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CONFORMALLY INVARIANT DIFFERENTIAL OPERATORS
ON HEISENBERG GROUPS
AND MINIMAL REPRESENTATIONS

Jan Frahm

Abstract. — For a simple real Lie group G with Heisenberg parabolic subgroup P,
we study the corresponding degenerate principal series representations. For a certain
induction parameter the kernel of the conformally invariant system of second order
differential operators constructed by Barchini, Kable and Zierau is a subrepresentation
which turns out to be the minimal representation. To study this subrepresentation,
we take the Heisenberg group Fourier transform in the non-compact picture and show
that it yields a new realization of the minimal representation on a space of L?-func-
tions. The Lie algebra action is given by differential operators of order < 3 and we
find explicit formulas for the functions constituting the lowest K-type.

These L?-models were previously known for the groups SO(n,n), E¢), Er(ry and
Eg(sy by Kazhdan and Savin, for the group G2y by Gelfand, and for the group
§I:(3, R) by Torasso, using different methods. Our new approach provides a uniform
and systematic treatment of these cases and also constructs new L2-models for Es(2),
E7(—5) and Eg(_24) for which the minimal representation is a continuation of the

quaternionic discrete series, and for the groups S’,\(J)(p,q) with either p > ¢ = 3 or
p,q > 4 and p + q even.

As a byproduct of our construction, we find an explicit formula for the group
action of a non-trivial Weyl group element that, together with the simple action of a
parabolic subgroup, generates G.

Résumé (Opérateurs différentiels conformément invariants pour des groupes d’Heisen-
berg et représentations minimales)

Pour un groupe de Lie réel simple GG, ayant pour sous-groupe parabolique de Hei-
senberg P, nous étudions les représentations de la série principale dégénérée associées
a ces données. La représentation minimale peut étre identifiée au noyau du systéme
d’opérateurs différentiels conformément invariants construit par Barchini, Kable et
Zierau, pour un parameétre d’induction convenable. Pour étudier cette représentation,
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nous utilisons la transformation de Fourier pour le groupe d’Heisenberg dans la réali-
sation non-compacte et nous prouvons que cela conduit & une nouvelle réalisation de
la représentation minimale sur un espace de fonctions L2. L’action de 1’algébre de Lie
est donnée par des opérateurs différentiels d’ordre < 3 et nous trouvons des formules
explicites pour les fonctions réalisant les K-types minimaux.

Ces modéles L? étaient construits pour les groupes SO(n,n), Eg(6), E7(7) et Eg(s)
par Kazhdan et Savin, pour le groupe G2y par Gelfand, et pour le groupe §f4(3, R)
par Torasso, en utilisant différentes méthodes. Notre nouvelle approche fournit un
traitement uniforme et systématique de ces exemples et construit également des nou-
veaux modéles L? pour Eg(2), Er(—5) et Eg(_24), pour lesquels la représentation mi-
nimale est un prolongement de la série discréte quaternionique, ainsi que pour les
groupes S:()(p, q) pour p > g = 3 ou pour p,q > 4 et p + g pair.

Comme conséquence de notre construction, nous trouvons une formule explicite
pour ’action d’un élément non trivial du groupe de Weyl qui, en addition a ’action
simple d’un sous-groupe parabolique, génére le groupe G.
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INTRODUCTION

The classification of all irreducible unitary representations of a semisimple Lie
group is one of the key problems in representation theory, and it is still unsolved
for most groups. A guiding principle for the classification is the orbit philosophy
which proposes a tight relation between the unitary dual of a semisimple group G
and the set of coadjoint orbits in the dual space g* of the Lie algebra g of G. For
elliptic and hyperbolic coadjoint orbits, cohomological and parabolic induction provide
explicit constructions of the corresponding unitary representations, and the resulting
representations make up a large part of the unitary dual. For nilpotent orbits, however,
it is not clear in general how to apply the orbit philosophy to construct unitary
representations. Among the finitely many nilpotent coadjoint orbits of a simple Lie
group, there are one or two of minimal dimension, depending on whether the group
is of Hermitian type or not. Irreducible unitary representations corresponding to a
minimal nilpotent coadjoint orbit are called minimal representations. They are often
unique and in general a group can only have finitely many equivalence classes of
minimal representations.

The most prominent example of a minimal representation is the metaplectic rep-
resentation (also referred to as oscillator or Segal-Shale-Weil representation) of the
metaplectic group Mp(n,R), a double cover of the symplectic group Sp(n,R) (see
[84] for Weil’s original work). We refer the reader to Folland’s book [13] for a de-
tailed account on the construction of this representation and some of its properties.
Although the metaplectic representation plays an important role within the repre-
sentation theory of the metaplectic group, it is mostly its relevance in other areas
of mathematics and physics that have made this particular representation a truly
fascinating object within the last few decades.

The key role of the metaplectic representation in the representation theory of real
reductive groups is in the context of the theta correspondence, also referred to as
Howe’s dual pair correspondence. This correspondence was defined by Howe [39] and
relates irreducible representations of two different groups G; and G2 that occur inside
the metaplectic group Mp(n,R) as a so-called dual pair, i.e., G; and G2 are mutual
centralizers of each other. The theta correspondence is a map that associates to a
representation 7 of G occurring inside the metaplectic representation a representation
6(m) of G5 such that 7 ® 6(m) occurs as a quotient of the metaplectic representation
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2 INTRODUCTION

restricted to G1 x Gs. It was shown by Howe [40] that this establishes a bijection
between certain irreducible representations of G; and Gs.

The metaplectic representation also has a version over non-Archimedean local
fields, over global fields and even over finite fields. Corresponding theta correspon-
dences were established by Waldspurger [83], Minguez [66], Gan-Takeda [20] and
Gan-Sun [19] for the case of local non-Archimedean fields, and by Rallis [70] for global
fields, and this is still a very active line of research. For instance, the theta correspon-
dence has been applied to the construction of new representations, to classification
problems, and to branching problems.

Apart from the theta correspondence, the metaplectic representation has also been
used in various other contexts such as classical invariant theory [40, 41], theta series
and the Maslov index [63], the Siegel-Weil formula in automorphic forms [16, 60, 85],
harmonic analysis [13, 30] and quantum mechanics [88], just to mention a few.

It seems natural to try to extend the extremely rich theory of the metaplectic rep-
resentation as a minimal representation of the metaplectic group Mp(n,R) to mini-
mal representations of more general reductive groups. The first step in this program
is the construction and classification of all minimal representations. For reductive
groups over Archimedean local fields, many different constructions can be found in
the literature. Let us list a few of them without claiming to be complete: Brylinski-
Kostant [5], Binegar-Zierau [4], Dvorsky-Sahi [9], Gelfand [21], Gross-Wallach [29],
Hilgert-Kobayashi-Méllers [38], Kazhdan-Savin [49], Kobayashi-Orsted [55], Li [62],
Mollers-Schwarz [68], Sabourin [72], Savin [73], Torasso [78, 79], Vogan [81, 82|. It was
believed that the thus obtained list of minimal representations is in fact exhaustive,
and this was recently shown by Tamori [77], building on ideas of Gan-Savin [18].
For p-adic groups, minimal representations were constructed by Kazhdan-Savin [49],
Rumelhart [71], Savin [73], Torasso [79] and Weissman [86]. An overview together
with a global picture can be found in the paper by Gan and Savin [18].

Subsequently, minimal representations of general reductive groups over local fields
have turned out to be useful from various different points of view. For instance, their
geometric realizations are a particularly rich source to do classical harmonic analysis,
a viewpoint that has been particularly advocated by Kobayashi [52]. Special func-
tions such as orthogonal polynomials or Bessel functions are often used to express
explicit K-finite vectors in the representation spaces, see e.g., [37]. Moreover, explicit
geometric realizations are often connected to interesting analytic and geometric prob-
lems such as partial differential equations on manifolds, see [54, 55, 56]. Many of these
features also become apparent in this work.

Minimal representations can further be used to study certain Fourier coefficients of
automorphic forms [3, 26, 25, 48] and to construct more general theta series, see [48].
Finally, versions of the theta correspondence have been established in some cases in-
volving exceptional groups, see e.g., the work of Ginzburg-Jiang [22], Ginzburg-Rallis-
Soudry [23], Gross-Savin [27], Huang-Pandzic-Savin [42], Li [61, 62|, Loke-Savin [64],
Magaard-Savin [65] and Weissman [87], just to name a few.
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INTRODUCTION 3

What many of these applications have in common is that they rely on a rather
explicit realization of the minimal representation. In particular in the Archimedean
setting, where delicate analytic problems arise, it is often vital to be able to construct
explicit vectors in the representation spaces and compute group actions on them.
There is one particular type of realization that has turned out to be extremely useful
for such purposes, a realization referred to as L2-model or Schrédinger model. In
the Archimedean context, one could define an L?-model of a unitary representation
as a realization on a Hilbert space of L2-functions such that the Lie algebra acts
by differential operators. L2-models of minimal representations have essentially been
constructed in two different settings which we now briefly describe.

The first class of groups for which L?-models of minimal representations have
been constructed in a uniform way are simple Lie groups G possessing a parabolic
subgroup P = M AN with abelian nilradical N, also referred to as Siegel parabolic
subgroups. For such groups G, minimal representations can often be found as proper
subrepresentations of the corresponding degenerate principal series Indg(x) for a cer-
tain real-valued character x of P. The subrepresentations arise as the kernel of a
system of second order differential operators. These differential operators can most
easily be described in the so-called non-compact picture of the degenerate principal
series. The non-compact picture is a realization on a space of functions on the op-
posite nilradical N. Identifying N with its Lie algebra @, the differential operators
become second order constant coefficient differential operators on n. For instance,
for G = O(p, q) we have 1 ~ RP*9=2 and the system consists of a single differential
operator whose symbol is a quadratic form of signature (p — 1,q — 1) (see [54]), and
for G = Mp(n,R) the system of differential operators on n ~ Sym(n,R), the real
symmetric n X n matrices, has as symbols the 2 x 2 minors.

In order to obtain an L?-model of this subrepresentation, the Euclidean Fourier
transform S’'(n) — S’(n), u — 7, is employed. It turns the system of constant co-
efficient differential operators P(90) into a system of multiplication operators P(x)
and hence the differential equations P(0)u = 0 turn into P(z)u = 0 which implies
a support condition suppz C {P(x) = 0} on n. For instance, for G = O(p, ¢) the
Fourier transform of a function in the subrepresentation is a distribution supported
on the isotropic cone in n ~ RPT9-2 associated with a quadratic form of signature
(p —1,q— 1), and for G = Mp(n,R) they are supported on the zero set of all 2 x 2
minors in n ~ Sym(n,R) which is the subvariety of rank one symmetric n x n ma-
trices. In general, the submanifold on which these Fourier transforms are supported
is an orbit O C n of Ad(M A) of minimal possible dimension, and one can show that
in many cases this yields a realization of the minimal representation on L?(O,du)
with respect to a certain Ad(M A)-equivariant measure du on O. This was first ob-
served by Vergne-Rossi [80] in the case of Hermitian groups and later generalized by
Dvorsky-Sahi [9], Kobayashi—QOrsted [55] and Mollers-Schwarz [68] to cover all cases
(see also Goncharov [24] for the underlying Lie algebra representation and Hilgert-
Kobayashi-Mollers [38] for a uniform construction including the full action of the Lie
algebra).
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4 INTRODUCTION

The second class of groups where L?-models of minimal representations are known
are simple real Lie groups G having a Heisenberg parabolic subgroup P = M AN,
i.e., the nilradical N is a Heisenberg group. For some of these groups G, L?-models
of minimal representation can be found in the literature, but the constructions differ
from case to case, and some groups are not treated at all although they do possess
a minimal representation. The probably most famous representation among them
is Torasso’s representation of G = SL(3,R), the double cover of SL(3,R), see [78].
Strictly speaking, this representation is not minimal, because there is no notion of
minimality for type A groups, but it is thought to correspond to the minimal nilpotent
coadjoint orbit in a certain sense. Torasso’s representation is realized on L?(R* x R)
and he provides explicit formulas for the action of both the group G and its Lie algebra
as well as for the lowest K-type. Similar formulas for the group and Lie algebra action
can be found in the construction of Kazhdan and Savin [49] for the split simply-
laced groups SO(n,n), Eg6), E7(7y and Eg(g), although the method seems to be quite
different. They construct in a natural way a representation of P on L?(R* x A) for
some Lagrangian subspace A C V of the symplectic vector space V defining the
Heisenberg group N, and prove that this representation extends in a unique way to a
minimal representation of G. What remains mysterious in their construction is why
the extension from P to G exists. Later, Savin [73] applied the same construction to
the group G = G2(C). We remark that in the case of G = Gy(g), formulas for the Lie
algebra action already appear in the work of Gelfand [21], but without reference to
the unitary structure of this representation. Later, Sabourin [72] obtained a similar
model for the minimal representation of 8’6(4, 3) using a variant of the orbit method.
Note that some of these constructions also work over non-Archimedean local fields.

While the above constructions for groups with Heisenberg parabolic subgroup are
different in nature, the obtained realizations seem to be closely related. The main
motivation for this work was to find a uniform construction of all these minimal rep-
resentations in the spirit of the construction in the case of Siegel parabolic subgroups.
The key ideas here were to exhibit the minimal representation inside a degenerate
principal series Indg(x) as the kernel of a system of differential operators, and then
take an appropriate Fourier transform. Roughly speaking, these ideas can indeed be
applied in the Heisenberg parabolic case. In fact, several authors already noted that
the minimal representation is a subrepresentation of a degenerate principal series of
the form Indg(x), see [29, Corollary 13.7 and Proposition 14.11] for SO(4,4), E¢(2),
E7(_s5), Eg(—24y and Gy(9) and [72, Theorem 4.2.2] for é\(/)(4,3) (see also [49, Theo-
rem 4] for the p-adic groups Dy, Eg, E7 and Eg). In some of these works, it is even
indicated that the minimal representation is the kernel of a system of second order
differential operators, but this is not pursued further.

More recently, Barchini, Kable and Zierau [2] constructed in a systematic way
conformally invariant systems of differential operators on the opposite nilradical N
of a Heisenberg parabolic subgroup P. As we explain in detail below, these systems
are related to certain polynomial maps on the symplectic vector space defining the
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INTRODUCTION 5

Heisenberg group N that we call symplectic invariants. There are symplectic invariants
of order one (the symplectic form), two (a moment map), three and four, and each
of them gives rise to a system of differential operators of the same order whose joint
kernel is a subrepresentation of a certain degenerate principal series IndIGp (x). In this
work we focus on the system of order two and show that its joint kernel is in many
cases a minimal representation. For this, we make extensive use of the structure theory
for Heisenberg parabolic subalgebras developed by Slupinski-Stanton [76, 74, 75].

Let us remark that the joint kernel of the second order conformally invariant oper-
ators has been studied in a few examples, mostly algebraically (see e.g., the work of
Kable [44, 47, 46] and Kubo—Qrsted [59]). In particular, an analysis of the correspond-
ing representations was missing so far, probably due to the fact that the differential
operators do no longer have constant coefficients but are left-invariant operators on
the Heisenberg group. This suggests to consider the Heisenberg group Fourier trans-
form in order to understand the joint kernel of these differential operators, and in this
work we attempt to carry out this analysis in a uniform way in the case where the
group G is non-Hermitian. For the Hermitian case we refer to a subsequent paper [14].

The Heisenberg group Fourier transform is more difficult to deal with since the
Fourier transform of a function is operator-valued, thus adding a non-commutative
flavor to the theory. Moreover, it is not clear how to define the Fourier transform of
a general tempered distribution on the Heisenberg group. It turns out that for the
non-compact picture of the degenerate principal series Indg(x) one can make sense
of the Heisenberg group Fourier transform in the distribution sense if the character
is sufficiently positive. The first key observation is that the second order conformally
invariant system of Barchini-Kable-Zierau can be expressed in terms of the metaplectic
representation on the Fourier transformed side (see Theorem A). This allows us to
solve the corresponding system of equations on the Fourier transformed side in the
distribution sense (see Theorem B) and obtain a new realization of their joint kernel
(see Theorem C). Already at this point, we recognize the same formulas for the Lie
algebra representation as in the work of Gelfand [21], Torasso [78] and Kazhdan-
Savin [49], thus obtaining both a new conceptual explanation for their constructions
as well as a uniform treatment. However, it is not immediate at this point whether
there are K-finite vectors among the solutions, so we find explicit formulas for the
functions constituting the lowest K-type in this new realization (see Theorem D).
The lowest K-type generates an irreducible (g, K)-module which we can integrate
to a minimal representation of (a finite cover of) G, realized on an L?-space (see
Theorem E). Finally, in the spirit of the work of Kazhdan-Savin [49] and Kobayashi-
Mano [53], we obtain the group action of a Weyl-group element in the L2-model
which, together with a parabolic subgroup whose action is also explicit, generates G
(see Theorem F).

The groups for which our construction provides L?-models, can be divided into
several classes. For the split groups Eg ), E7(7) and Egg) and SO(n,n), our construc-
tion yields the same model as obtained by Kazhdan-Savin [49] by different methods.
In these cases, the minimal representation is spherical, and the expression we find for
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6 INTRODUCTION

the spherical vector matches the one in [48] found using case-by-case computations.
For G2, the model can be found in the work of Gelfand [21] and Savin [73]. Here
the lowest K-type is three-dimensional. For SL(n,R) our construction actually yields
two one-parameter families of representations which turn out to be unitary principal
series representations induced from a different maximal parabolic subgroup. Addition-
ally, for n = 3 we also construct Torasso’s representation which lives on the double
cover gi(& R). The groups for which the obtained L2-models seem to be new, are the
quaternionic groups Eg(2), E7(_5) and Eg(_a4), for which the minimal representation
is an analytic continuation of the quaternionic discrete series, and the indefinite or-
thogonal groups SO(p, q) with p # g. For the latter groups, one has to assume either
that p+ ¢ is even or that min(p, ¢) = 3, in which case the representation actually lives
on a double cover éf)(p, q). For the case §()(4, 3) our formulas do not quite match the
ones by Sabourin [72], but seem to be closely related (see Section 5.8.4).

Acknowledgments

We thank Marcus Slupinski and Robert Stanton for sharing early versions of their
manuscript [76] with us. We are particularly indebted to Robert Stanton for numerous
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CHAPTER 1

STATEMENT OF THE RESULTS

In this first chapter, we give a more precise statement of the results mentioned in
the introduction.

1.1. Conformally invariant systems

Let G be a connected non-compact simple real Lie group with finite center and
denote by g its Lie algebra. We assume that G has a parabolic subgroup P = M AN
whose nilradical N is a Heisenberg group and write m, a and n for the Lie algebras
of M, A and N. There exists a unique element H € a such that ad(H) has eigenvalues
+1 and +2 on n and —1 and —2 on the opposite nilradical n. We decompose

=9 2Dg-1DgoD g1 D92
into eigenspaces for ad(H) where go = m@a. In all cases but g ~ sl(n,R) the parabolic
subgroup P is maximal and hence a = RH. To simplify notation we therefore put

a=RH and m={T € go:ad(T)|g, =0}

also in the case g ~ sl(n,R). Further, we write p = %ad [« € a* as usual.
For an irreducible smooth admissible representation ({,V;) of M and v € af we
form the degenerate principal series (smooth normalized parabolic induction)

me, =IdS(C®e” ®1)

and realize it on a subspace I(¢,v) C C®(w)®V; of Vi-valued functions on the
opposite nilradical n ~ N which is a Heisenberg Lie algebra (the non-compact picture).
The representation ¢, is irreducible for generic v, but may contain proper irreducible
subrepresentations for singular parameters.

Extending H to an sl,-triple by E € go and F' € g_o, we can endow V = g_; with
a symplectic form w characterized by

[z,y] = w(z,y)F for z,y € V.
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8 CHAPTER 1. STATEMENT OF THE RESULTS

The identity component My of M acts symplectically on (V,w) and the 5-grading of g
gives rise to three additional symplectic invariants:

1

w:Vom, puz)= o1 ad(z)E (the moment map)
1

U:V -V, U= 30 ad(z)*E (the cubic map)
1

Q:V-oR, Q)= 1 ad(z)*E (the quartic),

which are all M-equivariant polynomials. In [2] Barchini, Kable and Zierau con-
structed for each of the invariants w, u, ¥ and @ a system of differential operators
on n which is conformally invariant. These systems can be seen as quantizations of the
symplectic invariants. The joint kernel of each system gives rise to a subrepresenta-
tion of a degenerate principal series representation. For instance, for the conformally
invariant system Q,(T") (T € m) corresponding to the moment map, the conformal
invariance implies that for every simple or one-dimensional abelian ideal m’ C m there
exists a parameter v = v(m’) € a* such that the joint kernel

I(¢ )8 ™) = {u e I(¢,v) : Qu(T)u =0 for all T € m'}

is a subrepresentation of I({,v) whenever ( is trivial on the connected component My
of M. Note that I(¢, ) (™) could be trivial.

1.2. The Heisenberg group Fourier transform

The infinite-dimensional irreducible unitary representations (o, H,) of N are pa-
rameterized by their central character A € R* in the sense that oy (e!f’) = e id.
They give rise to operator-valued maps

N
The Heisenberg group Fourier transform is the collection of all o) and it extends to
a unitary isomorphism

ox: L'(N) — End(Hy), oa(u) = / u(m)or(7) dm.

dim V dim V.

F:L}*(N) — L*(R*,HS(H); A" 2 d\) ~ LER*;|A\| "2 d\) @ HS(H),
Fu(r) = ox(u),

where H = H, is a Hilbert space which realizes all representations o) and HS(H)
denotes the Hilbert space of all Hilbert-Schmidt operators on H. It is a non-trivial
problem to extend F to tempered distributions (see e.g., [7, 11] on this issue). For our
purpose it is enough to show that F extends for Re v > —p to an injective linear map
(see Corollary 3.5.3)

F:I(,v) — D' (R*)@Hom(H>®, H =) ®V,

where H> denotes the space of smooth vectors in H = Hy and H~>° = (H>)’ its
dual space, the space of distribution vectors (both spaces are independent of )).
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1.3. THE FOURIER TRANSFORMED PICTURE OF THE MINIMAL REPRESENTATION 9

For Rev > —p we call the realization
Tew(9) =Fomeu(g)oF !t (g€G)
on the subspace
I(¢,v) = F(I(¢,v)) € D'(R®) & Hom(H™, H™®) & V%,
the Fourier transformed picture. In order to understand the Fourier transformed pic-
ture of the subrepresentations I((, Z/)Q“(m,), we study the Fourier transform of the

conformally invariant system 2,. For this denote by dwyet,n the metaplectic repre-
sentation of sp(V,w) which is uniquely defined by (see e.g., [13, Chapter 4])

doA(IT, X]) = [domen(T),dox(X)] (T € sp(V,w), X € 7).

Note that the adjoint representation ad : m — gl{(V'), T — ad(T)|V identifies m with
a subalgebra of sp(V,w) so that we can restrict dwpmes x to m.

THEOREM A (see Theorem 4.4.1). — For A € R*, T € m and u € I(¢,v) we have, in
the distribution sense,

oA (Qu(T)u) = 2ix oA (u) 0 dwmes, A (T).

This implies that the Fourier transform of u € I(¢, I/)Q“(m/) satisfies, again in the
distribution sense,

Fu(X) o dwmet A(T) =0 for all T € m'.

We also obtain formulas for the Fourier transform of the conformally invariant
systems (1,,, Qg and Qg associated to w, ¥ and @ in Sections 4.3 and 4.5, but do not
study the corresponding subrepresentations any further.

1.3. The Fourier transformed picture of the minimal representation

In this work we restrict our attention to the case of non-Hermitian G. More de-
tails about the differences between Hermitian and non-Hermitian G can be found in
Section 2.9. We refer to [14] for the Hermitian case.

Since G is non-Hermitian, one can use the structure theory developed in [76, 75] to
obtain a bigrading on g (see Section 5.2 for details). This results in a particular choice
of a Lagrangian subspace A C V with decomposition A = RA & J, where in most
cases J is a semisimple Jordan algebra of degree 3 with norm function n(z) defined
by ¥(z) = n(z)A. (In fact, all semisimple Jordan algebras of rank three arise in this
way, cf. Table 1). The two exceptions are g ~ gy(2) where J ~ R and n(z) = 23 and
g ~ sl(n,R) where n(z) =0 for all z € J. We write (a,z) for aA+2z € RA® J = A.

We realize the representations o on the common Hilbert space H = L2(A), the
Schrodinger model of oy. In this realization we have H*® = S(A), the space of
Schwartz functions on A, and H~>° = &’(A), the space of tempered distributions,
so that the Schwartz Kernel Theorem implies

Hom(H>®, H™>®°) =~ S'(A x A) ~ S'(A)®S'(A).
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10 CHAPTER 1. STATEMENT OF THE RESULTS

From here on we assume that the parameter v = v(m’) € a*, for which the joint
kernel of Q,(m’) is a subrepresentation of I(¢, ), is the same for all factors of m. This
is in particular the case when m is simple, but also for g ~ s[(3,R) where m ~ gl(1,R)
and for g ~ so0(4,4) where m ~ s[(2,R) @ sl(2,R) & s((2,R). The reason for this
assumption is that we need invariance under the full Lie algebra m in the following
result:

THEOREM B (see Theorem 5.4.2). — For every A € R* the space L%*(A)=°>™
of m-invariant distribution vectors in dwmes,x s two-dimensional and spanned by & .
(e € Z)2Z), where

(=)
&re(a, z) = sgn(a)|al®™re AT (a,2) e R x T,

with Smin = —é(dimA +2).

We remark that these distributions also occur in the classification [10] of certain
generalized functions whose Euclidean Fourier transform is of the same type.

Let us for simplicity also assume that the representation ( is a character of
the component group of M. Then, Theorem B implies that the Fourier transform
Fu € D'(R*)®S'(A) ®S'(A) of a function u € I(¢,v)*(™ in the kernel of Q,(m)
can be written as

]:’U,()\, Z, y) = f—A,S (.’E)’ZZ()\, y)
for some u(A,-) € S'(A), where € € Z/2Z is determined in Corollary 7.2.8. The map

I(Gv)™™ - D'RX)®S'(A), u—a

is injective and provides a new realization pu;, of the subrepresentation I(¢, )% (™)

on
Jmin € D' (R*) ® S'(A).

Note that still Jy,;, could be trivial. To show that there exists a representation ¢ of M
such that Jynin # {0}, we compute the Lie algebra action in the new realization and
find explicit K-finite vectors.

We remark that this construction only excludes the non-Hermitian Lie algebras
g = sl(n,R) (n >3) and g = so(p,q) (p,q¢ > 3, (p,q) # (4,4)). In Section 5.6 we
explain how for g = sl(n,R) a generalization of the first order system Q, (a quanti-
zation of the symplectic form w) to the case of vector-valued principal series induced
from characters { = (, of M (r € C) yields a one-parameter family dpmyin  of sub-
representations of I((.,v) on D'(R*)®S’(A). And for g = so(p,q) we combine in
Section 5.7 generalizations of both (2, and 2, to the vector-valued degenerate princi-
pal series induced from representations of the SL(2)-factor of M to find the analogous
representation dpmi, of g on D'(R*)® S'(A).
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1.4. THE LIE ALGEBRA ACTION AND LOWEST K-TYPES 11

1.4. The Lie algebra action and lowest K -types

Heuristic arguments involving the standard Knapp-Stein intertwining operators
(see Remark 5.5.4) show that 7, should be unitary on L2(R* x A, |A|4mA=2smin g\ dy).
To obtain a unitary representation on L%(R* x A), we twist the representation with
the isomorphism

D5 : D'(R*)DS'(A) = D'(R*)RS'(A), Psu(),x) = sgn(N)° || sminy (), $)

which restricts to an isometry LZ(R* x A, |\[4imA=2smind)\ dy) — LZ(R* x A) (see
Corollary 7.2.8 for the choice of § € Z/2Z). Let

Lin = ®5(Jmin);  Tmin(9) := 5 0 pmin(g) 0 B; L.

THEOREM C. — The Lie algebra action dmymi, s by algebraic differential operators
of degree < 3 on R* x A and is explicitly computed in Proposition 5.5.5. It extends
naturally to D'(R*) ® S’ (A) and is infinitesimally unitary on L*(R* x A).

Comparing this action with formulas in the literature shows that our representation
agrees with the one for g = s0(n, n), e56), ¢7(7), ¢s(s) in [48,49], for g = go(o) in [21,73],
and for g = s[(3,R) in [78] (see Section 5.8 for details). There also seems to be a
relation to the formulas for g = s0(4, 3) in Sabourin [72]. Similar formulas also appear
in [31, 32, 33] but without addressing the question of unitarizability. In this sense, our
computations give a new explanation of the formulas in the literature and provide
an explicit (degenerate) principal series embedding of the representations as well as
generalize them to a larger class of groups.

In order to show that the Lie algebra representation dmmyin on I, € D'(R*) S (A)
integrates to an irreducible unitary representation on L?(R* x A) for some represen-
tation ¢, we find the lowest K-type in the representation. Here, K denotes a maximal
compact subgroup of G and ¢t its Lie algebra.

THEOREM D. — (1) For g = eg(2), e7(—5), es(—24) there exists a €-subrepresentation
W C D'(R*)®S'(A), explicitly given in Theorem 6.2.1, which is isomorphic to
the representation S?48(C?) X C of € ~ su(2) @ ¢’.

(2) For g = eg(6), er(7), es(s) there exists a E-subrepresentation W C D'(R*) ®S8'(A),
ezxplicitly given in Theorem 6.3.1, which is isomorphic to the trivial representa-
tion.

(3) For g = gy(2) there exists a E-subrepresentation W C D'(R) @S'(A), explicitly
given in Theorem 6.4.1, which is isomorphic to the representation C X S2?(C?)
of & ~ su(2) @ su(2).

(4) For g = sl(n,R) there exist for every r € C two t-subrepresentations
W, C D'(R¥) @S'(A) (e € Z/2Z) of the representation dmmin,» of 8, explicitly
gwen in Theorem 6.5.1. The representation Wy, is isomorphic to the trivial

representation of € and Wi, is isomorphic to the standard representation C™
of € ~so(n).
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(5) For g=sl(3,R) and r =0 there exists a third t-subrepresentation
W% CD'(R*)®S'(A) of ATwmin,r, explicitly given in Theorem 6.6.1, which
is isomorphic to the representation C? of & ~ su(2).

(6) For g =so(p,q), p > q > 4 with p+ q even, there exists a t-subrepresentation
W C D'(R*)®S8'(A), explicitly given in Theorem 6.7.6, which is isomorphic to
the representation C X H =" (RY) of & ~ so(p) & so(q).

(7) For g =so(p,3), p > 3, there exists a E-subrepresentation W C D'(R*) ® S'(A),
explicitly given in Theorem 6.8.3, which is isomorphic to the representation
CX SP=3(C?) of € ~ s0(p) @ su(2).

The explicit form for the spherical vector for g = s0(n,n), eg), ¢7(7), es(s) has
previously been found by Kazhdan, Pioline and Waldron [48] and a similar formula
for a K-finite vector in the case g = gy(2) can be found in [31]. Further, for s((3,R)
the lowest K-types Wy, Wi, and W% were obtained by Torasso [78]. We believe
that the other formulas are new.

1.5. The minimal representation
A careful study of the action of g on the lowest K-type W shows:

THEOREM E. - The K-type W generates an irreducible (g, K)-module
W = drmin(U(g))W with lowest K-type W. This (g, K)-module integrates to an
irreducible unitary representation of the universal cover G of G on L%(R* x A)
which is minimal in the sense that its annihilator is a completely prime ideal with
associated variety equal to the minimal nilpotent coadjoint orbit. For g not of type A,
the annihilator is the Joseph ideal.

For the split groups G = SO(n,n), Eg6), E7(7), Eg(s) the same realization has been
constructed by Kazhdan and Savin [49] and for G = Gy) by Gelfand [21] (see
also Savin [73]). For G = Si(i%,R) the representations were studied in detail by

Torasso [78], and for G = SO(4,3) the realization is similar to the one constructed
by Sabourin [72]. We believe that the realization is new for the quaternionic groups
G = Eg(2), E7(—5), Eg(—24) in which case the representations can also be obtained as
continuation of the quaternionic discrete series by algebraic methods (see Gross and
Wallach [28, 29]) and also for the groups G = §()(p, q).

In view of the classification of minimal representations in [77], the construction in
Theorem E together with the constructions in [38], [68], [73], and [80] yield L2-models
for all minimal representations except for the ones of Fy) and the complex groups
Eg(C) and F4(C). We believe that the case of Fy4) can be treated with a slight
generalization of our methods to the vector-valued case (see Remark 6.2.2). It is
further feasible that a construction similar to the one in [73, Section 7] may construct
an L2-model for the complex groups Eg(C) and Fy(C) from the one for FEg(s) and
Fy(4). This would give L2-models for all minimal representations of simple Lie groups.
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1.6. The action of a non-trivial Weyl group element

The group G is generated by its maximal parabolic subgroup P and a non-trivial
Weyl group element w;, € K. While the action of P in 7y, is relatively simple (see
Lemma 7.1.3), it is non-trivial to find explicit formulas for other group elements. In
[49, 73] the authors were able to construct the above L2-models for split groups by
extending the action of P to G in terms of Ty, (w1) (see also [71] for the case of p-adic
groups). Here, one has to verify that the definition for the operator mmi,(w1) satisfies
several relations, and the methods does not seem to generalize in a straightforward
way.

Having constructed the representations mp,;, by different methods, we are able to
find the action mpmi,(wy) of the Weyl group element w; in all cases explicitly. The
action depends on the eigenvalues of a certain Lie algebra element on the lowest
K-type. Those can be integers or half-integers, and we refer to these two cases as the
integer case and the half-integer case (see Section 7.2 for details).

THEOREM F (see Theorem 7.2.1). — The element wy acts in the L?-model of the
minimal representation by

n(x) 1 in the integer case
Tmin (W N\a,z)=e "3 f(V2a,—2=, 1) x ’
min(w1)f (A, 0, 2) ( TV ) g(a)) in the half-integer case,

where

e(z) = {1 forx >0,

i forx <O.

This gives a complete description of 7y, on the generators P and wy and gener-
alizes the formulas for 7y, (wy) in [49, 73] . We remark that this viewpoint was also
advocated in [53] where the action of a non-trivial Weyl group element was obtained
in a different L?-model for the minimal representation of O(p, q).

