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ON THE PRO-p IWAHORI HECKE EXT-ALGEBRA OF SL,(Q,)

Rachel Ollivier, Peter Schneider

Abstract. — Let G = SLy(F) where § is a finite extension of Q,. We suppose that the
pro-p Iwahori subgroup I of G is a Poincaré group of dimension d. Let k be a field
containing the residue field of §.

In this volume, we study the graded Ext-algebra E* = Exty,q(q)(k[G/1], k[G/I]).
Its degree zero piece EV is the usual pro-p Iwahori-Hecke k-algebra H.

We study E¢ as an H-bimodule and deduce that for an irreducible admissible
smooth k-representation V of G, we have H d(I ,V) = 0 unless V is the trivial repre-
sentation.

When § = Q, with p > 5, we have d = 3. In that case we describe E* as an
H-bimodule and give the structure as an algebra of the centralizer in E* of the center
of H. We deduce results on the values of the functor H*(I,_) which attaches to a
(finite length) smooth k-representation V' of G its cohomology with respect to I. We
prove that H*(I,V) is always finite dimensional. Furthermore, if V' is irreducible,
then V' is supersingular if and only if H*(I,V) is a supersingular H-module.

Résumé (Sur la Ext-algebre de Hecke du pro-p Iwahori de SL»(Q,))

Soit G = SLa(F) ou §F est une extension finite Q,. On suppose que le sous-groupe
d’Iwahori I de G est un groupe de Poincaré de dimension d. Soit k£ un corps contenant
le corps résiduel de §.

Dans ce texte, nous étudions la Ext-algébre graduée E* = Exty,q(q) (k[G/I], k[G/I]).
Sa composante de degré zero est la k-algébre de Hecke du pro-p Iwahori H.

Nous étudions le H-bimodule E¢ et déduisons que, étant donnée une k-représen-
tation irréductible admissible lisse V de G, on a H%(I,V) = 0 & moins que V ne soit
la représentation triviale.

Lorsque § = Q, avec p > 5, on a d = 3. Dans ce cas, nous décrivons le H-bimo-
dule E* et la structure d’algébre du centralisateur dans E* du centre de H. Nous
en déduisons des résultats quant aux valeurs du foncteur qui attache a une k-repré-
sentation lisse (de longueur finie) V' de G l'espace de I-cohomologie H*(I, V). Nous
montrons que H*(I,V) est toujours de dimension finie. De plus, si V est irréductible,
alors V est supersinguliére si et seulement si H*(I, V') est un module supersingulier.

(© Mémoires de la Société Mathématique de France 175, SMF 2022






CONTENTS

1. Introduction .. ... e 1
2. Notations, preliminaries and results on the top cohomology .................... 5
2.1. The pro-p-Iwahori Hecke algebra ......... ... ... ... i oL 5
2.2. The Ext-algebra ..... ... i 6
2.3. The top cohomology E¢ when G is almost simple simply connected .... 11
2.4. The pro-p-Iwahori Hecke algebra of SLo ....... ... ...l 14
2.5. On some values of the functor H%(I,_ ) when G =SLy ................. 21
3. Formulas for the left action of H on E' when G = SL2(Q,), p # 2,3 .......... 25
3.1. Conjugation By T . ...vnutnnti i 25
3.2. Elements of E' as triples .........coouueiiiiiieii e 26
3.3. Image of a triple under the anti-involution J ............. ... ... ... 30
34. Action of 7, on EY for w € Q0 oo iii i 31
3.5. Action of the idempotents €y .........c.coiiiiiiiiiiiiii i 32
3.6. Action of H on E' when G = SLa(Qp), P# 2,3 «ovvvviiiiiiiiiiiinnn.. 33
3.7. Sub-H-bimodules of E1 ... ... ... . i 36
4. Formulas for the left action of H on E2~! when G = SLy(Q,),p # 2,3 ........ 49
4.1. Elements of E971 as tTiples .. ......oeirueiiie et 49
4.2. Left action of 7, on E4 L for w € Q ..ot 51
4.3. Left action of H on E? when G = SLa(Qp), P # 2,3 «oevviiiiiiiieaannn.. 52
5. k[¢]-torsion in E* when G = SLo(Q,), p# 2,3 oo 55
6. Structure of E' and E? when G = SL2(Qp), p # 2,3 «ovviiiiiiiiiiiinnn. 59
6.1. Preliminaries ...........oouuiuiini i e 59
6.2. Structure of Bl ... .. i 60
6.3. Structure of E2 ... .. 65

7. On the left H-module H*(I,V) when G = SL2(Q,) with p # 2,3 and V is of
finite length ... ... .. 75
8. The commutator in E* of the center of # when G = SL2(Q,),p #2,3 ......... 81
8.1. The product (Cg1(Z),Cr1(Z)) = Cr2(Z) «ovvviiiiii i 82
8.2. The products (Cgi(Z),Cgs-i(Z)) = Cgs(Z) fori=1,2 ................. 85

SOCIETE MATHEMATIQUE DE FRANCE 2022



vi CONTENTS

9. APPENdiX . ... 89
9.1. Proof of Proposition 2.1 ...... ... i 89
9.2. Computation of some transfer maps ............cooiiiiiiiiiiiiennn... 91
9.3. Proof of Proposition 3.9 ... ... 93
9.4. Proof of Proposition 4.5 . ... 95
References ......ouiii e 96

Bibliography . ........... o 97

MEMOIRES DE LA SMF 175



CHAPTER 1

INTRODUCTION

Let § be a locally compact nonarchimedean field with residue characteristic p, and
let G be the group of §-rational points of a connected reductive group G over §. We
suppose that G is §-split.

Let k be a field of characteristic p and let Mod(G) denote the category of all
smooth representations of G in k-vector spaces. For a general G and § this category
is still poorly understood. One way of approaching it consists in considering the Hecke
algebra H of the pro-p Iwahori subgroup I C G. In this case the natural left exact
functor

h: Mod(G) — Mod(H)
Vi— V= Homy(X, V)
sends a nonzero representation onto a nonzero module. Its left adjoint is
t: Mod(H) — Mod!(G) € Mod(Q)
M+— X®y M.

Here X denotes the space of k-valued functions with compact support on G/I with
the natural left action of G. The functor t has values in the category Mod’(G) of
all smooth k-representations of G generated by their I-fixed vectors. This category,
which a priori has no reason to be an abelian subcategory of Mod(G), contains all
irreducible representations. But in general t is not an equivalences of categories and
little is known about Mod’(G) and Mod(G) unless G = GL3(Q,) or G = SLy(Q,)
(l6], [11], [13], [16]).

The functor b, although left exact, is not right exact since p divides the pro-order
of I. It is therefore natural to consider the derived functor. In [17] the following result
is shown: When § is a finite extension of Q, and I is a torsion free pro-p group, there
exists a derived version of the functors h and t providing an equivalence between
the derived category D(G) of smooth representations of G in k-vector spaces and the
derived category of differential graded modules over a certain differential graded pro-p
Iwahori-Hecke algebra H*®.
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2 CHAPTER 1. INTRODUCTION

The article [14] opened up the study of the Hecke differential graded algebra H*®
by giving the first results on its cohomology algebra E* := ExtK/Iod(G)(X, X). This is
the pro-p Iwahori Hecke Ext-algebra we refer to in the title of the current article. We
suppose in this introduction that I is a torsion free p-adic Lie group which forces § to
be a finite extension of Q,. We denote by d the dimension of I as a Poincaré group.
The Ext algebra E* is supported in degrees 0 to d.

When G is almost simple and simply connected, the ideal JH which controls the
supersingularity (see §2.1) has finite codimension in H. We show that we have an
isomorphism of H-bimodules
(1) EXt(If/Iod(G) (X7 X) = Xtriv @ InJ((H/3H)V)7
where Xty is the trivial character of H and Inj((H/JH)V) is an injective envelope of
the dual module (H/JH)Y. When G = SL,, the center of H contains a polynomial
algebra k[(] and JH = (H. The large injective module inside of Extﬁ/[od(G) (X,X) is
&-divisible for any £ € H which is a non-zero-divisor. This, together with the decom-
position (1), allows us to prove (Cor. 2.19) that given @) a nonzero polynomial in k[X],
we have H%(I,X/XQ(¢)) = 0 unless Q(1) = 0 in which case H%(I,X/XQ(¢)) & Xtriv-
But we remark that every irreducible admissible representation of SLy(F) is a quo-
tient X/XQ(¢) for some @ as above and we prove:

PROPOSITION (Proposition 2.20). — We have HY(I,V) = 0 for any irreducible ad-
missible representation of SLa(F) except when V is the trivial representation in which
case HY(I, kiriv) = Xiriv as an H-bimodule.

In Sections 3 and 4, we move on to the study of E' and E%~! respectively. Here we
fully use the Frobenius reciprocity recalled in §2.2 which allows to identify E* with
H'(I,X). We decompose the latter, via the Shapiro isomorphism, as a direct sum

D H (1., k)

wew
where w ranges over W (defined at the beginning of Section 2, see also §2.4.1) and
I, = INwlw™!. We explain in §3.2 that we see elements of H'(I,,, k) as triples. This
is valid for G = SLy(F) with no restriction on § and stems from the computation
of the Frattini quotient of I,,. When [ is a Poincaré group of dimension d, we use
the duality between E' and E9~! (§14) to also express elements of H?!(I,,k) as
triples in §4.1. When G = SL2(Q,), p > 5, Remark §3.2 points out that the triples
of H'(I,, k) are simply the elements in

Hom(Z,/pZy, k) x Hom((1 + pZp) /(1 + p*Z,), k) x Hom(Z,/pZy, k)
hence by duality the triples of H?(I,,, k) are the elements in
Zp/PLp @5, k x ((1+pZp)/(1 +p°Zy)) ®F, k X Lp/pZy QF, k-

In this context, the full left action of H on the triples of E' and of E? can be found in
§3.6 and §4.3 (the proof of the most technical formulas is postponed to the appendix).

MEMOIRES DE LA SMF 175



CHAPTER 1. INTRODUCTION 3

The right action of H on the triples can be deduced using the anti-involution J of E*
(see §2.2.3 and Lemmas 3.7 and 4.1). We are especially interested in the left and right
action of the central element ¢ € H (which is fixed by J).

In Section 5 we study the k[¢]-torsion on the left in certain graded pieces of E* when
G = SLy(F), with various restrictive conditions on § depending on the graded piece
in question. Only for the computation of the k[¢]-torsion in E? do we use the explicit
formulas for the action of ¢ hence we have to restrict ourselves to G = SL2(Q,), p > 5.

Contemplating the formulas for the action of ¢ on E' and E? (still when
G = SL3(Qyp), p > 5) emphasizes the role of the operators

as introduced in §6.1. The kernel of f is a k[¢*']-bimodule. Describing its structure
as an H-bimodule requires the technical Paragraph 3.7.3.2 (then see Propositions 6.8,
6.19 and Lemma 6.2). On the other hand, as the centralizer in E* of ¢, the kernel
of ¢ is naturally a subalgebra of E*. We describe this kernel precisely in §6.2.1 and
§6.3.1 (and Lemma 6.2) and conclude in Proposition 8.1 that it actually coincides
with the centralizer Cg~(Z) of the whole center Z := Z(H) of H in E*. The product
in this natural subalgebra of E* is explicitly given in Section 8. (Note that the center
of H is no longer central in E*).

Proposition 6.13 says that E? is, as an H-bimodule, isomorphic to the direct sum
of the kernels of the operators f and g (restricted to E?) and Proposition 6.10 says
that it is also (essentially) the case for E'. This allows us to completely determine
the structure of E* as a left and right k[(]-module (Proposition 7.2) and to establish
results such as Proposition 7.6 where we study the k[(]-torsion on the left in spaces
of the form H*(I,X/XQ((¢)) for Q € k[X]. This in particular leads to the following
theorem:

THEOREM (Theorem 7.11). — Let G = SL2(Q,) with p # 2, 3. For any representation
of finite length in Mod(G) we have:

i. The k-vector space H*(I1,V) is finite dimensional;

ii. if V is generated by its subspace of I-fized vectors VI and Q(¢)V! = 0 for some
nonzero polynomial Q € k[X], then the left H-module H*(I,V') is P({)-torsion
for the polynomial P(X) := Q(X)Q(%)X (@,

The most interesting consequence of this theorem is that, under the same hypothe-
ses, an irreducible representation V' in Mod(G) is supersingular if and only if the left
H-module H*(I,V) is supersingular (this is Corollary 7.12 which uses the theorem in
the case when @ = X). This strongly indicates that the notion of supersingularity for
general G can be extended to objects in the derived category D(G) by introducing a
theory of supports via the dg algebra H*®. We hope to return to this in another paper.

In [13] §3.5 we studied the representation theoretic meaning of the localization H
of the Hecke algebra in the central element (. Despite the fact that ¢ is no longer
central in E* it turns out (Remark 7.7) that ¢™N° is a left and right Ore set in E*, so

SOCIETE MATHEMATIQUE DE FRANCE 2022



4 CHAPTER 1. INTRODUCTION

that the localization E does exist. We will show elsewhere that E7 again is a Yoneda
Ext-algebra and will investigate its meaning for the nonsupersingular SLy(Q))-repre-
sentations.

After this paper was finished E. Bodon (|2]) gave in his thesis, building very much
on the computational methods developed in the present paper, two further structural
results in the case G = SLy(Q,) with p # 2, 3. He describes explicitly the full graded
center of E*. Even more remarkably he shows that the algebra E* as an algebra
over H is finitely presented.

In forthcoming work of the second author with K. Ardakov we develop a general
theory of central spaces for a certain class of Grothendieck categories which refines the
notion of the center of an abelian category. It was shown in [1] that the usual center
of the category Mod(G) is very small. For example, if G = SLo then this center is the
group ring k[Z(G)] of the center of G. In contrast the central space in this case with
§ = Q, is a projective variety over k which is a quotient of the affine variety Spec(Z)
by a relation which is given by the annihilator ideal of the Z ®j; Z-bimodule E*. The
results of the present paper allow to compute this ideal and therefore this projective
variety explicitly. Therefore we strongly believe that this bimodule and its support
variety play a basic role for the computation of the central space of Mod(G) for general
groups G.

This collaboration was partially funded by the NSERC Discovery Grant of the first
author and by the Deutsche Forschungsgemeinschaft (DFG, German Research Foun-
dation) under Germany’s Excellence Strategy EXC 2044 390685587, Mathematics
Miinster: DynamicsGeometryStructure. Both authors also acknowledge the support
of PIMS at UBC Vancouver.
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CHAPTER 2

NOTATIONS, PRELIMINARIES AND RESULTS
ON THE TOP COHOMOLOGY

Throughout the paper we fix a locally compact nonarchimedean field § (for now
of any characteristic) with ring of integers O, its maximal ideal 9%, and a prime
element 7. The residue field O/7O of § is F, for some power ¢ = p/ of the residue
characteristic p. We choose the valuation valz on § normalized by valg(m) = 1 We let
G := G(ZF) be the group of F-rational points of a connected reductive group G over §
which we always assume to be §-split. We will very soon specialize to the case when
G is almost simple and simply connected (starting Section 2.3) and in fact the core
of this article (starting Section 3) will focus on the case when G = SL; and § = Q,
with p # 2, 3.

We fix an §-split maximal torus T in G, put T := T(F), and let T° denote
the maximal compact subgroup of T and T the pro-p Sylow subgroup of T°. We
also fix a chamber C in the apartment of the semisimple Bruhat-Tits building 2
of G which corresponds to T. The stabilizer ’Pé of C contains an Iwahori sub-
group J. Its pro-p Sylow subgroup I is called the pro-p Iwahori subgroup. We have
TNnJ =T"and TNI=T' If N(T) is the normalizer of T in G, then we de-
fine the group W := N(T)/T!. In particular, it contains Q := T°/T'. The quo-
tient W := N(T)/T° = W/Q is the extended affine Weyl group. The finite Weyl
group is Wy := N(T)/T. The length on W pulls back to a length function ¢ on W
(see [14] §2.1.4).

For any compact open subset A C G we let char 4 denote the characteristic function
of A.

The coefficient field for all representations in this paper is an arbitrary field k& of
characteristic p > 0. For any open subgroup U C G we let Mod(U) denote the abelian
category of smooth representations of U in k-vector spaces.

2.1. The pro-p-Iwahori Hecke algebra

We consider the compact induction X := ind?(l) of the trivial I-representation. It
can be seen as the space of compactly supported functions G — k which are constant

SOCIETE MATHEMATIQUE DE FRANCE 2022



6 CHAPTER 2. NOTATIONS, PRELIMINARIES AND RESULTS

on the left cosets mod I. It lies in Mod(G). For Y a compact subset of G which is right
invariant under I, the characteristic function chary is an element of X. Equivalently
one may view X = k[G/I] as the k-vector space with basis the cosets gI € G/I. The
pro-p Iwahori-Hecke algebra is defined to be the k-algebra

H:= Endk[G](X)OP.
We often will identify H, as a right H-module, via the map H — X! h s (chars)h
with the submodule X! of I-fixed vectors in X. The Bruhat-Tits decomposition of G

says that G is the disjoint union of the double cosets TwI for w € W. Hence we have
the I-equivariant decomposition

(2) X = X(w) with X(w):=ind]*’(1),
wGW
where the latter denotes the subspace of those functions in X which are supported on
the double coset IwlI. In particular, we have X(w)! = k7, where 7, := chary,; and
hence H = D, . k7w as a k-vector space.
The defining (braid and quadratic) relations of H are recalled in [14] §2.2. They

ensure in particular that we have a well defined trivial character of H denoted by Xtriv

and defined by ([14] §2.2.2):

3) N N

Xtriv : Tw — 0, 7, — 1, for any w € W with £(w) > 1 and w € W with £(w) = 0.
To define the notion of supersingularity for H-modules, we refer to [14] §2.3. Re-

call that there is a a central subalgebra Z°(H) of H which is isomorphic to the affine

semigroup algebra k[XJ3°™(T)], where X3°™(T) denotes the semigroup of all dom-

inant cocharacters of 7. The cocharacters A € X3°™(T) \ (—Xd°™(T)) generate a

proper ideal of k[XJd°™(T')], the image of which in Z°(H) is denoted by J. We call an

H-module M supersingular if any element in M is annihilated by a power of J.

2.2. The Ext-algebra
We refer to [14] §3. We form the graded Ext-algebra
E* .= Extlf/lod(G)(X,X)(’p
over k with the multiplication being the (opposite of the) Yoneda product. Obviously
H := E° = Homyoq() (X, X)°P

is the usual pro-p Iwahori-Hecke algebra over k. By using Frobenius reciprocity for
compact induction and the fact that the restriction functor from Mod(G) to Mod(I)
preserves injective objects we obtain the identification

(4) E* = Extyoq(c) (X, X)P = H*(I,X).

The only part of the multiplicative structure on E* which is still directly visible
on the cohomology H*(I,X) is the right multiplication by elements in E° = H,
which is functorially induced by the right action of H on X. In [14], we made the
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2.2. THE Ext-ALGEBRA 7

full multiplicative structure visible on H*(I,X). We recall that for * = 0 the above
identification is given by H =, X!, 7+ (charj)T.

Noting that the cohomology of profinite groups commutes with arbitrary sums, we
obtain from the I-equivariant decomposition (2) a decomposition of vector spaces

(5) H*(I,X) = €D H*(I,X(w)).

weW
For w € W, we let I, := I Nwlw™? (see [14] §2.1.5). We call Shapiro isomorphism
and denote by Sh,, the composite map

(6) Shy, : H* (I, X (w)) = H*(I,, X (w)) L),

where ev,, : X(w) — k, f — f(w) (see also [14] §3.2).

H*(I,,k),

2.2.1. The cup product. — Recall from [14] §3.3 that there is a naive product struc-
ture on the cohomology H*(I,X). By multiplying maps we obtain the G-equivariant
map X ®x X — X, f ® f' — ff’. It gives rise to the cup product

(7) HY{(I,X) ®, HI(1,X) - H*I(1,X),

which has the property that H*(I,X(v)) U H?(I,X(w)) = 0 whenever v # w. On
the other hand, since ev,,(ff') = evy(f)evy(f’) and since the cup product is func-
torial and commutes with cohomological restriction maps, we have the commutative
diagrams

(8) HY(I,X(w)) ® HI(I,X(w)) —— H*(I,X(w))

Shy, ® Shwl JShw

Hi(IL,, k) @) H (I, k) ———— HI (I, k)

for any w € W, where the bottom row is the usual cup product on the cohomology
algebra H*(I,, k). In particular, the cup product (7) is anticommutative.

2.2.2. The Yoneda product. — The Yoneda product in E* ([14] §4.2) satisfies the fol-
lowing property:

(9) H'(I,X(v)) - H (I, X(w)) € H™*(I,ind}T %1 (1)) for v,w € W.
The product of a € H*(I,X(v)) by b € H’(I,X(w)) is explicitly described in [14]
Prop. 5.3. We record here the following results.
PROPOSITION 2.1. — Let v,w € W and a € H'(I,X(v)), b € HI(I,X(w)).
— if L(vw) = L(v) + L(w), then
(10) a-b=(a-7,)U (7, -b) € H(I,X(vw)) ;
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8 CHAPTER 2. NOTATIONS, PRELIMINARIES AND RESULTS

- if £(v) =1 and L(vw) = (w) — 1, then a - b lies in
HY (L, Xww)® @ HT(I,X(ww)).
weTo/T?
If furthermore G is semisimple and simply connected, then

(11) a-b—(a-7y)U (7, -b) € HT(I,X(vw)).

Proof. — The first point is [14] Cor. 5.5. We prove the second point in §9.1 of the
appendix. O

2.2.3. Anti-involution. — We refer to [14] §6. The graded algebra E* is equipped with
an involutive anti-automorphism. It is defined the following way. For w € W, we have
I,-+ = w 'L, w and a linear isomorphism (w=1), : H(I,, k) = Hi(I,-1,k), for all
¢ > 0. Via the Shapiro isomorphism (6), this induces the linear isomorphism J,:

(12) Hi(I,X(w)) L H(I,X(w™))
Shwl :J/Shwl
; (). i
Hi(I,, k) Hi(I,-1,k).

Summing over all w € W, the maps (Jw)w W induce a linear isomorphism
J: Hi(I,X) = HY(I,X)

and it is proved in [14] Prop. 6.1 that J is an anti-automorphism of the graded
algebra E*. Restricted to E° = H, the map J coincides with the anti-involution
Tg > Ty4-1 for any g € G of the algebra H.

We may twist the action of H on a left, resp. right, module Y by J and thus
obtain the right, resp. left module Y7, resp. 7Y, with the twisted action of H given
by (y,h) — J(h)y, resp. (h,y) — yJ(h). If Y is an H-bimodule, then we may define
the twisted H-bimodule 7YY the obvious way and we recall that (7Y 7))V = J(yV)7
([14] Rmk. 7.1), where (—)Y = Homg(—, k).

2.2.4. Filtrations. — Let i > 0. We define on E* two filtrations:
— a decreasing filtration (F"E*),>0 where F"E" := Hi{(I,X(w));

Hi(I, X (w)).

weW, L(w)>n

— an increasing filtration (F,,E'),,>o where F,,E? := @weW,E(w)gn

When i = 0, we will often write F"H (resp. F,,H) instead of F"E° (resp. F, E°).
Recall that (F™H),>o is a filtration of H as an H-bimodule.

Moreover, F,, E* is an algebra filtration, which means that F,E* - F,,E? C F,,,, E**7.
This follows from (9) together with the fact ([14] Cor. 2.5-ii and Remark 2.10) that

= Ivwl if £(vw) = £(v) + L(w),

(13) Ivl - IwI{ L
€ Uswry <)oy 10T if Llow) < £(v) + £(w).
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2.2.5. Duality. — Recall that, given a vector space Y, we denote by YV the dual
space YV := Homg(Y, k) of Y. For Y a vector space which decomposes into a direct
sumY =P, < Yw, we denote by YV+f the so-called finite dual of Y which is defined
to be the image in YV =[] Y, of &, 7Ya -

In this paragraph, we always assume that the pro-p Iwahori group I is a torsion
free p-adic Lie group. This forces the field § to be a finite extension of Q, with p > 5.
Then I, as well as every subgroup I, for w € W, is a Poincaré group of dimension d
where d is the dimension of G as a p-adic Lie group. It implies that H?(I,k) is
one-dimensional. Let n : H¢(I,k) = k a fixed isomorphism (we will make a specific
choice for n when G := SL2(Qy), p # 2,3 in §3.2.3). Furthermore the Ext-algebra is
supported in degrees 0 to d. We refer to [14] §7.2. There is a duality between its i-th
and (d —7)-th pieces ([14] §7.2.4) which we recall here. Let S € XV be the linear map
given by S := deG/I evy. It is easy to check that S : X — k is G-equivariant when
k is endowed with the trivial action of G. We denote by S* := H'(I,S) the maps
induced on cohomology. By [14] Prop. 7.18, the map

A': E' = HY(I,X) — HY(I,X)V = (BH)V
a+—1,(b) :==n08%aUb)

induces an injective homomorphism of H-bimodules E! — (7 (E?~9)7)V with
image (Y (E47%")7)V:f. Here we consider (as in §2.2.3) the twisted H-bimodule
J(E*%J, namely the space E9~% with the action of H on b € E?~% given by
(r,0,7) = J(7')-b-TJ(7) for 7,7 € H. The anti-involution J was introduced in
§2.2.3. We still denote by A’ the isomorphism

(14) At B — (T(BSHTHV,

Recall that the choice of  defines naturally a basis for E¢, namely, as in [14] §8,
we single out the unique element ¢,, € H(I, X(w)) such that (see also Rmk. 7.4 loc.
cit.)

(15) 708 py) = n o corest” o Shy, (¢y,) = 1.

2.2.6. Automorphisms of the pair (G, X). — For U a locally compact and totally dis-
connected group let Mod(U) be the abelian category of smooth U-representations
in k-vector spaces. It has enough injective objects.

We consider now a continuous group homomorphism £ : U’ — U between two such
groups. Any object M in Mod(U) can be viewed via £ as an object £*M in Mod(U’).
An equivariant map f : M — M’ between an object M in Mod(U) and an object
M’ in Mod(U’) is, by definition, a morphism f : &*M — M’ in Mod(U’). In other
words f : M — M’ is a k-linear map such that f(£(g')m) = ¢'f(m) for any m € M
and g’ € U’. We observe the following: Let M — I3, and M’ = I}, be injective
resolutions in Mod(U) and Mod(U’), respectively. Then £*M — ¢*I%, is a resolu-
tion in Mod(U’) and f extends to a unique homotopy class of maps of resolutions
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&Iy 4, T3, in Mod(U’). This means that we may derive f to a map between any
appropriate cohomological functors on Mod(U) and Mod(U").

We will apply this in the following two contexts. First suppose that U and U’ are
profinite groups. Then f extends to a map on cohomology

(& ) H(U,M) — HY(U',M").

Secondly, let U and U’ be general again. For any further object L in Mod(U) we
obtain natural maps

(&, 1) : Extyoaquy (L, M) — Extigoqqury(€°L, M)
(T2 - Tli) — (€ T2 — €T30 2 73, 10)
and, in particular,
£ = (& idnm)" : EXt%V[od(U)(LvM) - EXt%\/Iod(U’)(g*Lag*M)-

The latter map is evidently compatible with the Yoneda product, since in the de-
rived category it is simply the composition product. Now suppose that £ and f are
isomorphisms. Then we have the “conjugation” homomorphism

Extitoq(ry (M, M) — Extygoqn (M, M')

@ = Tli) — @ o e T30 £ ey 2 73,0,

which again is compatible with the Yoneda product.

