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ELLIPSITOMIC ASSOCIATORS

Damien Calaque, Martin Gonzalez

Abstract. — We develop a notion of ellipsitomic associators by means of operad theory.
We take this opportunity to review the operadic point-of-view on Drinfeld associators
and to provide such an operadic approach for elliptic associators too. We then show
that ellipsitomic associators do exist, using the monodromy of the universal ellipsit-
omic KZB connection, that we introduced in a previous work. We finally relate the
KZB ellipsitomic associators to certain Eisenstein series associated with congruence
subgroups of SLy(Z), and to twisted elliptic multiple zeta values.

Résumé (Associateurs ellipsitomiques). — Nous développons la notion d’associateur
ellipsitomique au moyen de la théorie des opérades. Nous saisissons cette opportunité
pour revoir le point de vue opéradique sur les associateurs de Drinfeld, et pour fournir
également une telle approche opéradique pour les associateurs elliptiques. Nous mon-
trons ensuite que les associateurs ellipsitomiques existent, en utilisant la monodromie
de la connexion KZB ellipsitomique universelle, que nous avions introduite dans un
travail précédent. Nous relions pour finir les associateurs ellipsitomiques KZB & cer-
taines séries d’Eisenstein associées aux sous-groupes de congruence de SLs(Z), et aux
valeurs zéta multiples elliptiques tordues.

(© Mémoires de la Société Mathématique de France 179, SMF 2023
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INTRODUCTION

The torsor of associators was introduced by Drinfeld [17] in the early nineties, in the
context of quantum groups and prounipotent Grothendieck-Teichmuller theory. Since
then, it has proven to have deep connections with several areas of mathematics (and
physics): number theory [34], deformation quantization [22, 33, 39], Chern-Simons
theory and low-dimensional topology [32], algebraic topology and the little disks op-
erad [38], Lie theory and the Kashiwara-Vergne conjecture [1, 2] etc. In this paper we
are mostly interested in the operadic and also number theoretic aspects. For instance,

(a) The torsor of associators can be seen as the torsor of isomorphisms between two
operads in (prounipotent) groupoids related to the little disks operad, denoted
PaB and PaCD (for parenthesized braids and parenthesized chord diagrams).
These can be understood as the Betti and de Rham fundamental groupoids of
an operad of suitably compactified configuration spaces of points in the plane.
See Chapter 2 for more details, and accurate references.

(b) It is expected that associators can be seen as generating series for (variations
on motivic) multiple zeta values (MZVs), as was observed for the KZ associator
[34] and the Deligne associator [11].

The first example of an associator was produced by Drinfeld as the renormalized
holonomy of a universal version of the so-called Knizhnik-Zamolodchikov (KZ) con-
nection [17], which is defined on a trivial principal bundle over the configuration space
of points in the plane. The defining equations of an associator can be deduced from
intuitive geometric reasonings about paths on configuration spaces, and they lead to
representations of braid groups.

Enriquez, Etingof and the first author [12] introduced a universal version of an
elliptic variation on the KZ connection (known as Knizhnik-Zamolodchikov-Bernard,
or KZB, connection, as the extension to higher genus is due to Bernard [6, 5]). It is a
holomorphic connection defined on a non trivial principal bundle over configuration
spaces of points on an elliptic curve. They showed that

— The holonomy of the universal KZB connection along fundamental cycles of an
ellitpic curve satisfy relations which lead to representations of braid groups on
the (2-)torus.

SOCIETE MATHEMATIQUE DE FRANCE 2023



viii INTRODUCTION

— They also satisfy a modularity property, that is a consequence of the fact that
the (universal) KZB connection extends from configuration spaces of points on
an elliptic curve to moduli spaces of marked elliptic curves (see also [35] for
when there are at most 2 marked points).

Enriquez later introduced the notion of an elliptic associator [19], and proved that
the holonomy of the universal elliptic KZB connection does produce, for every elliptic
curve, an example of elliptic associator. The class of elliptic associators that are ob-
tained via this procedure are called KZB associators. In another work [21], Enriquez
defined and studied an elliptic version of MZVs; he showed that KZB associators are
generating series for elliptic MZVs (eMZVs).

In a recent paper [13] we introduced a generalization of the universal elliptic KZB
connection: the universal ellipsitomic KZB connection. It is defined over twisted con-
figuration spaces, where the twisting is by a finite quotient I" of the fundamental group
of the elliptic curve. When I" = 1 is trivial, one recovers the universal elliptic KZB
connection.

The aim of the present paper is two-fold.

(a) First we provide an operadic interpretation of elliptic associators. We extend
this approach to the ellipsitomic case, use the language of operads to define el-
lipsitomic associators, and sketch the rudiments of an ellipsitomic Grothendieck-
Teichmiiller theory.

(b) Then we show that holonomies of the universal ellipsitomic KZB connection
along suitable paths produce examples of ellipsitomic associators, and are gener-
ating series for elliptic multiple polylogarithms at I'-torsion points, that are sim-
ilar to the twisted elliptic MZVs (teMZVs) studied in [10] by Broedel-Matthes-
Richter-Schlotterer.

Our work fits in a more general program that aims at studying associators for
an oriented surface together with a finite group acting on it. We summarize in the
following table the contributions to this program that we are aware of:

gen. group associators operadic Universal connection / coefficients
approach existence proof
0 trivial [17] (4, 23] rational KZ [17] / ibid. MZVs [34]
0 Z/NZ cyclotomic [14] trigonometric KZ [18] / colored
associators [18] ibid. MZVs [18]
0 fin. C PSU2(C) unknown unknown [36] / unknown unknown
1 trivial elliptic this paper  elliptic KZB [12] / [19] eMZVs [21]
associators [19]  (Sec. 3)
1 Z/MZ x ZJ/NZ ellipsitomic this paper ellipsitomic KZB [13] / this this paper
associators (Sec. 4 & paper (Sec. 6) (Sec. 7)
(this paper) 5)
>1 trivial [27] [27] KZB [20] / conj. in [27] maybe [25]
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Description of the paper

The first chapter is devoted to some recollection on operads and operadic modules,
with some emphasis on specific features when the underlying category is the one
of groupoids. Chapter 2 also recollects known results, about the operadic approach
to (genuine) associators and to various Grothendieck-Teichmiiller groups. The main
results we state are taken from the recent book [23].

The main goal of Chapter 3 is to provide a similar treatment of elliptic associators,
using operadic modules in place of sole operads. We show in particular that (a variant
of) the universal elliptic structure PaB.y, (resp. its graded/de Rham counterpart
GPaCD.y) from [19] carries the structure of an operadic module in groupoids over
the operad in groupoid PaB (resp. GPaCD). We provide a generators and relations
presentation for PaB.s (Theorem 3.3), and deduce from it the following

THEOREM (Theorem 3.15). — The torsor of elliptic associators from [19] coincides
with the torsor of isomorphisms from (a variant of ) PaB.y to GPaCD.y, that are the
identity on objects. Similarly, the elliptic Grothendieck-Teichmiiller group (resp. its
graded version) is isomorphic to the group of automorphisms of PaB.y (resp. of
GPaCDy.) that are the identity on objects.

The fourth chapter introduces a generalization of PaB.s, with an additional la-
beling/twisting by elements of " (recall that I is the group of deck transformations
of a finite cover of the torus by another torus). We give a geometric definition of
the operadic module PaBEM of parenthesized ellipsitomic braids, and then provide
a presentation by generators and relations for it (Theorem 4.5). In the fifth chap-
ter we define an operadic module of ellipsitomic chord diagrams, that mixes features
of PaCD,y, from Chapter 3, and of the moperad of cyclotomic chord diagrams from
[14]. This allows us to identify ellipsitomic associators, which we define in purely
operadic terms, with series satisfying certain algebraic equations (Theorem 5.9).

Chapter 6 is devoted to the proof of the following
THEOREM (Theorem 6.1). — The set of ellipsitomic associators over C is non-empty.

The proof makes crucial use of the ellipsitomic KZB connection, introduced in our
previous work [13], and relies on a careful analysis of its monodromy. We actually
prove that one can associate an ellipsitomic associator with every element of the
upper half-plane (Theorem 6.1). In the last chapter we quickly explore some number
theoretic and modular aspects of the coefficients of the “KZB produced” ellipsitomic
associators from the previous chapter.

Finally, in an appendix we provide an alternative presentation for PaBEM.
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CHAPTER 1

BACKGROUND MATERIAL ON OPERADS AND GROUPOIDS

In this chapter we fix a symmetric monoidal category (C, ®,1) having small colim-
its. Let us assume for simplicity of exposition that ® commutes with these (.

1.1. G-modules

An G-module (in C) is a functor S : Bij — C, where Bij denotes the category
of finite sets with bijections as morphisms. It can also be defined as a collection
(S(n)),,>o of objects of C such that S(n) is endowed with a right action of the symmet-
ric group &,, for every n; one has S(n) := S({1,...,n}). A morphism of G-modules
¢ S — T is a natural transformation. It is determined by the data of a collection
o(n) : S(n) — T(n) of &,-equivariant morphisms in C.

The category &-mod of &-modules is naturally endowed with a symmetric
monoidal product ® defined as follows:

SeT)m) =[] (Sk)eT(@)e e, -
ptqg=n

Here, if H C G is a group inclusion, then (—)$ is left adjoint to the restriction functor
from the category of objects carrying a G-action to the category of objects carrying
an H-action.

The symmetric sequence 1g defined by
1 ifn=0
1g(n) = .
() otherwise
is a monoidal unit for ®.
1. This latter assumption is not necessary (and we will have to get rid of it when considering
the monoidal structure given by the direct sum of Lie algebras): if the monoidal product does not
commute with colimits, the category of G-module still has enough structure so that one can define

monoids and modules in it. Characterizations in terms of partial compositions remain unchanged.
We refer to [15] for more details.

SOCIETE MATHEMATIQUE DE FRANCE 2023



2 CHAPTER 1. BACKGROUND MATERIAL ON OPERADS AND GROUPOIDS

There is another (non-symmetric) monoidal product o on &-mod, defined as fol-
lows:

(SoT)(n) =[] T(k) S®k( ).

k>0

Here, if H is a group and X,Y are objects carrying an H-action, then

h®id

X@Y:=coeq | [[X®Y XoV
H d
heH id®h

The symmetric sequence 1, defined by
1 ifn=1
lon):=4_ ="
(0 otherwise

is a monoidal unit for o.

1.2. Operads

An operad (in C) is a unital monoid in (&-mod,o,1,). The category of operads
in C will be denoted OpC.

More explicitly, an operad structure on a G-module O is the data:
— of a unit map e: 1 — O(1);
— for every sets I, J and any element i € I, of a partial composition
0, : 0(I)®O0(J) — O(JUI-{i})
satisfying the following constraints:

— for every sets I, J, K, with elements ¢ € I, j € J, the following diagram com-
mutes:

o) ® O(J) ® O(K) %84 oul - {i}) ® O(K)

lid@oj J/Oj

ON@OKUJ—{j}) ———— O(KuJuI-{i,j})
— for every sets I, Jy, Jo, with elements i1, i3 € I, the following diagram commutes:

O(1) ® O(J1) © O(Js) — 20 L O (L UT— {ir}) ® O()

\L(OQ ®id)(23) \Loiz

@ (J2 ur-— {22}) ® O(Jl) L O (JQ UJul— {il,iz})

MEMOIRES DE LA SMF 179



1.3. EXAMPLE OF AN OPERAD: STASHEFF POLYTOPES 3

— for every sets I,I',J, i € I, with a bijection o : I — I’, the following diagram

commutes:
o) ® O(J) ot) o) ® O(J)
Joi loo(i)
. O(idUo |1 —43) , .
OWJUI-{i}) — o0 (Jul' —{o(¥)})

— for every set I,with ¢ € I, the following diagrams commute:

1000) —2oheol) ol)e1—22%0u1)20{1})

> A |-

o(I) O(I) —=—~0Iu{1}-{i}).

ExaMPLE 1.1. — Let X be an object of C. Then we define, for any finite set I, the
set End(X)(I) := Home(X®!, X). Composition of tensor products of maps provide
End(X) with the structure of an operad in sets.

Given an operad in sets O, an O-algebra in C is an object X of C together with a
morphism of operads O — End(X).

1.3. Example of an operad: Stasheff polytopes

To any finite set I we associate the configuration space
Conf(R, 1) = {x = (z;)ics € R |z; # x; if i # j}
and its reduced version
C(R,I) := Conf(R,I)/R x Rxy.

The Axelrod-Singer-Fulton-MacPherson compactification ® C(R,I) of C(R,I) is
a disjoint union of |I|-th Stasheff polytopes [37], indexed by &;. The bound-
ary OC(R, I) := C(R,I) — C(R,I) is the union, over all partitions I = J; []--- ][ Jk,

of
k

01,,...0,C(R, 1) := [ C(R, J;) x C(R, k).
i=1
The inclusion of boundary components provides C(R,—) with the structure of an
operad in topological spaces (where the monoidal structure is given by the cartesian
product).

2. We are using the differential geometric compactification from [3], which is an analog of the
algebro-geometric one from [24].

SOCIETE MATHEMATIQUE DE FRANCE 2023



4 CHAPTER 1. BACKGROUND MATERIAL ON OPERADS AND GROUPOIDS

One can see that C(R,I) is actually a manifold with corners, and that, consid-
ering only zero-dimensional strata of our configuration spaces, we get a suboperad
Pa C C(R, —) that can be shortly described as follows:

— Pa(I) is the set of pairs (o,p) with o is a linear order on I and p a maximal
parenthesization of e---e
——
|I] times
— the operad structure is given by substitution.

Notice that Pa is actually an operad in sets, and that Pa-algebras are nothing else
than magmas.

1.4. Modules over an operad: Bott-Taubes polytopes

A module over an operad O (in C) is a right O-module in (6-mod, o, 1,). Notice that
any operad is a module over itself. We let the reader find the very explicit description
of a module in terms of partial compositions, as for operads.

To any finite set I we associate the configuration space
Conf(S',I) = {x = (zi)ier € (S")!|zi # =z; if i # j}
and its reduced version
C(SY, I) := Conf(S*, I)/S*.

The Axelrod-Singer-Fulton-MacPherson compactification C(S',I) of C(S',I) is
a disjoint union of |I|-th Bott-Taubes polytopes [8], indexed by &;. The bound-
ary OC(S?, I) := C(S*,I) — C(S', I) is the union, over all partitions I = J; [[ -] Jk,
of

k
1,...5.C(S" I) == [[ C(R, Ji) x C(S, k).
=1

The inclusion of boundary components provides C(S!,—) with the structure of a
module over the operad C(RR, —) in topological spaces.

One can see that C(S!, I) is actually a manifold with corners, and that, considering
only zero-dimensional strata of our configuration spaces, we get Pa C C(S!, —), which
is a module over Pa C C(R, —).

1.5. Convention: pointed versions

Observe that there is an operad Unit defined by
1 ifn=0,1

0 otherwise.

Unit(n) = {

By convention, all our operads O will be Unit-pointed and reduced, in the sense
that they will come equipped with a specific operad morphism Unit — O that is an

MEMOIRES DE LA SMF 179



1.6. GROUP ACTIONS 5

isomorphism in arity < 1: O(n) ~ 1 if n = 0,1. Morphisms of operads are required
to be compatible with this pointing.

Now, if P is an O-module, then it naturally becomes a Unit-module as well, by
restriction. By convention, all our modules will be pointed as well, in the sense that
they will come equipped with a specific Unit-module morphism Unit — P that is an
isomorphism in arity < 1. Morphisms of modules are also required to be compatible
with the pointing.

The main reason for this convention is that we need the following features, that we
have in the case of compactified configuration spaces:

— For operads and modules, we want to have “deleting operations” O(n) — O(n — 1)
that decrease arity.

— For modules, we want to be able to see the operad “inside” them, i.e., we want
to have distinguished morphism O — P of G-modules.

1.6. Group actions

Let G be a *-module in group, where * is the terminal operad: the partial compo-
sition o; is a group morphism G(n) — G(n +m — 1).

ExAMPLE 1.2. — Let I' be a group, we consider the &-module in groups
[ := {I"/Tdiae}, -, where ['{i28 denotes the normal closure of the diagonal subgroup
in each I'". It is equipped with the following *-module structure: the i-th partial
composition is given by the partial diagonal morphism

m/r — rrtmelr
Y1y Y] = [ViseeesYim1y Vis -« s Yis Yitly - -+ Vn)-
—_
m times
Given an operad O in C, we say that an O-module P carries a G-action if
— for every n > 0, there is an &,-equivariant left action G(n) x P(n) — P(n),
— for every m > 0, n > 0, and 1 < i < n, the partial composition
0, : Pn)® O(m) — P(n+m —1)
is equivariant along the above group morphism G(n) — G(n + m — 1).

A morphism P — Q of O-modules with G-action is said G-equivariant if, for ev-
ery n > 0, the map P(n) — Q(n) is G(n)-equivariant.

Given a group I', we say that an O-module P carries a diagonally trivial action of
T if it carries a T-action.

The quotient G\P of an O-module P with a G-action is defined as follows:
— For every n > 0, (G(n)\P)(n) :== G(n)\P(n);
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6 CHAPTER 1. BACKGROUND MATERIAL ON OPERADS AND GROUPOIDS

— The equivariance of the partial composition o; tels us that it descends to the
quotient

(G(n)\P(n)) ® O(m) — G(n+m —1)\P(n+m —1).