1.7. Outlook

Minimal representations have shown to be of importance in the theory of automor-
phic representations, for instance in the construction of exceptional theta series (see
e.g., [48]), the study of Fourier coefficients of automorphic forms (see e.g., [26, 25]) or
the study of local components of global automorphic representations (see e.g., [3, 57]).
Some of these works use L?-realizations of minimal representations. We hope that our
new L2-models might help to generalize some of these results.

Another possible application concerns branching laws for unitary representations,
i.e., the restriction of representations to subgroups. L%-models have proven to be
useful in the decomposition of restricted representations since here classical spectral
theory of differential operators can be applied (see e.g., [8, 55, 67]). We expect our
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new L2-models to be useful for the decomposition of restrictions of minimal represen-
tations. In particular, we hope that these models allow for a more far-reaching and
more explicit version of the theta correspondence.

It has further been observed that explicit realizations of small representations have
fruitful connections to geometry, analysis and special functions (see, e.g., [15, 37,43, 52,
53,54, 56, 58]). In our L2?-models the explicit K-finite vectors exhibited in Chapter 6
are for instance expressed in terms of K-Bessel functions. We believe that there are
many additional connections between our new realizations and other branches of
mathematics. For instance, it would be interesting to relate the L?-model for the
minimal representation of G = SO(p, ¢) constructed in this paper to the one obtained
in [53, 56] by an explicit integral transformation. Similarly, one could try to find an
explicit intertwining operator between our L?-model and the realization constructed
in [1, 5] on sections of the half-form bundle over the minimal nilpotent Kc-orbit.

A more direct further line of research is the investigation of the missing case
G = Fjy4) for which we expect a similar, possibly vector-valued, L2-model. Also the
case of Hermitian groups, which is missing in this work, is a possible further research
question (see Section 2.9 for some structural results in this situation and the recent
preprint [89] for structural results about the corresponding spherical degenerate prin-
cipal series).
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CHAPTER 2

STRUCTURE THEORY
FOR
HEISENBERG PARABOLIC SUBGROUPS

In this preliminary section we study the structure of Heisenberg graded real Lie
algebras. This includes the Langlands decomposition (see Section 2.1), a canonical
5[(2)-triple (see Section 2.2), the minimal adjoint orbits (see Section 2.3), the associ-
ated symplectic vector space together with its invariants, including the moment map
(see Section 2.4), explicit formulas for the Killing form (see Section 2.5) as well as the
structure of the Heisenberg nilradical (see Section 2.6). For much of this we follow
[76,75], the statements in Sections 2.7 about the Bruhat decomposition, in Section 2.8
about Cartan involutions and maximal compact subgroups, and in Section 2.9 about
the difference between Hermitian and non-Hermitian Lie algebras are new.

2.1. Heisenberg parabolic subgroups

Let G be a connected non-compact simple real Lie group with finite center. We
assume that G has a parabolic subgroup P whose nilradical is a Heisenberg group,
i.e., two-step nilpotent with one-dimensional center. Then P is maximal parabolic
except in the case where G is locally isomorphic to SL(n,R). Let P = M AN be a
Langlands decomposition of P and denote by g, p, m, a and n the corresponding Lie
algebras of G, P, M, A and N. See Table 1 for a classification due to Cheng [6].

There is a unique grading element H € a such that ad(H) has eigenvalues 1 and 2
on n. Write
g=g-2+9g-1+go+01+9
for the decomposition of g into eigenspaces of ad(H), so that m @ a = go and
n=g1 + go. Denote by p = g_o + g_1 + go the opposite parabolic subalgebra with
nilradical @ = g_o + g_1 and let P and N be the corresponding groups. In all cases
but g ~ sl(n,R) we then have

a=RH, m={T € go : ad(T)|y, = 0}.
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To simplify notation, we use this as a definition for a and m in the case g = sl(n,R),
although this does not yield a Langlands decomposition of P.

Since M commutes with A = exp(RH), M preserves the 5-grading of g. In par-
ticular, M acts on the subspaces gio by the adjoint representation. These subspaces
are one-dimensional since they are the center of the Heisenberg algebra n resp. n, so
there exists a character x : M — {£1} such that

Ad(m)lg., = x(m) - idg., -

2.2. The sly-triple and the Weyl group element wy

We choose E € gy and F' € g_5 such that [E, F| = H. Then {E, H, F'} forms an
slo-triple. Put

i
(2.2.1) wo 1= exp <§(E — F)) ,
then Ad(wg) : g — g is of order four. On the sly-triple it is given by
Ad(wo)E = —F, Ad(wo)H = —H, Ad(wo)F = —E,

and it acts trivially on m. Further, Ad(wp) restricts to isomorphisms g; — g_; and
g_1 — g1 which compose to —1 times the identity. We put

(2.2.2) 7 := ad(z)F = Ad(wp)z = — Ad(wy ), T € g1,
(2.2.3) y:=ad(y)E = — Ad(wo)y = Ad(wy ')y, yEg 1.
Note that these maps are mutually inverse and

Ad(m)z = x(m) Ad(m)Z forallme M,z € g41.
This implies in particular that
(2.2.4) [T,2z] = [T,7] forall T € m,z € g4;.
We further remark that P and P are conjugate via wo:

5 -1 —1
P = woPw, = w,  Pwy.

The element wq defines a non-trivial coset in the Weyl group of G with respect to a
Cartan subalgebra of m @ a, and we therefore also refer to it as Weyl group element.

2.3. Minimal (co)adjoint orbits
The adjoint orbit
Omin = Ad(G)E C g
is a minimal nilpotent orbit. If G is non-Hermitian then O = —Omiy is the unique

minimal nilpotent adjoint orbit. If G is Hermitian then Oy, and —Opiy, are the two
distinct minimal nilpotent adjoint orbits.
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LEMMA 2.3.1. — The stabilizer of E in G is given by My N where
Mi={meM:Adm)E=E}={meM:x(m)=1}C M

is a subgroup of index at most 2. In particular, dimg O, = dimn + 1.

Proof. — Let g € G such that Ad(g)E = E. We claim that g € Ng(p) = P. In fact,
for x € g; and T € m we have

[Ad(g)x, E] = Ad(g)[x,E] =0 and [Ad(g)T7 E] = Ad(g)[Tv E] =0
and hence Ad(g)z, Ad(g)T € Zy4(E) = m + g1 + g2. Further,
[Ad(g)H, E] = Ad(g)[H, E] = 2Ad(g)E = 2E

and hence Ad(g)H € H + m + g1 + go. This shows that Ad(g)p C p and therefore
g € Ng(p) =P = MAN. Write g = man withm € M, a=exp(rH) € Aandn € N,
then Ad(g)E = x(m)e*" E. This shows that Ad(man)E = E if and only if a = e, the
identity, and m € M. O

Important for the definition of minimal representations is the minimal nilpotent
coadjoint orbit O, ¢ in g¢. This is the unique non-trivial nilpotent coadjoint orbit
in g* of minimal dimension. Identifying gf =~ gc using the Killing form, the or-
bit O* is identified with the minimal nilpotent adjoint orbit Omin,c C gc. Since

min,C

E is a highest root vector, it follows that Omin ¢ is the orbit through E and therefore
a complexification of O, C g. This implies:

COROLLARY 2.3.2. — dim¢ OF =dimgn+ 1.

min,C ™

2.4. The symplectic invariants

Following [75, Section 2|, we now discuss the symplectic structure of V := g_;.
The bilinear form w : V x V — R given by

[z,y] = w(z,y)F, z,yeV

turns V into a symplectic vector space. The group M preserves the symplectic form
up to a sign:
w(mz, my) = x(m)w(z,y) (meM,z,yeV),

where we abbreviate mz = Ad(m)z. In particular, the Lie algebra m of M can be
viewed as a subalgebra of sp(V,w). We note that for z,y € g1:

(2.4.1) [z,y] = —w(T,9)E.

We now define three maps on V related to the symplectic structure.
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2.4.1. The moment map. — Put

1
w:V—ogo, x> 21 ad(z)?E.
Then p actually maps into m and is Ad(M )-equivariant, i.e.,

w(Ad(m)z) = x(m) Ad(m)u(z), m € M.
2.4.2. The cubic map. — Let

1
U:V-oV, - gad(:v)sE.
Then VU is Ad(M)-equivariant, i.e.,

Y(Ad(m)z) = x(m) Ad(m)¥(z), m € M.
2.4.3. The quartic. — Define Q : V — R by
Q(z)F = %ad(x)‘lE.
Then @ transforms under the action Ad(M) by the character x, i.e.,
Q(Ad(m)z) = x(m)Q(z),  m e M.
2.4.4. Symplectic formulas. - We state some formulas for the symplectic invariants

u, ¥ and Q proved in [76, 75]. (Note that p, ¥ and @, in their notation are —2u, 6¥
and 36Q) in our notation.)

LEMMA 2.4.1 ([75, Corollary 4.2]). — For x € V the following identities hold:
(1) plaz +b¥(z)) = (a® = b°Q(z)) (=),
(2) ¥(az +b¥(z)) = (a® - b*Q(2))(bQ(2z)z + a¥(z)),
(3) Q(az +b¥(2)) = (a® - b°Q())*Q(z),
(4) w(=@)¥(z) = -3Q(z)z.

Let B, : VXV -m By : VxVxXxV —=Vand Bg: VxVxVxV —-R
denote the symmetrizations of pu, ¥ and Q. Further, define 7 : V' — sp(V, Q) and its
symmetrization B, : V x V — sp(V,w) by

T(@)y =w(z,y)z  and  B(z,9)z = 3(w(z,2)y + w(y, 2)z).

LEMMA 2.4.2 ([75, Proposition 2.2|). — For z,y,z,w € V the following identities
hold:

(1) Bu(z,y) = ;([z, [y, Bl + [y, [, EY)),
(2) By(z,y,2) = —3Bu(z,y)z — §B-(z,9)2,
(3) Bg(z,y,z,w) = %w(x,Bq,(y,z,w)).
Note that this implies in particular that
w(Bu(z,y)z,w) = w(Bu(z,w)z,y) for all z,y,z,w € V.
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LEMMA 2.4.3 ([75, Definition 2.1 (2) and Theorem 2.16]). — For z,y,z € V:
4Bu(x7 Y)z — 4B, (z, 2)y = w(z,y)z — w(z, 2)y — 2w(y, 2)z.
Using Lemma 2.4.3, it is possible to reconstruct the Heisenberg graded Lie algebra
g from the symplectic vector space (V,w) the subalgebra m C sp(V,Q) and the map

B, :V xV —m (see [75, Theorem 2.16] where the tuple (m,V,w,B,) is called a
special symplectic representation).

2.4.5. The Lie bracket. — We express the Lie bracket [g1,g_1] in terms of the moment
map and the symplectic form.

LEMMA 2.4.4. — For z € g1 and y € g_; the decomposition of [z,y] € go in terms of
the decomposition go = m + a is given by

[z, y] = —2Bu(Z,y) — 5w(T,y)H.
Proof. — We have
[z,9] = [Z,9] = [, E],y] = —[y, [z, E]]
= —3 (@ [y, Bl + [y, [z, E]]) + 3[ad(z), ad(y)] E
= —2B,(7,y) + 3 ad([7,y])E = —2B,(%,y) + w(T,y) ad(F)E
= —2B,(z,y) — sw(z,y)H. O

2.4.6. Simple factors of m. — We note that m is reductive with at most one-dimensional
center. The proof of the following result was communicated to us by R. Stanton:

LEMMA 2.4.5. — Let (ey) be a basis of V and (€,) its dual basis with respect to the
symplectic form w, i.e., w(eq,€3) = dap. Then the map

(2.4.2) m—om, T Y By(Tea,e)

is a scalar multiple C(w) -idy/ of the identity on the center and on each simple factor
m’ of m. In particular, if m is simple the map is a scalar multiple of the identity.

Proof. — The expression is obviously independent of the chosen basis, so that we may
assume {e,} to be a symplectic basis of the form {e;, f;} with w(e;, f;) = d;; and
w(es,e;) = w(fi, fj) = 0. Then {€,} = {fi, —e;} and the sum becomes

> (B;/,(Teiyfi) + Bu(T'fi, _ei)) =y (Bu(Teiafi) - Bu(ei,Tfi)>~
i i
For z,y € V we define
Bz(z,y) :m - m, Bz(z,y)T = B,(Tz,y) — Bu(z,Ty).
Bz is called the Bezoutian and the m-equivariance of B, implies that Bz : A%V — End(m)
is m-equivariant. In this notation, the map (2.4.2) can be viewed as the image

of Y, e; A f; € A’V under the Bezoutian Bz : AV — End(m). The element Y, e; A f;
corresponds to the symplectic form w on V' which is m-invariant, so >, e; A f; is
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m-invariant. It follows that its image under the Bezoutian is m-invariant, hence the
map (2.4.2) is m-intertwining. If g¢ is not of type A, then m is semisimple and hence
the m-intertwining map (2.4.2) is a scalar multiple of the identity on every simple
factor of m. The case gc = sl(n, C) can finally be treated by an explicit computation
using Appendix B.1. (Note that the statement of the lemma only depends on the
complexification of g.) O

In [2, §8.10], the numbers C(m’) are computed for all simple factors m’ of m and
we have included them in Table 1 (see also Lemma 5.3.3 for the computation of C(m)
in the case where G is non-Hermitian and m is simple).

COROLLARY 2.4.6. — For every factor m’ of m we have
tr(Tu(z)) = C(m" )w(Tz, x) forallz € V,;T € m'.

Proof. — Let (ey) be a basis of V and (€,) the dual basis with respect to the symplectic
form, i.e., w(eq,€g) = 6ap. Then

tr(Tu(@) = Y w(Thn(@)ea, 8a) = Y w(Ta, u(w)ea)

(e} e

1
= ZW(T/@\O” —3Bq,(x,x,ea) - §T($)€a)

(e}

- 1
= —122 Bo(z,z,eq,Teq) + §w(T:1:,a:)

(e

1
—3Y " w(z, By(ea, Tea, 7)) + 5 (Tz,2)

1 1
> w(®, Bu(ea, Ta)z) + 59(z, Br(ea, Tea)z) + gw(Tz, )

=C(m"w(Tx,x).

Here we have used the m-invariance of w in the first line, Lemma 2.4.2 (2) together
with the symmetry of By in the second and fifth line, Lemma 2.4.2 (3) together with
the symmetry of Bg in the third and fourth line, and Lemma 2.4.5 as well as the
definition of B, in the last line. O

2.5. The Killing form
We compute the Killing form x(X,Y) = tr(ad(X) o ad(Y")) on g. For this let

(2.5.1) ko :=dimg; + 4.
LEMMA 2.5.1. — Let X € g; and Y € g, then k(X,Y) = 0 unless i + j = 0. Further,
k(E,F) = ko,
k(z,y) = —kow(T, y), T E€G1,Y € g1,

k(S +aH, T+ bH) = kn(S,T) + 2tr(ad(S) o ad(T))|g + 2kpab, S, T € m,a,b € R,
1
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where Ky, denotes the Killing form on m.

Proof. — Tt is clear that x(g;,9;) = {0} unless ¢ + j = 0. The formulas for x(E, F)
and k(H, H) are proven in [76, Proposition 2.3] and the formula for x(S,T) is clear
since m acts trivially on E and F. It therefore remains to show the formula for x(z,y),
z € g1 and y € g_;. Using ad-invariance of the Killing form we have

K(xay) = K([Ea E]ay) = _K(E7 [Ea y]) = _H(va(f7 y)F) = _F“'Ow(fa y) O

2.6. The Heisenberg nilradical

The unipotent subgroup N is a Heisenberg group and hence diffeomorphic to its
Lie algebra n. We identify N ~g_; ®g_o ~ V x R via

VRSN, (z,5) 4 Ry = exp(z + sF).
The group multiplication in N is given by
(2.6.1) N(z,s) " Tyt) = Maty,stttio@y)  HYEVis,teR.

Hence, the map V x R — N, (z,s) T(y,s) turns into a group isomorphism if we
equip V x R with the product

(ZE,S) : (y7t) = (.’L’ +y,s+t+ %w(x7y))

2.7. Bruhat decomposition

The natural multiplication map
NxMxAxN-—G

is a diffeomorphism onto an open dense subset of G, the open dense Bruhat cell.
Hence, every g € NM AN C G decomposes uniquely into

(2.7.1) g9 =n(g)m(g)a(g)n.

We identify a} ~ C by v — v(H). For X € a} we write a* = e** where a = €' € 4
with ¢t € R.

LEMMA 2.7.1. — For (z,s) € V x R we have walﬁ(z’s) € NMAN if and only if
5?2 — Q(z) # 0. In this case

x(m(wy ' (x,9))) = sgn(s® — Q(z)),  a(wy M(e,s)* = |s* — Q(z)M?
and

., _1— 1
log m(wy 1n(mws)) ==

s? — Q(z)
Moreover, the quartic Q is non-positive if and only if the character x : M — {£1} is
trivial.

(¥(z) — sz, —s).
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Proof. — Assume wglﬁ(%s) = nynymexp(rH)n € NMAN. We let both sides act
on F by the adjoint representation and then compare the results. Let us first compute
Ad(walﬁ(z,s))E. We have

ad(z + sF)E =7 — sH,
ad(z + sF)*E = 2(u(x) — sz — s°F),
ad(z + sF)3E = 6¥(x),

ad(z + sF)*E = 24Q(x)F,

ad(z + sF)°E = 0,
and hence
(2.7.2) Ad(R(y,0))E = T DE = E+T+p(x) — sH+ (¥(z) — s2) +(Q(z) — s°) F.
Applying Ad(wy ') = Ad(wg) ™! yields
(2.7.3)  Ad(wy 'Tiges)E = (s — Q(@)E + ¥(x) — sz + u(z) + sH —z — F.
Now let us compute Ad(7(, ymexp(rH)n)E. Note that N acts trivially on £ and M
acts on E by the character x : M — {£1}. Therefore, using (2.7.2):
(2.7.4)
Ad(ny ymexp(rH)n)E = x(m)e*" Ad(ny))E

= x(m)e”” (B +7+ ply) — tH + ¥(y) — ty + (Qy) — t*)F).
Comparing with (2.7.3) shows that
5 = Q(z) = x(m)e¥r, W(z) — sz = x(m)ey, (z) = x(m)e* u(y)

s = —x(m)e't, z = —x(m)e* (U(y) —ty), 1=x(m)e” (> - Q(y)).

The first identity shows that if {x € V : Q(z) > 0} # 0 then there exists m € M such
that x(m) = —1, because otherwise the non-empty open set of all wg 1ﬁ(z,t)man with
t2 —Q(z) <0and m € M, a € A, n € N, would have trivial intersection with the

open dense Bruhat cell NMAN. Further, the first, second and fourth identities show
that

2 — Q(-’E) _ X(m)€2r 7& 0 and (y’t) = m(‘l’(w) — ST _5)
Conversely, if s> — Q(x) # 0 then let
1 1
—ploEl = QW) and (1) = g (V) — s )

and choose m € M such that y(m) = sgn(s?> — Q(z)). Using the above computation
as well as Lemma 2.4.1 one can show that

Ad(wo_lﬁ(m’s))E = Ad(ﬁ(y,t)meTH)E.

Since the stabilizer of F in G is eqlgl to M1 N there exist m’ € M, and n € N such
that wo_lﬁ(x’s) = ﬁ(y,t)mm’e’“Hn € NMAN. This shows the claim. O
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LEMMA 2.7.2. — For (z,t) € V xR and s € R sufficiently close to 0 we have

z + s(¥(z) — tx) t+ s(Q(z) —t?) >
1—2st—s2(Q(z) —t2)" 1 —2st — s2(Q(z) —2) )’

logﬁ(eisEﬁ(%t)) = (

4 m(e™?®
ds|,_q

a(efSEﬁ(ac,t)))‘ =(1-2st— SQ(Q(I) - t2))%'

Nzr)) = —1(x),

Proof. — For s sufficiently close to 0 we have e~*#7(, ;) € NMAN and write
(2.7.5) e_SEﬁ(xwt) = exp(y + uF)m.e" exp(z + vE)

for y,z € V, r,u,v € R and m; € M. We first act with both sides of (2.7.5) on E by
the adjoint action. By (2.7.2) we have

Ad(R)E =E+7+ p(z) —tH + (¥(z) — tz) + (Q(z) — t*)F.
Now, Ad(e™*F) = ¢=#2d(E) and
ad(E) Ad(Ti(y,))E = 2tE + tz — ¥(z) + (Q(z) — t*)H,

ad(E)? Ad(Tiq,i)) E = —2(Q(z) — t*) B,

ad(E)* Ad(n(,)E =0,
hence

Ad(e_sEﬁ(m,t))E = (1—2st — s*(Q(z) — t*))E + = + s(¥(x) — tz) + p(z)
— (t+8(Q(z) —t))H + (¥(2) — tz) + (Q(z) — t*)F.

On the other hand, by (2.7.4):

Ad (exp(y + uF)me™ exp(z + vE))E
= x(ms)e” (E+7+ p(y) — wH + ¥(y) —uy + (Qy) — u*)F).

Comparing the two expressions shows the formulas for ﬁ(e_SEﬁ(z)t)) and a(e‘SEﬁ(z’t)).
To find d%‘s:() ms, we let both sides of (2.7.5) act on an element @ € g;. By similar
computations we arrive at

Ad (PR, p)a = (- sw(z,a) + s*w(tz + ¥(z),0))E + (a — s(ta + p(z)a + w(z, a)z))
+ 2B, (z,a) + ( — sw(w,a) + sw(tz + ¥(z),a))H
— (ta+ p(z)a + w(z,a)z) — w(ts + ¥(z),a)F

and

Ad (exp(y + uF)mge™ exp(z + vE))a

=e (W + 2B,u(ya ms) - %w(% msa)H - (umsa + /L(y)msa + w(yv msa)y) - w(uy + \I}(y)v msa)F)

+w(a,2)e (B+7+ uly) —ul + (¥(y) —uy) + Q) —u))F).
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Comparing the coefficients of E shows
sz — s2(tx + U (x))
I 2st— s2(Qz) — 2)
Next, comparing the terms in g; and using the previously obtained formula for y
yields

e'msa = a— s(ta+ p(z)a + w(z,a)r) + w(z,a)(z — stz — ¥(x))).
Note that %| _.e" = —t and i| _ .z = x, hence differentiating the above identity
s=0 ds 1s=0

gives

d
—ta + I msa = —(ta + p(z)a + w(z,a)z) + w(z,a)z = —ta — p(x)a
Sls=0

and the claim follows. O

2.8. Maximal compact subgroups

Let 0 be a Cartan involution of G and denote by 6 also the corresponding involution
on g. We may conjugate 6 (or alternatively the parabolic subgroup P) such that
0H = —H, then it follows that g, = g_;, i € {—2,-1,0,1,2} and fm = m. After
possibly rescaling E and F', we may further assume that §F = —F and 0F = —F.
Define J € End(V) by

Jv = 0z = —07F, z eV,
with 0z = [0z, F] and T = [z, E] as in (2.2.2) and (2.2.3). Then J? = —idy and the
bilinear form on V given by

(zly) = tw(Jz,y), =z,y€V,

is positive definite. Write |z|? = (z|z) = tw(Jz,z) for the corresponding norm on V.
Further note that

Ad(O(T))|,, = J o Ad(T)),, © J' forall T € m.
Since 6 is an automorphism, it follows that
w(Jz, Jy) = w(x,y) forall z,y €V,
so that J € Sp(V,w). For the symplectic invariants we further have for z € V:
(2.8.1) p(Jz) = Jopu(x)oJ !, U(Jz) = JU(x), Q(Jz) = Q(x).
The following result is a converse to the construction of J from 6:
LEMMA 2.8.1. — Let J € End(V) and define 6 : g — g by
9E = —F, 9H = —H, 9F = —E,
and forx € g1, y €g_1 and T € m by
Oz = —JT, 0T = JTJ 1, Oy = Jy.

Then 6 is a Cartan involution of g if and only if the following conditions are satisfied:
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(1) J? = —idy,

(2) w(Jz,2) >0 forallz €V,

3) w(Jz,Jy) = w(z,y) for all z,y €V,

(4) u(Jz) = Ju(z)J ! forallz € V.
Proof. — Using (2.2.2), (2.2.3) and Lemma 2.4.4, one can show that conditions (3)
and (4) imply that 6 is indeed a Lie algebra automorphism. That x(6X,X) > 0 for

all X € g now follows from (2) and Lemma 2.5.1, and that 6 = id, is a consequence
of (1). O

Let K = G? be the subgroup of #-fixed points in G. Then K is maximal compact
in G and its Lie algebra ¢ has the form
E=R(E-F)@{z+0(z):z€g1}P by,

where ¢, = tNm C m is maximal compact in m. Write Ky = KNM C M
for the corresponding group. Using the decomposition G = KMAN we define a
map H : G — a by

ge KMePWN.

We now compute H on N.
LEMMA 2.8.2. — For (z,t) € V x R we have

_ 1 A/4
AMHME) = (1 + 4z)? - Ew(u(J:E)x,x) + 2t + A|te — U(x))* + (t* — Q(a:))Q) .

We remark that for some special cases a similar formula was obtained in [34,
equation (5.5)] and [35, equation (5.4)].

REMARK 2.8.3. — Since, by Lemma 2.5.1,

5(u(@), T) = 5(ad(@)*E,T) = S (B, ad(@)"T)
1

1 K
= 3#(B,[T,2],2]) = Jw(Tx,2)x(E, F) = ?(]w(Tx,x),

we have ) )
w(p(Jz)z, ) = goﬁ(u(w),u(h)) = Hfoﬂ(u(ﬂc)ﬂu(w)) <0.

Proof. — Let (x,t) € V x R and write 7(,¢) = kman, so that a = e (@) Then
Q(ﬁ(myt))’lﬁ(m,t) = H(n)fl((?(m)flm)azn € NMAN.

Hence a = a(0(T(z1)) ' N(s))'/? which we compute by letting 0(7(,¢)) "Mz ) act

on F via the adjoint action. First, by (2.7.2) we have

(2.8.2) Ad(R()E =E+7Z+ p(z) — tH + ¥(z) — to + (Q(z) — t°)F.
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Next, 0(T(y)) ' = exp(—Jz + tE). We let this act on each of the summands of
(2.8.2). First, it acts trivially on E:

Ad(exp(—Jz + tE))E = E.
The action on the gi-part T is computed using (2.4.1):
Ad(exp(—Jz +tE))T =T + ad(—Jz + tE)T =7 + w(Jz,2)E = T + 4|z|*E.
Next, on the m-part p(z) we have, using Lemma 2.4.2 and Lemma 2.4.4:
Ad(exp(—Jz + tE))u(x)
= p(z) + ad(—Jz + tE)u(z) + 1 ad(—Jz + tE)*p(z)
(2) + [(z), o) + Lw(Ja, [u(x), Ja)) E
= u(z) + [u(z), Jx] — <%w(J:L", By(z,z,Jz)) + tw(Jz,w(z, Jx)x)E
— u(@) + [u(x), T3] — (6B, a, Ja, Ja) — 4jal*)E
For the action on H we find
Ad(exp(—Jz +tE))H = H + ad(—Jz + tE)H = H + Jx — 2tE.
Next, the action on the g_i-part ¥(z) — tz is computed using Lemma 2.4.4:
Ad(exp(—Jz + tE))(¥(z) — tz)
= (¥(z) — tz) + ad(—Jz + tE)(¥(z) — tz) + 3 ad(—Jz + tE)*(¥(z) — tz)
Lad(—Jz + tE)*(¥(z) — tx)
= (U(2) — t2) + (2Bu(J, U(2) — tx) + S (Jz, U(x) — t) H — (¥ (2) — tx))
+ +(2[Bu(Jz, ¥(z) — tx), Jo] + w(Jz, ¥(z) — tz)Jz — 2tw(Jz, U(z) — t:L‘)E)

(2
(Qw(Jm (Jz, ¥ (z) — tz), Jz])E )
tw

(

And finally, for the action on F' we have, once again using Lemma 2.4.4 as well as
Lemma 2.4.2:

(Jz, () — tz) + Lw(Jz, [B,(Jz, U(z) —t;c),Ja:]))E+--~ .

Ad(exp(—Jz +tE))F = F + ad(—Jz + tE)F + L ad(—Jz + tE)*F + } ad(—Jz + tE)*F
+ & ad(—Jz + tE)*F
= F+ (= Jo+tH) + §( - 2u(J2) + 2677 - 2°F)

1 (6W) +4 (24Q(Jx)E> .
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Altogether we obtain
(2.8.3)
Ad(O(( ) Pe)) E = (1 +4Jz|* — 6Bg(z, z, Jz, Jz) + dlz|* + 2t* — tw(Jz, ¥(z) — tz)

+ o (Ja, [Bu(Jo, W(z) — ta), Jo]) + (Q(Jz) — £)(Q(z) — 1) ) E + -
This expression can be simplified. In fact, by Lemma 2.4.2:
w(Jz,¥(z)) =4Bo(Jz, z,z, ),
w(Jz, [By(Jz,x), Jz]) = —12Bg(Jz, Jz, Jz, x),
w(Jz,[Bu(Jz,¥(x)), Jz]) = —12Bg(Jz, Jz, Jz, ¥(x)).

Hence, the coefficient of F in (2.8.3) simplifies to

1+ 4|z|? — 6Bg(Jz, Jz, 2z, 2) + 4|z|* + 2t* — 4tBgo(Jz, 2,2, ) + 4% |z|?

—4Bgo(Jz, Jz, J2,¥(x)) + 4tBg(Jz, J2, JT, ) + (Q(J2) — t*)(Q(2) — 7).

Finally, using (2.8.1) we find that

Bo(Jz,z,z,7) = (z|¥(z)), Bo(Jz,Jz,Jz, ¥(x)) = —|¥(z)|?,

1
Bo(Jz,Jz, Jz,x) = —(z|¥(x)), Bo(Jz,Jz,z,2) = T

and Q(Jz) = Q(x) and the claimed formula follows. O

2
w(pl Tz}, ) + <ol

2.9. Hermitian vs. non-Hermitian

We derive several equivalent properties characterizing the Hermitian Lie algebras
among all Heisenberg graded Lie algebras.
THEOREM 2.9.1. — The following are equivalent:

(1) The group G is of Hermitian type.

(2) There exists J € m such that ad(J)?|y., = —1 and (z,y) — w(ad(J)z,y) is

positive definite on V.

(3) The minimal adjoint orbits Omin and —Oniy are distinct.

(4) The quartic @ is non-positive.

(5) The character x of M is trivial.
Proof. — We first show (1)<(2). If G is of Hermitian type then the center of £ is
non-trivial, i.e., there exists 0 # X € £ such that [X,Y] = 0 for any Y € £ Write

X=s(E—F)+(z+6(z))+ T with s e R, z € gy and T € &,. Then, by (2.2.2) and
(2.2.3):

0=[X,E—-F|=-%+6(z),
where T € g_; and 6(z) € g;. Hence x = 0. Further, for every v € g; we have

0= [va + 9(’0)] = 8(@_ 6) + [Ta U] + [T,H(’U)],
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and therefore [T, v] + sé(v) = 0 and [T, 0(v)] — sv = 0. This implies

ad(T)v = —s0(v) and ad(T)w = sf(w)
for v € gy and w € g_1. Now, if s = 0 then ad(T) = 0 on g+1, and trivially also
on g+, hence on g which is only possible if 7' = 0, because g is assumed to be
simple. So s # 0 and therefore ad(T)?|,., = —s?. Then J := s~!T € m satisfies
ad(J)?|g,, = —1. Further, for X,Y € V = g_; we have, by Lemma 2.5.1

0< —k(X,0Y)=—k(0X,Y) = ko -w(ad(J)X,Y)

and hence w(ad(J)X,Y) is positive definite.
Conversely, let J € m with ad(J)?|4,, = —1 and w(ad(J)X,Y’) positive definite on V.
Note that J := exp(5J) € M satisfies Ad(J?) = -1 and Ad(j)|gil = ad(J)|g.,-
Then one can define an involution 6 on g by

O(E) := —F, O(F):=—E, 0(H) := —H,
and for v € g1, w € g_; and T € m by
0(v) := —ad(J)v, 0(w) = ad(J)w, 0(T) = Ad(J)T.
It is immediate that 2 = 1 and hence 6 is in fact an involution. We now show

that 6 is a Cartan involution. Then, by the same computations as above, the center of
the corresponding maximal compact subalgebra ¢ = g? is spanned by X = F — F +J
and hence G is of Hermitian type. To show that # is a Cartan involution we compute
K(X,0(X)) for X € g;, i =—2,-1,0,1,2.

(1) For X = E € g we have k(X,0(X)) = —ko < 0.

(2) For X € g; we have x(X,0(X)) = ko - w(X,ad(J)X) = —ko - w(ad(J)X, X),
which is strictly negative for X # 0.

(3) For X € m we have 6(X) = JXJ L. Since m C sp(V,w) via X — ad(X)|g_,
the Killing form k., has to be a scalar multiple of the Killing form of sp(V,w)
on each simple factor of m. It is well-known that the involution §(X) = JXJ!
extends to a Cartan involution of sp(V,w) and hence k(X,0(X)) < 0 for all
X #£0.

(4) For X = H € a we have x(X,0(X)) = —2k¢ < 0.

(5) For X € g_; we have s(X,0(X)) = —ko - w(ad(J)X,X) and hence strictly
negative for X # 0.

(6) For X = F € g_5 we have x(X,0(X)) = —r0 < 0.

Next, the equivalence (1)< (3) follows from [69, Theorem 1.4]. (Note that g cannot
have a complex structure, because in this case g as the highest root space would have
a complex structure and have real dimension > 2.)

Let us show (3)<(4). If the orbits Opin and —Opiy are distinct then Ad(M) - E = {E}.
Hence, by Lemma 2.7.1 the quartic () is non-positive. If conversely @ < 0,
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then by Lemma 2.7.1 we have Ad(m)E = FE for all m € M. We obtain
Ad(MAN)E = {e*"E : r € R} and further

Ad(NMAN)E
={e¥” (E+T+p(z) — sH + (¥(z) — sz) + (Q(z) — s*)F) : 7 € R, (z,5) € V x R}.

In particular, the coefficient of E of every element in Ad(NM AN)E is positive. Since
the set AA(NMAN)E is dense in Op,, the element —E cannot be in O, and
therefore, Onin and —Oy,i, are distinct.