We now return to our group G and suppose given an automorphism £ : G =NYe!
with the property that £(I) = I. It induces the G-equivariant bijection X : £&*X — X,
which sends gI to £71(g)I. We therefore obtain the k-linear graded bijections

Te:E* S E*  and T¢: H*(I,X) = H*(I,X),

which correspond to each other under the identification (4). The left-hand one is an
algebra automorphism. Both are involutions provided we have £2 = idg. In terms of
elements of X as functions we have X(f) = f o&. This immediately implies that I'¢ is
compatible with the cup product (7) on H*(I, X). In the following we list further prop-
erties, but for which we assume in addition that £(7") = T. Then &(N(T)) = N(T),

so that £ induces an automorphism & of W.

1. For all w € W, I'¢ induces a map
(16) H*(I,X(w)) — H*(I,X(¢(w))).
Since £(Iw) = I¢(w) We correspondingly have a map

(17) H* Iy, X (w)) — H*(Ig=1(), X(§7" (w))).
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2. Because evg-1(y) oX|X(w = ev,, the above maps are compatible with the

)
Shapiro isomorphism in the sense that the following diagram

(18)
Sh,,
H* (I, X (w)) o H* (L, X (w)) —— 1 doeve) H* (Lo, k)

(IG)J (17% J
I
resy H*(Ig—l(w)’evi_l(w))

H (1, X (67 (w))) —— 5 H* (T (uyy X (671 ()) —— LV H* (I 1 (4, k)

S —

She—1(.)

commutes. Its horizontal arrows are the Shapiro isomorphisms (6) and the right-

hand side vertical arrow is induced by the isomorphism I¢-1 () % I,.

3. I's commutes with J defined in (12); more precisely, each diagram

(19) H*(I,X(w)) —T— H*(I,X(w™ 1))

(IG)J J(lﬁ)

H*(I,X (¢ (w))) —L= B (I, X (¢ (w) 1))
is commutative.

4. We have noted already the compatibility of I'c with the cup product
on H*(I,X). It now holds in the more precise form of the commutativity
of the diagrams

(20) HY(I, X (w)) @ H (I, X(w)) —————— H'*(I,X(w))

(16)®(16)l J(lﬁ)

HY(LX(67} (w))) © HI (L, X(E (w))) —— HH(LX(EH (w))).

2.3. The top cohomology E¢ when G is almost simple simply connected

Without extra conditions on G or on §, we have the following. The ideal J (§2.1)
generates a two-sided ideal JH in H. Recall that we denote by VV the k-linear dual
of a k-vector space V. We consider the obvious inclusion of H-bimodules

(H/3H)" — I((H/3H)Y) = JH/I™H)".

m

LEMMA 2.2. - We have that I((H/JH)V) is an injective H-module on the left
and on the right.
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— If furthermore G is semisimple, then I((H/JH)V) is an injective hull
of (H/JH)Y as a left as well as a right H-module.

Proof. — The following argument arose from a discussion with K. Ardakov. The other
case being entirely analogous we prove the statement as left H-modules.

Step 1. — We show that the left H-module I((H/JH)") is injective. By Baer’s crite-
rion it suffices to consider test diagrams of the form

L— S H

I((H/JH)"),

where L C H is a left ideal. The ring H being noetherian the left ideal L is
finitely generated. Hence the image of « is contained in (H/J*H)V for any suffi-
ciently large a. The homomorphism then must factorize through a homomorphism
a:L/3*L — (H/3*H)". Furthermore, since the ideal JH in the noetherian ring H is
centrally generated it has the Artin-Rees property (cf. [9] Prop. 4.2.6). This implies
that we find an integer b > a such that 3°H N L C J°L. This reduces us to finding
the broken arrow in the diagram

L/3*HNL —— H/3*H
/

pr /

(H/3*H)V.

We note that the horizontal arrow is injective and that this is a diagram
of H/3®H-modules. So it suffices to show that that the H/J®H-module (H/J*H)V is
injective. But the computation

Hom g /30 (M, (H/3°H)") = Homy (H/3"H ® /305 M, k) = Homy (M, k)
shows that these functors are exact in the H/J®H-module M.

Step 2. — Assume that the group G is semisimple. Then H/J™H is finite dimen-
sional over k for any m > 1. We show that the inclusion (H/JH)Y C I((H/JH)Y) is
essential, i.e., that any nonzero H-submodule Y of I((H/JH)V) has nonzero inter-
section with (H/JH)V. It, of course, suffices to consider the case when Y is a cyclic
module. We then have Y C (H/J™H) for some large m. Let Y+ C H/J™H be
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the orthogonal complement of Y. Suppose that Y N (H/JH)Y = 0. This means
that Y+ +JH/3J™H = H/J™H But JH/J™H is contained in the Jacobson radical
of H/3J™H. Hence the Nakayama Lemma implies that Y+ = H/J™H, which gives
rise to the contradiction that Y = 0. O

REMARK 2.3. — The anti-involution J : H — H yields an isomorphism of H-bi-
modules H = JH7. By [14] Remark 6.3, it preserves the central ideal J, as
well as the central ideal J™ for any m > 1. Therefore, we have an isomor-
phism of H-bimodules H/J™H = J(H/3J™H)7. By [14] Remark 7.1, we also
have (H/3™H)Y =J((H/3™H))V)7.

Until the end of this paragraph, we assume as in §2.2.5 that the pro-p Iwahori
group I is torsion free. Therefore it is a Poincaré group of dimension d. The map S¢ :
H%I,X) — k was introduced in §2.2.5. Assume also that G is almost simple and
simply connected. Then in [14] §8, we studied E? using the isomorphism

(21) E* = (TECIT)VS

recalled in (14). (Notice that some of the results there are true under weaker hy-
potheses than the ones of the current context). By Prop. 8.6 loc. cit., we have an
isomorphism of H-bimodules

(22) E? 2 ker(8%) @ Xoriv-

PROPOSITION 2.4. — Suppose that G is almost simple and simply connected. Then
we have an isomorphism of H-bimodules

ker(S%) = | J(H/3™H)".
m
In particular, ker(S%) is an injective hull of the left (resp. right) H-module (H/JH)Y
and is supersingular as a left (resp. right) H-module.

Proof. — In fact, via (21), we have the isomorphism ker(S%) = (7 ker(xriv)? )"/
where (ker(xiriv))Y/ is the image of (E°)Y:/ in the natural restriction map
(E°)Y — (ker(xXtriv))Y. This gives the alternate description of ker(S?) as an H-bi-
module:

(23) 7 (ker(84)7 = | J(ker(xuriv) /F™H Nker(xuriv))"-

m

Recall indeed that G being semisimple, H/F™H is a finite dimensional vector space.
On the other hand, the character Xy is not supersingular ([14] Remark 2.12.iv and
Lemma 2.13) and therefore we have J™H + ker(x4iv) = H for any m > 1. Hence

(24) J/3mH)Y = | (ker(xeriv) /3™ H N ker(xuiv)) .

m m

But, since G is almost simple simply connected, [14] Lemma 2.14 says that

J™H Nker(Xtriv) = I - ker(xtriv) € F™H C ker(Xtriv) for any m > 1
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(the left equality coming from J™ H +ker(xtriv) = H). Furthermore, the braid relations
imply that F/™H C (F/H)™.

Fact 2.5. — There is a j > 1 such that FIH C 3JH.

Proof. — By a finite base extension of k we may assume that F, C k. Then any
simple supersingular H-module is a character ([13] Lemma 3.8). But any supersingular
character of H must vanish on 7, for at least one simple affine reflection s. There is a
sufficiently large integer r > 1 such that in a reduced decomposition of an element w
of length > r every simple affine reflection occurs. This implies that F" H is contained
in the intersection R of all the supersingular characters.

But 2R/JH is the Jacobson radical of the artinian ring H/JH. In any artinian ring
the Jacobson radical is nilpotent. Hence we find an n > 1 such that R™ C JH. Now
take j := nr. O

The fact implies that F/™H C J™H for any m > 1. It follows that the
two filtrations J™H N ker(xiv) and F™H N ker(xiriv) of ker(xiriv) are cofinal.
Hence, the right-hand sides of (23) and of (24) are isomorphic and we have
I (ker(8%))7 =, (H/3J™H) as H-bimodules. Now using Remark 2.3:

ker(8%) = | J(H/3™H)"
as H-bimodules and by Lemma 2.2 we have proved that ker(S?) is an injective hull
of the left (resp. right) H-module (H/JH)V. O

2.4. The pro-p-Iwahori Hecke algebra of SL,

For §2.4.1-2.4.6 we refer to [13] §3.

2.4.1. Root datum. — To fix ideas we consider I = (149—31931 1 fzm) (by abuse of notation,
here and later in this paragraph, all matrices are understood to have determinant one).
We let T C G be the torus of diagonal matrices, T° its maximal compact subgroup,
T' its maximal pro-p subgroup, and N(T') the normalizer of T' in G. We choose the
positive root with respect to T' to be a((é t91 )) := 2, which corresponds to the Borel
subgroup of upper triangular matrices. The affine Weyl group W sits in the short
exact sequence

0— Q=T°T" — W = N(T)/T" — W = N(T)/T° — 0.

Let 59 := 80 := (% 8), s1:= (2 —%71), and 0 := (gﬂgl), such that sgs; = 6. The
images of sy and s; in W are the two reflections corresponding to the two vertices
of the standard edge fixed by I in the tree of G. They generate W, i.e., we have

W = (s9,51) = 62Uso6” (by abuse of notation we do not distinguish in the notation
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between a matrix and its image in W or W) We let ¢ denote the length function
on W corresponding to these generators as well as its pull-back to W. One has

06°) =12i]  and  £(s06") = |1 — 2i|.

REMARK 2.6. — Consider SL2(F) as a subgroup of GL2(F). Then the matrix

w := (2 }) normalizes I; furthermore, s; = wsow!.

2.4.2. Generators and relations. — The characteristic functions 7,, := chary, of the
double cosets Twl form a k-basis of H when w ranges over W. Let ey := —>_ o Tw.
The relations in H are
(25) ToTw = Tow whenever ¢(w) + £(v) = (wv) and
(26) T2 = —eyty, for i =0,1.
The elements 7, 7s,, for w € 2 and ¢ = 0,1, generate H as a k-algebra. Note that the
k-algebra k[()] identifies naturally with a subalgebra of H via w — 7,,.

The trivial character of H (see (3)) may be defined by

(27) Xtriv : Ts — 0, 7, — 1, for s € {80,31} and w € Q.

The sign character xsign of H, which can be introduced in general as in [14] §2.2.2, is
easy to describe in the current context when G = SLs:

(28) Xsign : Ts — —1, 7, — 1, for s € {sg,s1} and w € Q.

2.4.3. The involution .. — There is an involutive automorphism ¢ of H satisfying
(29) W(7s) = —e1 — 75 for s € {sp,s1} and (7,) =7, for w € Q

(see [12] §4.8). For € = 0,1, the following sequence of left H-modules is exact:
(30) 0 — Hr,, — H — Hu(1s,)) — 0

(see the remark after the proof of [13] Prop. 3.54).

For a left (resp. right) H-module M, we denote by tM (resp. M:) the H-mod-
ule on the space M with the action of H twisted by t.

2.4.4. The central element (. — We refer to [13] §3.2.2. Consider the element
(31> ¢:= (TSO + 61)(7—51 + 61) + 51 Tsg = (TS1 + 61)(7'80 + 61) T TsoTsy -

Notice that J({) = ¢ and that x¢riv(¢) = Xsign(¢) = 1. The element ¢ is central
in H, and the subalgebra k[(] of H generated by ( is the algebra of polynomials in
the variable ¢. Furthermore, ¢ is not a zero divisor in H and the k-algebra H/H( is
finite dimensional (see for example [13] Lemma 1.3). We will denote by H the algebra
obtained by localizing H in ¢. The anti-involution J extends to H¢. The involution ¢
also fixes ¢ and induces an involutive automorphism of H,.

For € = 0,1, define H, to be the subalgebra of H generated by 7s_, 7, w € Q. The
following result is [13] Cor. 3.4.
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LEMMA 2.7. — Let € = 0 or 1; the morphism of (H,, k[C])-bimodules
Heerk[(] © He®pk[(] — H
1®1 — 1
1®1 — T,
is an isomorphism. In particular, H is a free and finitely generated k[C]-module of

rank 4(q — 1).

Facr 2.8. — Suppose that Fy C k and that p # 2 or § = Qp. Then for V an irreducible
quotient of Xe;/Xe1(¢ — 1) we have VI =2 x4, or VI = Xsign S @ left H-module.

Proof. — A basis of Hey/He (¢ — 1) is given by the image in the quotient of

L(7-80)7-5161’ TSOL(T$1)61, L(Tso)ela Tso€1

(compare with Lemma 2.7). The elements t(7s,)7s,e1 and 74,t(7s,)e1 support
respectively the characters X¢riv and Xsign. This follows from using repeat-
edly (7s,)7s €1 + t(7s;)Tsp1 = (—C+1)e; =0 in Hey/He (¢ — 1) and likewise
TsoU(Tsy)e1 + Ts;UTsg)er = 0 in Hey/He (¢ — 1). Then it is easy to see that in the
resulting quotient, 1(7s,)e1 and 74,e; support respectively the characters xiriy and
Xsign- S0 we have an exact sequence of left H-modules

(32) O — Xtriv @ Xsign - Hel/Hel(C - 1) — Xtriv @ Xsign - 0
All the modules in question are annihilated by ¢ — 1 so they are H¢-modules.
Suppose furthermore that F, C k and that § = Q, or p # 2. We may apply [13]
Thm. 3.33 which ensures that the functor X @ iy _ is exact on (32), provides an exact
sequence of G representations
0— X ®H Xtriv ® X ®n Xsign — Xe1/Xe1(( —1) = X ®g Xtriv® X @H Xsign — 0

and that for x € {Xsign, Xtriv} We have (X ®g x)! = x and therefore X ®p x is an
irreducible representation of G. Therefore any irreducible quotient of Xe; /Xe (¢ — 1)
is isomorphic to X @ g Xtriv 0T X @H Xsign- O
REMARK 2.9. — After localizing (30) in ¢ we get an exact sequence of left H.-modules
(33) 0 — Hers, — Hy — Heu(rs,) — 0.

Notice that the map h — (~'hry, _7,_ splits the inclusion H.7s, — H because

(Ts, = Ts,Ts,_.Ts. (compare with the proof of [13] Lemma 3.30). So we have
He = Hers, @ Heu(7s,) as left He-modules.

REMARK 2.10. — The element ¢ depends on the choice of the uniformizer w. Let
u € D*. We verify that if we pick um as a uniformizer, the new corresponding central
element (, is

(34) Gu = Tw, 1 (Tso +€1)(Ts, +€1) + Tuw, T, Tso = Tuw,, (Ts1 +€1) (750 +€1) FTw, 1 TsoTs1

where w, is the element (“61 2) T! € Q. Of course we have ¢ = (;. A system of
generators of the center Z of H as a k-vector space is given by the set of all {, for u
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ranging over a system of representatives of (O/9%)* (to which one has to add m if
p = 2) (see [13] (24) in Remark 3.5).

We have the formula: Cy, Cu, = Cuyu, ¢ for any ug, us € 9. In particular
(35) Cu Cu*l = <2 and Cu2 C = Cs,

These identities ensure that the localized algebra H: does not depend on the choice
of the uniformizer.

2.4.5. Supersingularity. — In the current context where G = SLo, the ideal J intro-
duced in §2.1 is the central ideal (k[(]. Following the definition introduced in that
paragraph, an H-module M is called supersingular if any element in M is annihilated
by a power of (.

REMARK 2.11. — Let u € 9. From (35), one easily deduces that an element in M is
annihilated by a power of  if and only if it is annihilated by a power of (,. Therefore,
even if ( does depend on the choice of a uniformizer, the notion of supersingularity
does not.

2.4.6. Idempotents. — The element e; is a central idempotent in H. More generally,
to any k-character A : Q — k> of 0, we associate the following idempotent in H:

(36) ex = — Z Mw™H7,.
weN
Note that J(ex) = ex-1 and ex7, = T,ex = A(w)ey for any w € Q. We parameterize
by the isomorphism
(37) (O/M)* = Q

(7t 0 1
w— = (M) 7
where [u] is a lift in O for v € (O/M)*, and we pick the multiplicative Teichmiiller
lift.

REMARK 2.12. — Given a homomorphism of groups A : (O/9)* — k>, we may
consider the character A :  — k* obtained via composition with the inverse of (??)
and the corresponding idempotent as in (36). We will then use the shortcut ep to
denote the latter. This will be used in the following context:

If ¢ = p we have the homomorphism id : (9/9MM)* = F s, k>, which will play an
important role later on. For m € Z, we will consider the idempotent element
(38) eiam € k[()]

with the above convention. When m = 0 this is consistent with the notation e; in
§2.4.2.
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Suppose for a moment that F, C k. Then all simple modules of k[Q2] are one di-
mensional. The set ) of all k-characters of  has cardinality ¢ — 1 which is prime
to p. This implies that the family {ex}, € Q is a family of orthogonal idempo-
tents with sum equal to 1. It gives the ring decomposition k[Q] = ], g kex. Let
[ :={{\, A1} : A € Q} denote the set of sg-orbits in . To v € I' we attach the ele-
ment e, := ey + ex-1 (resp. e, :=ey) if v = {A\, A7} with A #£ A7! (resp. v = {A\}).
Using the braid relations, one sees that e, is a central idempotent in H and we have

the ring decomposition H = H—yel‘ He,. If ¢ = p then the idempotent
(39) €~y = €id + €iq—1

will be of particular importance (see (38)).

2.4.7. Certain H-modules. — For later purposes we construct in this section certain
families of H-modules. The reader may skip this at first reading coming back to it
only when needed. We fix a homomorphism of k-algebras x : H — R as well as an
element z € Z(R) in the center of R. Let Ms(R) denote, as usual, the algebra of 2
by 2 matrices over R. We also fix a character y : @ — k*. With these choices we
define the matrices

[ —Rle) 0 — (0 #(7s0) o (nT M@ 0 )
My = (zn(Tsl) 0) ; M, = (0 _R(eufl)) ) and M, = (H 0 p(w)k(Tw) for w € Q2.

It is straightforward to check that these matrices satisfy the relations
M? =" MyM;, MuM; = M;M,+, and MM, = M.
weN

Hence we obtain a k-algebra homomorphism k9 : H — M(R) by sending 75, to M;
and 7, to M,,. By using this homomorphism to equip the left R-module R® R with a
right H-module structure we obtain an (R, H)-bimodule denoted by (R & R)|[«, 2, ].

2.4.8. Frobenius extensions. — The space Homy¢)(H, k[(]) is naturally an H-bimodule
via (h, A, ') — A(R"_h).
ProprosSITION 2.13. — We have an isomorphism of H-bimodules
vH 2 Hu = Homy¢ (H, k[(])-
Proof. — The first isomorphism is given by the map «: H — H. From Lemma 2.7 we

know that H is a free k[(]-module with basis the set of all 7, for w ranging over the
set

(40) w, wsg, ws1, wsps] when w € Q.

We define in Homy,¢)(H, k[¢]) the dual basis, namely for each x € (40), we define
the map A, € Homy(H,k[(]) which sends each 7, with y € (40) to 0 except
Ay (1) =1 € k[¢]. We check that

(41) Asosy (T77) = Mgy ((7)7),
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which ensures that
(42) f 1 oH — Homy¢ (H,k[¢])
T f(T)(T/) = Agys, (7'7'/)

defines a homomorphism of H-bimodules.

Let w,w’ € W and 7 := 7, 7' := Tyr. Since A,,, is k[¢]-linear it is enough to verify
(41) when w,w’ € (40). And in fact it is easy to see that both sides of (41) are then
zero except possibly in the following cases. Let w,w’ € Q. The verifications below rely
on the quadratic Formulas (26) and the expression ¢ = (75, + e1)(7s; +€1) + Ts; T =
(15, +€1) (75, +€1) + Ts,Ts, - We spell out a few of them.

— If w = wsp and w' = w'sy, we have Agys, (77) = Asys, (Twwr-1Tss,) Which
is equal to 1 if w = w’ and to 0 otherwise. We have Ay, (((7")7) =
_ASOS1(Tw’w—1(Tsl + el)TSO) = _Asosl(Tw’w—l(C - (7—3161 + 61) - 7—5081)) =

Asys, (Twrw—15ys, ) Which is also equal to 1 if w = w’ and to 0 otherwise.

— If w = ws; and w' = w'sy, we easily check that both A, (77') and
Agys, (((7)T)are equal to —1 if w = w’ and to 0 otherwise.

— If w = wsp and W' = w’'spsy, we have Ag s, (T7') = —Agps, (Twwr-1€1Ts0s,) =
—Agys, (€17Ts0s, ) Which is equal to 1.
We compute

A3081("(7l)7) = Asosy (Tww(Tso +€1)(Ts; + €1)Tsy) = Asgsy (Twrw (€ — Tsy50)Ts0)

= Asosl (Tw'welTslso) = ASOSI (61’7'3150) = _Asosl (Z TuTSlso)’
ue

which is equal to 1 (see the previous case).
— If w = wsps; and w’ = w'sy, we check that Ag s, (77') = Agps, (L(7')7) = 1.

— If w = ws; and w' = w'spsy, we have A5, (77") = Agys; (Tww—1Tsys0s1) =
Asosl (Tww’*lg'rsl) =0.
We have Agys, (1(7')7) = Asys, (Twrw (Tso +€1)(7s, + €1)7s,) = 0.

— If w = wsps1 and w’' = w'sg, we have likewise A s, (T7') = Agys, (U(7")7T) = 0.

/ / /
— If w = wsps; and W' = wW'sps1, we have As s, (T7') = Asys; (Tww Tsgsisess) =
Asysy (TwwCTses, ) Which is equal to ¢ if w’ = w™! and to 0 otherwise. We have

ASOSI(L(T/)T) = Asosy (Twrw(Tso+e1) (Ts; +€1) Tsgs1) = Asgsy (Twrw ((—Ts150) Tspsy ) =
Asys, (Twrw(CTsys, — Ce1Ts,)) which is also equal to ¢ if w’ = w™! and to 0 oth-
erwise.

To prove that (42) is surjective, we verify the following. We have
a) —Tso - Nsgsy, = As, .
b) (75, +€1) - Asps, = Asgp-
c) —(7s; +€1)Tsy - Nsgs, = A1
d) for all w € (40) and w € Q, we have Ay, - 7,-1 = Ayy.
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Property d) is immediate. The other properties are easily verified by evaluating ex-
plicitly the left-hand side at all elements of the form 7, for w € (40). For example
— (T, +€1)Tsg  Asgsy (Tw) = —Asysy (7w (75, +€1)7s,) which we already computed above
is equal to 1 if w = 1 and to 0 otherwise.

Once it is proved that (42) is surjective, the injectivity is immediate since both
spaces are free k[(]-modules of the same rank. O

Using a free resolution of any arbitrary left (resp. right) k[¢(]-module, and since
H is finitely generated free hence projective over k[(], it follows immediately:

COROLLARY 2.14. — Let M be a left, resp. right, k[¢]-module. We have an isomor-
phism of left, resp. right, H-modules

H Qi) M = oH Q) M = Homy) (H, M)
resp. M ®k’[<] H=M ®k:[(] HL = Homk[g](H, M)

Proof. — For the left-hand isomorphisms note that tH (resp. Ht) is naturally isomor-
phic to H as an (H, k[¢])-bimodule (resp as a (k[¢], H)-bimodule) since ¢ fixes (. O

COROLLARY 2.15. — For a € k, the finite dimensional k-algebra H/({—a)H is Frobe-
nius.

Proof. — The isomorphism of H-bimodules (42) clearly factors through an isomomor-
phism of H/({ — a)H-bimodules

(43) «(H/(C — a)H) = Homye)(H/(C — a)H, k[¢]/(C — a)) = Homy(H/(C — a)H, k).

O

2.4.9. Finite duals. — We consider the finite dual H"f of H (see §2.2.5) with basis
(Tw) ey defined to be the dual of (1), - When I is a Poincaré group of dimen-
sion d, we have an isomorphism between E¢ and the twisted H-bimodule 7 (HY:/)7
given by (14). In §2.2.5, just like in[14] §8, we denoted by ¢,, the element of E¢
corresponding to 7Y and we computed in Prop. 8.2 loc. cit that the structure of H-bi-
module of 7(HY/)7 is given by the following formulas. Let w € W, w €  and

s € {so, 51}

(1) = s =
(45) v Tos — T -e1 i L(ws) = L(w) — 1,
To " Ts =
v 0 if f(ws) = L(w) + 1,
v T, —er Ty if £(sw) = f(w) — 1,
Ts Ty = .
0 if £(sw) = £(w) + 1
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REMARK 2.16. — For all w € W with length > 1, there is a unique € € {0,1} such
that £(scw) = L(w) — 1. We let ¢y, := 75, + doy = Ps.0 — €1 * ¢y From the formulas
above we get ¢ - Py = Vs, _ s if £(w) > 3 and ¢ - ¢, = 0 if f(w) = 1,2. So the
subspace U generated by the 1), is of (-torsion and contained in ker(S?). We show
that this subspace is in fact equal to ker(S?). First of all we recall from the proof of
[14] Prop. 8.6 that B¢ = ker(S¢) @ ke; - ¢1. Then we notice that VU is stable under
the left action of 7, for w € Q. So ¥ =¢e; - ¥ B (1 —e1) - ¥, and it is enough to show
that (1 —e;) ¥ = (1 —e;)-EY and e; - ¥ @ key - ¢1 = e; - E4. The first identity
is true because, for w € W, there exists 7 € {0,1} such that £(s,w) = ¢(w) + 1 and
(1—e1) ¢ = (1—e1) *$h,-1,,- To prove the second identity, we let w € W.1If L(w) =0,
then ey - ¢y = €1 - ¢1. If £(w) > 1, let € € {0,1} such that £(scw) = ¢(w) — 1. Then
€1 Puw = €1+ Ps.w — €1 - Yy lies in e1 - U @ ke; - ¢1 by induction on £(w).

Let m > 1. The restriction map HYY — (F™H)Y+f is a homomorphism
of H-bimodules and makes the finite dual (F™H)V:/ of F™H a quotient of the H-bi-
module HY-f. Furthermore, (F™H/F™1H)V identifies with the sub-H-bimodule
of (F™H)V:/ of the linear forms which are trivial on F™*1H. We consider the linear
map defined by

(46) F"H/F™H'H — J(F"H/F" T H)V)7
for w € W such that L(w) =m.

\%
Tw Tw |FmH

By the above formulas, it is an isomorphism of H-bimodules.

2.4.10. The equivalence of categories. — When G = SL(Q,), the functors H°(I, _)
and X ®y _ are quasi-inverse equivalences between the category ModI(G) of all
smooth representations generated by their I-fixed vectors and the category of left
H-modules. In particular, H°(I, _) is exact in Mod’(@). (See [13] Prop. 3.25).

