Claims 8.1 and 8.2 imply that, for every degree 0 cocycle v satisfying (8.2), there

exists a sequence
(8.9) {&m}m>1, Km € ¢ ,dfGC,
such that for every n > 1
CH(Okn, . ..,CH(Ok2, CH(OK1,7) - -+ ) € ¢f p4odfGC.

Since dfGC is complete with respect to the filtration of,dfGC, the existence of this
sequence implies that « is indeed a coboundary.

8.2. Proof of Claim 8.1

If &(s1 t, o) does not involve graphs with pikes then we set E = ¢ and Equa-
tion (8.4) obviously holds.

Otherwise, we observe that, since [a,a] = 0, ad[y, o) acts trivially on « for every
degree —1 vector 1) € of;Conv(ocY, KGra). Hence, we have

(8.10) exp (adCH(g,[w,a})) (o) = exp(ade)(a).
We will prove that there exists a degree —1 vector
(8.11) Y € F,,_;1Conv(oc!, KGra),

such that the element
(8.12) £ = CH(¢, [¢, o))

1. Le., all graphs in v have > (n 4 1) vertices.
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— belongs to f;,Conv(oc", KGra),
— satisfies condition (5.13), and

— all graphs in £(s™! t9 5) do not have pikes.
Let us set &n0 := £(s7t5 o).

Since the graphs in &, ¢ do not have white vertices, the vector &, o is a cocycle in
the complex (B.1) with the differential 9 (B.5) (see Appendix B).

Let us denote by &,  the linear combination in KGra(n,0)°, which is obtained from
&n,0 by retaining only the graphs with exactly r pikes. According to Lemma B.3 from
Appendix B, we have

00%(€n0) = 65 0-
Thus, if

(8.13) Yp_1,1 1= — Z %3*(52,0),

r>1

then each graph in the linear combination

gn,O + a("/’n—l,l)
does not have pikes.

Next, we define a degree —1 vector (8.11) by setting
(814)  P(sTMh_11) = Pn-ras YT, k) =0 V(ngks) # (n—1,1),
and
(8.15) PsThS, ) =w(sTH),) =0 Vni k> 2.

Then we consider the vector

(8.16) € := CH(E, [1h, o).

By construction (8.13), all white vertices in graphs in ,_1; have valency one.
Hence 1,11 belongs to the kernel of the differential 81" (7.16). Using this fact,
(8.14) and (8.15), it is not hard to show that

(8.17) [¢,a] € & Conv(oc”, KGra).

Therefore,
£ e &FConv(oc’,KGra).

Equation (8.15) implies that [¢, a](t;,,) = 0 for all n; > 2. Combining this obser-
vation with the fact that & satisfies (5.13), we conclude that £ also satisfies (5.13).
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Using (8.14), (8.15), (8.17), and the inequality n > 2, we get
CH(E, [, a]) (s7t7,0) = £(s7 ] o) + [, al(s ™" t7, )

n
=&no0+ Z Tn,i (1?(571 th_11) %01 a(s™! t‘l’,o))
i—1

n
=&uo+ ZTn,i (¥n-1,1 00,1 TF"),

i=1
where 7, ; is the cycle (¢4,i+1,...,n —1,n) in S,,.
Thus, by definition of the operator d (B.5), we deduce that

(s th o) = &no +0Un_11.

Since each graph in the linear combination &, g + 01,,—1,1 does not have pikes, Claim
8.1 is proved.

8.3. Proof of Claim 8.2
Let m be an integer < n such that
(8.18) v(1x) =0 Vk < m,

ie, v € &,,_1dfGC.
Due to (8.18),

(exp (adJ(v))O‘) (s tho) = a(s™ th0) — a(s™ t70) o1,c Y(1m)

= 0‘(571 t;’n,o) - r?l),ro o1, Y(1m),
ie.,
(8.19) (exp (ady(y)))(s™! tho) = a(s™! ty0) — Y(1m)-

Since m < n, £ € ¢, Conv(oc¥, KGra) and ¢ satisfies (5.13), we have
(6 adg(@))(s7 th0) =0 ¥k >0

and hence
(8.20) (exp (ade)a)(s™ 9, 0) = a(s ™ t0, o)
Combining (8.2), (8.19), and (8.20), we conclude that
Y(1k) =0
for all £ < m.
Thus inclusion (8.6) indeed holds, i.e.,
(8.21) Y1) =0 Vk < n.

Let us deduce from (8.2) that
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CLAIM 8.3. — The white vertez in every graph in
gs™t th 1)

has valency 1.

of Claim 8.3. — Evaluating both sides of (8.2) on s™'tJ ,, and using (5.13), (8.5)
and (8.6), we deduce that
a(sT ) 0) = alsT ) o) + [€, 0] (5T 7 ).
Hence,
[€,a)(s7 15 5) = 0
or equivalently
(8.22) oot (e(s™ o)) =0,

where 91 is defined in (7.16).

Combining (8.22) with Corollary A.10 from Appendix A, we conclude that the
white vertex in each graph in £(s™1 tp, 1) must have valency 1.