1.7. Semi-direct products and fake pull-backs

Let Grpd be the category of groupoids. For a group G, we denote G-Grpd the
category of groupoids equipped with a G-action. There is a semi-direct product functor

G-Grpd — Grpd/g
P — PxG

where the group G is viewed as a groupoid with a single object, and where P x G is
defined as follows:

— Objects of P x G are just objects of P;

— In addition to the arrows of P, for every g € G, and for every object p of P,
there is an arrow g - p > p;

— These new arrows multiply together via the group multiplication of Gj
— For every morphism f in P, and every g € G, the relation gfg~! = ¢ - f holds.
NOTATION 1.3. — We warn the reader that we use all along the paper the following

rather unusual convention for arrows in a groupoid, and more generally in a category:
we often concatenate arrows rather than composing them.

In other words, fifs = fao fi.

There is also a functor G going in the other direction
Grpd/G — G-Grpd
(Q5G)— Glp),
that one can describe as follows:
— The G-set of objects of G(¢p) is the free G-set generated by Ob(Q);

— A morphism (g,z) — (h,y) in G(¢) is a morphism x EN y in Q such that
9p(f) = h.

EXAMPLE 1.4. — The groupoid G(B,, — &,,) is the colored braid groupoid CoB(n)
from [23, §5.2.8].

REMARK 1.5. — Given an object ¢ of Q, Autg,(g,q) is the kernel of the mor-
phism Autg(g) — G for every g € G.
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These constructions still make sense for modules over a given operad O whenever
G is an operadic *-module in groups.

Let P, Q be two operads (resp. modules) in groupoids. If we are given a mor-
phism f : Ob(P) — Ob(Q) between the operads (resp. operad modules) of objects
of P and Q, then (following [23]) we can define an operad (resp. operad module) f*Q
in the following way:

— Ob(f*Q) := Ob(P),
— Homs+ 0)(n) (P, q) := Homg) (f(p), f(q))-

In particular, f*Q, which we call the fake pull-back of Q along f, inherits the operad
structure of P for its operad of objects and that of Q for the morphisms.

REMARK 1.6. — Notice that this is not a pull-back in the category of operads in
groupoids.

1.8. Prounipotent completion

Let k be a Q-ring. We denote by CoAlgy the symmetric monoidal category of com-
plete filtered topological coassociative cocommutative counital k-coalgebras, where
the monoidal product is given by the completed tensor product ®j over k.

Let Cat(CoAlgy) be the category of small CoAlgy-enriched categories. It is sym-
metric monoidal as well, with monoidal product ® defined as follows:

— Ob(C ® ") := Ob(C) x Ob(C").
— Homcger ((¢, ), (d,d')) :== Home (¢, d)®x Homer (¢, d').

All the constructions of the previous section still make sense, at the cost of replacing
the group G with its completed group algebra kG (which is a Hopf algebra) in the
semi-direct product construction.

Considering the cartesian symmetric monoidal structure on Grpd, there is a sym-
metric monoidal functor

Grpd — Cat(CoAlgy)
g — G(k),

defined as follows:

— Objects of P(k) are objects of P.
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8 CHAPTER 1. BACKGROUND MATERIAL ON OPERADS AND GROUPOIDS

— For a,b € Ob(P),
Homp)(a,b) = k - Homp(a, b).
Here k - Homp(a, b) is equipped with the unique coalgebra structure such that
the elements of Homp(a,b) are grouplike (meaning that they are diagonal for
the coproduct and that their counit is 1), and the “ ™" refers to the completion
with respect to the topology defined by the sequence (Homzx (a, b))k>0, where
T* is the category having the same objects as P and morphisms lying in the
k-th power (for the composition of morphisms) of kernels of the counits of k -
Homp(a,b)’s.
— For a functor F' : P — Q, F(k) : P(k) — Q(k) is the functor given by F on
objects and by k-linearly extending F' on morphisms.
Being symmetric monoidal, this functor sends operads in groupoids to operads
in Cat(CoAlgy).

EXAMPLE 1.7. — For instance, viewing Pa as an operad in groupoid (with only iden-
tities as morphisms), then Pa(k) is the operad in Cat(CoAlgy) with same objects
as Pa, and whose morphisms are
k ifa=0b
Homp, (1) (n)(a,b) =
Pa(i(m) (@) {O otherwise,
with k being equipped with the coproduct A(1) =1® 1 and counit €(1) = 1.

The functor we have just defined has a right adjoint
G : Cat(CoAlgy) — Grpd,
that we can describe as follows:
— For C in Cat(CoAlgy), objects of G(C') are objects of C.
— For a,b € Ob(G), Homg(cy(a,b) is the subset of grouplike elements in Home (a, b).

Being right adjoint to a symmetric monoidal functor, it is lax symmetric monoidal,
and thus it sends operads (resp. modules) to operads (resp. modules).

We thus get a k-prounipotent completion functor G — G (k) := G(G(k)) for (oper-
ads and modules in) groupoids.

REMARK 1.8. — Let ¢ : G — S be a surjective group morphism, and assume that S is
finite. One can prove that the prounipotent completion G (¢)(k) of the construction
from the previous section is isomorphic to G(p(k)), where ¢(k) : G(p,k) — S is
Hain’s relative completion [28]. This essentially follows from that, when S is finite,
the kernel of the relative completion is the completion of the kernel.
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CHAPTER 2

OPERADS ASSOCIATED
WITH CONFIGURATION SPACES
(ASSOCIATORS)

2.1. Compactified configuration space of the plane

To any finite set I we associate a configuration space
Conf(C,I) = {z = (2i)icr € C'lz; # z; if i # j}.
We also consider its reduced version
C(C,I) := Conf(C,I)/C x Rsy.

We then consider the Axelrod-Singer-Fulton-MacPherson compactification C(C,I)
of C(C,I). The boundary dC(C,I) = C(C,I) — C(C,I) is made of the following
irreducible components: for any partition I = J; [[--- ][] Jx there is a component

k
8J1,~~7J1c6((c71) = G(Ca k) X H@((C, Jz)
=1

The inclusion of boundary components provides C(C,—) with the structure of
an operad in topological spaces. One can picture the partial operadic composition
morphisms as follows:
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2.2. A presentation for the pure braid group

The pure braid group PB, is generated by elementary pure braids F;j,
1 <4 < j < n, which satisfy the following relations:

(PB1) (Pi;, Pw) =1 if {i,j} and {k,[} are non crossing,

(PB2) (Py; PPyt Pu) =1 ifi<k<j<l,

(PB3) (Pij, PicPjr) = (Pjk, PijPix) = (Pik, PirPij) =1 ifi<j<k.

In this article we will represent the generator P;; in the following two equivalent ways:

1l

There is another elementary braid 9;; conjugated to P;;. We can represent two
incarnations of the generator 9; ; in the following way

:

S 0e—

n
1 i n ®
Indeed, one can define O;; = Pjj - - Py(i12) Pi(it1)-
In other words, F;; = OijOi_(;—l)' And we define 9;; := Oz‘_(;—l)Oij =
-1
Oi(j—l)PijOi(j—l)'

2.3. The operad of parenthesized braids

There are inclusions of topological operads
Pa c C(R,—) c C(C,-).
Then it makes sense to define
PaB :=m (C(C,-),Pa),

which is an operad in groupoids.
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2.3. THE OPERAD OF PARENTHESIZED BRAIDS 11

EXAMPLE 2.1 (Description of PaB(2)). — Let us first recall that Pa(2) = &5, and
that C(C,2) ~ S!. Besides the identity morphism in PaB(2) going from (12) to (12),
there is an arrow R'? in PaB(2) going from (12) to (21) which can be depicted as
follows M:

K\ hmz

Two incarnations of R12

We will denote R"? := (R>')~!

ExaMPLE 2.2 (Notable arrows in PaB(3)). — Let us first recall that
Pa(3) = &3 x {(ee)e,e(ee)} and that C(R,3) = &3 x [0,1]. Therefore,there is
an arrow ®1:23 (the identity path in [0, 1]) from (12)3 to 1(23) in PaB(3). It can be
depicted as follows:

(12) 3
15 3
1 (2 3)

Two incarnations of ®1,2-3

The following result is borrowed from [23, Theorem 6.2.4], even though it perhaps
already appeared in [4] in a different form.

THEOREM 2.3. — As an operad in groupoids having Pa as operad of objects, PaB is
freely generated by R := RY? and ® := ®123 together with the following relations:

(U1) 012 — $l02 _ $l2.0 _ Id; » (in Homp,g(2) (12, 12)),
(H1) R!2@>L3RL3 — pl23R123g23.1 (in Hompap s ((12)3,2(31)) )

(H2) RY29%13R13 = pl.23RL23g2:3,1 (in Hompa,p(s) ((12)3,2(31))

v

(P) P1234H1234 _ §l.2.35123.452.3,4 (in Hompap ) (((12)3)4, (2(34))))

We now briefly explain the notation we have been using in the above statement,
which is quite standard.

1. We actually have another arrow, that can be obtained from the first one as (R?'1)~! according
to the notation that is explained after Theorem 2.3, and which can be depicted as an undercrossing
braid.
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12 CHAPTER 2. OPERADS ASSOCIATED WITH CONFIGURATION SPACES (ASSOCIATORS)

NOTATION 2.4. — In this article, we write the composition of paths from left to right
(and we draw the braids from top to bottom). If X is an arrow from p to q in PaB(n),
then

— for any r € Pa(k), the identity of r in PaB(k) is also denoted r,

— for any r € Pa(k), we write X" forro; X € PaB(n+k — 1),

— we write X% ¢ PaB(n + k — 2) for the image of X'~™ by the first braid
deleting operation,

— for any o € &, 11 we define X1 = (X1m) . g,
— for any r € Pa(k), X©k+Lwktn—l.— X o, rc PaB(n+k — 1),

— we allow ourselves to combine these in an obvious way.

This notation is unambiguous as soon as we specify the starting object of our arrows.

For example, the pentagon (P) and the first hexagon (H1) relations can be respec-
tively depicted as

(2 3 4 (2 3 4
1 2 (34) 1 2 (34)
and
(12) 3 (12 3
J
(H2) =
{
2 @1 2 (3 1)

or, as commuting diagrams (giving the name of the relations)
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(12)(34) (12)3 27 1(23)
$l.2,34 $l2:3.4 (32»1)71 (st,l)—l
1(2(34)) ((12)3)4 and (21)3 (23)1
Tq)2,3,4 $L2:3 \L Y’B L q’y
1((23)4) —220 (1(23))4 2(13)(Q> 2(31)

2.4. The operad of chord diagrams

The holonomy Lie algebra of the configuration space
Conf(C,n) :={z = (z1,...,2,) € C"|z # z; if i # j}

of n points on the complex line is isomorphic to the graded Lie C-algebra t, (k)
generated by t;;, 1 < i # j < n, with relations

(S)  tij =ty
(L) [tijatkl] =0 if #{zaja ka l} = 47
(4T) [tijatik + tjk] =0 if #{i,j, k} =3.

It is known as the Kohno-Drinfled Lie algebra.

In [4, 23] it is shown that the collection of Lie k-algebras t,,(k) is provided with the
structure of an operad in the category grLiey, of positively graded finite dimensional
Lie algebras over k, with symmetric monoidal strucure given by the direct sum .
Partial compositions are described as follows:

o : tr(k) ® ty(k) — le_lI—{k}(k)
(O,taﬁ) > tag
tiy i k¢ {ij}
> ty; if k=1
peJ
> tip if k=1j.
peJ

(tij, 0) —

Observe that there is a lax symmetric monoidal functor
U : grlie, — Cat(CoAlgy,),

sending a positively graded Lie algebra to the degree completion of its universal
envelopping algebra, which is a complete filtered cocommutative Hopf algebra, viewed
as a CoAlgy-enriched category with only one object.

We then consider the operad of chord diagrams CD (k) := U (t(k)) in Cat(CoAlgy).
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14 CHAPTER 2. OPERADS ASSOCIATED WITH CONFIGURATION SPACES (ASSOCIATORS)

REMARK 2.5. — This denomination comes from the fact that morphisms in CD(k)(n)
can be represented as linear combinations of diagrams of chords on n vertical strands,
where the chord diagram corresponding to ¢;; can be represented as

Hl ______________ l

and the composition is given by vertical concatenation of diagrams. Partial compo-
sitions can easily be understood as “cabling and removal operations” on strands (see
[4, 23]). Relations (L) and (4T) defining each t, (k) can be represented as follows:

~
<.
o~

.

k

o~

- e { e =

2.5. The operad of parenthesized chord diagrams

Recall that the operad CD(k) has only one object in each arity. Hence we can
define the operad

PaCD(k) := w!CD(k)

of parenthesized chord diagrams, where w; : Pa = Ob(Pa(k)) — Ob(CD(k)) is the
terminal morphism. Here is a self-explanatory example of how to depict a morphism
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in PaCD(k)(3):
(i 4) k

¢ (k 7)
where f € CD(k)(3).

ExAMPLE 2.6 (Notable arrows of PaCD(k)). — There are the following arrows
in PaCD (k)(2):

—_
[\
=
[\
[
[N}

H12 .= tyo - Idl,z = t1o- = e X2 —1.

1 2 1 2 2 1
We also have the following arrow in PaCD(k)(3):

(12) 3
al23 — 1. [
1

REMARK 2.7. — The elements H2 X'2 and a'?3 are generators of the operad
PaCD (k) and satisfy the following relations:

(2 3)

2,1 _ 1,2\—1
X - (X ) ’
a12,3,4a1,2,34 — a1,2,3a1,23,4a2,3,47

X12’3 — a1*2>3X2’3(a1’3’2)_1X1*3a3*1’2
)
H1,2 — X1’2H2’1(X1’2)_1,
. H12,3 — a1,2,3 (H2,3 + X2*3(a1’3>2)_1H1’3a173>2X3’2) (a1,2,3)—1‘

In particular, even if PaCD(k) does not have a presentation in terms of generators
and relations (as is the case for PaB), one can show that PaCD(k) has a universal
property with respect to the generators H'2, X12 and a2 and the above relations
(see [23, Theorem 10.3.4] for details).
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2.6. Drinfeld associators

Let us first introduce some terminology that we use in this paragraph, as well as
later in the paper:

— Let Grpd, denote the (symmetric monoidal) category of k-prounipotent
groupoids (which is the image of the completion functor G — G(k));

— For C being Grpd, Grpd,, or Cat(CoAlgy), the notation
Autépc (resp. Isogpc)

refers to those automorphisms (resp. isomorphisms) which are the identity on
objects.

In the remainder of this section we recall some well known results on the operadic
point of view on associators and Grothendieck-Teichmiiller groups, which will be useful
later on. Even though the statements and proofs of all the results in this section can
be found in [23], it is worth mentionning that a “pre-operadic” approach was initiated
by Bar-Natan in [4].

DEFINITION 2.8. — A Drinfeld k-associator is an isomorphism between the operads
PaB(k) and GPaCD (k) in Grpd,, which is the identity on objects. We denote by

Assoc(k) := I50%, gypa, (PaB(k), GPaCD(k)),

the set of k-associators.

THEOREM 2.9 (Drinfeld [17], Bar-Natan [4], Fresse [23]). — There is a one-to-one
correspondence between the set of Drinfeld k-associators and the set Ass(k) of cou-
ples (1, p) € k* x exp(f2(k)), such that

_ (/)3,2,1 — (w1,2,3)—1 n exp(%g(k)),
_ @172736117523/2()0273,16#1531/2()03,1726/”512/2 — em(tizttiz+ias)/2 n exp(ig(k)),

231,234,234 1234,1231 4y exp(ﬂ(k)),

1,2,3

¥ =

where ¢ = @(t12,t23) is viewed as an element of exp(tz(k)) via the inclusion
fo(k) C t3(k) sending x to t1o and y to ta3.
Three observations are in order:

— The free Lie k-algebra fo(k) in two generators z,y is graded, with generators
having degree 1, and its degree completion is denoted by fo2(k);

— The k-prounipotent group exp(fg(k)) is thus isomorphic to the k-prounipotent
completion Fa(k) of the free group F2 on two generators;
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— The quotient ig(k)Of the Lie algebra i3(k) by its center, generated by
t12 + t13 + ta3, is isomorphic to fo(k). Thus, the second relation in the above
theorem is equivalent to

@1’2’36“9/2902’3’1e“z/2g03’1’26’””/2 -1
in exp(f2(k)), where z,7, z are variables subject to relation z +y 4 z = 0.