Finally, (4)<(5) follows from Lemma 2.7.1. O

COROLLARY 2.9.2. — If G is Hermitian, then the formula in Lemma 2.8.2 simplifies
to

AMH@E0) = (14 2022 — Q) + 2)V2.
Proof. — If G is Hermitian, J € m and hence, by the m-equivariance of By and Bg:
JU(z) = 3By (Jz,z, x) and Bo(Jz,z,z,x) =0,
so that by Lemma 2.4.2:
w(p(Jz)z,z) = 12Bg(Jz, Jr,z,2) — 8|2|* = 3w(Jz, By (Jz, z,)) — 8|=|*
= w(Jz, JU(2)) - 8Jo|t = 4Q(x) — 8Ja]",
(z|¥(z)) = iw(Ja?, U(z)) = Bg(Jz,z,z,z) = 0.

Further, polarizing Lemma 2.4.1 (2) gives By (¥(z),z, %) = 1Q(z)x and hence

|U(x)]? = iw(J\Il(x),\Il(x)) = Bo(J¥(z),z,z,2) = —3Bg(¥(x),z,z, Jx)

3
Inserting this into the formula in Lemma 2.8.2 and rearranging shows the claim. [

REMARK 2.9.3. — Note that if g = su(n + 1,1) then V = C" with Q(z) = —|z|*, so
that the above expression becomes

@A(H(H(zyt))) _ ((1 + |.’E|2)2 +t2)
This formula is well-known (see e.g., [36, Theorem IX.3.8]).

In the case where G is Hermitian we further show that the pair (sp(V,w), m) is
of holomorphic type in the sense of Kobayashi [51, Definition 1.4]. Recall that for
reductive Hermitian Lie algebras hh C g, the pair (g, ) is said to be of holomorphic
type if there exists a Cartan involution € of g which leaves h invariant and an element
z € & = bh? such that ad(z) = 0 on £ = g’ and ad(2)? = —1 on p = g~ ?. In this
case the natural embedding H/(K N H) C G/K of Hermitian symmetric spaces is
holomorphic.
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COROLLARY 2.9.4. — If G is Hermitian then m is also Hermitian and the
pair (sp(V,w), m) is of holomorphic type.

Proof. — We can choose the element z to be z = %J € m. A Cartan involution
of sp(V,w) is given by §(T) = JTJ~ !, hence z € sp(V,w)’. Further ad(z) = 0
on s5p(V,w)? = {T € sp(V,w) : TJ = JT}, and for

Tesp(V,w) ™ ={T esp(V,w): TJ = —JT}
we have ad(z)T = JT and ad(2)?T = 3[J,JT] = J*T = —T. O
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CHAPTER 3

PRINCIPAL SERIES REPRESENTATIONS
AND
INTERTWINING OPERATORS

In this chapter we define degenerate principal series representations induced from
the parabolic subgroup P (see Section 3.1), describe their realization in the non-
compact picture on functions on the Heisenberg group (see Section 3.2) and briefly
discuss standard intertwining operators between them (see Section 3.3). We believe
that the formula in Proposition 3.3.1 for the integral kernel of the intertwining op-
erators is new. Moreover, in order to take the Fourier transform of the non-compact
picture, we recall the Heisenberg group Fourier transform in Section 3.4. Finally, in
Section 3.5 we use the Schrédinger model of the irreducible unitary representations
of the Heisenberg group to extend the Fourier transform to distributions and apply it
to the non-compact model of the degenerate principal series to obtain a new model,
the Fourier transformed picture.

3.1. Degenerate principal series representations

For a smooth admissible representation (¢,V;) of M and v € af we let
(¢, I(¢,v)) be the induced representation Indg(( ®e”®1), acting by left-translation
on

T(C,l/) ={f € C®(G,V;) : f(gman) = a~"~*{(m)~* f(g) for all man € MAN}.

Here p € a* denotes as usual the half sum of all positive roots.

3.2. The non-compact picture

Since NM AN C G is open dense, functions in I| (¢,v) are uniquely determined by

their restriction to N. Therefore, we define for any f € I(¢,v) a V¢-valued function fz
on V x R by

falz,8) :== f((z,s)), (z,8) e VxR
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32 CHAPTER 3. PRINCIPAL SERIES REPRESENTATIONS

and let _
I¢v) ={fs: feI(V)}
The representation 7¢,, on T (¢,v) defines an equivalent representation m¢ ,, on I(¢,v)
by
(@) fa = (Tew(9)f)w, 9€G, feI( ).
The realization (I(¢,v), ¢, ) is called the non-compact picture of the degenerate
principal series. Note that

S(VXR)(éVC QI(C’ )CCS:mp(VXR)(gV‘C’

where S(V x R) denotes the space of Schwartz functions, i.e., smooth functions de-

creasing rapidly at infinity together with all their derlvatlves and Cf,,(V x R)

denotes the space of smooth functions which grow at most polynomially at infinity.
We compute the action of M AN and wy in this realization:

PROPOSITION 3.2.1. — For f € I(¢,v) and (x,s) € V x R we have

7"'C,l/(ﬁ(y,t))f(mv 8) = f(m —y,s—t+ %w(az,y)), ﬁ(y,t) € N?
e (m) f(z,8) = ((m) f(m™ 2, x(m)™'s), m € M,
Tew () f(z,8) = TR femx, €2 s), e e A.

Moreover, for { = 1 the trivial representation of M we have
11 9 + U(z) — sz s )
v ) = - + y T .
1, (wo )f(‘/'v S) |S Q(.T) f < 32 _ Q(.T) 82 _ Q(l‘)

Proof. — The formulas for M, A and N are obvious. For 7y, (wo) we use Lemma 2.7.1.
O

We can use these formulas to find the differentiated action dm¢,(X) =
%’t:o m¢.v(exp(tX)) of the Lie algebra g on I((,v). To simplify the formulas,
we let E denote the weighted Euler operator on V xR, i.e.,

E = Zxa +2388

where z = ) xqe, for any basis (ea) of V.
COROLLARY 3.2.2. — The Lie algebra representation dm¢, of g on a Ve-valued func-
tion in (x,8) € V x R is given by

dme,y(F) = —0s,

drc(v) = =0, + sw(w,v)ds, vEG
dre o, (T) = —0r, + d¢(T), T em,
dre,(H) =E+ (v +p),

) = Op(a)w+o(sm)—sw + sw(sz + ¥ (), )0,

+ %w(m,@) —2d{(B,,(z,w)), w € g1,

dTl'C’l,('w
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Ay (E) = Osuru(a) + (° + Q(2))0s + (v + p)s + dC(p(x)).

Proof. — The formulas for dr¢ ., (F), dr¢,, (v), dr¢ o (T) and dn¢, (H) follow by differ-
entiating the corresponding group actions in Proposition 3.2.1. For dn¢ , (E) we use

Lemma 2.7.2 to find for f € I(¢,v):

f(exp(_tE)ﬁ(w,s))
t=0

d
dr¢(E) fa(z,s) = 7

_4d
Tdt

l(l — 25t — t*(Q(x) — 32))_#C(m(e_tEﬁ(z,s)))_1

t=0

. z+t(¥(z) — sx) s+ t(Q(z) — s?)
X f (1 " 2st— 2(Q(x) — 52)’ 1 — 25t — £2(Q() — 32)> ]

d , p ez,
= g1 [a=2st = 2@ - )7 F ] fetos)
+ % » [C(m(eitEﬁ(Ls)))il] fﬁ(x,s)
d| , ( a+t¥)—sa) s +HQ(x) - 52)
Tl <1 25t — 2(Q(x) — 57)" 1 = 2t — 2(Q(x) — 52)> '

The first of the three terms is seen to be (v + p)sfr(z,s). For the second term we
use from Lemma 2.7.2 that 4|,_om(e *Fn(, ,)) = —pu(z), so that the second term
becomes d¢(p(x)) fa(z, s). The third term equals sdy (z) fa(, s)+ (s* +Q(z))0s fa(s, z)
by a careful application of the chain rule.

Finally, dm¢,(w) can be obtained from dm¢,(F) and dm¢,(w) by dm¢,(w) =
[dﬂ'(,,,(m),dﬂ'c’,/(E)]. O

3.3. Intertwining operators

For Rev > 0 the standard Knapp-Stein intertwining operator
A(Gv) : 1(¢,v) = (w0, —v)

(with [wo(](m) = ((wy Ymawg)) is given by the convergent integral
A1) = [ (guom)an
N

It is well-known that E(C ,v) extends meromorphically to all v € C. We consider the
Knapp-Stein operator A(¢,v) in the non-compact picture:

A ) fa = (A Ne (F €T(Gv)).
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ProPoOSITION 3.3.1. — Assume ( = 1 is the trivial representation, then the opera-
tor A(C,v) is the convolution operator

A(Lv)f(z,s) =/ 2 = QW)= f((w,5) - (y,1) d(y, 1)

V xR

Proof. — In [50, Chapter VII, §7] it is shown that
A(C.)f(0) = [ atug )~ ¢lm(wy ) (gm) dn

with m(w, ‘@) and a(wy @) as in (2.7.1). Then, Lemma 2.7.1 immediately yields the
claim. 0

REMARK 3.3.2. — Of course one can also write down a formula for A(¢, v) for general
¢, but we will not need this in what follows.

3.4. The Fourier transform on the Heisenberg group

The infinite-dimensional irreducible unitary representations of the Heisenberg
group N are parameterized by their central character iA € iR*. More precisely, for
each A € R* there exists a unique (up to equivalence) infinite-dimensional unitary
representation (o), Hy) of N such that doy(0,t) = i\t for (0,¢) € 7 ~ V x R.
There are two standard realizations of o, the Schrédinger model and the Fock
model. The Schrédinger model is realized on the space Hy = L?(A) for a Lagrangian
subspace A C V, whereas the Fock model is realized on the Fock space Hy = F(V)
consisting of holomorphic functions on V' (with respect to a certain complex structure)
which are square-integrable with respect to a Gaussian measure.

Since M acts on N by automorphisms, the map n — o)(Ad(m)n) defines an
irreducible unitary representation of N with central character ix(m)\, and hence
there exists a projective unitary representation wmes,» of M on the same representation
space such that
(3.4.1)

o (Ad(M)M) = Wmet, (M) © Ty (m)A (T) © Wineg,x (M) ™! for allm € M,m € N.

Since M; = {m € M : x(m) = 1} acts symplectically on V, the representation
Winet, ,\|M1 is simply the restriction of the metaplectic representation of Sp(V,w) to My,

viewed as a projective representation.
For f € L'(N) we form

(3.42) or(f) = /ﬁ F(R)ox(R) dr,

where dn is a fixed Haar measure on N. If we identify X € n with the corresponding
left-invariant vector field on N, then

(3.4.3) ox(Xf) = —oa(f) o dor(X).
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Further, if f *x g € L'(N) denotes the convolution of f,g € L*(N) given by

(f*9)(a /f ) dy,

then
ox(f *g) = ox(g) o or(f).

We have the following Plancherel Formula (after appropriate normalization of the
measures involved):

sy = [ loa(IE

Here ||T||%g = tr(TT*) denotes the Hilbert-Schmidt norm of a Hilbert-Schmidt op-
erator on a Hilbert space. Realizing all infinite-dimensional irreducible unitary repre-
sentations of N on the same Hilbert space H, = H and writing HS(H) for the Hilbert
space of Hilbert-Schmidt operators on H, the Fourier transform can be extended to
an isometric isomorphism

(3.4.4) F: L*(N) — L*(R*,HS(H); ||

dll’ll 1%

dr),  FfA) = oax(f)-

3.5. The Schriodinger model and the Fourier transform of distributions

For the Schrédinger model of the infinite-dimensional irreducible unitary repre-
sentations of N ~ V x R one has to choose a Lagrangian subspace A C V and a
Lagrangian complement A* C V. Then the Schrédinger model is a realization of o
on H = L%(A) given by

(85.1)  oa(zt)p(a) = eMePEE DHE D@ oy (z e Ap e L2(A))

for z = (2/,2") € A®@ A* =V and t € R. The corresponding differentiated represen-
tation of m ~ V x R is given by

dox(z,t) = =0, +idw(2", z) + i)t z=(,2"Ye A A =V,teR.
For u € S(N) we have

[ox(uw)e](y) = / u(z,t)or(z,t)p(y) dz dt

// / Z Z t z)\tei)\( w(z" )+ iw(s, Z”))ga(y—z') dtdz" dz'
= / (/ /u(y — :c,z”,t)e”‘tef%(”(”y’zﬁ)) dt dz") o(x) dz
A * JR

= / ﬂ()\a z, y)go(cc) dl‘,
A

where

(A, z,y) = / / u(y—z, 2", t)eNe T g a2 = Fy Fau(y—=, 3 (z+y), —A).
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Here F> denotes the symplectic Fourier transform with respect to w in the second
variable, and F3 denotes the Euclidean Fourier transform with respect to the third
variable.

PRrROPOSITION 3.5.1. — The linear map
S'(N) — D'(R*) @8’(A x A) ~ D'(R*) @Hom(S(A),S’(A)), u— u,

is defined and continuous. Its kernel is given by those distributions which are polyno-
mial in t.

Proof. — Clearly F,F3 is a topological isomorphism S’(N) — S’(A x A x R). Restrict-
ing the last coordinate to R* defines a continuous linear map

S'(AxAxR)~S(AxA)BS(R) = S'(AxA)BD (R¥).

Finally, the change of coordinates (z,y,\) — (y — z, %(m +y), —A) induces a contin-
uous linear isomorphism on &’(A x A) ® D’(R*). Composing these three maps shows
continuity of the map u +— 4. To determine its kernel we observe that the only non-
bijective map in this three-fold composition is the restriction to R*. Its kernel is given
by all distributions v € 8'(A x A x R) with suppv C A x A x {0}. Such distributions
are necessarily of the form

o(@,y,0) = (e, )80 (V)
k=0
for some distributions vy € S’(Ax A). Taking the inverse Fourier transforms F, 'oF; !
shows the claim. O

REMARK 3.5.2. — The map u — 7 is essentially the group Fourier transform of N,
but only evaluated at the infinite-dimensional unitary representations oy, A € R*.
Therefore, it has a kernel which can be treated using the finite-dimensional unitary
representations of N.

COROLLARY 3.5.3. — Assume that (¢, V;) is a smooth admissible Fréchet representa-
tion of moderate growth. Then, for Rev > —p the Fourier transform

F:Iv)CS VxRV, = DRSS (Ax ARV,
18 injective.
Proof. — We embed ( into a principal series representation Ind%/A,N/(C’ Qe ® 1)
of M induced from a minimal parabolic subgroup M'A'N’" C M, where (¢', V) is a

finite-dimensional representation of the compact group M’ and v/ € (ag)*, with o
denoting the Lie algebra of A’. Using induction in stages, we may embed

I(¢,v) = Ind§ (¢ ® e’ ® 1) € Indppraanvnn (¢ @ e @ 1).

By Proposition 3.5.1, the kernel of the Fourier transform consists of functions which,
restricted to NV ~ V x R, are polynomial in ¢t € R. It therefore suffices to show that
the restriction to N of a function f € Indpraay vy (' ® e’T" ® 1) cannot be a
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non-zero polynomial in ¢ if Rev > —p. After possibly translating f by an element
of N, it suffices to show that f (T(0,+)) cannot be a non-zero polynomial in ¢ € R.
Since M'(AA’)(NN') is a minimal parabolic subgroup of G,we have an Iwasawa
decomposition G = KAA'NN'. Write 0o ;) = kaa'nn' with k € K, a € A, d’ € A,
n € N and n’ € N’, then

F(@o) =a™ ()™= f(k).

Since 7o) = exp(tF) is contained in a subgroup locally isomorphic to SL(2,R)
(whose Lie algebra is spanned by H, E and F') which contains A = exp(RH) but
not A" C M, we can decompose 7o ;) Wwith respect to the Iwasawa decomposition
of this subgroup and find that ¢’ = 1 and a = exp(3log(l + t*)H) by a stan-
dard SL(2,R)-computation (or alternatively, using Lemma 2.8.2). Bounding |f(k)|
by C = sup,c | f(z)| shows that

+p

|f(Rep)| <CA+)"7" >0 ast— oo,

by our assumpion on Rev. Hence, f cannot be a non-zero polynomial in ¢. O

REMARK 3.5.4. — We note that
S'(A x A) ~ Hom(S(A),S’(A)) = Hom(H™®, H™>°)

since the space H* of smooth vectors in H = L?(A) is given by the space S(A) of
Schwarz functions.

The previous observation allows us to define a representation 7. , of G on T ¢ v) =
FI(Cv) CD(R*)DS'(Ax A)®V, by

%C,V(g) = foﬂ-(,l/(g) Ofila g e G.

We call this realization the Fourier transformed picture. In this picture, the action of
the opposite parabolic subgroup P is expressed in terms of the representation o) and
the metaplectic representation wmet,x:

PROPOSITION 3.5.5. — For f € I((,v) € D/(RX) ® Hom(H>®, H~°) ® V; we have

7w (M(zn)) fF(A) = oa(z,t) o f(N), Tzt €N,
T (m)f(A) = ¢(m) - wmet, (M) © fF(X(M)A) 0 Wimer, A (M) ™F,  m € M,
Few(€)F(A) = eV 0 f(e™*N) 06, e e A,
where 0,0(z) = p(sz) (s > 0). Alternatively, viewing f as a V¢-valued distribution

in (A, z,y) € R* x A X A, we have

7?C,I/(ﬁ(z,t))f()‘v z, y) = ei)\teik(w(z”,y)+%w(z/,z”))f()\7 z, y - Z,), ﬁ(Z,t) € Na
%C,V(m)f(>H z, y) = C(m)(ldix ®wmet,—)\(m) & wmet,)\(m))f(X(m)Aaxny m € M7
Few(e™) (N z,y) = eV f(e72N, ez, ely), et e A
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Proof. — The first three identities are derived from Proposition 3.2.1 by composing
with the Fourier transform given in (3.4.2) and (3.4.4). For instance, the first identity
follows from the definitions using left-invariance of the Haar measure dn on N:

e M) o FulN) = F o 16, (e)u(Y) = [ 7,0 umon () d

/ ((t) 0')\ f / U)\ n(zt )dﬁ

- /ﬁ u(®) [ax(ﬁ(m)) 00y (ﬁ)} din = o5 (R(sp)) © /ﬁ w(@)os(7) d7
= o(z,t) o Fu(N),

where we use the identification V x R ~ N, (z,t) — T(2,¢)- The last three identities
follow from the first ones by identifying f(A) € Hom(S(A),S’(A)) with its Schwartz

kernel f(A, z,y) in the sense that

ox@ " =o_x(@?) and Wmet A (M) T = Wmet,—a(m™1)

as operators S(A) — S(A), S(A) — S'(A) or §'(A) — S'(A). For instance,
the previous computation shows that 7¢,(7(..) acts on f(A) by the compo-
sition o) (z,t) o f(A), which in turn is given by (3.5.1). Hence, for every test
function ¢ € S(A):

[o3(2:1) 0 F )| () = PN+ p(2)(y — o)

— M AW )+ Ew (' 2) / fO 2,y —2)o(x) dz
A

- / [6i/\tei’\(w(‘zu’y)+%°’(2"z”))f(A, T,y — Z’)] o(z) de,
A

i

so the Schwartz kernel of o (z,t) o f()) is eMeir@WE W +3wE2") f(X 2y —2/). O

and by making use of the fact that

It seems difficult to express the action of N or wg in the Fourier transformed
picture. More accessible is the action of the Lie algebra g in the differentiated repre-
sentation dm¢, which can be obtained using Corollary 3.2.2 and the formulas in the
following lemma. We will not carry out the computation of the Lie algebra action on
the whole principal series representation, but rather restrict to a certain subrepresen-
tation in Section 5.5.

For the following statement, denote by 0, . resp. 0, , the directional derivative

in the variable z resp. y in the direction v. Moreover, we use the coordinates (z,t)
on V x R.

LEMMA 3.5.6. — Let u € §'(V x R).

MEMOIRES DE LA SMF 180



3.5. THE FOURIER TRANSFORM OF DISTRIBUTIONS 39

(1) Forv € A we have

—_— 1 N

LL)(’U, Z)U(Aﬂl:vy) = _a(av,m + a@y)U()\,l‘,y),
— 1 N

Fyu(X, z,y) = _5(81),96 — Ouy)u(A, z,y).

(2) For w € A* we have

w(z,w)u(A, z,y) = w(y — z,w)u(\ z,y),

A
Buu(N,2,y) = Twla +yw)a(\,y).

(3) For differentiation and multiplication with respect to the central variable t we
have

ﬂ(Av T, y) = —’L)ﬂ?()\, T, y)a
1 ~
ﬁ(8z+y,x + am—i—y,y)u()‘a T, y)~
Proof. — We only show the last formula, the rest is standard. For this let (e,) C A be
a basis of A with dual basis (€,) C A*. Then, using (1) we find

)\ z y —’L/ / y—z, P ta [ i)\t:l e—%w(m-}-y)z//) dt ds"

= ~i0xi(,y, A / / w(z+y,z -z, z”,t)ei’\te_%“’(ﬂ“’y’z”) dtdz"

H‘L()‘a Zz, y) = _ia/\a()‘a T, y) -

= NI ) + 5 3wl Bl (ﬁ)u(x,x,w

(e

1 ~ ~
= —id\I(\, 3,y) — 5y Z (2 + Y, €4)(Oey & + Oey y)UN, 2, 1)

and the claimed formula follows. O
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CHAPTER 4

CONFORMALLY INVARIANT SYSTEMS
AND
THEIR FOURIER TRANSFORM

We recall the construction of conformally invariant systems on Heisenberg nilrad-
icals due to [2] in Section 4.1, discuss their conformal invariance in Section 4.2, and
compute their action in the Fourier transformed picture in Sections 4.3, 4.4 and 4.5.

4.1. Quantization of the symplectic invariants

In [2, Sections 5 and 6] four conformally invariant systems of differential operators
on N are constructed. We briefly recall their construction and properties. For this,
let (en) €V be a basis and €, be the dual basis with respect to the symplectic form,
i.e., w(eq,€3) = ag. Denote by X, the left-invariant vector field on N corresponding
to eq €1, ie.,

d

Xaf(ﬁ) = %
t=0

f(meee).
In the coordinates (x,t) € V x R ~ N this operator takes by (2.6.1) the form
(4.1.1) Xo =00 + 3w(z,€0)0,

where 0, = O, -
4.1.1. Quantization of w. — For v € V' we let
1
Qu(v) =Y w(v,8a)Xe =0, + 59(@, ).

[e3
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4.1.2. Quantization of 1. — For T' € m we let

Qu(T) =) w(Te,, ) XaXp.
o,
Note that, by Corollary 2.4.6, the linear form T' — w(T€,,€g) on m is proportional
to T — tr(TB,(e4,€3)) on each simple or abelian factor of m, which, in turn, is
proportional to T' — k(T,B,(€s,€3)) by Lemma 2.5.1, x being the Killing form
of g. In this sense, 2, can be understood as a quantization of y. Using the explicit
expression (4.1.1) of X, in the coordinates (z,t) € V x R we find

Q(T) = 3 (T2, 5) (O + 30(x. €0)31) (D5 + Sz, e5)0)

o,
=Y w(Te,, ) [aaag + Lu(z, )00, + Lw(z, €5)0a0; + tu(, ea)w(s, eﬂ)az]
a,B

(4.1.2)

= w(T8,8p)0a0s — Ora0; + tw(Tx, )0}
o,

4.1.3. Quantization of ¥ and Q). — For v € V we let
Qu(v) == Y w(v, By(Ca,8p,8)) XaXpX,,

o, By
Qg = > Bq(ta,ep,ey,85) XaXs X, X;.
a,B,7,0

4.2. Conformal invariance

In [2, Sections 5 and 6] it is shown that all four systems are conformally invariant
for certain special parameters v in the case where the representation ({, V) is trivial
on the identity component of M, i.e., the differentiated representation d¢ is zero.
Since we also need to involve non-trivial representations d¢ in Sections 5.6 and 5.7,
we give a self-contained proof of conformal invariance for the systems €2, and €2, to
have all relevant formulas available. The following computations use the coordinates
(z,s) e VxR

THEOREM 4.2.1 (see [2, Theorem 5.1]). — For every v € V we have

[ (v), dme, (X)] = 0 (X em),
(2 (v), dme, (H)] = Q(v),
[ (v), dr¢, (8)] = — QW (Sv) (S €m).

Moreover,

(90 (0), dr (B)] = 59 (0) = Qup(@)0) + 2 L(z,0) + 2d0(By (2,0)).
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4.2. CONFORMAL INVARIANCE 43

In particular, for d{ =0 and v = —p the space
1) %W = {f e I(¢,v) : Qu,(v)f =0 for allv e V}

is a subrepresentation of (w¢ ., I((,v)).

Proof. — This is a straightforward verification using the formulas in Corollary 3.2.2.
O

REMARK 4.2.2. — Since the left-invariant vector fields generate the C*°(N)-module
of all vector fields, I(¢, V)Q“’(V) only consists of constant functions and is therefore
the trivial representation. To obtain a non-trivial representation we try to reduce
the conformally invariant system Q. (V) to (W) for a subspace W C V. How-
ever, in all cases except g ~ sl(n,R) the Lie algebra m acts irreducibly on V so
that [Q,(w),dn¢ ,(S)]f = 0 for some w € V implies Q,(v)f = 0 for all v € V.
For g = sl(n,R), the adjoint representation of m on V splits into two irreducible sub-
spaces. In Section 5.6 we show that restricting 2, to one of those subspaces yields a
conformally invariant subsystem for certain parameters ({,v).

THEOREM 4.2.3 (|2, Theorem 5.2]). — For every T € m we have

Q.(T),dr¢,,(X)] =0 (X emn),
[Qu(T), dre,. (H)] = 2Q,(T),
[Qu(T), dme,, (S)] = Qu([T, S]) (S €m).

Further, if T € m’ where m’ is any simple or abelian factor of m, then
[Qu(T), dm¢, (B)] = 25Qu(T) + Qu([T, p(@)]) + (2C(m") — 2 = (v + p)) QW (T)
+4) d¢(Bu(z, eq))Qu(Te) — 2C(m")d¢(T).

In particular, for any simple or abelian factor m’ of m, d( =0 andv =2C(m')—p—2
the space
I1(¢,) ™) = {f e I(¢,v) : Qu(T)f =0 for all T € w'}

is a subrepresentation of (m¢ ., I1(¢,v)).

Proof. — The first three identities are easy to verify. To calculate [Q,(T'),dm¢ . (F)]
we compute all commutators between the different summands of
Qu(T) = w(Teq,8p)0a0s — 07405 + 1w (T, 2)0?
a,B
and
d¢y(E) = 05z + Ou(a) + (s° + Q(2))0s + (v + p)s + d¢(u(x))
separately. First,

[ >0 AT%0,85)0a05, 05| =253 (T, 3)0us.
a,B a,B
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Next, using Lemma 2.4.2 (2) we have
[Z w(Tey,23)040, aw(z)] =6 Z (T, €8)0By (c00:2)98 + 6 Y (T, 85)0By (0 o)
a,fB o,
(Qw(Tea, €8)0u(x)e, 98 + w(Teq, e5)w(x, ea)awaﬁ)

<2w (Ten, ep 6Bu(ea,eﬁ)x +w(Tey,, eﬂ)aw(ea,x)eg)

= Z [T, p(x))en, €3)0a0s + Zw(x eo)w(Txz,e3)0,0p
a,B

- Z 28Bu(ea,Té\o‘)x - aT:E'
a,B

By Lemma 2.4.5, the sum in the third term evaluates to ) B, (eq,T€s) = —C(m')T
and together we obtain

= Z x)]€q, €3)0a08 + Zw(x €a)w(Tz,€e3)0,08
a,B
(20( ") = 1)0rs.

Next, by Lemma 2.4.2 (2) and (3)

[ w(Tea, 86)0a05, (5* + Q(2))04]

a,B

=8 w(Teq,p)Bo(a,,7,)050s + 12 w(T€s,5)Bg(ea,es, ,7)0s
o, a,B

~ o~ 1
= 28T\Il(z)as - Zﬁw(Teoneﬂ)(w(xv Bﬂ(eaa eg).’l?) + iw(l‘a 6g)W(6a,l‘))8s

2 . 1
= _gamx)xas — Zw(x, B (ea;Teq)x)0s + iw(Tx,:c)as,

«

which is, again by Lemma 2.4.5, equal to
2 1
- _gawm)zas + (5 —C(m"))w(Tz,z)0s.

Finally, the last commutator of this type is

[Zw(Taa,ag)aaaﬁ, (v + p)s} = 0.

a,B

Next, we have

[aTxasaasx 8Tz + Z iU Ea TSC 65)6 8/3
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Further, again by Lemma 2.4.2
(07505, duay] = > (3w(Bq,(Tx,x,x),€a) - w(qu(a;),aa))aaas

= —Ou(x)T20s + %W(T$,$)azas + %an(x)zas-
Next,
[0720s, (5% + Q(2))0s] = 2507,0, + 4Bg(Tx, , , 2)d?
= 2507,05 + w(Tx, ¥(2))0?
= 25070, — ([T, p(a)]z, )02
And the last commutator of this type is
(01205, (v + p)s] = (v + p)Ors.
Next, we have
[w(Tz,2)02,0ss) = 2w(Tx,2)0,05 — 25w(Tx, )02
Further,
(T2, 2)02, Ou(ay] = — (w(TU(2),2) + (T, W(@))) 0 = ([T, (@), )07
Next,
[w(Tz,2)02, (s> + Q(x))0s] = 2w(Tx,x)ds + 4sw(Tx,2)0?
and
(w(T2, )02, (v + p)s] = 2(v + p)o(Tz, )0,

Finally, by Lemma 2.4.5:

[Qu(T),d = Qch (eas T€a)) + 4Zd< (,€a))0re, — 2d¢(B,(Tx,))d;
= —2C(m +4Zd§ (2, 0))Q0 (T,).
Collecting all terms shows the claimed formula. O

4.3. The Fourier transform of 2,

Since Q, (v) is acting by the left-invariant vector field corresponding to v € V, it
follows immediately from (3.4.3) that

(4.3.1) oA (Qu(v)u) = —ox(u)doy(v).
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4.4. The Fourier transform of €2,

We show that in the Fourier transformed picture the conformally invariant sys-
tem Q,(T), T € m, is nothing else but the metaplectic representation of sp(V,w)
restricted to m as defined in Section 3.4. For this, we use that dwmet x is the unique
representation of m on S(A) by differential operators such that (cf. (3.4.1))

dox ([T, X]) = [dwmet, A (T), dor(X)] foral T em, X en.

THEOREM 4.4.1. — For every A € R* and T € m we have

o (Q,(T)) = 2iMdwmer 1 (T).

Proof. — It suffices to show that
[doA(Q2.(T)), dor(X)] = 2iXdor ([T, X]) for all X e V.

We compute

[doA (2 (T)), dor(X)] = D w([T,2al, 85)[dor(Xa)or(Xp), dox(X)]
o,

—Z [T,6.],¢ (doA(Xa)[daA(Xg),daA(X)]+[da,\(Xa),dU,\(X)]daA(Xg)>

- quT, 2a,80) (dor(Xa)doA (X3, X]) + dox ([Xa, X])dor(X5) )
a,B

—iAZ (IT,2.),€5) (W(Xg, X)dor(Xa) + w(Xa, X)dor(Xs))

= 22/\2 [T, X],€3)dox(X3) = 2iAdox([T, X)). O

4.5. The Fourier transform of 0y and (g

Although we do not investigate the kernel of the conformally invariant systems Qg
and Qg any further in this work, we provide the Fourier transform of these systems
for completeness.

COROLLARY 4.5.1. — For every A € R* and v € V we have

21\ =R iAo
dorx(Qu(v)) = 5 ox(ea)dwmet, A (Bu(v,€a)) + E(dlmV + Doa(v)
’L)\K,()

= Z ox(T]v)dwmet, 1 (T;) + e (dlm V+1)oa(v),

where (ey) s a basis of V, (€,) the dual basis with respect the symplectic form w,
(T3) a basis of m and (T}) the dual basis with respect to the Killing form k of g.
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Proof. — By Lemma 2.4.2 and Theorem 4.4.1 we have

ox(Qu(v)) = Y w(@s, Bu(v,€a,€))ox(ea)or(es)on(es)

7/3,7
=— Z W(€s, Bu(v,8a)8,)ax(ea)or(e)ox(ey)
ﬁv
- = Z w(es, w(v,8y)ea + w(Ea, &y) X)or(ea)or(es)ar(ey)

B,y
_ %Zm(ea)mm(&(vfa))

1

t 13 Z (0’}\(6@)0')\(6&)0')\(’0) + JA(ea)a,\(v)a,\(éa))

2@)\ ~
ZU)\(ea dwmet )\( (U,@a))

+ = Za)\ (ea)or(€n)or(v) + I ZUA (ea)or([v, €a])-

Using the independence of the chosen basis we find
(4.5.1)

1 i
ZU,\ Jor(ea) = 3 Z (or(€a)or(€a) — or(Ea)onr(ea)) ZCT)\ (leas€a]) = — dimV

«

and o ([v,€,]) = tAw(v, €y). This shows
26\ . 2P
ox(Qy(v) = = ZUA (ea)dwmet A (Bu(v,84)) + ;—Q(dlmv+1)a>\(v).

The second identity follows by expanding B, (v,e) = >, k(Bu(v,€.), T;)T; into the

basis (T;) and using k(B (z,y),T) = QL w(Tz,y) (see Remark 2.8.3). O

The Fourier transform of the conformally invariant differential operator g is
essentially the Casimir element in the restriction of the metaplectic representation
of sp(V,w) to m.