2.5. On some values of the functor H%(I, _ ) when G = SL,

We assume that G = SL, and that [ is torsion free and therefore a Poincaré group
of dimension d. It follows, in particular, that p > 5. By (22) and Proposition 2.4 we
have

E? =~ ker(8%) @ Xuriv
as H-bimodules where ker(S?) = |J,-,(H/¢("H)V. As a left or right H-module,
ker(S?%) is an injective envelope of (H/CH)V. Being injective, this is a &-divisible
module on the left, resp. right, for any £ € H which is a non-zero-divisor. For exam-
ple, we know that H is free over k[¢] (Lemma 2.7) so Q(¢) is a non-zero-divisor for
any nonzero polynomial Q(X) € k[X]. If furthermore Yiv(§) # 0, then the whole
space E? is ¢-divisible. Recall that xiiv(¢) = 1.

REMARK 2.17. — Xgiv is the only nontrivial finite dimensional quotient of E? as a
left or right H-module.
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Proof. — Since ker(S?%) is left and right (-torsion, a finite dimensional quotient
of ker(S8?) as a left, resp. right, module is annihilated by a power (™ of ¢ from the
left, resp. right. But ker(S%)-¢(™ = (™ -ker(S¢) = ker(S?) since ker(S?) is (-divisible.
Therefore any finite dimensional module quotient of ker(S?) is zero. O

Recall that H(I, ) is a right exact functor which commutes with arbitrary direct
sums. By choosing a free presentation of an arbitrary left H-module M this easily
implies the formula

HYI,X @y M)~ E‘®y M.

This is an isomorphism of left H-modules.

PROPOSITION 2.18. — Let G = SLa(F). For any non-zero-divisor £ € H such that £ is
central in H and Xiriv(€) # 0, we have H4(I,X/X¢) = 0.

Proof. — Using the equality X/X¢ = X @y H/HE we compute
HYI,X/X¢) = E*®y H/HE = Xtuiv @ H/HE © ker(S?) @y H/HE
= k/Xoeiv (€)k ® ker(S?) / ker(S?)¢ = 0. O

COROLLARY 2.19. — Let Q(X) € k[X] be a nonzero polynomial.
Then HY(I,X/XQ(¢)) = 0, resp. = Xiriv as an H-bimodule, if Q(1) # 0, resp.
Q) =0.

Proof. — For the 2nd part of the result, we simply notice that Xtiv ® g H/HQ({) = Xtriv
as a left H-module. Therefore, proceeding as above, we obtain an isomorphism of
left H-modules H¢(I,X/XQ(¢)) & Xtriv- By Remark 2.17 this is an isomorphism
of H-bimodules because H¢(I,X/XQ(¢)) is a one-dimensional quotient of E4. [

PROPOSITION 2.20. — We have H(I,V) = 0 for any irreducible admissible represen-
tation of G := SLao(§) except when V = kv is the trivial representation in which
case:

HYI, kgiv) 2 Xriv as an H-bimodule.

Proof. — The case when V' = ki, is the trivial representation of G is a particular
case of [14] Prop. 8.4.i. For the rest of the proof we therefore assume that V' 2 ki,iy.
We first make we the following observations. Let k/k denote an algebraic closure of k.
Then the scalar extension Vj := k ®;, V is a smooth G-representation over k.

— Since HY(I,-) commutes with arbitrary direct sums we have
HYI, V) = HY(I,V) @ k.
— Since V' is admissible Endygoq(e) (V) is finite dimensional over k.

— The G-representation V; is of finite length with each irreducible constituent
being admissible and not isomorphic to kv ([3] Thm. I11.4.1)-2), which needs
the previous point as input).
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By an argument with the exact cohomology sequence these observations reduce us to
proving our assertion over k. In fact, all we need in the following is that F, Ck.

Given an irreducible admissible representation V of G, the space V! is finite dimen-
sional. Let Q € k[X] denote the minimum polynomial of ¢ on V!, so that Q(¢)V! = 0.
We claim that V is a quotient representation of X/XQ(¢). For this we choose a
nonzero vector vy € V', which gives rise to the surjective G-equivariant map X — V
sending gI to guvg. It restricts to the map H — VI sending char; to vo. But (¢I)Q(¢) =
9Q(¢) — gQ({)vp = 0. It follows that the initial map factors over X/XQ(().

If Q(1) # 0, then we have H%(I,X/XQ(¢)) = 0, but H%(I,V) being a quotient of
that space is also zero. It remains to treat the case Q(1) = 0. Then we can choose
the above vector vy so that ({ — 1)vg = 0 and M := Hwvy is a simple H-submodule
of V1. Since ( is the identity on M, it follows from [13] Thm. 3.33 that X ® M is an
irreducible G-representation with (X ® gy M )I = M. The inclusion M C V7 induces
a nonzero map X ®y M — V which by irreducibility must be an isomorphism. It
follows that V = X®p V! and that V! is a simple H-module. Hence there is a unique
v € T such that VI = e, V! (notation in §2.4.6). It further follows that H¢(I,V) =
HYL,X @ V) = B4 VI 2 xiuiv @5 VI @ ker(8?) @5 VI = Xuiv @1 VY, the
latter equality since ker(S?) is divisible by ¢ — 1.

— If v # {1}, then the idempotent e, satisfies Xiriv(e,) =0, so H4(I,V) = {0}.

— If 4y = {1}, then we use Fact 2.8 to deduce that V! 2 yyi, or VI & xgon. If
\ /=] Xsign, then Xiriv @ V1 = {0} because Xiriv(7s,) = 0 and Xsign (Tso) = —1.
If VI = Xuiv, then by [15] Lemma 2.25 we know that X @y VI 2 ki, so
V = kiriy- O

REMARK 2.21. — Let z € H be a central element H. Then J(z) is also a central
element and from the isomorphism A?: B¢ =, (7E°T)V+f (see (14)) we deduce
that z centralizes the elements of the H-bimodule E¢, namely z - ¢ = ¢ - z for any
¢ € E¢. In particular the left and the right actions on E¢ of the central element ( € H

coincide.

LEMMA 2.22. — The kernel of the (left or right) action of ¢ on E? is isomorphic
to (H/CH) as an H-bimodule.

Proof. — By (22) and Proposition 2.4, we have E¢ = |, -, (H/¢"H)" @ Xtxiv as H-bi-
modules. Recall that xtiv() = 1. B

The kernel of the action of ¢ on {J,~; (H/("H)" & Xtriv is isomorphic to the
H-bimodule (H/¢H)Y which, by (43), is isomorphic to «(H/CH). O
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CHAPTER 3

FORMULAS FOR THE LEFT ACTION OF H ON E!
WHEN G = SL,(Q,), p # 2,3

There is no hypothesis on § and G = SLo(F) in §3.1 —§3.5 with the exception that
we assume p # 2 from §3.2 on.

3.1. Conjugation by w

Recall the matrix w := ({}) (Remark 2.6) which normalizes the Iwahori sub-
group J and its pro-p Sylow I as well as the torus 7. We apply Section 2.2.6 to the
following automorphism of the pair (G, X):

(47)
£:G—G, gr—wlgw and X¥:X —X, fr— fof (resp. gI — wgw 'I).

It gives rise to the involutive automorphism
(48) Iy =T¢: E*=H"(1,X) — E* = H"(I,X),

which is multiplicative for the Yoneda product as well as the cup product. It has
all the properties listed in Section 2.2.6. In the following we sometimes abbreviate
Py = www ' for any w € W. We need the following additional fact. Recall that
bw € HY(I,X(w)) was defined in (15).

LEMMA 3.1. — Assume I is a Poincaré group of dimension d. For w € W we have
(49) Fw (¢w) = ¢www‘1 .

Proof. — We recall from (18) that we have the commutative diagram

cores

HYIL X (w)) 2y B(TL,, k) <2 HY(I, k)

l iw* Jw*

heog

HOIL X (Pw)) 22 B ([, k) <20 HY(I k),
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where w, = (w™1)* is the conjugation operator given on cocycles by sending c
to c(w ™! _w). We will prove that the operator @, on H%(I, k) is the identity. For this
we follow the same idea as in [14] §7.2.3 and [7] Thm. 7.1.

For any m > 1 we have the open subgroup Kc m = (g};ﬁﬁ 19_7:;) of I. It is nor-

malized by w. Since coreSI Hd(Kcm,k) — H%(I,k) is an isomorphism ([14]
Rmk. 7.3) and w, commutes with corestriction we are reduced to showing that the
operator w, on H d(Kc,m, k) is the identity. But for m large enough the pro-p group
K¢ m is uniform by [14] Cor. 7.8 and Rmk. 7.10. So by [8] V.2.2.6.3 and V.2.2.7.2, the
one dimensional k-vector space H4(K ¢, k) is the maximal exterior power (via the
cup product) of the d-dimensional k-vector space H'(K ¢, k). Conjugation commut-
ing with the cup product, the action of w, on H%(K¢ , k) is the determinant of w,
on H' (K¢ m, k). The latter is the dual of the Frattini quotient (K¢, )e. This reduces

us further to showing that the determinant of w. on (K¢ n)s is equal to 1. For this we
consider the subgroups U,  ; = (Emm+1 1) Ut = ( 9ﬁm) and T™ = <1+g’7m 1+gﬂm)
of K¢ m. According to [14] Cor. 7.9 multiplication gives an isomorphism

Unior/ U1 )P X T (TP X U | U = (K cym)a-

One easily checks that w, restricts to an involutive isomorphism L[;l /Uy )P =
Ut /UL)P. These are F,-vector spaces of dimension equal to [§ : Q,]. Hence the
determinant of w, on U, /(U . 1)P x U /(UF)P is equal to (— )] On the
other hand, for m large enough, the logarithm induces an isomorphism 77 /(T™)P =
1+7mO/(14+7mO)P =2 7O /pr™O =2 O /pO with respect to which w, corresponds to
multiplication by —1. Hence its determinant on this factor is again equal to (—1)[5’(@1’].

O

3.2. Elements of E! as triples

From now on we assume p # 2 unless it is specifically stated otherwise.

3.2.1. Definition. — We refer to the notation introduced in §2.4.1. We introduce the
following subsets of W:

WO = {w e W, £(sow) = £(w) + 1} and
W' = {we W, l(sw) = £(w) + 1}.

Note that the intersection of these two subsets coincides with the set = T°/T"* of all
elements in W with length 0. Recall as in [13, 3.3], we define for m > 0 the subgroups

(50) I = (D;Tngfl 1fm) and I, =wliw ' = ' }w= (" f’f;nn)
of I and recall that

0 ifw e WO,
(51) I,=ITNnwlw™t={"4 ~ —~

Iy, ifwe wt.
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We abbreviate h! := H(I,X) and hl(w) := H'(I,X(w)) for w € W. Recall the
Shapiro isomorphism h'(w) & H'(I,, k) = Hom((I,)a, k) (§2.2) where (I,)s denotes
the Frattini quotient of I,, ([13] §3.8). By [13] Prop. 3.62 we have isomorphisms

(I)e — O/ x (1+ M) /(1 + M+ (1 4+ 9M)P x O/9M
for any w € W (depending on a choice of a prime element in 9t). More precisely,
when w € W0:
(52) () ® — O/ x (1+M0) /(1 + M) (14 9)7 x O/
( Y ) mod ®(I,,) — (z mod M, 1 + 7z mod (1 + M@ H)(1 + M), y mod M)

O+, 1t
and when w € W
(53) (Igy)® — O/ x (1+9) /(1 + M) (1 4 )7 x O/M
(1‘“”” ”aw)l/) mod ®(I,,) — (zmod M, 1+ 7z mod (1 + M@ +1)(1 + M)?, y mod M).

Tz 1+7t

By applying Hom(_, k) and using the Shapiro isomorphism we deduce, for any w € W,
a decomposition
hl(w) = hl(w) @ hg(w) & kL (w),

such that
ht (w) left factor

hé(w) = Hom | middle factor, k
h}r(w) right factor
For any element ¢ € h'(w) we write this decomposition as
(54) Shy,(c) = (¢, %, ¢*) with
¢t € Hom(9D/M, k) and * € Hom((1 + 9M) /(1 + M) (1 + 9m)?, k).
We will often denote by
(55) (¢, ¢y

the element in h'(w) which has image the triple (¢7,c% c¢™) € H'(I,,k) via the
Shapiro isomorphism (with c® implicitly equal to 0 when £(w) = 0).

REMARK 3.2. — When § = Q, and p # 2, we have 1 + p?Z, = (1 + pZ,)P since
log : 1+ pZy =N pZy,. Therefore, when £(w) > 1, the identifications (52) and (53)
become:

(56) (Lw)e = (If,))e — Zp/PLy x (1+pZy) /(1 + P*ZLy) X Zy/pLy

<pzl(j>pflz 1fpt> mod ®(I,,) — (z mod pZ,,1 + pz mod 1 —|—p2Zp, y mod pZ,)
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when w € W (in particular, for w € W°, £(w) > 1 we have resﬁu1 (Shs, (0,c% c)s,) =
Sh,, ((0,c°, ¢*),,) and

(57) (Iw)e = (Ig_(w))<I> = Zp/pr x (1 +pr)/(1 +pQZp) X Zp/pr
(1259” pffp)ty) mod &(1I,,) — (2 mod pZ,, 1 + px mod 1 + p*Z,,y mod pZ,)

when w € W (in particular, for w € W, £(w) > 1 we have resfi" (Shg, (¢, %, 0)5,) =
Shy,(c¢7,¢c%,0)y). When 4(w) = 0, we have (I,)e = Is = L[ PZLypy X Ly | DLy

NoTATION 3.3. — For any subset U C W we have the k-subspaces

hL(U) == P hl(w), h§(U):= P hi(w), and kL (V) := @ ! (w)

welU welU welU

of k. We also let hl (U) := h. (U)®hl (U) and h*(U) := h{(U)®hl (U). The subsets
of most interest to us are:

We = {we W U(scw) = L(w) + 1} for e € {0,1} as defined above, and,
Weodd .— {y e We: f(w) is odd},
Weeven .— fuy € W : £(w) is even},
[recteven _ feeven
We also define, for k > 0 and € € {0,1}:
W2k .= fw e W : f(w) > k}
W2k .= {w e W : £(scw) = £(w) + 1 and £(w) >k} for € € {0,1}.

3.2.2. Triples and conjugation by w
LEMMA 3.4. — Let w € W and (c™,c% ct)y € hi(w). Its image by the map T, of
conjugation by w defined in (48) is

(C+a _007 C_)www—l € hl(www_l)

and if w € W€, then www—1 € Wi,

Proof. — See Remark (2.6) for the second claim. By definition of the triples and by
commutativity of diagram (18), the first claim follows directly from the observation
that the matrices

14mz wt(Wy — 1+t z +
( mz 14wt < Ie(w) and W+l 1 4ng € IZ(w)

are conjugate to each other via w. O
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3.2.3. Triples and cup product. — Suppose § = Qp, p # 2, 3. We introduce the isomor-
phism

(58) v 1+ pZy/1 + p*Zy — Zp/pZp, 14 px > z mod pZ,.

We choose and fix elements with the following constraints

(59)

a € Zp/pZp\{0}, o®=1""(x), c € Hom(Z,/pZ,,k) such that c(x) =1, ¢c°:=cu.

When ¢(w) > 0, the dimension of the Frattini quotient of I,, is 3, namely the dimen-
sion of I, as a p-adic manifold. By [5] Cor. 1.8 this means that I,, is uniform. There-
fore, the algebra H*(I,, k) is the exterior power (via the cup product) of the 3-dimen-
sional k-vector space H(I,, k). In particular, (c,0,0)s, U (0,c°,0),, U (0,0,c)s, is a
nonzero element of H3(I,X(sg)) and its image via

Is
cores ;0

HY (I, X (s0)) 22 H¥(I,,, k)

S0

H3(I,k)
is a nonzero element of the one dimensional vector space H3(I,k) (see [14] Rmk.
7.3). We choose the isomorphism 7 : H3(I, k) = k sending that element to 1. As in
§2.2.5, this choice of 7 yields a choice of a basis (@) of H4(I,X) which is dual
to (Tw), 57 Via (14). By definition, we have

(¢,0,0)5, U (0,¢%0)5, U(0,0,¢)5, = s,
LEMMA 3.5. — For any w € W with (w) > 1, we have
(60) (€,0,0)w U (0,€°,0)0 U (0,0,€)y = .

wGFVI7

Proof. — By Definition (15) of ¢, it is enough to prove that
cores o Sh,, ((€,0,0), U (0,¢%0), U (0,0,¢),)
= cores;” o Shy, ((c,0,0)5, U (0,¢% 0)s, U (0,0,¢)s, ).

First suppose that w € W!. Recall (see [14] §3.3), that the Shapiro isomorphism
commutes with the cup product.
We compute that coresﬁ’:O o Shy, ((€,0,0), U (0,¢°,0), U (0,0,¢),) is equal to

coresl [Shy, ((C,0,0) ) U Shy, ((O,CO,O)w) U Sh,, ((0,0,c)w)]

= coresf [resI (Shs, ((c,0,0)s,) UShs, ((0,¢%,0)s,)) UShy ((0,0,¢)y)]
by Remark 3.2

= Sh, ((c,0,0)5,) U Shy, ((0,c%,0)5,) U coresI [Shy, ((0,0,¢)w)]
by the projection formula ([14] §4.6)

= Shy, ((c,0,0)5,) UShy, ((0,c°,0),,) UShs, ((0,0,¢)s,)
by [13] Lemma 3.68-iv

= Shy, ((c,0,0)5, U (0,¢% 0),5, U (0,0,¢)s,) = Shy, (¢s,),
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which proves the expected statement after applying coresﬁso.
If w € WP we conjugate by w using I'y, (see (48)):
I's((c,0,0), U (0,¢°%0), U (0,0,¢),)
= —(0,0,¢)mww-1 U (0,¢%0) mww-1 U(€,0,0)mww-1 by (20) and Lemma 3.4
=(¢,0,0) mww-1 U (0, 0)pww-1U(0,0,¢)www-1 by anticommutativity of U
= doww-1 Since www ' e W
=Tx(¢w) by (49),

which concludes the proof since I', is bijective. O

EXAMPLE 3.6. — The subalgebra H*(I,X(1)) of E*:
— HY(I,X(1
— H3(I,X(1)) has dimension 1 with basis ¢; which satisfies n(¢1) = 1;
(

) has dimension 1;
)

— H'(I,X(1)) has dimension 2 and basis (c, 0,0); and (0,0,c);
)
)

)
)
)
— H?*(I,X(1)) is dual to H*(I,X(1)) via the cup product. We denote by («,0,0);

and (0,0,a); the dual of the basis of H*(I,X(1)) given above, it satisfies by
definition:

7 (“70’0)1 U (C,0,0)] = (C>070)1 u (0(7070)1 = ¢1 = (07070()1 ) (07070)1 =
(0,0,c¢)1 U (0,0, )1, while

— (0,0,0)1 @] (0,0,C)l = (0,0,0)1 U (C,0,0)l =0.

3.3. Image of a triple under the anti-involution 7

Let ¢ € h!(w) seen as a triple (¢c—, %, ct),, as in (54). Its image by J is an element
in h'(w~!) whose image by the Shapiro isomorphism is given by (see (12))
(Shy ¢)(w_w™) : [-1 — k.

LEMMA 3.7. — Let w € W and ¢ = (¢=, %, ¢t)y € bt (w).
If £(w) is even then

(61) T(0) = (e (a2), %, cF (w2 ).
If L(w) is odd then
(62) T(e) = (=cF(u™2), =%, =™ (u” ) )yt

where u € (D/IM)* is such that w, w lies in the subgroup of 7% generated by sg
and s1.

Proof. — Notice that the intersection of €2 and of the subgroup of W generated by sg
and s; is equal to {£1}, therefore u? is determined by w.
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— If w = wy(s0s1)", then I,-» = I} and for X = (ﬂ_lltgfz lfm) € I,-1 we have

—2_2n
-1 _ 147 7r2"y -1 _ 1+7z [u] 7"y
wXw Wy ( rz 14wt ) Yu [w]?nz  14=t 80

Shy-1(T(e) = (¢ (u?-), %, ¢ (u™?2))y-1.

— If w = wy(s150)", then I,-» = I, and for X = <1;er$ ;’i;z) € I,-1 we have

-1 _ 1+7x gy —1 _ 147z [u] 2y
wXw™ = wy (W1+2nz 1+m) Wy = ([u]QWHznZ 1t ) SO

Shy-1(T () = (™ (u”-), ¢ et (u™ )1

— If w = wy(s180)"s1, then I,-1 = ‘[2+n+1 and for X = (ﬂlzt;rfz 1fﬂ> € I,-1 we

-1 _ 147t —z -1 _ 147t —[u] 722
have wXw™" = w, (_ﬂ2+zny 1+m) w, = (—7r2+2"[u]2y Lims ) SO

Shy,-1(J () = (—c+(u_2_), _CO7 —c (u2—))w*1'

— If w = wy(s081)"s0, then I,,-1 = I, ., and for X = (1+m 7T2n+1y) €I,-1 we

T2 1+nt
-1 _ 147t —gpit2ny -1 _ 1+mt —7"1+2n[u]72z)
have wXw™" = w, ( R T, ) Wy, = (_W[u]% I S0
Shy-1(T(c)) = (=cT(w™2_), =%, —c™ (u?_)) 1. O

3.4. Action of 7, on E! for w € Q

Let w e W, w € T°/T! and c € hi(w) for some i > 0. By [14] Prop. 5.6, the left
action of 7, on ¢ corresponds to the following transformation, where again we identify
c with its image in H!(I,, k) by the Shapiro isomorphism:

Tw

(63) hi(w) .~ hi(ww)
J{Shw Shwa(
Hi(Ly, k) — 9= ) gir, b,
In other words, for w € 2, we have 7, - ¢ € hf(ww) and
(64) Shyw (T, - €) = wyi Shy(c).
Using ¢+ 7, = J(7,-1 - J(c)), we also obtain c- 7, € h*(ww) and
(65) Shy (¢ - Tw) = Shy(c).

Now we suppose i = 1. We identify ¢ € h'(w) with a triple (¢, c% ¢T),, as in (54).
For u € (O/9M)* and ({Y) € I, we have w, ' (L Y)w, = ( z, b y) and therefore

[w]™2z ¢t
(66) Ty - (€7, ¢ = (¢ (™ 1), ¢t (1? 2))wpw € M (wuw).
In particular,
(67) Te2 - (¢7,c% ¢ ) = (¢, %, M) g20 € RE(5%W)
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for s € {sg,s1} since s = w_;. For the right action, it follows from (65) that

(68) (c_,co,c+)w T, = (c_,co,c+)wwu IS hl(wwu).

3.5. Action of the idempotents e)

For A : Q — kX and w € W, recall that we defined the idempotent ey € E[Q] (see
(36)) and that, for any w € 2 we have ex7, = T,ex = A(w)ex.

LEMMA 3.8. — Let A\, pu: Q — kX, w € W. We consider an element ¢ € hi(w) with
image c,, € H(I,,, k) by the Shapiro isomorphism. We have
ex-c=c-e, if and only if ¢, = p(wwwW) AW wi(cw) for any w € Q.

Proof. — The element ey - ¢ lies in @, .o H (I,X(ww)) and its component
in H (I, X(ww)) is
~Mw ™) Shy,, (wiew)-
The element c - e, lies in B,cq HY(I,X(wt)) and its component in H*(I, X (wt)) =
Hi(I, X (wtw™lw)) is
—p™Y) Shy! (cw) = —p(w ™ (wt ™ w™w) Sh:utlw_lw (cw)-

These two elements are equal if and only if for any w € Q we have A(w™!)w.c, =

pwtw™lw)ey,. O

In the same context as in the lemma, we suppose that ¢ = 1. Then we may see
the image in H'(I,, k) by the Shapiro isomorphism of ¢ € h!(w) as a (¢7,c% c*) as
in (54). For u € (O/M)*, we know from the calculation that gave (66) that

wur(c™, ) = (c(w™2_),c0 et (u? L)) € H (I, k).

If ¢(w) is even, then the conjugation of ;1 by w is equal to y and therefore ey-c = c-e,
if and only if ¢ = pA ™ (wy) wuy(c) for any u € (O/M)*. So

¢ = Hwy)e (w2 )
(69)  (Y(w) even): ex-c=c-e,if and only if ¢ 0 = pA71(w,)c°

¢ = A (wa)et (w2 ),
for any u € (9/9)*. If £(w) is odd, then the conjugation of u by w is equal to p~!
and therefore ey - ¢ = c- e, if and only if ¢,, = () ™! (wy) ws(c) for any u € (O/M)*
which is equivalent to

= = () @) ()
(70)  ({(w) odd): ex-c=c-e,if and only if ¢ c® = ()" (wy)c”
ct = (pA)"Hwa)e (u? ),
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for any u € (O/9)*. An important special case of the above is the following. Suppose
that ¢ = p; for any m € Z and w € W we then have
(71> (0_7 Coa C+)w * €idm

— 0 +
= eidm(—1)5(W)72 : (C ,0,0)w + eidm(—mf(w) . (03 c ,0)w + eidm(—1)e(w)+2 : (07070 )w'

3.6. Action of H on E' when G = SL2(Q,),p # 2,3

In this whole subsection, G = SL2(Q,) with p # 2,3. We also choose m = p. This is
required in the proof of Lemma 9.1 which is used in the proof of Proposition 3.9. The
isomorphism ¢ was introduced in (58). The following proposition is proved in §9.3.
Together with (66), it gives the explicit left action of H on E* when G = SLy(Q,)
with p # 2, 3.

PROPOSITION 3.9. — Let w € W and (¢, %, c™)y € hi(w).

0, =%, —¢ gy ifwe WO, o(w) > 1,
e1 - (—c™,—c —cM)w + eia - (0,—2¢7¢,0)y
= +(0,0, —¢7 ) spw ifwe W, f(w) > 2,
er - (—c7,—c —c)w +eiq - (0,—2¢7¢, % 1),
[ Fear (0,0,¢ )y + (0,0, —¢ ) sgu ifwe W, f(w) = 1.
7o, - (¢7, % ¢y
(—ct, =% 0)yw ifwe W, f(w) > 1,
e1 - (—c7,—c% —ct)w + eq-1 - (0,2¢T1,0),
= +(=¢",0,0)5,u ifwe WO, f(w) > 2,
er-(—c,—c —cM)y + eq-1 - (=% 71, 2¢%¢,0),
+eg-2 - (¢7,0,0)0 + (—cT,0,0)4,0 ifwe WO, g(w)=1.

Tso - (€7,0,¢T)y = (0,0, =7 )gpw for w € Q.
Tsy* (Ci,O,C+)w = (_chaO’O)suu for w € Q.

In these formulas, we use the notation ejgm as introduced in (38) for m € Z.
Recall, using (66), that for (d—,d° d*), € h'(w), the component in h'(w,w) of
eiam - (d7,d% d¥)w € @, cpx h' (waw) is given by

(72) —id™ (w1, - (d7,d%d V) = —um ™ (d (w20),d(2), d T (UP2) w-
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COROLLARY 3.10. — Let w € W, w € Q, and (¢=,, ct), € Al (w).
¢ (c7,0,¢M),

= (¢7,0,0)4, 500 + (0,0, ) 5,0

+e1-(0,0,—¢ )spw + 1 (—ct,0,0)5,, +e1-(c7,0,¢),
¢ (e, ¢y

(c_7 007 O)slsow + €id - (07 _20+La 0)80’11}

+eid - (0,2¢74,0) 5,0 + (0,0, ) 5051w if we WO, f(w) >3,
) (e, 0) 6 50w + €1a - (0, =261 1, 0) 5w + €id - (0,2¢F1,0) 5,0
B Feiqz - (0,0, —cM)grw 4 (0,0, M) gysr0 ifweW°, t(w) =2,
(c7,¢%,0)s, 50w + €id - (0,—2¢T1,% ™ ) g0w + €2+ (0,0, —c) sy
+(0,0,¢M)sps3w + €1+ (—¢,0,0) 5,4 if w € s10.