This theorem was originally proven by Drinfeld in [17], though it was phrased
without the operadic language. As stated, it can be found in [23, Theorem 10.2.9],
and its proof relies on the universal property of PaB from Theorem 2.3. In partic-
ular, a morphism F' : l§aT3(k) — GPaCD(k) is uniquely determined by a scalar
parameter 1 € k and ¢ € exp(f2(k)):

_ F(R1’2) — eMt12/2 -X1’2,
— F(®123) = p(t12, ta3) - aV23,
where R and ® are the ones from Examples 2.1 and 2.2.
EXAMPLE 2.10 (The KZ Associator). — The first associator was constructed by

Drinfeld using the KZ connection and is known as the KZ associator ®xz. It is
defined as the the renormalized holonomy from 0 to 1 of G'(z) = (12 + £23)G(2),

z z—1
ie., Pgy:= G(;rlGl_ € exp(3(C)), where Gy+,G,- are the solutions such that
Go+(2) ~ 212 when z — 07 and G- (2) ~ (1 — 2)*?* when z — 1. We have

(I)KZ(V, U) = @KZ(U7 V)_l, (I)Kz(U, V)eﬂiV@KZ(V, W)e‘"iW(DKZ(W, U)e”iU =1,

where U = t;5 € fg((C) ~ {3(((:) = fg((C)/(tlg + ti13 + t23), V = f23 € Ig((C) and
U+V+W=0,and

12,3,451,2,34 _ £1,2,351,23,452,3,4
q>KZ q)KZ _CI)KZ q’KZ <I)KZ ’

hence (271, Pkyz) is an element of Ass(C).

2.7. Grothendieck-Teichmuller group
DEFINITION 2.11. — The Grothendieck-Teichmiiller group is defined as the group
GT := Autgp Grpa(PaB)

of automorphisms of the operad in groupoids PaB which are the identity of objects.
One defines similarly its k-pro-unipotent version

GT(k) = Aut, g,pa, (PaB(k)).

There are also pro-¢ and profinite versions, denoted GT, and C/}i‘, that we do not
consider in this paper.
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We can also characterize elements of GT and é'\l‘(k) as solutions of certain explicit
algebraic equations. This characterization proves that the above operadic definition
of GT coincides with the one given by Drinfeld in his original paper [17]. In this
article we will focus on the k-pro-unipotent version of this group in genus 0 and 1,
and twisted situations.

DEFINITION 2.12. — Drinfeld’s Grothendieck-Teichmiiller group ﬁ(k) consists of
pairs
(A, f) € k* x Fa(k)

which satisfy the following equations:
— f(@,y) = fy,2) 7" in Fa(k),
— o (21, @2)4 f (2, 3)25 f (w3, 71) = 1 in Fy(K),
- f($13$237 $34)f($12, $23$24) = f($12, £B23)f($12$13, $245U34)f($23, 3734) in P/’\B4(k),

where x1, 22, x3 are 3 variables subject only to z1zo23 =1, v = %, and z;; is the

elementary pure braid 9; ; from §2.2. The multiplication law is given by
(>‘17 fl)()‘27 f2) = ()‘1)‘27 fl ('1)\2 ) f2($7 y)y/\zf2($7 y)_l)f2($7 y))
THEOREM 2.13. — There is an isomorphism between the groups é-i‘(k) and G'T(k)

This was first implicitely shown by Drinfeld in [17]. An explicit proof of this theorem
can be found for example in [23, Theorem 11.1.7]. In particular, one obtains the
couple (A, f) from an automorphism F' € GT (k) as follows. We have

1\ ) l\ ) v 1\ ) lk ) 2v+1
21) F — / : —
/w P N
2 1 1 2 2 1 2 1
(2.2)
(12 3 1 2 a2 3] (12

L
~

In other words, if we set A = 2v + 1, we get the assignment
S F(R1,2) — (Rl,Z)A’
o F(¢1’2’3) — f($12,1'23) . @1,2,3.
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Next, one obtains the compositio/nkxw of ﬁ(k) from the composition of automor-
phisms F; and F» in Autgp Grpa, (PaB(k)) as follows: the associated couples (Ar, f1)
and (s, fo) in k* x Fy(k) satisfy (FyFy)(R"Y?) = (F 0 F1)(R"?) = (R%?)**2, and

(F1F)(@12%) = (Fy 0 F1)(@1°) = Fo(fi(212, 223)21%7)
= Fy(fi(z12, 703)) F2(@1%?)
= f1(Fa(212), Fa(z23)) fa (712, T23) @1>°

= f1(232, fa2(%12, T23) 733 fo(T12, Ta3) ~1) fo (@12, T23) @23,

REMARK 2.14. — There are also profinite and pro-£¢ versions of the Grothendieck-
Teichmiiller group, denoted GT and G'Ty, respectively. There are morphisms

GT — GT - GT; — GT(Q,) and GT — GT(k).

It is important to keep in mind that the profinite, pro-¢, k-pro-unipotent versions of
the Grothendieck-Teichmiiller group do not coincide with the profinite, pro-¢, k-pro-
unipotent completions of the “thin” Grothendieck-Teichmiiller group GT which only
consists of the pairs (1,1) and (—1,1).

2.8. Graded Grothendieck-Teichmuller group

DEFINITION 2.15. — The graded Grothendieck-Teichmiiller group is the group
GRT (k) := Aut$, grpa, (GPaCD(k))
of automorphisms of GPaCD (k) that are the identity on objects.

REMARK 2.16. — When restricted to the full subcategory Cat(CoAlgge™™)
of CoAlgy-enriched categories for which the hom-coalgebras are connected, the
functor G leads to an equivalence between Cat(CoAlgfe™) and Grpd,. Hence
there is an isomorphism

GRT (k) ~ AutS ) oo (Coag,) (PACD(k)).

Again, the operadic definition of GRT (k) happens to coincide with the one origi-
nally given by Drinfeld.

DEFINITION 2.17. — Let GRT; be the set of elements in g € exp(fz(k)) C exp(ts(k))
such that

1 1,2,3,.2,3,1,3,1,2

and g123g231g312 = 1 in exp(t3(k)),

o gli23g123,4423:4 — 4123.4,1,2.34 4y exp(ﬂ(k))

o 321 = g-

One has the following multiplication law on GRT}:
(91 * 92)(t12, t23) = g1(t12, Ad(g2(t12, t23))(t23)) g2 (t12, t23)-
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Drinfeld showed in [17] that GRT, is stable under *, which defines a group structure
on it, and that rescaling transformations g(z,y) — A - g(z,y) = g(Az, A\y) define an
action of k* of GRT; by automorphisms.

THEOREM 2.18. — There is a group isomorphism GRT (k) = k* x GRT; =: GRT (k).

This was first implicitely shown by Drinfeld in [17]. An explicit proof of this theo-
rem can be found for example in [23, Theorem 10.3.10]. In particular, we obtain the
couple (), g) from an automorphism G € GRT (k) by the assignment

— G(X12) = X122,
— G(H?) = 12,
— G(ab?3?) = g(t1a,t23) - ab?3.
The composition of automorphisms G; and G in Autgp g(GPaCD(k)) is given as
follows: the associated couples (), g;) and (u,g2) in k* x exp(t3(k)) satisfy
(G1Go)(H"?) = (Ga 0 G1)(HY?) = AuH™2,
(G1G2)(a"*®) = (G 0 G1)(a*?)
=0 (/Lt12, go(ti2,t23)(t23) g2 (t12, t23)71)92(t12, ta3) - ab??.

2.9. Bitorsors

Recall first that there is a free and transitive left action of (}T(k) on Ass(k),
defined, for (X, f) € GT(k) and (u, ¢) € Ass(k), by
(O £) * (1, 9)) (tr2, taz) = (Ap, f(e#12, Ad(p(tr2, t23)) (€7%2))p(t12, t23)),

where Ad(f)(g) := fgf !, for any symbols f,g.
Recall that there is also a free and transitive right action of GRT'(k) on Ass(k)
defined as follows: for (A, g) € GRT(k) and (y, ¢) € Ass(k), given by

(15 ) * (X, 9))(t12, t23) := (A, p(At12, Ad(g) (M23))g(tr2, t23))-
The two actions commute making (@(k), Ass(k), GRT(k)) into a bitorsor.

THEOREM 2.19. — There is a torsor isomorphism
(2.3) (GT(k), Assoc(k), GRT(k)) — (GT(k), Ass(k), GRT(k)).

Proof. — On the one hand, in [23, Theorem 10.3.13] it is shown that the natural free
and transitive left action of (/}'\I‘(k) on Assoc(k) coincides with the action of GT (k)
on Ass(k) via the correspondence of Theorem 2.13. On the other hand, in [23, Theo-
rem 11.2.1], it is shown that the natural free and transitive right action of GRT (k)
on Assoc(k) coincides with the action of GRT (k) over Ass(k) via the correspondence
of Theorem 2.18. O
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CHAPTER 3

MODULES ASSOCIATED
WITH CONFIGURATION SPACES
(ELLIPTIC ASSOCIATORS)

3.1. Compactified configuration space of the torus

Let T be the topological (2-)torus. To any finite set I we associate a configuration
space

Conf(T,I) = {z = (2:)ier € T|2; # z; if i # j}.
We also consider its reduced version
C(T,I) := Conf(T, I)/T.

We then consider the Axelrod-Singer-Fulton-MacPherson compactification C(T, )
of C(T,I). The boundary dC(T,I) = C(T,I) — C(T,I) is made up of the following
irreducible components: for any partition I = J; [[---]] Jx there is a component

k
d1,....0,C(T, 1) = C(T, k) x [[C(C, Jy).

i=1

The inclusion of boundary components provide C(T, —) with the structure of a module
over the operad C(C, —) in topological spaces.
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3.2. The pure braid group on the torus

The reduced pure braid group PB;, with n strands on the torus (that is the
fundamental group of C(T,n)) is generated by paths X;’s and Y;’s (i = 1,...,n),
which can be represented as follows

Moreover, the following relations are satisfied in PBy ,:

(T1) (Xi,X;)=1=(Y;,Y;), fori<j,

(T2) (Xi,Y;) =Pijand (X;',Y,") =9, fori<j,
(T3) (X1,Y; ') = Py Pra,

(T4) (X; ):1:(1@-,ij), for all i,j < k,

(T5) (XX P;) =1=(Y;Y;,Py), fori<j,
(TR) X;- - Xp=1=Y;---Y,.

There are also the following relations, satisfied in the fundamental group Bi,
of C(T,n)/S,:

—1 -1 -1 -1
(N) Xip1 =0, Xi0,, Yipn =0, Yo, 7,

where o; are the generators of the braid group B, with geometric convention as
follows:

i
AN 7
it
I

3.3. The PaB-module PaB,,, of parenthesized elliptic (or beak) braids

In a similar manner as in §2.3, there are inclusions of topological modules ()

Pa c C(S',-) c C(T,-).

1. The second one depends on the choice of an embedding S' < T: we choose by convention the
“horizontal embedding,” which corresponds to S x {*}.
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Then it makes sense to define
PaBeu =T (C(T, —),Pa) s

which is a PaB-module in groupoids.

As said in Section 1.5, there is a map of G-modules PaB — PaB., and we
abusively denote R''2 and ®!'2 the images in PaB,y, of the corresponding arrows
in PaB.

EXAMPLE 3.1 (Structure of PaB.s(2)). — As in Example 2.1 there is an arrow R!:2
going from (12) to (21). Additionnally, we also have two automorphisms of (12),
denoted A2 and B':2, corresponding to the following loops on C(T,2):

12
B1,2
AI,Z
1 2 1 2 1 2

By global translation of the torus, these are the same loops as the following

1 2 £ 12

In particular, A»2R"2 and BY2R"2 which are morphisms from (12) to (21), corre-

spond to the following paths C(T, 2):
Z AL2RL2 /
12 1

REMARK 3.2. — The arrows A2 and B? correspond to A1i,2 in [19, §1.3]. Thus we
will respectively depict A2 and B'? as

1 2 1 2
1 2 1 2
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The images of RV? and ®!'23 by the G--module morphism PaB — PaB,,, will
still be denoted the same way. One can rephrase [19, Proposition 1.3] in the following
way:

THEOREM 3.3. — As a PaB-module in groupoids having Pa as Pa-module of objects,
PaB.,, is freely generated by A := A2 and B := BY2, together with the following
relations:

(N1) @L23AL2 (L2281 231 {21312 43,12 {312 _1q 1,

(N2) @L23p123RLABG2H1 p21 R2IGIL2BSI2RZ12 ],

(E) RUVZR>! = (@1’2’3A1’23(<I>1’2’3)_1,R1’2<I>2’1’3BQ’13(@2’1’3)_1R2’1) .
All these relations hold in the automorphism group of (12)3 in PaB.s(3).

Proof. — Let Qcpp be the PaB-module with the above presentation. We first show
that there is a morphism of PaB-modules Q.sy — PaB.s. We have already seen that
there are two automorphisms A, B of (12) in PaB.s(2) (see Example 3.1). We have
to prove that they indeed satisfy the relations (N1), (N2) and (E).

Relations (N1) and (N2) are satistfied: the two nonagon relations (N1) and (N2) can
be depicted as

(12) 3
+
12 3
(N1,N2) 1 - %
>
1 2) 3
+
S
7
1 2) 3

It is satisfied in PaB.g, expressing the fact that when all (here, three) points move
in the same direction on the torus, this corresponds to a constant path in the reduced
configuration space of points on the torus. The same is true with the second nonagon
relation (N2).
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Relation (E) is satisfied: below one sees the path that is obtained from the right-
hand-side of the mized relation (E):

— §L2341.23(9123)~1 is the path

1 2 3 1
_ R1,2<I,2,1,332,13(@2,1,3)71}}2,1 is the path

¥ 2\

1

PO

2/ 3

One can see that the commutator of these loops is homotopic to the pure braiding
of the first two points in the clockwise direction, that is R1'2R?!, by means of the

following picture:
2 3
//’\/
Voram
2 3

Thus, by the universal property of Q.s, there is a morphism of PaB-modules
Qere — PaBgyy, which is the identity on objects. To show that this map is in fact an
isomorphism, it suffices to show that it is an isomorphism at the level of automorphism
groups of objects arity-wise, as all groupoids are connected. Let n > 0, and p be the
object (---((12)3)------ )n of Qepe(n) and PaB.y(n). We want to show that the
induced morphism

i

Atheu(n) (p) - AutPaBeu(") (p) =T1 (C(Ta n)’p)
is an isomorphism.

On the one hand, as C(T,n) is a manifold with corners, we are allowed to move the
basepoint p to a point p,eg Which is included in the simply connected subset obtained
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as the image of ()

Dn",- = {ZE(C”‘zjzaj—i—bjT,aj,bj6R,0<a1<a2<-~<an<a1+1,
0<b, < <b <b,+1}

in C(T,n), where T = C/(Z + 7Z). We then have an isomorphism of fundamental

groups ﬂl(C(T, Tl),p) =~ T (C(T’ n)vpreg)'

On the other hand, in [19, Proposition 1.4], Enriquez constructs a universal elliptic
structure PaBZ, that by definition carries an action of the (algebraic version of the)
reduced braid group on the torus B; , in the following sense:

— PanZZ is a category;

— for every object p of Pa(n), there is a corresponding object [p] in PanZZ, and
[p] = [q] if p and ¢ only differ by a permutation (but have the same underlying
parenthesization);

— there are group morphisms By, Autp,pen (p) = Gy

Moreover, one has by constuction of PaBeEﬁ that Autg,,,(n)(p) is the kernel of the
map AutPaBEﬁ ([p]) — &,. One can actually show that there is a commuting diagram

PBi, = Autg,,,(n)(p) —— m (C(T, n),p) —= 7 (C(T, n), Preg)

L] J |

E1,77, é AUtPan[lf (p) — (C(Ta n)/gnv [p]) é 1 (C(T’ n)/6na [preg])

| | |

Grn Grn Gn GTL?

where all vertical sequences are short exact sequences. Thus, in order to show that
the map Autg_,,(n)(p) — m (C(T, n),p) is an isomorphism, we are left to show that

El,n — T (C(T’ n)apreg)
is indeed an isomorphism. But this map is nothing else than a conjugate of the map

constructed in [7, Theorem 5|, identifying the algebraic and topological versions of
the braid group on the torus. O

2. We have already done so for the proof of relation (E).
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3.4. The CD(k)-module of elliptic chord diagrams

For any n > 0, recall that ¢; ,,(k) is defined as the bigraded Lie k-algebra freely
generated by z1,...,x, in degree (1,0), y1,...,y, in degree (0,1) (for i =1,...,n),
and ¢;; in degree (1,1) (for 1 <14 # j < n), together with the relations (S), (L), (4T),
and the following additional elliptic relations as well:

(Seee) [zi,y;] = tij fori##j,
(Neee) [zi, 2] = [yi,y;]) =0 for i # j,
(Teee) [zi, 53] = — Z tijs
Jli#i
(Leee) (@i, tjk] = [yi tju) =0 if #{i,j,k} = 3,
(4T cer) (@i + x5, t;] = [yi + yj,t;] =0 for i # 5.

The ), z; and ), y; are central in t; ,,(k), and we also consider the quotient
tin(k) = ti,n(k) /(Z xi,zyi) .

EXAMPLE 3.4. — t; 2(k) is equal to the free Lie k-algebra fa(k) on two generators
r=1x1 and y = ys.