Thus Claim 8.3 is proved. O

We will now deduce Claim 8.2 by evaluating both sides of (8.2) on s™'t5,, .
Using (8.21), it is easy to show that

(8:23) (exp(ady(y))a) (s thin0) = a(s™ thi10) = Y(Lnt1):
On the other hand, using (8.5) and (5.13), we get that

(expladg)a) (s th 1 0) = als ™ thing) = D (6T ) ocr a(s T 1))

T7€Shy n_1
n+1
- Z Tnt1,i (@577 1) 00,1 £(571 17 o))
i=1
n+1

+ Z Tns1,i (€7 th.1) %01 a(s™ ti0))-
i=1

Hence,

-1

tfz-l—l,O) - Z T(gn,O Oc¢,1 FH)

(exp(ade)a) (s7 141 0) = afs

7E€Shs n_1
n+1 n+1
(8.24) - Z On+1,i (T 00,1 &no) + Z Tnt1,i (€1 00,1 TG,
i=1 =1

where &, 0 1= £(s7t5 o) and &n 1 = E(sTtG ).
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Combining (8.23) with (8.24), we conclude that

(8.25)
n+1 n+1
7(177,—1-1) = Z T(gn,Ooc,er)_FZ O-n-l-l,i(]-—‘tl)roa,lgn,ﬂ)_z Tn+1,i(§n,loo,lrgr)-
7€Shs n_1 i=1 i=1

By Claim 8.3, the white vertex of every graph in &, ; has valency 1. Hence every
graph in the last sum in the right hand side of (8.25) has a pike. Therefore, since
neither y(1,41) nor &, ¢ involve graphs with pikes, the linear combination

n+1

Z Tn41,i (fn,l Oo,1 F'S”)

i=1

Z T(fn,o Oc¢,1 ro—o)

T7EShy n_1
by keeping only graphs with pikes.
Thus the right hand side of (8.25) equals

is obtained from

Lo &n0l,
where &, ¢ is viewed as a vector in dfGC.
We set
k= —=&n0

and recall that, due to the second part of Proposition 6.5, there exists a degree 0

vector

(8.26) n € &, Conv(oc”, KGra),
which satisfies (5.13),

(8.27) n(s™! th0) = —&n0

and such that (8.7) holds.

The desired inclusions in (8.8) follow easily from v+ 9, 0 = 0, (8.5), (8.6), (8.26),
and (8.27).

Claim 8.2 is proved.

We showed that the action of exp (H 0 (dfGC)) on homotopy classes of SFQs is free.
Thus Theorem 6.8 is proved. ]

MEMOIRES DE LA SMF 168



APPENDIX A

A COCHAIN COMPLEX THAT IS CLOSELY CONNECTED
WITH THE HOCHSCHILD COMPLEX
OF A COFREE COCOMMUTATIVE COALGEBRA

In this appendix we compute the cohomology of the cochain complex

(A.1) KGrafloch — g2n—2 @ (KGra(n, k) )

k>0
with the differential 5°°" given by the formula
(A.2)
MM (y) =T66 02,07 =Y 01,0 Too + 7020 oo — -
+ (—l)k'y Ok,0 I'oo + (—1)’”‘11“oo 107, 7YE s2"_2+k(KGra(n, k)“)S"
For this purpose we consider a slightly simpler cochain complex
(A.3) KGrafloeh = g2n—2 @ s*KGra(n, k)°
k>0

with the differential 9"°°h defined by the same Formula (A.2).
The cochain complex (A.3) is equipped with the obvious action of the group S,
and (A.1) is nothing but the complex of S,,-invariants.

EXAMPLE A.1. — An ezample of computation of 0H°®(T) for a graph T € dgrag ; is
shown in Figure A.1. Let us say that we chose this order (1.,3.) < (1¢,1,) < (2¢,1,) <
(3¢, 1,) on the set of edges of T'. The orders on the sets of edges of graphs in the right
hand side are inherited from the total order on the edges of I' in the obvious way. For
example, the first graph in the sum on the right hand side has its edges ordered this
way: (1¢,3¢) < (L, 1o) < (2¢,20) < (3¢, 1o)-

Before computing the cohomology of (A.3) let us make a couple of remarks about
vectors

(A.4) c € s”"2**KGra(n, k)°orc € s 2T* (KGra(n, k)")s”
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3 3 3 3
1 2 1 1 2 1 2
SR SRR
1 1 1 2 1 2

3 3 3
1:i2 1; 2
2 1 2 1

N O<«—0 N

Y

2

= O<—0 N

FIGURE A.1. Computing §7°°"

satisfying these two properties:

PROPERTY A.2. — All white vertices in each graph of the linear combination ¢ have
valency one.

PROPERTY A.3. — For every o € Sy we have
(A.5) (id, o) (c) = (=1D)l°le.

For example, the “brooms” F};r depicted in Figure 5.1 obviously satisfy these prop-
erties.

REMARK A.4. — It is easy to see that every vector (A.4) satisfying Properties A.2 and
A.3is closed with respect to 01" . Furthermore, it is not hard to see that a cocycle c
satisfying Properties A.2 and A.3 is trivial if and only if ¢ = 0.

A.1. The Hochschild complex of a cofree cocommutative coalgebra

To compute the cohomology of (A.3) we consider the cofree cocommutative K-coal-
gebra %, with counit co-generated by degree 0 elements hy, ho, ..., h,.
To the coalgebra %, we assign the following cochain complex
(A.6) Hoch(%,) = @ s*(4,) "
k>0
with the differential
a% . (% )®k . (% )®(k+1)

given by the formula

k
(A7) 09(X) =10 X+ ) _(-1)(d,...,id, A ,id,...,id)(X)+(-D)"'X &1,
i=1 i-th spot

where A denotes the comultiplication on %;..
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The complex Hoch (%)) obviously splits into the direct sum of sub-complexes

(A.8) Hoch(%,) = @ Hoch(%;)m,

m>0
where Hoch(%)),, is spanned by tensor monomials with the total degree in co-
generators being m.
In [31, Section 4.6.1.1] it was proved that

CrLAaM A.5 (Section 4.6.1.1, [31]). — If X is a cocycle in
sk (CKT)(X)k N Hoch(%,)m

and m # k then X is 0% -exact. Furthermore, if X is a cocycle in
sk (%T)@%c N Hoch(%,)m

and m = k then there exists

X est1(£)° " N Hoch(%,)m,
such that
X—0%(X)= > X (hy hey, . k),
i1ineig
where A% ¢ K and
)\"~ip’ip+1~“ _ _)\...ip+1ipm.
Finally a cocycle of the form
Z )‘ilizmik (hn ) hi27 ey hlk)a )\-A-ipip+1--- = _)\<-~ip+1ip--- e K

i1ineeig
is exact if and only if all coefficients A\'1%2" " = (.
For our purposes we will need the following subcomplex of Hoch(%.):

Hoch'(%,) = {X € Hoch(%,), | each co-generator h; appears
in the tensor monomial X exactly once}.