COROLLARY 4.5.2. — For every A € R* we have

(dim V)2

K
o (Q0) = §°A2dwmet,A(casm) S

)\2

where Casy, € U(m) denotes the Casimir element of m with respect to the Killing
form k.
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Proof. — Using Lemma 2.4.2, we find

o\(00) = —15 3 @@y, Bu(a83)8)or (Xa)or (Xa)oa(X,)or(Xs)
a,B,7,0
1 ~ o s
~ 54 Y w(@y, Br(Bas 8)85)0x(Xa)or(Xg)on(X,) o (Xs)
a,8,7,6
oA 1 ~ ~
Zm 0)9) (X5)or (0 (Bu(Ba85)) + 57 D 9 (€a)0(€5)05(€5)0 (€a)-
a,B
Applying (4.5. 1) to the latter sum, first for the summation over 8 and then for the
summation over «, we obtain ﬂ(”‘ dim V)% = —-A?(dim V). For the first sum let

(T;) be a basis of m and (77) its dual basis with respect to the Killing form & of g.
Then

zﬂ )oA(X3) oA ((Bu(@a, ) = 3 Y 6(Bpu(€ar€5), T))oA(Xa)oa(X5)on(2u(Th))
i o,

= —Ko Z UA(QM(T{))UA(QM(TZ'))

= 4"‘70>\2 Z dwmet,A(H)dwmet,A(T’i)
= 4k dwmes A (Casn),
where Casy = >, T/T; € U(m) is the Casimir element of m. O
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CHAPTER 5

ANALYSIS OF THE FOURIER TRANSFORM OF (2,

We study the subrepresentation I(¢,v)®(™ and its image in D'(R*)®S'(A x A)® V;
under the Fourier transform in the case where G is non-Hermitian. For this, we first
recall some more structure theory following [76, 75]. More precisely, the 5-grading
of g with respect to the grading element H € g is refined to a bigrading with respect
to a two-dimensional abelian subalgebra of gg containing H (see Section 5.1, 5.2 and
5.3). The bigrading gives rise to natural complementary Lagrangian subspaces A,
A* CV = g_1 which are used in the Heisenberg group Fourier transform. Using this
structure, we solve the differential equation Q,(T")u = 0 on the Fourier transformed
side (see Section 5.4) and in this way obtain a model of the representation I(¢, v/)%:(™
on a subspace of D'(R*) ® S’(A), the Fourier transformed picture (see Section 5.5).
The cases g ~ sl(n,R) and so(p, ¢) have to be treated separately in Sections 5.6 and
5.7. Finally, we compare the formulas for the Lie algebra action in this model with
the literature in Section 5.8.

5.1. The Lagrangian decomposition

By Theorem 2.9.1, the group G is non-Hermitian if and only if there exists O € V'
such that Q(O) > 0. We renormalize O such that Q(O) = 1. Any such O € V has by
[75, Main Theorem| a Lagrangian decomposition

O=A+B,

where p(A) = u(B) = 0 and w(A, B) = 2. This decomposition is unique and A and
B are given by

A=10-v(0)) and B=1(0+7(0)).
Further, the tangent spaces of Z = u~1(0) at A and B,
AN:=TyZ and A =TgZ,

are complementary Lagrangian subspaces. We use this particular Lagrangian decom-
position V = A @ A* for the Schrédinger model of the representation oy of N.
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Note that we use the same letter A for the element A € V and the one-dimensional
subgroup A = exp(RH) C G. It should be clear from the context which object is
meant.

5.2. The bigrading

Let
H, = %(H+/'L(O)) = %(H_FZBH(AMB))’ Hg = %(H_:U'(O)) = %(H_ZBH(AMB))'
Then [H,, Hg] = 0 and ad(H,) and ad(Hpg) are simultaneously diagonalizable. Write
93, = {X €grad(Ha)X = iX,ad(Hp)X = jX},
then we have the bigrading

g=B o
0,

More precisely:

92 = 9(1,1)>
g1 = 8(2,—1) T 9(1,0) + 80,1) T 9(-1,2)>
g0 = 9(1,-1) T 8(0,0) + 9(-1,1)>
g-1=9@1,-2) T 90,-1) T 9(-1,0) T 9(-2,1);
g-2 = 9g(-1,-1)-
Note that Ad(wo)g(i,j) = 8(—j,—i), i-€., wo flips the star diagram along the axis i 4 j = 0.

9@,1)
92,-1) 9(1,0) 9(0,1) 9(-1,2)
91,-1) 9(0,0) 9(-1,1)
91,-2) 9@0,-1) 9(-1,0) 9(-2,1)
g(-1,-1)
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Here m = g(1,-1) ® (MmN g0,0)) ® g(—1,1) and g0y = RH & (m N g(,0)). Further,
m M go,0 = RB#(/‘L B)& mo, where

m? ={Tem:TO=0}={T €m:TA=TB = 0}.
Moreover,
91,2 =RA  and g2 =RB,
and the Lagrangians A and A* are given by
A=RA+g@,-1) and A* =RB + g(_1,0)-
Note that w(A,g(—1,0)) = 0 and w(B, g(,—1)) = 0. Moreover, the maps
80,-1) — 9(-1,1), v+ Bu(v,B)  and  g1,0) — 8(1,—1), W+ Bu(4,w)

are g(o,0)-equivariant isomorphisms. Note that B, (A, B) acts on g_; by

% on g(1,-2),

1

5 on go,—1)»
(5.2.1) B.(A,B)=142, ©.—1)

—3 On g(—1,0),

—5 ong oy

Further, note that
g(2,—1) = RA, 9(-1,2) = RB,
and

[A,B] = —2H,, [B, A] = 2Hp.
For z € g(9,—1) we have u(z) € g1,—1) and hence ¥(z) € g(1,_2) = RA. We define
n:go,—1) — Rby
U(z) =n(z)A, Z € g(0,~1)-
Then the function n(z) is a polynomial of degree 3 which vanishes identically if and
only if g ~ sl(n,R) (see [76, Proposition 7.9]). In all other cases,

J =90,-1)

carries the structure of a rank 3 Jordan algebra with Jordan determinant n(z).
(Strictly speaking, one also has to exclude the case g ~ go(2) where g1y ~ R
with n(z) = 23.) Note that ¥=1(0) N J resp. u~1(0) N J is the subvariety of elements
of rank < 2 resp. < 1. We write J* = g(_1,0) which can be identified with the dual
of J using the symplectic form.

REMARK 5.2.1. — A slightly different and more natural point of view is to endow
(V*, V™) = (J,J*) with the structure of a Jordan pair. This structure consists of
trilinear maps

{0 da  VEX VT xVE S VE
such that

(1) {u,v,w}s = {w,v,u} for all u,w € V* and v € VT,
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(2) {.’E, Y, {U, v, w}:l:}i = {{'Ta Y, u}ﬂ:v v, w}:l: - {u7 {’U, z, y}¥a w}:l: + {ua v, {CE, Y, w}:l:}:l:
for all z,u,w € V* and y,v € VF.
If we define
{u,v,w}s := £(B,(u,w) + Br(u,w))v,

property (1) follows immediately from the symmetry of B,, and B, and property (2)

follows from Lemma 2.4.3 and the m-equivariance of B,,.

In addition to wy we define the group elements

™ ™

(5.2.2) wlzexp<2\/§(A—B)>, Wy = exp (2\/§(B+A)>.

LEMMA 5.2.2. — (1) The elements wy and wy have the following mapping proper-

ties:
Ad(w1)8(i,5) = Bi+i—5)»  AdW2)8(i5) = B(—i,i+5)-
(2) Forve J,we J* and T € m© we have
1 1 —

Ad(wq)F = —\TZB, Ad(un)E = ﬁfL

Ad(w;)A = —B, Ad(w;)A = —V2E,

Ad(w1)v = V2B, (v, B), Ad(w,)T =7,

Ad(w)w = w, Ad(w,)@ = V2B,(A,w),

Ad(w;)B = V2F, Ad(w;)B = —A,
Ad(w1)B,(v,B) = —%v, Ad(w1)B,(A,w) = —%w,

Ad(w,)H = B,,(A,B) + %H, Ad(w;)B,(A, B) = —%BH(A, B) + %H,

Ad(wl)T = T,
and similar for we by substituting (A, B) — (B, —A).
(3) We have wi, w3 € M with x(w?) = x(w3) = —1 and
Ad(w})(aA+v+w+bB)=aA —v+w—bB
) (a,beRve JweJT").
Ad(w3)(aA+v+w+bB)=—-aA+v—w+bB

(4) The following relations hold:

-1 -1 -1 -1 -1
WoWiWy = Wy WiWowW; = Wa, WoWoWy = W

-1 _ -1 _ -1 -1 _
WoWa Wy = Wi, wiWwaw; =W, WaW Wy = Wp.

Proof. — (2) is an easy though longish computation using the definitions in Section 2.2
as well as Lemma 2.4.4. The formulas for Ad(w;) and Ad(ws) then imply (1) and (3).

Finally, (4) follows with the identity
wexp(X)w™! = exp(Ad(w)X)
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and the definitions in Section 2.2. O

5.3. Identities for the moment map p in the bigrading

We show several identities for the moment map p and its symmetrization B,
acting on different parts of the decomposition

V=RA®J & J" ®RB.

LEMMA 5.3.1. — Assume g # sl(n,R),s0(p,q). For z € J and w € J* we have
tr(Bu(A,w) o B,(z,B)|s) = (; + édim j) w(z,w).

We remark that the formula also holds for g = sl(3,R) and so(4,4), but we do not
need this.

Proof. — First note that, since B,, is m-equivariant,
[Bu(A,w), Bu(z, B)] = Bu(Bu(A,w)z, B) + By(z, Bu(A, w)B).
By Lemma 2.4.3, we have B, (A,w)z = %w(z,w)A and B,(A,w)B = —w, and hence

[Bu(A,w), Bu(z, B)] = sz w)Bu(A, B) ~ By(z,w).

Choose a basis (e4) of g(,—1) and let (€,) be the basis of g(_1,g) such that w(eq, €s) = dap.
Then

tr(Bu(A, w) o By(z, = Z B, (2, B)eq, €a)

9(0 1)
-y (w(Bu(z,B)BH(A,w)ea,éa) n %w(z,w)w(Bu(A,B)ea,é\a) - w(B#(z,w)ea,é\a)).

Again by Lemma 2.4.3, we ﬁnd that B, (A, w)e, = sw(eqs,w)A and B,(z,B)A = z,

2
and further B, (A, B)e, = Le, so that

2

9(0,-1) ’

1 1 .
tr(Bu(A,w) o B”(Z’B)|g(0 71)) = (2 + 1 dlmg(07_1)> w(z, w) — tr(Bu(z, w)]

We have B, (z,w) € g(0,0) = RHy ® RHg ® m?, where mC = {T € m : [T, 0] = 0}.

Write Bu(z,w) = aH, + bHg + T with T € m°. Then tr(T|g ) =0
0,—
(since g % sl(n,R),s0(p,q) and hence m© is semisimple) and tr(H, |g ) = 0,
©,-1)
‘51"(H5|g ) = —dim g(o,—1). We determine a and b which will complete the proof.
(0,~1)

Since [T, A] = [T, B] = 0 we have
B, (z,w)A = (a — 2b)A and B,(z,w)B = (b—2a)B
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On the other hand, by Lemma 2.4.3 we find

1 1 1
B, (z,w)A = §w(BH(z,w)A,B)A = iw(BH(A,B)z,w)A = Zw(z,w)A,

B,(z,w)B = %w(A, B,(z,w)B)B = 1w(z,BH(A,B)w)B = —iw(z,w)B.

2

Thus, a = —b = %w(z, w) and the claimed formula follows. O

LEMMA 5.3.2. — For z € J we have
w(z)?B = —4n(2)z.
Proof. — Using Lemma 2.4.3 and p(z)z = —3¥(z) = —3n(z)A we find
w(2)?B = w(2)B,(2,2)B = w(2)B,(z, B)z = [u(z), Bu(2, B)]z + B,(2, B)u(z)z
= [u(2), Bu(z, B)|z — 3n(2) B, (2, B)A = [u(z), Bu(2, B)]z — 3n(2)z.
Now, by the m-equivariance of B,:
(1(2), Bu(z B))z = Bu(u(2)2, B)z + Bu(z,u(2) B)2
= —3n(z)B,(A, B)z + B,(z,B.(z,B)z)z
= —2n(2)z + 5 [Bu(z B) w(:)]5
and hence [u(z), B,(z, B)]z = —n(z)z, and the claim follows. O

LEMMA 5.3.3. — If g is non-Hermitian and m is simple, the number C(m) in

Lemma 2.4.5 is given by

3 dimJ

Proof. — Let (ey) be a basis of g_; and (€,) its dual basis with respect to w, then by
Lemma 2.4.5

(5.3.1) > Bu(Teq,8)=C(m)-T  foral T €m.

We may choose e, € {4, B}Ug(,—1)Ug(-1,0), then &, € {—%A, %B}Ug(o,,l) Ug(-1,0)-
Now put T' = B,,(A, B) € m, then the left hand side of (5.3.1) becomes

1 1 ~ ~
5Bu(TA,B) — S B.(TB, A) + Y Bu(Tea,@a)+ Y, Bu(Teq,ea),

€a€g(0,-1) €a€9(-1,0)
and by (5.2.1) this is
3 ~
5Bu(4.B) + > Bu(ea ea).
€a€P8(0,-1)

Hence Y Bfead) — <C(m) _ 3) B,(A, B).

€a€g(0,-1)
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We apply both sides to A and find

3 3 3
> Bulewend = (cm - 3) Buama= ] (cm-3)a
ea€9(0,-1)
As in the proof of Lemma 5.3.1, we have B, (eq,€q)A = iw(ea;é\a)A - %A and the
claim follows. 0

LEMMA 5.3.4. — Letx = aA+2z+w+bB witha,b € R, z € go,—1) and w € g(_1,0)-
Then

p(@) = (u(2) + 2aBy (A, w)) + (2abB, (A, B) + 2B, (2, w)) + (u(w) + 2bBy(2, B)),
€9(1,-1) €9(0,0) €9(-1,1)

V(z) = (—a2b — %aw(z,w) +n(2)A+ [(—ab — %w(z,w))z —ap(w)A — p(z)w

€9(1,-2) €9(0,_1)

+ [(ab + tw(z, w))w — bu(z)B — ,u(w)z] + (ab® + 1bw(z, w) + n*(w))B,

€9(-1,0) €8(-2,1)

Qz) = ab?® + abw(z,w) — 2bn(z) + 2an™(w) + iw(z,w)2 + %w(,u(z)w,w)7

where we write ¥(z) = n(z)A and ¥(w) = n*
—Bu(A, u(2)B), p(w) = Bu(p(w)A, B) and

Bu(z,w) € tw(z,w)B,(A,B) + mO.

w)B. Moreover, we have u(z) =

Proof. — This is a direct computation. O

5.4. m-invariant distribution vectors in the metaplectic representation

Using Theorem 4.4.1, we compute dwmet, (1) explicitly for T' € m. In view of the
decomposition A = RA+ J, we write x € A as x =aA+ z witha € R and z € J.

PROPOSITION 5.4.1. — For every A € R* the representation dwmes,x of m on S'(A) is
given by

ﬁ Zea,eﬁegw,fn w(T’e\a,’ég)ﬁaaﬁ — %w(TB, Z)@A T e 9(1,-1)»
dwmet,/\(T) = —%w(TA, B)aaA — O, — %tr(T|A) T e 9(0,0) nm,
—adra + 2idw(Tz, 2) Teg-1,-

Proof. — By Theorem 4.4.1:

1

dwmet,A (T) = ﬁ

> w(Te,p)doa(Xa)dor(Xp).
.,
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Since this expression is independent of the choice of the basis (e,) we may choose
€a € {A, B} Ug(O,—l) U g(_Lo). Then é\a S {—%A, %B} U g(07_1) Ug(—l,O)' Further, the
representation doy is in the coordinates (a, z) given by

dor(A) = —0a, dox(v) = =0, (v € g(0,-1))
and
dox(B) = —2i)a, doy(w) = idw(w, 2) (w € g(=1,0))-
First, let T' € g(1,1), then

1 ~ o~
=5 > w(T8q,Ep)dox(Xa)dor(Xp)
a,B

1 ( ~ L > w(TB,és)w(es, 2)0a

2
€esE€P(—1,0)

dwmet,k (T)

+ > w(Taa,ag)aaag—%M > w(T@a,B)w(ea,z)aA)

€a,e8€P(0,-1) €a€g(-1,0)
o~ 1
= — Z w(Teq,ep)0a03 — Ew(TB,z)aA.
€a,e3€P(0,-1)

Next, let T' € g(0,0), then ad(7") preserves each g; ;) and we find

1 ~ o~
dimer \(T) = 5 ) w(Tea, 85)dor(Xa)dor(Xp)
o,
1 1
= o ( — 5iM(TB, A)daa — iA > w([T,Ea],85)0aw(es, 2)
1
€a€g(0,-1)

€es€P(—1,0)

—ix > w([T,@a],€g)w(ea,z)8ﬁ—;iAw(TA,B)a6A>

€a€g(-1,0)
es€P9(0,-1)

1
=5 (w(TA, B)ada + 20r; + tr(TIA))-

Finally, let T' € g(_1,1), then

1 ~ o~
dwmet A (T) = o+ > w(Ten, e)dor(Xa)dor(Xs)
a,B
1 ) .
= 21‘)\(_2)\ Z w(Te,, A)ad,

€a€g(0,-1)

—X ) w(T8a, 8s)w(ea, 2)w(eg, 2) —ix Y w(TA,aﬁ)aag>

€a,e8E€P(—1,0) eg€Pg(,-1)

MEMOIRES DE LA SMF 180



5.4. m-INVARIANT DISTRIBUTION VECTORS 57

1
= —alp4 + §i)\w(Tz, z). O

Recall that J = g(o,—1) is a rank 3 Jordan algebra with norm function n(z) =
1w(¥(z), B), except in the case g =~ sl(n,R) where n(z) = 0 and in the case g ~ ga(s)
where J ~ R is strictly speaking of rank one. We note that for any w € J we have,
by Lemma 2.4.2,

(5.4.1)
Own(z) = %w(?)B\p(z,z,w),B) = —%w(u(z)w + %T(Z)’(U,B) = —%w(u(z)w,B).

THEOREM 5.4.2. — Assume g # sl(n,R),s0(p,q). For every A\ € R* the space
L2(A)=>>™ = §'(A)™ of m-invariant distribution vectors in wmet x is two-dimensional.
More precisely, S'(A)™ = C&x 0 ® CEx,1, where

rela,z) = sgn(a)6|a|3mine—i/\"fj) (aeR,z€ J),

where Spmin = —é(dimA +2) and € € Z/2Z.

REMARK 5.4.3. — For spi, < —1 the definition of &) .(a, z) does not define a locally
integrable function on A, but has to be interpreted as a distribution. In Appendix C
we show that £ . is indeed the special value of a meromorphic family of distributions
on A at a regular point.

Proof of Theorem 5.4.2. — Let £ € S'(A) such that dwmet x(T)€ = 0 for all T € m.
By the assumptions on g, the subalgebra m is generated by g(;,—1) and g(_1,1), so
the above condition is equivalent to dwmet, (7)€ = 0 for T' € g1, 1) and T € g(_1,1)-
First, let T'= B, (w, B) € g(—1,1), W € §(0,—1), then by Lemma 2.4.3:
1 1 1
TA=B,(B,w)A=B,(B,A)w+ Zw(B,w)A - Zw(B, A)w — iw(w,A)B = w,
and for z € J:
w(Tz,2) = w(B,(w, B)z,2) = w(B,(w, 2)B, 2) = w(B,(2,w)z, B) = w(u(z)w, B).
Hence, dwmet,»(T)€ = 0 implies

a0y€ = %Mw(u(z)w,B)f = —iA(Oun(2))E,

which is equivalent to
n(z)

ady (€ - ™ "a

Since w € g(o,—1) Was arbitrary, we have

) =0.

_ianz)
{((L,Z)Zéo(a)e A —1—61(0,,2),
where £y(a) is independent of z and &;(a,z) has support on {a = 0}. Next, let
T = B,(A,w) € g(1,-1), W € g(—1,0), then again by Lemma 2.4.3:

1 1 1
TB = B,(A,w)B = B,(A,B)w + Zw(A,w)B - iw(A,B)w - iw(w,B)A = —w.
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Therefore, dwmet,x(T)€ = 0 implies
> w(T8a,85)0005¢ = idw(z, w)DAE.

€a,e3€P(0,-1)

Let us first assume a # 0, then &(a, z) = §O(a)e_i)‘nfzz) and hence

04&(a,z) = §6(a)e”‘¥ +ixa"*n(2)¢(a, 2),
0.&(a,z) = %i)\a_lw(u(z)ea,B)g(a,z),

8aaﬁ§(aa Z) = i)‘ailw(B/»L(za eﬂ)eom B)E(aﬂ Z) - i)\2a72w(u(z)ea, B)w(tu‘(z)eﬂ’ B)f(a, Z)

We sum the two terms for 0,05 over « and ( separately. For the first term we obtain,
using Lemma 2.4.3 and 5.3.1:

Z w(Teq, €3)w(Byu(2,es)€eq, B) Z w(Tes, eqa)w(Bu(z,es)B, eq)

€ e3€P9(0,—1) €are8€P(0,-1)

> w(Bu(z,ep)B,Tép)

€s€08(0,—1)

=~ Y w(TBu(z B)es,ép)

e3€8(0,—1)

= —tr(Bu(A,w) o Bu(z, B)|

9(0,-1)

1 1 .
= _ <2 + 6 dlmg(0,1)> w(z,w).

For the second term we have

Z w(Teqn, ep)w(p(z)eq, B)w(p(z)eg, B) = —w(p(2)Tp(z)B, B).

€a es€0(0,—1)
But [T,u(z)] = 2Bu(Tz,2) = 0 since T € g,_1) implies Tz € g(1,_3) and
B, (Tz,z) € g(2,—2) = {0}. Therefore, by Lemma 5.3.2:
w(p(z)Tu(2)B, B) = —w(u(2)’B,TB) = —4n(2)w(z, w).

This implies

Z w(Tga,/e\g)aaaﬁf

€a,e3€P(0,-1)
1 1
=—ida ' (Z+2
1AG (2 + 6
and hence dwmes,x(T)€ = 0 becomes
af(') (a) = Sminfo (a‘)
It follows that &y(a) = c1]al®™™ + cosgn(a)|a|*™i». Now assume &;(a, z) has support

in {a = 0} and solves dwmet,x(T)&1 = 0. Then there exists m € N and & , € S'(J),
k=0,...,m,such that & (a,2) = 31—, &1.%(2)0%*) (a), where 6 (a) denotes the k-th

i go,-1) ) (. w)E ~ Na~n(aJu(z w)e
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derivative of the Dirac distribution 6(a). The differential equation dwmet x(T)€1 = 0
then reads

m m
S0 (T8, 85)0a8561k(2)0 (a) = —idw(z,w) Y €14(2)0%H V) (a).
k=0ea,e€H0,-1) k=0
Comparing coefficients of §(*)(a) we find inductively that &, = 0, so that & = 0.
This finishes the proof. O

5.5. The Fourier transformed picture

Assume g % sl(n,R),s0(p,q). Then m is simple and C := C(m) = 3 + 4T

It follows from Theorem 4.2.3 that for a representation ((,V¢) with d{ = 0 and
v=2C—p—-2= —%dim‘_’]— 1, the space

I1(¢v) %™ = {u € I(¢,v) : Qu(T)u =0 for all T € m} C I(¢,v)

is a subrepresentation of (7¢ ., I({,v)). We study this subrepresentation in the Fourier
transformed picture. Let u € I(¢, ) (™) and recall the representations oy (A € RX)
of the Heisenberg group. By (3.4.3), for every A € R*:

0=0x(Qu(T)u) = ox(u) o dor(Q.(T)) for all T € m.
COROLLARY 5.5.1. — Let A : S(A) — S'(A) be a continuous linear operator such
that Ao dox(Qu(T)) =0 for all T € m. Then there exist ug,u1 € S'(A) such that
Ap = (p,Ex0)uo + (p,€-n1)ur  forallp € S(A).

Proof. — Since  dox(Qu(T)) = 2iAdwmet, 2 (T) by Theorem 4.4.1, we have
Ao dwmet A(T) =0 for all T € m. Let AT : S(A) — S'(A) denote the trans-
pose of A and note that dwmem,\(T)T = —dwmet,—A(T) for T € m. Hence
dwmet,—x(T') © AT = 0 for all T € m. Theorem 5.4.2 implies that the image
of AT is contained in &'(A)™ = C£_y 0 @ C&_y 1, so there exist unique ug, u; € S’'(A)
such that ATy = (@, ug)é_x0 + (@, u1)é_x1 for ¢ € S(A). Passing to the transposed
operator once more shows the claimed formula for A. O

By Corollary 5.5.1, we can write

(5.5.1) ox(we(y) = (@, €-x0)u0 (A ) + (@, E-a1)ur(A, y)

for unique ug,u; € D'(R*)®S’(A)®V;. In terms of the integral kernel @(\,z,y)
of o (u) : S(A) — S’(A) ® V; this can be written as

(5.5.2) u(z,y, A) = E-xo(@)uo(A,y) + E-x1(z)ur (A, y).
The map
1(¢, )™ — (D'(R*) 88" (M) B8 V,) & (D'(R*)BS' (M) ®Ve), ur (ug,u)

is injective and we denote its image by Jpin. Let pmin denote the representation of G
on Jyin which turns the map u +— (ug, u1) into an isomorphism of G-representations.
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We remark that Jyi, could be trivial, which is equivalent to I(¢,v)%(™) = {0}.
In order to show that there exists some representation ¢ of M such that Jyi, # {0}
and to extend ppnin to an irreducible unitary representation of G, we compute the Lie
algebra action dpmin (g). For this, we first state the action of the identity component P
of P which is derived from Proposition 3.5.5 as well as (5.5.1) and (5.5.2). Recall that
we assume d¢ = 0, i.e.,  is trivial on the identity component M, of M.

PROPOSITION 5.5.2. — The representation pmi, is for g € Py given by

Pmin(9) (w0, u1) = (Pmin,0(9)%0, Pmin,1(9)u1),
where pmin,c s the representation of Py on D'(R*)®S'(A) given by
Pmine (e f(N y) = eMePN@E W (3 y =2 wy) €N,
pmin.e(m) f(X,y) = (idpx @ wmet,x(m))f (A, y) m € Mo,
Prmin,e (") f(A,y) = el Fomn DI f (720N, efy) el € A.
Since pmine s independent of € € Z/27Z, we abuse notation and write pmin = Pmin,0 =
Pmin,1-

To state the Lie algebra action, we write y € A asy = aA + y'.

PRrROPOSITION 5.5.3. — The Lie algebra representation dpunin of g is given by
d/)min(X) (’LL(), ul) = (dpmin,O(X)u(h dpmin,l (X)ul))a
where dpmin e 15 the representation of g on D'(R*) ®S'(A)® Ve given by

dpmin,e( )
dpmin,e (V) = (ven)
dpmin,e(w) = —z)\w( , W) (w e A*)
dpmin,e (T) - dwmet A(T) (T € m)
im A
dpmin,a(H) = 8y — 200\ + 28min — dl% -1
- dlmA 2
. & /
dpmm,e(A) Za)\aA + Z)\ 8,4 )\2 n(8 )
3 min 1 1
dpmm s( ) - 28)\8 + %8 + §w(u(y')v, B)aA
1 b e -~
5\ w(Bu(y 7'0)6047 eﬁ)aeaaeg (’U € 9(07_1))
a,

dpmin,e (E) = —w(y, w))‘a)\ + W(y, w)ay + 2sminw(y) w)

w(y, B) Y w(Bu(A 0)a,85)0c,0:, (w € g(—1,0))
a,B

dpmin,a(E) = _w(yv B))‘a)\ + w(y, B)ay + Sminw(ya B) + ZZAn(y/)

1
+0uwhw ~ 55y
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4 min 1
dpmin,e (E) = Z)\8/2\ — ia(‘?)\(?A — iaxay' - 5ismina/\ - %aaA
2 / Smin 3Smin +1
+n(y)9a + jzan(9) + 5= dim A — —=S——0y/
1 ~ ~
+ 5y 2. W(R(Y)eas 85)0e, Oc,

«,
where (eq) is a basis of J = g(0,—1), (€a) the corresponding dual basis of g(_1,0) with
respect to the symplectic form, and

n@) = 5 3 WA, Bu(Ea,8, ), 0,0,
a,B,y

Since dpmine 1S independent of € € Z/2Z and of (, we abuse notation and
write dpmin = dPmin,0 = dPmin,1 for the obuvious extension of both representations
to D'(R*) ® S'(A).

Proof. — The formulas for m, a and n follow by differentiating the formulas in Propo-
sition 5.5.2. We next compute dpyi,(B). Writing 2 = a4 + v + w + bB with a,b € R
and v € J, w € J*, we have, by Lemma 5.3.4:

dr¢,,(B) = 2a*04 + 240, + OB — (ab+ %w(v, w) +t)0p
+ (at + n(v) — Law(v,w) — a®b)8; + (v + p)a.
A careful application of Lemma 3.5.6 yields
(5.5.3)
diic(B) = —w(y, B)Adx + (w(y, B) — tw(z, B))w(z, B)0as + w(y — z, B)dy 4
+w(z, B)dy o + 50(y, B)?0a,y +w(y, B)dy,
+ 4idn(2) + idw(u(z)y', B) + 2idn(y’) + “Lw(y — z, B),

where 0, , resp. 0, means differentiation in the direction v resp. w with respect to
the variable z resp. y of 4(\, z,y), and x € RA+2', y € RA+ ¢'. In view of (5.5.2),
we compute with x = a4 + z':

A0 ne(z Mn(w Pnle)e | ela,z’),

(

W(@, B)Da b rc(7) = 20048 r2(a,7') = 28miné_r.(a,2') — 2200 | (a,2'),
(
(

az',zgf)\,s x Mg )\6(

Do)y Yo,

) =
) =
) = a,z’),
Oyt w€—xe(T) =

A short computation using 7 = —Smin then shows

(drcu(BYw) (0o, y) = Y € xe(@)| - wly, B + bw(y, B)?04 +w(y, B)D
€€EL)2L
+ Smineo(y, B) + 20n(y) | u=(\, ).
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This proves the claimed formula for dpmin(B). Since g is generated by m, a, ©
and B, the remaining formulas can be obtained as commutators. More precisely, by
(2.2.4), (2.4.1) and Lemma 2.4.3 the following identities hold for v € J, w € J* and
T € g(1,—1) (so that Tw € J*):

[Ea BIL(Avw)] =w, [T,w]= ma [BH(A’w)vi] = %w(v’w)Aa [Ea Z] =2E. O

REMARK 5.5.4. — We give a formal heuristic argument, why the representation pmyin
should extend to a unitary representation on L2(R* x A, |\|4™A=2sming)). Note that
several steps of the argument need a certain regularization to make sense. However,
since we prove that pni, extends to a unitary representation by different means, we
do not justify all steps. For simplicity we assume that ¢ is the trivial representation.

By Proposition 3.3.1, the invariant Hermitian form on I({,v) is given by a regu-
larization of

(u, A2 % v) :/ tr (UX(A% *v)*a;(u)) IA[dimA gy
RX

= [ (@m0 erw) i

where A(z,t) = t?> — Q(z). Assume that u,v € I(¢,v)%(™ satisfy oy(u)p =
(E-resP)uc(A) and o (v)*h = (v:(A),¥)€-\c, and hence

T (V) oA (W)p = (E-r e, 0) (ue(N), v (A)E-x,e

so that
tr (o2 (A2 )or(0) 0 () ) = (u=(N), 0oV} (or (AT )E Sz €onc).
Now, A(—z,—t) = A(z,t) and ox(z,t) T = o_x(—z, —t), so that
(OAAT)E N Ene) = (0 A(AF)Ene Ene)-
A short computation shows that

oa(ATY) = N8, 8 00 A(AT) 008

Smin

and f)\,s = I)‘|_ 2 5|M%£sgn)\,€a

1
[AI72

where d;¢(x) = p(sz) (s > 0), and hence
<U—>\(A%)£—>\,E’§—R,E> = |>‘|_V_Smin <5 00— sgn)\(A%)g— sgn A,e» 5|>\|

—y—sg. —L1di r—p _—
= |>\| Y Smin 2d1mA<U—sgnA(A 2p)§—sgn}\,67£—sgn)\,s>-

Since A(z,t) is Mp-invariant, the operator ox(A“2%) is wmetx(Mp)-invariant. The

|>\|% %f—sgn)\,e>

subspace of My-invariant vectors in wmes, » is spanned &y o and €y 1, 50 oA (A7Z )€y ¢ is
a linear combination of £, o and £ 1. This shows that

(u, A"7" * v) = const / (e (N), v (N))| A7 G A=y =smin g\
RX

:const-/ /uE(A,:U)UE()\,x)|)\|dimA_23’“‘“ dz d\.
R* JA
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This suggests that the representation pp,;, should be unitary with respect to the inner
product on L2(R* x A, |\|4imA=2smin g\ dz).

We renormalize pnin to obtain a unitary representation on LZ(RX x A). For
0 € 7/27 let

(5.5(11): D'(R*)®S'(A) = D'(R*)®S'(A), ®su(X,z) =sgn(N)°|\|*mu(), £),
then ®; restricts to an isometric isomorphism
LA(R* x A, |A|[4mA=28min g) dy) — L2(R* x A).
With § € Z/27Z to determined later, we define
Tmin(9) = @5 © pmin(g) 0 @5,

then

®;5 00,0 D51 = N\, Bs00) 05 = (0h + A0, +sA7Y),

Psow(y,w) o @5 = A tw(z,w), Psorod;' =\

Using the coordinates (A, z) = (A\,ad +2') € R* x A with a € R and 2’ € J we find:

PROPOSITION 5.5.5. — The representation dmyin of g on D' (R*)®S'(A) is given by
dtmin(F) = i

dTmin (V) = —A0, (veA)
dmmin (W) = —iw(z, w) (w e A*)
A 1
dTin (T) = —% w(T%0,89)0a05 — 5w(TB,a')0a (T €ga.1))
a,B
1
dﬂ-min(T) = _aTz - 5 tr(T|A) (T € 9(070) N l’l‘l)
1
dmmin(T) = —adra — ﬁw(Tﬂfl,xl) (T € 9(-1,1))
dim A + 2

Anin (H) = —0; — 2X05 — —

Atenin(A) = iNOxO4 + 10,04 + im%MaA —2)n(')

1
ATnin (V) = IAONOy + 10,0y — 218min0y + 5)\_1w(u(m')v, B)0a

1 ~ ~
—3 Zw(Bu(x', V)€q, €3)0ec, Ocj (v € g0,-1))
B
ATmin (W) = —w (2, w)0x + Smin A~ w(z, w)
_ 1 ~
A ey — 5;¢(@, B) > w(B,(A,w)e,85)0e, 0, (wE g(—1,0))
o8
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dTmin(B) = —w(z, B)0y + 2iA"?n(z)

ATenin (E) = iA02 + 1050y — 3iSmindx + A\~ 2n(z')da + 2an(9')— ”3“;“ (dimA — 1)

Smin 1 N~ o~
+ B Oy + o) Zw(u(m )ea;€5)0c, Oc, -

a,p

PROPOSITION 5.5.6. — The annihilator of dmmin n U(gce) s a completely prime ideal
whose associated variety is equal to the closure of the minimal nilpotent coadjoint orbit
O;in,c C g¢. In particular, for gc not of type A, the annihilator is the Joseph ideal.