Both t; ,, and t; ,, are acted on by the symmetric group &,,, and one can show that
the G-modules in grLiey

terr(k) == {t1,n(K)}n>0 and tege(k) := {t1 n(k)}n>0,

actually are t(k)-modules in grlie,. Partial compositions are defined as follows: for I
a finite set and 7 € I,

o : t1,1(k) @ ts(k) — t1_jur— gy (k)
(0,2ap) > tap
tij if k¢{ij}
(tij» 0) [ ZPEJ tpj lf k =1
ZpeJ tip if j=k

v Ypestp if k=i

(y‘O)H{ yi  if ki
’ Ypesp i k=i

We call t.p(k), resp. teee(k), the module of infinitesimal elliptic braids, resp. of in-
finitesimal reduced elliptic braids.
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We finally define the CD(k)-module CD.ge(k) := U(teee(k)) of elliptic chord dia-
grams. Similarly to the genus 0 situation, morphisms in CD.s(k)(n) can be repre-
sented as chords on n vertical strands, with extra chords correponding to the gener-
ators x; and y; as in the following picture:

~
~

The elliptic relations introduced above can be represented as follows, analogously as
for the genus 0 case:

(Seer)
7 J 7 J 7 J 7 J
. T + - i 7
: B T
}' V{ y w{ i Vi
? J ? J A 7 7 7
1 J 1 J
+ +
N, =
(Nece) N N
g j % j
1 1
+ A~ i J
(Teee) — = - Z ...............
o T jiii
( J
2 2
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1 J k 1 J k
+
Lege =
(Leee) N
) i k ) i k
1 J 7 J 7 J 1 J
+ +
( eﬂ) + +
. Y
i J i J i J i J

REMARK 3.5. — The relation between (a closely related version of) CDg (k) and the
elliptic Kontsevich integral was studied in Philippe Humbert’s thesis [29].

3.5. The PaCD (k)-module of parenthesized elliptic chord diagrams

As in the genus zero case, the module of objects Ob(CDygg(k)) of CD,y(k) is ter-
minal. Hence there is a morphism of modules wy : Pa = Ob(Pa(k)) — Ob(CD.g/(k))
over the morphism of operads w; from §2.5, and thus we can define the PaCD (k)-mod-
ule ¥

PaCD.y (k) := wiCDgy(k),

in Cat(CoAssy), of so-called parenthesized elliptic chord diagrams.

ExAMPLE 3.6 (Notable arrows in PaCD.,(k)(2)). — There are the following arrows
X2, V.57 in PaCD.y(k)(2):

e

1 2 1 2 1 2 1 2
Xili =1 = —l— ............. ] nglg,@? =Yy = : _____________ ]
1 2 1 2 1 2 1 2

3. Recall that PaCD(k) is defined as wjCD(k).
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REMARK 3.7. — As said in Section 1.5, there is a map of &-modules
PaCD(k) — PaCD.y(k) and we abusively denote X2, H'2 and a'?3 the
images in PaCD,.y (k) of the corresponding arrows in PaCD(k). The elements
X ili,Y;le’f are generators of the PaCD(k)-module PaCD.y (k) and satisfy the
following relations in Endpacp,,, (k) (2)(12):
o X.o4+ X12X2, (X127t =0,
1,2 2,1 -
® Yeﬂ +X172Y6U (Xl)z) 1= 0.
They also satisfy the following relations in Endpacp,,, k) (3)((12)3):
o X234 ql23X1.23x251(12,31,23)~1
+ X12’3(a3’1’2)_1X3€1€’2(X12’3(a3’1’2)_1)_1 =0
N Yelzi,?:+a1,2,3X1,231;%?22,1(01,2,3X1,23)—1
+ X123(g3:1.2)-1y 312 (X123(31.2)-1)=1 =

1,23 _ 2,13 _ _
o 12 — [a1’2’3Xeu (a"/23) laX1’2a2’1’3Yea (a213)~1(x12)-1).

3.6. Elliptic associators

Let us introduce some terminology, complementing the one of §2.6. Let us write
OpRC for the category of pairs (P, M), where P is an operad and M is a right
O-module, in C. A morphism (P, M) — (Q,N) is a pair (f,g), where f : P — Q is
a morphism between operads and g : M — A is a morphism of P-modules.

The superscript “+” still indicates that we consider morphisms that are the identity
on objects.

DEFINITION 3.8. — An elliptic associator over k is a couple (F,G) where F is a

k-associator and G is an isomorphism between the ITaZ\B(k)—module :Ff-i]\gegg(k) and
the GPaCD (k)-module GPaCD. (k) which is the identity on objects and which is
compatible with F":

El(k) := 15081 Grpa, ((ﬁa]\_%(k), PaB.y(k)), (GPaCD(k), GPaCDeM(k))).

The following theorem identifies our definition of elliptic associators with the orig-
inal one introduced by Enriquez in [19].

THEOREM 3.9. — There is a one-to-one correspondence between the set Ell(k) and the

set Ell(k) of quadruples (u, 0, A1, A_), where (1, p) € Ass(k) and AL € exp(ilyz(k)),
such that:

1,23 231 3,12 _ o 1,2,3 41,23 —p(tia+t13)/2
(3.1) ok o ? = 1, where ag = ph?3 AL e Htztts)/2)

(32) 6‘”12 — (SOA}#ZSSOfl’ef/,btlg/2SO2,1,3A2_,13(w2,1,3)7167,¢12/2> )

All these relations hold in the group eXp(iLg(k)).
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Proof. — An associator F' corresponds uniquely to a couple (i, ¢) € Ass(k) and an
isomorphism G between PaB.y (k) and GPaCDeu(k) sends the arrows A2 and

B2 of Endgg , (k)(2)(12) to A4 - Xe“ and A_ ee ’ with Ax € exp(t1 2(k)) (recall

that El,g (k) is the completed free Lie algebra over k in two generators). The image of
relations (N1), (N2) and (E) are precisely the relations (3.1) and (3.2). O

ExaMPLE 3.10 (Elliptic KZB Associators). — Let us fix 7 € . Recall that the Lie
algebra t; o(C) is isomorphic to the free Lie algebra fo(C) generated by two elements
z = z1 and y := y;. We define the elliptic KZB associators e(7) := (A(r), B(7)) as
the renormalized holonomies from 0 to 1 and 0 to 7 of the differential equation

0-(z+adz)adz

(3.3) G'(2) = —

with values in the group exp(ilyz (C)) More precisely, this equation has a unique solu-
tion G(z) defined over {a+b7|a,b € (0,1)} such that G(z) ~ (—27iz)~[*¥ at z — 0.

In this case,
A(T) == G(2)G(z+1)7Y, B(r) := G(2)G(z + 1) te 2mie,

)
These are elements of the group exp(il

2(C)). More precisely, Enriquez showed in [19]
that the element (27 i, ®kz, A(7), B(7)) is

in ENI(C).

3.7. Elliptic Grothendieck-Teichmiiller group

DEFINITION 3.11. — The (k-prounipotent version of the) elliptic Grothendieck-
Teichmdiiller group is defined as the group

GTew(k) = Autd g grpa, (PaB(k), PaBey (k).

Again, we now show that our deﬁmtlon coincides with the original one defined by
Enriquez in [19]. Recall that the set GTegg( ) is the set of tuples (), f, g+), where

(A, f) € GT(K), g+ € Fy(k) such that, in B173(k),
(3.4) (£(0%,02)g+(A, B)(010301) T o7 '03 ") = 1,

(3.5) u® = (g4,u"'g_u"),
where u = f(0f,03) 01 f(0f,03) and g = g+(4, B).
For (A, f,9+), (N, f', %) € GTeu(k), we set
A frge) = (N, ' gh) = (', 7, g4
where ¢/ (A,B) = gi(g;(A,g)\,g’_ (A, B)). This gives GTeu(k) a group structure.
Moreover, for (A, f,g+,9-) € GTey(k) and (u, p, Ay, A_) € Ell(k), we set

M Frgeg-)* (o, A AL) o= (W, @' Al AL,
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where A, = g4+ (A4, A_). In [19], it is shown that this defines a free and transitive
left action of GTes (k) on Ell(k).

PROPOSITION 3.12. — There is an isomorphism é'\I‘ea(k) — @ea(k) such that
the bijection Ell(k)— Ell(k) becomes a torsor isomorphism.

Proof. — Suppose that we are given an automorphism (F, G) of (P@(k), ITaT?)eM (k))
which is the identity on objects. We already know (see §2.7) that F is determined by
apair (A, f) € GT(k), and that any such pair determines an F'. Moreover, the images

1,2 p1,2 o _ pr
of the two generators A%, B~ ¢ AutPaBe“(k)(z)(H) = PBj 2(k) are
GAY) =g (A", B")  and  G(B'?) = g_ (A2, B'?),
with g4 € ﬁg(k) o~ 1:/)%1,2(1(). It therefore follows from Theorem 3.3 that (A, f, g+)
satisfies relations (3.4) and (3.5) if and only it determines an automorphism (F,G).

Let us then prove that the bijective assignement (F, G) — (A, f, g+) that we just de-
scribed is a group morphism. For this we show that the composition of automorphisms
corresponds to the group law of GTese(k). We already know (see §2.7) that the com-

position of automorphisms of PaB(k) corresponds to the group law in GT(k). Now,
given automorphisms (F},G) and (F3, H), and there respective images (A1, f1,9+)
and (Ag, f2, ht), we have that

(HoG)(A) = H(9+(A, B)) = g+(H(A), H(B)) = g+ (h+ (A, B), h_(4, B)),

and, likewise, (H o G)(B) = g—(h+ (A4, B),h_(A, B)).

We finally prove the equivariance statement. Let (F,G) € GTp(k), with image
(A f,9+) € GTepe(k), and let (K, H) € Elleg(k), with image (u, ¢, A1). It is known
(see §2.9) that K o F is sent to (u,w) * (A, f). It remains to compute:

(HoG)(A) = H(9+(A,B)) = g+(H(A),H(B)) = g+(A+,A-),
and, similarly, (H o G)(B) = g_(A4+,A_). O

3.8. Graded elliptic Grothendieck-Teichmiiller group

DEFINITION 3.13. — The graded elliptic Grothendieck-Teichmiiller group is the group

GRT.y (k) := Aut’ (PaCD(k), PaCD . (k)).

OpR Cat(CoAlg,)

Notice that there is an isomorphism
Autd p Cat(CoAlg,) (PaCD(k), PaCD.(k))
~ Autd p Grpa, (GPaCD(k), GPaCD (k).
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As before, our goal in this paragraph is to show that our definition coincides
with the one of Enriquez [19]. Recall that he defines GRT$" (k) as the set of triples

A X2
(9,uy,u_) € GRTy(k) x ({1’2(1{)) , satisfying

(36) Ad(g"%) (k™) + Ad(g*1#)(d™) +ul'? = 0,
(37) [Ad(gl’Q’B)(ui%),uim] _ 07
(3.8) [Ad(g52%) (ub22), Ad(g212) (u'®)] = tha,

as relations in i1’3(k). He defines a group structure as follows:

(g,us,u_) * (hyvy,v_) :=(g*h,wy,w_),
where
wi(z1,91) = ux (v (T1,91),v-(T1,91))-

The group k* acts on GRT$" (k) by rescaling: ¢ (g,u+) := (c-g,c-u+), where c- g is
as before, and

— (crug)(@,m) = uy (z1,¢7 ),

T (C ' u—)(xlyyl) = Cu—($l7c_1yl)'
We then set GRT o¢¢(k) := GRTS (k) x k*.

Moreover, there is a right action of GRT$" (k) on Ell(k): for (g,us) € GRT¢ (k)
and (“’a %Ai) € Ell(k), we set (:u’ ¥, A:I:) * (g’uzl:) = (:u'v @)A:t)a where

A (z1,91) = Ax(up (21, 91), u—(21,91))
and, for ¢ € k™, we set (u,p, Ax) *c := (u,c* ¢, cfAy), where (cfA1)(z1,y1) =
Ay (z1,cy1). In [19] this action is shown to be free and transitive. Notice that
Ay = 0(AL), where 0 € Aut(tk,) is defined by z1 — uq (z1,31) and y1 — u_(z1,y1).
ProproSITION 3.14. — There is an injective group morphism
GRT s (k) — GRT og(K).
Moreover, the bijection Ell(k) — Ell(k) from Theorem 3.9 is equivariant along this
morphism.
Proof. — For every (G,U) € GRT .4 (k), there are (X, g) € GRT(k) and uy € ?1’2(1{)
such that
- G(X1’2) — X1,2’
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In light of relations of Remark 3.7, we obtain that (A, g,uy) satisfies relations
(3.6), (3.7) and (3.8). The assignment (G,U) +— (X, g,ur) defines an injective
map GRTeu(k) — GRTegg(k).

We now show that this map is a group morphism. The proof is the same as one
of the analogous statement in Proposition 3.12: for two automorphisms (G1,U) and
(G2,V), we already know that the composition G2 o G; corresponds to the product
in GRT(k), and we compute:

(VoUNXED) = V(ug(z1,91) Idia) = uy (vi(21,91),v—(21,91)) Idi2,

and, likewise, (V o U)(Xeléﬁ) = u_ (v4(21,91), v—(21,91)) Id12.
Finally, the equivariance of the bijection is proven in a similar way. O

3.9. Bitorsors

Summarizing the results we have proven so far, we get that the bijection
Ell(k) — Ell(k) from Theorem 3.9 has been promoted to a bitorsor isomorphism.
Indeed, we know (by definition) that

(GTere(K), Ell(k), GRT o1 (k)
is a bitorsor, and (from [19]) that
(GTeee(k), Ell(k), GRT e (K))
is a bitorsor as well.
THEOREM 3.15. — There is a bitorsor isomorphism
(39)  (GTew(k),Ell(k), GRTcrr(k))—(GTore(k), Ell(k), GRTere (K)).
Proof. — This is a summary of most of the above results:

— There is a group isomorphism between é’\l‘ea(k) and E}-'T‘eu(k) that is such that
the bijection from Theorem 3.9 is a torsor isomorphism (Proposition 3.12).

— There is an injective group morphism GRT.p(k) — GRTp(k) such that the
bijection from Theorem 3.9 is equivariant (Proposition 3.14).

Knowing from Example 3.10 that Ell(k) is non-empty, we obtain that
GRT .y (k) — GRTp(k) is an isomorphism. O
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CHAPTER 4

THE MODULE OF PARENTHESIZED ELLIPSITOMIC BRAIDS

In this chapter, I' denotes the abelian group I' = Z/MZ x Z/NZ where M,N > 1
are two integers. We also write 0 := (0, 0).

4.1. Compactified twisted configuration space of the torus

Let T be the topological torus, and consider the connected I'-covering p : T—T
corresponding to the canonical surjective group morphism p : 71 (T) = Z2 — T sending
the generators of Z2 to their corresponding reduction in I'. To any finite set I with
cardinality n we associate the I'-twisted configuration space

Conf(T, 1,T) := {z = (21,..., 2) € T | p(z1) £ pl2y) i i £ 5 }
and let C(T,I,T) := Conf(T, I,T)/T be its reduced version.

The inclusion
(4.1) Conf(T, I,T) < Conf(T, I x T')
sending (2;)ier to (7 - 2i)(i,y)erxr induces an inclusion
C(T,I,T) — C(T,I xT) — C(T, I xT),

which allows us to define C(T, I,T) as the closure of C(T, I,T) inside C(T, I xT'). The
boundary dC(T, I,T) = C(T, I,T) — C(T, I,T) is made up of the following irreducible
components: for any partition J; [J---[] Jx of I there is a component

k

,,,,,

=1

The inclusion of boundary components provides C(T, —,T') with the structure of a
module over the operad C(C, —) in topological spaces.
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On the one hand, the left action of T' on T gives us an action of I'Y| resp. I'/ /T,
on Conf(T, I xT), resp. C(T, I xT'). On the other hand, I'! also acts on Conf(T, I xT")
and C(T, I x T') in the following way:

(@ 2) (i) = Zisyta-

The inclusion (4.1) is T''-equivariant, so that one gets a diagonally trivial I-action
on C(C, —), in the sense of §1.6.

4.2. The Pa-module of labeled parenthesized permutation

For every finite set I, there is a I'! /T-covering map
¢r : C(T,n,I') — C(T, n),
which extends to a continuous map
é; = C(T,I,T) — C(T, ),

everything being natural (with respective to bgections) in I. This defines a mor-
phism ¢ of C(C, —)-modules from C(T,—,T") to C(T, —).

Recall from §3.3 that there are inclusions of topological operadic modules
Pa C CQSI,—) C C(T,—) over Pa C C(R,—) C C(C,—). We define the G-module
Pa' := ¢~ 'Pa, which carries a Pa-module structure. Indeed, it is a fiber product

Pa' :=Pa x C(T,-,T)
G(Tv_)

in the category of Pa-modules in topological space.

The Pa-module Pa® admits the following algebraic description. First of all, it is
discrete, in the sense that spaces of operations are discrete (i.e., they are just sets).
Then, an element of Pal(n) is a parenthesized permutation of 1,...,n together with
a label function {1,...,n} — I that is defined up to a global relabeling (i.e., the
labeling is an element of I'"/T"). For instance, 2,19 = 291_. belongs to Pa’(2) for
every v € I'. In geometric terms, having the label [v1,...,7,] means that, in our
configuration of points, the (—7;) - z;’s are on the same parallel of the torus. Here is
a self-explanatory example of partial composition:

(3024)15 02 (12)3 = (30((2134)44))1s.

Finally, Pal is acted on by I' in the following way: for n > 0, I'" only acts on the
labellings, via the group law of I'. For instance, if [a] € T™/I" and v € T'™, then

v-le] = [y+al

In other words, according to the terminology of §1.6 and §1.7, Pal is identified
with G(Pa — T).