(A.9)

Using Claim A.5 about cocycles in Hoch(%,.) it is easy to deduce an analogous
statement for the cochain complex Hoch'(%;):

CrLAM A.6. — If X is a cocycle in
sk (‘én)@]6 N Hoch'(%;)

and k # r then X is 0% -exact. Furthermore, if X is a cocycle in
sk (‘57,)@,c N Hoch'(%;)

and k = r then there exists

o ® (k—1)

X es" (%) N Hoch'(%,),
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such that
X =9%(X) = > (1) o), ho@)s - o),
g€S,
for A € K. Finally, the cocycle
Z (_1)|0|(h0(1)v ho’(2)a ceey ho’(r))
og€S,

18 mon-trivial.

A.2. Computing cohomology of KGra™"*®" and KGra!lo

mv

Let us now return to the cochain complex KGra™® (A.3).

It is clear that KGra™" splits into the direct sum of sub-complexes

(A.10) KGra"*" = (5 KGra}*",

where KGraf}OCh is spanned by graphs with exactly r edges terminating at white
vertices.

Hoch
r

To compute the cohomology of KGra we introduce an auxiliary subspace:

(A.11) KGra'(n,r) C KGra(n, ),

which consists of linear combinations of graphs in dgra,, , with all white vertices (if
any) having valency 1.

Let us now suppose that we are given a tensor monomial with k factors
(A12) X = hinh’in T hilrl ® hi21hi22 T hizrz Q- ® him hik2 T hikrk € HOCh/(CgT)

and a graph IV € dgra,, ,. with all white vertices having valency 1. To the pair (X,I")
we assign a graph I' € dgra,, ;, following these steps:

— First, for each i € {1,2,...,r} we find the number of the tensor factor in (A.12)
which contains the co-generator () h;. We denote this number by d;.

— Second, we erase white vertices of I and attach the resulting free edges to
new k white vertices with labels 1, 2,..., k following this rule: the edged which
previously terminated at the white vertex with label ¢ should now terminate at
the white vertex with label d;.

— Finally, in the resulting graph I', we keep the same total order on the set of
edges as for IV,

1. Recall that each co-generator h; enters the monomial (A.12) exactly once.
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EXAMPLE A.7. — To a graph I depicted in Figure A.2 and the monomial
(hlhz, 1, hs, 1) € HOChI(Cg3)

we should assign the graph T’ shown on Figure A.3. The total order on the set of edges
of T' is inherited from the total order on the set of edges of I".

3 3
2 2
1 1
l o l o
1 2 3 1 2 3 4
FIGURE A.2. A graph I € dgra 5 FIGURE A.3. The graph I' € dgrag 4

The described procedure gives us an obvious map
(A.13) T : s2"2KGra'(n, r) ® Hoch'(%,) — KGra°®,

The group S, acts in the obvious way on the source of the map (A.13) by simul-
taneously rearranging the labels on white vertices and co-generators of %,.. It is easy
to see that T’ (A.13) descends to an isomorphism

(A.14) T : (s> 2KGra'(n,7) ® Hoch'(%,)) . — KGra, "

Sr
from the space
(s> 2KGra'(n, r) ® Hoch'(%,)) 4

of S,-coinvariants to the complex in question KGraEOCh. It is not hard to see that the
map (A.14) is compatible with the differential 87°" on KGra°®" and the differential
on the source coming from % on Hoch'(%;,).

Thus, using Claim A.6, it is not hard to prove the following statement about
cohomology of KGra" ™ (A.3).

PROPOSITION A.8. — For every cocycle
v € §*" 2 *KGra(n, k)°
there exists a vector
y1 € 82" 2Tk 1KGra(n, k — 1)°,
such that the difference
¢ =y = 0Heh(y)

satisfies Properties A.2 and A.3. A cocycle ¢ in (A.3) satisfying Properties A.2 and
A.3 is trivial if and only if c=0.
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To deduce an analogous statement for the cochain complex KGraﬂ?h (A.1) we need
to use the averaging operator
1
oESy,

More precisely, Proposition A.8 implies that
COROLLARY A.9. — For every cocycle
Sn
y € g2tk (KGra(n, k)")
there exists a vector
Sn
yy € gin—2tk-l (KGra(n, k— 1)") ,

such that the difference
¢ = = 01 (y,)

satisfies Properties A.2 and A.3. A cocycle c in the complex (A.1) satisfying Properties
A.2 and A.3 is trivial if and only if c = 0. ,

It is clear that for every vector

v € g2 (KGra(n, 0)°) o

(A.15) oech () = 0.
Due to this observation Corollary A.9 implies the following statement.
COROLLARY A.10. — A wvector
(A.16) yes™t (KGra(n, 1)°)Sn
is a cocycle in (A.1) if and only if the white vertex in each graph in the linear combi-

Sn
nation v has valency 1. Furthermore, a cocycle vy in s?"~! (KGra(n, 1)°) is trivial
if and only if v =0.