\
C' (C_,CO,C+)w
(0,¢% M) spsyw + €1a-1 * (0,2¢7¢,0) 5,

+eiq-1 (0, =2¢74,0) 50w + (¢7,0,0)5, 50w ifw € Wl} £(w) > 3,
(0, e ) spsrw + €1a-1 - (0,2¢7¢,0) 5,0 + €1q-1 - (0, —2¢71,0) 50
a Fesg—z - (—¢7,0,0) 0w + (¢7,0,0)5, 59w ifweW?, t(w) =2,
(0,¢% M) spsyw + €iq-1 - (—c%071,2¢71,0) 5,0 + €19-2 + (—¢7,0,0) 5,4
+(¢7,0,0)s, 50w + €1 (0,0, =€ ) squw if w € 50€0.

The decreasing filtration (F™E'),,>1 was introduced in §2.2.4.
COROLLARY 3.11. — We have ¢ - B D F3E*!

Proof. — Tt is easy to see that ¢ - E' contains hl (’W‘}o,Qg) and h#(WMZg’). Notic-
ing that it also contains h}(W*2%), we deduce that it contains hl (W23) and
hL (WO23),

But for ¢ as above and w € 2, we have

¢ (0, 0) 500 = (0,¢%,0) 551500 + €11 - (=%, 0,0)5, 500
=(0,¢°,0) 555,500 + Ceiq-1 - (—c®¢71,0,0),,

50 (0,¢°,0) 55,500 € ¢ - E' and likewise we would obtain (0,c%,0)s, 55,0 € ¢ - EL. O

Using the anti-involution 7, we would obtain the explicit right action of H on E!.

For example, using (¢=,0,c¢%)1-( = J(-T((c7,0,¢7)1)) = T(¢-(¢7,0,c")1) we can
compute:

(Ci’OaCjL)l ' C = (Cia 070)5081 + (05 07c+)s150
(73) + eid—z(c_v 07 O)SU + €442 (0? 0’ c+)81 + €ig—2 (C_a 0, 0)1 + ejq2 (07 07 C+)1'

We give now further partial results on the right action of H on El.
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LEMMA 3.12. — Let v,w € W such that £(w) > 1 and (c=,c°, ct), € hi(v).
i. Suppose £(v) + £(w) = L(vw).
(c™,c%,0)p0 ifvw € Wl,
(0,c% cM)pw  ifvw € Wo.
ii. In the case when v € {sg, 51} and £(vw) = £(w) — 1 we have:
(0,6°,0)s, - T = —€1 - (0,¢°,0)0y — €39-1 - (c°271,0,0),,

(0, &, 0)s, - Tw = —e€1 - (O,CO,O)w + eiq - (0,0, cOL_l)w.

Then (c=,c ct)y -1y = {

Proof. — i. Using (68), we see that we may restrict the proof to the case when v belongs
to the set {(sis1-:)", s1(sis1—;)" : i = 0,1, n > 0}. We treat the case v € W!. First
suppose v = (sgs1)"™. Then, using Lemma 3.7, (67) and Proposition 3.9:

(Cich»CJr)v *Tsog = j(ngl . (Cia CO’ c+)v*1) = j(Tso : (077CO,C+)5(2)1)*1)
= \7((0’ _COa —07)80711),1) = (Cia Coa O)vso'
Next suppose that v = sg(s150)"™. Then
(6_7607C+)v *Tsy = \7(7_31_1 ' (_C+a _Coy _C_)v_l) = j(T81 ' (_C+a _CO7 _C_)sf'u_l)
= j((c_,co,O)sl_lv_l) = (c7,c%0)ys, -
This is enough to conclude the proof when v € wt by induction on £(w).

ii. We treat the case v = so and suppose first that w = so. Then, using (62),
Proposition 3.9, (67) and (70)

(Oacovo)so *Tsg = _\7(7’50_1 ’ (0,00,0)80—1) = _j(TSo : (OvCOvO)So)
= —J((0,—c%0)s, - €1 + (0,0,c% 1), - €ia)
= —€1 - (O,CO,O)Sgl — €ig-1 (—COL_l,O,O)

= —e - (O,CO,O)SO — -1 ° (COL_l,O,O)SO.

—1
So

For w = sow with w € Q, apply 7, on the right to the above formula and use (68).
For general w such that ¢(sow) = £(w) — 1, apply Tootw OD the right to the above
formula and use Point i. O

The increasing filtration (F,,E'),,>o was defined in §2.2.4.
LEMMA 3.13. — Ifw € Q, we have
¢ (c7,0,¢M)y — (c7,0,ch)y, - ¢
=(0,0,¢ ) sps10 +(€7,0,0) 5,500
—(0,0,¢") 5,500 — (¢7,0,0)595,0 mod FiE'.
Ifw e wt of length > 1,
¢ (e, e — (e, ¢M)w - ¢ = (0,0, )sgs10 — (€7,0,0) 5080 mod Fyyy11 B
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If we wo of length > 1,
C : (677 COa C+)w - (677 CO? C+)w : C = (ci,oao)slsow - (0?0,C+)5180’w mod Fé(w)-‘rlEl'
Proof. — We use Cor. 3.10. Recall from (68) that (¢7,c% ¢ )ww = (¢, c)wTy
for w € Q. So it is enough to prove the lemma for w = 1 and for w of the
form (ses1—¢)™Sc or (scS1-¢)"™ where € € {0,1}. By (73) we have
C : (C_a 0,C+)1 - (C_, Oa C+)1 : C
= (0,0,¢M)sps, + (¢7,0,0)5,50 — (¢7,0,0)505, — (0,0,¢")s, 5, mod FyE*.
Now for w = (sgs1)™ with n > 1 we have
¢ (¢, M) = (0,6 ¢ )gys;w mod Fop i1 EY and
C- (7, )1 = (C_,CO,O)SISOw—l mod Fy, 1 EL.
Since J preserves Fy, 1 E' we have, using (61):
(€M) - (=T (e, e )y)
= J((c_,co,O)slsowfl) = (c_,co,O)wSOs1 = (c‘,cO,O)sOslw mod Fy, 1 E',

which gives the expected formula. Using 7, we then obtain the expected result for
w = (8150)". Likewise we treat the case w = (sps1)™so with n > 0. We have

¢ (¢, M) = (0,2 M) spsyw mod Foy o B
and
(C_a CO’ C+)w . C = ‘7(( : (_C+7 _Coa —C_)w—l)
= j((oa _CO’ _07)808111)71) = (Civco»o)wslso = (07,0070)503171) mod F2n+2E1,

which gives the expected result for w = (sps1)™s¢ and similarly we would treat the
case w = (8180)"s1. O

3.7. Sub-H-bimodules of E!

3.7.1. The H-bimodule F*H. — In this Paragraph 3.7.1, there is no condition on § (in
fact we may even have p = 2).

The elements z; := 75, € F1H satisfy the relations:

1) 75,2, = —e1x; = x;7s, for i € {0,1};

2) 1,x; = x;7,-1 for i € {0,1} and w € Q;

3) TsoZ1 = ToTs, and Ts, Lo = T1Ts, -

Given any H-bimodule M, a pair of elements xg, z; € M which satisfy the relations
1)-3) will be called an F!H-pair in M. The F! H-pair in M form a k-vector subspace
of M x M.
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EXAMPLE 3.14. — For any £ > 0 the elements 7, (7s,Ts, ) and 7, (75,75, )¢ form an
F'H-pair in F'H.

LEMMA 3.15. — i. Given an F'H-pair (z9,71) € M x M, there is a unique H-bi-
module homomorphism f(zy 2,) : F'H — M satisfying

f(ﬂﬁo,xl)(TSo) =zo, and .f(aco,m)(TSl) = Z1.

ii. The map f — (f(7s,), f(7s,)) yields a bijection between the space of all H-bi-
module homomorphism F*H — M and the space of all F1H-pairs in M. The
inverse map is given by (o, 1) = f(zg,21)-

Proof. — As aright H-module, we have F'H = 7, H®7,, H and 75, H ~ H/(7s,+e1)H
for i = 0,1. Let (zo,z1) € M x M satisfying z;(7s, + e1) = 0 for ¢ = 0,1. There is a
unique homomorphism of right H-modules

f:F'H — M such that f(1,) = 2o and f(7s,) = 1.

We prove that f is a homomorphism of H-bimodules if and only if xzg,z; is an
F!'H-pair in M. The direct implication is clear. Now suppose that xg,z; € M satisfy
the relations 1) - 3). Let w € W. We want to show that the maps 7 — 7, - f(7) and
7+ f(7T) are equal. Since they are both homomorphisms of right H-modules, it is
enough to show that they coincide at 75, for ¢ = 0,1, namely that T,2; = f(7wTs;).
We proceed by induction on ¢(w). Using relations 2), it is easy to check that this
equality holds when w has length 0. Now let w € W with length > 1.

— If u := ws]*; has length < £(w) we have:

TwZi = TuTsy_; X5 = Tul1—4Ts; by 3)

F(ruTs, )7s; = f(TuTs; i 7s,) = f(TwTs,)

by induction and then right H-equivariance.

— Otherwise, v := ws; ' has length < £(w) and we have

Tw®Ti = TyTs,T; = —Tyx;e1 by 1) and 2)
= —f(7y7s,)e1 by induction

= f(—ToTs,e1) = f(1o72) = f(TwTs;,) by right H-equivariance.

The map f(;, «,) of the lemma is the map f studied above. O

REMARK 3.16. — For any F' H-pair (zg,21) in M we have

im(f(a:g,arl)) - {m €EM:(m= ’I’?’LC}
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3.7.2. F'H-pairsin E'. — In this paragraph we assume that § = Q, with p > 5 and
that ™ = p.

LEMMA 3.17. — The F'H-pairs (zo,z1) in E' which are contained in
h(so) ® hl(s1) ® h1(2) are given by

zo:= —(0,¢%,0)5, — €q-1 - (°¢71,0,0); and z; := (0,°0),, — eiq - (0,0,c%7 1)y,
where ¢® runs over the 1-dimensional k-vector space Hom((1 + pZy,) /(1 + p*Zy,), k).

Proof. — To check that the pairs (zg,z;) in the assertion are indeed F'! H-pairs is an
explicit computation based on the formulas in Sections 3.4 and 3.6.

As noted in Remark 3.16, an element which satisfies the relations 1), 2) and 3)
commutes with the action of (. We determine the elements in h'(so) @ h'(s1) ®h'(Q)
which commute with the action of (. Let x be such an element. Since the elements in
the assertion of the lemma do commute with the action of {, we may assume that z is
of the form

z=(cg,0,¢f)so + (e1,0,¢0)e, + > (c5,0,¢f)w € h'(s0) ® h'(s1) @ h'(Q).
weN
By Lemma 3.13, we know that

(-:c—a:( = (O’ 0’ 03)808130_(067 07 0)303150+(C;7 07 0)318051 _(07 07 Cl+)815081 mod F2E1‘

Therefore we have cg =c¢f =c¢f =c¢;f =0and z =3 5(c5,0,¢f) € R(Q). By
Lemma 3.13 again,

C = C Z ( 0 0 C sos1w + (C;,O, 0)51500.1 - (Oyovc:)slsow - (C;707 0)5051w) mod FlEl
we

and therefore z = 0. This proves that the only elements in E' which are contained

in hl(sp) ® h'(s1) ® h(Q) and commute with the action of ( are given by the for-

mulas announced in the lemma. Therefore, these are also the only F'* H-pairs (o, 1)
in hl(sg) ® hl(s1) ® A1 (Q). O

In the following we choose ¢® € Hom((1 + pZy,)/(1 + p?Z,), k) as in §3.2.3 and
let (xg,%1) be the corresponding F!'H-pair in E' of Lemma 3.17. Recall that the
H-bimodule homomorphism f(x, x,) Was introduced in Lemma 3.15.

ProroOsITION 3.18. — i. For 1, € F'H we have
(0,c°,0), ifwe W and L(w) > 2,
f (70) = —(0,¢°,0),, if we W and 0(w) > 2,
(ko 2a) R (0,¢%,0)s,0 — €iq - (0,0,c%71),, if w=siw € 519,

—(0,¢%0) 550 — €39-1 - (c%271,0,0),  if w = sow € 8p.

ii. The H-bimodule homomorphism f(x, x,) F'H — E' is injective.
ili. The image of f(x,,x,) s contained in the centralizer of ¢.

iv. jo f(xg,xl) = _f(xmxl) 0‘7'
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V. T 0 fixgx1) (Tw) = fixox1) (Twww—1) for any 7, € F1H.

Proof. — i. For w € Q2 we have by definition that f(x, x,)(7s;w) = X;7,,. Hence the last
two equalities follow directly from (68).

For the first two equalities we first consider the cases w = sgs; and w = s189. By
the left H-equivariance of fx, x,) we have

Tso - X1 if w = 5051,

f(xO,X1)(Tw) = {

Ts, - Xo if w = s150.

Using Prop. 3.9 one easily checks that 7, -x; = —(0,¢°,0),, and 75, - x0 = (0, ¢, 0),,.
The assertion for a general w follows from this by using again the left H-equivari-
ance together with the following general observation. For any v,w € W such that
£(v) + £(w) = £(vw) and ¢(w) > 1 we have, by (66) and Prop. 3.9:

7o (0,¢%,0) = (0, (=1) ¢, 0),5,p.
ii. It is immediate from i. that the set {f(x,x,)(Tw)}werig is a k-basis
Of im(f(xo,x1))'
iii. This is obvious, as noted in Remark 3.16.

iv. We first check that J(x;) = —7,2 -x; holds true. The case i = 1 being analogous
we only compute

j(Xo) = —J((O,CO,O)SO) - j((COL_17O7O)1)J(eid*1)
(O,CO,O)SO—I —(c®.71,0,0); - €9 by Lemma 3.7

= (0,¢°,0),25, — €3q-1 - (c”7,0,0); by (66) and (68)
=73 - (0,¢%0)5, — €91 - (c%71,0,0); by (67)

=Tz - (0,¢°,0)4, + Te2€iq—1 (c®.71,0,0); by —eq-1 = Te2 " €id—1

= —T.2 - Xg.
ng 0
For a general w € W1~%*21 we have 7, = 7,,7,-1,, and we deduce that
i

J(f(xg,xl)(Tw)) = J(xl : Tsi_l'w) = j(Ts;lw) . j(xl) = _T’w_lsiTS? c X = _Tw—lsi_l c X

= _f(xo,x1) (Tw*l) = _f(Xnyl)(J(Tw))
using left H-equivariance in the fifth equality.

v. Lemma 3.4 easily implies that ', (x;) = x1_;. For a general w € WL—it21 e
have www ™! € W21 and we deduce that

Fw(f(xo,xl)(Tw)) = Fw(xl : Tsflw) = Fw(xl) : Fw(Tsflw) =X1—i- Twsflww_l
=X1—4" Tsfjiwww*1 = f(xo,xl)(Twww*I)

using in the second equality that T', is multiplicative (cf. §2.2.6). O
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In Prop. 6.3 we will see that the inclusion in part ii. of the above proposition, in
fact, is an equality. This, in particular, shows that there are no nonzero F'!H-pairs

in El \im(f(xnyl)).
REMARK 3.19. — Recalling that e,, was introduced in (39) we have
(1 - e’Yo) : im(f(xo,xl)) = im(f(xo,xl)) ! (1 - e’Yo) = (1 - 6’70) ! im(f(xowxﬂ) ’ (1 - e’Yo)
= (1= ey) - HA(W).

Proof. — Since 1 — e,, is central in H it also must centralize im(f(x, x,)). Recall
that ey, = €jq + €;q9-1. The last equality then is immediate from Prop. 3.18-i. O

3.7.3. An H-bimodule inside E'. —

3.7.8.1. A left He-bimodule inside E'. — Let M be any H-bimodule. To give a ho-
momorphism of left (or right) H-modules f : H — M simply means to give any
element © € M as the image z = f(1). We state a simple sufficient condition on z
such that the corresponding f extends to the localization H,.
LEmMMA 3.20. — Let x € M be such that ( -z -( =x. Then
HC — M

Clre— fo(¢Tr) =712, resp. of (1) :=C" a7, fori>0 and T € H,
is a well defined homomorphism of left, resp. right, H-modules; its image is contained
in the space {y e M : (-y-¢ =vy}.

Proof. — Easy exercise. O

Assume that § = Q, with p > 5 and that 7 = p. We will apply the above lemma
to the bimodule E*.

LEMMA 3.21. — The elements x € E' which satisfy ( -z - ¢ = z and lie in
h1(1) @ eqhl(so) ® eiqht(s180) with T4, - = 0, resp. in h*(1) ® eq-1h'(s1) @
eiq-1ht(s0s1) with 7, - x = 0, are

zt = (07 0, c+)1 — €id ° (Oa 20+L, 0)80 — €id - (0’ 0’c+)5150’ resp.

7 :=(c",0,0)1 + e;q-1 - (0,2¢7¢,0)s; — €59-1 - (¢7,0,0) 50,5

where ¢t and ¢~ Tun over the 1-dimensional k-vector space Hom(Zp/pr, k).

Proof. — We treat the first case, the other one being analogous. Consider any

T = (C_,O,C+)1 + eiq (b_,bo,b+)50 + eid - (d_ad07d+)slsoa
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such that 75, - £ = 0. Using Prop. 3.9 we compute
0="Tgy -2 ="Tsy-(c,0,¢)1 +eq-17sy - (b7,0%,6T) sy +e1q-175o - (d7,d°,d V)4, 50
=(0,0,—c™)s, + €5q-1 - (— er- (07,001, +eia - (0,—2b71,0% 1),
+ a2 - (0,0,07 )5y — (0,0,07)2) — eiq-1 - (0,d°, d7 ) s,
= (0,0,—¢ )sp — €ia-1 - (0,0,07 )2 — €;q-1 - (0,d°,d ™ )sp5, 59
It follows that ¢~ = b~ = d° = d~ = 0 and hence that
(74) z=(0,0,c")1 + eiq- (0,0%,0%)5, + € (0,0,d%)s,s,-
Now we assume in addition that ¢ - z - { = . From Cor. 3.10 we deduce that
¢-z=¢-(0,0,¢")1 + eial - (0,60 )5, + €ial - (0,0,d7)s,5
=(0,0,c")sps; — €1+ (c™,0,0)5, + €1 (0,0,¢)1 +eia (0,0, 0% ) 5055
—eia - (0,2d%1,0) 505,50 + €1 - (0,2d71,0)25, + €ia - (0,0,d 7).
Using Lemma 3.7, Cor. 3.10, Section 3.4, and (71) we compute
(75) (0,0, )spsy - ¢ = —€ia - (0,2¢11,0) 505,50 — €ia - (0,2¢71,0)s,
+e1-(c™,0,0)s, + (0,0,¢T);
—e1 - (c7,0,0)s, - ¢ = —e1-(0,0,¢)s,5, — €1 (c7,0,0),
eia - (0,2d%¢,0) 25, - ¢ = —eia - (0,2d74,0) 555, 5
e1-(0,0,¢M)1-¢=e1-(0,0,¢")s, 50
eia- (0,0,d)1 - ¢ =eia-(0,0,d")s,s,
eid - (0,0%,6% ) 5150 - ¢ = —€ia - (0,0°,0) (5,50)252 + €ia + (0,267, 0)(595)2 + €ia - (0,0,5%)s,
—eia - (0,2d74,0) 55,50 - ¢ = €ia - (0,2d74,0) (4, 5)252-

Comparing the sum of these equations with (74) shows that d* = —c*t, % = —2¢*,
and bt = 0. We conclude that z = ™. O

We now choose ¢ := ¢~ := ¢ € Hom(Z, /pZ,, k) as in §3.2.3 and let (x™,x7) be
the corresponding elements of Lemma 3.21. By Lemma 3.20 they give rise to the left
H-module homomorphisms

(76) fx+ : He — E*.
REMARK 3.22. — 1. We have I';(¢) = ¢. Hence I',, extends to an automorphism

of H.. The multiplicativity of 'y, the formula I'(e)) = e)-1, and Lemma 3.4
then imply that

IFpofutr =fx-0oTn and T'po fy- = fy+r oy

and, in particular, T (xT) = x".
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2. Here and in the subsequent points let z~ and % be as in Lemma 3.21. We
compute

I (@) = T((0,0,¢)1) = T((0,2¢7¢,0)s,) - T (eia) — T((0,0,¢F)sy5) - T (€i0)
=(0,0,¢")1 + (0,2¢™, 0)50‘1 cejq-1 — (0,0, )sys, - €q-1 by Lemma 3.7
=(0,0,¢")1 + eiq - (0,2¢Te, 0)50—1 —eia - (0,0,¢")g,s, by (66) and (68)
=(0,0,¢"); + eiatsz - (0, 2¢71,0)5, — €ia - (0,0,¢1) 505, by (67)
=(0,0,¢")1 —eia - (0,2¢74,0)5, — €1a - (0,0,¢)sps, by —€idTs2 = €id
=zt +eiq-(0,0,¢)s,50 — €ia - (0,0,¢)sps,
= (1 —eiqd — €idTsgs; ) zt by Prop. 3.9
=(1—eq—eaql) -z

and similarly

J(x7)=(1—¢eq-1 —e€q-1() 2.

LEMMA 3.23. - 1. For any u € FY we have zt -7, = u?7,, -zt and
T Ty, = u27'wu -T .
2. We have zt -7, =75, xT =0 and z~ - 75, =75, -z~ = 0.
3. We have
7 u(Tsy) = —€q-2 -2~ and
(1) = —eiqz - 2T,

while, for x* and x~ as above,

xtu1s,) = —Tw_,1(7s,) X~ -C  and
x - L(Tso) = _Tw71L(TS1) -X+ . C7

where we recall that the involution v was introduced in (29).

Proof. — 1. For any u € F)f we compute using (66) and (68)

zt 7, =(0,0,c")1 T, — €ia- (0,2C+L,0)SO T, — €id - (0,0,(3+)sls0 “Tw

=(0,0,¢"),, — €ia - (0,2¢T, O)UJ;1S0 —eia - (0,0,¢M) w550

=u"?7,, -(0,0,¢"); — eiat, -1 - (0,2¢71,0)5, — u2eiqT,, - (0,0,¢M)s, 00
=u"27,, - (0,0,¢"); —uteiq - (0,2¢7¢,0)5, — u %eiaTi, - (0,0,¢1 )4, 50
=u"27,, - (0,0,¢"); —u"21, eiq - (0,2¢7¢,0)5, — u 2eiaTn, - (0,0,¢M)s, 50

= U_QTwu -zt

u

and, by an analogous computation (or by applying Remark 3.22-1), we obtain
T Tw, = u27'wu ST
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2. For the identity 75, - 7 = 0, see Lemma 3.21. Now we compute:
at Tso = j(j(TSo) ' j($+)) = j(ngTSO ' (:L’+ + eid(0707c+)s1so — €id - (0a07c+)8081))
by Remark 3.22-2
= J (752 (7s, - Tt 4+ eq-17s0 - (0,0,¢M) g 50 — €1a-1Tso - (0,0,¢)sps,))
=0 by Lemma 3.21 and Prop. 3.9

We obtain the analogous statements for £~ using Remark 3.22-1.

3. The first identities easily come from Points 1 and 2. We treat the second equa-
tion of the last statement. The first one can either be established by an analogous
computation or by applying Remark 3.22-1 to the second equation. Both sides of the
second equation lie in the sub- H-bimodule ker(¢ - idg: -¢ — idg1) of E' on which left
multiplication by ( is injective. Hence we may instead check the equation

—( X (Teg+€1) =T, - (15, +€1) - X

For the left-hand side we first have, using Lemma 3.12 and Point 1:
7 (Tsy +€1) = (¢7,0,0)5, + €9-1 - (0,2¢7¢,0)5,5, — €1q-1 - (€7,0,0)505,50 + €iq-2 - T~
= (c7,0,0)s, + €5q-1 - (0,2¢7¢,0) 5,50 — €q-1 - (€7,0,0) 508,50
+ €q-2 - (¢7,0,0)1
and then by Cor. 3.10
—C-x7 - (Tsp +€1) = €9-2 - (¢7,0,0)5,5, — (¢7,0,0)5,00_,
+ejg-1-(€7,0,0)5, +e1-(0,0,¢7 )1 —ejq-2 - (¢7,0,0)s,5,
=—(c",0,0)5,0_, + €4q-1-(c7,0,0)5, +€1-(0,0,¢7)1.
For the right-hand side we first compute using Prop. 3.9
Toys2 T = —(c*,0,0)5,0_, + €q-1 - (¢7,0,0)s,
e1-xzt =e;-(0,0,c");
and then see, by adding up, that it coincides with the above computation for the
left-hand side when ¢t = ¢~ = c. O
LEMMA 3.24. — The maps fx+ and fy— defined in (76) induce an injective homo-
morphism of left H-modules

fE=f +f
_—

H¢/Hets, ® He/HeTs, E!

the image of which is contained in the kernel of the endomorphism ¢ -idg: -( — idg:.
Proof. — By Lemma 3.23-2, the map is well defined. By definition of xTand x,
the last statement of the lemma is clear. We prove that the map is the injective.

We first observe that it suffices to check the injectivity of the restriction of f* to
H/Hts, ® H/HTs,. The elements 7, with w € W such that £(wsg) = £(w) + 1 form a
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k-basis of H/HTs,; they are of the form w = w(sgs1)™ or = ws1(sgs1)™ with m >0
and w € Q. Using (66) and Prop. 3.9 we obtain

FX(0,0,¢t)y if w = w(sps1)™,

Fy(ct,0,0), if w=wsi(s051)™,

Tw * (0,0,C+)1 S {

)

and
Tw - (0,¢%,0)5, = (0, (=1)4™) % 0) 5, € h(l)(W) for any w as above,
and
Fow)—2E* + h(l)(W) for any w as above with m > 1,
Tweid (0,0,¢1) g0 € FXeq-1-(ct,0,0)s, + RE(W) if w = wsy,
FXeia - (0,0,¢")usyso if w=w.
It follows that
(77) B
k*(0,0,¢)y + Fg(w)_gEl + h{(W) if w=w(sgs1)™ with m > 1,
Xt e k*(c,0,0)w + Fy)—2E* + (W) N if w=ws1(sps1)™ with m > 1,
k*(c,0,0)y + k> e;q-1(c,0,0)5, + h(W)  if w = wsy,
(0,0,€)w

£*(0,0,¢) + kX €4(0,0,¢) s, s, + RE(W)  if w=w.

Similarly the elements 7, with w € W such that L(wsy1) = l(w) + 1 form a k-basis
of H/Ht,; they are of the form w = w(s189)™ or = wsp(s150)™ with m > 0 and
w € . In this case we obtain
(78)
kX
kX
k;)(
k)(

C,0,0)w + Fyu)—2E* + h(l)(W) if w=w(s180)™, m > 1,

0,0,¢)y + F[(w)_QEl + hé(W) if w=wsg(s180)™, m > 1,
0,0,¢)y + k™ eiq - (0,0,¢)s, + h(ll(W) if w = wsy,

c,0,0)y, + kXejq-1 - (€,0,0)0s0s, + ho(W) if w=w.

Tw'X €

o~ o~ o~ o~

By comparing the lists (77) and (78) we easily see that the elements

{Tw - xT : l(wsp) = L(w) + 1} U {7y - x™ : L(wsy) = £(w) + 1}

in E! are k-linearly independent even in E'/h{(W). O

3.7.8.2. Structure of Hy-bimodule on Hy /H; 15, ® H;/H¢Ts, .~ In this paragraph, the
only condition on § is that it has residue field IF,,. Recall the involution « of H defined
in (29).