MEMOIRES DE LA SMF 179



4.3. THE PaB-MODULE OF PARENTHESIZED ELLIPSITOMIC BRAIDS 37

4.3. The PaB-module of parenthesized ellipsitomic braids

We define
PaB!, :=m (C(T,—-,T),Pa"),
which is a PaB-module (in groupoids), that also carries a dlagonally trivial action
of I'. The morphism qu induces a PaB-module morphism PaBeM — PaB,yy.

ExXAMPLE 4.1 (Notable arrows in PaBL,). — Recall the following notable arrows
in PaBeu:

— AY? and B%? are automorphisms of 12 in PaB,(2).

— RY2 goes from 12 to 21 in PaB.y(2).

— ®123 goes from (12)3 to 1(23) in PaB.(2).
All are represented by paths which, apart from the endpoints that are in Pa, remain
in the open part C(T,n) of the configuration spaces (n = 2,3). Let us set « := (1,0)
and S := (0,1). Since there are covering maps

C(T,n,T") — C(T,n),

then these paths admits unique lifts, with starting point being the same parenthesized

permutation with the trivial labeling (the one being constantly equal to 0). These lifts
are denoted the same way:

— The lift A2 goes from 1920 to 1420 = 192_4 in PaBEM(Z)
— The lift B2 goes from 1929 to 1520 = 192_3 in PaBl,,(2).
— etc.

Here is a drawing of paths representing A2 and B12:

We may chose to alternatively depict them as diagrams representing elliptic pure
braids (i.e., loops in the base configuration space) together with appropriate base
points (which uniquely determines the lift in the covering twisted configuration space):
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10 20 10 20
Ab?2 = } l and BY = _ } l
1a 20 15 20

REMARK 4.2. — It is important to observe that, the action of I' being diagonally
trivial, one can shift the global labeling of the indexed points, and thus A2 and B2
can also be represented as follows:

1o 29 1o 20
Ab2 = + } 1 and B12= _ } l
lo 2., lo 2.5

As for R? and ®2:3, they are depicted in the usual way:
10 20 (10 20) 30

RY2— (j and P23

20 10 10 (2030)

Actually, every morphism in PaB.y can be uniquely lifted to PaBEM, once the
lift of the source object has been fixed; all other lifts are obtained by the T'-action.
Moreover, all morphisms can be obtained like this. This shows that the PaB-module
PaB!,, has an alternative simple algebraic descrition that we explain now. First ob-
serve that the PaB-module PaB,, comes with a morphism 7 to the *-module T,

which is the composition of the abelianization morphism to 72 with the projec-
tion Z2 — T..

In terms of the presentation from Theorem 3.3,

7(A) = a1 =[(1,0),0] and =(B)=B; =](0,1),0],
where we adopt the following notation:
NoOTATION 4.3. — For v €T and 1 < i < n, then we write

i == [0,...,0,7,0,...,0] € I""/I".
PROPOSITION 4.4. — There is an isomorphism
G(PaB.y — I')—PaB,

of PaB-modules with a T-action, which is is the identity on objects.

Proof. — We first describe the morphism:
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— It is the identity on objects;

— Given two labeled parenthesized permutations (p,v) and (q,d), it sends a the
class in PaB.y of a path f : p — g such that v+ w(f) = 0 to the class of the
unique lift of f that starts at the base point determined by (p, 7).

As we have already seen, to show that this morphism is in fact an isomorphism, it suf-
fices to show that it is an isomorphism at the level of automorphism groups of objects
arity-wise. This is indeed the case, as on both sides, in arity n, the automorphism
group of an object is the kernel of the morphism PB; ,, — I'""/T" sending X; to (1,0);
and Y; to (0,1);. O

4.4. The universal property of PaB.),

We are now ready to provide an explicit presentation for the PaB-module PaBL,.
As before, we keep the convention that o = (1,0) and 8 = (0,1).

THEOREM 4.5. — As a PaB-module in groupoids with a diagonally trivial T-ac-
tion and having Pal as Pa-module of objects, PaBEM is freely generated by A :
1020 — 1420 and B : 1929 — 1529, together with the following relations, satisfied
n AutPaBEM(?:)X(F?’/F) ((1020)30).‘

(tN1) PL23 A123 R1,2352,3,1 4231 B2,3153,1,2 43,12 3,12 _ Id(1420)30

(tN2) q)1,2,351,23R1,23¢)2,3,152,31R2,31 @3,1,253,12-&3,12 — Id(1020)30

(tE) RL2R21 — (¢1,2,3A1,23(¢,1,2,3)71’ R1,2¢2,1,3§2,13(®2,1,3)711~%2,1)’

where A := Aoy and B := Bf;.

REMARK 4.6. — The above relations are clearer when stated within the semidirect
product, even though they can be written within PaBL,, itself. For instance, (tN1)
can be written as

1234123, . (R1’23<I>2’3’1A2’31a2 ] (R2’31¢3’1’2A3’12))R3’12 = Id (192030 -
The expression for (tE) becomes unpleasant to write.

Proof of the Theorem. — Let QF,, be the PaB-module with the above presentation,
and let Q¢py be the PaB-module with the presentation in Theorem 3.3. Our goal is
to prove that there is an isomorphism

g(QeM - f);)Qgge
of PaB-modules with a I'-action, which is is the identity on objects. The result will
then follow from Proposition 4.4.
By definition there is a morphism Qg — QL,, x T, which sends A to A, and B
to B. Moreover, when we compose this morphism with the projection QEM xT —T,

we get back the morphism 7 : Qg — I from the previous chapter, that sends A
to a1 and B to (1.
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By the adjunction from §1.7, we therefore get a morphism
G(Qere = T) — Q.

of PaB-modules with a T-action. It is surjective on morphisms, because both gener-
ators of QEM have preimages. Finally, as we have already seen, to show that this is
in fact an isomorphism, it suffices to show that it is an isomorphism at the level of
automorphism groups of objects arity-wise, and it is sufficient to do it for a single
object in every arity.

Let n > 1 and let § be the object (---((1020)30)--)no of QL,,(n) and
G(Qewe(n) — T"/T), which lifts p = (---((12)3)---)n in Qep(n). There is a

commuting diagram

1—— Aut — Autg,,,(n)(P) r~/r 1

6(0use(m—rn/r) P)

J

Autgr () (D),

where the horizontal sequence is exact. Therefore the vertical morphism is injective,
and we are done. O

4.5. Ellipsitomic Grothendieck-Teichmiiller groups

DEFINITION 4.7. — The (k-pro-unipotent version of the) ellipsitomic Grothendieck-
Teichmdiller group is defined as

—T — _—T T
GT, (k) == AutngGrpdk (PaB(k),PaB,,(k)) ,

where, as usual, the superscript I' means that we are considering the subgroup
of I'-equivariant automorphisms.

Let M', N’ > 1, and assume we are given a surjective group morphism
p:T T :=7Z/M'Z x Z/N'L.

This gives a (surjective) map between the corresponding covering spaces of the torus,
which can be used to construct a morphism of C(C, —)-modules

c(T,-,T) — C(T,—,T).
Following the construction of Sections 4.2 and 4.3, we get a morphism of PaB-modules
PaB’,, : PaBl,, — PaB[,,.

The morphism PaB?’,, is I'-equivariant, and has a straightforward algebraic descrip-
tion:

— On objects, it consists in applying p to the labeling, keeping the underlying
parentheiszed permutation unchanged.
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— Tt sends the generating morphisms A'02?0 and B2 in PaB.,, to their counter-
parts (which are denoted the same way) in PaBL,,.

As a consequence, the PaB-module Pangle can be obtained as the quotient of PaB~,

—T ——T
by ker p. We therefore obtain a group morphism GT,,(k) — GT,,, (k).
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CHAPTER 5

ELLIPSITOMIC CHORD DIAGRAMS
AND ELLIPSITOMIC ASSOCIATORS

5.1. Infinitesimal ellipsitomic braids

In this paragraph and the next one, (I',0,+) can be any finite abelian group.

For any n > 0 we define tlljn(k) to be the bigraded k-Lie algebra with generators
z; (1 <i < n) in degree (1,0), y; (1 <i < n) in degree (0,1), and t}; (y € T, i # j)
in degree (1,1), and relations

(tSeeel) th =t
(tSeee2) (T35, y5] = [z5,y:] = Z ti
yel
(tNeer) [zi, 5] = [yi,y;] = 0,
(tTeee) iyl =— Y Yt
JijF#iyeTD
(tLegel) [t7;, %] = 0,
(tLeee2) [xiat;yk] [y, Jk] =0,
(64T oge1) [, 655+ 15,] =0,
(t4T¢002) [zi + 25, t];] = [y + 5, ;] =0,

where 1 < 4,5,k,1 < n are pairwise distinct and 7,0 € I". We will call tlf,n(k) the
k-Lie algebra of infinitesimal ellipsitomic braids. Observe that ) . x; and ), y; are
central in t] . Then we denote by ] ,, (k) the quotient of ] ,, (k) by >_, z; and Y-, ys,
and the natural morphism t] ,, (k) —  ,,(k); u — @.

There is an alternative presentation of t] (k) and # ,, (k):

LEMMA 5.1. — The Lie k-algebra ] ,, (k) (resp. 8 ,,(k)) can equivalently be presented
with the same generators, and the following relations: (tSepel), (tSeer2), (tNege),
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(tLegel), (tLege2), (44T epel), and, for everyi € I,

(tCere) {Z ﬂ%yi] = [Z yj»xi] =0
J J

(resp. >, %5 =229 =0).

Proof. — If x;,y; and t7; satisfy the initial relations, then

[Ej:xjayi] [z, yi] + [Z%,yz] ==Y Y+ > >t =0

J#i J:j#iver Jij#inel

Now, if z;,y; and t7; satisfy the above relations, then relations [Z:L’j,yl] = 0 and
J

[xjayi] = Z'}'GF th for 4 7é Js lmply that [xiayi] = _Zj;j;éi Zryer‘ Z; NOW, re-

lations [} xx,y;] = 0 and [Dwg, ;] = 0 imply that [ xx, > ptf;] = 0. Thus,
k i k

as [z;,t],] = 0 if card{s, j, k} = 3, we obtain relation [z; + z;,¢];] = 0, for i # j. In

the same way we obtain [y; + y;,t};] = 0, for i # j. O

Both ] ,, (k) and €], (k) are acted on by the symmetric group &, we get that

tooo (k) —{f n(K)}nzo and Ty(k) = {{{,n(k)}nzo

define G-modules in grLiey,. They are actually t(k)-module in grlLie,, where partial
compositions are defined as follows (: for I a finite set and k € I,

op tllﬂ’l(k) otyk) — tllﬂ,Julf{k}(k)

(0,tyy) — t°

—-

t3; f k¢ {ij}
(t7;,0) — Sperty; i k=i
Spestyy i j=k
x; if k#4
Ypestp if k=i
Yi if k#1
dopes¥p i k=1

We call t5,,(k), resp. t.,,(k), the module of infinitesimal ellipsitomic braids, resp. of
infinitesimal reduced ellipsitomic braids. When k = C we write ¢ ,, := ] ,,(C) and

T, =T, ().

(.Z‘,',O) — {

(yivo) — {

1. We give the formulee for t r¢(k). Formulee for teu (k) are the exact same.
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Both t(k)-modules are acted on by I': any element v = (v;):er € ' acts as

VT =1 (i eI,
VY = Y (tel),
l't?j = tff’“”’j (6 €T and i # 19).

We also have the following functoriality in I', with respect to surjections:

PROPOSITION 5.2. — Let p : T'y — T's be a surjective group morphism, and
let a,b,c,d € k such that ad — bc = |kerp|. There are F{-equivam’ant surjective
comparison morphisms tlill(k) — ’{21 (k) and ?{}(k) — 8%(k), defined by

T az; + by, Yi = ez +dy;, b tf]m.
These are morphisms of t(k)-modules in grlie, .
Proof. — This follows from direct computations. U

Actually, these morphisms exhibit tllﬂfl(k), resp. Illﬂfl (k), as the quotient of tlf’ll(k),
resp. Elfvll(k), by (ker p)’.

REMARK 5.3. — Whenever I'; = Z/M;7Z x Z/N;Z, there is a natural choice for the
scalars a,b,c,d. Indeed, if p : 'y — T’y is surjective, then there exists elements (a, b)
and (c,d) in the lattice M>Z x N»oZ that generate the sublattice M1Z x N;Z. Hence,

in particular, the determinant ad — bc equals % = | ker p|.

5.2. Horizontal ellipsitomic chord diagrams

In this paragraph we define the CD(k)-module CDY,,(k) of ellipsitomic chord
diagrams.

We first consider the CD(k)-module ¢(t,,(k)). Morphisms in #/(t,,(k)) can be
given a pictorial description, which mixes the features of the horizontal N-chord
diagrams from [9] (see also [14]) together with the elliptic chord diagrams from §3.4.
Diagrams corresponding to x; and y; are, respectively,

) ) J J
i—. .............. = —l_ ............. % Y and [ = % v
- -
1 1 j J
and the one corresponding to t}; = t;;” is
g J 1 J
L
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Relations can be depicted as follows:

7 J 1 J
F + 7 J
(tSere2) — = Z _7 ...............
+ F Ser Y
Pt i
) J 7 J
1 J 1 J
+ +
(tNeM) + = +
I
[ J i J
) )
+ - i ) J
(tTeN) - = — Z Z _3// ...............
R P jiiver
1 ) j
) )
) J k l ) J k l
A S g ...............
_/7 —_
(tLeeel) =
R S V]
-0 -y
Y
) 7 k l i 7 k l
7 J k 7 J k
S Y4
-
(tLege2) =
8 ] ]
i 7 k i J k
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(t4Tcer)
i J k i J k i J k i J k
71 LR A Y+4 ¢ T [N S
o ¢ + -y K J = -0 ¢ + v -0 ¢
VY Y { R . oy f
Y } Y } Y
i j k i J k i J k i J k
(t4T c002)
1 J ) J 1 J ) J
] * 1 71
_ * —’y L 4
+ = +
Y ¢ Y ¢ + +
I 2}
}Y V{ }V Y { }Y
i J i J i J i J
%
+
(tcege) Z PR =0.
i

One can notice that labels sum to 0 on each strand of all the above diagrams.

We are now ready to define the CD(k)-module CDE,, (k).

In arity n, objects of CDY,,(k) are just labellings {1,...,n} — I' up to a global
shift: Ob(CDE,,(k))(n) = /T

The *-module structure is given as follows on objects:
for every 4, o; : I'™ — I'"*™~1 is the partial diagonal

(A1y ey ) (O, ey Q1 gy e ey Qs Qi1 e vy Q)

m times

Given two objects [a] = [ai,...,a,] and [B] = [B1,...,0,] in arity n, the
k-vector space of morphisms from [a] to [f] in CD!,, (k) is the vector space of
horizontal I'-chord diagrams such that, for every 4, the sum of labels on the i-th

strand is 3; — «;.

The CD(k)-module structure on morphisms is the exact same as the one
for Uty (k).

Moreover, CDL,,(k) carries an action of T, by translation on the labeling of objects.
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For every surjective group morphism p : I' — IV, the morphism of Proposition 5.2
gives rise to a I'-equivariant surjective morphism

CDfee(k) - CDgéz(k)
which exhibits CDEéK(k) as the quotient ker(p)\CDZ,, (k).

EXAMPLE 5.4 (Notable arrows in CDY,,(k)(2)). — Assume that T' = Z/MZ x Z/NZ.
In addition to the arrows of U(t] ,(k)), we also have, in CDL,(k)(2),

1o 20 1o 20
Ieléi = o and Jelé? = B
1o 20 lg 20
recalling that o = (1,0) and 3 = (0, 1).

Let us introduce Iiﬁ =1 eeal and Jeu = 15,81, that are automorphisms of 1929
in the semi-direct product groupoid CDZX,,(k)(2) x (I'2/T"). Then, by definition, for
every y = (p,q) €T,

Ad ((L)P (L2i)?) (1) = 15

NOTATION 5.5. — For later purposes, we also introduce the notation

10 20 10 2O
+ _
X U =X Id1020 = @ereererenand and Y“ =Y - Id1020 T ST
1o 20 1o 20

5.3. Parenthesized ellipsitomic chord diagrams

There is a I-equivariant morphism of modules w3 : Pal — Ob(CD!,,(k)), which
forgets the parenthesized permutation (and only remembers the labeling), over the
terminal operad morphism w; : Pa — x = Ob(CD(k)) from §2.5. Hence we can
consider the fake pull-back PaCD(k)-module

PaCDfee( ) —wche“( )

of parenthesized ellipsitomic chord diagrams, which is still acted on by T.

REMARK 5.6. — As explained in Section 1.5, there is a map of &-modules
PaCD(k) — PaCDY,, (k) and we keep the same symbol for the image in PaCDY,, (k)
of an arrow in PaCD(k).

MEMOIRES DE LA SMF 179



5.3. PARENTHESIZED ELLIPSITOMIC CHORD DIAGRAMS 49

lo 2o Io 2o (1o20) 30
x12 — 1. HY? =19, 123 — 1.