MEMOIRES DE LA SMF 168



APPENDIX B

THE COMPLEX OF “HEDGEHOGS”

This appendix is devoted to an auxiliary cochain complex which is assembled from
graphs I' € dgra,, ; satisfying the additional property: each white vertex of I' has
valency 1. Since such graphs look like hedgehogs we call this cochain complex the
complex of “hedgehogs”.

This cochain complex and especially Corollary B.5 (proved below) are used in
Sections 7 and 8.

We start by introducing the following graded vector space
(B.1) Hg= {fy € @sZm*Hk(KGra(m, k)")sm | v obeys Properties A.2, A.3}
m,k

and the families of cycles 7,, ; € Sy, and o i, Sk € Sk

(B.2) Tmyi = (4, i+ 1,...,m—1,m),
(B.3) Oki = (4,5 —1,---2,1),

and

(B.4) Gi=(1,2,...,0—1,9).

Next, we denote by 0 the following degree 1 operation on Hg

m-+1
B5) )=k Y (msrnid)(voro TF), 7€ s 2 (KGra(m, k)°)°".

i=1
Notice that, since the graph I'§" consists of a single black vertex and has no edges,

the insertion oy , of I'br replaces the white vertex with label 1 by a black vertex with
label m + 1 and shifts the labels on the remaining white vertices down by 1.

Using the fact that each linear combination v € Hg is anti-symmetric with respect
to permutations of labels on white vertices, it is not hard to deduce that

(B.6) 2% =0.
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Thus (Hg,?) is a cochain complex. We call this cochain complex the complex of
“hedgehogs”.
For our purposes, we need a degree —1 operation
(B.7) 0" : Hg — Hg,
which we will now define. Let v be a vector in s*™~2+*(KGra(m, k)")sm satisfying
Properties A.2, A.3. To compute 0*(vy) we follow these steps:
— First, we omit in ~y all graphs for which the black vertex with label 1 is not a
pike. We denote the resulting linear combination in s?™~2+*KGra(m, k)° by v'.
— Second, we replace the black vertex with label 1 in each graph of 4’ by a white
vertex and shift all labels on black vertices down by 1. We assign label 1 to this
additional white vertex and shift the labels of the remaining white vertices up
by 1. We denote the resulting linear combination in

s2m=D=2Hk K Gra(m — 1,k + 1)°

by 7"
— Finally, we set

z 1

+
(B:8) Z 0000,

Note that the linear combination v/ is invariant with respect to the action of the group
S(2,3,...,m}- Hence, the linear combination 9* () is Sy, _1-invariant. Furthermore, 0* ()
obviously satisfies Properties A.2 and A.3.

REMARK B.1. — Notice that
(B.9) 2*(7) = 0
if each graph in the linear combination v does not have pikes.

ExaAMPLE B.2. — Let us denote by I'y, the graph depicted in Figure B.1 and let
(B.10) v =Tk + (012,id) (T'x),

where o019 is the transposition in Ss.

1 2

1 2 k

Ficure B.1. Edges are ordered in this way (2,1:) < (2¢,10) < (2¢,20) <
< (2, ko)
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It is obvious that 7y is a vector in s’H‘Q(KGra(Q,k)”)S2 satisfying Properties A.2,
A.38.
Following the steps outlined above, we get

v =Ty and v = Fgﬂ_l,

where F}f is the family of “brooms” shown on Figure 5.1. Since FE:_I is already anti-
symmetric with respect to permutations of labels on white vertices,

* & (_1)i_1 : br br
"(y) = Z ﬁ(ld, ort1,6) (TR1) = Tl
=1

We need the following lemma.

LEmMMA B.3. — For every vector
v € 8?2tk (KGra(m, k)")sm
satisfying Properties A.2, A.3 we have
(B.11) 0 () +0°0(7) = ky+ Yy,
r>1

where v, is the linear combination in Hg, which is obtained from ~ by retaining the
graphs with exactly r pikes.

Proof. — Let us observe that the space
s~ 2tk (KGra(m, k)")sm
is spanned by vectors of the form
(B.12) > (=1ll(r,0)(T),
TESm, €S,

where I' is a graph in dgra,, , with all white vertices having valency 1.
Thus we may assume, without loss of generality, that
(B.13) = Y (~1)flne)(T)
TESm, 7ESk
for a graph I' € dgra,,, ;, with all white vertices having valency 1.
Using the cycles ¢ ; (B.4) we rewrite (B.13) as follows:

k
(B.14) v=> > (=)0 <Z(—1)“(id,<k,i)(1“)) ;
TESm 0'€S(a,3, .k} i=1

where Sys 3 . x} denotes the permutation group of the set {2,3,...,k}.
Next, using (B.14) together with the obvious identity

((id, 65,4)(T)) 01,0 T8 =T 0; , T¢F
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we deduce that

m+1 k
() =k Y (Tms1,,id) > (=1l (Z(—l)i‘lf %0 F8r>
Jj=1 TESm,0'€Sk_1 i=1

k
(B.15) =k > (-1)\'l(r,0") (Z(-l)ilr Oi0 rgr) :

TESm+41,0'€SK_1 i=1

Let us, first, consider the case when the graph I" does not have pikes. In this case,
due to Remark B.1, we have

2 (7) = 0.

Furthermore, using (B.15), we get
(B.16)

k k
)= ()Mo [ Do Y (D)) (Z(—l)“(id, ck,i)(F)) )
J=1 TESm 0'€S(2,3,... .k} i=1

where Stz 3.k} denotes the permutation group of the set {2,3,...,k}, and ¢ ; is the
family of cycles defined in (B.4).