Proof. — For the first claim, the same argument as in [38, Proof of Theorem 2.1§]
applies. The key point is that the (complex) dimension of the minimal nilpotent
coadjoint orbit in g equals twice the (real) dimension of R* x A by Corollary 2.3.2.
The rest follows along the same lines as in [38]. For the second claim, we use the
uniqueness result for the Joseph ideal [17, Theorem 3.1]. O

5.6. The case g = sl(n,R)

For g = sl(n,R), the previous arguments cannot be applied in the same way since
here m is not simple and the value v € af for which Q,(m’) is conformally invariant is
different for the two factors m’ of m. We discuss how to use the first order system Q,,
instead to obtain a small subrepresentation of I({,v) for some v. It turns out that
this subrepresentation has a Fourier transformed picture similar to the other cases.

The subalgebra m decomposes into the direct sum of two ideals
m=my D my,

with mg = RTp and my ~ sl(n — 2, R). We can normalize Ty such that it has eigenval-
ues =1 on V. Then, the eigenspaces A = ker(Tp — idy) and A* = ker(Tp + idy) are
dual Lagrangian subspaces with V' = A @ A*. Note that both A and A* are invariant
under m;. The following lemma can be verified using the explicit realization of g given
in Appendix B.1:

LEMMA 5.6.1. — (1) Forv € A and w € A* we have p(v) = p(w) = 0.
(2) Bu(z,y) = ﬁw(Tox,y)To mod my for allz,ye V.

For r € C let ¢, denote a character of M for which d¢.(m;) = 0 and d¢-(Tp) =
22 4 n=2y In particular, V; = C.

THEOREM 5.6.2. — For any r € C and ( = (., the system of differential opera-
tors Q,(v) (v € A) is conformally invariant for ¢, withv+p =5 + 7.
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Proof. — Since [m,A] C A, Theorem 4.2.1 implies that Q,(v) (v € A) is conformally
invariant if and only if

v+ p
2

for all v € A. This now follows from Lemma 5.6.1 (2). O

w(z,v) + 2d{(Bu(z,v)) =0

REMARK 5.6.3. — Q,(v)u = 0 for all v € A implies Q,(T)u = 0 for all T € m;. In
fact, since TA C A and TA* C A* we have

Q)= Y w(Tu,es)(XaXs+ XsXa)
eq ENegEA*

Z w(Teq,ep)([Xa, Xp] +2XpXa)
e €ENegEA*

for a basis (ey) of V with e, € AUA*. If Q,(v)u = 0 for all v € A, then X,u =0
for e, € A. Further, [X,, Xg] = w(ea,ep)0:, so that > w(Te,,e5)Xa,Xg] =
tr(T'|, )0¢, which vanishes for T' € my ~ sl(n — 2, R).

By (4.3.1), the Fourier transform of Q,,(v) is given by composition with o (v). In
terms of the distribution kernel (A, z,y) of o) (u) this means
Qe (U)u()‘v T, y) = U—A(U)wa()" T, y)

This implies that, for every u € I((.,v)%®) the distribution @(\,z,y) is in the
z-variable a distribution vector in L?(A)™° = &’(A) which is invariant under
o_x(v) = =0, for all v € A. These are obviously only the constant functions:

PROPOSITION 5.6.4. — For every A € R* the space L?(A)~>" = S'(A)* of A-in-
variant distribution vectors in oy is one-dimensional and spanned by the constant
function & given by

&(z)=1 (x € A).

It follows that, for u € I(¢.,v)? @) we can write

u( z,y) = Ea(2)uo(A,y) = uo(Asy)

for some ug € D' (R*) ® S’'(A). Let Juin.» € D'(R*) ®S’(A) denote the image of the
map

I, )@ S D(RX)®S'(A), u— ug,

and write pmin,» for the representation of G on Jyin » which makes this map G-equiv-
ariant.
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PROPOSITION 5.6.5. — The representation dpmin» 0f § 00 Jminr» € D' (RX) @)S’(A) 18
given in coordinates (\,y) € R* x A by

dpmin,r(F) =

dpmin,r (V) = wen),
dpmin,r () = —mw(y, ) e AN,
dpimin,r (T) = =0ry — 32 tx(T|1) (T € m),
dpmin,r(H) = 8y — 2)\6,\ - n2r

Ao (0) = 0+ 255200 (v € A),
dpmin,r (W) = w(y, )(a —2dy) (w € A¥),
dpmin, (B) = i(A} — 0\0, — "=2=29, 4 120,

Proof. — We proceed as in the proof of Proposition 5.5.3. The formulas for m, a and
n follow from Proposition 3.5.5, and for w € A* we find, using Lemma 3.5.6 and
Lemma 5.6.1:

B () = w(z,w) [ay_x,x SRyt 2)d<<To)]

Since v+p = 25d((Tp) and 9, &x(x) = 0 for all v € A, it follows that for u(A, z,y) =
5,)\(1‘)11,0()\, y)

dicp (W)u(A, z,y) = E-x(z) - w(y, w)(y — Ax)uo(A, y).

This shows the formula for dpmin »(w). The formula for dpmin - (0) is obtained by a
similar computation, and for dpmin -(E) we use that [0, w] = —w(v,w)E. O

The change of coordinates x = Ay finally yields a representation dmmin,, of g
on D'(R*)®S’(A) given by

AT min,»(F) =

AT min,r(v) = (veAd),
A min (W) = —zw(m w) (w e A¥),
dmmin, (T) = —8rg — %52- tr(T|A) (T € m),
ATmin,r (H) = —0z — 2A0) — T,

AT min,r (V) = i(A0x + 05 + ™5 2T)a (v e AY),
AT min,» (W) = —w(z, w)dy (w € A%),
dmin,r (E) = i(A0x + 95 + “525)05.
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REMARK 5.6.6. — It can be shown that for ( = (., r € C, and v 4+ p = n — 2, the
second order differential operator

0 (Th) = 2 (To) + 5 d¢(Th)?,

is conformally invariant for m¢ ,. For n > 3, the single equation Qz(T 0)u = 0 is not
sufficient to give a small representation similar to the previous cases; only for n = 3
this is the case, since here m = mg = RTj. In fact, for n = 3 the same arguments as
before identify I(C, y)QfL(T") with a subspace of D'(R*) ® §’(A) and the corresponding
Lie algebra action agrees with the one obtained in Proposition 5.6.5. This is due to
the fact that for n = 3 the parameter families (v,7) = (—3 +7,7) and (v,7) = (=1,r)
are related by the Weyl group element

w(dlag(Hl, HQ,H,?,)) = diag(Hl,Hg, HQ)

It is likely that the corresponding standard intertwining operator identifies the two
subrepresentations I({,, —% + )% @) and 1(¢,, —I)Qi(T").

5.7. The case g = s0(p, q)

We also treat the case g = s0(p, q) separately since here m is not simple either and
the values v € af for which ,(m’) is conformally invariant are different for the two
factors m’ of m. Instead, we combine variations of the first order system €, and the
second order system (2, to the case of vector-valued principal series in order to obtain
a subrepresentation of I(¢,r) which has a Fourier transformed picture similar to the
other cases.

For g = so(p, q) the lack of simplicity of m stems from the fact that J = g(o,—1) is
not a simple Jordan algebra but the sum of two simple Jordan algebras, the
one-dimensional Jordan algebra which is of rank one and a (p + ¢ — 6)-dimen-
sional Jordan algebra of rank two. Write J = Jy & J with J, = RP and
J ~RP=3473 ~ RP=3 x RY73 and similarly J* = J; @ 7" with J; = RQ such
that w(P,Q) = 1 and w(Jo,J ) = 0 = w(J7, J5). We decompose v € J into
v =y + U with vg € Jy and ¥ € J and similar for w € J*.

Note that we use the same letter P for the element P € J and the parabolic
subgroup P = M AN C G. It should be clear from the context which object is meant.

The following statement is the analog of Lemma 5.3.1:

LEMMA 5.7.1. — Forv e J and w € J* we have

+qg—6 _
tr(B,(A,w) o B, (v, B)|7) = ’%w(vo,wo) + w (v, ).
Proof. — This is a straightforward computation using Appendix B.2. O
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According to the decomposition J = Jy ® J the Lie algebra m splits into
m=mydm with mg~sl(2,R) and m~so(p—2,q—2).

We collect a few more identities related to the bigrading, all of which can be verified
by direct computations using the explicit realization of g given in Appendix B.2.

LEMMA 5.7.2. - (1) mg =~ s[(2,R) is spanned by the sl(2)-triple
(ev /s h) = (\/iBH(A7 Q)’ \/iBu(Pv B)7 B#(Av B) - ZBu(Pv Q))
(2) Bu(A,Q): T — T and B,(P,B) : T — T are isomorphisms satisfying

Bu(4,Q) o Bu(P, B)|..

1, 1,
= 51(17* and B,.(P,B) OBM(A,Q)|7: §1d7.

(3) Bu(v,B) € m if and only if v € J.
(4) u(P) = Q) = 0 and u(T) C RB,(P, B), u(7) C RB,(A, Q).
(5) Forve J:
1(v)Q = —w(vo, Q)Y,
(o) = —w(@, (v, Q)P + w(uW)P, B)Bu(A,Quw  (weT),
p(v)B = —W(M( )P, B)Q + 2w(vo, Q) B, (P, B)v.
(6) Bu(P,Q) acts on V as follows:

3 1 _
BM(P7Q)A = ZA7 BM(Pa Q)P = ZP7 BM(P7Q)v = _Z/U (U € j)’
1 3 1 —
BH(PaQ)B:_ZBa BH(P’Q)Qz—ZQa BIL(PaQ)wz Zw (UEJ )
Let ¢ be a representation of M such that d( is trivial on m.

PROPOSITION 5.7.3. — The system of differential operators

A w) =D (v + p = 2w(v,80) +4d¢(Bu(v,8)) ) Qu(ea)

e

is conformally invariant for m¢ ., if and only if d{(Casm,) = (v + p)(v + p — 2), where
Casm, = h% + 2ef + 2fe. In this case, the joint kernel

I(C,V)QE(A) ={uecI(¢v): Q5 w)u=0 for allv € A}
is a subrepresentation of I({,v).

Proof. — Using Theorem 4.2.3, we find

(9, (v), ¢, (X)] = 0 (X em),
(9, (v), dre o (H)] = 9, (v),
(9, (v), dre (8)] =~ (Sv) (S em).
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Moreover, we have

[95(0), e (B)] = 3 (v p = 2)(v,8a) +4dU(Bu(v,80)) ) [0 (ea), drc.o (B)]

[e3

+4 Z dC([Bu(Ua €a), /J(x)])Qw(ea)

e

=3 (@ + 0= 2)w(v,2) +4dC(By(v,70)))

X (1 (ea) = Qu(pl)ea) + 20 (@, €0) +24C(By(w, €4))
— 437 (dC(Bu(u(@)v,8a) + dC(By (v, p(x)a)]) ) Ru(ea)

= 105 (v) — Q5 (u(w)v) + LHEE=D (3, v) — 4d((By (@, v))
+8 " d¢(Bu(v,84))d¢(Byu(z, ea))-
The last term is evaluated in the next lemma and the claim follows. O
LEMMA 5.7.4. — For v,w € V we have

Z B, (v,€4)Bu(eq,w) = %60.1(11,111)(h2 + 2ef +2fe) + %Bu(v,w) mod mU (myp).

Proof. — We first note that
1 1 1
B,(v,w) = Zw(hv,w)h + iw(fv,w)e + §w(ev,w)f mod m.

This can be shown by applying both sides to A, B, P and @ and pairing with another
element in this list with respect to the symplectic form. Plugging this into the sum
and using the following identities on V' (which is a direct sum of p + ¢ — 4 copies of
the standard representation R? of mg ~ s1(2,R))
(5.7.1)

ad(h)? =1, ad(e)? = ad(f)* =0,

1 1
ad(e) ad(f) = 5(1 + ad(h)), ad(f)ad(e) = 5(1 —ad(h)),
ad(h)ad(e) = —ad(e) ad(h) = ad(e), ad(h)ad(f) = —ad(f)ad(h) = —ad(f),
shows the desired formula. O
Now let G be a connected Lie group with Lie algebra g = so(p, q) such that the
analytic subgroup (expmg) of M corresponding to mg ~ sl(2,R) is the non-trivial
double cover of SL(2,R). For k € Z/4Z and s € C there exists a principal series

representation ((j s, Vi,s) of (expmg) with K-types v,, n € 2Z + %, on which the
basis

k=f—e, xiZh:Fi(e-f—f)
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of my acts by
(5.7.2) dCr,s(K)v, = invy, Al s(x1)vn = (s £+ 1)vpta.
Note that for k¥ = 0,2 these representations factor through SL(2,R) and become the
usual even and odd principal series for SL(2,R), while for £ = 1, 3 the representations
are genuine. We also write (¢, V¢) = (Ck,s, Vi,s) for short and denote by ¢ any extension
to M which is trivial on M. Note that for ¢ = (i s, we have d((Casy,) = s* — 1, so
that Q¢ is conformally invariant for m¢, if and only if s = (v + p — 1). We therefore
let s=—(v+p-—1).

The Fourier transform of the equation Q¢ (v)u = 0 is by (4.3.1):

—

0= Q5 W)u(\, z,y) = ((,, +p—2)do_x(v)+4> _ d((Byu(v, €a))da,>\(ea))zﬂ(>\, z,y).

This motivates the following:

PROPOSITION 5.7.5. — For every A € R*, the space of all £ € S8'(A) ® V¢ satisfying
((u +p—2)dor(v) 43 dg(Bu(v,aa))daA(ea))g —0
(o3

consists of all distributions of the form &(a,z) = fg(a,p)e_“nEf) (a eR, z € J,
p=w(z,Q)) with
&o = Z §o,n @ vp € SI(RQ) ® Ve

k' mod 2

’I’L:2

and each &, € S'(R?) homogeneous of degree —1 satisfying the recurrence relation
(s+n+1)(p—iV20)6on = (s —n = 1)(p+ iVa)o nsa-

Proof. — A short computation shows that the above equation is equivalent to

(5.7.3) ((s + 1) — d¢(h))da& — 2v/2d((e)dpE = 0,
(5.7.4) ((s+1) + d¢(h))ag + V2d¢(f)p¢ = 0,
(5.7.5) ((s + 1) + d¢(h)0pE — V2d( ()D€ = 0,
(5.7.6) ((s+1) — d¢(h))p€ + 2v2d¢(e)as =0,
and forve J

(5.7.7) ((s 4+ 1) = d¢(R))Bu€ + 2V2ird(¢ ()w (B, (z,v) P, B)¢ = 0,
(5.7.8) iM(s 4+ 1) + d¢(h)w(B,(z,v) P, B)¢ + V2d((£)8,€ = 0.

Combining (5.7.6) and (5.7.7) resp. (5.7.4) and (5.7.8) we find
d¢(e) (a@v — i)\pw(Bu(x,v)P,B))f =0=4d¢(f) (a@v — iApw (B (z,v)P, B))f,
hence (a0, — iA\pw(B,,(z,v)P, B)){ = 0. Note that

dun(r) = ~ 3w (u(a)v, B) = ~po(B,(x,v)P, B),
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n

az)) = 0. It follows that £(a,z) =
. Combining (5.7.3) and (5.7.6) resp. (5.7.4) and (5.7.5) yields

d¢(e) (aaA + pdp + 1)50 =0=d¢(f) (aaA + pdp + 1)50,

hence (aBa + pdp + 1)§p = 0 and & is homogeneous of degree —1. Write
& =2, %,n ® vy, then using (5.7.2), we find that (5.7.3) and (5.7.5) are equiv-
alent to

so that this equation is equivalent to 8, (¢ - e**

fo(a,p)e_un(“m)

(S +n+ 1)(8,4 + i\/gap)fgvn = (s -_n— 1)(8A — ’L'\/gap)&),n_m,
and that (5.7.4) and (5.7.6) are equivalent to

(s+n+1)(p—ivV2a)on = (s — n — 1)(p + iV2a)€o,nr2-

It is easy to see that the latter identity implies the first one whenever & ,, and &y n42
are homogeneous of degree —1. O

In Proposition 5.7.5, the space of invariant distribution vectors & is still infinite-
dimensional. This indicates that the kernel of the system QS (v), v € A, is not small
enough to yield a representation in the same way as in Section 5.5. We therefore also
construct a vector-valued version of the second order system €2,:

PROPOSITION 5.7.6. — For v = —p+g_2 the system of differential operators

Q(T) = Qu(T) +2d¢(T)9; (T €m)

is conformally invariant on the kernel of the system S, i.e., the joint kernel
1(¢,v) MM = fy € I(¢, )%™ QS (T)u =0 for all T € m}

is a subrepresentation of I1(¢,v).

Proof. — Using Theorem 4.2.3 we find that
[Q5(T), dm¢ ,(W)] =0,
[5,(T), dr¢ (H)) = 2Q4(T),
[Q5.(T), dr¢ (8)] = ([T, S) (S em).
We further show that [, (T), dm¢,, (E)] can be expressed as a C°°(fi)-linear combina-
tion of operators in Q¢ (m) and QS (A). First note that
[d¢(T)0y, dme o (E)] = d¢(T) (05 + 2t0:) + (v + p)d¢(T) + dS([T, p(z)]) 0.
Together with the formula for [Q,(T),dn¢ , (F)] in Theorem 4.2.3, this yields
(5.7.9)
[95.(T), dme, (B)] = 26Q,(T) + Q5([T, u(2)]) + (2C(m") = 2 = (v + p))Qu(T2)
+4) dC(B(w, Te,))Qu(eq) + 2d¢(T)0, + 2(v + p — C(m'))d((T).
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By Table 2 in Appendix D, C(mg) = 2*4=* and C(W) = 2 and v + p = 2F4=*. Let us
first assume that m’ = m, then d{(T") = 0. Further, since [T, B,(z,€,)] € W, we have
d¢([T, B,.(z,€4)]) = 0, and hence

(2C(m') =2 = (v + p)Qu(T2) + 4 d((By(z,Ta))Rul(ea)
=—(w+p-2)Q,Tz) - 42 d¢(Bu(Tz,84))Q0(e0) = Q5 (T2).
«
Now let m’ = mg, then v + p — C(m’) = 0, so the last term in (5.7.9) vanishes. Using
QS (Tx) = 0, the first two terms combine to
4> " d¢(Bu(x,Tes) — Bu(T,84)) Qu(ea),
which, by the following lemma, equals
—2d¢(T)Q (x) = —2d{(T) 0. O
LEMMA 5.7.7. — For T € my and x,y € V we have
1 _
B,(Tz,y) — B,(z,Ty) = §w(x,y)T mod m.
Proof. — Modulo m we have
1 1
B,(Tz,y) — Bu(z,Ty) = Z(w(hTm,y) —w(hz, Ty))h + g(w(fTar,y) —w(fz,Ty))e
1
+ 5 (w(eTx, y) - w(ew, Ty))f
1 1
= L0((WT + Thyz,y)h + (T + T )z e

+ %w((eT +Te)x,y)f.
Using (5.7.1), one shows that for T' = Tj,h + Tee + Ty f we have
(hT + Th)x = 2T, (eT + Te)x = Ty, (fT+Tf)r =Tex,
so the result follows. O

We finally fix v = —%, k=p+qgand s=—-(v+p—1) = —%. Note
that ¢ = (x,s is reducible and has a unique irreducible subrepresentation. This sub-
representation is finite-dimensional for p + ¢ even and spanned by

VUp+qg—8,UVUptq—8 _9y e yU_p+q—8,
2 2 2
and it is infinite-dimensional for p + ¢ odd and spanned by
Vpt+g-8, ’Up+q—8_2, e
2 2

By Theorem 4.4.1 and Lemma 3.5.6, the Fourier transform of Qﬁ(T) takes the form

—

Q%(Tu(\, z,y) = =2\ (dwmet, - (T)z + dC(T)) T, z, ).
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We therefore study m-invariant distribution vectors in L?(A)"° @ V; = §'(A) ® V..

PROPOSITION 5.7.8. — For every A € R*, the space (S'(A) ® Vi)™ of m-invariant
distribution vectors in wmet,—x ® ¢ is two-dimensional and spanned by the distributions

((LER, Zej;pzw(QO))
_ian(z) .
f)\,s(aa z) = €O,E(a7p)e A with 50,5 = Z go,s,n X Uy,

and

p+q—6
2

€0,e,n(a, p) = cnsgn(a)®lal” (V2[a| + isgn(a)p)"(2a® +p*) " %,
with (cp)n Satisfying
(n+ 2+ 2,40 = (n — EE=S)e,.
Proof. — We first study invariance under 7' € m in the same way as in Theorem 5.4.2.
For v € J we have

(5.7.10) dwmes ) (B (v, B))E = —ad, (€ - e

n(z) —i) n(z)

a).e ,

so that invariance under B,(J,B) C m implies {(a,2) = &ﬂa,p)e‘”‘y with
& € S'(R?*) ® V¢ and p = w(z,Q). For w € J* we further have

1 —_ - 1

dwmer A (Bu(4, )E = o > w(Bu(A w)ea, 85)0a0¢ — 59(zw)dat.
a,B

For £ as above we find

72}# Z)\Tl(Z)

04 =048 - € T2 3
-y n(z) A
0af = wleq,Q)Opky - e~ a + ;—aw(p(z)ea,B)S,
nz) A

00056 = wlea, Qules, QDo - € + Zuea, Quln(=)es, B)Opko - e,
)\2 )\
- 7W(H(z)ea, B)W(M(Z)eﬁa B)§ + %W(BH(Z, ea)eﬁy B)g

4a?
Combined with Lemma 5.7.1 and 5.7.2, this gives
w(zp, w +qg—6 _iane)
(G711 i r(Bu(A w))e = L2 (o, 1 PHIZOg | e
~ w(z1,w1) i)

g [aaAfo + pdpéo + fo] e e,

so that invariance under BH(A,j*) implies that &, is homogeneous of degree —1.
Next, we consider the action of mg on £ of this form. By (5.7.10) and (5.7.11), a

distribution £(a, z) = &(a, p)e‘”‘y is invariant under my if and only if

—§ <aaA + p*g”) €0+ V2dC(e)éo =0 and  — 2adp€o + V2dC(f)& = 0.
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Writing &0 = >, §0,n ® v, and using (5.7.2) shows that this is equivalent to

+q-6 .
<2aap —pds— Z’gi) €on = inV260 0,

2 2

The first equation has the solutions

+q—6 V2
(Zaap +paA + pqz> é'(),n = Zl((s +n— 1)&)’”,2 — (8 —n — 1)§O,n+2)-

p+q—6 p+q—2n—8

€o.n(a,p) = cosgn(a)la]™" 7 (V2|a|+isgn(a)p)"(2a°+p*) " 3 (c € Z/27),

and for this choice of &y, the second equation is equivalent to

(n—s+1cpy2=(n+s+1)cn.

It follows that ¢, = 0 forn > —(s+1) = w, and for n < L?S the sequence (cy,) is
uniquely determined by Cptg=s. The result follows. O

REMARK 5.7.9. — Comparing the invariant distribution vectors in Proposition 5.7.5
and Proposition 5.7.8 suggests that Qi(m)u = 0 implies Q¢ (V)u = 0. However, we
were not able to show this only using the differential operators Q¢ (T) and €5, (v).

By the same arguments as in the other cases, u € I((, Z/)QE(V)’Qi(m) implies

a()‘7 z, y) = f—/\,O(‘T)UO()‘v y) + g—A,l(m)ul ()‘) y)

and we obtain a representation pmin = (Pmin,0,Pmin,1) Oof G on a subspace
Jmin € (D'(R*)®S'(A)) @ (D'(R*) ® S’(A)) which makes the map u — (ug,u)
equivariant. Also here, dpmin, is independent of € and we simply write dppmin =
dPmin,0 = dPmin,1 and extend dpmin to D' (R*) @S’(A).

PROPOSITION 5.7.10. — The representation dpmin of g on D' (R*) ® S'(A) is given by

the same formulas as in Proposition 5.5.83 with smin = —1, except for the following:
. 1 1 o o~
dpmin (V) = 1020, + iw(,u(y')fu, B)0a — o Zw(B#(y',v)ea, €3)0e,, Oc;
a,B
N (Smin — 1?%&, (ve ﬁ)),
(smin - d1r;1A + 1)%81) (’U € j)a
1 PO
dpmin(w) = —w(y, ’LU))\@A + w(y, w)ﬁy + a,u(y’)w - ﬁw(ya B) ZW(BM(Aa w)eaa eﬁ)aeaaeg
a,B
(smin - w + 1)w(y,w) (’U] € k70*)a
($min — Dw(y, w) (wed),
) s — dim A
dpmin(E) = 'L)\ai - z‘a8>\8A - ia)\ay/ - 2(25 — % - 1)8)\ - T2aa.4 + n(yl)aA
2 (s—1)(s—dmA 1) 51 s— dmh 4
* an@) - ix T S S W
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t 5o 2 @ (1(y)ear 89)De, ey
a6

Proof. — The proof is similar to the one of Proposition 5.5.3, the crucial computa-
tion being the one for dpmi,(B) which is obtained by taking the Fourier transform
of dr¢,,(B)u. Since

dm¢,(B) = dm,,(B) — 2d((B,(, B)),

we can consider the two terms dmy, (B) and d{(B,(z,B)) separately. For the first
term, the Fourier transform was computed in (5.5.3), and for the second term we use

Bu(e,B) = 3w, B)Bu(A, B) + w(z, Q) B,(P, B),
so that
A (Bul, B)u = 5y — 2, BYAC(B,(A, B))i + wly — 7, Q)aC(Bu(P, B)).
Applying the result to

)\w,y Zg Aa e )

using
AONEne(x) = %5—,\,5(0,%’),
(a0a + pOp)é—re(x) = —§-xc(2),
0z e(z) = %f—x,e(a@/),
056 2e(x) = — (a7, B)E-.c(a, ),
gives

BRe (BYAN 2,9)
DL ()| (0 B)AOs + il B)O, — wly B) + 2000(t/) [ 0 )

v+p—1

_ggBZuE)\y[ (a0 — pOp + 05) + —

~ (B4, D) 1.0
+w(y—z,Q) Z ue (N, y) [2a0p + idw(p(2) P, B) — 2d¢(BL(P, B))| {-x. ().
The m-invariance of £_» . further implies that

UC(BLP B = (a0 + LNlulIP,B) ) -

1 +q—6
dC(BM(A’ B))g—)\,s = 5 (aaA - paP + af+ pg) é.—)\,s’
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so that the claimed formula follows. The formulas for dpmin(7), dpmin (@) and dpmin(E)
are now obtained by taking commutators as in the proof of Proposition 5.5.3. O

As before, we change coordinates using the map @4 in (5.5.4) with sy, = —1 and
obtain a representation dmmi, of g on D'(R*)®&’(A) which is given by the same
formulas as in Proposition 5.5.5, except for

1
Apmin(T) = iAOXD, + 10,0, + ﬁu(ﬂ(x')v, B)oa+iY _ w(Bu(z',v)ea,es)0e, Oe,
o,

210, (’U S j()),
i%@v (wed),
- 1 1, ~ ~
dpmin (W) = —w(z, w)0x + X(?u(w/)w + 5@(.0(:5, B) Zw(Bﬂ(A,w)ea, €8)0c, Oc,
a,B

[ (we gp),
%w(m,w) (we 7*),

-9 /
dpamin(E) = iAO? + 030y + 2 +g O + "fg )04 + 2an(9)
6 1 1 N~ ~
Oy = aaﬂci + BN 2 ﬁ:w(ﬂ(x )€as €8)0e, Oey-

_pt+qg—6 p+tq-
2i) 2i\

5.8. Matching the Lie algebra action with the literature

For some cases, the Lie algebra representation dmy;, can be found in the existing
literature.

5.8.1. The split cases g = so(n,n), eg(s), ¢7(7), es(s)- — For the split cases g = so(n,n),
¢6(6), ¢7(7) and eg(g), our formulas for the representation dmy;, agree with the formulas
in [48, Appendix].

5.8.2. The case g = gy(2). — Let g = go(2), the split real form of go(C). Then the
subspace h = RH, ® RHg is a Cartan subalgebra of g. The roots A = o — 23 and
u = —a+ [ form a system of simple roots with A\ a long root and p a short root. A
Chevalley basis of g is given by

X, = —2B,(B,C), X_, = —2B,(A,D), Xoxy3,=F,  X_ox_3,=E,

1 1
Xa=——2A, X, =-V2C, Xatou = —V2D, Xyis,=——~=B,
A \5 Ap A2u A+3u \/5

1 - __ _ 1
X_\= _72B7 Xf)\fp = _\/iD, Xf)\72“ = \/50, X*)\*3H = EA
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Using the the coordinates

() = <z %A + \/iyc) :

the Lie algebra action dmyi, equals the one given in [73, pages 124-125], which is due
to Gelfand [21]. (In [73] the simple roots are denoted by « and 3 instead of A and p.
Further note that in [73] the term —22D3 in the formula for T(X_,_3p) has to be
replaced by —% D3, cf. [21].)

5.8.3. The case g = sl(n,R). — For g = sl(n,R), the Lie algebra action dmyin,, agrees
with the action of g on the Fourier transformed picture of a different degenerate
principal series, namely one corresponding to a maximal parabolic subgroup. Let
Q = LgoNg C G be a parabolic subgroup with Lg ~ GL(n—1,R). The characters x, .
of Ly are parameterized by r € C and € € Z/2Z, and we form the degenerate principal
series Indg (Xr.e). In [68, Proposition 4.2], this representation is realized in the non-
compact picture on Ng ~ R"7!, and the Euclidean Fourier transform on R"~1! is
applied. Surprisingly, this results in the same formulas as the ones obtained for dmpyn r
in Section 5.6, if we identify the tuple (\,z) € RX x A with a vector in R"~! ~ N,.

In Section 7.1 we integrate dmmin » to irreducible unitary representations of SL(n, R)
which are equivalent to the unitary degenerate principal series Indg (xr,e) with r € 4R
and € € Z/2Z.

5.8.4. The case g = s0(4,3). — For g = s0(4, 3), Sabourin [72] constructed an explicit
L2-realization of the minimal representation. His formulas in [72, Proposition 3.6.2
and 3.6.3] have a lot in common with our realization, but the major difference is
that in his model the Lie algebra acts by differential operators of order < 2, while
we need order 3 in general. We believe that Sabourin’s realization can be obtained
with our methods by choosing a different Lagrangian subspace A C V. More precisely,
for g = s0(p, q) the Lie algebra m ~ s[(2, R)®s0(p—2,¢—2) acts on V ~ RZQRPTI—4
by the tensor product of the two standard representations. We believe that choosing
A and A* to be so(p — 2,q — 2)-invariant, one obtains Sabourin’s formulas.
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CHAPTER 6

LOWEST K-TYPES

To show that the subrepresentation I(¢,v)# (™) is non-trivial for some choice of
a representation ¢ of M, we find in this section the lowest K-type in the Fourier
transformed picture explicitly. For this, we first construct in Section 6.1 a Cartan
involution on g with corresponding maximal compact subalgebra ¢ C g which is
compatible with the bigrading on g constructed in Section 5.2. The rest of the chapter
is devoted to explicit case-by-case computations exhibiting the lowest K-type. The
nature of the lowest K-type is quite different in the various cases, so a classification-
free description seems out of reach.

6.1. Cartan involutions

We study Cartan involutions in the case where m is simple. This excludes the
cases g = sl(n,R) and g = so(p, ¢) for which we separately discuss Cartan involutions
in Sections 6.5 and 6.7.

To construct a Cartan involution on g, we make use of Lemma 2.8.1, i.e., we
construct a map J € End(V) which satisfies the conditions of Lemma 2.8.1. For this,
we first choose a unit in the Jordan algebra J. Let C € J = g(o,—1) with ¥(C) # 0 and
put D := u(C)B € g(_1,0).- Then, by Lemma 5.3.4 we have u(C) = —B,, (A, u(C)B) =
—B,(A,D) and u(D) = B,(u(D)A, B). On the other hand, by the m-equivariance
of B, and Lemma 5.3.2:

#(D) = B,(1(C)B, u(C)B) = [u(C), Bu(B, u(C)B)] — B,(B, u(C)*B) = 4n(C)B,(C, B).
—_———
€9(—2,2)=1{0}
It follows that u(D)A = 4n(C)C and hence u(D) = 4n(C)B,(C, B). We therefore
renormalize C' such that n(C) = 1, then
N(C) = _B/L(AvD) and M(D) = BM(C7B)a

as well as

uw(C)D = -C and u(D)C = D.
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80 CHAPTER 6. LOWEST K-TYPES

It further follows that ¥(C) = 1A and

W(D) = (A, W(D))B = ~ Lw(A,u(D)D)B = cw(u(D)A, D)B = Lw(C,D)B
= Lw(C,M(C)B)B = —cw(u(C)C, B)B = Lw(¥(C), B)B = 1 B.

Note that this computation also shows that w(C, D) =

Njw

LEMMA 6.1.1. - B,(C,D) = 1B, (A, B).
Proof. — We have

[1(C), w(D)] = 2B, (w(C)D, D) = —=2B,(C, D).
On the other hand, (D) = B,(C, B), so that

[1(C), w(D)] = Bu(u(C)C, B) + B, (C, u(C)B) = —%Bu(A,B) + Bu(C, D). O

LEMMA 6.1.2. — The elements {2u(C), 2B, (A, B), —2u(D)} form an sl(2)-triple.

Proof. — By the proof of Lemma 6.1.1, we have [u(C), u(D)] = —1 B, (A, B). Further,
[B.(4, B), u(D)] = 2B,(B.(4, B)D, D) = — (D). -
Let Jo ={v € J : w(v, D) = 0}, so that 7 = RC & Jp.
Similarly, let J§ = {w € J* : w(C,w) = 0}, so that J* =RD & J;.
— —Lidz, and u(D)u(C)

LEMMA 6.1.3. — u(C)u(D) =—1idgs.

Jo

Is

Proof. — It suffices to show the first statement, the second one is proven similarly.
Let v € Jo, then

u(C)u(D)v = [u(C), p(D)]v + p(D)p(C)v = —iv + w(D)p(C)v.