20 1o lo 2o 1o (2030)
Assuming again that ' = Z/MZ x Z/NZ, the following relations hold in
Endpacpr,, (k) (2)»(r2/r) (1o20):

o (L™ = Tduga,,
o (L) = Idiga,
o (Lepe Loin) = Tdig2,.
These relations allow to unambiguously define, for every v = (p,q) € I', a mor-
phism Ki’Q 110209 — 1,20 by
K3 = Ko = (L) (L),
so that the assignment v — K is multiplicative.

We also have the following relations in Endp,cpr,,

1@ (rs/r) ((1020)30):
0= X:?é?) + Ad (a1,2,3X1,23) (ngél) + Ad (X12,3(a3,1,2)—1) (le}éQ)’
0 — Y@lgi,?) + Ad (a1,2,3X1,23) (1/62;2,1) + Ad (X12,3(a3,1,2)71) (Yszba)’
0= llgéfi 4 Ad (a1,2,3X1,23) (Iigél) + Ad (X12,3(a3,1,2)—1) (lit}éQ),
0= Ji?ég +Ad (a1’2’3X1’23) (J23 1) + Ad (X12 3( 3,1,2)—1) (IZZZ)’
ZAd Kl 2)(Hl 2) [Ad( 1, 2,3) ( elg??)) Ad (Xl 2 2,1, 3) (Ye2€,€13):|-

yer

DEFINITION 5.7. — The graded ellipsitomic Grothendieck-Teichmdiiller group is defined
as

r
GRT;(k) = Autd ¢ Gar(coarg,) (PACD(k), PaCDgy(k)))" .

Recall that there is an isomorphism

Autt (PaCD(k), PaCDY, (k)"

OpR Cat(CoAlg,)

r
~ Autd p grpa, (GPaCD(k), GPaCDL, (k)" .

For every group surjective morphism p : I' — I", and every a,b,c,d € k such that
ad — bc = | ker(p)|, using the fact that ker(p)\PaCDZ,, (k) ~ PaCD[,,(k), we obtain
a group morphism

GRTL, (k) — GRTL, (k).
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5.4. Ellipsitomic associators

We now fix I' := Z/MZ x Z/NZ.

DEFINITION 5.8. — The set of ellipsitomic k-associators is

—— — r
ENI" (k) := 15085 Gepa, ((PaB(k), PaB,,(k)), (GPaCD(k), GPaCDEM(k)))

THEOREM 5.9. — There is a one-to-one correspondence between the set Ellr(k) and
the set ElI* (k) consisting of quadruples (1, o, A, B) € Ass(k) xexp (i{xk)) such that,
for A := Aoy and B := Bfh, the following relations hold in exp(i{ﬁ(k)) x ([3/T):

(5.1) 1= s01,2,3A1723e—u(f‘1’2+t*1’3,)/2()02,3,142,31e_#(fgs+t*1’2)/2803,1,2A3,12e—p(t21+t*332)/27
(5.2) 1= (101,2,351,23e—p(£?2+E"f3)/2¢2,3,152,31e—p(t"§3+f‘1’2)/2¢3,1,2§3,126—#(t"§1+E§2)/2’

(5.3)
70 _ 70 _ .50
oHi%s — (901’2’3A1’23s03’2’1, e ut12/2¢2,1,3ﬁ2,13¢3,2,1e p,tm/Z).

Proof. — Let (F,G) be an ellipsitomic associator. We have already seen that the
choice of the operad isomorphism F' corresponds bijectively to the choice of an
element (u,p) € Ass(k). From the presentation of PaBl,, we know that G is
uniquely determined by the images of A2 € HomPaBle—“(k)(Q)(l()QO,1a20) and

B2 ¢ Homp,pr, ()(2)(1020,1520). There are elements A, B € exp(ilf,Q(k)) such that
o G(AY) = A 147
o G(BYM?)=B-J}7.

These elements must satisfy relations (5.1), (5.2) and (5.3), that are images of (tN1),
(tN2) and (tE). Conversely, if (5.1), (5.2) and (5.3) are satisfied, then G is well-
defined. 0

REMARK 5.10. — It follows from the alternative presentation of PaBL,, (see Theo-
rem A.3) that ElI" (k) is also in bijection with the set of

(10, A, B) € Ass(lo) x ((exp (i)

satisfying

(5.4) A12’3 _ (pl’2’341’23903’2’16_”??2/2902’1’3A2’13g03’1’26_“t?2/2
(5.5) 512,3 _ s01,2,351,23()0:’,,2,1e—;ﬁ‘l’z/2<)02,1,352,13503,1,26—”?1’2/2
(5.6) w1’2’3e‘”€3s@3’2’1 _ (A12’3<,01’2’3(41’23)_1503’2’1, (312,3)—1)‘
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5.4. ELLIPSITOMIC ASSOCIATORS 51

As before, if we are given a surjective group morphism
p: T »T":=7Z/M'ZxZ/N'Z,

then, given a, b, c,d € k as in Remark 5.3, there is a bitorsor morphism
—T r T T i ind
(GT (k),El" (k), GRT" (k)) — (GT (k),Ell" (k), GRT" (k)).

In Chapter 6 we prove that ellipsitomic associators (with complex coefficients) do
exist.

REMARK 5.11. — Drinfeld’s argument in [17] (see also [4]) that shows how to deduce
the existence of an associator over Q from the existence of an associator over C can
be repeated verbatim for ellipsitomic associators. We leave the details for future work.
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CHAPTER 6

THE KZB ELLIPSITOMIC ASSOCIATOR

In this chapter, I' still denotes the abelian group I' = Z/MZ x Z/NZ where
M,N > 1 are two integers.

Recall from Theorem 5.9 that the set of ellipsitomic associators can be regarded,
either as the set of I-equivariant PaB(k)-module isomorphisms

_—T
PaB_,, (k) — GPaCDY,,(k)

that are the identity on objects, or as quadruples (A, ®, A, A_), where (A, ®) € Ass(k)
and A € exp(t] ,(k)), satisfying relations (5.1), (5.2), (5.3). The following result tells
us that the set EIIY (C) is not empty. We write EHEZB = EllP((C) X ass(C) 1271, Pkz}

THEOREM 6.1. — There is an analytic map
H — Ellgzp
7 el'(r) = (A7 (1), B" (7).
In particular, for each T € %, where § is the upper half-plane, the element

(2mi, Bz, AV (1), B (1)) is an ellipsitomic C-associator (i.e., it belongs to EII (C)).

The rest of this chapter is devoted to the proof of the above theorem.

6.1. The pair e"' (1)

We adopt the convention for monodromy actions of [13, Appendix A]. First of all,
recall that flf’Z is the Lie C-algebra generated by = := %1, y := @2 and t* := %,
for o € T, such that [z,y] = Zaer t*. We define the KZB ellipsitomic associator as
the couple

el (1) := (AT (7), BU(r)) € exp(t ,) x exp(t] ,)
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54 CHAPTER 6. THE KZB ELLIPSITOMIC ASSOCIATOR

consisting in the renormalized holonomies along the straight paths from 0 to 1/M
and from 0 to 7/N, respectively, of the differential equation

o 1= (g1 5 (o )

acl’

with values in the group exp(i{,z) x T (here, v, is any integer such that o = (tig, V) € T').
More precisely, Equation (6.1) has a unique solution J(z) defined over
T+ #7|s1,50 €R, 51 0r 55 € (0,1)} and such that

J(2) = (—2)*
at z — 0.

REMARK 6.2. — We always consider a branch of log that is defined outside the half
line Ry 7, and we always make sure that the domains of definition never contain this
half-line. Above, we indeed have that every z in the domain of definition satisfies
—z ¢ RJ’_T.

We define

A7) 1= J(z 4 32) 7 (1,0)J(2) € exp(i ) % T.

Then the A-ellipsitomic KZB associator A''(7) is the exp(ilfg)—component of A" (7):
I 1 - = 2
AT(r) = AT(7)(-1,0) = J(z + 37) 71 (1,0) - J(2) € exp(ty o)-
In the same way, we define

BY(r):=J(z+ %)7167T

and the B-ellipsitomic KZB associator BT (7) is then its exp(?;?)—component:

B (1) := BU(r)(0,-1) = J(z + %)—16—2%”” (0,1)- J(2) € exp(E ,).

6.2. The ellipsitomic KZB system

Recall from [13] the ellipsitomic KZB system, that is a several variables version of
the differential equation from the previous subsection:

{aziF(zh) = Ki(z|")F(z|r) (i=1,...,n)

6.2
(6:2) 0. F(z|t) = A(z|T)F(z|7).

Here F(z|7) is a holomorphic function (C" x §) — Diag,, r D> U — G,
; n 1 T o
Dlagn,r—{(Zh’)EC X5|Z1,_Z]EMZ+NZ]?OI'Z§£]}7

and the C-group G}, K;(z|7) € exp(t] ,,) C G}, and A(z|r) € GI, are defined in [13].
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If one denotes z;; = z; — z;, then

. 6—27Tiaad(zi) G(ZZJ —a+ ad(:z:,)|7’) _ 1 a
vt 22 < 6(z1; — al7)0(ad(x))]7) ad(mo) (t55)

jsj#ioel

t% 1 o
- Z Z <ad (x;) —a ad(xi)> (£5) +0(1)

K;(z|T)

jij#iael
-y IR0 =3 > o+ o),
jijiaer “H jiiiaer 2 T i

where O(1) stands for a holomorphic function on C™ x $. Then it follows directly
from the definition of A(z|7) in [13, §3.3] that, for |z;;| < 1,

Azlr) = —% Ao + ZZA s (1) | 86y =23 ad(2:)*(¢;7) | | +o(1),

s>0'y€F 1<j

where o(1) denotes a function of the form 3, 2;; fi; (2|7), with f;;’s being holomorphic
on C" x $.

REMARK 6.3. — In Chapter 7 we study the modularity properties of the coeffi-
cients A, (7).

We now determine a particular solution F,, , r of the ellipsitomic KZB system
(6.2), associated with every 79 € 9.

Let D, r C (C" x ) — Diag,, 1 be defined as
{(Z,T) eC"x9 | zi=a; +b;1,0;,b; ERay <as < ---<ap, <ay+ M’
1
bn<~--<b1<bn+ﬁ},
which is simply connected. A solution of the ellipsitomic KZB system on this domain
is then unique, up to right multiplication by a constant element in GL. Then, by

applying [12, Appendix A, Proposition 85] with u,_1 = 21, Un—2 = 2(n—1)1/2n1,- - -,
U1 = 291/231, we obtain a unique solution F, , r with the expansion

o o
t12 t13+t(2)3 t1n+.“+tn71,n
Fry n,r(2|T0) = 25 255 )

in the region |z91| < |2z31] € -+ < |zn1| € 1, (2,79) € Dy, r. The sign ~ means here
that any of the ratios of both sides is of the form

1+Z Z 'I’li’al’m’anil(ul,...,’un_l | To),

k>01,a1,...,an—1

where the second sum is finite with a; > 0,7 € {1,...,n — 1}, rl At U | To)
has degree k, and is O(u;(loguy)® - - - (log un_l)“" 1)
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56 CHAPTER 6. THE KZB ELLIPSITOMIC ASSOCIATOR

In the remainder of this chapter, we keep 7 fixed and consider
F;.(z) := F;,r(z|7), which is a solution of the first line of the ellipsitomic
KZB system (6.2), defined on

DT,n,F = {Z c (Cn|(Z,7') (S Dn,F}

and taking its values in exp(t] ) C GI.

6.3. Generators for the group B} ,,

Let us define, for (zg,7) € D, r, the group B{,n:: 71 (Conf(E; r,n,T)/6,, [20]),
and recall that By ,, = m (Conf(E; r,n)/6,, [2o]). Now, since the canonical surjective
map

Conf(E; r,n,I")/6,, - Conf(E, r,n)/6,

defines a I'-covering, then B{’n = ker(p), where p : By ,, — I sends o; to 0 = (0,0),
X; to (1,0) and Y; to (0,1). We let A; (resp. B;) be the class of the path given
by [0,1] 3t zo— 3727, 0; (vesp. [0,1] > t = 29 — H7> 7 ,;), so that
X, = Ai_lAi_H (resp. Y; = B 1Bi+1). It then follows from the geometric description
of B{n that AM, BN (i=1,...,n) and

ol = XPYJo Y IX  (1Sp<M,1<q<N)
are generators of Blin. Similarly, AM, BN (i=1,...,n) and

PP? = XPY P,V X;P (i<j, 1<p< M, 1<q<N)
generate PBllﬂ’n.

We denote with the same symbols AM, BN ¢& and Pj (e eT,i=1,...,n) for the

projections of these elements to El;,n =71 (C(Err,n,I)/6Gy, [20])-

6.4. The monodromy morphism y,, : By , — exp(f{’n) x (I x 6,)
Recall from [13, §3.1] the moduli space
Mi = (Z")? % SLy \((C" x §) — Diag,, r )
of I'-structured elliptic curves with n ordered marked points, where
SLy :={(2}) € SLy(Z)|a =1 mod M,d=1mod N,b=0mod N and ¢ =0 mod M} .

The ellipsitomic KZB system (6.2) can be used to define a flat GL-bundle
(Pnr; Vnr) on MY (see [13, Theorem 3.9 & Theorem 3.12]), that descends
to a flat G, x (I x &,)-bundle (Pry ), Viry,m) on (L™ 3 Sp)\M],, (see
(13, §3.5]). For every 7 € $), (Pnr,Var) restricts to a flat exp(i{’n)—bundle
(Prnr, Venr) on Conf(E, r,n,T) (see [13, Theorem 1.11]), that descends to a flat
exp(i{n) x (T™ x &,)-bundle (Pir.ry,m]; V(rr),m) on I x &,\Conf(E, r,n,I') =
S, \Conf(E, r,n).
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This flat bundle determines a monodromy morphism
= Wy B exp(i,) 5 (I % S,

whose restriction to PBI;’n takes values in exp(ilf’n). In other words, there is a mor-
phism of short exact sequences

1 PB}, Bin Mmx6, —1

N

1—— exp(i{’n) — exp(ilin) x(IT"x6,) —IM"x6, —1,

where the first vertical morphism is the monodromy morphism of V., r. It is impor-
tant to keep in mind that the monodromy morphism depends on the base point [z],
e.g., for zg € Dy 1.

Note that every local solution F' of (the first line of) the ellipsitomic KZB system
(6.2) around zg € D, determines a local V(, ry n-flat section of P(; ) (), and
thus can be used to compute the monodromy in a way that we explain now (we refer
to [13, Appendix A] for more details on our conventions).

For every loop v based at [zg] in Conf(E; r,n)/S,,, we consider its unique lift 5
starting at zg € D, r, and choose a simply connected open neighborhood U of ¥
that contains D, , r. Then the solution F' extends uniquely to U, and we define

z -1
lu’no([’Y]) = F(ZO)F(h’y : ZO) Chﬂ,a

where h, € '™ x &, is such that (1) = h,%(0), and ¢ is the non-abelian 1-cocycle

from [13] defining the underlying principal bundle of the flat connection.

Recall that for any other solution G defined on U, there exists g € exp(%llﬂyn) x (I x6,)

such that G(z) = F(z)g for every z € U. Hence p ([y]) := G(20)G(h~ - zo)_lchv,
and the monodromy does not depend on the choice of local solution.

EXAMPLE 6.4. — Let us consider the domains

1
HT,n,F = {zeC"|zi:ai+bﬂ,ai,biER,bn<-~-<b1<bn+N}

1
andVy n 1 = {zeC"|zi:ai+biT,ai,bi€R,a1<a2<-~-<an<a1+M}.

Both of these domains are simply connected, and contain D, ,, r. We denote Fiy(z),
resp. Fy (z), the prolongation to H, , r, resp. to V; , 1, of a given local solution F'(z)
defined on D, ,, r. We then consider
-1
Ly - R
A7 = (A;) = Fr(20)Fu | 2o — Z Mj (—=1,0)i,..n € exp(tlf,n) x "

i=i
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and

B* = u%(B;)
—1

27 i

“ & T4tz A 7 n n
= Fy(z0)Fv (2o — 7 Z NJ e X ik ten) (@, 1), ., € exp(ly,) @ ™.
j=i

We also consider the projections of these elements on the first factor exp(%lf)n):

-1
n

z z0 (7 0 d; 3
A% = A%(1,0)i,...n = Fu(20)Fu | 20— ) MJ € exp(t],,)

j=i

and
-1

— — - 6‘
B = B?(0,1)i..n = Fv(20)Fv |20 —7 Y N] c

j=i

2

Rt ¢ (i)

We finally introduce the simply connected domain S ,, r consisting of z € C", with
z; = a; + b7 (a;,b; € R) satisfying the following conditions:

— for every i < j, |a; — a;| < 47 and |b; — bj| < +;

— for every i < j, z;; ¢ Ry7.

Note that &,,(Dr.n,r) C Srn,r. We denote Fg(z) the prolongation to S; ,, r of a given
local solution F(z) defined on D, , r, and then consider for every o € &,,

0% := Fg(z9)Fs(0o - 29) ‘o € exp(ilf’n) X G,

Observe that the (unique) homotopy class of a path going from zg to o - zg represents
the unique braid with underlying permutation o such that for every ¢ < j, the i-th
strand passes under the j-th strand whenever they cross (this is just a translation, in
terms of braids, of the condition that z;; ¢ Ry 7). In other words, denoting this braid
&, oF = uf'(5). As before, we also consider the projection of g%° € exp(flf’n) x &, on
the first factor:

0% = g%g ¢ exp(il;’n).