According to (B.14),

k
(B.17) > > (e (Z(—l)"—l(id,ck,»(r)):

TESm T 65{23 ,,,,, k}

Moreover, since < is antisymmetric with respect to permutations of labels on white

vertices,
(id, ox,5)(7) = (=1) 1.
Hence
k
(B.18) D (=17 id, on5) () = k.

j=1
Therefore, combining (B.16) with (B.17) and (B.18), we get
(B.19) 0*0(y) = k.

Thus, if each graph in a linear combination v does not have pikes, then Equa-
tion (B.11) holds.

Let us now turn to the case when I' has exactly r > 1 pikes.

Without loss of generality, we may assume that the pikes of I" are labeled
by 1,2,...,r
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Let us recall that the vector 4’ is obtained from ~ by discarding all graphs for
which the black vertex with label 1 is not a pike. In our case, the vector 7' can be
written as follows:

(B.20) Y= Y (=1Fl0) (Z(%,pvid)(l“)) ;
m}

o€Sk 7'€St2,3 p=1

where S¢s 3. m) denotes the permutation group of the set {2,3,...,m}, and ¢, , is
the family of cycles in S, defined in (B.4).

Using (B.20) we get

k+1 (_1)i—1
(B.21) D*(’y)zz o (d ok a) (7)

with

(B.22) = Z Z Dl o) (ZR (Sm,p»1d)( )))

0€82,3,... kt1} T'E€ESm—1

,,,,,

where Sz 3 . k413 is the group of permutations of the set {2,3,...,k+ 1} and R, is
the operation which replaces the pike with label 1 by a white vertex with label 1, shifts
labels on the remaining white vertices up by 1 and shifts labels on black vertices down
by 1.

For the vector 00*(y) we get

(B.23) aa*(y)ZZ(TmJ,id) o> (el )(Z(cm,p,id)(r)>

o€SL T'ESm—1 p=1
m k+1
+ Z 7'm NE ld <Z(_l)l_1 ((1d7 Uk+1,i)(7”)) O1,0 F8r> )
j=1 =2

where the first sum comes from the first term in the sum (B.21) and the second sum
comes from the remaining terms in (B.21).

The first sum in (B.23) can be simplified as follows.

Sonsit)| T8 00 (Sonpia)

o€SKL T'ESm_1 p=1
=Y Y (~yFlr (Z(gm,p, id)(I‘))
0ESE TESm p=1
=r Z Z Dlel(r, o) () = ry.
oc€SE TESH
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In other words,

(B24) D (rmgid) [ Y > (-1, 0) (Z(gm,p,id)(r)> =ry.
j=1

0€8), T'ESm—_1 p=1
To simplify the second sum in (B.23) we notice that the subsets of S
{oky100 |0 € Spa3,.. k1, 258 < k+1}
and
{ooyrilo€Sps, w1y, 2<5i<k+1}
coincide.
Hence,
(B.25)

k+1 (_1)7;,1

> ok ) ()

=2

r k+1
“ir1 22 e (ZZ( 1) (id <k+u)Ro(<<m,p,id>(r>)>.

UES{2’3 k+1}T€Sm 1 p=11i=2

Next, we introduce operations {Cg;}l <p<ri<i<k whose input is our graph I' and
whose outputs are graphs in dgra,, , with the same properties, i.e., each white vertex
of Cg;(f‘) has valency 1 and Cg;(f‘) has exactly r pikes. This operation is illustrated

in Figure B.2. More precisely, Cg;(F) is obtained from I' via these steps:

1 p—1 p p+1 r 1 p—1 1 p r—1

Ficure B.2. The operation I' — Cg; (T"). Gray regions denote subgraphs
formed by black vertices which are not pikes

— first, we replace the black vertex with label p by a white vertex and replace the
white vertex with label ¢ by a black vertex;

— second, we shift the labels on the black vertices which are > p down by 1;

— third, we shift the labels on the white vertices which are < 7 up by 1;

— finally, we assign label 1 to the new white vertex and we assign label m to the
new black vertex.
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Using Equation (B.25) and the graphs Cg;(f‘) we present the second sum in (B.23)
in the following way.

k+1

Z (Tm,j,id) (Z(—l)i_l((ida ort1,:)(7")) 01,0 F8r>

=2

S T ¥ 07 (S 30 (o m))

T7'€ESy—1 0ESK p=1 =2

=—Z S Y ()l e (prukl 1)~ 1(Cgp )))

j=17'€Sm_10ESk

-2 2 '”'TU(ZZ 1)'Cgy (1))

T€S,, €S p=1i=1

(B.26)

Combining this observation with Equation (B.24), we conclude that

r k

(B.27) W) =ry— Y, Y, (-7 (ZZ )"~ Cey ( ))

TES, 0€SK p=1i=1
To unfold 2*0(v), we denote by w the vector 2(y) (B.15). By discarding in w all
graphs for which black vertex with label 1 is not a pike we get the expression

(B.28)

k
W =k 3 PR EE ) LAICA (Z(_l)i—l(fmﬂ,l,id)(r %40 F(‘;r)>

TE€S(2,3,...,m+1} 0'ESk—1 i=1

k
+k > > (-pl (Z D> (1) Gt id) (T 010 rbr)> .

m+1} 0/ E€ESk—1 p=1i=1

Next, replacing the black vertices with label 1 in each graph in w’ by a white vertex
with label 1 and shifting the labels of the remaining vertices correspondingly, we get

k

B29) kY Y () (z<—1>i—1<id,<k,z-><r>)

TESH o 63{2 3., &} i=

-~
S
ko
—~
—_
~
.
L
Q
'g]
e,
—~
—
~—
N——

+k > > (—1)IG’I(T,0’)<

TES, O 65{23 _____ &}

Thus

k
(B.30) Z
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k
Z Z ‘ ‘ (1,0) (Z(_l)i_l(id’§k7i)(r)>

TES,, 0ESE =1
I k
Y T e (L0 0)
TES,, 0ESE p=1i=1
T k
~ire 3 fen (30 -ogm)
TES,, 0d€ESK p=1 i=1

Combining (B.27) with (B.30) we immediately deduce Equation (B.11).
Lemma B.3 is proved. U

REMARK B.4. — The cochain complex Hg (B.1) with the differential 0 (B.5) is very
similar to Koszul complez for the exterior algebra. However, the author could not find
an elegant way to reduce Hg to this well known complex.