We consider the homomorphism of k-algebras « : H — H¢ given by the com-
position of the involution « : H — H and the inclusion H — H¢, the element
—Tw_,(7Y € Z(H¢) in the center of H: and the character p : Q — kX, w, — u?
Recall that as in Remark 2.12, we may refer to the idempotent corresponding to
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the latter as e;q2 instead of e,. As in §2.4.7, this yields a homomorphism of k-al-
gebras ko : H — My(H;) and an (H¢, H)-bimodule structure on H¢ @ H, denoted
by (He ® He)[k, —Tw_, ¢, ] where h € H acts on (o+,07) € He @ H via

((c*,07),h) — (oF, 07 )ka(h).

We consider the composite map kg o v~ '. Again, it is a homomorphism of algebras
H — My(H¢) and it yields an (H¢, H)-bimodule structure on H @ H: denoted
by (H;® H)*. We spell out below the action on (6+,07) € H;® H; of the generators
UTsp)s UTsy ) Tw, for u € X of H

+7 U_)L(TSO) = (_0-+eid2 - O-_TUJ71L(T$1)<_15 O)

(79) (0,07 )u(7sy) 1= (0, =0 €sa-2 — 0 7, 1(75,)C )
+

(o
(a+,a_)7'wu = (’U,_QO' Twu,u2a_7'wu).
One easily checks that
(7'50, O)L(Tsl) = (0’ TSI)L(TSO) = 0’
(Ts, 0)t(Tsy) = —€3q9-2(Ts0,0) and (0,75, )e(7s,) = —€342(0, 75, ), and lastly
2

(Ts9>0)Tw, =0~ ngl(TSO,O) and (0,7, )Tw, = U2Tw;1(0,7'51).

Hence this bimodule structure passes to the quotient (H¢/H¢7s, ® H¢/HeTs,)E.

REMARK 3.25. — In (Hc/HgTSO D HC/H(Tsl):ta we have
(80) Tso(1,0) = (1,0)7s, =0 and 7,,(1,0) = (0,0)75, = 0.
The only non obvious statement is for the right actions. We prove it in the first case

(it is actually a computation in (H & H¢)*):

(1,0)75, = —(1,0)1(7s,) — (1,0)e1 = (€102,0) + Y (1,0)7,,
= (€1a2,0) + Y _(u™27,,,0) = (€42, 0) — (ejq2,0) = 0.

LEMMA 3.26. — For anyo € (H¢/H¢7s,®H¢/H;Ts,)T we have (¢ = o In particular,
(He/Hetsy ® He/Hers,)F is an (He, He)-bimodule.

Proof. — Tt suffices to show that ((1,0)¢ = (1,0) and ¢(0,1)¢ = (0,1). Here

and in the following we write = and =, for greater clarity, if an equality holds in

o € (H¢/Hets, ® He/Hes,)* and (He®H)*, respectively. We give the computation

in the first case:
¢(1,0)¢ = ¢(1,0)x(7s,)u(7s,) by (80)

(0, =Ty (70 )¢ )e(7s, )

(T (Ts0) ¢ T4 1(75,)¢ 1, 0) = (1750 )75, )¢ 2, 0)

(746 = Ty Ts), 0) = C(C71,0) = (1,0). Cl

SOCIETE MATHEMATIQUE DE FRANCE 2022



46 CHAPTER 3. FORMULAS FOR THE LEFT ACTION OF H ON E*

LEMMA 3.27. — We have an isomorphism of right H;-modules
B He/TooHe ® He /75, He — (He/Hersy © He/Hers, )™
sending (1,0) and (0,1) to (1,0) and (0, 1), respectively.

In particular, (H¢/H¢s, ® He/HeTs,)T is a free k[(F1]-module of rank 4(p — 1)
on the left and on the right.

Proof. — That the rule given to define g yields a well defined module homomorphism
is immediate from the fact that (1,0)7s, = (0,1)75, = 0 (see (80)). To check the
bijectivity we start by observing that, as a consequence of Lemma 2.7, a k-basis
of He/7s,H. as well as H¢/H,7,, is given by

{7, :j€Luc FX}u {7, U1s,_):j ELyu € Fx},

where we use the involution (29) of H. It follows that H /7, H; & H¢/7s, H; and
(H¢/H¢Ts, ® He/HeTs, )™ both have the k-basis

{(Ciju’0)7 (Ciju 1(7s,),0), (0, Ciju)’ (O7CijuL(T50)) : Jj€Zue F;}
The image under 3 of this set is

{uiz(gijﬁrwu ,0), _u72(07 CijilTw—u H(7s0)), u2(07 Ciiju)a —u2(cij717—w_u L(7s,),0) :
jE€Z,ue IF‘qX 1,
which is a basis for (H¢/H¢Ts, ® He/Hes,)E.
The k[¢*']-modules H;/H:Ts, ® H¢/HeTs, and He /T He ® He /15, H; are free
k[¢*']-modules of rank 4(p — 1) (respectively on the left and on the right). The last

statement follows.
O

3.7.8.8. On im(f*).— In this paragraph we assume that § = Q, with p > 5 and
that ™ = p.

PROPOSITION 3.28. — The map f* in Lemma 3.24 yields an injective homomorphism
of H-bimodules

(H¢/Hcrsy ® He/HeTo,)* — B
which we still denote by f*. Its image im(f*) is contained in the kernel of the en-
domorphism ¢ - idg1 -¢ —idg1 and is a sub-H-bimodule of E' on which ¢ acts in-
vertibly from the left and the right. Furthermore, im(f*) is a free k[¢*']-module of
rank 4(p — 1) on the left and on the right.

Proof. — From Lemma 3.24 we know that

fE=fr+
He/Hero, ® He/Hery, ———>— B

is an injective homomorphism of left H-modules the image of which is contained in
the kernel of the endomorphism ¢ -idg: -( — idg:. The right H-equivariance of

+
(He/Heryy © He/Hero ) 15 B
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is immediately seen by comparing the Definition (79) with Lemma 3.23. The last
statement follows directly from Lemma 3.27 O

In Prop. 6.8 we will see that the image of f* coincides in fact with the kernel
of C . ldEl C — ldEl

REMARK 3.29. — 1. It follows from Remark 3.22-1 that the diagram
+
(He/Heray ® He/Heryy ) —— B
(UJ’,G_)H(FW(U_),FW(UJr))l JFW
+
(He/Hersy ® He/Hera )t~ B
is commutative.
2. The maps
8o : He/Hcroy — He/HcTsys b — h(1 — eiq — €a(™")
81 : He/Hers, — He/Hersy ho— h(1 = ejq-1 — e;q-1(7")
are well defined isomorphisms of left Hs-modules.
Note that on the component H¢(1 — ea)/HeTso(1 — e€ia)
(resp. H¢(1 — ejq-1)/HeTs, (1 — e3q-1)), the map &y (resp. 1) is the iden-

tity map. On Heejq/H¢Ts eia (resp. Heeyg—1/HeTs, €5q-1), the map o (resp. 61)
is the multiplication by ¢~ 1.

Consider
(81)
(He/Hersy ® HeJHero )= 229 He 7o He® He J7o, He 25 (H Hery @ He /Heray ) E
We have
f£oBo(TeT) 0t 07) = 0BT (o), T(07))
—x* - J(0) +x - T(o7),
since f* o f3 is right H-equivariant. Let
(82) TE =30 (T ®T)o (6 ®d1).
Then
fEog® (et o) =xt - J(0T(1—ea—eal ™)) +x - T(0™ (1 - ejq—1 — eg1¢7"))
=x"-(L—eq1 —eg1 ()T (@) +x - (1 —eia — e )T (07)
=(1—eia—ea¢) X" -T(0F) + (1 —eq1 —€g-1¢) -x~ - T(07)
by Lemma 3.23-1
=JEx")-TJ")+T(x7)-T(c”) by Remark 3.22-2
=J(o"-x"+0"-x7) =T (fF(0*,07)).
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It follows that the diagram

+
(H¢/Hcrsy @ He/Hero, ) * S o

- i jj

(H¢/Hersy @ He/Here, ) * S

is commutative.
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CHAPTER 4

FORMULAS FOR THE LEFT ACTION OF H ON E¢-!
WHEN G = SLy(Q,), p # 2,3

For the moment, G = SL3(§) and I is a Poincaré group of dimension d (hence
p>5).

4.1. Elements of E9~! as triples

Recall (see (14)) the isomorphism of H-bimodules A4~! : pi=1 — J((EY)V:F)T.
The left action of h € H on o € 7 ((E')V-¥)J = E4-1 is given by

(83) (h,a) = a(T (h)-).
The anti-involution J on E%~! corresponds to the transformation
(84) T(BYT — T(EY)T

a— aoJ.
Proof. — We prove that for ag € E4"! we have A1 (J(ag)) = A% Hag) o T
in (EY)V+/. Let 8 € (E')V:/. By definition of AY~1 we have
[AT"(ag) 0 TN(B) =m0 8% ag U T(B)) =008 T (J(a0) UB)) by [14] Rmk. 6.2
=no8%J () UB) by [14] Cor. 7.17
= [ATH (T (@0))](B)- -

We will abbreviate h%~ 1 (w) := H41(I,X(w)) for w € W and will identify it with
ht(w)Y € T((EY)Vf)7. Recall from (54) that an element ¢ in h'(w) C E! may be
seen as a triple (¢—,c%, c¢t),, with

¢t € Hom(D/M, k) and ¢® € Hom((1 + M) /(1 + M+ (1 4+ Mm)P, k).

For a given finite dimensional F,-vector space V, the k-dual of Homp, (V, k) identifies
canonically with V ®p, k so we will see an element « of (h*(w))¥ as a triple

(85) (@™, a’,a™), € O/My, kx ((1+M)/(L+IM T (149M)P) @5, kx O /MBE, k
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such that a(c) = ¢ (a™) + ®(a®) + ¢t (aT). We still denote by (a~,a’,a™),, the
image of this element in h%~1(w) via the inverse of A?~! and then we have
(86) (@7 0% a")u U (e, M)y = (¢ (a7) + (@) + ¢ (a™)) pu,

where ¢, € h%(w) was defined in §2.2.5. Since J respects the cup product and since
J(¢pw) = ¢u-1 ([14] Rmk. 6.2 and (8.2)), we obtain from Lemma 3.7 the following
result:

LEMMA 4.1. — Let w € W and a = (a™,a®, ™), € A4} (w).
If L(w) is even then

(87) J(a) = (w2a",a’,u?a™),-1.
If £(w) is odd then
(88) j(a) = (—u2a+, _aoa _u72a7)w71,

where u € (O/M)* is such that wy w lies in the subgroup of W generated by so
and s1.

From (20), (49) and Lemma 3.4 we obtain:
LEMMA 4.2. — Let w € W and (o™, 0%, at), € hi=1(w). Its image by conjugation
by w defined in (48) is

Iw((a™,a%ah)y,) = (aF,—a’, a7 ) puew-1 € B (www ™).
In the next lemma we refer to the notation in §3.2.3.

LEMMA 4.3. — Assume G = SL2(Qp), p # 2,3. Forw € W, ¢(w) > 1 we have
(0,4°,0), = —(c,0,0), U (0,0,¢)y,
(89) (2,0,0) = (0,¢%,0), U (0,0, ),
(0,0,%) = (c,0,0), U (0,c°,0),.

Proof. — By definition, (0, 0),, is the unique element in h%(w) such that
n08%((0,a°,0), U (0,c%0),) =) =1,
n08%((0,a°,0)y U (c,0,0),) =0,
n08%((0,0%0), U (0,0,¢),) =0,
namely (0, «°,0),, U (0,c°,0),, = ¢, while
(0,°,0)0 U (€,0,0) = (0,2°,0),, U (0,0, )y = 0.

By (60), we obtain the first formula of the lemma. The other formulas are obtained
similarly. U
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For any subset U C W we define as in §3.2 the k-subspaces

RN U) = P rH(w), h§THU) = P kg (w), and AEHU) = P b H(w)

welU welU welU

of h?~1. We also let A%~ (U) := 1 (U) ® k41 (U).

4.2. Left action of 7, on E4~! for w € Q

Let w € W. The action of 7, on the left on an element a € Rl (w) C E4~! was
given at the beginning of §3.4. Here we make this action explicit when « is given by
a triple

o= (a".ala"), € (B (W) € 7 (B))7 = B!
as in (85). For u € (O/9M)*, we compute 7, - @ € hl(w,w).
For ¢ = (¢7,c% ¢y w € b (w,w) we have
(Tw, - @)(c) = ¢~ (v?a™) + (@) + ¢t (u2a™)

(see (66)) therefore

(90) T, - (@7,00 0™y, = (WPa™, 0’ u"%a™)y, W
In particular, for s € {sg, s1} we have (compare with (67))
(91) 12 - (a7,a% a)y, = (7,0, at) 2.

REMARK 4.4. — Using (83) and the formulas in §3.5, we have for w € W and
a=(a",a’at), € hiH(w):

a” = p M MNwy)a (w2 )
(92) (f(w) even)): ex-a=a-¢,ifandonlyif ¢ o= pu " A\(w,)a’

at = p AN wy)at (u? )
for any v € (O/MM)*, and

(93)  (¢(w) odd)): ex-a=a-e, if and only if a® = pA(wy)a®

for any u € (O/9M)*.
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4.3. Left action of H on E? when G = SLy(Q,),p # 2,3

Suppose that G = SL2(Qp), p # 2,3 and @ = p. Then d = 3. The isomorphism ¢
was defined in (58). The following proposition is proved in §9.4. Together with (90),
these formulas give the left action of H on EZ2.

PROPOSITION 4.5. — Let w € W, w € Q and a = (o™, 0, o)y € (h(w))V seen as
an element of E2. We have:

Tso * (Oé_, aO’ a+)w

(—at,0,0) 50w if w e WO with f(w) > 1
e1-(—a=,—a’ —a™), + eq - (2¢(a’),0,0),
=9 H(=at,—a’ 05w if we W with 0(w) > 2
e1- (—a=,—a® —at)y, + eiq - (2u(a?), =71 (at),0),
[ +eiqz - (@F,0,0), + (—=a™,0,0)s5w if we W with f(w) =
7o, - (a7,a% a™)y,
(0,0, —of)slw ifwe W with f(w) > 1,
—e1 - (o™, a™)y + eq-1 - (0,0, —2c(a®))y
= +(0, —a® ) if w e WO with L(w) > 2,
—e1 - (a7,a% at)y +eq-1 - (0,07 (™), —2u(a®))w
+eig-2  (0,0,07 )y + (0,0, —a7 )syw if we WO with f(w) =

o " (O‘_70’O‘+)w = (_a+,070)sow
Ts, - (a7,0,a™), = (0,0, —a )s,0-

COROLLARY 4.6. — Let w € W, w € Q and oo = (a~,a°,at),, € (h*(w))V seen as
an element of E2.

¢ (a,0,aM), = (@7,0,0) 5,80 + (0,0, )5, 50w
+e1-(—at,0,0)5,, +e1-(0,0,—a )5, +e1- (@,0,a™),.
(@™,0,0) 5083w + (0,0, )5, 50w + €1 - (—™,0,0) 50w
+eiq-1 - (0,0, —20(a®)) s, + €9-2 - (0,0, —at) s, if w € 500
(@7,0,0) 5083w + (0,0, )5, 50w + €1 (0,0, —@ ) 5,00
+eid - (2¢(a®),0,0) 55w + €02 - (—a7,0,0, ) s0w if w e $10

C : (a_>a0u a+)w =
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+)w

+)w

(a™,0, 0)508110 + (0,0, 0‘+)slsow + ea-1 - (0,0, _2L(0‘0))S1w
+eq-1 - (0, _L_l(a+)a 2L(a0))30w + eqa-2 - (0,0, —Oz+)50w
ifwé€ Wl, Lw) =2,

(07 0’ a+)slsow + (Oé_, Oyo)soslw + €iq - (21,(010),0,0)50“)
+eiq - (_QL(QO)’ [’71(0[7)3 0)31w + €2 - (_ai)oao)sﬂﬂ
ifwe W, f(w) =2,

( (06_7 0’ 0)808110 + (07 aoy a+)8180u)
+e€jq-1 - (0707 _2L(0‘0))81w +ejq-1- (0705 2L(a0))sow

ifw e Wl, L(w) > 3,

(07 07 a+)81$0’w + (a_7 aO’ 0)8081’[1)

+eia - (2(a®),0,0) 50w + €id - (—2t(a?),0,0) 5,4

if we WP, o(w) > 3.

53
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CHAPTER 5

k[¢]-TORSION IN E* WHEN G = SL,(Q,), p # 2,3

In this whole section G = SLa(F).

A) Without any assumption on §, we know that E° is a free left (resp. right)
k[¢]-module (Lemma 2.7). Therefore it is k[(]-torsion free on the left (resp. right).

B) Here we suppose that the group I is torsion free and its dimension as a Poincaré
group is d. We study the k[¢]-torsion in E¢. We know by Remark 2.21 that the left
and right actions of ¢ on E? coincide. Recall that we have the following isomorphism
of H-bimodules

(94) E? > ker(8%) @ Xeriv

and by Proposition 2.4, we have ker(S?) = |J, (H/¢(™H)" as H-bimodules. Therefore
E? is the direct sum of its one-dimensional subspace of (¢ — 1)-torsion and of its
subspace ker(S¢) of (-torsion. This applies in particular when G = SLy(Q,), p # 2,3
and d = 3.

C) We study the k[(]-torsion in E*.

LEMMA 5.1. — Suppose that G = SLy(F).
i Suppose that p # 2. For any P € k[X] such that P(0) # 0 there is no left (resp.
right) P(C)-torsion in E*.
ii. If § = Qp, given any 0 # P € k[X], there is no left (resp. right) P(C)-torsion
in B
Proof. — Let 0 # P € k[X]. Suppose that we know that (X/XP(¢))! = H/HP(C).

Then the exact sequence of (G, H)-bimodules 0 — X PO x X/XP() — 0

induces the long exact sequence of H-bimodules

0B T B g1, X/XP(¢)) — E? — -+ .

In particular, there is no right P(({)-torsion in E!. Since P({)-c= J(J(c)- P(¢)) for
any ¢ € E*, there is no left P({)-torsion in E' either.

i. For any field extension k’/k and any V € Mod(G) we have (V@ k') = VI®,k .
Therefore we may assume that F, C k (and that p # 2). Suppose that P(0) # 0. Then
H/HP(() is an He-module.
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Hence by [13] Thm. 3.33 we know that (X/XP(¢))! = H/HP(C).
ii. Suppose § = Q,. Then (X/XP(¢))! = H/HP(() (see §2.4.10). O

D) Here we suppose that the group I is torsion free and its dimension as a Poincaré
group is d. We study the k[¢]-torsion subspace in E4~1.
Let i € {0,...,d} and £ > 1. Recall that the left action of ¢ on 7 ((E?)Vf)7 = Ed—i s
given by (¢,¢) — @(¢-—) : E* — k. In particular, coker(¢¢- : E* — E?) = {0} implies
ker(¢t : B4~ — E9%) = {0}. We explore the converse implication in the lemma
below where we refer to the decreasing filtration (F™E"),,>0 introduced in §2.2.4.

LEMMA 5.2. — Suppose that G = SLy(F) and I is a Poincaré group of dimension d.
Let i € {0,...,d}. Suppose that there is m > 0 such that ¢* - E* O F™E*, then we
have an isomorphism of H-bimodules:

ker(¢*: BY™" — BT = I((B'/¢" - E)Y)7.

In particular, ker(¢*- : E4~% — E9%) = 0 if and only if coker(¢*-: E* — E%) = 0.
The same statements are valid for the right action of ¢*.

Proof — The kernel of the left action of ¢¢ on 7((E?)V-f)7 is the space of all
¢ € (E*)Vf which are trivial on ¢ - E’. Suppose that there is m > 0 such
that ¢¢- E* O F™E®. Then any ¢ € (E*)V which is trivial on ¢* - E' lies in (E*)V"7.
Therefore, the kernel of the right action of ¢¢ on 7 ((E*)V:)7 is the space of all
¢ € (E%)Y which are trivial on ¢*-E?, namely ker(-¢* : 7 ((E})V-/)T — T (EH)V-F)T) =
(B BEYY). 0

REMARK 5.3. — It is easy to check that ¢¢- E® D ¢¢- F1E? = F?*+1E0. So we recover
ker(¢t : EY — E4) = J((H/¢*H)V)? which is isomorphic to (H/¢(¢H)V. (compare
with B) above).

Using Corollary 3.11 we obtain immediately:

COROLLARY 5.4. — Suppose that G = SL2(Q,), p # 2,3. We have an isomorphism
of H-bimodules:
ker(¢ : B2 — B?) = 9 ((B'/¢ - B)")7.

REMARK 5.5. — We will see in Proposition 6.15 that this space is nontrivial.

LEMMA 5.6. — Suppose that G = SLa(Qy), p # 2,3 and m = p. There is no left (resp.
right) P(C)-torsion in E? for any P € k[X] with P(0) # 0.

Proof. — We may prove the assertion after a base extension of k. Hence it suffices to
consider the case P(X) = X — a for some a € k*. As in the proof of Lemma 5.1, it is
enough to prove that there is no left (¢ — a)-torsion in E? or equivalently that there
is no right (¢ — a)-torsion in (E')Y*f (see (14)). We prove that for a given m > 1, we
have

(¢C—a)-E'+ F™E' = E.
By our assumption that @ = p, we may use the formulas of Cor. 3.10.
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— Ifwe WO, ¢(w) > 2, we have ((—a)-(c™, ¢ 0)y = (¢, 0)s,s0w—0(c7,c?,0)y
and if £(w) > 1, we have (( —a) - (¢7,0,0)y = (¢7,0,0)s,500w — @ - (¢7,0,0)4.
So by induction hl (W9¢21) + pl(W0£22) C (¢ — a) - E! + F™E!. Using
conjugation by w, we have proved hl (W*21) + pf(W*22) + p} (W1421) C
(C—a)-E'+ F"E",

— Ifw e WO, ¢(w) > 3, we have

(C—a)(0,0,c7)y € (0,0,¢M)spsyw — a(0,0, ¢t )y + h§(W22),
therefore hl (’W‘}1,£21) + hL(WO’Ql) C (¢ —a)- E' + F™E" by induction and
conjugation by w.
So at this point we have hé(WQZ) + hli(’V\[ﬂZl) C(¢—a)-E'+ F™EL

— But if £(w) = 1 we have ((—a)(0,c°,0),, € —a(0,°, 0)w+h3(W22)+h1i(WZl)
so KY(W) + hL (WYY C (¢ — a) - B + F™E".,

o Last/l\)//, (c7,0,e")w € (¢ a)ic_7 0, O)EQ,SW +(¢—a)-(0,0,c")s500 + h(l)(/Wv) +
RL(W*1) for w € Q. So Wy (W) +hL (W) C (( —a)- E* + F"E. O
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CHAPTER 6

STRUCTURE OF E' AND E? WHEN G = SLy(Q,), p # 2,3

6.1. Preliminaries

We define the following endomorphisms of H-bimodules of E*:
f=¢idg--(—idg- :c—(-c-(—c
and
g:=(-idgx —idg+-C:c—(-c—c- (.
We will restrict them to the graded pieces E* and will then use the notation f; and g;.
The following remarks are easy to check. Here G = SLa(F).

REMARK 6.1. — i. f and g commute. In fact,
fog=(C+1) idp- ¢~ idp-((*+1) =go f.

ii. It is clear that the left (resp. right) action of ¢ on ker(f) induces a bijective
map. Hence ker(f) is naturally a H.-bimodule.

iii. We have the following inclusions of subalgebras of E*:

ker(g) C ker(f) + ker(g) C E™.

We have indeed ker(f) - ker(f) C ker(g) as well as ker(f) - ker(g) C ker(f) and
ker(g) - ker(f) C ker(f).

iv. The spaces ker(f) and ker(g) are stable by conjugation by w (see (48) and use
that ' (¢) = ¢).

v. The spaces ker(f) and ker(g) are stable by J (use that J(¢) = ().

LEMMA 6.2. — Suppose G = SLy(F). We have
i. ker(fo) = {0} and ker(go) = E° .

ii. If I is a Poincaré group of dimension d, then ker(gq) = E¢ and ker(f4) = Xtriv
as a left (resp. right) H-module.

iii. Suppose that p # 2 or § = Qp. Then ker(f1) Nker(g1) = {0}.
iv. Suppose that § = Q, with p # 2,3. Assume m = p. Then ker(f2)Nker(ge) = {0}.
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Proof. — The first point is clear, using in particular the freeness of H as a k[(]-module.
For the second point: we saw in §5B) that ¢ centralizes the elements in E¢, therefore
ker(g;) = E? and the kernel of f; coincides with the kernel of the action of ¢2 — 1
on E4. But E? is the direct sum of its one-dimensional subspace of (¢ — 1)-torsion and
of its subspace of (-torsion. So ker(f;) coincides with the subspace of ({ — 1)-torsion
and is isomorphic to Xty as a left (resp. right) H-module.

The last two points come from the fact that for any 7 the space ker(f;) Nker(g;) is
contained in the ¢? — 1 torsion space in E*. But for i = 1,2 and under the respective
hypotheses, this torsion space is trivial by Lemmas 5.1 and 5.6. O

6.2. Structure of E!

We suppose that G = SLy(Q,) with p # 2,3 and we choose m = p. Here we focus
on the graded piece E' and work with the endomorphisms of H-bimodules
fi=C-idgr-¢(—idgr:c—(-c-(—c
and
g1:=C-idgi —idg1-(:c—(-c—c-(.

6.2.1. On ker(g;). — In Prop. 3.18 we established the injectivity of the H-bimodule
homomorphism

(95) Fxoxy) : FYH — ker(g1).

PROPOSITION 6.3. — Assume G = SLy(Qp) with p # 2,3 and m = p. The map (95)
is bijective, so ker(g1) is isomorphic to FYH as an H-bimodule. In particular, as a
left (resp. right) k[C]-module, ker(g1) is free of rank 4(p — 1).

Proof. — It is immediate from Prop. 3.18-i that E* = im(f(x, x,)) ®hL (W). Therefore

we only need to check that g; is injective on hl (W). From §2.2.4 we know that,
for n > 0, we have

¢-F,E'+ F,E'-( C F,,oE" and hence g¢,(F,E')C F,oE"
But Lemma 3.13 tells us that modulo Fg(w)+1E1 we have

(0,0, ) sps,w — (€7,0,0) 506, if w e Whtzt,
(7,0,0) 5,500 — (0,0,¢)s, 50w if w e W1,
(0,0,¢M)sps0 4 (€7,0,0)5, 500

—(¢7,0,0) 5050 — (0,0, )5 500 fw=weQ.