Since 1 1 1
u(Cv = 5‘*)(#(0)’073) = —Ew(v,u(C)B) = _iw(vaD) =0,
the claim follows. O

In [76, Theorem 7.32] it is shown that J can be endowed with a natural Jor-
dan algebra structure with unit element C' and norm function N(v) = 4n(v). The
corresponding trace form is given by

T(u,v) = 0,N(C)0,N(C)—0,0,N(C) = dw(u, D)w(v, D)+4w(u(D)u,v), u,ve J.

Note that, since T(C,v) = 2w(v, D), the T-orthogonal complement of C' in J equals
Jo. Write u = ©uogC + v/ and v = voC + v’ with v/,v’ € Jy, then

(6.1.1) T (u,v) = 3ugug + dw(u(D)u',v").

DEFINITION 6.1.4. — A Cartan involution of a Jordan algebra J with trace form T is
an involutive algebra automorphism ¢ of J such that T'(dv,v) > 0 for all v € J\ {0}.
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6.1. CARTAN INVOLUTIONS 81

Using a Cartan involution of the Jordan algebra J, we obtain a natural Cartan
involution compatible with the bigrading on g constructed in Section 5.2:

PROPOSITION 6.1.5. — For every Cartan involution ¥ of the Jordan algebra J, the
map J € End(V) given by
JA = -8B, JC =-D, Jv = 2u(D)dv (v e Jo),
JB=A, JD =C, Jw = 29u(C)w (we Jy),
satisfies the conditions of Lemma 2.8.1.
In what follows we will fix such a Cartan involution 4 of J and let J be the cor-
responding linear map on V and 6 be the corresponding Cartan involution on g. Fur-

ther, let £ = g denote the corresponding maximal compact subalgebra and p = g—¢
its Cartan complement.

Proof. — Condition (1) follows from ¥? = id and Lemma 6.1.3. Condition (2) follows
from (6.1.1) and Lemma 6.1.3. The only non-trivial computation for condition (3) is

w(Jv, Jw) = dw(u(D)v, Iu(C)w) = T (Yv, 9u(Cw) = T(v, u(C)w)
= dw(u(D)v, p(Clw) = —dw(u(C)p(D)v,w) = w(v,w)  (v,w € V),

by Lemma 6.1.3 and the fact that ¥ is a Jordan algebra automorphism and therefore
leaves the trace form invariant. Condition (4) is equivalent to

JB,(z,y)J ' = B,(Jz,Jy) forallz,yeV,
which is checked by a lengthy case-by-case computation. O

The Jordan algebra J is called Euclidean if its trace form is positive definite. In
this case, we can and will choose ¥ = ids as the Cartan involution. Let

To = Bu(B,C) — Bu(A,D) = u(C) + (D) € tNm,

noting that Ty € ¢ since 8(u(C)) = pu(JC) = u(D) by Lemma 2.8.1 and Proposi-
tion 6.1.5.

ProPOSITION 6.1.6. — If J is a Euclidean Jordan algebra and 9 = idy, then the
elements

T, =2Ty— (E~F), To=A-2D+60(A—2D), T3=B+2C+6(B+20)
span an ideal &1 C ¥ which is isomorphic to su(2).

Proof. — We first note the following commutator formulas in £ (see (2.2.2), (2.2.3),
(2.4.1) and Lemma 2.4.4):

[E—F,z+0(z)]=Jz+0(Jx) forall z €V,
[S,z + 0(x)] = Sz + 0(Sz) forall SetnNm,z €V,
[E—F,S]=0 for all S € ENm,
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[z 4+ 6(z),y +0(y)] = —w(z,y)(E — F) = 2(Bu(Jx,y)
— B, (z,Jy)) for all z,y e V.
Further, we have
ToA=C, ToyB=D, T,C= —ZA +D, TyD= —zB - C.
We first show that #; is a subalgebra. For this we compute
[T1,T»] = (2To — J)(A = 2D) + 6((2To — J)(A — 2D)) = 4T3,
[Ty,T3] = (2To — J)(B + 2C) + 6((2Tp — J)(B + 20)) = —4T5,
[T3,T3] = —w(A —2D,B+2C)(E — F)
- 2(B,(J(A-2D),B+2C)—- B,(A-2D,J(B +2C)))
= 8T3.
It remains to show that & is an ideal, i.e., [¢, ;] C ¢;. First, by similar computations
as above, T7, T5 and T3 commute with
2Ty +3(E—F), 3A+2D+6(3A+2D) and 3B—-2C+6(3B—2C).
Finally, similar computations show that 77, T» and T5 commute with
— v+0v,ve JyorveJy,
— B,(v,B)+ B,(A, Jv), v € Ty,

— Se 9(0,0) ne. O
REMARK 6.1.7. — The renormalized generators
~ 1 ~ 1 ~ 1
T,==T, To=—=Tp, T3=—=T
1=54 2 We 2 3 WG 3

satisfy the standard su(2)-relations

[T1, ) = 213, [T», T3] = 2Th, [I3,T] = 2Ts.

6.2. The quaternionic cases g = eg(2), e7(—5), €3(—24)

Assume that the Jordan algebra J is simple and Euclidean, i.e., the iden-
tity ¥ =idgs is a Cartan involution. Then J is isomorphic to Herm(3,F) with
F € {R,C,H, O}, the Jordan algebra of 3 x 3 Hermitian matrices over the real
numbers R, the complex numbers C, the quaternions H or the octonions O. By
Proposition 6.1.6 the group G is of quaternionic type, and by the classification,
we have g =~ f4(4), €6(2), €7(—5), €8(—24) With Spin = —%,—2, —3, —5, respectively. We
decompose £ into simple ideals:

tE=t ot
with &) = RT1 @RT2®RT3 ~ su(2). We further abbreviate n = —spin—1 € {%, 1,2,4}.
For the following statement we use the coordinates (\,aA+z) € R* x A, where a € R
and z € J.
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THEOREM 6.2.1. — For g = eg(2), e7(_s5), es(—24) the space W = @, __, Cfi, with

. Smin =k 2ian(x
fk(>‘7aax) = ()‘_Z\/Ea)k()‘2+2a2) 2 eXp( Y )\2 +(2a2 > Z hkm m zm0’

where K.,(z) denotes the classical K -Bessel function (see Appendiz A),
202 +2a2)I; — I3 I+ \% + 2a2>
V2(A2 +2a2) T (A2 +2a2)2

(rcosf,rsinf) = (

with
I = w(z, D), I, = w(p(z)C, B), Is = w(¥(x), B)
and (hk.m)m=—n,....n s given by (6.2.7), is a t-subrepresentation of
(dTmin, D' (R*) ® S'(A))
isomorphic to the representation S?"(C?) X C of € ~ su(2) @ &,.

REMARK 6.2.2. — We exclude the case g = f4(4) in the theorem, because here n = %

and therefore the summation would have to be over m = :i:%. This is not immediately
possible since it would require the use of ef% = = (cosf + isin 9)% which cannot be
defined as a smooth function on Ry x A or R_ x A, because the image of both
2(A\2 4 2a2)I; — Iz and I + A\? + 2a? is R. However, it might be possible to find the
lowest K-type S*(C?) X C of the minimal representation in a space of vector-valued
functions as a subrepresentation of a vector-valued degenerate principal series (cf. [29,
Section 12]).
We prove this result in several steps. For this we decompose €5 as follows:
8, =RQ2T,+3(E—-F))®R(3A+2D+0(3A+2D)) @ R(3B —2C + 0(3B — 20))
EB{v-l—Ov'vEJo}EB{E—i—HE'UEJO}

LEMMA 6.2.3. — The Lie algebra ¥5 is generated by
(g0 NE)@{v+0v:ve T} ®{B.(v,B)+ Bu(A,Jv):v e T}

Proof. — Let h C ¢ denote the subalgebra generated by the above elements. For
v,w € Jp we have

[Byu(v; B) + Bu(A, Jv), w + 6w] = B,(v, Bjw + By(A, Jv)w + 6(B,(v, B)w + B,(A, Jv)w)
= _%W(JU, w)(34+2D +60(3A +2D)) +u + 0(u),

with v = B, (v,w)B + sw(Jv,w)D € J;. Note that, since the Jordan algebra J is
simple, its trace form is non-degenerate, and hence we can always find v, w € Jy such
that u # 0. If we further act by S € g(9,0) N ¢, using SA = SD = 0, we obtain

(S, [B,(v, B) + Bu(A, Jv),w + 0w]] = Su + 6(Su).
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Now, g(o,0y N ¢ is the Lie algebra of the automorphism group of the Jordan algebra J
which acts irreducibly on Jy. It follows that {u + 6u : v € J5} C h. Further, by
choosing v, w € Jy above such that w(Jv, w) # 0 we obtain 3A+2D+6(3A+2D) € b.

A similar argument with
[Bu(v, B) + B, (A, Jv),w + 0(w)]
shows 3B — 2C + 0(3B — 2C) € . Finally,
[BA+2D+0(3A+2D),3B—2C+6(3B—2C)]=-802Tx+3(E—-F))eh. O

LEMMA 6.2.4. — f € D'(R*)®S’(A) is (8(0,0) N €)-invariant if and only if it is of the
form
fNa,2) = fi(ha, I, I, I3),
where
I, = w(z, D), I, = w(p(z)C, B), Is = w(¥(x), B).

Proof. — The Lie algebra g(g,0) decomposes as RH & (m N g(,0)) and m N g(g,g) is
the Lie algebra of the structure group of the Jordan algebra J (see [12] for de-
tails on Jordan algebras). Since J is Euclidean, the maximal compact subalgebra
€M g(0,0) is the Lie algebra of the automorphism group of J. Its invariants are the co-
efficients a; (z), a2 (), az(z) of the minimal polynomial X3 —a;(7) X% +az(z)X —as3(x)
of a generic element x € J (see [12, Chapter I1.2]). These are given by a;(z) = tr(z) =
T(z,C) = 2w(z, D), azg(z) = det(z) = 4n(x) = 2w(¥(x), B) and

az(z) = O¢ det(z) = 6w(By(z,z,C), B) = —2w(u(x)B, C). O

LEMMA 6.2.5. — f € D'(R*)®S’(A) is additionally an eigenfunction of dmyi,(A—B)
to the eigenvalue ikv/2 if and only if it is, for X > 0 resp. A < 0, of the form

. 1al.
fOa,z) = (A —iv2a)* exp <—M§’> f2(R, Iy, Iy, I3),
where
R = )2+ 242

In Lemma 6.2.5, fo(R, Iy, I, I3) could be different for A > 0 and A < 0. However,
it later turns out that choosing the same fo(R, I1, I, I3) for all A € R* yields the
K-finite vectors in a unitary representation 7y, of G on L2 (R* x A). This is due to
the fact that the derived representation dmp,;, has to be infinitesimally unitary on the
(g, K)-module generated by f, and an integration by parts argument on R* shows
that this is only the case if fo(R, I1, I2, I3) is the same for A — 07 and A — 0.

Proof. — The method of characteristics applied to the first order equation
_ i1
dmin(A— B)f = <-A8A + 200y — ;5) f=ikV2f

shows the claim. O
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LEMMA 6.2.6. — f € D'(R*)®S'(A) is additionally annihilated by the operators
{A dTmin (v + 0v) + 2a dTmin (B (v, B) + B (A, Jv)) 1 v € Jo} if and only if it is of the
form

Smin— jal.
FOva,) = (= VB2 4 20) 5 exp (=22 ) f(5,7)
with
:2R11—13 T:I2+R

S
V2R R

[SIE

Proof. — Applying
A dTmin (v + 0v) + 2a dmmin (B (v, B) + Bu(A, Jv)) = —w(z, Jv) (A0 + a4 — Smin)
— (20 + A%y + Oy 70

+ i%w(,u(a:)v, B)

to f(\,a,z) = (A — iv/2a)* exp (—lf\l{g) f2(R, I, I5, I3) gives

A= i\/ﬁa)k exp (_ia) [w(a:, Jv) (—2R63 + (R — I3)02 — 21505 + Smin — k)fz

+w(u(z)e, B)(Ro; + %al) fg] _ 0.

Here we have used

(Bu(,v)C, B) = —w(a, o), w(By(x, n(a)J)C, B) = ~ 3 Luo(z, Jv)

w(p(z)Jv, D) = %w(,u(x)v,B), w(By(z,z, u(x)Jv), B) = —;I;;w(x, Jv).
This yields two first order partial differential equations:
(6.2.1) —2ROpfo + (R — I1)02f2 — 21305 f2 = (k — Smin) f2,
(6.2.2) RO3fs + %81]‘2 = 0.
Solving (6.2.2) using the method of characteristics gives
fo(R 11, I, I3) = fo(R, I, U)  with U = 2RI, — I.

Applying (6.2.1) to this expression and using again the method of characteristics
yields

rd Smi

faOna, I, U) = R f3(8,T). O

LEMMA 6.2.7. — f € D'(R*)®S'(A) is additionally invariant under
{B/J(va) + BH(A7 J?]) NS \70}
if and only if it is of the form

FOva,2) = (A — iv2a)* (A2 + 2a2) ™ exp (-“”3> > bk Ko (r)e™,
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where (S,T) = (rcosf,rsind) and (him)mez S a sequence satisfying

m + Sminh ™M — Smin
————hpm—1— —————
2 " 2

Proof. — Using the identities

> " w(eq, D)w(eg, D)w (B, (A, Jv)ea,es) =0,
a,B

1
Z w(eq, D)w(B,(z,e3)C, B)w(B,(A, Jv)éq, eg) = —Zw(x, Jv),
o,

(623) hk,m—i—l + khk’m =0.

3" w(ea D)olu(z)es, BYo(Bu(A, Jv)éu,€5) = sw(u(z)v, B),

a,B
Zw(Bu(ea, eg)x, B)w(B,(A, Jv)éqa, €3) = Sminw(x, Jv),
o,
Zw(u(m)ea, B)w(u(z)eg, B)w(Bu(A, Jv)eq, eg) = 2[3w(zx, Jv),

a,p

E w(y(m)ea, B)w(BM($7 e,g)C, B)w(BM(Av Jv)é\ou é\ﬁ) = _11-2(*)(377 J’U),
2
o,

1 1
ZW(BH(.’L‘, ea)Cﬂ B)W(BH(SL‘, 65)0, B)W(BH(A, J'U)/e\oné\ﬁ) = 5]1(4)(1‘, JU) + ZW(,UI(.’E)’U, B);
B
the equation dmmin(By(v, B) + B, (A, Jv))f =0 for f as in Lemma 6.2.6 becomes

w(z, Jv) (%’ag —V2T0507 + 21102 + V25 minds — % - k\/§> fs

+ w(u(:r)v,B)(ag + 0% — 1>f3 = 0.
Again, this gives rise to two partial differential equations, this time of second order:
I I
(6.2.4) E:*a?gf;3 — V2T 9507 f3 + 21107 f3 + V25minOs f3 — Eff;; —kV2f3 =0,

(6.2.5) 03 f3 + 07 f2 = fa.

While (6.2.5) only contains the variables S and T, (6.2.4) also contains I; and I3. We
therefore subtract 2I; times (6.2.5) from (6.2.4) to obtain the equivalent equation

(6.2.6) (8Os +TOr — Smin)0sfs — Sfs + kfs =0.

Using polar coordinates (S,T) = (rcosf,rsinf), we expand f3 into a Fourier series

f3(8,T) = Z Gm (1)e™?.
mEeEZ
Then (6.2.5) becomes

1 m
aggm + ;87'gm - (1 + TT)gm =0.
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The two solutions to this ordinary differential equation are the Bessel functions I, (r)
and K, (r). The I-Bessel function grows exponentially as r — oo, while the K-Bessel
function decays exponentially. Since we are only interested in tempered distributions
(in fact, only L2-functions) we write

Qm(T) - hk,me (T)

for some scalars hy ,, € C. Applying (6.2.6) to the Fourier expansion finally yields
the relation (6.2.3). O

LEMMA 6.2.8. — For —n < k < n there is a unique (up to scalar multiples) se-
quence (hg m)mez satisfying (6.2.3). It satisfies hy m = 0 for |m| > n and, normalizing
him =1 for m = —n, it is given by

(6.2.7) hiom = min( 1ymn=i <n + k) ( n—k >

=0 J m+n-—7j
form=—n,...,n.

Proof. — Let (hg,m)mez be a sequence satisfying (6.2.3) and form the generating func-

tion
)= hpmt™
mEZ
Then (6.2.3) becomes the differential equation
, —nt? + 2kt — n
R'(t) = Wh(t}.
Writing

—nt2 + 2kt —n n k-n k+n

t(1 — 12) A R

reveals the solution

h(t) =71 — t)" R (1 + )"tk
Expanding both (1 —#)"~* and (1 + ¢)"** into Taylor series around ¢ = 0 shows the
claim. 0

Recall the elements T1, TQ, T. 3 € ¢ from Proposition 6.1.6 and Remark 6.1.7 which
span the ideal & ~ su(2). The element T spans a maximal torus in ¢; and ad(Tg) has
eigenvalues 0,+2i. By the representation theory of su(2), the action of Tg in ev-
ery finite-dimensional representation of ¢ is diagonalizable with eigenvalues 2ik,
keZU(Z+ ) and the elements T5+4T} step between the eigenspaces. Lemma 6.2.5

shows that f is in fact an eigenfunction of dmpy;, (Tz) to the eigenvalue 2ik. We there-
fore compute the action of dmmin (T3 £ i77) on f.

LEMMA 6.2.9. — For —n < k < n we have

dTmin (2TH £ iV2(C — D)) fr = —3(k T 1) frt1-
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Proof. — For f € D'(R*)®S’(A) of the form

Fhva,a) = (0 — iv3a) (A + 20%) ™5 exp (—MI{) £(8,T)

with f3 satisfying (6.2.5) and (6.2.6), a lengthy computation shows that

AR
x 3i [Tag — S8s0r T Ts + SOr + smmaT] £5(8, 7).

. S min — (k£1 val:
e 2To£iV2(C=D)) f (N, a, ) = (A=iv/Za)**! (A+202) ™7 exp (‘m 3)

If now f3(S,T) =", PimKm(r)e™® with (S,T) = (rcosf,rsinf) it can further be
shown that

T2 — SO0y T Ts + Sdr + smmaT] £+(S,T)

. M ~+ Smin ™M — Smin im
= ’LZ |:2hk:,m—1 + Thhm-i_l + mthm] Km(r)e 9.

Finally, it can be shown using Lemma 6.2.8 that

M + Smin
2

— Smin

m
hk,m—l + 2 hk,m+1 + mhk,m = (k + (Smin + 1))hk+1,m- O

Combining the various lemmas, we obtain Theorem 6.2.1.

Using the explicit formulas for the action of ¥ on W, we can compute the action
of some group elements on W. Recall the elements wg, wy,ws € K from (2.2.1) and
(5.2.2).

COROLLARY 6.2.10. — The elements w2, w?, w3 € K act on W in the following way:
ﬂ-min(wg)fk = (_1)n_kf—ka 71-min(’w%)fk: = (_1)kfk‘a Wmin(wg)fk‘ = (_1)nf—k‘~
Proof. — From Lemma 6.2.5 and 6.2.9 it follows that the su(2)-triple Tl,fg,fg acts

on W by
(6.2.8)  drmin(T2)fr = 2ikfe,  dmmin(Ts £ iT1) fr = 2i(smin + 1 F k) faz1.
Since & acts trivially on W, we find

7Tmin(’w(%)fk = 71-min(exp(_%i—;l))fk?a
Wmin(w%)fk = '/Tmin(exp(%f?))fka
2
2

Tnin (W3) fr. = Tonin (exp(ET3)) .-

The formulas now follow from the representation theory of SU(2). O
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6.3. The split cases g = eg(6), ¢7(7), €3(s)

Assume that the Jordan algebra J is simple, non-Euclidean and split, i.e., J is
isomorphic to Herm(3,F;) with F € {C, H, O}, the Jordan algebra of 3 x 3 Hermitian
matrices over the split complex numbers Cg, the split quaternions Hy or the split
octionions Q;. In this case, the group G is split, and by the classification we have
g~ 96(6)» 87(7) or 98(8)-

The lowest K-type in this case turns out to be the trivial representation. It is

spanned by a vector which is most easily described using a renormalization K (z) =
7% K, (v/z) of the K-Bessel function (see Appendix A for details).

THEOREM 6.3.1. — The space W = Cfy with

Smin 2ian(z) '\ — 2R?I, + I? — RI4 + 2R3
2 2 3
Fih) = 08 26 o (5350 K ( R ’

where
R:A2+202, I2 :w(Jx,a:), I3 :(U(‘I/(.'IZ),B), I4 :w(,u(x)Jx, J.’E),

is a E-subrepresentation of (dmmin, D'(R*) ® S'(A)) isomorphic to the trivial represen-
tation.

REMARK 6.3.2. — The spherical vector fy has previously been found in [48, equa-
tion (4.72)] using case-by-case computations. Note that —% equals £,1,2 for

2
9 = €6(6)) €7(7)» €8(8) -

We prove this result in several steps. The following lemma is proven in a similar
way as Lemma 6.2.3:

LEMMA 6.3.3. — The Lie algebra € is generated by go N ¢ and {v+ 6v : v € A}.

LEMMA 6.3.4. — f € D'(R*)®S’(A) is (8(0,0) NE)-invariant if and only if it is of the
form
f\a,z) = f1(N a, 12, I5, 1a),
where
I, =w(Jz,z), I3 = w(¥(2), B), Iy = w(p(z)Jz, Jz).

Proof. — In a non-Euclidean split Jordan algebra J of degree 3, the invariants under
the maximal compact subgroup of the structure group corresponding to 1} are gener-
ated by the polynomials tr(d(z)z), det(z) and tr(d(z)xd(x)z). These are essentially
IQ, I3 and 14. ]
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LEMMA 6.3.5. — f € D'(R*)®S8'(A) is additionally invariant under A — B if and
only if it is, for A > 0 resp. A < 0, of the form

2ian(x)
A = —_— R, 15,15, I
f( ,a,ac) eXP( )\(}\2+2a2)>f2( y 42,43, 4)7

with

R =)\ +2d%
Proof. — We have

— il

drtmin(A — B) = =284 + 20 — Tj

As in the quaternionic case, the method of characteristics shows the claim. O

LEMMA 6.3.6. — f € D'(RX)®S'(A) is additionally annihilated by the opera-
tors {\ dmmin (v + 6v) + 2a dmmin (B (v, B) + B, (A, Jv)) 1 v € J} if and only if it is
of the form

f()\, a,a:) = ()\2 + 2@2)5“§i“ exp (—/\(iﬁ:ﬁ%) fg(Z),

with
B 2R%I, + I? — RI, + 2R3

Z
2R?

Proof. — We have
A dTmin (v + 6v) + 2a dmin (B, (v, B) + Bu(A, Jv))

i—aw(u(a:)v,B).

= —w(z, Jv)(AOx + ada — Smin) — (A* + 2a%)0y + Op(a)su + X

Using
1 1
w(p(z)Jz, Ju(x)Jv) = iIgw(u(az)v,B) - §I4w(:c,Jv),
w(p(z)pu(x)Jv, B) = 2Isw(z, Jv),
w(z, Ju(x)Jv) = w(pu(z)Jz, Jv),
we find that this equals

€xp (_m> l:w(l‘7 J’U)( — 2R63f2 + 2R82f2 — 2[383f2 — 2I484f2)
+ w(p(z)v, B) (R83f2 + 2[334f2)
+ w(p(z)Jz, JU)( — 4RO, f2 — 25‘2f2)} ;

resulting in three first order differential equations for f;. Solving all three using the
method of characteristics yields

Smin

fg(R,Ig,Ig,I4)=R 2 f3(Z) O

MEMOIRES DE LA SMF 180



6.3. THE SPLIT CASES g = €e6(6)s €7(7)s €8(8) 91

LEMMA 6.3.7. — f € D'(R*)® 8'(A) is additionally invariant under {v+0v : v € J}
if and only if the function f3(Z) solves the differential equation

1- Smin
2

255(2) + 74(2) ~ 1 F3(2) =

Proof. — We have

AdTmin (v + 0v) = -\%9, — w(z, JU)AO + Sminw (2, JV) + Opu(z)Ju

+za)\2 (A, Jv)eq, €3)0,03.
Using
> w(Bu(A, Jv)Ea,es)w(Bu(ea, e8)T, B) = sminw(z, Jv),
o,
Zw(Bu(A, Jv)eq, eg)w(p(x)eq, B)w(u(z)eg, B) = 2Isw(zx, Jv),
a,B
Zw(BH(A, Jv)eq, eg)w(u(z)eq, B)w(z, Jeg) = w(p(z)Jz, Jv),
a,B

Z(;)(BH(A7 Jv)eq, eg)w(p(z)eq, B)w(u(z)Jz, Jeg) = %Igw(,u(x)v, B) — %L;w(ac, Jv),
o,B

> w(BL(A, Jv)Ea,Ep)w(es, Jea) = 0,
a,B

Zw(BH(A, Jv)eq, €g)w(x, Jeq)w(z, Jeg) = w(u(z)v, B),

a,B
Zw(BM(A, Ju)eq, eglw(z, Jeq)w(p(z)Jz, Jeg) = %Igw(,u(m)v, B) + %I3w(a:, Jv),
a,B

Z w(Bu(A, Jv)ey, eg)w(u(z)Jeq, Jeg) = sminw(u(z)v, B),
a,B

1
Z w(Bu(A, Jv)ey, eg)w(Bu(z,eg)Jx, Jeq) = —§w(/,¢(:r)v, B),
a,B

Zw(BH(A, Jv)eq, eg)w(p(z)Jz, Jeq)w(p(z)Jz, Jeg) = Iy lzw(z, Jv) — %Llw(u(x)v, B)
o,
— Lw(u(z)Jz, Jv),

we find that

A (Igw(x, Jv)+ Rw(u(z)v, B)) (423@ Fat2(1— smin)07 fs — f3).

AdTmin(vV+600) f = %
O
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By Appendix A, the unique tempered solution to this ordinary differential equa-
tion is the renormalized K-Bessel function K,(Z) with a = —% This shows
Theorem 6.3.1.

COROLLARY 6.3.8. — The elements w3, w?, w3 € K act on W in the following way:

Tonin (W5) fo = Tmin(W3) fo = Tmin (w3) fo = fo.

6.4. The case g = go(2)

Let g = go(2), then J = RC is one-dimensional and therefore, strictly speaking,
not of rank three. We treat this case separately.
First note that the Lie algebra € splits into the direct sum of two ideals

tE=¢ Dby,
with &, & ~ su(2) given by
¢, =RT) & RT, RT3, € =RS; & RS: & RS3,
where T7,T5,T5 are as in Proposition 6.1.6 and
S1=2Ty+3(E—F), Sys=3A+4+2D+6(3A+2D), S3=3B-2C+6(3B-20C).
For simplicity, we write z € J as ¢ = ¢C and f(\ a,z) = f()\ a,c).

THEOREM 6.4.1. — The space W =Rf_1 & Rfy & Rf; with

3

2 o1 _ iac —
fol,a,¢) = (X" 42a7)7¢ exp( 2A(NZ + 2a2)> K-

.
fr1(ha,0) = AF ivV2a) (A’ + 2a%) 76 exp <_2>\()§Lj—2c12)>

— V2(2M\% + 4a? + ?)? .
K_1 K
<[y 55 BT Ry s)],
where
g (2A? 4 4a? + )3

8(A2 + 2a2)2
is a t-subrepresentation of (dmmin, D'(R*) ® S'(A)) isomorphic to the representation

CX S%(C?%) of &~ su(2) @ su(2).

REMARK 6.4.2. — In [31, equation (3.119)], one vector in the K-type W is obtained,
but the formula differs slightly from ours. Comparing to the other cases, our formula
looks more natural than the one in [31] which contains an additional transcendental
function.

To find the K-type C X S?(C?) on which £; acts trivially and & ~ su(2) acts by
the three-dimensional representation S?(C?), we write S?(C?) as the direct sum of
weight spaces relative to the maximal torus RS, C €. Since 0 is a weight for S2?(C?),
we try to find a &;-invariant vector which is additionally Ss-invariant.

MEMOIRES DE LA SMF 180



6.4. THE CASE g = ga(2) 93

LEMMA 6.4.3. — f € D'(R*)®S'(A) is invariant under Sy + Ty if and only if it is,
for A >0 resp. A <0, of the form

iacd
f(\ a,c) =exp (_2)‘(/\24‘202)) f1(R,¢),
where R = A2 + 2a2.
Proof. — We have Sy + T, = 4(A — B) and

_ il
dntmin(A — B) = =284 + 20 — Tj

where I3 = 2n(z) = %03. Applying the method of characteristics shows the claim. [
LEMMA 6.4.4. — f € D'(R*)®S'(A) is additionally annihilated by dmmin(Se — 3T)
and Admmin(T1) — a dmmin(T3) if and only if the function fi(R,c) satisfies

2ROROc + Cac + 80 + 37(0 +2R)(c* — 2R):| fi=0

8R?
and
2R 2 2  8R?®—24c?R? — 6¢*R + 4c8
=0 — 4R*9% — 6ROR + ~cOc — = = 0.
3 9% R R+ 3¢9~ + SR2 fi
Proof. — This is an elementary computation. O

Inspired by the previous cases we make the Ansatz f1(R,c) = R~ % f2(S) with
(2R + c%)3

8R2
LEMMA 6.4.5. — A function of the form fi1(R,c) = R_%fg(S) satisfies the differential
equations in Lemma 6.4.4 if and only if fo satisfies

WHORESHORE

—f2(8) =0.
Proof. — Another elementary computation. O

S:

4

From Appendix A we know that f2(S) = F_% (S) is the unique tempered solution
to the above differential equation. This leads to the function fo(A, a,x). We now apply
S3 =+ Z\/iSl to fo.

LEMMA 6.4.6. — Let

iac®

fha,c) =\ + 2a2)_% exp (—2)\()\24_2&2)> f2(5)

be invariant under Ty, T, T3 and Sy. Then

) ] 7 iac3
drmin(S3 £ V281) f = —8(A F iv2a)(\ + 24°) 75 exp (_2A(A2+2a2))

< (G = I ),

SOCIETE MATHEMATIQUE DE FRANCE 2024



94 CHAPTER 6. LOWEST K-TYPES

Proof. — Since f is invariant under T and T3, we find that
dﬂ'min(sl)f = 8d7rmin(T)f and dﬁmin(S:),)f = —8 dT('min(C — E)

The rest is a simple computation. O
Since ?I_%(a:) = %F% (z) by (A.2.1), this leads to the functions f; and f_;.

PROPOSITION 6.4.7. — The functions f_1, fo and fi1 are ¥ -invariant and transform
in the following way under the action of €:

dﬂ'min(SQ)fk = 4\/§’kak dﬂ'min(S;g + Z\/§S1)f0 = —4f:|:1,
ATmin (S5 £ iV281) f21 = 0, A min(S3 F iV2S1) f+1 = 16fo.

Proof. — The first formula follows as in the proof of Lemma 6.4.3. The second formula
is essentially Lemma 6.4.6. The third and the fourth formula are easily computed using

Sz +iV28, =8(~C + D +iv2Tp) mod &

and (A.2.1) and (A.2.2). O

Proof of Theorem 6.4.1. — Note that the elements

~ 1 ~ 1 ~ 1
S1==8, Sy=—-8 and S3=-——=9
1=55 275 NG 2 3 NG 3
form an su(2)-triple, then the statement follows from Proposition 6.4.7. O

COROLLARY 6.4.8. — The elements w3, w?, w3 € K act on W in the following way:

7Tmin(w(%)fk = (_1)k_1f—lca 71'mm(wl) ( ) frs 7Tmin(w%).fk =—f k-

Proof. — Since £; acts trivially on W, we find

'/Tmin(wg)fk = 7Tmin( (% ))fk)
7Tmin(w%)fk = 7Tmin( (% )fk,

2)
7'rmin('wg).f/c :Wmin(ex ( %S ))fk

The rest is an SU(2) computation. O
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6.5. The case g = sl(n,R)

Let g = sl(n,R), then J =~ R"3 does not carry a natural structure of
a Jordan algebra. In this case, it is not necessary to use the decomposition
g 1=RA® T & JT* ®PRB. We choose any Cartan involution 6 on g associated
toamap J:V — V as in Lemma 2.8.1, and let £ = g’ ~ s0(n) denote the maximal
compact subalgebra. We choose complementary Lagrangian subspaces A and A* of V
as in Section 5.6.

In contrast to the previous cases, we have a continuous family
(dmmin,r, D'(R¥) @ S'(A))

(r € C) of representations, and for each r € C we find two non-equivalent (g, K)-sub-
modules of D'(R*) ® S’(A) which, for r € iR, integrate to non-equivalent irreducible
unitary representations of L?(R* x A). In this section we determine their lowest
K-types.

THEOREM 6.5.1. — Let r € C.
(1) The space Wy, = Cfo, with
fO,T()\7m) = f% ()\2 + 4|£U|2)

is a €-subrepresentation of (dmmin,r, D' (RX)®S'(A)) isomorphic to the trivial
representation.

(2) The space W1, = Cgor ® Cg1.r ® {guw,r : w € A*} with
90,r(A &) = AK n-zr (A + 4z[?)
G100 2) = Kamaes (F + 1)
Guwr(\,z) = w(x,w)F%w(AQ + 4|z|?) (w e AY)

is a t-subrepresentation of (dmmin, D'(R*)® S8’ (A)) isomorphic to the standard
representation of € ~ so(n) on C™.

Proof. — We first find the spherical vector fy,. If fo, is invariant under €N gy =
so(n — 2), it has to be of the form

1
forhx) = fi(\ ) with L =|z|> = 1W(ng:,gc).
For such fy, the equation dmmin (v + 0v)fo, = 0 takes the form
1
w(z, Jv) <2)\82 — (9>\> fi=0,

so that f1(\, Iz) = f2(A? +415). Finally, the equation dmyin,(w + 6w) = 0 reduces to
dzfy + (n—2r +2)f5 — fo =0,
which has, by Appendix A, the unique tempered solution f3(z) = fnfz[fg (2).

SOCIETE MATHEMATIQUE DE FRANCE 2024



96 CHAPTER 6. LOWEST K-TYPES

Now, let us show that go r, g1,» and the g, ,’s span a finite-dimensional €-represen-
tation. Similar to (1), one verifies for T' € €N gy ~ so(p — 2):

dTmin(T)gw,r = 97w,rs  ATmin(T)go,r = dTmin(T)g1,» = 0,
for v € A:
dTmin (v +00)go.r = —gvr,  AMmin(v+00)g1, =0, dTmin(v + 00)gw,r = —w (v, w)go,rs
and for w € A*:
dmtmin(w + 0w)gor =0,  dmin(w + 0W)g1 ., = —iGu,r, ATmin(W + W) gy ,» = iw(W', Jw)gy,r,
where we have used (A.2.1) and (A.2.2). O

6.6. The case g = s((3,R)

For g = sl(3,R) there is an additional (g, K')-module contained in
(dﬂ'min,ra D/(RX) ® SI(A))

for r = 0, giving rise to a genuine irreducible unitary representation of the double
cover SL(3,R) of SL(3,R). For this we write A = RA and A* = RB such that
JA = —B and JB = A and use coordinates z = aA € A.