We have the following corollary.

COROLLARY B.5. — Let v be a vector in
gim— 2tk (KGra(m,k)“)Sm
satisfying Properties A.2, A.8. If k > 1 and ~y is 0-closed then there exists
5 e g2(m—1)—2+k+1 (KGra(m — k4 1)0)Sm—1’
which satisfies Properties A.2, A.3 and such that
(B.31) 7 =0(7).
Proof. — Since v is d-closed, Equation (B.11) implies that

(B.32) 0 () =ky+ Y,
r>1
where 7, is the linear combination in Hg, which is obtained from v by retaining the

graphs with exactly r pikes.

Since each graph in the image of 0 has at least one pike, Equation (B.32) implies
that each graph in the linear combination v has at least one pike. Hence,

(B33> Y= Z’Y'r’

r>1
and (B.32) can be rewritten as
(B.34) 0 () => (k+r)w
r>1
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Thus, setting

(B.35) F=Y o ()

we get the desired identity
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APPENDIX C

MAURER-CARTAN (MC) ELEMENTS
OF FILTERED LIE ALGEBRAS

Let Z be a Lie algebra in the category Chg of unbounded cochain complexes
of K-vector spaces. Let us assume that Z is equipped with a descending filtration

(C.1) DI 4LD FoLD F1LD FyLD F3L D,

which is compatible with the Lie bracket, and such that Z is complete and cocomplete
with respect to this filtration, i.e.,

(C.2) Zzlilgnﬁ/o?kii
and
(C.3) 2=JFZ

k

We call such Lie algebras filtered.

Condition (C.2) guarantees that the subalgebra of, 7° of degree zero elements
in ¢, Z is a pro-nilpotent Lie algebra (in the category of K-vector spaces). Hence,
of 1 7° can be exponentiated to a pro-unipotent group which we denote by

(C.4) exp(F, Z°).

We recall that a Maurer-Cartan (MC) element of Z is a degree 1 vector a € &
satisfying the equation

(C.5) Oa + %[a, a] =0,

where O denotes the differential on Z.
For a vector £ € ¢f, 7° and a MC element a we consider the new degree 1 vector

& € 7, which is given by the formula

exp(adg) — 1

(C.6) a =exp(adeg) o — ade

9,
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where the expressions

exp(adg) — 1
exp(ad and _—
xp(ade) ade
are defined in the obvious way using the Taylor expansions of the functions
r -1
e’ and €
x

around the point x = 0, respectively.

Condition (C.2) guarantees that the right hand side of Equation (C.6) makes sense.

It is known (see, e.g., [6, Appendix B| or [21]) that, for every MC element « and
for every degree zero vector £ € ¢F; <, the vector & in (C.6) is also a MC element.
Furthermore, Formula (C.6) defines an action of the group (C.4) on the set of MC
elements of Z.

The transformation groupoid corresponding to this action is called the Deligne
groupoid of the Lie algebra <. This groupoid and its higher versions were studied
extensively in [3, 4, 5,12, 17] and [18, 22, 41].

ExAMPLE C.1. — Let C (resp. 0O) be a E-colored pseudo-cooperad (resp. E-colored
pseudo-operad) in Chg. The convolution Lie algebra Conv((C, O) described in Sec-
tion 2.8 gives us an example of a filtered Lie algebra. Thus it makes sense to talk
about the Deligne groupoid of Conv(C, 0).

C.1. Differential equations on the Lie algebra Z ® K[t]

Given a filtered dg Lie algebra Z, we introduce the new dg Lie algebra ()
(C.7) ZOK[t],

where Z is considered with the topology coming from the filtration and K[¢] is con-
sidered with the discrete topology.
It is clear that Z ® K[t] consists of vectors

(C.8) v= ivk th e Z[[t]]
k=0

satisfying the condition

ConNDITION C.2. — For every integer m, the image of v in

(C.9) (Z/ FmD)IH]
is a polynomial in t. In other words, for every integer m there exists k,, such that
Vg € F u T for all k > k.

1. t is an auxiliary degree zero variable.
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Let us also observe that £ ® K[t] comes with the obvious descending filtration:
(C.10) I m(LOK[L]) := (F ) O K[t],

the subspace Z®K][t] C Z][[t]] is closed with respect to the (formal) derivative d/dt
and

d/dt((F,n D) O K[t]) C (F . Z) QK1)

Condition C.2 and completeness of Z with respect to the filtration ¢#, imply that
the assignment

(C.11) vl

defines a Lie algebra homomorphism from Z & K[t] to Z. Furthermore, this homo-
morphism is compatible with the filtrations on Z & K[t] and Z.

Next, we claim that

Cram C.3. — The dg Lie algebra T & K[t] is complete and cocomplete with respect
to the filtration (C.10).

Proof. — The cocompleteness follows readily from Property (C.3) and Condition C.2.

To prove the completeness, we need to show that for every infinite sequence of

vectors

(C.12) v =30t e (F, D) OK]E, 21
k>0

satisfying the condition

(C.13) mi<mg<mz<---, Tlinolomrzoo

the sum

(C.14) > o

r>1
belongs to the subalgebra Z & K]t].