Even though % does not depend on the choice of local solution F, it is conjugated
to a morphism that does depend on F'. Indeed, one can define

puE ([¥]) = F(z0) "' 12 (7)) F(20) = F(hy - 20) ' cn, F(2o).

The resulting monodromy morphism p does not depend on z (because it is a ratio
of two solutions of the ellipsitomic KZB system), but does depend on F'. Whenever
F(zg) = 1, we obvisouly have uf = p2o.

In what follows, we considering the monodromy morphism u, := pf associated
with the particular solution F' = F ,, from Section 6.2.
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6.5. Formulz for p1,, : By, — exp(t] ) x (I % &,,)
LEMMA 6.5. — If o = (12) € 6,, then & = 01, and p,(6) = emithg,

Proof. — Only the last claim requires a proof. Let us consider z such that a; < as
(e.g., z € D;pr), guaranteeing that oz = (22,21,23,...,2n) € Srnr. Recall the
expansion
o o o t0 440 n
F(z) = zyzgy ™ eeozy
in the region |z91| < |z31| € -+ < |zn1| < 1. Hence o - F'(z) has a similar expansion,

and o o
t1n+”.+tn71,n

10 t03+19;
F(oz) ~ 215 232 R

in the same region. With our choice of branch of log (see Remark 6.2, and the definition
of the domain S; ,, r), one gets that log(z12) = log(z21) — mi. Therefore

pn(6) = F(oz) o - F(z)o ~ emittg,
The last equivalence is an equality, as u,(¢) is constant. O
Let ® = ®3>° be the image in exp(@;g) of the KZ associator @3> from Exam-
ple 2.10 along the map exp(t3) — exp(f{S) given by t;; — t?j. Define

o wli=14,04+1..n l..n—2,n—1n T
®, =9, By € exp(t; ,,)-

PROPOSITION 6.6. — For every n > 3, and everyt=2,...,n,
fin(Ai) = ipa(A2)V 1" and  pn(B;) = ®ipg(Bg) e

Proof. — We first compute the monodromy p; ,, := uG associated with another solu-
tion G of the (first line of the) ellipsitomic KZB system: the one (for a fixed 7) having
the expansion
o o o . 0 0 o
G(z) ~ 23112 "'251_214,_1 T ::’,in-*- Tt erﬁif
in the region where |21 € -+ - < |zi—11] € 1 and |2y po1| € -+ K |25, € L.
We claim that

,Ui,n(Ai) — /J,Q(Ag)l"'iil’i"'n and ;Ufi,n(Bi) — ,U,Q(Bg)l"'iil’i”'n,

and only give the proof for A;, as the proof for B; is the exact same. The element A;
can be represented by a path inside the region |z91] < -+ < |z;—1,1] < 1 and
|Znn—1] € -+ <K |2n,| < 1, that keeps the coordinates z1, ..., z;_1, as well as the dif-
ferences between the remaining coordinates, fixed. Hence, computing & (A;) amounts
to compute the monodromy along the same path for the differential equation

0.,G(z) = 3 K; (zl)G(a)

where z = (21,...,2i-1,2n + Si, Zn + Sit1,--s2n + Sn—1, 2n). Now observe that the
difference Z;ﬂ K;(z|1) — Ko(z1, 2n|7)1 71" (where Ky is from the n = 2 points
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system) tends to 0 whenever z; — z, for j > ¢ and 2z, — 2 for ¢ < i. (1) Hence
,Ufz',n(Ai) — NZ(AQ)l'”i_l’imn-

Finally, the two monodromy representations p, = pf and p;, = uS are conju-
gated. Indeed,

pn () = @rc(hy - 2 (W) Pre(z)

with ®p (z) := F(z) 'G(z) being constant as it is a ratio of two solutions of the
ellipsitomic KZB system. To conclude, we prove that ®r ¢ = ®;. For this we consider
the rational universal KZ system from [17, (2.2)] (with & = 1, and ¥ = t2;), and
denote by F (resp. é) the solution of this KZ system that have the same expansion
as F' (resp. G). In the whole region where |z;;| < 1 for every ¢ # j, the ellipsitomic
KZB system and the rational KZ system only differ by a holomorphic part, therefore
F ~ F and G ~ G in this region. Therefore, as they are constant, Prc = Pp -
Finally, it is a standard fact that @z 5 = ®; (see again [17]). O

Using similar techniques, one can actually prove that the restriction of w, on
B, C El,n coincides with the monodromy morphism for the rational KZ system from
[17, (2.2)] associated with the solution F' having the same expansion as F. In partic-
ular, pi3(02) = ®e™ %5 (23)d~1

6.6. Algebraic relations for the ellipsitomic KZB associator
We now finish the proof of Theorem 6.1.

REMARK 6.7. — The results of Sections 6.2, 6.4 and 6.5 remain true in the reduced
case, and we will make use of the same notation as in the previous sections.

1. More precisely,
Kj(zlr) = —y;+ Y > ka(ad(z)), zjel7) (¢5),
L:4#5 o€l

where kq (u,v|7) are formal power series in u with coefficient being meromorphic functions in v, and
satisfying the identity

ka(—u, —v|7) + k—a(u,v|T) = 0.
We refer to [13] for more details (see also the next chapter). In particular

ka(ad(mg), zej|7') (t?j) + k_a(ad(afj)7 zj[|7') (t?z) =0,

and thus
n n i—1
> Kj(alr) = Zyj + 337N ka(ad(x;), 2el7) (£55)-
Jj=i Jj=t £=1a€el’
On the other hand,
i—1 n

Ka(21,zal7) = Zyj +3 375 ka(ad(z;), znal7) (£5)-

=1 j=i a€el’

Therefore their difference indeed tends to 0 whenever z; — 2y, for j > 4 and z;, — 21 for £ <.
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Let us set A := p2(Az) and B := pg(Bs), both viewed in exp(ilf’Q) x T2 /T. In other
words,

_ _ 1 _
A=F;(z, _M)il(_]-ao)QF‘rQ(za 0) = Fra(z+ M70)71(1,0)1F-r,2(270)
and
T — T _
E = FT,Q(Zv _N)_1(07 _1)2F7',2(Za 0) = FT,2(Z + ﬁao)_l(07 ]‘)1FT,2(Z70)'

One can easily check that the pair (A, B) coincides with the pair (A" (r), B" (7))
from Section 6.1. Indeed, if F; 2(#1,22) is the solution of the ellipsitomic KZB sys-

o
tem defined on D, with expansion F; (21, 22) =~ zélf whenever |291| < 1, then
J(2) = F;r2(2,0) is the solution of the differential Equation (6.1) with expanson
J(2) ~ (—2)*" whenever z — 0 from Section 6.1.
The identity A3 T4y = 0145 151 obviously holding in §173, is equivalent to the
identity As = Ayoy 1A201_ ! Applying the monodromy morphism 3 therefore yields

(6.3) 412,3 _ @1,2,3A1,23((I)1,2,3)—le—7ri5'1)2@2,1,342,13((132,1,3)—16—77if?27
that is (5.4). Similarly, the identity Bz = B201_13201_1 yields
(6.4) 512,3 _ @1,2,351,23(@1,2,3)—16—77i5?2(1)2,1,352,13((1)2,1,3)—16—77ii‘f2,
that is (5.5).
In By 3, on also has (X2,Y3) = Pa3. Recalling that X, = A3A2_1 and Y3 = B3_1,

one gets Pos = (A3A2_1,B3_1) which, after applying the monodromy morphism ys,
yields

(6.5) (I)627riig3q)—1 _ A12’3¢>(A1’23)_1<I>_1(B12’3)_1<I>A1’23<I>_1(A12’3)_1B12’3
which is (5.6)

This proves that the pair (AF(T),QF(T)) = (A, B) satisfies (5.4), (5.5) and
(5.6). Hence, according to Remark 5.10 it satisfies (5.1), (5.2) and (5.3), and thus

el'(7) = (AT (7), BU'(7)) defines an element in Ell},p.
This concludes the proof of Theorem 6.1. g

REMARK 6.8. — If I" is trivial, we retrieve relations (22), (23), (25) and (26) from
[12], up to some changes of convention (for the monodromy action, and for the open
subset of “base configurations” of marked points).
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CHAPTER 7

NUMBER THEORETIC ASPECTS:
EISENSTEIN SERIES

In the previous chapter we studied (the first line of) the ellipsitomic KZB system
(6.2) of differential equations and deduced from it an element in the set of ellipsitomic
associators over C. One of the main ingredients defining this differential system is given
by

_miv, O(z —F+z|7) 1
7.1 k = N v\~ "1/ =
( ) 7(x7Z|T) € 9(2-'3’|T)9(.’17|T) .'137
where 7 € b,y = (4,0) €' := Z/MZXZ/NZand § = &+ 271 € Arp = ;24 %L s
any lift of «y. Here we implicitely used the canonical identification I' >~ A, r /A, where
A =7+ TZ.

Denote by g, (z, z|7) := 0k, (x, z|7) its partial derivative with respect to . In this
chapter we take a closer look at the functions A, ,(7), defined in [13, Subsection 3.3]
as the Taylor coefficients of g_.(z, 0|7):

g—~(2,0|T) = Z Ag 4 (T)z®.

s>0

After a brief account on Eisenstein series for congruence subgroups, we express A, ,(7)
in terms of these Eisenstein series, giving evidence that they should be quasi-modular
forms for the group SLg.

We end the chapter with some perspectives about ellipsitomic Grothendieck-
Teichmiiller theory and twisted elliptic multiple zeta values.

7.1. Eisenstein series for SL5

We refer to [16, 41] for generalities about modular forms and Eisenstein series.
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Recall the Fisenstein series G, defined for all integers s > 2 by

—+oo +oo 1
Gi(r):= ) > (mtnr)y
"TT% N0 it mo

The Eisenstein series G, are modular forms for SLy(Z) of weight s for s > 3, and
G2 is quasimodular (in the sense of [31]). One easily sees that G4(7) = 0 when-

ever s is odd, and that the value of G5 at the cusp ioco for an even s = 2n is
2n
2((s) = (—1)"*1(2”()2%, where B, are Bernoulli numbers and ¢ is the Riemann

zeta function. Hence, for every integer s > 2, one defines the normalized Fisenstein
Gs(7)
2¢(s)
Let us now introduce the functions Gs(z|7) defined for (z|7) € C x b such that

z ¢ A;, and for every integer s > 2 as

sz

n=—0o0 m=—00

series Fg(T) :=

For s > 3, the series Gs(z|7) is absolutely and locally uniformly convergent, and
defines a holomorphic function on h for every z € C — A,. For s = 2, it is still
locally uniformly convergent, and thus still holomorphic, but is no longer absolutely
convergent (so that we are not allowed to re-order terms in the series).

For a fixed 7 € b, one can see that G,(—|7) is A,-periodic, so that G4(z|r) only
depends on the class [z] € EX = (C— A;)/A;.

Hence, for v = (4,9) € I' ~ A, r/A; C E;, we can define

(r) Gs(z|t) with z= 74+ %7 if vy #0,
T) ==
. Gs(7) otherwise.

PROPOSITION 7.1. — Let s > 3 and v € I'. The function Gy is a modular form of
weight s with respect to SLy.

Proof. — This is a classical fact for v = 0 (see [16, 41]). The proof is probably standard
and known to experts even in the case v # 0, but we provide it here as we could not
find a reference for it. We will first prove weak modularity, and then holomorphy at
the cusps.

LEMMA 7.2 (Weak modularity). — For every s > 3, 7 € h, z € C — A, and
a=(2}) €SLa(2),

Gs(a- (2|1)) = (c7 + d)°Gs(z|T).
In particular, if s > 3 and vy € I'—{0}, G, is weakly modular of weight s with respect
to SL.

Recall that « - (z|7) := (C_rj_d Z_:Ig)
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Proof. — For z ¢ A, we compute:

1
Gs(a-(z|7'))= Z ( a‘r+b)_|_ z )3

(m,n)€Z? + n(cr+d ct+d
1
= (er +d)°
( ) (m%:EZZ (m(er +d) + n(ar +b) + z)s

= (et +d)° Z m = Gs(z|7).

(m,n)€z?

Observe that if (2/|7") = a - (2|7) with 2’ = z + 7'y, then z = (¢ + d)x + (a1 + b)y.
Hence the inverse of the action of a gives an isomorphism E,, — E, that is precisely
given by z + 7'y — (e + d)z + (at + b)y.

Now assume that o € SLg, which means that a =1 mod M, d=1mod N,b=0
mod N and ¢ = 0 mod M. In particular, 2’ € A, r if and only if z € A, and
moreover the induced composed isomorphism

I'~ AT',F/AT’ — AT,F/AT ~T
is the identity.

Indeed, 2’ = {7+ %7’ € Ay pis sent to {7d+ & b+( a-+ Mc) € 7+ nTH+HA
Therefore, if v € ' — {0},

v s u v B
Gonla-7) = Gy(a (17 + o 7I7)) = (7 + ' G55 + 17I7) = Gogy (7).
This ends the proof of the lemma. O

REMARK 7.3. — The proof does not work in the case s = 2 because we need to reorder
the terms of the series to prove the required identity. Nevertheless, for elements of the
form o = (} i), we can keep n fixed and apply a shift by nH in the internal series
(the one running over m). Hence, for these a’s, the required identity is true even in
the case s = 2.

As the function G, is holomorphic on b, it remains to show that it is also holo-
morphic at all cusps for SLg. Recall that these cusps are orbits of the action of SLI;

on P1(Q) = QU {oo}.

LEMMA 7.4. — For every s > 3 and v € I' — {0}, the function G is holomorphic at
all cusps for SLY.

Proof. — Recall that for every a = (2 %) € SLy(Z), the width of the cusp [a(c0)] is the
smallest positive integer H such that o (§ ¥)a™! € SLg. This condition is equivalent
to the following requirements: M|acH, M|02H, N|a2H, and N|acH. Since a and ¢
are relatively prime, this in turn boils down to the condition that M |cH and N |aH .

Now observe that, in order to prove that G, - is holomorphic at this cusp, one is
reduced to prove that the function

Gsyo i T (T +d) " °Gs (a - T)

)
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is holomorphic at co. From the modularity property of G ., we know that G 4« is
H-periodic, and thus descends to a holomorphic function G‘Sma(q) = Gs,0(7)
defined on the punctured unit disk, with ¢ = e” " . Hence it remains to show
that G, has a g-expansion with non-negative Fourier coefficients. Note further-

more that, according to Lemma 7.2, G .o(7) = Gs(2|7) with

2= (er+ )y + (@r + D) = o+ gbo (gat por o+ G

K=u%l +vl c7 (andz = £d+ £be Q). Welet K = QH + R be the euclidean
division of K by H, define w := x + fIT, and compute:

1 1
Coralm) = m: > e

(m,n)€z? (m, n)€Z2
_mZE:Z (m + w)* r;mze:z (m + nt +w)* nz>j1mzejz —m'—i-w)

Let us show that the three series in the last expression have a g-expansion with non-
negative coefficients, and start with ) . (m 4+ w)™°. If w € R then it is constant
in 7, and we are done. If w ¢ R, a standard calculation shows that

m—}—w)s_(s—l)!r ¢ B 5—1'

. +oo
Z 1 _ (_27T1)s T‘S_l 2rirw __ ( 27T1) rs 1 27rzrac Rr
(
=1

meZ

The proofs for both double series are identical, hence we restrict ourselves to the first
one, and compute:

ZZ ) :Z@Z s—1 27rzrz (nH+R)7~
m+’I’LT+w

n>1mez n>1 (s —1)!

— E § ,,,s—1627r1rx k.
k>1 r|k
E=R mod H

L

This ends the proof of the lemma. O
The proof of Proposition 7.1 is now completed. O

REMARK 7.5. — It follows from the proof of Lemma 7.4 that in many cases (i.e., when-
ever w ¢ R), G5, actually vanishes at the corresponding cusp. In the case of the
cusp [00], G 4 does not vanish at the cusp only if v = (@,0), uw € {1,...,M —1}. In
this case, the value at the cusp is ((s,u/M) + (=1)*¢(s, —u/M) — (M /u)®, where

1
C(s,z) := —
"go (m+ 2)

is the Hurwitz zeta function.
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REMARK 7.6. — It is likely that, using a variation on Hecke’s trick (see e.g., [41,
Proposition 6]), one could prove that G5 , is quasi-modular with respect to SLg.

7.2. The coefficients A ., (7)

Let us recall some standard properties of the Weierstrass function p: C x h — C
given by

=%+ Y (o mrr) — Gl — a0,

()T (0.0} z4+m+n7)2  (m+n7)

In the variable z, it is even, periodic with respect to A,, and meromorphic with poles
of order two in A,. There exists a constant ¢ € C such that

p(z|T) = —0%log (9(z|T)) +c.

In a suitable punctured neighborhood of 0 (e.g., the maximal punctured open disk
centered at 0 which does not contain any lattice point), there is a Laurent expansion

1 = f@R(0 1 =
p(z|T) = =t Zf(%)(, )z% =zt > (2k + 1)Gopya(1) 2",
k=0 ’ k=1

where f(2) = p(z|7) — &.