THEOREM 6.6.1. — The space W% = (Ch_% @ Ch1 with

hi(Aa) = (A —iv2sgn(A)a) K 3 (A* + 24%),
h_1 (A a) = sgn(A)(|A] + iV2sgn(A)a)? K 1 (A2 + 242)

1
2

1
2

is a t-subrepresentation of (dTmin,0, D'(R*)®S’(A)) isomorphic to the representa-
tion S1(C?) of & = s0(3) ~ su(2).

Proof. — The elements U; = v2(A— B), U, = V2(B+ A) and Uz = —2(E — F) form
an 5u(2)-triple, i.e., [Ul, Uz] = 2U3, [UQ,Ug] = 2U1 and [U3,U1] = 2U2. With respect
to the maximal torus RU; in &, the vectors Uy F iU3 are root vectors:

[Ul, Us F ZU3] = :|:2i(U2 F ’LU3)

The highest weight vector h of a £-type isomorphic to S!(C?) solves the weight equa-
tion
dTmin,0(U1)h = V2(2a0x — \da)h = ih.
Using the method of characteristics, we find that
h(X a) = (JA| — iV2sgn(M)a)? - u(A\? + 2a°)
is a solution. The highest weight equation
dﬂmimo(Ug — ZUg)h =0

then gives
dzu" (2) + 6u'(2) — u(z) = 0.
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By Appendix A, the unique tempered solution is u(z) = F% (z), which leads
to the highest weight vector h 1 A straightforward computation using F% () =
\/gx’%e*ﬁ (see Appendix A) shows that

dﬂ-min,O(U2 + ZUg)h% = —2h and dﬂ'min’()(UQ + lU3)h = 0 D

—1 _1
2 2

REMARK 6.6.2. — We observe that these functions together with the ones from The-
orem 6.5.1 in the case n = 3 agree (up to a change of coordinates) with the ones found
by Torasso [78, Proposition 14, 15 & 16].

6.7. The case g = s0(p, q)

The construction of a Cartan involution in Section 6.1 does not apply in the
case g ~ s0(p, q), since here J is not simple but the direct sum of a rank one Jordan
algebra Jy ~ R and a rank two Jordan algebra J ~ RP~3973 We therefore give a
separate construction.

According to the decomposition J = Jy @ J, the norm function decomposes into

(x) = — 5wla0, Q(u(@)P, B),

3

where —w(u(Z)P, B) is a quadratic form on J of signature (p — 3,¢ — 3), the norm
function of the quadratic Jordan algebra J ~ RP~3:973, The following result can be
proven using the explicit decompositions in Appendix B.2:

PROPOSITION 6.7.1. — Let ¥ : J — J be a Jordan algebra automorphism such that
the symmetric bilinear form (v1,v2) — —w(B,(v1,Yv2) P, B) is positive definite. Then
the map J : V — V given by

JA=-B, JP =-Q, Jv = —V2B, (P, B)dv (ved),
JB=A, JQ =P, Jw = V20B,(A, Q)w (weJ),

satisfies the conditions of Lemma 2.8.1.

We fix ¥ as in the proposition and let J; denote the +1 eigenspace and J> the
—1 eigenspace of ¥ in J. Then J = Jo ® J1 ® Jo, and using the symplectic form
we obtain a dual decomposition J* = J5 & J;" & J5. Again, using the explicit
decompositions in Appendix B.2, one verifies:

LEMMA 6.7.2. — (1) Foreachi=1,2, B,(P,B) resp. B, (A, Q) restricts to a linear
isomorphism J; — J;* resp. J* — TJ;.

(2) Bu(J1,J2) =0 and u(J1), u(J2) € RBL(A, Q).

Denote by 6 the corresponding Cartan involution of g and by € = g the corre-
sponding maximal compact subalgebra of g. Then

Ty = BH(A7Q) - B“(P, B) et
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PropPOSITION 6.7.3. — The Lie algebra ¥ decomposes into the sum of two ideals
t =1t ®t with t; ~ so(p) and 2 ~ so(q) given by

b, = R2T) + V2(E - F)) @ R(A — V2Q + (A — v2Q)) + R(B + V2P + (B + V2P))
®{B.(v,B)+ B,(A,Jv):ve 1} ®{z+bzx:2€ 1 ® T} ®so(p—3)
and
£, = R(2T) — V2(E — F)) @ R(A + v2Q + (A + V2Q)) + R(B — V2P + 6(B — V2P))
®{B.(v,B)+ B,(A,Jv):ve }®{z+br:2€ TodTs} ®so(qg—3),
where so(p — 3) resp. s0(q — 3) denotes the ideal of €N g(o,0) = s0(p — 3) ® s0(q — 3)
which acts trivially on Jo ~ RI73 resp. J; ~ RP~3,
Proof. — Note that
ToA=—-P, TyP= %A, ToQ = %B, ToB = —Q.

The rest is along the same lines as the proof of Proposition 6.1.6. O
To state explicit formulas for K-finite vectors we first need the following result:
LEMMA 6.7.4. — Forj e Nand k€ {—j,—j+2,...,j — 2,j}, there exists a unique
family of polynomials (pj km)m=o,...,; € C[S,T] in two variables satisfying

(1) (20501 + kvV2)pjk,m — TOspj kim—1 — 2507Dj kmt1 = 0,
(2) 92pjkm+1+ (m —TOr)pjkm =0,
(3) pjko0(S,T)=57.
For the family of polynomials (p; k,m);km the following identities hold:
(8) Ospjkm F V20rpjkm+1 = (7 F k)Pj—1,ht1,m>
(b) ingj,k,mq + SPjksm F V200Dj km = Djt1 k+1,ms
(c) (80s —TOr)pjkm = (3 — 2Mm)Pj k,m,
(d) —T72pj,k,m—2 + (2m — 1)pj k,m—1+ S?Djk,m = Djt2,k,m
(€) pjkm(—9T)=(=1Yp; _km(S,T).

Proof. — We first show uniqueness. For this we write p,, = pjx,m for short. Every
polynomial p,, can be written as the sum of homogeneous polynomials

Pm = Z p?n
a>0

with p%, homogeneous of degree a.. Let o be maximal with p%, # 0 for some m. We
claim that a = j. By (3) we have a > j, so we assume « > j. Then (2) would imply
ps, = ¢, S* ™T™ and (1) would imply

EV2c®, — (o —m 4 1)c%,_, — 2(m + L)cpq =0.
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From (3) we know that ¢J = 0, and recursively we find ¢%, = 0 for all m, which is a
contradiction, so a = j is maximal with the property that p% # 0 for some m. The
previous argument also shows that pJ, = ¢/, S7~™T™ with ¢/, uniquely determined
by cé = 1. For the lower order terms we observe that p§ = 0 for o < j. For fixed a < j,
Equation (1) determines 8rp2, ,; from p%_;, p% and p%t?, so p% _ ; is unique modulo
polynomials in S independent of T'. This disambiguity is removed by (2) for m > 0.

Now, let us prove existence by induction on j. For j = 0 we also have k =m =0
and pooo = 1 by (3), which also satisfies (1) and (2). Next, we note that the left
hand side of (b) satisfies (1), (2) and (3) for j replaced by j + 1 and k replaced
by k + 1. Therefore, (b) can be used to recursively define the family (pjt1,k,m)k,m
using (pj.k,m)k,m, which establishes the existence part of the proof.

Finally, the identities (a), (b), (c¢), (d) and (e) are proven by showing that
the left hand side satisfies (1) and (2) for certain values of j and k (for (c) the
term 2mp; k., has to be moved to the left hand side first), and then using the
previously established uniqueness result. O

REMARK 6.7.5. — It is easy to see that
Pjk.m(S,T) = const xS7~™T™ + const x S/~ 17m=1 4 ...,
For k = £j it is possible to find the coefficient of S7~™T™:
pj+im(S,T) = (£1)™27% (J >Sj_me + lower order terms.
m
However, we were not able to find a closed formula in general.

We assume from now on that p > g > 3. The lowest K-type turns out to be
isomorphic to C X H"z" (RY) as a representation of € = s0(p) @ s0(g), where H*(R")
denotes the space of homogeneous polynomials on R" of degree o which are harmonic.
Since only the subalgebra €2Mg(o,0) = 50(¢—3) acts geometrically in the representation
dTmin, it is helpful to use the following multiplicity-free branching rule:

M= (R ~ P crHFTIRT),

50(2)Pso(g—2)
where Cj, denotes the obvious character of 50(2), and further decompose

2ij q2 €q3
HZ IR @HR

Together we find that

Bt 23
122;(1 ~ 4 -3
R R, meotas) ™ 690 ( P Ck> X ( eEB() H (R )).
J: —_—— —
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For a distribution f € D'(R*) ® S'(A) we write f ® H!(RI~3) for the space of distri-
butions f ® ¢, ¢ € H*(RI73), given by
(f ® QD)(A, a, .Z‘) = f(>\7 a, 37)(,0({[}2)

Here, we define spherical harmonics with respect to the positive definite quadratic
form x5 — w(u(z2)P, B) on Jo ~ RI73,
We further recall the renormalized K-Bessel function K, (z) from Appendix A.

THEOREM 6.7.6. — Let g = s0(p,q) with p > q > 3 and p+ q even. Then

b—q -

= 7—1
W = @ @ fike ® HY(RIT3)
J=0  k=—j
k=j mod 2
with
) 2ian(x)
f]"k’[(A, a, (E) = ()\ — zﬁa) ()\2 + 2@2) 2 exp <_)\(A2—{—a2)> hj’k’,g(s, T, U)
and
J
hige($,T,0) = 3 pikm(S,T)(1+ 8255 K gaarians (U)
m=0
with
n i T 1Y + I — V2(\2 + 24?)
= ——— an =
VA2 4+ 2a? VA2 4 2a?
and

L =w(z0,Q), I§=-2v2[z1|*, I =2V2z,)
is a €- subrepresentation of (dmmin, D' (R*) ® 8'(A)) isomorphic to the representation
CRH"Z" (RY) of & ~ so(p) & so(q).

We begin with the action of €N g ) ~ s0(p — 3) @ s0(q — 3).

LEMMA 6.7.7. — If f € D'(R*)®S'(A) generates under the action of
EN g(o,0) = s0(p — 3) @ s0(q — 3)

a subrepresentation isomorphic to CXH!(RI3), it has to be a linear combination of
distributions of the form

fha,z) = fi(Aa, I, I3, 13)p(2),
where
Li=w(z,Q), If=w(u()P,B)=-2V2[z:1[*, I =w(u(z:)P,B)=2v2/zs|”
and ¢ € HY(RI73).
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Proof. — The subalgebra ¢Ng g o) ~ s0(p—3)®so(q—3) acts on J1 & J» ~ RP3pRI~>
by the direct sum of the standard representations of so(p — 3) and so(q — 3). An
s0(p— 3)-invariant distribution on J; ~ RP~3 only depends on I} = —2v/2|z1|?, and a
distribution on J, ~ R973 that belongs to the isotypic component of H*(R7~3) has to
be a linear combination of products of ¢ € H*(R?~3) and distributions only depending
on I = 2v/2|zs|?. O

We note the following identities for derivatives of the invariants I, I5, I] in the
directions P, v € J; and w € Jo:

Opl =1, oply =0, opli =0,
Ay, =0, It = V2uw(z, Jv), A, I8 =0,
dwl =0, dult =0, Auld = —V2w(z, Jv).

Further, we have
Is = w(¥(z),B) =2n(z) = L (I5 + IJ).

In what follows we write 9y, 92, and s, for the derivatives of f1(\,a,I1, 5, I) with
respect to the variables Iy, I¥ and I3.

LEMMA 6.7.8. — The function f is additionally an eigenfunction of dmmin(A — B) to
the eigenvalue ik\/2 if and only if it is, for A > 0 resp. A < 0, of the form

FOvaa) = (= VB0 exp (=50 ) foR 0, B, (o)

where
R = \?+24°.

Proof. — The method of characteristics applied to the first order equation

>\2

shows the claim. O

dmtmin(A — B)f = <_)\8A + 2a0) — 2m(x)> f=ikV2f

LEMMA 6.7.9. — The function f is additionally annihilated by the operators
{A dmmin (v + 0v) + 2a(B,, (v, B) + B, (A, Jv)) v € Jh} C &
if and only if it is of the form

jal.
FOva2) = = VB R exp (22 ) £ (5.7 1) (o),
where
I P+ 18 —4/2
S = 1; and T — 2—‘_2—1”
R> R>
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Proof. — Applying X dmmin(v + 0v) + 2a(B,(v, B) + B,(A, Jv)) to f(A a,z) as in
Lemma 6.7.8 leads to the differential equation

2RO + 1,0y + (I + I{ + V2R)0yp) fo = —(k + 1) fa,

which can be solved using the method of characteristics. O

LEMMA 6.7.10. — The function f is additionally invariant under {Jv—v:v € J1} C
€1 if and only if the function f3(S,T,I3) solves the following two partial differential
equations:

(6.7.1) (—20% — V21303, — 2(20 + q — 3)D2q + (1 + 82)) f3 = 0,
(6.7.2) (20507 — ST + kV2) f3 = 0.

Proof. — A lengthy computation involving Lemma 5.7.1 and Lemma 5.7.2 shows that
idmmin(Jv — ) f = w(z, Jv)(A — i\/ia)ka% exp (_7413,) o(x2)
x [( — 203 — V2I302, — 2 (20 + q — 3)Dz + (1 + 52)) f3

+R: ( — V28057 + Y2S?T — kS) fg} :
Since R™2 is independent of S, T" and I3, this implies the two equations. O

We remark at this point that

1 1
ST +2V20 = —
a0 T var; 2R
Together with a deeper analysis of the equations in Lemma 6.7.10 this leads us to
introducing a new variable

(ID + I9H? = V28 — I{) + R> 0.

1
U=(1+ 52)(§T2 + 2&15)
and making the Ansatz
f3(S7 T) IQq) = f4(U)g4(S)
Equation (6.7.1) applied to this gives
UF(U) + 522 £1(U) - 1£4(U) =0,
which has the solution f4(U) = Fq+222—4 (U). Plugging this into (6.7.2) gives

2TLL(U) (1 + S2)4(S) = (a2 = 9)S94(8)) + kV2/2(U)ga($) = 0.

Since by (A.2.1) the functions f4(U) and f;(U) are linearly independent, this equation
can only have a non-trivial solution for £ = 0. In this case

q+20—4

94(S) = (1 +8%) =
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solves the equation and we obtain the functions fg0.¢(A,a,z), £ > 0. To investigate
whether these functions are K-finite, we apply €2 ~ s0(q) to fo,0,¢. For this we de-
compose € according to Proposition 6.7.3 and compute the action of each part on a
distribution f(A,a,z) of the form given in Lemma 6.7.9.

LEMMA 6.7.11. — For a distribution f € D'(R*)®S'(A) of the form

f()\,a,x):()\—iﬁa)kR_k;rlexp< ZA£’>f3(STI) (z2)

with f3(S,T, I]) satisfying (6.7.1) and (6.7.2) we have for v € Jo:

_ ials
tdmmin (Jv —0)f = (A — zx[a) exp < R )

2
x {w(a}, Jv)cp(lla% + V288585, — V2T 0r0a, + g(zz +q—p—2)dy, — 252) fs

+ 0up( — S5 + Tor + 2130, +

p+qg+2(—-8
=EUN

Ain (2i( B (A, Jv) + B, (v, B)) F V(v + T0))f = (A= iv2a)* R~ 5 exp <_13>
x [w(x, J0)p( = 20502, F 407 + VAT, +2V25) fs

+ 31;40(\/533 F T)fs] ;
and

— 1 1 3 I
Ain(~P + @ FiVAT)) f = (A — iv/2a) ¥ R~ o (‘mf) #le2)

X (i V2T07 £ 22101059 + (1 + 5%)0s + (—ST + V2EEE2=0)9,,

— 25I§0h, F Y2 (1 + §)T — PELEAFHG) f,

Applying these operators to fy o, suggests that the E-representation generated
by fo,0,0 consists of functions f(A, a, ) as in Lemma 6.7.9 with

q+204+2m—4 —

(6.7.3) f3(S,T,18) = pm(S, T)(1 + §%) TR puavians (U)

for some polynomials p,, (S, T).

LEMMA 6.7.12. — A function f3(S,T,I]) of the form (6.7.3) solves the FEqua-
tions (6.7.1) and (6.7.2) in Lemma 6.7.10 if and only if the family of polynomials
Pm (S, T) satisfies (1) and (2) in Lemma 6.7.4.

Proof. — From (A.2.1) and (A.2.2) it follows that
0s(1+ SH*K,(U) = —=S(1+ S*)*'K,_1(U),
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_ T _
or(1+ 8%)*K,(U) = —5(1 + SH K 1 (U).
Using these identities the proof is a direct computation. O

This motivates the definition of the functions f; ;¢ in Theorem 6.7.6. We finally
calculate how the Lie algebra &, ~ so(g) acts on f; j ¢. For this note that

w(z, Jv)p = of + Lo,
with

V218,

_ _ V28,
it20-5 TR, ey ==

-1 q—3
e T G

oy =w(z, Ju)p+
PROPOSITION 6.7.13. — For all j,¢ > 0, k € {—j,—j + 2,...,5 — 2,5} and
¢ € HYRI73), the function f;xe® @ is & -invariant and satisfies
ATtmin(T) fi,0 ® © = fi k0 ® (—0r29) (T € €2 N go,0) =~ 50(q — 3)),
AMmin(A = B) fike ® ¢ = ikvV2fj 10 ® o,
and
AT min (2i(Bu(A, Jv) + B (v, B)) F V2(v + Jv)) fi ke @ ¢ = 2V2(j F k) fj1,001,001 ® @
+ {(q +JiFk+20-5)fjt1pt1,0-1+ (G F k)fj—l,ki1,€—1:| ® vy,
(AT min(JO = 0) ke @ 0 = (P — g = 2§ — 20) fj k011 @ of
+ 5P —a =20 =2 faape + P+ g+ 26— 2= 10)fike | @,
dnmin(—P + Q FiV2T0) fi k0 ® o = [(J Fh)fj—1pt1,e — %ij+l,k:tl,lj| ® .

Proof. — With Lemma 6.7.4 and Lemma 6.7.11 this is now an easy, though longish,
computation using

O2q(1 + 5°)*Ka(U) = —V2(1 + 5%)* ' Ka11(U). .

This proves Theorem 6.7.6.

6.8. The case g = so(p, 3)

For ¢ = 3, we note that H*(R?~3) = {0} for £ > 0, so that the lowest K-type is
spanned by fjro0 (0 <5 < %, —j<k<j,k=j mod2). However, these functions
cannot form a basis of W ~ HL?(R:‘) ~ SP=3(C?) since dimW = p — 2, so the
functions f; ;0 for fixed k have to be linearly dependent.

LEMMA 6.8.1. — Forg=3 and all0 < 5 < ”2;3, —j<k<j, k=3 mod 2, we have

hiko(S,T) = Z'j’%\/j(l + 81 H(V/11 82 - §)F.
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Proof. — Since ¢ = 3, we have I = 0 and therefore Equation (6.7.1) becomes
(—208+(1+59)fs =0,

/11352
which has the unique tempered solution f3(S,T) = g4(S)e T Plugging this into
(6.7.2) gives

S k
1(S +< + > S) =0,
94( ) 1+ 52 m g4( )
which has the solution
94(S) = const x (1 + S2)_%(\/ 1+ 82— 9)k.

To find the constant, we multiply both h;x0(S,T) and f3(S,T) by (1 + $2)z and
let S — +i (for the unique analytic extensions of the functions). Using the explicit
formulas for the K-Bessel functlon at half-integer parameters, (A.3.1) and (A.3.2),
shows that for hj 1 0(S,T) = > ), _oPjkm(S, T)(1+ 82" 3K, %(U) only the sum-

mand for m = 0 survives. Comparing this with (v1 + 82 —§)*e¢~VV at § = +i shows
the claim. O

REMARK 6.8.2. — It should be possible to obtain this expression for h; x o(S,T') from
the explicit formulas for the K-Bessel function of half-integer parameters (A.3.1) and
(A.3.2), once a closed formula for the polynomials p; xm(S,T) in Lemma 6.7.4 is
known.

If we let
(6.8.1) fe\a,z) = (A —iv2a)" R F exp< ’“I3>
AR
1 2
x (1+8%)72(v/1+824+8)" exp< lJ;S T),

then Proposition 6.7.13 can be reformulated as
ATmin (=P + Q F iV2T) fr = (ip - k) Jrs1.

We note that (A —iv/2a)* = sgn(\)*(|]A| — iv/2sgn(A\)a)* and, in view of the case
g =sl(3,R), we put for even p > 4, and k € Z + %:

(6.8.2) £\ a,z) = sgn(\)F 2 (A — 4 2sgn()\)a)kR—% exp <—Z§g’>
L 2
x (1+52)‘2(m+5)_keXP< 1+25 T)'

Then it is easy to see that f is still ¢;-invariant. The subalgebra #» ~ s0(3) ~ su(2) is
spanned by the su(2)-triple

T = 2A+Q+0(2A+Q), To=LB-P+(2B-P), T3=V2T,—(E-F),
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and it follows from the computations in Section 6.7 that
dTmin(T1) fr = 2tk fe,  dTmin(Te FiT3) fr = (£(p — 3) — 2k) fr+1-
This shows:

THEOREM 6.8.3. — Let p > 3 be arbitrary. Then the space

p—3 p-—3 p—3
W = k=——— ———4+1,...,——
Span{fk 2 ) 2 + ) ) 2 }’

with fi, as in (6.8.1) resp. (6.8.2) is a t-subrepresentation of (dmmin, D'(R*) ® S’'(A))
isomorphic to the representation CX SP~3(C?) of £ ~ so(p) @ su(2).
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CHAPTER 7

L?*-MODELS FOR MINIMAL REPRESENTATIONS

After having exhibited explicit K-finite vectors in the representation dmy;, of g
on D'(R*) ® S’(A), we show in this section that these vectors generate an irreducible
(g, K)-module which integrates to an irreducible unitary representation i, of the
universal covering group of G on L?(R* x A) (see Section 7.1). Moreover, we find
the action of certain Weyl group elements in the L2-model in Section 7.2. Together
with the Heisenberg parabolic subgroup these elements generate the whole group G,
so that we have a complete description of the representation 7y, on the group level.

7.1. Integration of the (g, K)-module

Let W be one of the irreducible €-subrepresentations of (dmmin, D' (R*)®S’(A))
constructed in Chapter 6. For g = sl(n, R), W may be one of the K-types W , or W1 .,
where we now assume that r € R (in order for the Lie algebra representation dmpyin »
to be infinitesimally unitary on L?(R* x A)). For g = s[(3,R) we additionally allow
W1. Consider the g-subrepresentation generated by W:

1
2

W = drmin(U(g))W C D' (R*)®S'(A).
Then, by standard arguments, W is a (g, K)-module (see e.g., [38, Lemma 2.23]).

PROPOSITION 7.1.1. — We have W C L%(R* x A).

Proof. — We first observe that W C L?(R* x A). In fact, this follows from the asymp-
totic behavior of the K-Bessel function (see Section A.1). For the more general state-
ment W C L2(R* x A) first note that, for the Lie algebra q of any standard parabolic
subgroup of G, we have g = ¢ @ q, which implies U(g) = U(q)U(8) by the Poincare-
Birkhoff-Witt Theorem. For q we may for instance choose

q=9g-2Dg-1Dg-1,1) D 9(0,0)-

Then W = dmmin(U(q))W can be computed using the identities (A.2.1) and (A.2.2),
the rest is technicality. O
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LEMMA 7.1.2. — The action of g on W is infinitesimally unitary with respect to the
inner product on L2(R* x A).

Proof. — A heuristic proof is given by the observations in Remark 5.5.4. A rigorous
proof can be obtained using the formulas for dmy,(X) (X € g) and integrating by
parts, showing directly that dmpyi,(X) is symmetric on L2(R* x A). O

To finally integrate W to a group representation, we make use of the following
statement about its restriction to Py:

LEMMA 7.1.3. — The representation w of Py = MoAN on L?>(R* x A) given by

@w(M(z0)f (N x) = eiAtei(“(zll“H%)‘w(z'%”))f(/\’ =) (Apy €N,
w@(m) f(\,z) = (idjx ® Wiee -1 (m)) f(A, ) (m € My),
w(exp(sH))f(\,a) == 5 f (e ") (exp(sH) € 4),

is unitary and decomposes into the direct sum of irreducible subrepresentations
L?(Ry x A) @ L3(R_ x A). Moreover, if w extends to a unitary representation
of P= MAN on L?(R* x A), then this extension is irreducible.

Proof. — Using the isomorphism
L*(R* x A) ~ L2(R*, L*(A))
we observe that = is given by

(@@ N =a@IFN)]  (f € L2(R*, L*(A))),

where 7 is the representation of N on L?(A) given by Ix(Mzp)) = Oa-1(M(az,220))-
Since o) and hence o) is irreducible for every A € R*, it follows from Schur’s
Lemma that any intertwining operator T' : L?(R*,L?(A)) — L%(R*,L?(A)) is of
the form T'f(\, z) = t(A\)f (A, z) for some measurable function ¢ on R*. Now, T also
commutes with A which implies t(e~2°)) = () for all s € R, whence #()\) is constant
on R, and R_, respectively. This shows that L2(R. x A) are invariant subspaces on
which Py acts irreducibly.

Now assume that w extends to P and let mg € M with x(mg) = —1 (which exists by
Theorem 2.9.1 since G is non-Hermitian). The operator w(my) satisfies

w(mo) o) w(ﬁ(o,t)) = w(ﬁ(ov_t)) o w(mo) for allt € R,

where @ (7 (o,1)) f(A, z) = € f(A, z). It follows that w(mg) f(A, z) = m(A\)U, f(—A, z)
for some function m () and a unitary operator U on L?(A). If now T also commutes
with w(myg), it follows that t(—\) = ¢(\) which implies that ¢ is constant on R* and
hence T is a scalar multiple of the identity. O
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THEOREM 7.1.4. — The (g, K)-module W integrates to an irreducible unitary repre-
sentation T, of the universal cover G of G on L? (R* x A) which is minimal in the
sense that its annihilator in U(gc) is a completely prime ideal with associated vari-
ety equal to the minimal nilpotent orbit. For gc not of type A, the annihilator is the
Joseph ideal.

Proof. — Using Proposition 7.1.1, Lemma 7.1.2 and Lemma 7.1.3, it follows along
the same lines as in [38, Proposition 2.27] that W is admissible. It therefore inte-
grates to a representation mpy;, of G. This representation is unitary on a Hilbert space
H C L?(R* x A) by Proposition 7.1.1 and Lemma 7.1.2. On the other hand, its restric-
tion to P is given by the action in Lemma 7.1.3 which is irreducible on L?(R* x A).
This implies H = L?(R* x A) and 7y, is irreducible. That the representation is

minimal follows from Proposition 5.5.6. O
For g = sl(n,R) we write Tmine, for the representation with underlying
(9, K)-module W, r € iR, and in the case n = 3 we write m;, 1 for the

representation with underlying (g, K)-module Wi

7.2. Action of Weyl group elements

The results from the previous section can also be phrased in a different way. The
parabolic subgroup P acts unitarily and irreducibly on L?(R* x A) by the repre-
sentation w (see Lemma 7.1.3). Theorem 7.1.4 shows that this representation ex-
tends to some covering group of G. This point of view was used in [49, Theorem 2]
and [73, Proposition 4.2] in order to construct the above L?-models for the split
groups SO(n,n), Ege), Er7(7), Ess) and Ga(g). There, it is shown that w can be ex-
tended to an irreducible unitary representation my;, of G by defining my,in on the
representative of a certain Weyl group element w; and checking the Chevalley rela-
tions (see Section 5.2 for the definition of wy ). This technique does not easily generalize
to the case of non-split groups. However, after having constructed the L?-model in a
different way, we can obtain the action of w; as a corollary.

The answer depends on the eigenvalues of dmy,i,(A — B) on the lowest K-type W.
Note that in all cases, W is spanned by functions of the form

fa,x) = (A —iv2a)Fg(\? + 242, ) (A>0),
with either kK € Z or k € Z + % On such functions, dmpin(A — B) acts by ikv/2. We
refer to the integer case if k € 7Z and to the half-integer case if k € Z + % From the
constructions in Chapter 6, it follows that:
— For g = eg(2), ¢6(6), €7(—5), €7(7)» e8(—24), €8(8), G2(2) the representation myi, be-
longs to the integer case.
— For g = sl(n,R) the representations Tmin,0,r and Tmin1,» (7 € iR) belong to
the integer case, and for g = s[(3,R) the representation 1 belongs to the
half-integer case.

n
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— For g = so(p, q) the representation 7, belongs to the integer case if p,q > 3,
p + q even, and it belongs to the half-integer case if p > q¢ = 3, p even.

THEOREM 7.2.1. — The element wi acts in the L?-model of the minimal representa-
tion by

(7.2.1)

n(2) 1 in the integer case,
Wmin(wl)f(A7aax) = e_zvf(\/ia’ _%73:) X { I

e(aX) in the half-integer case,

where

5(%)2{1 forxz >0,

i forx <O.

Proof. — Let A denote the unitary operator on L?(R* x A) given by (7.2.1). A direct
computation shows that

Aodmpin(X)o A7 = drpin(Ad(wy)X)  forall X € g.

It follows that A o myin(w1)~! is a g-intertwining unitary operator on L?(R* x A),
and therefore has to be a scalar multiple of the identity by Schur’s Lemma. To find
the scalar, we apply both A and myi, (w;1) to a vector in the lowest K-type W. Both
can be computed using the explicit description of W in Chapter 6. O

REMARK 7.2.2. — As mentioned above, the formula for 7y, (w1 ) can be found in [49,
Theorem 2] and [73, Proposition 4.2] for the cases G = SO(n,n), Eg), Er(7), Ess)
and Gy(2). Note that these are all integer cases. In the half-integer case G = §f4(3, R),
Torasso obtained the formula in [78, Lemme 16]. In fact, he even obtained the action
of the whole one-parameter subgroup exp(R(A — B)) which should also be possible

in general using the same methods as in Theorem 7.2.1.

REMARK 7.2.3. — The restriction @ of Ty, to P together with the action 7y, (w;)
of wy determines the representation 7y uniquely since P and w; generate G. This
philosophy was advocated in [53] where a different L2-model for the minimal repre-
sentation of O(p, q) was explicitly determined on a maximal parabolic subgroup and
the representative of a non-trivial Weyl group element. Theorem 7.2.1 can be seen as
an analogue of their result for our L2-models.

REMARK 7.2.4. — It would be interesting to also find explicit formulas for the action
of the Weyl group element wg. One possible way to achieve this is by the help of the
additional element

T —
we =exp| —=(B+ A4 > .
We have the identity (see Lemma 5.2.2 (4))

-1
Wy = W1Wow,
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so that Tmin(wo) and mmin(we) can be computed from each other using the previously
obtained formula for i, (w1). Moreover, in all cases except g ~ sl(n, R), the elements
wy and ws are conjugate via My which acts in 73, via the metaplectic representation.
It should be possible to use this in order to obtain a formula for 7, (w2), and then
also for mmin (wo).

Using the same technique as in Theorem 7.2.1 we can obtain the action of w3, w?
and w3, which are all contained in M, but lie in different connected components of M.

PROPOSITION 7.2.5. — The elements wi,w?, w3 € M act in the L*-model of the

minimal representation in the following way:

(1) In the quaternionic cases g = eg(2), €7(—5), es(—24) we have:
ﬂ-min(wg)f()‘? a, QE) = (_1)nf()‘a —a, _‘T)v
ﬂ-min(w%)f()“ a’7 .Z') = f(_>\7 —CL, .’E),
Wmiﬂ(wg)f()‘v a, .’L') = (_1)nf(_)\7 a, _x)v

where n = —spmin — 1 = 1,2,4, i.e., the lowest K-type has dimension 2n + 1.
(2) In the split cases g = eg(6), €7(7), es(s) we have:
7Tl'lfli!l(’(")(2)).10()‘ a, .CC) = f()‘a —a, —fl?),
ﬂ'mln(wl)f()‘ a .'IZ) f(_A’ —CL,.’I}),
Trmin(w2) ()‘v a, l?) = f(_>‘7 a, _(L')'
(3) In the case g = ga(2) we have:
ﬂ-min(wg)f()‘? a, ‘T) = _f()‘a —a, _'T)’
71'min(w%)f(Av a, .’13) = f(_)‘ﬂ —-a, :L‘),
Wmin(wg)f()\, a, .’E) = _f(_)‘7 a, —.’E)

(4) In the case g = sl(n,R) we have fore =0,1, r € iR:
Tmin,e,r (W3) f(A, a,2) = (=1)°f(X, —a, —2),
7"'mmsr(wl)f()‘ a,z) = f(=A, —a, ),
ﬂ-minﬁy’f‘(w?) ()‘a a, l‘) = (_1)€f(_>‘7 a, _1:)-

(5) In the case g = sl(3,R) we have:

%(wg)f()\ a) = —isgn(A\) f(A, —a),
mm,2 (wf) ( ) ’Lf(_A7 —CL),
mm,2 (wg)f()‘ G,) - Sgn()‘)f(_)‘a a)'

Tmin
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(6) In the case g = so(p,q) with either p > q > 4 and p+ q even orp > q = 3 we
have:

71-min('U~)(2]).)(.()‘7 a, ‘T) = (_i)p_q Sgn()\)P—Qf()\’ —a, —ZC),

1 for p+ q even,

. 2 = - -
Wmln(wl)f()‘7a’x) ‘f( A a’m) * {Z for p+q odd,

1 for p+ q even,

Tmin(w3) f (X, @, 2) = (—0)P " sgn(\)P~1f (=X, a, —) X {z for p+ q odd.