The sum (C.14) can be rewritten as follows:

(C.15) Z v = Z wyt®,

r>1 k>0
where
(C.16) wg = Zv,(:)
r=1

Let us choose an integer m. Condition (C.13) implies that there exist ' such that

m, >m Yr > '
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Hence
(C.17) S e It
for all k.

On the other hand, v(") € Z&K][t] for every r. So for every r > 1 there exists k7,
such that
e Fnl kK.
Therefore, setting ky, = max{k.  k2,,... k7 ~'}, we get the inclusion

r'—1

S eFnl k> ke
r=1
Combining this inclusion with (C.17), we conclude that
(C.18) Yol e Fnl Yk kn.
r=1

Claim C.3 is proved. O
We will need the following proposition

ProPOSITION C.4. — For every degree 1 vector a € T and n(t) € of, 2° & K[t] the
equation

(©19) & alt) = ~on(t) + In(0), (1)

with initial condition

(C.20) a(t)|t:0 =a

has a unique solution in L& K[t]. In addition, if o satisfies the MC equation
Oa + %[a,a] =0,

then so does a(t).

Proof. — Let us set up the following iterative procedure in r > 0
o) =a

and
NCTR U . ' o) .
(C.21) (t) /0 d(tr) dt + /O (t), o= (t1)] dt

Since the differences o™tV () — (") (t) and (") (t) — a7~V (t) satisfy the equation

o (1) — (1) = /t [n(ty), e (1) — "~V (¢1)] dty
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and n(t) € &, Z°®K][t], this iterative procedure converges to a vector a(t) €
Z & K[t]. Moreover, a(t) satisfies the integral equation

(C.22) o) =a~ [ onw)dn+ [ e ate)]dn

and hence differential Equation (C.19) with initial condition (C.20).

To prove the uniqueness, let us assume that @(t) is another solution of (C.19) with
the initial condition (C.20). Then the difference:

P(t) = a(t) — aft)

satisfies the differential equation

d
(C.23) %) = [n(®), v(?)]
with the initial condition
(C.24) 1/)(7£)|t:0 =0.

Using (C.23) and (C.24) we conclude that
t
(©.25) v() = [ (o), vl dos.
0
Hence the inclusion n(t) € , Z° ® K[t] implies that
v(t) €| Fn ZOK[].

Therefore, by Claim C.3, ¥(t) = 0 and a(t) = a(t).
The first statement of Proposition C.4 is proved.

To prove the second statement, we consider the following element
1 R
(C.26) (t) = da(t) + Slolt), o(t)] € 2? & K[t].

Taking the derivative d/dt and using (C.19), we get

d 1 1
2 (0a(t) + 5la(t), o)) = [n(t), da(t) + 5la(t), a)]).
In other words, the element U(t) satisfies the differential equation
d
(C.27) 5 (@) =[n(), ¥ (1)].
Since a satisfies the MC equation, we conclude that
(C.28) \Il(t)|t=0 =0.
Using (C.27) and (C.28), we deduce that
¢
(c.29) W) = [ In(en), v e
0
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Equation (C.29) implies that
U(t) € () Fm ZOK.

and hence ¥(¢t) = 0.
Proposition C.4 is proved. O

Proposition C.4 implies that using an element n(t) € ¢, £0®K[t] and a MC
element a € Z we can produce another MC element o’ by solving equation (C.19)
with initial condition (C.20) and setting

o =aflt)],_,

Theorem C.6 below states that the MC elements a and o are isomorphic.

To prove this statement we need the following technical lemma.

LeEMMA C.5. — If a is a MC element of Z, n(t) € F,2Z°&Kt], and a(t) is the
unique solution of (C.19) with initial condition (C.20), then for every k € of 4 Z° and
every nonnegative integer k, the element

e+l exp (%adn) -1

(C.30) B(t) = exp (k n 1ad,Q) a(t) — o 0k
satisfies the differential equation

d . -
(C.31) 8@ =17, 5(t)] - a1,
where

tk+1

(C.32) 7i(t) = t*k + exp (k - 1ad,{> n(t).

Proof. — First, we remark that, the infinite series in (C.30) and (C.32) belong
to Z®K[t] due to Claim C.3.

d
Second, we compute the derivative ﬁﬁ(t) using (C.19)

(C.33)

d tk+1 k tk+1 d i tk+1

aﬁ(t) = exXp <k;_*—]-ad,i> [t H,O[(t)] + exp (k_l_ladﬁ> Ea(t) —t exp <k—‘_13¢dn> Ok
k+1

— exp <li_+11ad,i> [t 5, (1)) + exp (lz_i_lad,i> (1), a(t)]

tk"rl tk+1
— exp (k T 1a,d,.;> on(t) — exp <k n 1ad,§> A(t*k).

Using the notation
tk+1
U, :=exp (k n 1adn>
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d
and the obvious identity [k, k] = 0, we rewrite the derivative —3(¢) as follows:

dt
(C.34) %ﬁ(t) = [t*k + Un(n(1)), Us(a(?))] = Ux(n(2)) — Ux(8(t"x)).
On the other hand,
8(0) = Unla(t) - “£ on.
Hence
(C.35)

U.-1
ad,

A0) = [P+ U a(0), B0 + |6+ U, 2 0] - U(00(0) - U016

= [t*k + U (n(t)), B(t)] — O(t* k) — UL (dn(t)) — [U;d_ -

0, Us(1(0)].

K

Thus, to prove Lemma C.5, we need to verify that

(C.36) (00U, U 00) (n0) = | =L 0w, U@
Clearly, it suffices to check that
(C.37) (00U, —U,00) (v) = [U;d_l Ok, Uﬂ(v)]

for every vector v € Z.
Let us denote by Uy(¢) (resp. ¥a(t)) the left (resp. right) hand side of (C.37). It is
easy to see that

(C.38) U1 (0) = U5(0) = 0.