This shows that g; is injective on hL (W). O

gl((c_v 0, C+)w)

REMARK 6.4. — The above proposition implies in particular that ker(g;) is the cen-
tralizer in E' of the full center Z of H.
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6.2.2. Onker(f;). — In Prop. 3.28 we introduced and established the injectivity of the
H-bimodule homomorphism

(96) f*: (He/Hersy ® He/Here, )™ — ker(fi).
To show that this map is actually also surjective we need to introduce the vector
subspace ¥ C E! with basis
(97) x:=eq - (0,0,¢)1 - €q-1, eia - (0,0,¢)s, - €1a = T - Tsy,
Y= eq-1 - (c,0,0); - eiq, €iq-1 - (€,0,0)5, - €1g-1 =Y - Ts, -
Temporarily we put
U= B+ im(fxy x,)) +im(FE).
But note that im(fix, x;)) + im(f%) = im(f(x,x,)) @ im(f*) by Lemma 6.2-iii.
LEMMA 6.5. — We have:
a) (£-7s,) T, =0 and (Y - Tsy) - Tsg = 0;
b) 275, =0 and y- 75, =0;
C) Toog T=0=74,-(x-7s,) and 75, - y=0=74, - (Y Tso);
d) 7o, T =y Ty + €ia—17s, fxt (1), Too -y = 2 T, + €aTsg - fx-(1);
e) (T — 1T =eqTsys, - fxt+ (1) + 2€ia - fixox1)(Tso)s
f) CY—Y=e€q-1Tss0" fx*(l) + 2e54-1 f(xO,xl)(Tsl);
g) z-¢— 2,y ¢~y €im(fix,x,)) ®im(f*);
h) (2 75,)  Too = 2, (Y Tsy) - Toy — Y € I (fi0,3,)) ® im(fF);
Toy (@ 7Ts) =y € 10 (Flxg ) BIM(fF), Too - (¥ Tso) =@ € IM(fx x1)) S IM(fF);
i is a sub-H-bimodule of E'.

i

J

= —

Proof. — a) is obvious. For the subsequent computations it is useful to note that we
have

(98)

x=e€q-(0,0,¢)1, 75, = €ia-(0,0,¢)s,, ¥ = €5q-1:(c,0,0)1, Y75, = €39-1-(c,0,0)s5,.
We also recall that im(f(x, x,)) @ im(f) is a sub-H-bimodule of E'.

Points b), ¢), d), e), and f) are a straightforward computation based on the for-
mulas in Prop. 3.9. Point g) follows from e) and f) by applying J. By b) we have
x-C=(xTs) Tsy and y-¢ = (y-Ts, ) - Ts, ; hence h) follows from g). i) follows from d)
and h). j) follows from a) - d), h), and i). O

REMARK 6.6. — By direct calculation, we have

C : (.’L’ : Tsl) ' C - (‘T ' Tsl) = —€id - ((07 2c, 0)(5051)2 + (07 2¢, 0)8081) ' €id
= _(C + 1)eid . (0) ZCLao)sosl * €id-

LEMMA 6.7. — We have E' = im(f(x, x,)) ® im(f*) ® T = ker(g1) @ im(f*) & .
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Proof. — We remind the reader of the following consequences of (66) which we will
silently use in the following:

eia - (0,0,¢)p,w = u teig - (0,0,¢) and ey-1-(c,0,0),, 0 = ue;q-1 - (c,0,0)y
for any w € W and u € [FX. We also recall, using (69) and (70) that
x =e€q-(0,0,¢)1, y = €q-1-(¢,0,0)1, z-7s;, = €ia-(0,0,¢)s,, Y- Ts, = €39-1-(c,0,0)5,.
Prop. 3.18-i tells us that

m(foxomn)) = Bo(WZ2) & (D k((0,ct,0)50, — u™"eia - (0,0,¢)1))

u€lFy
(99) & (P k((0,¢t,0)50, + uesg-1 - (¢,0,0)1))
u€lFy
= ha( W) @ @ k((0,¢t,0)5,0, —u '7))
u€lFy
& ( @ k((0,ct,0) 500, +uy)).
u€Fy
This implies
(100) U D im(fixg ) ® kz @ ky = hi (W) @ kz @ ky.

Next we observe that, by Lemma 3.12, we have
(0,0,¢)y, = (0,0,¢)1 -7y and eq-(0,0,¢)y = -7, forany w € Wo, and
(c,0,0)y = (¢,0,0)1 -7, and eq-1-(c,0,0)y, =y 7, forany we Wi,
Furthermore, Prop. 3.9 implies

(0,0,¢);
C 0 0 h

(0,0,¢)

and ejq - (0,0,¢)y

—Tw -y if w=(s981)™so with m >0,

C 0 0 h
O 0 C 1

(c,0,0),

{ if w= (sps1)™ with m > 0,

if w = (s180)™ with m > 0,

and eq-1-(c,0,0
a= Ju {—Tw'l' if w = (s150)™s1 with m > 0.

It follows, recalling that i is a sub-H-bimodule of E' (Lemma 6.5-j), that
(101) H - (k(0,0,¢); ® k(c,0,0),) - H D kL (W) @ hL (W)  and
(102) UDH -U-HD ey 1h (W) ® eiqhl (W).
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By looking at the definition of x* and using (100) and (102) we see that

(0,0,¢)1,(c,0,0); € & So (101) implies that hl (W) @& hL (W) C 4, and together
with (100) we obtain 4 = E*.
It remains to check that

(103) B N (im( fxg x,)) © im(fF)) = 0.

If 2 = rx+ roy + r3a7s, + ray7s, € Y with r; € k is an arbitrary element then
€id- 2 €jq—-1 = T1X, €jg-1°2°€id = T2Y, €id % €id = I3T Ts,, and €id-1"R°€jg—1 = T4Y Tsq-
Hence it suffices to show that none of the elements z, y, « - 75,, ¥ - 75, is contained
in im(f(x,x,)) ® im(f*). Obviously we need to check this only for - 7,, and y - 7,.
First notice using (98) and (70) that

x-Ts, =€id - (0,0,€)s, - €id, Y- Tsy = €iq-1 - (€,0,0)5, - €5q-1-
Therefore we only need to study
€id * (im(f(xo,xl)) + lm(fi)) “eid D eg-1- (im(f(xo,xl)) + lm(f:t)) T €ig-1

and show that it does not contain x - 75, and y - 75,. We focus on the case of - 75, , the
case of y - 7, being analogous. It is immediate from Prop. 3.18 that eiq - im(f(xy,x,)) -

€id = €id - hé(WeZl) - eiq. Now assume that
T To; = Yxoxy T yi € é€iq - (im(f(xo,xl)) S2] lm(fi)) * €id-

Applying the operator ¢ - _ - ( — 1 on both sides and using Remark 6.6, we have

(C+1) 2= (1) Yxom:>

where z := —eiq - (0,2c¢t,0) 505, - €i1d = — fxo,x1 (€idTsgs; ) By Prop. 3.18-1. So both z and
Yxo,x, i€ in im(fix, x,))- Recall that fix, x,) induces an isomorphism between F'H
and im(f(x,,x,)) hence the latter is a free k[¢]-module. The identity above therefore
implies that 2 = (¢ — 1) - Yx, x, - This is impossible because eiq7s,s, ¢ (( — 1)FH.

This concludes the proof of the first equality of Lemma 6.7. The second equality
then follows from Prop. 6.3. O

PROPOSITION 6.8. — Suppose G = SL2(Q,) with p # 2,3 and m = p. We have:
i. The map f* described in (96) is bijective;
ii. fiogr=g10f1=0onE".
In particular (cf. Remark 3.29), as a left (resp. right) k[¢*']-module, ker(f1) is free
of rank 4(p — 1).
Proof. — By [13] Remark 3.2.ii we have

. T71,e>1
T(s0s1)2w if we Wht22

T(s150)2w if w € W0ot21,

(T = (1w = {
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We deduce that
fl(f(xo,xl)(Tw)) = f(xo,xl)(CQTw) - f(xo,xl)(Tw)

_ {f(xo,xl)(T(sosl)%) — fixo ) (Tw)  Hfw e ?1”321,
Foxon) (T(s1s0)2w) = Fixeon) (Tw)  if w € WO
and, using Prop. 3.18-i, see that
100)  Alon(re)) € {k* (0, ¢4,0)(sgs1)2w + Fow)+3E" itwe Wz,
kX(0,¢t,0)(sy50)2w + Fruy43 B if w € WOE2L,
On the other hand we observe that

file)=C-x-(—x=-¢eiq-(0,0,¢)5s, by Lemma 6.5-i and Prop. 3.9
= —eiq - (0,2¢,0)5,5,5, — €id - (0,2¢¢,0)s, by (75)
€ F3E' n im( fixo,x1)) by Prop. 3.18-i

and, by an analogous computation, fi(y) € FsE' N im(f(x,,x,)) @ well. By Prop. 2.1
we conclude that f1() C F4E' Nim(f(x, x,)) = F4aE" Nker(g1) using Prop. 6.3. This
together with (104) shows that f; is injective on im(f(x,x,)) ® . Lemma 6.7 then
implies that im(f*) = ker(f), which establishes Point i of the proposition. Further-
more, we have fi(ker(g1)) C ker(g;) since f; and g; commute (Remark 6.1-i). The fact
that f1(%) C ker(g:) then shows, again invoking Lemma 6.7, that fi(E') C ker(g1)
which amounts to our assertion ii. O

REMARK 6.9. — We have (1 — e,,) - ker(f1) = (1 — ey,) - hL(W).
Pm(z]i — We deduce fr/(\)/m Cor. 3.10 that left multiplication by ¢ preserves (1 —e,) -
hl (/I\/I// ) as well as hl (W) - (1 — e, ); for the latter use in addition that e,, centralizes
h§(W) by (71). Applying J, which preserves hli(W)Alzy Lemma 3.7, one sees that
also right multiplication by ¢ preserves (1 — e,,) - b} (W). We now compute
(1—ey,) -ker(f1) = (1 —eq,) -im(f*) by Prop. 6.8-i

=(1—ey)H x~ -CN+(1—6,YO)H~X+-CN

=H(l—-ey) x 'CN+H(1—€70)' xt.¢N

= H(1—e,,)-(c,0,0); CN+H(1 —ey0) - (0,0,¢)1 - ¢

= (1 —ey)H - (c,0,0)1 - (" + (1 — e, )H - (0,0,¢)7 - "

= (1—ey)-hE(W)-N+ (1 —eq,) - hL(W) - ¢V by (66) and Prop. 3.9

C(1—ey)- hi(W) by the initial consideration.
Since (1 — e,) -V = 0 we conclude from Lemma 6.7 the second equality in
(1= e50) -5 (W) @ (1= e50) - B (W) = (1 = e5) - B

= (1 €yo) - I (fg 1)) @ (1 = e5,) - im(f¥).
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The left-hand summands are equal by Remark 3.19, of the right-hand summands
one contains the other by the above calculation since im(f*) = ker(f;). Hence the
right-hand summands must be equal as well. O

6.2.3. Structure of E' as an H-bimodule. — Recall the central idempotent
€y, = €id + €jq—1 in H.

PROPOSITION 6.10. — Let G = SLy(Q)) with p # 2,3 and assume m = p. We have
the following.

1. As an H-bimodule, E' sits in an ezact sequence of the form
0 — ker(f1) @ ker(g1) — E* — E'/ker(f1) @ ker(g;) — 0,
where E'/ker(f1) ® ker(g1) is a 4-dimensional H-bimodule.

2. As a left (resp. right) H-module, E'/ker(f1) @ ker(g,) is isomorphic to the
direct sum of two copies of a simple 2-dimensional left (resp. right) H-module
on which ¢ and e, act by 1.

3. E'/ker(g1) is an H¢-bimodule.

Proof. — The first assertion follows from Lemma 6.7 and Prop. 6.8-i. As observed
before we trivially have fi(ker(g1)) C ker(g;). Hence f; induces a well defined endo-
morphism of E'/ker(g;). But Prop. 6.8-ii implies that this latter map is actually the
zero map. It follows that 2 = ( - z - ( mod ker(g;) for any 2z € E', which implies the
third assertion.

It remains to determine the module structure of the 4-dimensional quo-
tient E'/ker(fi) @ ker(g;) which has as a k-basis the cosets of z, vy, z - T4,
and y - 7,,. Obviously e,, acts by 1 on these elements from the left and the right.
It follows from Lemma 6.5 that ¢ acts by 1 from the left and the right on this
quotient. The same lemma also implies that  and x - 75, generate a 2-dimensional
right H-submodule in E'/ker(f;) ®ker(g;). It is necessarily a simple module because
the only one-dimensional modules on which e,, acts by 1 are supersingular, namely
annihilated by ¢ (see (26)). Correspondingly one sees that y and y - 75, generate
another 2-dimensional simple right H-submodule in E*/ker(f;) @ ker(g;). It is easy
to check that these two simple right modules are isomorphic to each other via the
map T — Y- Ts,,T - Ts, — Y. This proves in particular that E'/ker(f;) + ker(g1) is
semisimple isotypic as a right H-module, and therefore also as a left H-module
using J. O

6.3. Structure of E?

We still assume that G = SL2(Q,) with p # 2,3 and that m = p. Here we focus on
the graded piece E? and work with the endomorphisms of H-bimodules

for=Cidg2-(—idg2:c— (-c-(—c and g¢gy:=(-idgz—idg2-C:c— (-c—c-(
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as introduced in §6.1. By Prop. 6.10 we have an exact sequence of H-bimodules
0 — ker(f1) ® ker(g1) — E' — E'/(ker(f1) @ ker(g1)) — 0,

where E'/(ker(f1) @ ker(g;)) is a 4-dimensional H-bimodule. Passing to duals, this
gives an exact sequence of H-bimodules

0 — (E'/(ker(f1) @ ker(¢1)))" — (E')¥ — (ker(f1) ® ker(g1))" — 0.
We define the sub-H-bimodules

(EY)}, :={6 € (E")" : €| ker(g1) = 0} and (E')y, := {€ € (B")" : {| ker(f1) = 0}
Then

(EY)Y = (EV}, +(BY)y, and (EY)y N (B, = (B'/(ker(f1) & ker(g1)))".

g1 g1

LEMMA 6.11. — The composed map
(BN =5 (BY)Y — (ker(f1) @ ker(g1))”

18 injective.
Proof. — We have to prove, for m > 1, that

ker(f1) + ker(g1) + F™E' = E*.
Because of Lemma 6.7 this boils down to proving that z, = - 75, y, y - 75, all lie
in im(f(x,x;)) ® im(f%) @ F™E'. Since y = 'y () it is enough to prove this for
z =eiq-(0,0,¢); and z- 75, = €1q-(0,0,¢)s,. By Lemma 6.5-¢) we know that (™ -z—x
and ("™ - x - 7Ts, — - Ts, lie in ker(f;) + ker(g1) for any m > 1. But, using Cor.

3.10, we have (" -2 = €;qC™ - (0,0,¢)1 = €iq - (0,0,¢)(ss,)» € F?*™E' and then
("™ xTs, = €ida-(0,0,€)(505,)mTs; € F*™"1E! by applying J and using Prop. 3.9. O

We put Ky = (EY)V/ n (EY)Y, and K, = (EY)VF n (EY)) . Because of
Lemma 6.11 we have Ky, ® K,, C (E')V/. Since Ky, and K|, inject into ker(f;)V
and ker(g1)", respectively, we have (-n-( =nforn € Ky, and (-n=mn-(forne K.

LEMMA 6.12. - (E)W'/ = Ky, @ K,,.

Proof. — Let ¢ € (E')VY. We claim that there exists a linear map 1 € K, such
that n|ker(gl) = §|ker(g1). This implies that £ —n € Ky, .

— Suppose £ = £(1 — e,,). Then we can see £ as an element in ((1 — e, )E1)Y/.
Since (1—e,)E* = (1—e,,) ker(f1) @ (1 —e., ) ker(g1) where (1 —e,) ker(f1) =

(1 — eq,)h.(W) by Remark 6.9 and (1 — e,,) ker(g1) = (1 — eqy)R$(W) by
Remark 3.19 and Prop. 6.3, we may define 5 to be zero on (1 — e, ) ker(f1) and

Mamer kerar) ~ Sl1eny) ker(gn)”

— Suppose & = (1—e,, )€e,. Then we can see £ as an element in (e, E*(1—e.,))"/.
Since e, ker(g1)(1—e,,) = 0 by Remark 3.19 and Prop. 6.3, the linear form & is
already in Ky, .
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Now suppose { = e,,{ey,- We may consider separately two cases, namely
€ = eigfeiq and € = ejq€e;q-1 (the other cases following by conjugation by w).
We treat the first case, the second one being similar. If £ = ejg€eiq, then we can
see £ as a linear map on ejgEleq (recall that we are working in the H-bimodule
(E')Y). By Lemma 6.7 and (97) we have

eiaE'eiq = ejq(ker(f1) @ ker(g1))eia @ keia(0,0,¢)s, -

Define the linear map n : E! — k by

T] €id ker(fl)e;d = 07 €id ker(gl)eid = €id ker(gl)e;d7 and
+oo
n(eid (07 07 C)sl) = Z g(eid(07 2C[’7 0)(sosl)j )a
j=1

which is well defined because ¢ € (E')Y*f. From (71) we have
eidEleid = eidh(l)(Weven) + eidhi (WOdd).

It remains to check that n € (E')Y:/. Since h(l)(Weﬁ) is contained in ker(g;) by
Prop. 3.18, we only need to check that 7 is trivial on ey - hi_(W"dd’Qm) for m
large enough. From Cor. 3.10 we deduce that (™ *!.2-7,, = (™*leiq-(0,0,¢)s, =

—eid(0,2ct,0)(s5s,)m+1 — €id - (0,0,€)(505,)ms, for any m > 0. Hence

€id - (07 0, c)(sosl)m50

S

_ _Cerl

a7y — i+ (0,261,0) ey

—eig - (0,0,¢)s, — (¢ Ty, —x-7y,) — eiq - (0, 2c, 0) (ss1)m+1
—eiq - (0,0,¢)5, — (i )¢z =) 7o, — €ia - (0,2¢L,0) (505, )m+1
§=0
ker(f1) —eia - (0,0,¢)s, + (zm: ¢M)eia - (0,2¢t,0)s5, - 7o, — €ia - (0,2€L,0)(505,)m+1
by Lemma 6.5-¢ ~
ker(f1) —eia - (0,0,¢)s, + (i eia - (0,2¢t,0) 5,5, — €ia - (0, 2ct, 0) (sgsy)m+1
by Lemma 3.12-i "

ker(f1) — eiqa - (0,0,¢)s, + (Z eia - (0, 2ce, 0)(5031)j+1 —eiq - (0, 2¢c, 0)(5051)m+1)
=0

by Cor. 3.10

ker(f1) — eia - (0,0,¢)s, + (O €ia - (0,2¢2,0)(505,)5)-

=1
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Since 7 is zero on ker(f1) it follows that

n(eia - (0,0, c)(sos1)mso) =n(—¢€ia - (0,0,¢)s, + Z eia - (0, 2ce, 0)(5051)j)

j=1
= _é( Z €id - (0’2CL70)(5051)j)‘
j=m-+1

An analogous computation gives

n(eia - (0,0,€)(s,50)ms;) = M(€ia - (0,0,¢)s, — Z eia - (0,2¢¢,0)(5451)7)

j=1
= f( Z €id (O,ZCL, 0)(5051)]').
j=m+1
Both are zero for m large enough. O

Recall from (14) that we have an isomorphism of H-bimodules

o

(105) B2 9 (B))7.

PROPOSITION 6.13. — Suppose G = SL2(Q,) with p # 2,3 and @ = p. Via the

isomorphism (105), we have ker(f2) = Ky, and ker(ge) = K,, and as H-bimodules
E? = ker(fs) @ ker(gz).

In particular, fo 0 ge = gao fo =0.

Proof. — Let us denote the isomorphism (105) temporarily by j. We had observed
already that (n{ =n for n € Ky, and (n =n¢ for n € K.

It follows that j='(Ky,) C ker(f2) and j=*(K,,) C ker(gs). We also know from
Lemma 6.2-iv that ker(f2) Nker(gz) = {0}. Therefore, our assertion is a consequence
of Lemma 6.12. O

From Lemma 6.2-i-ii, Propositions 6.8-ii and 6.13 we get:
COROLLARY 6.14. — Under the same assumptions, we have fog=go f =0 on E*.

In the following two sections we determine the H-bimodule structure of the two
summands ker(gs) and ker(f2).
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%

6.3.1. On ker(gs). — The surjective restriction map (E')Y — ker(g;)" induces the

injective map of H-bimodules
ker(g2) = 7 (Kg,)7 — 7 (ker(g1)")7.
We havgv to determine the image of this map. From Prop. 3.18-1 we know
that h(W*22) C ker(g1) C hi(W) @ hL(Q). Hence the decreasing filtration
ker(g1) ifn=1,
RY(WEZm)  ifn > 2

is well defined as well as the corresponding finite dual

ker(gr)""! = | (ker(g:)/F" ker(g1))".

n>1
If ¢ € (E)V:/ satisfies ¢|F"E! = 0 for some n > 2 then obviously €, (@ )|F" ker(g;) =0
(g1
and hence §| o € ker(g1)¥/. Vice versa, let € ker(g,)""/ such that n|F™ker(g;) = 0
r(g1

F"ker(g1) := {

for some n > 2. We first choose an extension 7 of 1 to h} W) ® h1(Q) and then ex-
tend 7 further to 4 on E! by setting 1'7'|h1i(W£21) := 0. Then clearly 7| F"E! = 0, i.e.,
ij € (E')V+f. This shows that our 1 has an extension in (E')Y>/. By Prop. 6.13 it then
must also have an extension & € (E')Y>/ which satisfies §|ker(f1) =0, ie, £ € K.

We see that the above restriction map induces an isomorphism of H-bimodules
(106) ker(g) = 7 (K5,)7 — 7 (ker(g1) )7

PROPOSITION 6.15. — Suppose G = SL3(Qp) with p # 2,3 and m1 = p. The
space ker(go) is the subspace of (-torsion in E? on the left and on the right. We have
an isomorphism of H-bimodules

(107) ker(go) = (F'H)/ = | J(F'H/¢"F'H)Y.
n>1
In particular, ker(gs) is k[C]-divisible.
Proof. — Prop. 3.18-i makes it directly visible that the isomorphism of H-bimodules
F1H = ker(g;) in Prop. 6.3 respects the filtrations on both sides. Combined with
(106) we therefore obtain an isomorphism of H-bimodules
ker(ga) = 7 ((FH)")7 2 (7 (FUH)T)" = (FH)™,

where the last isomorphism is induced by J : H — H. Since (" - F'1H = F"t1H
for n > 1 by [13] Remark 3.2.ii, we also have

ker(go) = | J (F'H/¢"F'H)".

n>1

In particular, this makes visible that ker(gs) is {-torsion. On the other hand ker(f2)
does not contain any left or right (-torsion since it is an H¢-bimodule. It therefore

follows from Prop. 6.13 that ker(gs) is the full subspace of left (or right) (-tor-
sion in E?. By Lemma 2.7 F'H is a finitely generated free k[¢]-module. Hence
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Uns1(F H/C"F H)Y = k[¢*']/k[¢] @) F' H noncanonically as a k[¢]-module, which
shows that ker(gz) is k[(]-divisible. O

COROLLARY 6.16. — Under the same assumptions, we have ker(f) - ker(g2) = 0 =
ker(go) - ker(fy).

Proof. — Let a € ker(f1) and b € ker(gz). By Prop. 6.15 we find an m > 1 such
that (™ -b=0=b-¢™. Thena-b=("-a-("-b=0=0b-C"-a-(™. O

6.3.2. Onker(f2). — We proceed in a way which is entirely analogous to section §3.7.3.
Consider the following elements of E?:

a’ = (,0,0); —eiq- (0,07 %, 0)s, = (2,0,0); — (0,07 ,0), - €;q-1 and
a” :=(0,0,a); + e;q-1 - (0,07 %, 0)5, = (0,0,); + (0,07, 0)s, - €id,
where « is chosen as in (59) (see also (93)). It is easy to verify that
(108) J@t)=at and J(@@)=a"
using Lemma 4.1 and (91). In order to check that a™ lies in ker(fz) we compute
at (=7 - J@") =7 a")
= \7((“7 Oa 0)8081 +e1- (07 0, _a)sl +e1- (0(,0,0)1) by Cor. 4.6
= (0,0,0)s,5, + (,0,0) -1 - €1 + («,0,0)1 -3 by Lemma 4.1
= (2,0,0)5,50 + Tw_; - (¢,0,0)s, - €1 + (,0,0)1 - €1 by (91)
= (,0,0)s,5, + €142 - (2,0,0)s, + €592 - (¢,0,0)1 by (92) and (93).

S1

Hence

C-at ¢ =¢((2,0,0)5,5 + €592 - (2,0,0)5, + €542 - (2,0,0)7)
= (OL, 0, 0)1 + éid - (07 Lil(a)v O)sto + eidQ(_‘x» 0, 0)3%30
+ eiq2 - (o, an)sosf + €92 - (—2,0,0, ) 505, + €92 - (¢,0,0)5,5, by Cor. 4.6
= (OL’ Oa 0)1 + €id * (Oa [’_1(“)7 O)s?so
= (2,0,0); — eiq - (0,7 (),0)5, by (91)

:a+.

Using Lemma 4.2 we notice that I'y(a®) = a~. Hence Remark 6.1-iv implies that
also a= € ker(fz). As in Lemma 3.20 we therefore have the homomorphism of left
H¢-modules

(109) He ® He 27 wer(fy)

sending (1,0) and (0,1) to a™ and a~, respectively.
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REMARK 6.17. — Let w € W with £(w) > 1. From Proposition 4.5 we obtain
0 if w=! e W1
Tw-at =14 (0,0,—a), ifwle wo, £(w) odd
(,0,0), if w™! e W £(w) even

(110) and
0 if w=! e WO
Tw-a =¢ (-«,0,0), ifw'le wh, £(w) odd
(0,0,0), ifw™t e W, £(w) even.
LEMMA 6.18. — 1. For any u € FY we have at -7, = u?r, -at and
a” -1, =u’n,, -a".
2. We havea® -7, =75-at =0 anda™ - 75, =75, -a~ =0.
3. We have
at (1) = —7u_,t(1s,) @ - ¢ and
a” - i(1s,) = —Tw_,U(1s,) -at - (.

Proof. — 1. Using using (66), (68) we compute:
at .71, = J(7,-1 - ((2,0,0)1 + eia - (0, 1 e, O)Sal))
= ]((U_Qa,O,O)w;1 +uteq - (0,07 e, 0)581)
= (,0,0)u, —u" (0,07 2, 0)s, - €591
=u" (7, - (2,0,0)1 — 7o, eia - (0,071, 0)4,)
= u_2Twu cat

and, by an analogous computation (or by conjugation by w), we obtain the second
claim of Point 1.

2. Point 2 follows from (110) and (108).

3. We check the first identity. Since a=,at € ker(f;), we may as well check the
following

(111) —C-at (1, +e1) = (1,0 +er) A
For the left-hand side, we have using Lemma 4.1, Prop. 4.5, (91) and (92), (93)
at (1, +e1)=T((1s, +€1) ((2,0,0)n_, —eiq- (0,07 e, 0)30‘1))
= J((0,0, —a) ;=1 + €1 (2,0,0)1) = (,0,0)s, + €5q> - (,0,0)1
and then using Corollary 4.6:
—¢-at - (75, +e1) = —(,0,0)5,52 +e1-(0,0,0) 2 + €2 - (2,0,0,)505, = €12  (2,0,0, )50s,
= —(a,0,0)551 +e1-(0,0,0)5.
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For the right-hand side we have, using Remark 6.17:

oot -a” = (—OL7O,O)8617 e;-a” =e1-(0,0,0);.
By adding up, we see that (111) holds. O

By Lemma 6.18-2, the map (109) factors through a homomorphism of left H.-mod-
ules
fat +fa-
(112) H¢/Hcts, @ He[Hets, ——— ker(f2).
PROPOSITION 6.19. — Suppose G = SL2(Q,) withp # 2,3 and m = p. The map (112)
induces an isomorphism of H:-bimodules

(113) (H¢/Hersy ® He/Hers, )™ = ker(f2).