PROPOSITION 7.7. — For every s > 0, A; o(7) = —(s + 1)Gs42(T).

Therefore A; o(7) is a modular form of weight s+ 2 for SLg whenever s > 0, while
Ap,0(7) is only quasi-modular (of weight 2).

Proof. — This is proven in [12].

Roughly, one first sees that go(z,0|7) = 82log (8(z|r)) + 1/x%, which proves the
required equality for s > 1. Then a specific analysis of the constant term (see e.g., [12,
§4.1]) tells us that go(0,0|7) = 4710, log n(T) = —G2(T), where 7 is the Dedekind eta
function. O

Let now v = (@,7) € I' = {0}, and ¥ = {7 + %7 € A, r — A, be a lift of . Recall
that we are interested in the Taylor coefficients A, (7) of

e, 0Galr) 1
9=/, 0lr) =9 ( 6GIN0l) x)

2niv,  O(F+az|r
We define F, (z|7) :=e" W M([Y%G(lxﬁr)’ so that g (z,0|7) = 9, F, (z|7) + 2.

LEMMA 7.8. — If we define

_2miv | 8,0(7|7) . sGs(T) — Gy o (7)
a1 (1) = ~ G and a5, (7)== (—1) —

(s >2),

then F,(z|t) = Lexp (Z as,y(T)xs) .

s>1
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Proof. — We first compute:
92log (F,(z|r)) = 92log (0(7 + z|7)) — 02 log (8(z|7)) = Ga(z|T) — G2(F + z|7)
A simple calculation shows that
Ga(z|7) = 7+2: )Goyo(T)z®
s>0
and that
Go(F+alr) =Y (=1)°(s + 1)Gopany(7)".
s>0
Hence

0210g (Fy(al7)) — — = 3 (=1)%(s + 1) (Gasa(r) — Gasan(r))a".

172
s>0

Knowing that (i - nglﬂ)ﬂ) = 0, we obtain
z=0

1 2riv  0,0(F|7)
log (F. — = =
(895 Og( 7(m|7—)) + x>m_0 N + 9(:”7_) alﬁ(T)v
and thus
1
0y log (F7(95|T)) + — =a1,(7) + E Goqa(T) — Gs+2,w(7))3’38+1‘
s>0

Finally, since (log(a:) — log (9(x|7‘))) W 0, we get (log (F,(z|T)) + log(a:))mzo =0,
and thus -

Gs B s
log (F(a1) +log(z) = ay(r)a + 3 (-1 Eo2 = Cos2a T pia 57y

s+2
s>0 + s>1

This shows that F,(z|7) = L exp (Zasﬁ(r)ms). O
s>1

As a consequence, we get

exp <2>:1as,7(7')x5> -1

Fy(zlr)— = = ,

z x
exp (glas,y( ) > -1
> Ay () = 9o (w,0l7) = 8, .

s>0

so that
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Hence A, can be expressed as an explicit linear combination of products of the
form ag, - as, 4, With s1 4455 = s+2, and we expect A, , to be quasi-modular
of weight s 4 2 with respect to SLy (as hinted from Remark 7.6 and Proposition 7.1).

7.3. Concluding remarks and outlook

Observe that 7&52 is the free Lie algebra generated by x := Z1, y := g and t* := 3,
for & € ' — {0}. Moreover, the element defining the differential Equation (6.1) lies in
the (degree completion of the) ideal generated by y and t*, a € I' — {0}. By Lazard’s
elimination theorem (see [30, Theorem 1]), as a Lie algebra this ideal is isomorphic to
the free Lie algebra generated by y, and t&, n > 0 and a € I' — {0}; the isomorphism
sends y, to ad(z)™(y) and ¢t to ad(z)"(¢%).

As a consequence, A'(7) and BY(7) can be seen as elements of the formal power
series algebra C((yn,t |n > 0, € I'—0)). The coefficients of these series can be com-
puted as iterated integrals, and are I'-twisted versions of Enriquez’s elliptic analogs
of multiple zeta values [21].

This approach to elliptic multiple zeta values at torsion points seems different to
that of the work of Broedel-Matthes-Richter-Schlotterer [10]. The relation between
the twisted elliptic multiple zeta values obtained in this paper and that in [10] deserves
further investigations. A comparison with the values at torsion points of Goncharov’s
multiple elliptic polylogarithms [25, Section 8] would also be interesting.

Finally, in addition to the agebraic properties of el (1), that are essentially given by
Theorem 6.1, it would be interesting to study its analytic and modularity properties.
In the elliptic case, when I" is the trivial group, this was done in [19, §5.4 & §5.5], and
we expect something similar in the more general ellipsitomic case.

For the analytic properties of the ellipsitomic associator, it amounts to understand-
ing how e''(7) depends on small variations of the modulus 7. For that, one can use
the second line of the ellipsitomic KZB system (6.2), and compute 0,e (7). Indeed,
recall from [13, Subsection 2.3] that 5., acts as a derivation on ?;72. We can modify
it in the following way, by introducing a new derivation

€5,y 1= 054 —2[(ad z)°t™7, —].

Then the second line of the ellipsitomic KZB system (6.2) for n = 2 reads as

20, F2]r) = — | Mg+ %Z S Aur(7)ess +0) | - Flalr),

s>0~el

where z = 215 and O(z) denotes a term of the form z f(z|7), with f being holomorphic
on C x §. Hence, going along the lines of [19, §5.4] on can prove that

1
2mid, AV (1) = — A0+§§ Y Agq(r)esy | AT (T)
vyel's>0
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and

2118, BY (1) = — | Ao+ %ZZAM(T)EM - BY (7).
v€l's>0
The derivation €, shall be relevant for the study of the ellipsitomic Grothendieck-
Teichmiiller group, as well as of a yet to be defined analog of Tsunogai’s special
derivation algebra from [40] in the ellipsitomic case.
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APPENDIX

AN ALTERNATIVE PRESENTATION FOR PaB!,

In this appendix, we provide an alternative presentation for PaBEM, that we use
in Chapter 6 when proving that the monodromy of the ellipsitomic KZB connection
indeed gives rise to an ellipsitomic associator.

A.1. An alternative presentation for PaB.,

We first state and prove the result when the group T is trivial.

A.1.1. The relations (N1bis) and (N2bis). — We introduce three new relations, which
are satisfied in the automorphism group of the object (12)3 in PaB.y, (this can be
seen topologically):

(N1bis) A123 — @123 41:23(§123)~1 R12§213 4213 (213)~1 {21
(N2bis) B23 — 123 p123(p123)~1 3125213 g2.13(2.1.3)~1 2.1,
(Ebis)

QL2 RIIRI2(PL23) =1 — (A1239123(4123)~1(pl:23)~1 (BI123)~1),
For instance, Equations (N1bis) and (N2bis) can be depicted as

—~
—
DN

~

w

(N1bis, N2bis) + };

)

= =
[\ [\v)
W eoe—o W
H H
\f‘

—
—_
[\
~
w

SOCIETE MATHEMATIQUE DE FRANCE 2023



72 AN ALTERNATIVE PRESENTATION FOR PaBl,,

A.1.2. The statement

THEOREM A.l. — As a PaB-module in groupoids having Pa as Pa-module of objects,
PaB.,, is freely generated by A := A2 and B := B2, together with the relations
(N1bis), (N2bis), and (Ebis).

The above theorem is a direct consequence of Theorem 3.3 together with the fol-
lowing

PROPOSITION A.2. — Let us consider a PaB-module in groupoids PaM, having Pa
as Pa-module of objects, and let A, B be a automorphisms of 12. Then

(i) Equations (N1) and (N1bis) are equivalent.

(ii) Equations (N2) and (N2bis) are equivalent.

(iii) If (N1) and (N2) are satisfied, then Equations (E) and (Ebis) are equivalent.

A.1.3. A useful observation. — Both (N1) and (N1bis) imply
AVZRVZA2IR21 — 1d,,.

For both, this is obtained by applying (—)2?. Similarly, both (N1) and (N1bis) imply
BI,QEI,QBQ,IRQ,I _ Id12.

A.1.4. Proof of (i) and (ii) in Proposition A.2. — The following calculation takes place
in PaM(3). For ease of comprehension, we put a brace under a sequence of symbols
where we use a relation in order to pass to the next step.

PL2:3 4123 p1.2352,3,1 42,31 {2,3153,1,2 43,12 33,12
—_——

— pl23 4123 q)l,z,s) 1Rp1252,1,3 B1,3 42,31 B231§3,1,2 43,12 3,12
—_—

— pl23 4123

— pl23 4123 <I>1’2’3)_1R1’2<I>2’1’3A2’13 RUBR231$3.1.2 43,12 {3,12
| S —
@1’2’3)’1R1’2<I>2’1’3A2’13(@2’1’3)’11?2’1 R12:3 43,12 3,12
—_—

(
(
(
(

— @1’2’3141’23 @1,2,3) 1R1’2¢2’1’3A2’13(‘D2’1’3)_IRQ’I(A12’3)_1.

We repeatedly used (various forms of) the hexagon equation, and only at the last step
we used the useful observation from the previous paragraph. This gives that (N1) and
(N1bis) are both a consequence of each other. The proof that (N2) and (N2bis) are
equivalent is the same. U

A.1.5. Another useful fact. — One can also show that (N1) and (N1bis) are equivalent
to

(A].) A12,3(I)1,2,3R1,23A23,1@2,3,1R2,31A31,2(I)3,1,2R3,12 — Id(lg)g.
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A.1.6. Proof of (iii) in Proposition A.2. — Relation (N1bis) is equivalent to
PL23(AL23)~1(L23) 1 4123 — RL2G2L3 42.13(9213) -1 2.1
Thus, (Ebis) is equivalent to
PR23R32p-1 — (R1’2<I>2’1’3A2’13(@2’1’3)_1R2’1 (312,3)—1> _
Using R>'B123 = B213R%1 we deduce that (Ebis) is equivalent to
DR2IR3291 = RL29H13 A213(p213)~1(B2L3)~1
x HL3(A213)=1(9213)-1 g2L3(R12)-1
which is equivalent to
(®21:3)~1(RL2)~ 1@ R23 329~ 1 R12(B2L:3)~ 19213
— A213(@213)-1 g2 3§213(42,13)-1,
Now, by using
(@21:3)~1(R12)~ 1 R23R32 1 R12 = RL3(9231) -1 R239321 g3:21
(321,3)71 — (R3’21)7133’21(R21’3)71
P13 = R3(321)~1R32923 RIS,
(@21:3)~1 = RL3(9231)~1R23¢3.2.1 g3.21
we obtain
51,37 52,3,1 =1 p2,353,2,1 23,21 /53,2,1\—1 53,252,3,1 51,3
R>2(®5°) " R¥°®>% B> (®>%7) " R>“®° R
— AZBRLI(923.1)"1 {23321 g3.21(g32.1)~1 325231 RL3(42:13)-1,

After performing A213R'3 = R13A4231 in the r.h.s. of the above equation, one can
cancel out the B3 terms in both sides of the equation. We obtain, by performing the
permutation (123) — (312) that

(¢,1,2,3)—1R1,2¢,2,1,3B2,13(¢2,1,3)—1R2,1¢1,2,3
_ A1,23(@1,2,3)—1R1,2¢)2,1,3BZ,13(@2,1,3)—1R2,1¢1,2,3(A1,23)—1.

This is equivalent to

<I>1’2’3A1’23(<I>1’2’3)’1Rl’2@2’1’332’13(@2’1’3)’1]?2’1<I>1’2’3(A1’23)’1(@1’2’3)’1

_ R1’2<I>2’1’3Bz’13(@2’1’3)_1R2’1

which is equivalent to

<I>1’2’3A1’23(@1’2’3)_1R1’2®2’1’3B2’13(<b2’1’3)_1R2’1<I>1’2’3(A1’23)_1(<I>1’2’3)_1

(R2’1)_1(I)2’1’3(B2’13)_1((1)2’1’3)_1(R1’2)_1 — Id(12)3 .
As (RM?)"1RMR>! = R>! = (R"?)~!, we obtain
RL2R21 — (<I>1’2’3A1’23(<I>1’2’3)_1 R1’2<I>2’1’3BQ’13(@2’1’3)_1R2’1) '
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A.2. An alternative presentation for PaB’),,
Below, we borrow the notation from Theorem 4.5.

THEOREM A.3. — As a PaB-module in groupoids with o diagonally trivial T'-action
and having Pal as Pa-module of objects, PaBEM is freely generated by A and B
together with the relations

(tNTbis) A123 — 123 AL (HL23) -1 L2213 4213 (92 1.8) 1 2.1,
(tN2bis) B123 — pl23 L2 (§123)~1 L2213 B213(§21,3)~1 §21
(tEbis)

PL2IR2IR32(1.23)~1 = (A12’3<I>1*2’3(A1’23)_1(<I>1’2>3)_1 (Bl2’3)_1).
In order to prove Theorem A.3, one can

(i) Either deduce it from Theorem 4.5 in a similar manner as we deduced Theo-
rem A.l from Theorem 3.3.

(if) Or deduce it from Theorem A.1 in a similar manner as we deduced Theorem 4.5
from Theorem 3.3.

Both strategies are straightforward to implement; this is left to the reader.
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Operads

PaB : Operad of parenthesized braids. 10

PaCD (k) : Operad of parenthesized chord diagrams. 14

PaB.y : PaB-module of elliptic parenthesized braids. 23

PaCD.y (k) : PaCD(k)-module of ellitpic parenthesized chord diagrams. 29
PaB!,, : PaB-module of ellipsitomic parenthesized braids. 37

PaCD!,, (k) : PaCD(k)-module of ellipsitomic parenthesized chord diagrams. 48

Groups

PB,, : Pure braid group on the complex plane. 10

GT : Operadic Grothendieck-Teichmiiller group. 17

@(k) : k-pro-unipotent Grothendieck-Teichmiiller group. 18

GRT (k) : Operadic graded Grothendieck-Teichmiiller group. 19

GRT (k) : Graded Grothendieck-Teichmiiler group. 20

ﬁlm : Reduced pure braid group on the torus. 22

GT «0¢(k) : Operadic k-pro-unipotent elliptic Grothendieck-Teichmiiller group. 31
éTeéz(k) : k-pro-unipotent elliptic Grothendieck-Teichmiiller group. 31

GRT.y (k) : Operadic graded elliptic Grothendieck-Teichmiiller group. 32

GRT (k) : Graded elliptic Grothendieck-Teichmiiller group. 33

—T
GT,,(k) : Operadic k-pro-unipotent ellipsitomic Grothendieck-Teichmiiller group.
40

GRT!,, (k) : Operadic graded ellipsitomic Grothendieck-Teichmiiller group. 49
Blin : I’-decorated braid group on the torus. 56
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Spaces

C(C,I) : Reduced configuration space of I-indexed points in C. 9

C(C,I) : Fulton-MacPherson compactification of C(C,I). 9

Conf(C,n) : Configuration space of n points in C. 13

C(T,I) : Reduced configuration space of I-indexed points in T. 21

C(T,I) : Fulton-MacPherson compactification of C(T, I). 21

Conf(T, I,T) : I'-decorated configuration space of I-indexed points in T. 35
C(T,1,T) : Reduced I'-decorated configuration space of I-indexed points in T. 35
C(T,I,T) : Fulton-MacPherson compactification of C(T,I,T). 35

Lie and associative algebras

t, (k) : Rational Kohno-Drinfeld Lie k-algebra. 13
t1,,(k) : Elliptic Kohno-Drinfeld Lie k-algebra. 27

t] (k) : T-ellipsitomic Kohno-Drinfeld Lie k-algebra. 43

Torsor sets

Assoc(k) : Operadic k-associators. 16

Ass(k) : k-associators. 16

Ell(k) : Operadic elliptic k-associators. 30
Ell(k) : Elliptic k-associators. 30

Ell" (k) : Operadic ellipsitomic k-associators. 50
EII" (k) : Ellipsitomic k-associators. 50

Series

bk : KZ associator. 17

e(7) : Elliptic KZB associator. 31

AY(7) : A-ellipsitomic KZB associator. 54
BY (1) : B-ellipsitomic KZB associator. 54

Gs (1) : Eisenstein-Hurwitz series. 64
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We develop a notion of ellipsitomic associators by means of operad theory.
We take this opportunity to review the operadic point-of-view on Drinfeld
associators and to provide such an operadic approach for elliptic associators
too. We then show that ellipsitomic associators do exist, using the monodromy
of the universal ellipsitomic KZB connection, that we introduced in a previous
work. We finally relate the KZB ellipsitomic associators to certain Eisenstein
series associated with congruence subgroups of SLy(Z), and to twisted elliptic
multiple zeta values.

Nous développons la notion d’associateur ellipsitomique au moyen de la théorie
des opérades. Nous saisissons cette opportunité pour revoir le point de vue
opéradique sur les associateurs de Drinfeld, et pour fournir également une telle
approche opéradique pour les associateurs elliptiques. Nous montrons ensuite
que les associateurs ellipsitomiques existent, en utilisant la monodromie de la
connexion KZB ellipsitomique universelle, que nous avions introduite dans un
travail précédent. Nous relions pour finir les associateurs ellipsitomiques KZB
a certaines séries d’Eisenstein associées aux sous-groupes de congruence de
SLy(Z), et aux valeurs zéta multiples elliptiques tordues.
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