Proof. — As in the proof of Theorem 7.2.1, we define a unitary operator A on
L?(R* x A) by the right hand side for one of the elements m = w3, w?, w2 and show

that it satisfies
Aodrpin(X) o A = drpin(Ad(m) X) forall X € g

using the adjoint action of m, which was computed in Section 2.2 and Lemma 5.2.2.
Then, thanks to Schur’s Lemma, mmin(m) = const X A. To show that myin(m) = A,
we apply Tmin(m) and A to a vector in the lowest K-type. Using the explicit formulas
for vectors in the lowest K-type W from Chapter 6, one can compute A on W, and
the identification of W with a finite-dimensional ¢-representation allows to compute
Tmin(m) = exp(dmmin(X)) where X = 7(E — F) for m = w3, X = %(A — B) for
m=w? and X = %(B + A) for m = w3. The latter only requires the representation
theory of su(2), more precisely, if Uy, Uy, Us € su(2) form an su(2)-triple and V;, is an
irreducible representation of su(2) of dimension n with basis v, vy, ..., v, such that

Up-vg = i(n—Qk)vk, (U2+’iU3)~Uk = —2i(n—k)vk+1, (UQ—iUg)-vk = —2ikvg_1,

then

exp(ZU1) - vp = i" *Fvy,  exp(ZUs)-vp =i vk, exp(ZUs) v = (—1)"Fv,_4.

In all cases except g ~ sl(n,R) and g ~ so(p,q), p > q¢ > 4, p + ¢ even, the lowest
K-type is an irreducible representation of su(2). The case g ~ sl(n,R) can be dealt
with explicitly using the representation theory of so(n), and in the remaining case
. ®p, ¢ e H7 (RI73)

g ~ so(p, q), it is sufficient to consider the vectors f = f, , =

which are invariant under so(p) ® s0(3) C ¢ with s0(3) C so(g) spanned by
Ty =2A+Q+0(2A+Q)=v2(A-B) mod so(p),
Ty =Y2B—P+0(*2B - P)=v2(B+A) mod so(p),
Ts = V2T, — (E — F) —F) mod so(p). O

1]
|
2
&

The knowledge of mmin(m) for m = w2, w} w3 € M allows us to obtain infor-
mation about the induction parameter ¢ for the corresponding degenerate principal
series representation I(¢,v) that contains my,i, as a subrepresentation. We exclude
the case g = s0(p, q) since here ( is infinite-dimensional (see Section 5.7 for details).
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COROLLARY 7.2.6. — Assume that mniy, s a subrepresentation of the degenerate prin-
cipal series I(¢,v).

(1) In the quaternionic cases g = eg(2), e7(—s5), es(—24), the character ¢ of M/My
satisfies

Cwg) =1, C(w})=¢(wd)=(-1)",  wheren = —smin— L.
(2) In the split cases g = eg(6), €7(7), es(8), the character ¢ of M /My satisfies
C(wg) = C(w) = ¢(w3) = 1.
(3) In the case g = go(2), the character ¢ of M /My satisfies
Cwg) =1, ((w}) =((wd) = -1

(4) In the case g = sl(n,R) with Tmin = Tmino,r, © € iR, the character ¢ of M
satisfies

C(wg) = ¢(wy) = ¢(w3) =1,

and for Tmin = Tmin,1,r, T € IR, it satisfies
2y _ . ¢
C(wg) = —1, and either

(5) In the case g = sl(3,R) with Mmin = T, 1 the representation ¢ is the

unique irreducible two-dimensional representation of the quaternion group
M ~ {+1, +i, +j, +k}.

Proof. — By Frobenius reciprocity, the lowest K-type W as determined in Chapter 6
is contained in the degenerate principal series m¢ , if and only if

(7.2.2) Hompynx (W), €]y ni) 7 {0}

(1) In the quaternionic cases g = €6(2), €7(—5), ¢g(—24), the lowest K-type has to
contain a non-zero vector f € W such that dmpi,(mNE€)f = 0 and 7 (w?) f =
C(w2)f, i = 0,1,2. The first condition implies that dmyin(71)f = 0, and with
(6.2.8) it follows that

n

f = const x Z (kﬁn) fr.
k=—n T2

k=n mod 2

Acting by 7yin(w?), using Corollary 6.2.10, and comparing with ¢(w?) shows
the claim.

(2) In the split cases g = €6(6)> €7(7) ¢3(8), the lowest K-type W is the trivial repre-
sentation of K, hence the character ¢ has to be trivial on M N K by (7.2.2).
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(3) In the case g = ga(2), the lowest K-type has to contain a non-zero vector f € W
such that dmpin(m N E)f = 0 and muin(w?)f = ((w?)f, i = 0,1,2. The first
condition implies that dmmin(S1)f = 0, and with Proposition 6.4.7 it follows
that f = const X(f1 + f—1). Acting by Tmin(w?), using Corollary 6.4.8, and
comparing with ¢(w?) shows the claim.

(4) In the case g = sl(n,R) with Tmin = Tmin,0,r '€SP. Tmin,1,r, the lowest K-type
is the trivial representation C of K = SO(n) resp. the standard representation
C™ of K = SO(n). In the first case, it is clear that §|M0K must be the trivial
representation. In the second case, the lowest K-type must contain a non-zero
vector f such that dmpi,(mNE€)f =0 and Tyin(w?)f = ((w2)f, i =0,1,2. The
first condition implies that f = cgfo + ¢1 f1. By Proposition 7.2.5 we find

Tmin,1 (W) fo = — fo, Tmin,1 (w}) fo = = fo, Tmin,1(w3) fo = fo,
Tmin,1 (w3) fr = — f1, Tmin1(w]) f1 = f1, Tamin,1 (W3) f1 = — f1,
which implies ¢(w2) = —1 and either ¢ = 0 or ¢; = 0. The claim follows.

(5) In the case g = sl(3,R) the restriction of the lowest K-type W ~ C? to M C K is
irreducible and two-dimensional. O

REMARK 7.2.7. — For the adjoint group G = Gy(2), the subgroup M has two con-
nected components (see e.g., [45, Section 2]) and since y(w?) = x(w3) = —1, it
follows that w? w3 € M are contained in the non-trivial component. Therefore,
Corollary 7.2.6 determines the character { completely in this case. We believe that a
similar statement is true for the other cases. Note that even for the non-linear group
G = éi(?), R) for which M has 8 connected components, the elements wg, w?, w? gen-
erate the component group M/Mj and hence any representation ¢ of M is uniquely
determined by ¢(w?), ((w?), ¢(w3).

Finally, we are able to describe the precise principal series embedding mmin — 7¢ ..
Recall that, for u € I(¢,v)? (™ (or the corresponding subrepresentations in the
cases g ~ sl(n,R) and so(p, q)) it was shown that

a()‘7 T, y) = f—/\,O(‘T)UO()‘v y) + g—kyl(w)ul (A) y)
for some ug,u; € D'(R*)® S'(A). Recall further the map
©;: D'(R)8S'(A) — D'(R*)®S'(A),  @su(A,z) =sgn(A)°|A|"mmu(X, %),

then it was shown in Sections 5.5 that u — ®su. is g-intertwining from dn¢ , to dmmin
for any d,& € Z/27Z. Note that u. could be zero. We determine for which §,e € Z/27Z
the map u — ®su. is a G-intertwining isomorphism from 7¢ , to Tmin. Note that the
case g = sl(n,R) is excluded since here u(\, z,y) = ug(\,y), so there is no € € Z/27Z
to determine.

COROLLARY 7.2.8. — Let u € I(¢,v)%(™) | then
a(Aa z, y) = g—)\,e (ZL‘)’U,E ()‘7 y)
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and the map u — ®su. is a G-intertwining isomorphism from m¢ , t0 Tmin, where
(1) In the quaternionic cases g = eg(2), €7(—s5), es(—24) we have
d=e=n=—8mm — 1.
(2) In the split cases g = eq(6), e7(7), es(s) we have
d=e=0.
(3) In the case g = go(2) we have
d=e=1.
Proof. — Let u € I({,v) such that

u(A z,y) = €-x0(@)uo(A, y) + E-x1(@)ur (A, y).
For m € M, we have by Proposition 3.5.5

(723) %C,u(m)a(A> z, y) = C(m) (wmet,—k(m)g—x(m)k,o (.’13) * Wmet, A (m)UO(X(m)Av y)
+ wmet,—A(m)s—x(m))\,l (.’L’) . wmet,)\(m)ul (X(m)A7 y)) .
On the other hand, if dpp,;, integrates to the group representation pp;, it follows that

(7.24) Feo(m)TO,2,y) = E2,0(2) - i (M)A, y) + E-r1 (&) - prnin(m)us (A, ).

We compare (7.2.3) and (7.2.4) for m = w2, w?, w3. Note that for m = w3, w?, w3,
the action wmet,x(m) can be computed using (3.4.1) and (3.5.1) as well as the adjoint
action Ad(m) on V = g_; which is known by Section 2.2 and Lemma 5.2.2:

wmet,)\(wg)u(a, y) = :I:u(—a7 —y),
WWEt;)\(w%)u(av y) = iu(av _y)y
wmet,)\(wg)u(aa y) = :l:u(_a’a y)

The sign disambiguity in the formulas is due to the fact that the metaplectic repre-
sentation wmet, is a projective representation of Sp(V,w) (or, alternatively, a repre-
sentation of the metaplectic group Mp(V,w), a double cover of Sp(V,w)). Moreover,

we have
x(wf) =1 and  x(w})=x(w}) =-1.

Finally, pmin(m) = <I>5_1 O Mmin(M) 0 @5 with myin(m) given by Proposition 7.2.5.

(1) In the quaternionic cases g = eg(2), e7(—5), ¢s(—24), comparing (7.2.3) and (7.2.4)

shows that
Cwd) = (D)7, () = (1), ((w]) = (-1)°t,
Where T = —Smin — 1 and

/'u\/(Aa x, y) = é—*)\,E (m)ue(y)
Comparing with Corollary 7.2.6 shows § = ¢ = n.
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(2) In the split cases g = ¢g(6), €7(7), es(s), comparing (7.2.3) and (7.2.4) shows that

Cwd) = (=17 (i) =(-1)°, () =(-1)°".
Comparing with Corollary 7.2.6 shows § = ¢ = 0.
(3) In the case g = gy(2), comparing (7.2.3) and (7.2.4) shows that

Cwd) = (~D)7, wd) = (1), ((ud) = (~1)er,
Comparing with Corollary 7.2.6 shows § = ¢ = 1. O
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APPENDIX A

THE K-BESSEL FUNCTION

We collect some basic information about the K-Bessel function K,(z) and its
renormalization K ,(2).

A.1. The differential equation and asymptotics
The differential equation
220" (2) + v (z) — (22 + o*)u(z) = 0

has the two linearly independent solutions I, (x) and K, (z). While the I-Bessel func-
tion I, (z) grows exponentially as z — oo, the K-Bessel function K, (z) = K_,(x) has

the asymptotics
T _ 1
Ka(x):,/ex<1+(9<>> as r — 0o.
2z x

Near z = 0 it behaves as follows:

{F(g’d)(g)—la +o(z~l*l)  for a # 0,
2

Ka(@) = —log(5) + o(log(%)) for a = 0.

For our purposes it is more convenient to work with the renormalization
Ku(z) =2 2 K,(Vx).

Then K, (x) solves the differential equation

1
(A.1.1) zu” + (a+ 1)u' — = 0.
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A.2. Identities
For the derivative of K, (z), the following two identities hold:
K} (2) = “Ka(x) = Kas1(¢) = =~ Ko(@) = Kooi(a).
They imply in particular the three term recurrence relation
20K, (z) = 2(Kqq1(z) — Ko—1(x)).

These can be reformulated in terms of the renormalization K ,:

(A.2.1) K ()= —%mﬂ(x),

(A.2.2) K. (z) = —%m_l(x) — aK.(z),
as well as

(A.2.3) K o11(7) = 20K o (z) + Koo1(2).

A.3. Half-integer parameters

For « € N+ %, the K-Bessel function degenerates to a product of a polynomial
and an exponential function times a power function:

—z ‘M*% . 1y

_ me™® (+ el = )
2 Ve = j(=j+lal-3)!
For the renormalized function Ko () with o = —1 this implies

(A.3.1) ?_%(x) = \/Ze_‘/i

andfora:%—kn

Ka(m) (21‘)7‘7.

§7g — E —n—39-n,—T - (2n—7j)! ]
(A.3.2) Kpp1)0(n) = 5% 27" j;oj!(n_j)!@\/})ﬁ.

MEMOIRES DE LA SMF 180



APPENDIX B

EXAMPLES

For a few Heisenberg-graded Lie algebras g, we provide explicit information about
the structure of the grading, the symplectic vector space V' and its invariants.

B.1. g =sl(n,R)

Let G = SL(n,R) and g = sl(n,R). Put

0 0 1 0 1
E= 0n72 0 ) F= 0 On72 ) H= 0n72 )
1 0 0 -1

then ad(H) has eigenvalues 0, £1,+2 on g and, in the above block notation:

0 * 0 O
g2=RF, g_1=[~x y 80 = * y 91 = 0 x|,g=RE.
0 = 0 * 0
Further,
a
M = g 19 € GL(n — 2,R), |a| = |b|,abdet(g) =1
b
We parameterize R"~2 x R"~2 ~ g_; by
0
(x’ y) = X On )
0 y' 0
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then w((z,y), (z',y")) =2'Ty —x Ty and

acTy
2

zTy
,u(:v,y) = -y ) \I/(:r,y) = T(xa _y)v Q(QT,y) =

The choice of Cartan involution §(X) = —X T gives

Jaw)= vz  ad (@l y) = ;@ +yTy).

B.2. g =s0(p,q)

Let G = SOq(p,q), where SO(p,q) = {g € SL(p + ¢,R} : g"1,,9 = 1,,} with
1, , = diag(1,, —1,). Then K = SO(p) x SO(g). Put

then ad(H) has eigenvalues 0,+1,+2 on g = so0(p, ¢) and

0 =« a b
-z 0 b
go = T cz,a,b,de R, T €so(p—2,9q—2) p,
a b 0 =z
b d -z 0
vV o FwT
B -vT VT | VeM@2x(p-2),R),
= W WeM(g-2)x2,R) [’
+V —-wT
0 0 Fz
-z 0 +x 0
g+2 = 0ptg—a xR
0 =z 0 —x
Fr O T 0
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B.2. g =s0(p,q) 121

The map
0 bgc a b;c
_b—c b+c _
b 2 2 a
a
sl(2,R) — m, — 0ptg—a )
c —a
a b—;c 0 b;c
b+c —a _b=c 0

is an isomorphism onto an ideal my =~ 5((2, R) of m. Further,

g+g_T 9792_T
M = h : g € SL*(2,R),h € SO(p — 2,q — 2),det(g) = x(h) ¢,
g_g—‘r g_,’_g—‘r

where x : SO(p — 2,q — 2) — {£1} is the non-trivial character of SO(p — 2,q — 2).

We identify V = g_; ~ R2*(P=2) x R(@=2)X2 by mapping a matrix of the above
form to (V,W). We choose

) J —J J J
E= 9 0ptg—a and F=—o 0ptq—a )
J —J —J —J
where
0 1
ns (%)
then

w((V, W), (V', W) = 2(v{ vh — v vy — w] wh + w ws),

where V = (v1,v2) T and W = (w1, ws) with v1,v2 € RP72, wy,wy € RI72, Further,

—a —b
a C
2VTgV 2T gwT
p(V,W) = T :
—2WJV  —2WJW
-b —a
C a
with
2 2 2 2 2 2 2 2
oy = [0l [v2]” — Jwa|” — |wy R R S [al” = fval” = Juwn " + Jwol”
2 2
and

YV, W)= (VVT =W W)JV,WJ(WTW - VVT)),
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= ((wy w2 — v v2)vy + (Jo1]?* = w1 [*)va, (Jwa]? — [v2|*)v1 + (v] v — w] wa)vs,

(i wy — v va)wr + (fvr]? = |wi[*)ws, (Jwa]? — [va]*)w1 + (v] va — w] wa)ws),
QV, W) = —(lu1]* — [wi|*)(|v2|* — [w2|*) + (v] v2 — wy wa)®.
For p,q > 2 the group G is non-Hermitian, and we choose
0 = ((v0,0), (0, wo))

for some fixed vg € RP72, wg € R?72 with |vg| = |wp| = 1. Then

A= %((”o, —vo), (—wo,wo)) and B = %((anvo)» (wo, wo)),
and
T = {((\wo + a, \vg — a), (= wg — b, —Awg + b)) : A € R,vg a = wg b = 0},
T* = {((\wo + a, = vy + a), Awo + b, —Awg + b)) : A € R,vg a = wg b = 0}.
Identifying J with R x v x wg € R x RP~2 x R9~2 by mapping
(Mo + a, Avg — a), (—Awg — b, —Awgy + b))

to (A, a,b), we find that
n(\, a,b) = 4\(Ja|®> — |b]?).

We choose
P = 555 ((vo,v0), (~wo, —wo)) and @ = 575((=vo,v0), (—wo, wo)),

then w(P,Q) =1 and J = RP @ J with

J ={((a,—a),(=b,b)) : vy a = wyg b =0} ~ RP™3 x RI73,
We further choose ¥ : J — J to be

9((a, —a), (=b,b)) = ((a,—a), (b, ~b)),
then the corresponding map J : V' — V in Proposition 6.7.1 is given by
JV,W) = (JV,WJ)

with J on the right hand side as in (B.2.1).

B.3. g =939
The structure theory of g = gy(2) is treated in detail in [74]. In this case, V can be
identified with the space of binary cubics
V =83R?) = {p=0aX?+3bX%Y +3cXY? +dY?:a,b,c,d € R}
with symplectic form
w(p,p’) = ad’ — da’ — 3bc’ + 3cb’
and

1
Qp) = (ad® - 3b%¢* — Gabed + 4b°d + dac®).
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B.3. g = 982(2) 123

The action of m ~ s[(2,R) on V = S$3(R?) is induced by the natural action of s[(2, R)
on R2. One possible choice of A, B, C and D is
3 3
A=+v2X3 B=V2Y3 C=---X?%, D=-—_XY2
V2 V2
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APPENDIX C

A MEROMORPHIC FAMILY OF DISTRIBUTIONS

Let g be non-Hermitian and g % sl(n,R),s0(p,q). In Theorem 5.4.2, it is shown
that the space of m-invariant distribution vectors in the metaplectic representation
(Wmet,x, L?(A)) is two-dimensional and spanned by the two distributions

Exrc(a, ) = sgn(a)lal" e~ (e € 2/27).

It is a priori not clear that this formula defines a distribution on A, since both |a|®*=i»
and e~ have a singularity at @ = 0 and |a|*™® is only locally integrable for
Smin > —1. In this section, we show that &, . is the special value of a meromorphic
family of distributions at a regular point.

Fix A € R* and € € Z/2Z. For s € C put

VYsela,z) = sgn(a)€|a|se_”‘n<az) .

Then s = &xc for s = Spin = —%(dimA + 2). For Re(s) > —1 the function 9, . is
locally integrable and of polynomial growth, and hence defines a tempered distribution
s € S’'(A). We show that 1), . extends meromorphically to s € C and that s = syin
is not a pole of this meromorphic extension.

C.1. Some preliminary formulas

Let (eq)a be a basis of J = g(o,—1) and denote by (€,)a the dual basis of g(_1 )
with respect to the symplectic form w, i.e., w(eq, €g) = dug-

LEMMA C.1.1. — Forallz € J:
U (u(x)B) = 4n(z)*B.
Proof. — By the m-invariance of ¥ and Lemma 5.3.2, we have
U(u(x)B) = Bu(u(z)B, (x) B, u(x) B)

= p(2)By(B, p(z) B, u(x) B) — 2By (B, p(z)*B, () B)
= p(z)By(B, u(z)B, p(z)B) + 8n(z) By (B, =, u(z) B)
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126 APPENDIX C. A MEROMORPHIC FAMILY OF DISTRIBUTIONS

= (@) (@) Ba (B, B, u(z) B) ~ Ba(B, B,u(2)*B))

+ dn(z) (u(m)B‘p(B, 2, B) — By(B, u(z)z, B)).
From the bigrading, it follows that
By(B,B,u(x)B) =0 and By(B,B,u(r)>B) = —4n(z)By (B, B, ) = 0.

Further, u(z)z = —3¥(z) = —3n(z)A and By(A, B, B) = B and the claim follows.
O

LEMMA C.1.2. — Forallz € J:
1 di _
ZB (A,eq)Bu(€a, ):c=<2+1mgé0’1)>:c

Proof. — Let y € g(_1,0), then by Lemma 5.3.1:

<ZB A,e,)B,(eq, )x,y) = -Z (Bu(B, ea)z, Bu(A,24)y)
= —Z (B, %)eq, Bu(A,y)ea)

= tr( M(A7 y) o By(w, B)|g(o,71))

1 dimg(oy_]_)

Since y was arbitrary and the symplectic form is non-degenerate on g 1) X g(—1,0)
the desired identity follows. O

LEmMMA C.1.3. — Forallz € J:
- 1 dim _
Z B\p(,u(:v)B, B,u(xv ea)By ea) = (2 + 96(071)> n(m)B

Proof. — Tt follows from the bigrading that the left hand side is contained in g(_ 1)
and hence a scalar multiple of B. Therefore, it suffices to compute the quantity

w (A, > By(u(z)B, B,(z,e4)B, aa)) = w(u(z)B, By(A,eq, Bu(z,ea)B))

[e%

= —% Zw(g(m)B,BM(A,é\a)Bu(ivyea)B) - %Zw(ﬂ($)BvBT(Avé\a)Bu(%ea)B)'

«
The second sum vanishes since

1 1
B (A,€4)By(x,eq)B = Ew(A, By (z,eq)B)es + §w(€a, By(z,eq)B)A

and w(A, g(—1,0)) = w(g(-1,0), (—1,0)) = 0. For the first sum, we have by Lemma C.1.2:
S w(u(2) B, Bu(A,2a) By(eas 1) B) = 3 w(ulw) B, Bu(A,2) Bu(ea, B)o)

[e3% [e3%
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C.2. A BERNSTEIN-SATO IDENTITY 127
1 dimgg -
i (Ot} w(u(z)B, z)
2 6
— (3 + dim g(o,—1)) n(z),

so the claim follows. O

LEMMA C.1.4. — Forallxz € J:

ZB‘I’(é\mgﬁ’Bu(eaveﬂ)B) 6 o
a,B

_ dimg(o,_l) 1 n dimg(o,_l) B
2 6 '

Proof. — From the bigrading it follows that the left hand side is contained in g(_s 1)
and hence has to be a scalar multiple of B. Therefore, it suffices to compute

w (A, > By(fa, s, Bu(ea, eﬁ)B)> = w(@s, By(A,ea, Bu(ea, B)ep)

a,f a,p
1 - - 1 —~ ~
= 3 Zw(eﬁ’BN(Avea)BH(ea’B)eﬂ) 6 Zw(eﬁ7BT(A7€a)BH(€a’B)eﬁ)'
o, a,B

The second sum vanishes as in the proof of Lemma C.1.3, and the first sum evaluates
by Lemma C.1.2 to

1 ~ —~ 1 1 dlmg 0,—1 —~
~3 Zw(eg, B, (A,€,)B,(eq, B)eg) = -3 (2 + % Zw(eg, eg)
o, B
dim gy di -
_ 90,-1) (1 4 Mmooy ) -
3 2 6

C.2. A Bernstein-Sato identity

We now show a Bernstein-Sato identity which expresses 1, . in terms of ;s for
te{s+1,s+2}, 6 € Z/2Z, and hence can be used to meromorphically extend v, .
to s € C.

LEMMA C.2.1. — We have the following formulas for derivatives of s . :
0ats,e = $Ps—1,c41 + iAN(T)Ys_2,
8,241/13,5 =5(s — D)Yps_o.e + 2i(s — 1)An(x)s—_3 c41 — )\271(1’)21%—4,5,
(A, W(L)) e = iXn(2)2 s a1 — 3 (5 + TR0 X2 (z)p, o

.y dim 9(0,—1) 1 dim 9(0,—1)
- 2)‘ 3 2 + 6 ws—1,5+1-

Proof. — The first two identities follow by direct computation. For the third identity,
note that

W(Aalll(agx))ws,s = Z W(A,B\Il(/e\aagﬂ7€'y))aeaaegae~,¢s,e-

B,y

SOCIETE MATHEMATIQUE DE FRANCE 2024



128 APPENDIX C. A MEROMORPHIC FAMILY OF DISTRIBUTIONS

To compute the derivatives of 95 ., we use Formula (5.4.1) for the derivatives of n(x)
and find

O Vs, = —w(u(m)ea, B)ts_1,e41,
Be, Oephsc = =2 w((z)ea, B)w(u(@)es, B)s 2. +iAo(By(z, €5)ea, B)Ys 111,
OeoOeyOe, Vae = — A w(p(w)ea, B)w(i(z)es, B)w(u(x)ey, B)a s c41
—%w(Bm ea)es, B)w(p(z)ey, B)
— 2 w(B,(x, ea)ey, B)w(u(x)es, B) oz
— 2 w(Bu(, ep)ey, B)w(p(z)ea, B)
+ idw(B(eases)ey, B)hs_1,c41.

s—2,e

s—2,e

Then
3
W(A, U(F))s,e = Fw(A, U(u(x)B))s-3,e41
2 o~
— 25 " w(A, By(@a, Bu(z,€a) B, j(2) B)) a2
— A Z w(Av B‘I’(al? é\ﬁ’ Bﬂ(eaﬂ eﬁ)B))ws—l,s+17
a,B
and evaluating the three terms with Lemma C.1.1, Lemma C.1.3 and Lemma C.1.4
proves the third identity. O

Combining the derivatives in the previous lemma immediately shows:

PROPOSITION C.2.2 (Bernstein-Sato identity). — The following Bernstein-Sato iden-
tity holds:

WA, ()N Pss1,e1 +iAAYar2e — (3 (5 + %) +2(s+ 1)) iNOAYst1e41

_ (s—l— dimgé(),fl) + %> (8+ dlmgéo,fl) + 1) A .

As a consequence, s . extends to a meromorphic family of distributions which is

regular in the right half plane {s € C : Res > —min(3 + dimgéo”l) 1+ dimgéo”l))}.

dim g(o,_1) )
— 6 )

In particular, ¥, . is reqular at s = spin = —(% +
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APPENDIX D

TABLES

The following classification of simple real Lie algebras with Heisenberg parabolic
subalgebras is due to Cheng [6]. We also include the maximal compact subalgebra &,
the Levi factor m of the maximal parabolic subgroup, half the dimension of the sym-
plectic vector space g; and, whenever it exists, the isomorphism class of the Jordan

algebra J studied in Section 5.2.

TABLE 1. Simple real Lie algebras possessing a Heisenberg parabolic subalgebra

Type g £ m i1dimgy J

Al sl(n,R) so(n) gl(n — 2,R) n—2 —

Al su(p,q) s(u(p) @u(q)) ulp—1,q-1) ptg—2 -

BDI  so(p,q) so(p)®so(q) so(p—2,q—2)@sl(2,R) p+g—4 RGRP>47°
CI sp(n,R)  u(n) sp(n — 1,R) n—1 —

DIII  s0™(2n) u(n) 50" (2n — 4) ® su(2) 2n —4 -

EI €6(6) sp(4) s((6,R) 10 Herm(3, Cy)
EII 26(2) su(6) dsu(2)  su(3,3) 10 Herm(3,C)
EIIl  eg—14y $0(10) ®u(l) su(l,5) 10 —

EV e7(7) su(8) 50(6,6) 16 Herm(3, H)
EVI  er_s) 50(12) ® su(2) so0*(12) 16 Herm(3, H)
EVII  e7 25y e ®u(l) 50(2,10) 16 -

EVIIT  eg(s) 50(16) e7(7) 28 Herm(3, Q)
EIX €g<,24) e7 D 511(2) 27(,25) 28 Herm(3, @)
FI fa(a) sp(3) dsu(2)  sp(3,R) 7 Herm(3,R)
G 92(2) su(2) dsu(2)  sl(2,R) 2 R
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We further list the constants C(m’) for each case (see [2, §8.10]). Note that C(m’)
only depends on the complexifications gc of g and m{ of m’.

TABLE 2. Special values C(m')

dc mc C(mg)

sl(n,C) sl(n—2,C) ®gl(1,C) C(sl(n—2,C)) =1

s0(n,C) so(n—4,C)®sl(2,C) C(so(n—4,C))=2
C(sl(2,C)) = ”T_“

sp(n, (C) sp(n - 17 (C) %

¢6(C) 5((6,C) 3

e7(C) 50(12,C) 4

es(C) e7(C) 6

() (3,0) 5/2

g2(C) s[(2,C) 5/3
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P55, 63, 114
¥(z), 18
Qo (v), 41
Q5 (v), 68
Qu(T), 42
QS(T), 71
Qg (v), 42
Qq, 42

ds, 37, 62
e(z), 110
¢, 31

Chps: 69

¢r, 64

0, 24

¥, 80, 97
K, 69

Ko, 20
k(X,Y), 20
u(z), 18
&x, 65
&x,er D7, T3
w, 108
T,y 32
e 37
Tmin, 63
Trmin, 37 109
Tmin,e,r> 109
p, 31

Pmin, 99, 74
Pmin,r, 65
oy, 34
7(z,y), 18

o, 104

INDEX

X, 16
Ps,e, 125
Wmet,\> 34
w(z,y), 17

A, 15, 49
A(¢v), 33

a(g), 21
a, 15

B, 49
B, (z,y), 18

B (z,y), 18
By(z,y,z2), 18
Bg(z,y,z,w), 18

C, 79

Casm, 47

Casmg, 68

Ck, 99

C(m’), 19, 54, 130

D, 79

dﬂ'c),,7 32
dTmin, 63, 76
dﬂ'min,'r‘: 66
dPmin, 60, T4
dpmin,r, 66

E, 16
E, 32
e, 68

F, 16

F, 36

f, 68
fO,’I‘y 95
fjxk,e, 100
fr, 83,89, 92, 105
fw, 31

G, 15
go,r, 95
gi,r, 95
Guw,r, 95

g, 15
gi, 15
9(i,5)> 90

H, 15
Hqy, 50
Hg, 50
H(g), 25
HS(H), 35
He(R™), 99
He, 37
Hy, 34

h, 68
hyii, 96
R ke, 100
B> 83

I, 83, 100

I, 83, 89

12, 100

12, 100

I3, 83, 89, 101

I, 89

I(¢,v), 32

I(¢,v) ()| 43,
59

I(¢, )2 (V) 43

1(¢, )W), 68

1(¢, ) P2,
71

J, 24, 81
Jonin, 59, 74
Jmin,r: 65
J, 51, 67
J*, 51, 67
T, 67

T", 61
Jo, 67, 80
Tz, 67, 80
\71, 97
T, 97

J2, 97
I3, 97

K, 25
Ko(z), 117
Ka(z), 117
g 25

£, 81, 82, 92
£, 98

£, 82, 92

£, 98

Em, 25

M, 15
My, 17
m(g), 21
m, 15
m, 68
mo, 68
mO, 51

N, 15

N, 15

n, 82

n(g), 21
n(z), 51
n(9’), 61, 64
n, 15

mn, 15

0, 49
Omin’ 16

P, 15, 67

P, 15

pj,k,m(sv T), 98
p, 15

§, 15

Q? 67
Q(x), 18

R, 84, 89
]1@1:7—374—37 67

S, 85, 92, 100
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S1, 92
S2, 92
Ss3, 92
Smins 57

T, 85, 100

To, 64, 81, 97
T1, 81, 105
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T3, 81, 105
T(u,v), 80

uo(N,y), 59, 65,
74

u1 (A, y), 59, 74

u(\, z,y), 35
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v, 17
Vi.s, 69
Ve, 31
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Wi,r, 95
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wa, 52
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For a simple real Lie group G with Heisenberg parabolic subgroup P, we study the
corresponding degenerate principal series representations. For a certain induction parameter
the kernel of the conformally invariant system of second order differential operators
constructed by Barchini, Kable and Zierau is a subrepresentation which turns out to be
the minimal representation. To study this subrepresentation, we take the Heisenberg group
Fourier transform in the non-compact picture and show that it yields a new realization of
the minimal representation on a space of L?-functions. The Lie algebra action is given by
differential operators of order < 3 and we find explicit formulas for the functions constituting
the lowest K-type.

These L?-models were previously known for the groups SO(n,n), Ege), E7(7y and Eg(s)

by Kazhdan and Savin, for the group G2y by Gelfand, and for the group SL(3, R) by Torasso,
using different methods. Our new approach provides a uniform and systematic treatment
of these cases and also constructs new L2-models for Eg(2), E7(—5)y and Eg(_24) for which
the minimal representation is a continuation of the quaternionic discrete series, and for the
groups SAé(p, q) with either p > ¢ =3 or p,q > 4 and p + q even.

As a byproduct of our construction, we find an explicit formula for the group action
of a non-trivial Weyl group element that, together with the simple action of a parabolic
subgroup, generates G.

Pour un groupe de Lie réel simple G, ayant pour sous-groupe parabolique de Heisenberg P,
nous étudions les représentations de la série principale dégénérée associées a ces données. La
représentation minimale peut étre identifiée au noyau du systéme d’opérateurs différentiels
conformément invariants construit par Barchini, Kable et Zierau, pour un paramétre
d’induction convenable. Pour étudier cette représentation, nous utilisons la transformation
de Fourier pour le groupe d’Heisenberg dans la réalisation non-compacte et nous prouvons
que cela conduit & une nouvelle réalisation de la représentation minimale sur un espace
de fonctions L?. L’action de ’algébre de Lie est donnée par des opérateurs différentiels
d’ordre < 3 et nous trouvons des formules explicites pour les fonctions réalisant les K-types
minimaux.

Ces modéles L? étaient construits pour les groupes SO(n,n), Eg(6), E7(7y et Eg(s) par
Kazhdan et Savin, pour le groupe Gg(g) par Gelfand, et pour le groupe éi(?), R) par Torasso,
en utilisant différentes méthodes. Notre nouvelle approche fournit un traitement uniforme et
systématique de ces exemples et construit également des nouveaux modéles L? pour Eg(2y,
E;(_5) et Eg(_24), pour lesquels la représentation minimale est un prolongement de la série
discréte quaternionique, ainsi que pour les groupes %(p, q) pour p > q = 3 ou pour p,q > 4
et p + g pair.

Comme conséquence de notre construction, nous trouvons une formule explicite pour
l'action d’un élément non trivial du groupe de Weyl qui, en addition & ’action simple d’un
sous-groupe parabolique, génére le groupe G.
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