Proof. — We need to verify that the map is bijective and right H-equivariant. We
may compare with the proof of Proposition 3.28. Just like in that proof, the right
H-equivariance is seen by comparing the Definition (79) with Lemma 6.18.
Concerning the injectivity we first observe that it suffices to check the injectivity of
the restriction of the map to H/Ht,, & H/HTs,. The elements 7,, with w € W such
that £(wsg) = £(w) + 1 from a k-basis of H/HT,; they are of the form w = w(sgs1)™
or = ws1(sps1)™ with m > 0 and w € Q. Using (90) and (110), we see that
(114)
kE* (e, 0,0)q if w=w(sps1)™ with m > 1,
Tw-a" € < kX(0,0,a), if w = ws1(sps1)™ with m >0,
E*(a,0,0) + k> e;q(0,07 e, €, 0)s, if w = w.

Similarly the elements 7, with w € W such that L(wsy1) = l(w) + 1 form a k-basis
of H/Hts,; they are of the form w = w(s189)™ or = wsp(s150)™ with m > 0 and
w € . In this case we obtain
(115)
E*(0,0, )y if w=w(s180)™ with m > 1,
Tw-a €9 k*(x,0,0)y if w = wsp(s150)™ with m > 0,
E*(0,0, )y + kX eq-1(0,0 e, ¢,0)s,  if w=w.

By comparing the lists (114) and (115) we easily see that the elements
{7 -at : b(wsg) = £(w) + 1} U {1, -a~ : L(ws;) = £(w) + 1}

in E? are k-linearly independent. This concludes the proof of the injectivity. For the
surjectivity, we gather the following arguments:

— A basis for ker(g:) is given by the set of all f(x,x,)(Tw), w € W, L(w) > 1.
These elements are spelled out in Proposition 3.18.

From these formulas, we see that an element in ker(f) lies necessarily in the
space hZ (W*22) + h%(5,Q) + h2(50Q) + h2(Q).
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— From (114) and (115), we deduce that
h? (Wl’zzl) + ha_(Wo’eZl) = Z kry-a~ +kry-at
wEW,Z(w)Zl

is contained in the image of the map of the proposition.

— So it is contained in ker(fz) which is invariant under J. Therefore by
Lemma 4.1, the whole space h2 (W*21) is contained in ker(fs).

— But this map is also right H-equivariant. So for w € W with length > 1,
the elements a™ - 7,,-1 = J (7, -a’) and a= - 7,,-1 = J (7, -a~) also lie in
this image (see (108)). Therefore the whole space h2 (W*21) is contained
in the image of the map.

— The component in
h?(Q) + hi(s1Q) + h*(s0Q)
of ker(f5) is spanned by all 7, -a* and 7, - a~ for w € Q.

To verify this statement we notice, using the third lines of (114) and (115),
that it is equivalent to saying that the component in h3(s12)+h?(s02) of ker(fz)
is zero. But the latter follows easily from the formulas for f(x, x,)(5¢7w), w € £,
€ = 0,1 given in Proposition 3.18.

— We have proved that ker(fy) = hZ Wzl @ @D,cokrn-a” k7, at and this
space is contained in the image of the map. U

COROLLARY 6.20. — Suppose G = SLy(Q,) with p # 2,3 and m = p.

i. The Hc-bimodules ker(f1) and ker(fz2) are isomorphic.
ii. ker(f2) is a free k[¢(T1]-module of rank 4(p — 1) on the left and on the right.

Proof. — Combine Propositions 6.8 and 6.19. O

REMARK 6.21. — 1. It follows from I'y,(a®™) = a~ (see also Remark 6.1-iv) that
the diagram

(113)
(H¢/Hcrsy © He/Here, )™ — ker(f2)

I
(113)

(H¢/Hersy © He/Here,)® — ker(f2)

(U+ag_)H(FW(0_)’FW(U+))l

is commutative.
2. Tt follows from (108) (see also Remark 6.1-v) that the diagram

(113)
(He/Hersy ® He/Hers, )t —— ker(fa)

P
(113)

(H¢/Hrsy © He/Hers,)* — ker(f2)

ﬁO(J@J)\L

SOCIETE MATHEMATIQUE DE FRANCE 2022



74 CHAPTER 6. STRUCTURE OF E' AND E? WHEN G = SL3(Q,), p # 2,3

is commutative. Compare with Remark 3.29-2. The maps in the diagram are all
bijective.
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CHAPTER 7

ON THE LEFT H-MODULE H*(I,V) WHEN G = SLy(Q,)
WITH p # 2,3 AND V IS OF FINITE LENGTH

We suppose that G = SLy(Q)) with p # 2,3. The goal of this section is to inves-
tigate the cohomology H*(I,V) = Extyoq(c) (X, V) for any finite length representa-
tion V' in Mod(G).

REMARK 7.1. — Recall that our assumption on G guarantees that the pro-p Iwahori
subgroup I has cohomological dimension 3. We therefore have H*(I,V) = 0 for i > 4
and any V in Mod(G).

In a first step we fix a nonzero polynomial @ € k[X] and consider the smooth
G-representation X/XQ((). Since H is free over k[¢] (Lemma 2.7), right multiplication
by Q(¢) induces an injective map on X! and therefore on X. So we have the short
exact sequence of smooth G-representations

Q(¢)
—_—

0—-X X — X/XQ(¢) — 0.

Hence we obtain the long exact cohomology sequence (of H-bimodules)
(116)

0— B 29 B (x/XQ() — E' XL B — HY(I,X/XQ()))
-Q(¢) Q)

— B> =5 E? — H*(I,X/XQ(()) — E* == E* — H*(1,X/XQ(¢)) — 0
and therefore the short exact sequences

(117) 0 — EV/EQ(C) — H(I,X/XQ(¢)) — ker(E+! -2, git1y _, g,

Note that all three terms in these short exact sequences are annihilated by Q(¢) from
the right. Next we collect in the following proposition what we have proved in the
previous sections about E* as a left or a right k[¢]-module.

PROPOSITION 7.2. — As left or right k[¢]-modules we have the following isomorphisms
(for 2. and 3. we need m =p):

1. H 2 k[¢*e-Y;
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2. B & k[¢HIA0-D g k(40D
3. B2 = [¢F1A-1) g (k[Cil]/k[C])4(p_l);
4 BP=ke (k[cil]/k[C])4(p_1) with ¢ acting by 1 on the summand k.

Proof. — 1. See Lemma 2.7.
4. According to (22) and Prop. 2.4 we have
E*~ke | J(H/¢"H)"  as H-bimodules.
m>1
Using 1. we obtain

U tafemany” = (|J (g1 mia) ) ™ = (U (grklel/rie)) @

m>1 m>1 m>1 Cm
= (k[¢EY)/k[e]) Y.

3. By Propositions 6.13 and 6.15 and Corollary 6.20, we have E? = A ® B with
A= k¢4~ and B2, (F'H/{™F'H)V, the latter even as an H-bimodule.
But F1H is of finite codimension in H. Hence the elementary divisor theorem implies
that also F'H = k[¢]*®~1). Therefore the same computation as in the proof of 4.

above shows that B = (k[¢+]/k[¢])* "™ ".
2. According to Propositions 6.10, 6.3, and 6.8 the H-bimodule E! has the two
sub-H-bimodules A := ker(f1) and B := ker(g1) which have the following properties:
a. A® B C E! with E'/(A ® B) being 4-dimensional;
b. A2 k[¢F4P~1) and B = F'H = k[¢]*®~1) as left or as right k[¢]-modules;
. E'/B is a k[¢*']-module;
. C acts on E'/A @ B from the left and from the right by 1.

¢]

[N

We give the argument for the left k[(]-action, the other case being entirely analogous.
Again the elementary divisor theorem implies that E'/A as a k[¢]-module is of the
form E'/A = F@® D with F being free of rank 4(p—1) and D being finite dimensional.
Since the natural map D — E'/A @ B is injective ¢ must act by 1 on D. Suppose
that D = 0. Then we have the short exact sequence 0 — A — E' — F — 0 which
splits since F is free. We therefore assume in the following that D # 0, and we let
D C E! denote the preimage of D in E'. Then ( acts bijectively on D which therefore
is a k[¢*!]-module, which contains the free k[¢*']-module A with a finite dimensional
quotient. Applying this time the elementary divisor theorem to the k[¢*']-module D
we see that it must be of the form D = F' @ D’ with F’ = k[¢*1]*P~1) and finite
dimensional D’. This D’ then is a k[¢]-submodule of E' on which ¢ acts by 1 so
that (¢ — 1)D’ = 0. It therefore follows from Lemma 5.1.ii that D’ = 0. Hence we
have a short exact sequence 0 — F/ — E! — F — 0, which also must split. O
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LEMMA 7.3. — The multiplication by Q(¢) on k[¢] and on k[¢*!] has zero kernel and
a finite dimensional cokernel whereas on k[¢TY]/k[C] it has a finite dimensional kernel
and zero cokernel.

Proof. — The only part of the statement which might not be entirely obvious is the
surjectivity of the multiplication on k[¢*']/k[¢]. This is clear if Q(¢) is a power of ¢. We
therefore assume that Q(¢) is prime to ¢. But then k[¢]/Q(O)k[¢] = k[¢F']/Q(O)E[¢T1].

O

In the three next statements we assume in addition that = = p.

COROLLARY 7.4. — The multiplication by Q(C) from the right on E* has finite di-
mensional kernel and cokernel.

Using (117) we deduce the following result.
COROLLARY 7.5. — The k-vector space H*(I,X/XQ(()) is finite dimensional.

Next we consider the left k[¢]-action on H*(I,X/XQ(¢)). For this we introduce
the polynomial P(X) := Q(X)Q(%)Xdeg(Q)_

PROPOSITION 7.6. — H*(I,X/XQ(()) is left P(¢)-torsion.

Proof. — We start with the following observation. By Corollary 6.14, we know that
for any z € E*, we have ( -z -( — z € ker(g). We deduce, for any m > 0 and
0<i<m,that (™ -z-("=(¢™"" 2 mod ker(g). We choose m to be 2deg(Q) which
is > deg(P). The coefficients of the polynomial P =Y " 'a;X" satisfy a,,,—; = a; for
any i. For x € E*, we have

(118)  P()-z—("z-P() =) a z—) al™ z-(
=0 =0

= i a;i¢t -z — i a;¢™ ™" - mod ker(g)

=0 =0

m m
= Z a;i¢t -z — Z Um—iC™ ™" -z = 0 mod ker(g).
i=0 i=0
Now we prove the proposition. Because of the exact sequences (117) it suffices to show

that E*/E*Q(¢) and ker(E* Q0), E*) are left P({)-torsion. Obviously both modules

are annihilated by P(({) from the right. That ker(E™* L), E*) is of left P(¢)-torsion

follows from the above observation: suppose z - Q(¢) = 0, then z - P({) = 0 and
P({) -z € ker(g) so P(¢)? -z = P(¢) -z - P(¢) = 0. Now let x € E*. From (??), we
deduce that P(¢)? -2 —(mP(¢)-x-P({)=P()-z-P()—¢™ -z P(()? so

P z=("P()-z+P() -z~ z-P() P) € E"-QC).
This shows that E*/E*Q(() is left P(¢)-torsion. O
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REMARK 7.7. — The Formula (??) actually holds true for any nonzero polynomial
P(X) € k[X] with the property that X™P(+) = P(X) for some integer m > deg(P).
It shows that, for any x € E* and any j > 1, we have

P) -x=¢™ -2 P(¢)? mod ker(g)
and symmetrically

z-P(¢) = P(¢) -z - ¢™ mod ker(g).
This easily implies that the multiplicative subset {P({)" : n > 0} of H = E° satisfies
the left and right Ore conditions inside the full algebra E*. Therefore the correspond-
ing classical ring of fractions B} ) exists. This applies in particular to P(X) = X

so that H¢ is part of the larger ring E?. We will come back to these localizations
elsewhere.

LEMMA 7.8. — i ModI(G) is closed under the formation of subrepresentations
and quotient representations.

ii. The functor V.— VT is ezact on Mod’(G).

Proof. — i. For quotient representations the assertion is obvious. For a subrepresenta-
tion U of a representation V in Mod’ (G) we consider the commutative diagram

0*>X®HUI*>X®HVI*>X®H(V/U)I

T

0 U 1% V/U 0.

The upper horizontal row is exact by the left exactness of the functor (—)! and the
fact that X is projective as a (right) H-module (cf. the proof of [13] Prop. 3.25). By
the equivalence of categories in §2.4.10 the middle and right perpendicular arrows are
isomorphisms. Hence the left one is an isomorphism as well. This shows that U lies
in Mod(G).

ii. This a consequence of the equivalence of categories in §2.4.10. O
LEMMA 7.9. — The G-representation X/XQ(({) is of finite length. Furthermore, the
following sets of isomorphism classes of G-representations coincide:

a. irreducible smooth G-representations V such that Q(()V! = 0;

b. irreducible quotient representations of X/XQ(();

c. irreducible subquotient representations of X/XQ(().

Proof. — First of all we have, by Lemma 7.8, that (X/XQ(¢))! = H/HQ(¢). This is
finite dimensional over k by Prop. 7.2.1 and hence is an H-module of finite length.
The equivalence of categories in §2.4.10 then implies that X/XQ(() is of finite length.

Also by Lemma 7.8 the H-module V!, for any irreducible subquotient V'

of X/XQ(¢), is a subquotient of H/HQ(() and hence satisfies Q(()V! = 0.
On the other hand consider any irreducible smooth G-representation V such
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that Q(¢)V! = 0. By the equivalence of categories V! is a simple H-module. We
therefore have a surjection H — V!, which factors over H/HQ(¢) and then gives rise
to a surjection X/XQ(¢) = X ®yg H/HQ(¢) » X @z VI =V, O

REMARK 7.10. — As pointed out in the proof of the previous lemma the H-mod-
ule V! is finite dimensional for any irreducible smooth G-representation V. Hence
there always is a nonzero polynomial Q € k[X] such that Q(¢)V! = 0.

Combining all of the above we may now establish in a second step our main result.

THEOREM 7.11. — Let G = SLy(Q,) with p # 2,3. For any representation V of finite
length in Mod(G) we have:

i. The k-vector space H*(I,V) is finite dimensional;

ii. Assume m = p. If V lies in Mod" (@) and Q(¢)V! = 0 for some nonzero poly-
nomial Q € k[X], then the left H-module H*(I,V') is P(¢)-torsion for the poly-
nomial P(X) := Q(X)Q(%)X (@,

Proof. — Let Q(¢) € k[¢] \ {0} and U a subquotient representation of X/XQ(¢). We
show by downwards induction w.r.t. the cohomology degree i = 3,...,0 that H*(I,U)
is a finite dimensional left H-module which, when 7 = p, is of P({)-torsion.

— Here i = 3. First assume that U is irreducible. According to Lemma 7.9 we have
a surjection X/XQ(¢) — U. Because of the bound 3 for the cohomological dimension
of I this surjection induces a surjection H3(I,X/XQ(¢)) - H3(I,U). By Cor. 7.5
and Prop. 7.6, the left H-module H3(I,U) is finite dimensional and, when 7 = p,
of P(¢)-torsion. By another induction it is easy to see that the result still holds when
U is a subquotient representation of X/XQ(().

— Assume the statement is true at rank 7 for 1 < < 3.
Consider again first the case of an irreducible subquotient of X/XQ(¢). We call

it V and write it as part of an exact sequence 0 — U — X/XQ(¢{) — V — 0, which
gives rise to an exact sequence of H-modules

H™YIL,X/XQ(¢) — H'™'(1,V) — H'(I,U).

By induction and by Cor. 7.5 and Prop. 7.6, it follows that H*~1(I,V) is finite dimen-
sional and P({)-torsion when m = p. As above it is then easy to see that the result
still holds when V is any subquotient representation of X/XQ(¢).

Now we turn to the proof of the assertion of the theorem. By a straightforward
induction using the long exact cohomology sequence as well as Lemma 7.8 (for ii.) we
may assume that V is irreducible. According to Remark 7.10 and Lemma 7.9, there
is a nonzero polynomial Q({) and a surjection X/XQ({) — V. So V is a quotient
of X/XQ(¢) and the above result applies. O

SOCIETE MATHEMATIQUE DE FRANCE 2022



80 CHAPTER 7. ON THE LEFT H-MODULE H*(I,V) WHEN G = SL2(Qp)

Over an algebraically closed field k we refer to [15] §5 for the notion of an ir-
reducible admissible supercuspidal representation. Note that for our group G every
irreducible representation is admissible as a consequence of the equivalence of cat-
egories in §2.4.10. We extend this notion as follows to arbitrary k. Let V be an
irreducible representation in Mod(G). By this equivalence of categories V! is a finite
dimensional H-module. Hence, if k& denotes an algebraic closure of k, the base ex-
tension k ®; V is still generated by its I-fixed vectors and (k ®; V) = k ®x V! is
a finite dimensional k ®; H-module. The equivalence of categories over k therefore
implies that k£ ®; V is a representation of finite length of G' over k. We will call V
supersingular if all irreducible constituents of k ®j V are supersingular in the sense
of [15] §5.

COROLLARY 7.12. — Let G = SLy(Qp) with p # 2,3. An irreducible representation V
in Mod(G) is supersingular if and only if the left H-module H*(I,V') is supersingular.

Proof. — Tt is shown in [15] Thm. 5.3 that, when k is algebraically closed, an irre-
ducible (admissible) representation V; in Mod(G) is supersingular if and only V{ is
¢-torsion, namely if and only V{ is supersingular. Hence V is supersingular if and
only if V{ is (-torsion for all irreducible constituents V; of k ®; V. By Lemma 7.8
the latter is equivalent to (k ®; V')! being (-torsion hence to V! being (-torsion,
i.e., being supersingular (see §2.4.5). But by the equivalence of categories in §2.4.10
the H-module V7 is simple. If it is (-torsion it must satisfy (V! = 0. So we apply
Thm. 7.11.ii with @ := X to see that then all of H*(I,V) is (-torsion and hence
supersingular. O

We remind the reader that in Prop. 2.20 we had determined for which irreducible
representations V the top cohomology H?(I, V) vanishes.
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CHAPTER 8

THE COMMUTATOR IN E* OF THE CENTER OF H
WHEN G = SL,(Q,), p # 2,3

We assume in this section that G = SL2(Qy), p # 2,3 and m = p. Recall that we
denote by Z the center of H. In this section we consider the subalgebra

Cp-(Z)={E€E", 2- =82 VzeZ}
of E*. We are going to describe the product in this algebra. We denote by Cg:(Z2) its
i-th graded piece.

PROPOSITION 8.1. — Cg«(Z) coincides with the commutator of ¢ in E*, namely with

ker(g):
Cp-(Z)={E€E*, (- &E=E-(}.

Proof. — As H-bimodules, we have
ker(go) & H, ker(g1) = F'H, and ker(g) = (F'H)"/ = | J(F'H/¢"F'H)"
n>1

(see Propositions 6.3 and 6.15). So these spaces are contained in Cg«(Z). Lastly we
explained in Remark 2.21 (see also §5B)) that the elements of Z centralize the elements
of E3 = ker(gs). O

We recall some notations and results from §2.4.9, §6.2.1 and §6.3.1:

— Cpo(Z)=H.

— We have an isomorphism of H-bimodules f(x, x,) : F'H — Cg1(Z). We keep
track of its inverse

(119) Fio ) : Co1(2) — F'H.
— We have an isomorphism of H-bimodules (see (106))
(120) Cp=(2) = T((FTH) ")

and we denote by o, the preimage of T1X|F1H by this map for w € W, L(w) > 1.

The set of all these o s forms a basis of Cg2(Z).
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— Cps(Z) =2 7(HY"7)7 as H-bimodules. As in §2.4.9, the element in E® corre-
sponding to 7.’ is denoted by ¢.,.

w

REMARK 8.2. — Let w € W with £(w) > 1, w € Q. Using Formulas (45), we obtain
immediately

*x o x,
Tw * %y = Lpyps

0 if we We with £(w) > 1,
Ts, " Oy =4 —€1- o, +of, ifwe W< with £(w) > 2,
—eq - ol if w € W1=¢ with Lw) =1,
oo {0 if £(w) < 2,
B A— —~
v Wy g if w € W€ with £(w) > 3.
REMARK 8.3. — i. We have o, U f(;i xl)(7'w) = Oy for all v,w € W with

L(v),L(w) > 1.

— In particular, using (49) and Proposition 3.18-v we see that the image

*
wowww

— Using Proposition 3.18-iv and recalling by [14] (89) (8.2) that J(¢y) = b1,
we deduce (see also [14] Rmk. 6.2) that J(o},) = —of _;.

of o}, by conjugation by w is « 1

ii. Recall that the element o € 14pZ, /1+p?Z,, was chosen in (59). For w € W with
£(w) > 1, there is a unique element in ker(g2) which, when seen as a linear form
in (EY)V+/, coincides with (0,°,0),, if w € WO (resp. —(0,a®,0), if w € W?)
on ker(g;) (see Lemma 6.12 and Proposition 6.13). By Proposition 3.18-i, this
element is o,. By definition, it is zero on ker(f1).

When w € W°, the element o, — (0,0°,0),, is an element of ker(f) which
coincides with —(0,«°,0),, on ker(f;). But Remark 6.9 implies that (1 — e,,) -
(0,4°,0),, is trivial on ker(f;). Therefore, and by conjugation by w (Lemma 4.2),

(121) ok, — (0,0°,0), € ey, - ker(fo) if w € wo
ok, 4+ (0,02,0), € ey, - ker(f2) if w € w.

8.1. The product (Cg:(Z),Cr1(Z)) — Cp2(Z)

Recall using (46) that we have a homomorphism of H-bimodules

(122) F'H — J(F*H/F?H)")7
—T1X| if (w) =1,
Tw — FlH
0 if 4(w) > 2,
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8.1. THE PRODUCT (Cz1(Z),Cp1(Z)) — Cp2(2) 83

which is trivial on F?H. Identifying (F*H/F?H)" with the sub-H-bimodule of the
linear forms in (F'H)Y>/ which are trivial on F2H, we obtain a homomorphism
of H-bimodules

cccF'H @y F1H — J(F*H/F*H)V)? — J(F*H)V)7
if (w) =1,
if f(w) > 2.

(123) -

To Q@ Ty —
0

Tl

REMARK 8.4. — Let v,w € W with length > 1, w,w’ € Q and € € {0,1}. Using (45),
we see that the map above has the following outputs:

v _ .V
Tws, Q Twrs, — €1 -Ts€|F1H = T36|F1H .

€1
Tws, @ Twrs; . — 0
and
Ty @ Toy — 0 if £(v) > 2 or £(w) > 2.
We see that (123) is a symmetric bilinear map onto a 2-dimensional k-vector space.
PROPOSITION 8.5. — Assume that G = SLa(Q,), p # 2,3 and m = p. We have a
commutative diagram of H -bimodules

Yoneda product

(119)@(119{u (120{u
1 1 (123) Tl I\, T
F'Hoy F'H (FLH)Y)7 .

Proof. — Because of the isomorphism (119), the H-bimodule Cgi1(Z) ®u Cg1(Z) is

generated by the elements of the form f(xll),xl)(Tse) ® f(;tyxl)(Ts;) = X, ® x¢o for
€,€ € {0,1}. Therefore, using Remark 8.2, it is enough to prove that

Xe Xi_e =0 and X Xe = €1 - % .

We verify these identities now. In the calculations below, we use Formulas (66), (68),
(69) the definition of the idempotents (36), Proposition 3.9, Lemma 3.12-i and Propo-
sition 2.1.

— First we check that
X0 %1 = —((0,¢%,0)5, + €q-1 - (®271,0,0)1) - ((0,¢°,0)5, — (0,0,c%71); - e9-1)
= —(0,c%0),, - (0,c°,0),, + (0,c° 0)s, - (0,0,c%71)1 - e1q-1
—ejq-1 - (€%71,0,0)1 - (0,¢°,0)s, + eq-1 - (€%¢71,0,0)71 - (0,0,¢% 1)1 - eiq-1
= —((0,¢%0)s, - Ts, UTsy - (0,€%,0)5,) + ((0,¢°,0)5, Uy, - (0,0,c%71)1) - €q-1
—e;q-1 - ((c%71,0,0); - 74, U (0,c°,0),)
+ eiq-1 - ((€®071,0,0)1 U (0,0,¢c%71)1) - e3q-1
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= (0,¢%0)5y5, U(0,€°,0)505, +e1q-1 - ((c%71,0,0); U (0,0,c%71)1) - €91
= 0 by Example 3.6.
Likewise, by conjugation by w (see Proposition 3.18-v) we have x; - xo = 0.
— Next we compute
X0 - X0 = [(0,¢%,0)s, + €1q-1 - (®271,0,0)1] - [(0,¢°,0)s, + €1q-1 - (c®27F,0,0)4]
= (0,¢%,0)s, - (0,€%,0)5, + (0,%,0)s, - (c”c7",0,0)1 - ea
+ eq-1 - (€”071,0,0) - (0,¢%,0)5,  (using (69))
=(0,c,0)5, - (0,e°,0)5, — > (u7[(0,¢°,0)5, * T, Uy - (€%71,0,0),,]
u€ly
—u (%1, 0,0)0, - Ts U, (0,¢%,0)5])
=(0,¢%,0)5, - (0,e,0)5, + > u7'[(0,¢°,0)500, U(0,0,% )50, ]
u€Ry
=) uf(€®™,0,0) 500, U (0,€%0)500,]-
u€Fy
But by (11), there exists v,z € H?(I,X(s3)) such that (see Lemma 3.12-ii)
(0,¢%,0)s, - (0,€°,0)55 = [(0,€°,0) 55 - T U T, - (0,€°,0) 5] + 752
=[(=e1-(0,€°,0)s, — €sa-1 - ("7, 0,0)s,)
((0,—c%,0)s, -e1 + (0,0,c% 1)y, - )] + Vs2
[(e1-(0,¢°,0)5,) U ((0,0,e%7 )y, - €ia)]
[(esa-1 - (€%¢7,0,0)50) U ((0,¢°,0)s, - €1)]
—[(esa-1 - (€"71,0,0)50) U ((0,0, %), - €ia)] + 72
= —[( Z (0,€°,0)u,50) U ( Z v710,0,¢% N spw, )]

U
+

u€lRy veF)
+ [( Z u_l(cob_la 0,0)w,s0) U ( Z (0700’ 0)sow,)]
uw€FyY vEFRy

—[(esq1 - (€%71,0,0)50) U ((0,0,¢% ™), - 1a)] + sz

= — Z 0 C O SOUJu (0,0,C L_l)SOUJu
u€Fy

+ ) u(e71,0,0) 500, U (0,€°,0)s00,

uGFX
[(eld 1 (C 2 ! ;0 O)So) U ((O 0, CO _I)So 'eid)] +st%‘
So

xo - X0 = —[(€g-1 - (COL_1>070)50) U ((0’07COL_1)50 “€ia)] + Vs2-
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Compute that
(eq-1 - (c%271,0,0)5,) U ((0,0,c% 1)y, - €ia)
= ( Z u_l(COL_l’O)O)quO) U ( Z 'U_l(oa O’Cob_l)Sva)

uely vEFY

= ( Z u_l(cob_l’QO)quO) U ( Z 0(0707(:%_1)“’1)50)
u€Fy veFy

= > (%70,0)0,5 U (0,0,€%  )uyso = — Y (0,605, by (89)
u€lFy u€lRy

=e1-(0,0%,0)5, = —e1 - o} by (121).