A direct computation shows that both ¥y (t) and Us(t) satisfy the same differential
equation:
d
dt
Therefore, the difference ¥o(t) — U (¢t) satisfies the integral equation

(C.39) () = [t*w, U, (t)] + [tFOk, Uk (v)].

(040) \Ifg(t) - \Ifl(t) = /Ot tllc[li, \IIQ(tl) — \I/l(tl)]dtl.

. 0
Since k € ¢, <", we have

Uo(t) = U1 (t) € () F o LEK]].
Thus P4(t) — ¥1(¢t) = 0 and Lemma C.5 is proved. O

Let us now prove a statement which is used in Section 6.2.
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THEOREM C.6. — Let g be a Lie subalgebra of %0, n be an integer > 2, and
(C.41) nt)=> mtt, € Fp0
E>0

be a vector in F 9@ K[t]. If a is a MC element of T and a(t) is the unique solution
of (C.19) with initial condition (C.20), then there exists a vector £ € F,¢° such that

_exp(adg) —1

(C.42) exp(ade) e 06 = a(t)|,_,-
Moreover if

(C.43) n(t) —no € o ,0[t]]

then there exists £ € f,8° such that (C.42) holds and

(C.44) £—n0 € F 8

Proof. — The statement of this theorem is very similar to [6, Proposition B.7]|. Unfor-
tunately, Theorem C.6 is not a corollary of [6, Proposition B.7]. So we give a separate
proof.

Let us construct recursively the following sequence of vectors in ¢, g ® K][t]:

(C.45) n®(t) = n ek 4 k) tE B

(C.46) 1O (t) = n(t),

(C.47) () == exp —tkiad o ) n® () — tkp®
' ' k12 ) e

By Lemma C.5, we get the sequence of MC elements in Z &® K[t]
(C.48) 2O (t) == a(t)
exp (_%adnik)) -1

ad
e

tk+1 %
o,

(k1) (4 .— _
(C49) « (t): exp( PR

ad (k)) Ol(k)(t) -

where a(F)(t) is the unique solution of the differential equation
d

(C.50) 700 =M @),a® )] - on®(t)
with the initial condition

(k) _
(C.51) o (t)|t:0 =a.

Let us prove that the sequence of vectors

k
{77;(c )}kZO

satisfies the property
k
) € I8
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with

(C.52) ngp<ni<ng<ng<--- and lggo ng = 00.

Without loss of generality, we may assume that the sequence of number {my}x>0
in (C.41) is increasing

mo <my <mg <mg < ---

and mg = 1.

Hence the property

ng<ng <ng<ng<---

follows immediately from the construction.

It remains to prove that for every m there exists k,, such that
(C.53) n®t)e F, K[t  VEk> k.

Since n(t) € f 18 ®K][t], there exists ry such that

n,(co)znke F m8 vk > ry.

In “the worst case scenario,” mj =1 for all k < r;.
So after r; + 1 steps (C.47) we get

(1) € F e OK[H.

Since n("1t1(t) € F,9 ®K[t] there exists 7y such that all coefficients, except for
the first 7o ones belong to ¢ 59.

Hence, after additional ro steps (C.47) we get
(C.54) (1) € F g O K.

Therefore, in finitely many steps (C.47), we will arrive at

n*(t) € 8 OKI1].

On the other hand, if n(¥)(t) belongs to #,,9 & K[t] then so does n**1)(¢). Thus,
the desired inclusion (C.53) is proved.

Property (C.52) implies that the sequence of vectors

k 2 1 0

(cs5)  CH(—n/(k+1), - CH(=n{/3, CH(=n{" /2, "))

converges in ¢¥;g and we denote the limiting vector by £... In addition, the sequence
of vectors {n®)(¢)}r>0 converges to zero and hence the sequence of vectors

(C.56) {a®(#)}k20

converges to the constant path a.
Therefore

(C.57) exp(£so) (a(t)|t:1) -«
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Hence, setting
E = _foov
we prove the first part of Theorem C.6.
According to (C.43), nx € of ,8 for all kK > 1 in (C.41). Therefore, the sequence of
vectors (C.45) satisfies
nM(t) € t* F ,gllt]

for all £ > 1.
Hence
foo +10 € F 8
and the desired inclusion in (C.44) follows. O
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We consider Ly,-quasi-isomorphisms for Hochschild cochains whose structure
maps admit “graphical expansion”. We introduce the notion of stable formality
quasi-isomorphism which formalizes such an L,-quasi-isomorphism. We define
a homotopy equivalence on the set of stable formality quasi-isomorphisms and
prove that the set of homotopy classes of stable formality quasi-isomorphisms
form a torsor for the group corresponding to the zeroth cohomology of the
full (directed) graph complex. This result may be interpreted as a complete
description of homotopy classes of formality quasi-isomorphisms for Hochschild
cochains in the “stable setting”.

Nous considérons des Las-quasi-isomorphismes pour les cochaines de Hoch-
schild dont les applications structurelles admettent une « expansion gra-
phique ». Nous introduisons la notion de quasi-isomorphisme stable de forma-
lité qui formalise les Lo -quasi-isomorphismes de ce genre. Nous définissons
une équivalence homotopique sur l’ensemble des quasi-isomorphismes stables
de formalité. Nous prouvons que ’ensemble des classes homotopiques de quasi-
isomorphismes stables de formalité est un torseur pour le groupe correspondant
a la cohomologie de degré zéro du graphe-complexe complet (direct). Ce résultat
peut-étre interprété comme une description compléte des classes homotopiques
de quasi-isomorphismes de formalité pour les cochaines de Hochschild dans le
« cadre stable ».
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