S0

Since x¢ and «f  both lie in the kernel of the left action of (75, +e1) (Remark 8.2)
we obtain directly, using the formulas of Prop. 4.5, that ¥s2 = 0. So as expected
X0'Xg = el-ago. The same result is valid with s; instead of sg by conjugation by w
(Remark 8.3 and proof of Proposition 3.18-v which says that I',,(x¢) = x1). O

8.2. The products (Cg:(Z),Cgs-i(Z)) — Cgs(Z) fori = 1,2

For 7 € F1H, we have the homomorphisms of left, resp. right, H-modules
L.:7H7 - J(F'H)7, hw—h-1=J(1)h
and R,:"H7 - 7(F'H)?, hw—1-h=h0J(r),
which by pullback give homomorphisms of right, resp. left, H-modules
Lt I (FH)Y) = T(HY), araoL,
and R::7(F*H)) -7HY), ar aoR,,

such that L} , (o) =z - (L;(y - «)) and R}, (a) = (R;(a-x)) -y for z,y € H and
a € 7((F1H)V)7. We therefore have natural homomorphisms of H-bimodules

F'Heyg 7 (F'H)Y)T — 7(HY)
r®a— —Li(a) = —a(J(r)-)
T(FH)Y) © F'H — 7 (H")?
aRQT+— —R;"_(a) = —a(_j(T)),
which respectively induce homomorphisms of H-bimodules
(125) FUH @n 7 (FUH)")7 — 7 ()7
(126) J((FIH)V,f)J n FlH—>‘7(HV’f)\7'
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PROPOSITION 8.6. — Assume that G = SLa(Qp), p # 2,3 and m = p. We have
commutative diagrams of H-bimodules

Yoneda product

(127) Cp1(Z) ®u Cp2(2) Cps(Z) = EP
(119)@(120{; %J/A?’(see (14))
FUH @y 7 (FHH)V)T — I(HN T
(128) C2(2) @11 Cpn (Z) —— 22PN Ca(2) = EP
(120)@(119%; %\LA3(see (14))
I(FH)VI) oy F'H —2 T(HVH)T

Both these Yoneda product maps have image ker(S3), namely the space of (-torsion
in E3.

Proof. — Preliminary observations:

A) For s € {sp,s1} and w € W, (w) > 1, the map (125) sends 75 ® T;)/|F1H
to —7, -7y € 7(HY")7. and (126) sends 7|, , ® 75 to —7y) - 7, € T(HV)7.

B) By Remark 6.1-iii, we have ker(g;) - ker(f2) C ker(fs) and likewise
ker(f2) - ker(g1) C ker(f3). But ker(fs) is a one dimensional vector space
with basis e; - ¢; and supporting the character xiyiv of H (Lemma 6.2).
Therefore, ey - ker(g1) - ker(f2) = {0} and ey - ker(fs) - ker(g1) = {0} for

any X\ # 1.

We now turn to the proof of the commutativity of the diagrams. The left H-module
Cg1(Z) is generated by x¢ and x;. Hence, and observation A) and (45) above, it is

enough to prove, for e € {0,1} and w € W, £(w) > 1:

{_qﬁsgw + e - st ifwe Wl_e

*
Xe Ky —Ts, * ¢w =

0 if we We,
* _d)ws€ +e1- ¢w ifwte Wl_e
o(w'XE:_qsw"rse: . —
0 if w=! e We.

Using Remark 2.16, these identities show that the Yoneda product maps have image
ker(S3).

By the proof of Proposition 3.18-iv, we know that J(x.) = —Tg2-Xe and this is equal
to —x. - T2 (since f(x,,x,)) is @ homomorphism of H-bimodules). By Remark 8.3-i we
have, that J(a},) = —o _;. Lastly, J(¢w) = ¢,-1 by [14] (8.2). Since J is an anti-
involution of the graded algebra E*, it is therefore enough to prove the first identity
above (namely we focus on the commutativity of (127)).
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— Suppose w € W€ with L(w) > 1.
Then by Remark 8.2 we have o, = (75, +€1) o’y . But xc- (75, + 1) =0.
Therefore x. - a;, = 0. ‘

— Suppose w € W1=¢ with f(w) > 1. We know from (121) that
ar, € —(0,0°,0)y + €, - ker(f2) ife=0
ar, € (0,0°,0)y + e -ker(f2) ife=1

so by observation B) above, we have

N —xc-(0,4%,0),, ife=0
Xe - o, = )
X - (0,0°,0),, ife=1.
Therefore, when € = 0 we compute, using Proposition 2.1 and Lemma 3.12-i,
xo - o, = ((0,¢°,0), + €5q-1 - (c%71,0,0)1) - (0,%°,0),,
=(0,¢%0)5 - (0,0°,0)y + eiq-1 - [(c®¢7,0,0)1 - 7o U (0,2°,0) )
=(0,¢%0)4, - (0,0°,0)y + €1q-1 - [(c®271,0,0), U (0,a°,0),,]
=(0,¢%0)s, - (0,a°,0),
=1[(0,¢°%,0)s, - T U Tsy - (0,0°,0)0] + fayPsye Where iy, € k.
Now using Lemma 3.12-ii, Proposition 4.5, and (90), we compute
(0,€°,0)s, - Tw U s, - (0,0°,0)s
= (e1-(0,c%,0),) U (e1-(0,a°0)y) — (e5q-1 - (c°c7*,0,0)) U (eiq - (2t(a®),0,0),,)

=[ > (0,¢%0)u,uU(0,06° 00w, — [ >, v (c®%™,0,0)u,0 Uv(2(a®),0,0),,u]

u,uG]F]?,< u,vEIE‘;f

=1 (0,c%0)u,0 U (0,0, 0)w,u] — [ Y (€”7,0,0)0,u U (2(a°),0,0).,0]
ue]F;f ue]F;,<

=D bwiwl =20 Y Pu,wl = e1-pu by (86).
ueFy ueFy

So xq - “Z, =e1- ¢y + Uw¢sow-

But (75, +€1) - (€1 uw + HuwBsow) = €1 * Pspw + Hwel * Psow (see (45)) and
Xo being in the kernel of 75, 4+ e;, we obtain p,, = —1. Therefore, as expected,
X0 -0, = €1 @y — Psgw = —Ts, + Pw. The case when € = 1 may then be
obtained by conjugation by w ((49), the proof of Proposition 3.18-v which says
that I',, (x0) = x1), and 8.3-i). O

REMARK 8.7. — For w € W with length 1 and € € {0,1} the map (125) satisfies:
Y 0  ifweWs

Tse ® 7-w| 1 . 71—

F1H by ifwe Wi,
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where 1, was defined in Remark 2.16.

Together with Remark 8.4 and using Propositions 8.5 and 8.6, this completely
describes the triple Yoneda product Cp1(Z) ®p Cp1(Z2) @5 Cp1(Z) — Cgs(Z) = E?
with image the subspace ke; - 15, ® key - 15, C ker(S3?).
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CHAPTER 9

APPENDIX

9.1. Proof of Proposition 2.1

This proposition is written in the general context of G := G(F) being the group
of F-rational points of a connected reductive group G over § which we assume to be
F-split. The first point was proved in [14] Cor. 5.5. To prove the second point, we
recall some notations of [14]. The affine Coxeter system (W sy, S.sr) attached to G
was introduced in §2.1.3 loc. cit. Recall that W, is a subgroup of W = N¢(T)/T°
and that W = Ng(T)/TO (see §2).

The action of 7, where w € W has length zero is given in [14] Prop. 5.6 (it is the
same formula as (63)). Using this formula together with (9), we see that it is enough
to prove the second point of Proposition 2.1 in the case when v is a lift in N(7T)/T"
of s € Sgf¢. For s € S,¢5, we pick the element n, € N(T') as defined in §2.1.6 loc. cit.
and let v := n,T". Recall that each s € Saff corresponds to an affine simple root of
the form (a, ). As in (2.13) loc. cit., the corresponding cocharacter & carves out the
finite subgroup &([Fx]) = {&([z]), z € F*} of T, where [_] : F) — O denotes the
multiplicative Teichmiiller lift. By (2.18) loc. cit., we have

nyIn; 'l = IUU (7 [Da([zn T c 10 | Ta(fz))ng?
z€Fy

=IU . Twn I,
Uwed([FqX]) ®
where z,(7%[2]) € I is defined in loc. cit. (2.14). We choose a lift @ € N(T) of
w € W. Because of the condition on the length (namely ¢(vw) = ¢(w) — 1), we know
that Il = In;'Ingwl and therefore
(129) nodwl = InaI U | ) za(x[2)a([2])ns  Ingil

ZGF;

C . . ~ . — . . ’ . .
CInswlIU U Ia([z))wl = Ingwl U Uwed(mm)]wwl
zeF;
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This shows a result which is more precise than the one announced in Proposition 2.1.
Namely, when v = n,T", we have

a-be HY(I,X(ww))® @ H™ I X(wi)).
wea([Fy])

Let w € &([F]) and w, := ww. We study the component c,, of a - b
in H*I(I,X(uy)). We have n;Tu,I N Iwl = n; (Iwwl N ngIwl). From (129)
we obtain that

n; ' Tu,I N Iwl = U n;  zo (7[2]))a([2])n; Hngwl
2€Fg ,a([2])=w
= U L.n; e (70 [2))us I
2€F) ,a([])=w
The second identity comes from the fact that I,, = I,-vis normalized by J by
Cor. 2.5-iii. and from (2.7) in Lemma 2.2 (still in [14]). Now suppose that G is semisim-

ple and simply connected, then by the proof of Lemma 2.8 loc. cit., the map & is
injective. Therefore there is a unique z € F;* such that &([2]) = w and

ng  Tuy I N Iwl = I, n; oo (70 [2])u 1.

ns'%s

To apply the formula of Prop. 5.3 of [14], we need to study the double cosets
I, \(n;Tu, N IwI)/I,-1. But from Lemma 5.2 loc. cit. and the above identity, we
obtain immediately:

ng *Tu, NTwl =1 n_lxa(wb[z])uwlu;l.

Ns'"s

Let h = n;lz,(79[2])u,. We have u,h Thut = x4(m9[2]) " InsIn; tz, (77 [2]).
Since x4 (m"[2]) € I normalizes I,,, and since I,, C I, (Lemma 2.2 loc. cit.), we
obtain:

L, Nueh ' Thul' = TN wlw™ N (24 (77 [2]) tnsIng tza (70]2]))
= 2o (70 [2]) T L 20 (70 [2]) Nwlw ™t
=TI, Nnwlw!'=I,NnI,=1,=1,,.

By Remark 5.4 loc. cit., it implies that the component of ¢ - b —a -7, UT,, - b
in H*9(I,X(u,)) is zero. So

a-b—a- Ty UT,, b€ H(I,X(n,w)).
This concludes the proof. We add the computation of this element. Using Lemma 2.2
and Lemma 5.2-i loc. cit., we obtain the following.

Let u := ny. We have n; 1 Ingw C I, wI therefore ny 1 Ingw INIwl = I, wI and
I, \(ng*TunIwI)/I,-: is made of only one double coset I, wI,-1. We have I,, = I, ,;
and I, Nu ™ Iiu = ngl,n ! while INuw ™ TIiu™! = I, and ulu™! Nuw = Tiu™! =

MEMOIRES DE LA SMF 175



9.2. COMPUTATION OF SOME TRANSFER MAPS 91

nsIyn; . So, by Prop. 5.3 loc. cit., the component ¢, in H(I,X(nsw)) of a-b
is given by

Shy,w(Cnw) = (:01"es?:sl’“ns_1 (resi"s ot (Shy, (a)) U (ns. Shy(b))).

w I,
In particular if G is semisimple and simply connected, then the image by Sh,, . of
the element

a-b—a- -1y UTy, - b,

which lies in H* (I, X (nsw)), is

cores?:j;”ngl (resi';slwns,1 (Shy, (a)) U (ns. Shy (b))
- cores?:IZ";1 (resj;”f"] " (Sh,, (a))) U cores}ljll’n;l (ns. Shy (b)).

9.2. Computation of some transfer maps

We use notations introduced in §2.4.1 and §3.2, see in particular Remark 3.2.

LEMMA 9.1. — Suppose p # 2 and G = SL(F). Let w € W with length
m = l(w) which we suppose > 1. Let s € {so,s1} be the unique element such
that £(sw) = L(w) — 1.

i. Suppose § # Qp. If m > 2 or m = 1 and ¢ # 3, then the transfer map
(Isw)e — (sIys™ 1) is the zero map.

ii. Suppose that § = Qp. If m > 2 or m = 1 and p # 3 then the transfer
map (Isyw)e — (81,5 1)s is

147 y 1 14727 w27 .
( "z 1+7rt) = (0 ply) mod (7‘_m+1zj7 1+7|_2pr ZfS = So
2 m
147z 7™ 1y 10 1+7°Zy 7MLy i _
( nz 14wt ) (prz ) mod w32, 14177, if s = s1.

Proof. — Compare with [13, Prop. 3.65]. We let m := ¢(w). By conjugation by @, it
is enough to treat the case of the transfer map (I;_;)s — (soI,,55")s in both the
proofs of i. and ii. We denote this map by tr. Recall that when s = sq, then I, = I,
and I, = I | where

I+

m—1 *

_:(1+im [s) ),

1+ M )
M™ 1+M .

-1
sol,80 = ( M™ 1L

By the Iwahori factorization of I,",;_l, it suffices to compute the transfer of elements
of the form (.4, %), ({,%), and (§ %) of I _;. Let S C O be a set of representatives
for the cosets in O /9. Then the matrices (§ %), for b € S, form a set of representatives
in the right cosets sol,, sy '\ I} _;.
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— Since (4, 9) € sol,s5 ", which is normal in I, we have
1 0))= 1 0 -b) = 1+br ™y —b>n™ -1
tr((‘/rm'u 1)):H(6If)(7rmv 1)((1) 1 ):H< tr”gyvlfb:m;j) mod ‘I)(SOImso )’
besS bes
where ®(sol;,;s;"') denotes the Frattini subgroup of sol,s;'. From [13,

— [ _ _ — m+1 2
Prop. 3.62] we get [sol,s5", 500,50 = soll, In]sg" = (1;{9‘;’{”“ 1+£m+1>
so

(500755 ) = O™ ™+ 5 (14 /(1 + T™H1)(1+ M) x 0/M2.
In this isomorphism the above element corresponds to

(gm™v mod MM H(l + br™v) mod (1 + M™ L) (1 + M)P, —1™v Z b*> mod M?)
b b

= (0, L+7™v > _bmod (1+M™T)(1+M)P, —a™v > _b* mod M?).

b b
The zero coordinate comes from the fact that for any choice of § we have
qmm C mftm+1.

View b — b and b — b? as F,-valued characters of the group Fy of order
prime to p. By the orthogonality relation for characters the sum Zbequ b, resp.
Zbqux b2, vanishes if and only if the respective character is nontrivial if and
only if ¢ # 2, resp. ¢ # 2,3. Since we assume p # 2 the second component is
zero whereas the last component is zero if either m > 2, or m = 1 and ¢ # 3.

— For t € 1+ 9N, the element (3 t91) again lies in soI, 55" so we have

w((p, 2N =TTGH ) G =TT(,"") mod e(solysyh):
besS besS

The above element seen in (sol,,s; ') corresponds to

(0, t mod (1 +MM™H)(L+M)?, (t7' —¢) Y bmod M?).
b

Since t? is a pth power, the second component is zero. The last component is
zero since q # 2.

— To compute tr((3 %)), where u € O, we follow the argument of the proof
of [13, Lemma 3.40.i.a)]. Let U(M) := (§} %) and U(O) := (} ). Since
It =U(D)sol,s5" we obtain the commutative diagram ([10] Cor. 1.5.8)

cores

H'(sol,sg" k) 22 HY(IF k) or dually U(D)e ——— U(M)s

T S

HY(U(M), k) = H'(U(D), k) (Lh—D)e —— (soIrs5 ")

The upper right horizontal arrow is the transfer map U(D)e — U(9M)s and it
coincides with the gth power map g — g9 ([4] Lemma IV.2.1). So we study
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the image of u € O under the map O — M,z — qz. If §F # Q,, then we
have ¢© C 2. Therefore tr((} %)) = 0 mod ®(sol,s5"). If § = Qp, then

tr((§4)) = (37%*) mod ®(sol,s5").

Under the hypotheses p # 2, and m > 2 or m = 1 and ¢ # 3 we have proved: if
§ # Q, then the transfer map (I} _)o — (sol,s5")s is trivial; if § = Q,, then the

image of
1+ _ 10 147z 0 1 2= +
(W,f: 1f7rt) = (ﬁ 1) ( 0 (1+ﬂ—x)*1) (0 1+1 ) EIm—l
by the transfer map (I} ) — (801;8071)@ is ((1) ply) mod <I>(SoI;L861)- [

9.3. Proof of Proposition 3.9

Here G = SLy(Q,) with p # 2,3 and 7 = p. Let w € W with length m := L(w).
For s € {so, s1} we compute the action of 75 on an element ¢ € H'(I,X(w)) seen as a
triple (¢, c, ¢t),. Using Lemma 3.4 and knowing that the map (48) of conjugation
by w is compatible with the Yoneda product hence the action of H, it is enough
to prove the formulas for s = sg. We recall the following result from [14] Prop. 5.6.
There we worked with n,, (instead of the matrices s; of the current article) where
ns, = so (but ns, = s7"'). Recall so = (% §). We have either ¢(sow) = £(w) + 1 and
Ts - € € hY(spw) with

(130) Shyyu(Tsy - €) = Tes? ™ (50, Shy(0)),

or {(sow) = £(w) — 1 and

(131) Too €= Ysow + Y Yow € I (sow) & ) h' (ww)
weN weN

with

(132) Shgyw (Ysgw) = coresis(f:sal (so* Shw(c)) and

(133) Show (o) = (s (31007 ) 5071, Shu(0).

A) Case when £(sow) = £(w)+1. — It means that w € W°, I, = It and Iy = I, 4.

We compute the composite map H' (I, k) ~> H'(solsg' k) ~> HY(I,,,,,k).
z pmtl — — 1+pt —pz . .

Let X = (7o) € I, Then sg' Xso = (_Li%h, 7% ). Tos image in (I;)a

(see (52)) corresponds to

(=y,1—pz,0) = (~y,1 +pt,0) € Z,/pZyp x (1 "‘pr)/(l +p2Zp) X ZLp|PLp.
This proves that Shg,q, (75, - ¢) is given by (y,1+pz, z) — —c~ (y) — c°(1+ pz), namely
Teo €= (0, =%, =€ )ggw if m > 1

and if m = 0 then 75, - ¢ = (0,0, —¢™ ) 5qu-
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B) Now suppose £(sow) = £(w) — 1. — Then 7y, - ¢ has a component 7s,,, € h'(sow)
and a component ZueF; Youw € Byeq h' (ww). Recall that w, was defined in (??).

1) We compute 3-, cpx Yo, w € By eq b (ww).
In fact, for all u € F)’, we compute the elements ¢, € H'(I,, k) defined by

C+Z’Ywuw—ZShww5u @h (wyw

u€lFy u€Fy u€Fy

namely &, = Shy,, 4 (Yw,w) — (Wu)x Shy(€).

Recall I,, = I, = (1;’?” f:pZpr) for any w € Q.

Compute sqw ! (L ™) sot = (_19) w,. Therefore, by (133
u 0o 1 S0 [u] 1

Shy,w(Ywyw) — (Wu)« Shy () 1 X = (wy)« Shw(c)( (_%u] ?)_IX (_%u} ?) X_l)

for any X := (1“”” Py ) € I,. We have

pz  l+4pt

1 0\—! 1.0 -1 _ 14+pz—p™y[u] ™y -1
(—[“1 1) X (—[“] D)X= (pz+p(w—t>[u]—p”y[u2] 1+pt+pmy[u]> X

Via (57) the image of this element in (I,,,)s corresponds to
(2z[u] — p™'y[u]®, 1 = p™ylu],0) € Zp/pZy x (1 + pZy) /(1 + P*Lp) X Lp [y

So for u € F,’, we just computed that Shy,w(Vw,w) — (Wu)x Shy(c) is the element ¢,
in Hom(7,,, k) sending X € I, to

(W) Shu(e)((2z[u] — p™ " ylu)?, 1 — p™ylu], 0))
= Shy (¢)((2z[u] " = p™ 'y, 1~ p"ylu], 0))
= ¢ (2z[u] 7" = p"ly) + (1 - pTylul).
If m =1, then ¢, sends X onto (see notation (58)):
[u] ™' 2c70(1 + pa) — [u] e ([ul*y) — [u] 7'’ (ylul?).
Using (72) we see that its preimage by Sh,, . is the component in h!(w,w) of
eid - (0,—2¢71,0)y + €iq2 - (0,0,¢7 )y + €iq - (0,0,c% 1), so when m = 1, we have
Z Youw = —€1 - (€7, M) + €ia - (0, =2¢7 1,21 + €iq2(0,0,¢7 ).
ueFX

If m > 2, then the only remaining component of ¢, is X — [u]~2c™¢(1 + pzx) so we
obtain

Z Veyw = —€1 (c™,c ¢y + g - (0,—2¢71,0)y.

ueF?

2) We compute s, € hl(sow).
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-1
By (132) we have Shs,u(Vsow) = coresjgjzso (80* Shw(c)). By Lemma 9.1, the

-1
SO _So

composite map (Isyw)a &, (801w861)<1> —— (Iy)e is
(2,14 pz,y) — (—y,0,0) € Zy/pZy x (1+ pZy) /(1 + p°Lp) X Lp /D
This shows that v, = (0,0, —¢™ ) spuw-

9.4. Proof of Proposition 4.5

Let w € W and o = (a—,a° o), € h(w)Y C J((EY)V-)7. We suppose that
s = sp, the case s = s; following by conjugation by w (by the map (48) which is
compatible with the Yoneda product).

— Suppose that £(spw) = £(w) + 1. By (9) we know that Totra= a(Tsy - —)

has support in h'(sy'w). Let ¢ = (C_,CO,C+)S()—1w € h'(sy'w). We compute

(ngl -a)(c) = a(rs, - ¢). By Proposition 3.9, the component in h!(w) of 74, - c
is (0,0, —¢ ). Therefore (ngl -a)(c) = a((0,0,—c7)y) = —c (at) and

T.—1
So

‘o= (—a+,0,0)851w. Using (91), it gives 75, - @ = (—a™,0,0) 5,4 -

— Suppose that £(sow) = £(w) — 1. By Proposition 2.1 (or (9)) we know that
Tz = a7y, - —) has support in h!(sg'w) & @, cq bl (ww).

— Compute its component in (h!(sy'w))Y:

We compute (7,1 - &)(c) = a(s, - ¢) for ¢ = (c*,co,c+)sg1w € hl(sy'w)
with ¢® = 0 if £(w) = 1. By Proposition 3.9, the element 7, - ¢ lies in h!(w)
and is equal to (0, —c?, —¢™),,. Therefore (7'551 a)(e) = =% (ap) —c~ (at),
and the component in (h!(sy'w))Y of T s (_0‘+7_0‘0’0)sglw if
f(w) > 2 and (_Oé+70,0)80—1w if /(w) = 1. Using (91), the component
in (h!(sow))Y of 75, - is (—at, —ag, 0)sew if £(w) > 2 and (—a™,0,0)s,w
if (w) = 1.

Compute the component _, cxx Bu,w in D, crx (hY (wyw))Y of Ty o

The component in (h!(w))Y of (Twu—l’rso—l ‘) is 7, -1 - Bu,w- We therefore
compute (751 - Bu,w)(c) = a(Te,Tw, - ¢) for ¢ = (¢7,, ¢M)y € h(w).

By Proposition 3.9 and the definition of the idempotents (36) (see also
(2.12)), the component in h'(w) of 74,7, - ¢ = T,-1Tso * C 18

(c=,c% M) +u1(0,2¢7¢,0) if {(w) > 2,
{(c‘,co,c+)w +u10,2c71, - )y +u72(0,0, —c7),  if b(w)=1.
Therefore
c (™) + () + ct(at) +ut2c71(a®) if L(w) > 2,
a(TsyTw, - €) = § ¢ (a7) + 2 (a®) + ¢t (at) + u=12¢7(a?)

—u" 1 Hat) —u"2c (at) if £(w) = 1.
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So
Tw,, * (a_>050a a+)w + u_lTwu : (2L(a0)7 0, O)uJ if E(w) > 2,
/Bwuw =\ Twu - (Oz_,ao, a+)w + u_lTwu : (2[’(0‘0)7 _L_l(a+)’0)w
—u"27,, - (at,0,0), if f(w) =1
and
—e1 - (@, a% at)y, —eq - (2¢(a?),0,0), if L(w) > 2,
Z ﬂwuw = —€1 - (aiaaovaJr)w
ueF; —eid - (2u(a®), =7 (@"),0)w + ejq2 - (@7,0,0),,  if (w) =1.
The component in @ueF; (hY (wyw))Y of T, - a is
—€1 - (a_a aoaa+)w + €iq - (2L(ao)70a0)w if E(UJ) > 27
T+ 2 Boww = —e1- (a7, 0% a)y
u€ely +eiq - (2e(a®), =7 (at),0)y + eiq2 - (aT,0,0), if £(w) = 1.
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Let G = SLy(§) where § is a finite extension of Q,. We suppose that the
pro-p Iwahori subgroup I of G is a Poincaré group of dimension d. Let k be a
field containing the residue field of §.

In this book, we study the graded Ext-algebra

E* = Etht/Iod(G)(k[G/I]v k[G/1]).

Its degree zero piece E° is the usual pro-p Iwahori-Hecke k-algebra H.

We study E? as an H-bimodule and deduce that for an irreducible
admissible smooth k-representation V of G, we have H%(I,V) = 0 unless
V' is the trivial representation.

When § = Q, with p > 5, we have d = 3. In that case we describe E*
as an H-bimodule and give the structure as an algebra of the centralizer
in E* of the center of H. We deduce results on the values of the functor
H*(I,_) which attaches to a (finite length) smooth k-representation V of G
its cohomology with respect to I. We prove that H*(I,V) is always finite
dimensional. Furthermore, if V is irreducible, then V is supersingular if and
only if H*(I,V) is a supersingular H-module.

Soit G = SL3(F) ou § est une extension finite Q,. On suppose que le
sous-groupe d’Iwahori I de G est un groupe de Poincaré de dimension d. Soit
k un corps contenant le corps résiduel de §.

Dans cet livre, nous étudions la Ext-algébre graduée

B* = Ext}yoqe (KG/1], KIG/T)).

Sa composante de degré zero est la k-algébre de Hecke du pro-p Iwahori H.

Nous étudions le H-bimodule E¢ et déduisons que, étant donnée une
k-représentation irréductible admissible lisse V de G, on a HY(I,V) = 0 &
moins que V ne soit la représentation triviale.

Lorsque § = Q, avec p > 5, on a d = 3. Dans ce cas, nous décrivons
le H-bimodule E* et la structure d’algébre du centralisateur dans E* du
centre de H. Nous en déduisons des résultats quant aux valeurs du foncteur
qui attache a une k-représentation lisse (de longueur finie) V' de G 1’espace
de I-cohomologie H*(I,V). Nous montrons que H*(I,V) est toujours de
dimension finie. De plus, si V est irréductible, alors V' est supersinguliére si et
seulement si H*(I, V) est un module supersingulier.
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